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O HEIIPEPBIBHOI 3ABUCUMOCTH
TOYEK CIIEKTPA KPAEBOI1 3AJTAYN HA TPA®E
OT HAPAMETPOB YCJIOBUI1 COIVTIACOBAHIS

M. I. 3aBropoauwmii, P. U. Kynaesn

Ha cazmom reomerpmaeckom rpade paccMaTpuBaeTcs KpaeBas 3a/1a4a Ha COOCTBEHHBIE 3HAUEHUS, TI0-
DPOXK/I€HHAs JTMHEHHBIM OOBIKHOBEHHBIM A hepeHInaIbHBIM 0IepATOPOM BTOPOTO TOPSIKA, YCIOBUIMU
COTJIACOBAaHMUS, 33/IAHHBIMU B KaXK0¥ BHYTpeHHei Bepimue rpada, u KpaeBbiMu ycioBuaMmu Tuna Jlu-
puxse. Jns Takoil 3a1a94n yCTAHOBJIEHO, 9TO €€ COOCTBEHHBbIE 3HAYUEHUS HEIPEPBHIBHO 3ABUCAT OT Mapa-
MeTPOB, BXOAAIINX B YCJIOBUA COTJIACOBAHNULA.

1. TeomeTrpudyeckuii rpad

IMousitne reomerpuyeckoro rpada gaaum corsacio padore [1].

IlycTh marO0 KOHEYHOE MHOYKECTBO MOTIAPHO HETIEPECEKAIOIINXCSA OTKPBITHIX OTPE3KOB TIPO-
crparcTea R". O6o3naunm depe3 V MHOXKeCTBO TOUYeK mpocTpaHcTBa R", KOTOPBIE SIBJISIOTCS
KOHIIEBBIMY TOYKaMU JIBYX 1 Oojiee naTepBasioB. OObe rHEeHNEe BCEX TOYEK WHTEPBAJIOB U MHO-
xectBa V oboznaunm uepe3 I' u Oymem HazwiBaTh reomerpudeckum rpacdom. Ilpu stom wun-
TepBasbl Oyaem Ha3bBaTh pedbpamu reomerpudeckoro rpada I', a Touku muoxkectBa V' — ero
BHYTpeHHUMU BepinHamu. Jlasee, /i KpaTKOCTA BMECTO TEPMUHA «T€OMeTPUIecKuii rpad»
OyJemM MCIoIb30BaTh BhIpaskeHue «rpady.

Takum obpazom, B HAIlEM MOHUMAHUU rpad — 5TO MHOXKECTBO, BKJIOYAONIEE B CeOs HE
TOJIBKO MHOXKECTBO BEPIUH V|, HO U BCE TOYKHU MHTEPBAJIOB, OOpa3yiorue pebpa, T. €. B TeOMeT-
puYeckoil mHTeprperanuu rpada ero BepmuHbl U pedpa CyTh MHOYKECTBA OJHON MPUPOIBI —
OHU €CTh MOJMHOXKECTBA MPOCTpancTBa, R™.

BameTrnm, uTO MHOKECTBO KOHIIEBBIX TOuek pebep (murepsasnos) rpada I ve ncuepnbisa-
€TCs MHOXKECTBOM BHYTPEHHMX BEpIUH V', TaK KaK MOTYT CYIIECTBOBATH TOYKHU MPOCTPAH-
crBa R, KOTOpBIE SIBISIIOTCS KOHIIEBBIMU JINIIE I7sT ogHoro pebpa. Konmesbie Touku pebep
He TPUHAJJIeKAIe MHOXKeCTBY V Oyaem HazbiBaTh rpanuwdabivu Beprmuaamu rpada . Co-
BOKYIHOCTH BCEX T'PAHWYHBIX BepiinH obosnaunm uepes JI'. Tlo ompemesieHn0 MHOXKECTBO
rpaananbix BeprnuH JI' He BKItoueHo B rpad I

Ilycts BepiuHa @ gBJIsIETCS KOHIEBON TOUKOM pedbpa y. Torma Oyaem roBopuTh, 9T0 pPedOPO
Y TPUMBIKAET K BepinuHe a. Kcam obe BepmuHbI @ U b, K KOTOPBIM TPUMBIKAET pedbpo -,
BHyTpeHHUE, TO Pebpo ¥ OyneM Ha3bIBATH BHYTPEHHUM. B NPOTUBHOM Ciiydae, KOT1a XOTd Obl
OJTHA W3 BEPINUH ¢ U b TpaHuvHAsA, PeOPO Y HA30BEM I'DAHUYIHBIM.

SanymepyeMm Mpom3BOIbHBIM 00pazoMm Bce pebpa rpada I'. s xaxkmoit BepuinHbl ¢ rpa-
da T' o6o3naunm vepes I(a) MHOKECTBO MHIEKCOB BCEX pPebep, MPUMBIKAIONMX K a. B cuiy
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CJIeJIAHHBIX BBIIIE ONpe/IesIeHnil, MHOKeCTBO I (a) COCTOUT M3 OIHOTO WHJIEKCA, €CJIN BEPIITHHA
G — TPAHUYHAs, U He MeHee YeM U3 JABYX WHJEKCOB, €CJIM BEPIUHA ¢ BHYTPEHHsIS.

Bcerony nanee 6ymem mosarats, uro rpad [ aBiaserca cBa3ubiM MHOXKecTBoM B R”. U,
kpome Toro, uro y rpada ' orcyTerBytoT nmkimiaeckne (3aMKHYTBIE) MapMIPyThl (MOCIE10-
BaTebHOCTH) pedep, T. e. uto rpad [ asisgercs mepesom. IlepBoe mpe/Inoioxkenne o3HAYAET,
910 Tpadd COAEPKUT XOTsI ObI OHY BHYTPEHHIOIO BEPIITUHY, €CTH YUCI0 pebep He MEHBIIE JABYX,
a BTOpoe — uTO y rpada mmeerca xorsa Obl OHA rpaHWYHas BepiuHA. TakuMm 00pas3om, BO
BCEX COJEPIKATENBHBIX CIydasx MHOXKecTBa V u OI' He mycCTHI.

2. uddepenimanbable ypaBHEHUS HA reOMeTPUuYeckom rpade

Paccmorpum muokectBo C(I') dbyukumit u : I' — R, onpenenennsix Ha BceMm rpade I' u
PABHOMEPHO HENMPEPBIBHBIX HA KaxK10M ero pedpe. s mo6oit Takoii bynkunm u(-) gepes u;(-)
OyaeMm o6o3HAUATEH CyKeHHe ee Ha PeOpo i, T. e. ui(z) = u(x) npu = € ;. Hanee, eciu a —
NPOM3BOIbHAS BEPMMHA (rpanmyHas wau BHyTpenHss) rpada I, To mog u;(a) noanmaercs
%1_1)1% u;i(a). 3amMeTnM, 9TO B CHJIy MPEJINOJOXKEHNS O PABHOMEPHON HEMPEPBIBHOCTH (DYHKINN

u(+) HA KaxKI0M pebpe TakKoii Tpejiest BCerja CyIecTBYeT.

IMycts a — BHyTpennsas sepmmnua rpada ['. g kaxmoit dynkumn u(-) B BEpmHe a
ompejiesieHo ee 3uadenne u(a) u MHOXKeCTBO u;(a), 1 € I(a), OJHOCTOPOHHUX HPEIETOB BIOJb
BCex pebep 7y;, TPUMBIKAIOIINX K BepIiuHe a. PaBeHCTBA BCEX 9TUX BEIUYUH MBI HE TpeOyeM.
Ecnu Bce ke BImosHgAOTCs paBeHcTBa ui(a) = u(a) mug aoboro i € I(a), To dyHKImO u(-)
Oy/JieM Ha3bIBaTL HENPEPBIBHON BO BHyTpeHHeH Bepmmue a. Oynkums u(-) HENpepbiBHA HA
Bcem rpade I', ecim oHa HempepbIBHA BO BCEX BHYTPEHHMX BepiimHax rpada 1.

Ilycts b — rpannunasa Beprmmna rpada . Tak kak MHOKecTBO OI' TPaHWYHBIX BEPINWH
He BkaouenHo B I, To dyuknms u(-) ve onpenenena B Bepmmnue b. Besne B manbHeiimem mog
suavenneM u(b) OyzeM TOHUMATH OJHOCTOPOHHWI Tpeesn dbyHkiwn u(x) opu £ — b BIOIb
eIMHCTBEHHOTO pebpa, MpuMbIKaomero K sepmune b. Muoxectso 3nadennit u(b) mns Beex
TPAHUIHBIX BepIIUH b OyneMm 0003HAYATD 1epes u| ..

Jnsg Toro arober BBECTH NIOHSATHE TIPOM3BOAHO (hyHkmu u(-), 3agannoii na rpade T, 3a-
JajuM Ha rpade OpueHTAInio Kaxk10ro ero pebpa. Tounee roBopsi, TOCTABUM B COOTBETCTBUE
KayKJI0My pebpy <y; OJWH W3 JBYX KOJJIMHEAPHBIX €My eJUHUIHBIX BEKTOPOB, KOTOPBI 000-
suaunM depe3 h;. Torma npousBoauyio dbyHKIWY u(-) B CMBICIE 3aJaHHOI OpreHTAIn pebep
ompeaenM Kak (OyHKITATO

o (%) = Tim u(z + th;) — u(x)
1—0 t

(z € 7).

Bamernm, 9TO CMeHa OpHEeHTAIlnH pedpa -y; Ha MPOTUBOMOIOKHYIO BEJeT JIUIh K CMEHe
3HAKA TIPOU3BOJIHOM HA TPOTUBONONOKHBIH. [Iponssonnas u'(+) dyukimn u(-) onpenenena Ha-
MU B KaXK/I0% TOUke 00bemnaenus Bcex pedep. Bo Buyrpennux Bepiuuax rpada I’ onpemgesnsts
npoussoznyio v (-) e 6Gymem. Ilpegnonaraem TakKe, Kak ¥ BBIIIE, YTO TPOU3BOAHASA U (+) paB-
HOMEDHO HENpPEepPbhIBHA HA Kaxka0M pebpe rpada [ m mosTomy CymecTByoT BCe OHOCTOPOHHNE
npeznens! uj(a), i € I(a), 11s Kazk10ii BHyTpEHHell BEPIINHEL a.

Hna dyuxnmit p u ¢, npunagnexamunx npocrpanctey C(T'), samaanm ma rpade T' omno-
ponuoe nuddepeHInaibHOe YypaBHEHNE

—(pu') + qu = 0. (1)

IMox pemennem auddepentmansaoro ypasuenusa (1) Oygem noummarh DyHKIUIO U €
C(T'), menpepoiBayto Ha BeeM rpade I') yI0BIETBOPSIONIYIO HA KaXKI0M pebpe y; YPaBHEHHO
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(1) (u, cnemoBarebHO, 06JIATAIONITYI0 HEOOXOAUMOIH TJIAIKOCTBIO HA pebpe ;) U YAOBJIEeTBODSI-
IOIIYIO0 B KaXK/J0 BHYTPEHHEH BepIIUHE YCJI0BUIO

Z a;(a)ui(a) = 0, (2)

i€l(a)

e {a;(a)}ier(q) — TPUTHCHIBaeMbIfl BHyTpeHHeil BeplinHe a HabOp BENIECTBEHHBIX HHCEl.
BamernM, uto pemrenne u(-) muddepennuanbHoro ypasuenus (1) #e 06s13aHO OBITH TOXKJIE-
CTBEHHO PABHBIM HYJIIO, TAK KAK MHOKECTBO TPaHMYHBIX BepmmH OI' He mycto. OTHOCHTETBHO
dyukumn p(-) gonmonanTenbHO Npeanonaraercs, uro ona auddepentupyeva va I u p(z) > 0.
Dr1o ozHauaer, uro pemienne u(-) ypasuenus (1) nBaxasl muddepennupyemo ua I'. Besne B
JasibHeiteM OyjeM nosiaraTh, 9TO 3HaKW KOHCTaHT «;(a), i € I(a), pins Kaxkaoit BHyTpeH-
Hell BEPIIMHBLI ¢ COTVIACOBAHBI ¢ OpHEHTanueil pebep, IPUMBIKAIOMNX K a. A mMeHHo, Oymem
nojiaraTh, 4TO B yCIOBHsX (2) BCe KOHCTAHTBI (@) MOJIOKUTENBHBI U BCe npeaessl u,(a)
TpOU3BOAHON (DYHKINY (-) MOCUNTAHBI IPH OPUEHTAINN pebGep OT BepINUHBI a. YcioBus (2)
6yﬂeM Ha3bIBATH YCJIOBUAMU COTJIACOBAHUA.

ITycts u(-) pemenne ypasuenusi (1). Torma oHO ymOBIETBOPSIET YCIOBUSAM COTJIACOBAHUS
(2). I B cuity nosozkuresbHOCTH BeandanH ;(a) obsiagaer CaeayrommuMi CBORCTBAMMY:

1) dns kaxkj0i BHyTpEHHEH BepIIUHBI a perrenue u(-) aub0 TOXKIECTBEHHO PABHO HYJIIO
Ha BCex pebpax 7;, i € I(a), b0 OTIMIHO OT TOXKIECTBEHHOTO HyJ/IsS HA HE MEHee, 9eM Ha
IBYX peOpax, IPUMBIKAIOIINX K .

2) Pemenne u(-) amu60 TOXKIECTBEHHO PaBHO HyJi0 Ha BeeM rpade [') mmbo ormimdao OT
TOKIECTBEHHOTO HyJIs HA JBYX M 0OJIee TPAHUYHBIX pedpax.

JeficTBUTEILHO, €C/TU TIPE/TION0KUTh, YTO pellenne u(-) PaBHO TOXKJIECTBEHHO HYJII0 Ha
BCex pebpax, MPUMBIKAIONINX K BHYTPEHHEN BEPIIUHE G, KPOME, ObITh MOYXKET, OJHOTO pebpa
Vi, TO B CHIy HempepbiBHOCTH U;(a) = 0, a B CUJly yCJIOBUI COTJIACOBAHWS U He OOPAIIEHUIO B
Hyab BeanunH «;(a) nveem ui(a) = 0. Cyxkas ypasuenue (1) Ha peGpo 7; momydaem 3azady
KOH_II/I C HYJIEBBIMU HAYAJIbHBIMU YCJIOBUAMU, YTO TAPDAHTUPYET TOXKIAECCTBEHHOE PABEHCTBO
Hymo pemenus u(-) u Ha pedpe ;. [lepsoe croiicTBO mO0Kazano. Bropoe CBOWCTBO BBITEKAET
73 TIEPBOTO CBOWCTBA, B Cuiy TOro, uro rpad ' — aBagerca mepeBom, m y HEr0 OTCYyTCTBYIOT
[UK/IAIECKIE MapIIPYTHI.

3. IlocranoBka KpaeBoil 3a4a4u HA COOCTBEHHbIE 3HAYEHUS,
3aJaHHOM Ha rpade

Paccmorpum Ha rpade I' kpaeByro 3amady Ha COOCTBEHHBIE 3HAUEHUST
—(p) + qu = Mu, (3)

ulgp =0 (4)

CO CIeKTpaJbHBIM mapamerpom A. V3eectro (cwm. [2, 3]), uto cmexTp A Kpaepoii 3amaun (3),
(4) cocTouT M3 MOCIEAOBATENLHOCTH M30JMPOBAHHBIX COOCTBEHHBIX 3HAYEHUI, HE MMEMOMIEit
KOHEYHBIX MPeJIebHBIX ToueKk. Kpome Toro, B pabore [4] 6110 MOKAa3aHO, YTO €CIH BCE BEJIH-
qunbl ;(a), i € I(a), nus KaXk 10 BHYyTPEHHEH BEPIIMHBI ¢ MOJI0KUTEBHbBI, TPU OPUEHTAIIUH
BCex pebep, MPUMBIKAIONX K BEpPIINHE @, OT BEPIIUHLI ¢, TO BCe COOCTBEHHBIE 3HAYCHHA BeIle-
CTBEHHBI. 3aHyMepyeM BCe COOCTBEHHBIE 3HAYEHUs KPAeBoii 3a1a4m (3) ¢ y9€TOM NX KPATHOCTH
B HopsKe Bo3pacTanus: Ag < A1 < Ag < ... Umax, A = { A\ }72,.
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[l IpOU3BOIBHOTO BEIIECTBEHHOTO uucia A ¢ A mpu GpUKCHPOBAHHON IPAHUYHON Bep-
mmnHe b paccmoTpuM pemenue 2, (-, A) auddepernnanpaoro ypasuenus (3) ya0BaeTBOPSAIONIEE
CJIETYIOIIAM IPAHUIHBIM YCJIOBUSM

ulor \ {0} =0, u(b) =1. ()

Takoe perenne CymecTByeT W €JIUHCTBEHHO, TAK KaK YHUCIO A HE SABIAETCS COOCTBEHHBIM
sHavenneM Kpaesoil 3amaunm (3), (4) u, cnegosarenbro, kpaesas 3amada (3), (5) ognozHAIHO

paspenmMma.

IMomoxum @(A) = w

m . B mocnennem paBeHcTBe MPOM3BOJHAS B TOUYKe b ompese-

z=b

JIEHA B HAIIPABJIEHUU «OT b».

Jlemma 1. @yuknus ¢(\) HepepbIBHA U BO3PACTAET Ha KaxkKJoM HHTEpBaie (Ag_1, Ag),
e A\g_1 U A\ HE PaBHBIE JAPYT APYTY COOCTBEHHBbIE 3HAYEHUsI KpaeBoii 3agaun (3), (4).

< Pacemorpum MuOKecTBO A Tex A w3 (Ap_1, Ap), AUIs KOTOPBIX 2j(-, \) HMeeT Hy/IH BO
puyTpenaux Bepruuax rpada I'. Tlokaxkem, 910 MHOXKECTBO A xoneuno.

IIpeanonoxiM npoTuBHoe. TOr/a CYIecTBYeT MOCIeI0BATENLHOCTE {A, } ¢ pasTHaHBIMH
ujeHamMu Takas, 9T0 GyHKIms 2 (-, S\k) nmeet Hysiu B V mpu jr0bom 3uadennn k. Beuay koned-
HOCTH MHOXKeCTBa V' U3 MOCIEI0BATEIBHOCTH {A)} MOKHO H3BJIEUb MOAIOCIEI0BATENLHOCTE
{ Xk, } obnagaomyio ceoiicroM: Kaxas u3 GyHKUMi 24(-, Ay, ) PABHA HY/IIO B HEKOTOPOI
Bepmmue ¢ € V u, Gyayun pemennem (3), HeTpuBMaJIbHA MO KpaiiHeil Mepe Ha JAByX pedpax
IPUMBIKAOIINX K @. TO, C yI€TOM KOHEIHOCTH MHOXKeCTBa I (a), 03HAYaeT, YT0 OrpaHuIeHHAsT
10C/IeI0BATEILHOCTE { A, } BK/IIOUaeT B ceGsi GECUNCIEHHOE MHOKECTBO CODCTBEHHBIX 3HAUE-
HUI OTHOI M3 3314

—(pu!) Fqu=Du (w €T € 1@), uly (6)

rae I'j — s1o opun m3 noarpacdos Ha KoTopble pacmajaercs rpad I' mpn yganennn us Hero
BEpIUIMHB! @ U KOTOPLIL HE COJEepKUT pebpa IPUMBIKAIOIIEI0 K BepliuHe b.

Ho, kak oTMeuanoch BbIIIE, CIIEKTD 3aja4u (6) He MMeeT KOHEYHBIX MPEIeJbHBIX TOUEK.
TosyuaeM NpOTHBOpEUNe, TOKA3BIBAIOIIEe KOHETHOCTD A.

Tak Kak MHOKECTBO A KOHEYHO, TO MHTEPBAI (Ak_1, Ak) MOXKHO Pa3OUTH HA KOHETHOE
YHCJIO HHTEPBAJIOB (p;, ,u;-’ ), KayKJIblil M3 KOTOPBIX COJEPXKUT OJIUH ¥ TOJBKO OJMH JI€MEHT S\j

muokectBa A. Tlokaxkem, uto dbyHKIMS (+) HENMPEPHIBHA U BO3PACTAET B KAXKJOM M3 HHTED-
BasioB (1, p). Tem cambiv GysieT oKa3aHa HeMPEPHIBHOCTD 1 BospacTanne ¢(-) B (Ak—1, Ak)-

Paccmorpum dyskimio 2,(-, Aj). Pynxums zb(-,j\j) ABISAETCA permenneM (3) m 3HAYWT,
HETpUBHAIbHA XOTd OBbI HA JBYX rpaHMYHBIX pebpax rpada I'. Ilosromy cymecTByer BepmmHa
b; € OT\{b} makas, aro zj(bj, \;) # 0 (37eCh U Be3ae HIKE 3HAK TPOM3BOIHON O3HAMACT
mucdepermmposamnme o mepeomy aprymenty). laee, aia moboro A € (uf, uf)\A;j dbynxmms
2p(+s A) He mmeer Hyseit BO BHyTpennux BepmmHax rpada I, a 3HaUMT, HETpUBHAIBHA HA
BCeX TpaHmIHBIX pebpax rpada. [Tosromy ms Beex A € (uj, 1) BRITIOIHACTCA HEPABEHCTRO
zy(bj, A) # 0. Torna mpm mobom A € (u7, pij) dbynKums

) = % ™)

SIBJISIETCS PEIIeHneM ypaBHeHus (3) U yJI0BJIETBOPSIET TPAHUIHBIM YCIOBUAM

ulorypey =0, u/(b) = 1. (8)
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B pabote [5] nokazano, uto ecau 3azada (3), (8) mmeer HerpmBHATBLHOE perneHue z(-, \)
npu J1000M A\ M3 HEKOTOPOrO MHTEpBasia, TO yHKIUs 2(+,+) W ee TPOU3BOAHASA TI0 MEPBOMY
apryMeHTY HENPEPHIBHO 3aBUCAT OT A B yKazaHHOM mHTepBase. A tak kKak (cm. (7))

2'(b, N

P) = 2(0:2) - 205.3) = T )

u z(b,A\) # 0 mpn A € (4, 1), To dbynkums ¢(A) nenpepsisHa B (), 417 ).

Ocraercst nokasath, ato ¢(-) Bospactaer B (uj, py). Ilyers A, Ae € (pf, pf) m A < o
Ecmu ¢ — 970 6imkaiimmii kK Beprimae b wysb dbyHKImn z(+, A1), TO Ha OCHOBAHUN TEOPEMBI
cpaBHeHust it ypaBHenuii Ha rpadax (cm. [1]) dyukuus z(-, A2) He mumeer Hyseii Ha myTH
rpada I' coegunsiomniem Touku ¢ u b. Hemocpeacreenubim audHepeHmpoBaHueM YCTaHABIH-

BaeTCs, 9T0 PyHKITUSI

p('){z("m 2 () = (= Al)fM}

Z('a >‘2)
BO3pACTaeT Ha MyTH «OT b K ¢», 0TKyaa, yuurbiBag p(-) > 0 u z(c, A1) = 0, creayer, 9ro

2(b, M) - 2/ (B, A1) — (2(0, A1))2zzl((liﬂiij)) <!

wim
Z’(b, )\1) Z’(b, >\2)
z(b, )\1) z(b, )\2) '
Conocrasigs nocieaee HepaBeHCTBO ¢ (9) momyanm p(A1) < ¢(A2). Jlemma mommocTsiO 110
KazaHa. >

4. HenpepbIBHast 3aBUCUMOCTh COOCTBEHHbBIX 3HAYEHU T
KpaeBoil 334a49M OT KOHCTAHT, BXOJAIINX B YCJIOBUSI COTJIACOBAHUS

ITycTh @ — HeKoTOpas (bUKCHpOBaHHAS BHYTpeHHsIs BepinnHa rpada . Yianaum Bepmnny
a u3 mHOXkecTBa I'. Torma rpad I' pacmazerca nHa KOHEIHOE YHUC/IO HENEPECEKAIOIMIMXCS IO/~
rpados I';, i € I(a). Ha kaxgom moarpade I'; paccmorpum kpaesyio 3agaqy (3), (4). Cnektp
KazK 1011 Takoit 3aja49m 00/1a/1aeT CBOHCTBaMK nepednciaentbivu B 11. 3. O6o3uaunm yepes A(a)
obbeIMHEeHNe CIIEKTPOB KpaeBbix 3amad (3), (4), saganneix wHa ', i € I(a). B cuny ompene-
Jenust MHOXKeCTBO A(a) cocTonT m3 mocnesoBaTeNbHOCTH {V) ]2 | BEIIECTBEHHBIX UHCEs, He
nMeIoIeii KOHEUHBIX IPeIeNbHBIX Touek. Bosee Toro (cm. [5]), smeMenTsl moce oBaTeIbHO-
creit A u A(a) nepemerxarorcs

S <A <<,

s Besikoro A € Aa) obosnaunm vepes z(-, A, 1) perenne ypaBuenus (3), Cy?>KEHHOIO Ha
rpad I';, m yIoBIeTBOpAIONIEe YCIOBAIM

U ‘81“\{(1} =0, u'(a) =1. (10)

DT0 onpe/jiesieHre KOPPEKTHO, Tak Kak A ¢ A(a) u 3a1a4ua HepbipoxgeHa. ITonoxum

p(A) = Z a; - 2 (ay\,i).
)

i€l(a
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B mocnemuem pasencrse z'(a, A\, i) — 310 mpomssognas dbyukuuu z(-,A,1) B BepIIuHE a
onpesegemMas B HAPABJICHUH «OT a», (¢ — TOJOKUTEJIbHbIE BEMIECTBEHHbIE YUCIA.

Jlemma 2. Ecin npu mHekoropom k st ances vi_q, vy, € A(a) BeimonHsieTcs: HEpaBEHCTBO
Vg1 < Vg, TO B maTepBane (Vg_1,vy) ¢pyaxuus p(-) HenpepbIBHA U BO3DACTAET.

< Unrepsan (Vg_1, V) HE COAEPKUT TOUYEK CIIEKTPA HU OAHOM n3 3a1a4 (3), (4) 3agannabix
na [y, i € I(a). Tlosromy, Ha ocHoBanuu jemwmbl 1, kaxaas w3 dyukumit 2/ (a, -, 1), i € I(a), a,
c1eIoBaTeIbHO, 1 (bYHKINSA p(-), HEMPEepBIBHA U Bo3pacTaer B (Vg_1, V). Jlemma jqokazana. [>

IIycthb o U iy BA pas3IMIHBIX (PUKCHPOBAHHBIX 3HAUEHMWsI NapaMeTpa oy, (a). s ompee-
serrocTn Oygem canrath 0 < a1 < ag. O603HaUMM Yepes {)\g )} (7 = 1,2) cieKTpbI KpaeBbIxX
3a71a4, COOTBETCTBYIOIINX 3HAUCHASAM iU (r3.

1 2
Teopema 1. Ilyctp mpu HEKOTOpOM 3Ha4YeHHH Kk BBITOJTHEHO )\,(f ) #+ A,g ), Torma Jsrobomy
3HAYEHHIO 1TapaMeTpa o, (a) n3 nareppaia (a1, () OTBEYAET €UHCTBEHHOe COOCTBEHHOE 3HA-

uyenne N\, 3axaqn (3), (4), jexaiee B HHTEpBAJIE ()\,(fl), )\,(3)). Haobopor, ka>kgoMy 3HAYEHHIO

A E (Ag), Af)) orBevaer 4ncao o € (a1, q9) TAKOE, ITO A\ ABJIAETCS COOCTBEHHBIM 3HAYEHHEM
sagaqn (3), (4) opu a;y(a) = .

< B paGore [5] mokazano, 910 €cyim HEKOTOPOMY COOCTBEHHOMY 3HAUYEHUIO A 3a1adn (3),
(4) oTBeuaer cobcTBenHAst (DYHKIMS DABHASI HYJIIO, B BEPIINHE @, TO 3HAUEHUE A HE 3aBUCUT OT

)

Boibopa uncen «;(a) (i € I(a)). TlosTomy HEpaBeHCTBO )\,(S) # )\,(62 O3HAYAET, YTO 3HATCHUSIM

)\EC] ) HE MOXKET OTBeYaTh COOCTBeHHAs (DYHKIMs PABHALA HYJIIO B BEPIIUHE @, W, 3HAYAT, IUCIA
Ag ) te npuHaIexRaT MHOXKeCTBY A(a), T. e. vgp_1 < Ag ) < V.

Ilycts, mms ompemesleHHOCTH, A,(gl) < )\,22). (Boobrmie roBopst, GonbieMy 3HAUEHUIO v, (a)

He 00s13aTesIbHO OTBedaer Gosibiee cobCTBeHHOE 3Ha4Yenue). [List KaxK10ro 3HaYeHnst a;,(a) €

a1, Q9| M KaXKI0TO A € A(l), A2 onpeneieHa QyHKINA
k k

Blaig(a),N) = Y aila) - 2'(a, A, 4),

i€l(a)

rae vepes z(-, A\, i) mo-mpexxknemy obo3HawaeM permenue ypasHeHusi (3), yJI0BIETBOPSIOIIEE
yeaosusm (10).

Jlerko BuJETH, YTO €CJM NPU HEKOTOPOM 3HAYEHUU v, (a) = qy 1 HEKOTOPOM A = \g BbI-
nostHseTcst paBeHCTBO (g, Ag) = 0, TO Um0 Ag ABISETCST COOCTBEHHBIM 3HAYEHUEM 3a,1auu
(3), (4) coorBercTByIONIMM 3HAYEHNIO v, (a) = . TTosToMmy

Blar, AM) = 0 = B(ag, AP). (11)

N3 nemmbl 2 coejyer, 9To npu KaxkaoM a;,(a) dyukumsa B(w;,(a),-) HenpepbiBHA U BO3-
pacraer B [)\](fl), )\](3)]. Jlerko Taxzke BUJETh, U4TO mpu KaxkaoM A dbyuknus (-, A) HenmpepbIBHA

U BO3pacTaer B [aq,as]. [Tosromy, ¢ yuerom (11), BHIOTHAIOTCS HEPABEHCTBA

BE A <0, BEAY >0, Blan,) >0, Blas,-) <O. (12)

13 uenpepeisroctu B(-,+) u (12) caexyer, uro gus ao6oro a;,(a) € (a1,as) B nHTEpBae
(1) (2 "
(Ar 7, A7) maitzeTca eIMHCTBEHHOe 3HAYeHHe A\, obpamaromee dbynxmmo S(a;,(a), ) B HyIb.
1 maoboport, KaxKmaomy A € (A,&l),)\,?)) orBeuaer «;,(a) € (a1, ay), obpamaomniee (yHKINO
B(-,A) B HYJIb. >
OKa3aHHAsg TeOpeMa HEIOCPEJICTBEHHO IPUBOIUT K yTBEPKICHHIO.
P P p YTBED
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Teopema 2. Eciu oqud u3 napamMerpoB «;(a), BXOJSIAX B YCJIOBHS COIVIACOBAHHS (2)
HEINPEPBIBHO MEHSIETCSl HA MOJOKHUTEJIBHOH IMOTyOCH, TO COOCTBEHHbIE 3HAaYeHHs 3aja4du (3),
(4) HenpepbIBHO MEHSIIOTCs HA BEIIECTBEHHOH OCH, JIHO0 OCTAIOTCS HEH3MEHHBIMH.

Onwupasick Ha TeopeMy 2 yKe JIerKO MOJyYUTh OCHOBHOIN Pe3y/IbTaT JTaHHONH PabOTHI.

O603HaYMM Yepe3 m 9IUCI0 BCEX TMapaMeTpoB «;(a), BXOMASIINX BO BCE YCJIOBUS COTJIACO-
BaHus paccmarpuBaemoii sagaun (3), (4). Tak kax Bce peGpa rpada I' 3amymeposanbl, TO
MBI MOYKEM YMOPSJOYUTH YUCIa (@) M PACCMOTPETH 3TOT yHOPSA0YEHHBIH HAOOP KaK TOY-
Ky TpocTpancTBa R™ | Bce KOOPAUHATHI KOTOPOI MOJIOXKUTENBHBI. Toria MOXKHO CUUTATE, YTO
KazKJI0if Takoii TouKe oTBeYaeT CBOs Kpaesast 3aja4da (3), (4).

Baduxcupyem mekoropyio touky o = {of,ab, ... a0} € R™ (af > 0) u o6o3nadnm
gepes {A}} crextp zajaum (3), (4) orsewaromeit . Yepes a = {ai, a2,...,am} (; > 0)
0603HAYNM TPOU3BOIBHYIO TOUKY 13 R™ | a uepe3 {A;} — cmexrp 3amaun (3), (4) oTBeuaro-
men .

Teopema 3. Ecmn o — o B cmbicie nopmer R™ | o Kazkjoe u3 amcen N\, — A B CMEICTE
HOpMBI R.

< Tak Kak, B CHJIy T€OpEMBI 2, KayKJ0e COOCTBEHHOE 3HAYeHNEe HENPEPHIBHO 3aBUCUT OT
oxrOro mapamerpa «;(a) mpu (HUKCHPOBAHHBIX OCTAIBHBIX mapamerpax «j(a), j # i, To OHO
HEMPEPBIBHO 3aBUCUT U OT COBOKYITHOCTH BCeX MapameTpos {a;(a)}icr(q), 32/A10THIX yCI0BHe
coriacoBanus (2) BO BHYTPEHHEH BepHmHe a. [>

JIuteparypa

1. ITokopmeii IO. B., Ilemkna O. M. O reopemax cpaBHeHus aaa ypaemHenmit Ha rpade // Hud.
ypaBuaenns.—1989.—T. 25, Ne 7.—C. 1147-1150.

2. Basropoanmii M. I'., Ilokopreii FO. B. O cnexrpe kpaesoii 3agaum ua rpade // Ycnexu mMar. HAyK.—
1989.—T. 44, Ne 4.—C. 220-221.

3. Basropoanmii M. I. CnekTpanpHas mOSTHOTa KOPHEBBIX (QyHKIMIT KpaeBoil 3amaum Ha rpade // Joxir.
PAH.—1994.—T. 335, Ne 3.—C. 281-283.

4. Anp-O6eiig A., IIpsaues B. JI. O cnekTpe kpaeBoii 3aga4uu na rpade.—M., 1993.—20 c. den. 8 BUHI-
TH. 09.03.93, Ne 537-B93.

5. Anp-O6eiin A. O mepeMekaeMOCTH CIIEKTPOB KpaeBbix 3a7ad Ha rpade.—M., 1993.—26 c. demn. 8 BU-
HUITH. 10.09.93, Ne 2011-B93.

6. 3asropogumii M. I'., Kymaes P. 9. O 3aBucumocTn COOCTBEHHBIX 3HAYEHMI KPAaeBOil 3aadu Ha rpade
OT TIaPaMeTPOB, BXOAAIMNX B ycaoBud ryaakoctu.—M.; 1997.—19 c. Hen. 8 BUHUTU 09.12.97, Ne 3697-
B97.

Cmamwva nocmynuaa 27 mas 2003 .

3ABrorpoaHUN Muxami I'PUTOPLEBUY, K. d.-M. H.
r. Bopomex, Boporexcknil roCy1apCTBEHHBIN YHUBEPCUTET

KviAEB PyciAH YEPMEHOBMUY, K. ¢.-M. H.
r. Bragunkaska3, THCTUTYT IpUKIQIHON MAaTEMATUKHI

un nadopmarukn BHIT PAH



