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� â¥®à¨¨  ­ «¨â¨ç¥áª¨å äã­ªæ¨© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£® ªà ¥¢®© § ¤ ç¥© â¨¯  �¨-

¬ ­  ­ §ë¢ îâ § ¤ çã ­ å®¦¤¥­¨ï ¤¢ãå äã­ªæ¨© f+(z) ¨ f�(z),  ­ «¨â¨ç¥áª¨å á®-

®â¢¥âáâ¢¥­­® ¢­ãâà¨ ¨ ¢­¥ ­¥ª®â®à®£® § ¬ª­ãâ®£® ª®­âãà  L, ¯® ¨§¢¥áâ­®¬ã ­  ª®­âãà¥

«¨­¥©­®¬ã á®®â­®è¥­¨î £à ­¨ç­ëå §­ ç¥­¨© ­¥ â®«ìª® íâ¨å äã­ªæ¨©, ­® ¨ §­ ç¥­¨©

¨å ¯à®¨§¢®¤­ëå.

� à ¡®â¥ íâ  § ¤ ç  à áá¬ âà¨¢ ¥âáï ¤«ï  ­ «¨â¨ç¥áª¨å äã­ªæ¨© ¤¢ãå ª®¬¯«¥ªá­ëå

¯¥à¥¬¥­­ëå ¢ ¯®«­ëå ¤¢®ïª®ªàã£®¢ëå ¢ë¯ãª«ëå ®¡« áâïå ¯à®áâà ­áâ¢  C 2
. � §à ¡®-

â ­­ë© ¬ â¥¬ â¨ç¥áª¨©  ¯¯ à â à¥è¥­¨ï à áá¬ âà¨¢ ¥¬ëå ªà ¥¢ëå § ¤ ç ¯®§¢®«ï¥â

­ ©â¨ ¨å à¥è¥­¨ï ¢ § ¬ª­ãâ®¬ ¢¨¤¥, çâ® ï¢«ï¥âáï ªà ©­¥ à¥¤ª¨¬ ä ªâ®¬ ¤«ï äã­ªæ¨©

¬­®£¨å ¯¥à¥¬¥­­ëå.

� áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ C 2 äã­ªæ¨î ¤¢ãå ª®¬¯«¥ªá­ëå ¯¥à¥¬¥­­ëå

f(z) (z = (z1; z2)), ®¯à¥¤¥«¥­­ãî ¨­â¥£à «®¬

f(z) =
1

4�2i

�Z
�

d�

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � u1(�; �)
; (1)

£¤¥ 0 < � < � < 1, �1 > 0, �2 > 0, u1(�; �) = � �1z1+�
�2z2e

it, F (t; �) 2 Lip
�
�(�), â.¥.

­  ¬­®¦¥áâ¢¥ � = f(t; �) : 0 � t � 2�; j�j = 1g äã­ªæ¨ï F (t; �) ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î �¨¯è¨æ  á ¯®ª § â¥«¥¬ 0 < � � 1 ¯® � à ¢­®¬¥à­® ®â­®á¨â¥«ì­® t.

�ã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¨­â¥£à «®¬ (1), ®â­¥á¥¬ ª ª« ááã M�;�
�1;�2

.

� §®¡ê¥¬ ¯à®áâà ­áâ¢® C 2 ­  á«¥¤ãîé¨¥ ­¥¯ãáâë¥ ¯¥à¥á¥ª îé¨¥áï ¬­®-

c
 2000 �§¥¡¨á®¢ �. �.
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¦¥áâ¢ 

K(�; �1; �2) = f(z) : ��1 jz1j+ ��2 jz2j � 1 < 0g;

�1 = f(z) : �2(�) > 0; �2(�) > 0g;

�2 = f(z) : �3(�) < 0g;

E1 = f(z) : �1(�) < 0; �3(�) < 0g;

E2 = f(z) : �1(�) � 0; �1(�) � 0; �2(�) < 0; �3(�) � 0; jz2j > pjz1j
�g;

E3 = f(z) : �1(�) � 0; �2(�) < 0; jz2j � pjz1j
�g;

E5 = f(z) : �1(�) � 0; �2(�) < 0; �3(�) � 0; �3(�) � 0; jz2j � pjz1j
�g;

E6 = f(z) : �2(�) < 0; �3(�) � 0; jz2j � pjz1j
�g;

E7 = f(z) : �1(�) > 0; �3(�) � 0; jz2j � pjz1j
�g;

E8 = f(z) : �1(�) > 0; �2(�) � 0; �2(�) � 0; �3(�) > 0; jz2j < pjz1j
�g;

E9 = f(z) : �1(�) � 0; �2(�) > 0; �3(�) � 0g;

E10 = f(z) : �2(�) > 0; �2(�) � 0; �3(�) � 0g;

E11 = f(z) : �2(�) > 0; �2(�) � 0; �3(�) � 0g;

£¤¥

�1(�) = � �1 jz1j+ � �2 jz2j � 1;

�2(�) = � �1 jz1j � � �2 jz2j � 1;

�3(�) = � �1 jz1j+ � �2 jz2j+ 1;

p = �

�
�2

�1

�1��

; � =
�1

�2
:

� ª ¦¤®¬ ¨§ ãª § ­­ëå ¬­®¦¥áâ¢ ¤«ï äã­ªæ¨© ª« áá  M
�;�
�1;�2

¡ë«¨ ¯®-

«ãç¥­ë ¢ëç¨á«¨â¥«ì­ë¥ ä®à¬ã«ë, ¯à¥¤áâ ¢¨¬ë¥ ¯®¢â®à­ë¬¨ ¨­â¥£à « ¬¨,

á¬. [5]. � ª, ­ ¯à¨¬¥à:

f(z) =

�0Z
�

h+(�) d� +

�Z
�0

g(�) d� (z 2 E2); (2)

f(z) =

�Z
�1

h�(�) d� +

�1Z
�

g(�) d� (z 2 E9); (3)

f(z) =

�Z
�

d�

2�Z
0

f�(�; u1(�; �)) d� (z 2 K(�; �1; �2) [ �1 [ �2); (4)
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£¤¥

f�(�; u1(�; �)) =
1

2�i

Z
jzj=1

F (t; �) d�

� � u1(�; �)
; ju1(�; �)j < 1; (ju1(�; �)j > 1);

h�(�) =
1

2�

2�Z
0

f�(t; u1(�; �)) dt; (5)

g(�) =
1

2�

2��'(�)+ Z
'(�)+ 

f+(�; u1(�; �)) dt+
1

2�

'(�)+ Z
�'(�)+ 

f�(�; u1(�; �)) dt; (6)

'(�) = arccos
�
(1� �2�1 jz1j

2 � �2�2 jz2j
2)=2� �1+�2 � jz1jjz2j

�
; (7)

 = arg z1 � arg z2;

�0; �1 | ­ã«¨ äã­ªæ¨© �1 ¨ �2 á®®â¢¥âáâ¢¥­­®. � ª ¯®ª § «¨ ¨áá«¥¤®¢ ­¨ï

[5], äã­ªæ¨¨ ª« áá  M�;�
�1;�2

ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ ¢ ¯à®áâà ­áâ¢¥ C 2 ,  ­ -

«¨â¨ç¥áª¨¬¨ ¢ ®¡« áâïå K(�; �1; �2), �1 ¨ �2 ¨ ­¥ ­ «¨â¨ç¥áª¨¬¨ ¢ ®¡« áâ¨

C
2n(K(�; �1; �2) [ �1 [ �2), ¯à¨ç¥¬ K(�; �1; �2) ¥áâì ®£à ­¨ç¥­­ ï ¯®«­ ï ¢ë-

¯ãª« ï ¤¢®ïª®ªàã£®¢ ï ®¡« áâì á æ¥­âà®¬ ¢ â®çª¥ (0; 0) [1].

�ãáâì f 2M�;�
�1;�2

, D =
2P
k=1

�k

�
@
@zk

zk +
@
@�zk

�zk

�
, L[f ] = f +Df:

�ã­ªæ¨¨, ®¯à¥¤¥«ï¥¬ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¬ ®¯¥à â®à®¬ L[f ] ®â­¥á¥¬ ª

ª« ááã P
�;�
�1;�2

. �ã­ªæ¨¨ ¦¥

h�(�) =
1

2�

2�Z
0

f�(t; u1(�; �)) dt ¨ h�(�) =
1

2�

2�Z
0

f�(t; u1(�; �)) dt (8)

®â­¥á¥¬ ª ª« ááã T , ®­¨ ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¬¨ á®®â¢¥âáâ¢¥­­® ¢ ®¡« áâïå

K(�; �1; �2)
�

2 = f(z) : ��1 jz1j � ��2 jz2j � 1 > 0g

�

¨

K(�; �1; �2)
�

1 = f(z) : ��1 jz1j � ��2 jz2j � 1 > 0g

�
¨ ­¥ ­ «¨â¨ç¥áª¨¬¨ ¢ ®¡« áâïå C

2nK(�; �1; �2) [ 
2 ¨ C
2nK(�; �1; �2) [ 
1

(á¬. [1]).
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�¥®à¥¬  1. �ãáâì F (t; �) 2 Lip
�
�(�). �®£¤  ¢ ®¡« áâ¨ E2 äã­ªæ¨¨ ª« áá®¢

M
�;�
�1;�2

¨ T á¢ï§ ­ë á®®â­®è¥­¨¥¬

L[f ](z) = f(z) +D[f(z)] = �g(�)� �h+(�); (9)

£¤¥ g(�) ®¯à¥¤¥«ï¥âáï ¨§ ä®à¬ã«ë (6).

C �ãáâì (z) 2 E2. �®£¤  äã­ªæ¨¨ ª« áá  M
�;�
�1;�2

¢ íâ®© ®¡« áâ¨ ¯à¥¤áâ ¢¨-

¬ë ¯®¢â®à­ë¬¨ ¨­â¥£à « ¬¨ (2), ¢ ª®â®àëå ¯à®¨§¢¥¤¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© �

¯® ä®à¬ã«¥

� = � �A�1; A = jz1j
�
�1

1 + jz2j
�
�1

2 :

� à¥§ã«ìâ â¥ ¯®«ãç¨¬

Af(z) =

�0AZ
�A

h+
� �
A

�
d�+

�AZ
�0

g
� �
A

�
d�:

� ®¡¥¨¬ ç áâï¬ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ¯à¨¬¥­¨¬ ®¯¥à â®à D, ¯®«ì§ãïáì

®¡®¡é¥­¨¥¬ ä®à¬ã«ë �¥©¡­¨æ  ® ¤¨ää¥à¥­æ¨à®¢ ­¨¨ ¨­â¥£à «  ®â ¯ à ¬¥â-

à 

D[f(z)] =

�0AZ
�A

D
h
h+

� �
A

�i
d�+

�AZ
�0

D
h
g
� �
A

�i
d�

+D[�0A]
�
h+(�0)� g(�0)

�
+D[�A]g(�)�D[�A]h+(�):

(10)

�¥¯®áà¥¤áâ¢¥­­ë¬ ¯®¤áç¥â®¬ ã¡¥¦¤ ¥¬áï, çâ®

D[�0A] = 0; D[�A] = �A; D[�A] = �A;

á«¥¤®¢ â¥«ì­®, ¨§ (10) ¯®«ãç¨¬ ¤®ª §ë¢ ¥¬®¥ á®®â­®è¥­¨¥ (9). B

�¥®à¥¬  2. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 1 äã­ªæ¨¨ ª« áá®¢ M
�;�
�1;�2

¨ T ¢ ®¡« áâ¨ K(�; �1; �2) á¢ï§ ­ë á®®â­®è¥­¨¥¬

f(z) +D[f(z)] = �h+(�)� �h+(�): (11)

C �®ª § â¥«ìáâ¢® à ¢¥­áâ¢  (11)  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1. B

� áá¬®âà¨¬ á«¥¤ãîé¨¥ ¤¢ã¬¥à­ë¥ ¬­®¦¥áâ¢  ¯à®áâà ­áâ¢  C 2 :

C1 = f(z) : jz1j = ���2 ; z2 = 0g;
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C2 = f(z) : jz1j = ���1 ; z2 = 0g;

C3 = f(z) : z1 = 0; jz2j = ���2g;

C4 = f(z) : z1 = 0; kz2j = ���2g:

�¥®à¥¬  3. �á«¨ F (�; �) 2 Lip
�
�(�), f(�) 2M

�;�
�1;�2

, â® äã­ªæ¨¨ ª« áá  P
�;�
�1;�2

­¥¯à¥àë¢­ë ¢ ¯à®áâà ­áâ¢¥ C 2 §  ¨áª«îç¥­¨¥¬ ¬­®¦¥áâ¢ Ck; k = 1; 2; 3; 4:

C � ©¤¥¬ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï äã­ªæ¨© ª« áá  P�;��1;�2
¨§ ®¡« áâ¥© E2 ¨

K(�; �1; �2) ­  ¤¢ã¬¥à­®¬ ¬­®¦¥áâ¢¥ C1.

1. �ãáâì (z) 2 E2. �¥à¥§

�m;l(�) =

8><
>:
�2�2 jz2j

2 + �2�1 jz1j
2 � 2��1+�2 jz1jjz2jm = 0;

arg z1 � arg z2 = l; arg 0 = arg z01 � l;

jmj � 1; l < 2�; �1 > 0; �2 > 0; 0 < � < 1;

(12)

®¡®§­ ç¨¬ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ¯®¢¥àå­®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ ä¨ªá¨à®¢ ­-

­ãî â®çªã (z01 ; 0) = (�0�
��1 ; 0) = (z0) 2 C1; j�0j = 1.

�§ § ¤ ­¨ï �m;l á«¥¤ã¥â, çâ® ¢ à ¢¥­áâ¢¥ (6) ¢¥«¨ç¨­ë '(�) ¨  ¡ã¤ãâ

¯®áâ®ï­­ë¬¨, ¥á«¨ (z0) 2 �m;l(�).

�  íâ®¬ ®á­®¢ ­¨¨ ¡ã¤¥¬ ®¡®§­ ç âì '(�) ç¥à¥§ 'm,    ç¥à¥§ l, ¥á«¨ â®çª 

(z) ¯à¨­ ¤«¥¦¨â ª ª®©-«¨¡® ä¨ªá¨à®¢ ­­®© ¤¢ã¬¥à­®© ¯®¢¥àå­®áâ¨ �m;l(�).

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯®­¨¬ âì ¯®¤

lim
(z)!(z0)

L[f ](z) = L[f2](z
0); (13)

¥á«¨ (z) 2 �m;l(�); (z
0) 2 C1; j�0j = 1, £¤¥ L[f ] | ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à,

®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬ (9).

2. �ãáâì â¥¯¥àì (z) 2 �m;l(�) 2 E2; (z
0) 2 C1.

� à ¢¥­áâ¢¥ (9) ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ (z)! (z0). �®£¤ 

L[f2](z
0) = � lim

(z)!(z0)
g(�)� � lim

(z)!(z0)
h+(�): (14)

 ) �ãé¥áâ¢®¢ ­¨¥ lim
(z)!(z0)

g(�) ¯® ¤¢ã¬¥à­®© ¯®¢¥àå­®áâ¨ �m;l ¤®ª § ­® ¢

[2] ¨ [3]. �ââã¤  ¦¥ á«¥¤ã¥â, çâ®

lim
(z)!(z0)

g(�) =
1

4�2i

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � �0

+
1

4�

2�Z
0

F (t; �0) dt+
1

2�

l+'mZ
l�'m

F (t; �0) dt;

(15)
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£¤¥ ®á®¡ë© ¨­â¥£à «
R
F (t;�) d�
���0

¯®­¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï ¯® �®-

è¨.

¡) � ª ª ª äã­ªæ¨ï h+(�)  ­ «¨â¨ç¥áª ï ¢ ®¡« áâ¨ K(�; �1; �2), â® ¢ á¨«ã

h+(�) ¨¬¥¥¬

lim
(z)!(z0)

h+(�) =
1

4�2i

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � u01(�; �)
; (16)

£¤¥

u01(�; �) =

�
�

�

��1
�0; j�0j = 1: (17)

�®¤áâ ¢«ïï ¯à ¢ë¥ ç áâ¨ à ¢¥­áâ¢ (15) ¨ (16) ¢ (14), ®ª®­ç â¥«ì­® ¯®«ã-

ç¨¬

L[f2](z0) =
�

4�2i

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � �0
+

�

4�

2�Z
0

F (t; �0) dt�

�
�

2�

l+'mZ
l�'m

F (t; �0) dt�
�

2�

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � u01(�; �)
:

(18)

3. �ãáâì (z) 2 K(�; �1; �2) ¨ (z)! (z0) 2 C1.

�á¯®«ì§ãï ä®à¬ã«ã (11) ¨ ¯à®¢¥¤ï  ­ «®£¨ç­ë¥ ¢ëª« ¤ª¨ ª ª ¢ ¯ã­ªâ¥

2, ¯®«ãç¨¬

lim
(z)!(z0)

L[f ](z) =L[f+](z0) =
�

4�2i

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � �0

+
�

4�

2�Z
0

F (t; �0) dt�
�

4�2i

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � u01(�; �)
:

(19)

�à ¢­¨¢ ï ä®à¬ã«ë ¯à¥¤¥«ì­ëå §­ ç¥­¨© (18) ¨ (19) ¨§ ®¡« áâ¥© E2 ¨

K(�; �1; �2) ­  ¬­®¦¥áâ¢¥ C1, § ¬¥â¨¬, çâ® ¢ â®çª¥ (z0) 2 C1 ¯à¨ ¯¥à¥å®¤¥

¨§ ®¡« áâ¨ K(�; �1; �2) ¢ ®¡« áâì E2, äã­ªæ¨¨ ª« áá  P
�;�
�1;�2

á®¢¥àè îâ áª ç®ª

à ¢­ë©

L[f+](z0)� L[f2](z0) =
�

2�

l+'mZ
l�'m

F (t; �0) dt: (20)
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�  íâ®¬ ®á­®¢ ­¨¨ á®®â­®è¥­¨ï (18) ¨ (19) ¬®¦­® áç¨â âì  ­ «®£ ¬¨ ä®à-

¬ã« �®å®æª®£® ¤«ï äã­ªæ¨© ª« áá  P
�;�
�1;�2

. �ââã¤  ¦¥ á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì

â¥®à¥¬ë 3 ¤«ï ¬­®¦¥áâ¢  C1.

�«ï ®áâ «ì­ëå ¬­®¦¥áâ¢ Ck; k = 2; 3; 4 ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë  ­ «®-

£¨ç­®.

�«ï ¯®áâ ­®¢ª¨ ¨ à¥è¥­¨ï ªà ¥¢ëå § ¤ ç ¯®âà¥¡ã¥âáï ¥é¥ ¯à¥¤¥«ì­®¥

§­ ç¥­¨¥ äã­ªæ¨© ª« áá  M�;�
�1;�2

¢ â®çª¥ (z0) = (�0�
��1 ; 0) 2 C1.

�ãáâì (z) 2 C 2 . � á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ ª« áá  M
�;�
�1;�2

¢ C 2 , íâ®

¯à¥¤¥«ì­®¥ §­ ç¥­¨¥ ¡ã¤¥â à ¢­®

f+(z0) � f2(z
0) =

1

4�2i

�Z
�

d�

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � u01(�; �)
; (21)

£¤¥

lim
(z)!(z0)

f(z) =

�
f+(z0); ¥á«¨ (z) 2 K(�; �1; �2);

f2(z
0); ¥á«¨ (z) 2 E2;

u01(�; �) =

�
�

�

��1
�0; j�0j = 1:

�â¬¥â¨¬, çâ® ju01(�; �)j = 1 ¯à¨ � = �, ¯®íâ®¬ã â®«ìª® ¢ íâ®¬ á«ãç ¥

¢­ãâà¥­­¨© ¨­â¥£à « ¢ ä®à¬ã«¥ (21) ¡ã¤¥¬ ¯®­¨¬ âì ª ª ®á®¡ë© ¢ á¬ëá«¥

£« ¢­®£® §­ ç¥­¨ï ¯® �®è¨.

�à¨¢¥¤¥¬ ®¯à¥¤¥«¥­¨ï á«¥¤ãîé¨å äã­ªæ¨© [3]

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ®¤­®§­ ç­ ï äã­ªæ¨ï a(�; l; 'm)

¯à¨­ ¤«¥¦¨â ª« ááã �+ (¨«¨ ��) ¨ ¯¨á âì a(�; l; 'm) 2 �+ (¨«¨ �(�; l; 'm) 2

��), ¥á«¨ ®­  ¤®¯ãáª ¥â ­¥¯à¥àë¢­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¤¥©áâ¢¨â¥«ì­ë¬

¯¥à¥¬¥­­ë¬ l, 'm (jlj < 2�; j'mj < �) â ª¨¥, çâ®

@a

@l
+

@a

@'m
= �

1

�
F (l + 'm; �);

@a

@l
�

@a

@'m
=

1

�
F (l � 'm; �)

�
¨«¨

@a

@l
+

@a

@'m
=

1

�
F (l + 'm; �);

@a

@l
�

@a

@'m
= �

1

�
F (l� 'm; �)

�
;

£¤¥ F (t; �) 2 Lip
�
�(�), � | ª®¬¯«¥ªá­®¥ ¯¥à¥¬¥­­®¥ (j�j = 1).

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ®¤­®§­ ç­ ï äã­ªæ¨ï G(�; l; 'm)

¯à¨­ ¤«¥¦¨â ª« ááã � (G 2 �), ¥á«¨ ®­  ¤®¯ãáª ¥â ­¥¯à¥àë¢­ë¥ ç áâ­ë¥ ¯à®-

¨§¢®¤­ë¥ ¯® ¤¥©áâ¢¨â¥«ì­ë¬ ¯¥à¥¬¥­­ë¬ l ¨ 'm (jlj < 2�; j'm < �j) â ª¨¥,

çâ®
@G

@l
+

@G

@'m
= �

1

�
G(l; 'm; �) � F (l + 'm; �);
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@G

@l
�

@G

@'m
=

1

�
G(l; 'm; �) � F (l� 'm; �);

£¤¥ F (t; �) 2 Lip
�
�(�), � | ª®¬¯«¥ªá­®¥ ¯¥à¥¬¥­­®¥ (j�j = 1), G(�; l; �) = 1.

� [3] â ª¦¥ áä®à¬ã«¨à®¢ ­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ¯à¨­ ¤-

«¥¦­®áâ¨ äã­ªæ¨© a(�; l; 'm) ¨ G(�; l; 'm) ª ª« áá ¬ �+; ��; �. �à¨¢¥¤¥¬

¨å.

�¥¬¬  1. �«ï â®£® çâ®¡ë ®¤­®§­ ç­ ï äã­ªæ¨ï a(�; l; 'm) ¡ë«  ¯à¥¤áâ -

¢¨¬  ¢ ¢¨¤¥ ¨­â¥£à « 

1

2�

l�'mZ
l+'m

F (t; �) dt; ¨«¨
1

2�

2��'m+lZ
l+'m

F (t; �) dt;

£¤¥ F (t; �) 2 Lip
�
�(�), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë a(�; l; 'm) 2 �

� (�+).

�¥¬¬  2. �«ï â®£® çâ®¡ë ®¤­®§­ ç­ ï äã­ªæ¨ï G(�; l; 'm) 2 � ­¥®¡å®-

¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë G(�; l; 'm) = ea(�;l;'m), £¤¥ a(�; l; 'm) 2 �
+ (��).

�¥à¥©¤¥¬ â¥¯¥àì ª ¯®áâ ­®¢ª¥ ªà ¥¢ëå § ¤ ç.

�à¥¤¢ à¨â¥«ì­ ï ªà ¥¢ ï § ¤ ç . �ãáâì ¢ ¯à®áâà ­áâ¢¥ C 2 § ¤ ­ë

®¡« áâ¨ K(�; �1; �2) ¨ E2. �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î f(z) ª« áá  M
�;�
�1;�2

, ¨áç¥-

§ îéãî ­  ¬­®£®®¡à §¨¨ ¡¥áª®­¥ç­® ã¤ «¥­­ëå â®ç¥ª, à §­®áâì ¯à¥¤¥«ì­ëå

§­ ç¥­¨© L[f+](z0) ¨ L[f2](z
0) ª®â®à®© ¢ â®çª å ¬­®¦¥áâ¢  C1, ã¤®¢«¥â¢®àïîâ

á®®â­®è¥­¨î

L[f+](z0)� L[f2](z
0) = �a(�; l; 'm): (22)

�¥è¥­¨¥. � ª ª ª a(�; l; 'm) 2 ��, â® ­  ®á­®¢ ­¨¨ «¥¬¬ë 1 ­ ©¤¥âáï

â ª ï äã­ªæ¨ï F (t; �), çâ®

a(�; l; 'm) =
1

2�

l+'mZ
l�'m

F (t; �) dt;

£¤¥ F (t; �) 2 Lip
�
�(�), ¯®íâ®¬ã ªà ¥¢®¥ ãá«®¢¨¥ (22) íª¢¨¢ «¥­â­® ä®à¬ã«¥ (20).

�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï ¨§ ª« áá M
�;�
�1;�2

¤ ¥â à¥è¥­¨¥ § ¤ ç¨. �ç¥¢¨¤­®, çâ®

¢ ª« áá¥ äã­ªæ¨© M
�;�
�1;�2

íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­®. �¥©áâ¢¨â¥«ì­®, ¤®¯ãáâ¨¬,

çâ® § ¤ ç  (22) ¨¬¥¥â ¥é¥ ®¤­® à¥è¥­¨¥ ¢ ª« áá¥ M
�;�
�1;�2

¨ ¯ãáâì

~f(z) =
1

4�2i

�Z
�

d�

2�Z
0

dt

Z
j�j=1

~F (t; �) d�

� � u1(�; �)
;
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®§­ ç ¥â à §­®áâì íâ¨å ¤¢ãå à¥è¥­¨©. �®£¤  ¢ á¨«ã ãá«®¢¨ï (22) ¤®«¦­® ¡ëâì

L[ ~f ](z0)� L[f ](z0) = 0;

â. ¥. a(�; l; 'm) = 0. �âáî¤  ¨ ¨§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ~F (t; �) = 0, ¯®íâ®¬ã
~f(z) = 0.

�à ¥¢ ï § ¤ ç  1. �ãáâì ¢ C 2 § ¤ ­ë ®¡« áâ¨ K(�; �1; �2) ¨ E2. �à¥¡ã-

¥âáï ­ ©â¨ äã­ªæ¨î f(z) ª« áá M
�;�
�1;�2

, ®¡à é îéãîáï ¢ ¥¤¨­¨æã ­  ¬­®£®®¡-

à §¨¨ ¡¥áª®­¥ç­® ã¤ «¥­­ëå â®ç¥ª, ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï L[f+](z0) ¨ L[f2](z
0)

ª®â®à®© ¢ â®çª å ¬­®¦¥áâ¢  C1 = f(z) : z01 = ���1�0; z
0
2 = 0g ã¤®¢«¥â¢®àïîâ

á®®â­®è¥­¨î

L[f+](z0) = G(�; l; 'm)L[f2](z
0); (23)

£¤¥ G(�; l; 'm) 2 �.

�¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ 1 «¥£ª® ­ å®¤¨âáï ¯à¨ ¯®¬®é¨ à¥è¥­¨ï ¯à¥¤¢ à¨-

â¥«ì­®© ªà ¥¢®© § ¤ ç¨. �¥©áâ¢¨â¥«ì­®, «®£ à¨ä¬¨àãï ªà ¥¢®¥ ãá«®¢¨¥ (23),

¯®«ãç¨¬

lnL[f+](z0)� lnL[f2](z
0) = lnG(�; l; 'm): (24)

�  ®á­®¢ ­¨¨ «¥¬¬ë 2 ¨ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ G(�; l; 'm)

lnG(�; l; ') = �a(�; l; 'm) + 2�ni �
1

2�

l+'mZ
l�'m

F (t; �) dt+ 2�ni;

£¤¥ F (t; �) 2 Lip
�
�(�).

� ª¨¬ ®¡à §®¬,

lnL[f+](z0)� lnL[f2](z
0) =

�

2�

l+'mZ
l�'m

F (t; �) dt+ 2�ni: (25)

�®« £ ï

an(�; l; 'm) = a(�; l; 'm) + 2�ni; �(z) = lnL[f ](z);

ãá«®¢¨¥ (25) ¯¥à¥¯¨è¥âáï â ª

�+(z0)� ��(z0) = an(�; l; 'm): (26)

�«¥¤®¢ â¥«ì­®, ¬ë ¯à¨è«¨ ª § ¤ ç¥ ®âëáª ­¨ï äã­ªæ¨¨ ª« áá  M
�;�
�1;�2

¯® à §­®áâ¨ ¯à¥¤¥«ì­ëå §­ ç¥­¨© LnL[f ](z) ¨ lnL[f2](z) ¢ â®çª å ¬­®¦¥áâ¢ 
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C1, ª®â®à ï ¡ë«  ¡ë à §à¥è¨¬ , ¥á«¨ ¢ ªà ¥¢®¬ ãá«®¢¨¨ (26) ¯à ¢ ï ç áâì

a(�; l; 'm) 2 �
� ¨, ¯®íâ®¬ã a(�; l; 'm) = 0.

� ª¨¬ ®¡à §®¬, ¤«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ á ªà ¥¢ë¬ ãá«®¢¨¥¬ (26) ¯à ¢ ï

ç áâì an(�; l; 'm) ¤®«¦­  ã¤®¢«¥â¢®àïâì ãá«®¢¨î

an(�; l; 'm) = 0: (27)

�§ ãá«®¢¨ï (27) ¨ ®¯à¥¤¥«¥­¨ï an(�; l; 'm), ¯®«ãç ¥¬, çâ® § ¤ ç  á ªà ¥¢ë¬

ãá«®¢¨¥¬ (26) ¡ã¤¥â à §à¥è¨¬  ¯à¨ n = 0.

�¥è¥­¨¥ ¥¥ ¢ ª« áá¥ äã­ªæ¨© M
�;�
�1;�2

¯à¨ ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨ ¨áç¥§-

­®¢¥­¨ï à¥è¥­¨ï ¢ ¡¥áª®­¥ç­® ã¤ «¥­­ëå â®çª å, ¨¬¥¥â ¢¨¤

�(z) =
1

4�2i

�Z
�

d�

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � u1(�; �)
;

¨«¨

lnL[f ](z) = �(z):

�âáî¤ 

L[f ](z)e�(z): (28)

�¥è¥­¨¥ ¦¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (28) ¯à®¢¥¤¥¬ á«¥¤ãîé¨¬ ®¡à -

§®¬.

�ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ â®çª  (z) 2 K(�; �1; �2). �§¢¥áâ­® (á¬. [4]), çâ®

¢ íâ®¬ á«ãç ¥ ¤«ï  ­ «¨â¨ç¥áª®© ¢ ®¡« áâ¨ D äã­ªæ¨¨ L[f ](z) áãé¥áâ¢ã¥â

®¡à â­ë© ¨­â¥£à «ì­ë© ®¯¥à â®à

L�1[f ] =

1Z
0

f("�1z1; "
�2z2)d": (29)

�à¨¬¥­ïï ª ®¡¥¨¬ ç áâï¬ (28) ®¯¥à â®à (29), ¯®«ãç¨¬ à¥è¥­¨¥ ªà ¥¢®©

§ ¤ ç¨ 1 ¢ ï¢­®¬ ¢¨¤¥

f(z) = L(�1)[e�(z)] =

1Z
0

e�("
�1z1;"

�2z2)d"; (30)

£¤¥

�("�1z1; "
�2z2) =

1

4�2i

�Z
�

d�

2�Z
0

dt

Z
j�j=1

F (t; �) d�

� � u2(�; "; �)
;
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u2(�; "; �) = ("�)�1z1 + ("�)�2z2e
it:

�à ¥¢ ï § ¤ ç  2. �ãáâì ¢ ¯à®áâà ­áâ¢¥ C
2 § ¤ ­ë ®¡« áâ¨ K(�; �1; �2)

¨ E2. �à¥¡ã¥âáï ­ ©â¨ ¤¢¥ äã­ªæ¨¨ f(z) ¨ ~f(z) ª« áá M
�;�
�1;�2

¯à¨ ¤®¯®«­¨â¥«ì-

­®¬ ãá«®¢¨¨ ®¡à é¥­¨ï ¢ ¥¤¨­¨æã äã­ªæ¨¨ f ¨ ¢ ­®«ì äã­ªæ¨¨ ~f ­  «î¡®¬

¬­®£®®¡à §¨¨ ¡¥áª®­¥ç­® ã¤ «¥­­ëå â®ç¥ª, ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ª®â®àëå ­ 

¬­®¦¥áâ¢¥ C1 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

L[f+](z0) � L[ ~f+](z0) = G(�; l; 'm)L[f2](z
0) � L[ ~f2](z

0) + a(�; l; 'm); (31)

£¤¥ a(�; l; 'm) 2 �
�1; G(�; l; 'm) 2 �.

�¥è¥­¨¥. �ã­ªæ¨î f(z) ¡ã¤¥¬ ¨áª âì ¨§ á®®â­®è¥­¨ï

L[f+](z0) = G(�; l; 'm)L[f2](z
0); (32)

ª®â®à®¥ ï¢«ï¥âáï ãá«®¢¨¥¬ ªà ¥¢®© § ¤ ç¨ 1. �®íâ®¬ã

f(z) = L(�1)[e�(z)];

£¤¥ �(z) | ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (30).

�à¥¤¥«ì­®¥ §­ ç¥­¨¥ äã­ªæ¨¨ f(z) ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (32), ¯®-

íâ®¬ã, § ¬¥­ïï ¢ (31) ¯à®¨§¢¥¤¥­¨¥ äã­ªæ¨© G(�; l; 'm) � L[f2](z
0) ¯® ä®à¬ã«¥

(32) ­  L[f+](z0), ¯®«ãç¨¬

L[ ~f ](z0)� L[ ~f2](z
0) = a(�; l; 'm); (33)

¨«¨, â ª ª ª a(�; l; 'm) 2 �
�, â® ¯® «¥¬¬¥ 1 ­ ©¤¥âáï ¥¤¨­áâ¢¥­­®¥ ~F (t; �) â ª®¥,

çâ®

L[ ~f+](z0)� L[ ~f2](z
0) =

�

2�

l+'mZ
l�'m

~F (t; �) d�: (34)

�âªã¤ , ­  ®á­®¢ ­¨¨ à¥è¥­¨ï ¯à¥¤¢ à¨â¥«ì­®© ªà ¥¢®© § ¤ ç¨ ¨¬¥¥¬

L[ ~f ](z) =
1

4�2i

�Z
�

d�

2�Z
0

dt

Z
j�j=1

~F (t; �) d�

� � u1(�; �)
: (35)

�à¨¬¥­¨¬ â¥¯¥àì ª ®¡¥¨¬ ç áâï¬ (35) ¨­â¥£à «ì­ë© ®¯¥à â®à (29) ¯à¨

ãá«®¢¨¨, çâ® (z) 2 K(�; �1; �2). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ 1

~f(z) =
1

4�2i

1Z
0

"d"

�Z
�

d�

2�Z
0

dt

Z
j�j=1

~F (t; �) d�

� � u2(�; "; �)
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¢ ï¢­®¬ ¢¨¤¥. �¥£ª® ¯®ª § âì, çâ® äã­ªæ¨ï ~f(z) ­  ¡¥áª®­¥ç­®áâ¨ ®¡à é ¥âáï

¢ ­®«ì,   f(z) ¢ ¥¤¨­¨æã.

� ¬¥ç ­¨¥. � ª ª ª C1 = K(�; �1; �2) \ E2 \ E4; C2 = E4 \ E9 \ �1;

â® ¬®¦­® áâ ¢¨âì ¨ à¥è âì § ¤ ç¨  ­ «®£¨ç­ë¥ ªà ¥¢ë¬ § ¤ ç ¬ 1 ¨ 2 ¯ãâ¥¬

ª®¬¡¨­ æ¨¨ ¯à¥¤¥«ì­ëå §­ ç¥­¨© L[f ](z) ¨§ ®¡« áâ¥© K(�; �1; �2), E2; E4; E9 ¨

�1, ª®â®àë¬¨ ¨áç¥à¯ë¢ îâáï ¢á¥¢®§¬®¦­ë¥ ¯ãâ¨ ¯®¤å®¤  ª ¬­®¦¥áâ¢ ¬ C1 ¨

C2. � ª, ­ ¯à¨¬¥à, ¢ [6] ¨ [7] ¯®áâ ¢«¥­ë ªà ¥¢ë¥ § ¤ ç¨ â®«ìª® ¤«ï ®¡« áâ¥©

K(�; �1; �2) ¨ E4.

�¨â¥à âãà 
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