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Lp j ObJLGI[JLWkU1dLF

m jmlfn _`FHGIMoh6S,U1Moh`FpJLOqU1MP[�FcV	r�SLT�F�V 1
sKDHtuD,vxwYy{z�|6}~DHtuD��!��wYy{z�|Y��DH}~DH�xw��
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n
����� ���m������£1�m���

Lp
�����m�¤��¡

m ¥ �m�£��P�m� ¦����m� ¦���§������P�m�
m,n ∈ N

����£
p ∈ [1,+∞].
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n
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AËDÍÌ�y�Î�Ï�Ð�Ñ6w{Ò�Î�Ó�Ð�y
MoÔ�Õ�Ö�×�Ø'ÙËJLÚ lfÛ�Ü�Ý ÚfÞ�ß�à Û�Ü�á�â�ãXlfn2âLä�Ü�åæåçÜ�Ý ßæÔ	èußæÔ l�â�Û�â Ú l ßæÔ	è>ßæÔ l�â è Û�é�å ßæÔ â�ê#ëËé�å ß loìíÝ1n ßçî nxnËé Ú Û�â î â ß á�â�ãî Ü Ô2Úfß ã	â�Û�é�ï	åçâ!é�lfl�â Ô l ß Ü Ô ä�Û�Ü�ðñðòé Ô ìXÛ�â Ú â�é�Û î n2â�Û Ú!óæÕ�ÙËô'Ù2õ'Ù�Õ�×�ö�Õ�õ�÷oøT â�l f : [a, b] → R ïBâ î Ü Ô l ßæÔ ë2Ü�ë Ú Ü Ô [a, b] é Ô ãùã ß¢ú â�Û�â Ô l ß é�ï	åçâ ßæÔ (a, b) é Ô ã ß l Ú ã	â�Û ß á�é�l ß á�â

f
′
: (a, b) → R

ßçÚ ïBÜ�ë Ô ã	â�ã ßæÔ (a, b)
Ù lfnËé�l ßçÚ ‖f ′‖∞ := supx∈(a,b) |f

′
(x)| < ∞ ø>U n2â Ô ä�Ü�Û!é Ô ì

x ∈ [a, b]
Ù Ý�âbnËé�á�âÍlfn2â ßæÔ â�ê#ëËé�å ß loì

∣∣∣∣

b∫

a

f(t) dt− f(x)(b− a)

∣∣∣∣ 6
(
(b− a)2

4
+

(
x− a+ b

2

)2)
‖f ′‖∞. (1.1)

MoÔqó Ö�÷oÙ lfn2âûä�Ü�åæåçÜ�Ý ßæÔ	è Û�â Ú ë	åæl Ú Ý8é Ú Ü�ï	l�é ßæÔ â�ã�ü M ä f : [a, b] → R
ßçÚíÚ ë î nplfnËé�l f (n−1) ßçÚ é Ô

é�ï Ú Ü�åæë	l�â�åæì î Ü Ô l ßæÔ ë2Ü�ë Ú ä�ë Ô2î l ß Ü Ô é Ô ã γn 6 f (n)(x) 6 Γn ä�Ü�ÛIé�åæå x ∈ [a, b] ä�Ü�Û Ú Ü�ð>â î Ü Ô2Ú l�é Ô l Ú γn
é Ô ã Γn

Ù lfn2â Ô
∣∣∣∣
b− a

6

[
f(a) + 4f

(b+ a

2

)
+ f(b)

]
−

b∫

a

f(t) dt

∣∣∣∣ 6 Cn(Γn − γn)(b− a)n+1, (1.2)

Ý1n2â�Û�âKlfn2â î Ü Ô2Ú l�é Ô l Ú C1 =
5
72

Ù
C2 =

1
162 é Ô ã C3 =

1
1152 é�Û�â Ú nËé�Û à>ßæÔ lfn2â Ú â Ô2Ú â1lfnËé�l�lfn2â�ì î é Ô	Ô Ü�lïBâ`Û�â à åEé î â�ãûï#ì Ú ðòé�åæåçâ�ÛIÜ Ô â Ú�øh â�ÛfìxÛ�â î â Ô lfåæì ÙBhýøËO!øËd ë	ìxâ�lbé�å ø®ó ô'Ù�õ�÷ nËé�á�â Ú lfÛ�â Ô	è lfn2â Ô â�ãùþ Õ�øæÕ�ÿ é Ô ãkþ Õ�ø ��ÿ ï#ì â Ô åEé�Û è�ßæÔ	è lfn2âÔ ë	ð®ïBâ�ÛLÜ�ä Þ�Ô Ü�l Ú�ø,[ Ü�Û�â à Û�â î�ßçÚ â�åæì Ù lfn2â�ì à Û�Ü�á�â�ãxlfnËé�l

∣∣∣∣

b∫

a

f(x) dx− b− a

n

n∑

i=1

f(a+ xi(b− a))

∣∣∣∣ 6 Aa,b,m(S − s), (1.3)
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∣∣∣∣

b∫

a

f(x) dx− b− a

n

n∑

i=1

f(a+ xi(b− a))

∣∣∣∣ 6 Ba,b,m‖fm+1‖p, (1.4)

Ý1n2â�Û�â s = infx∈[a,b] f
(m)(x) é Ô ã S = supx∈[a,b] f

(m)(x)
Ù é Ô ã

n∑

k=1

xik =
1

i+ 1
(∀ i = 1, 2, . . . ,m). (1.5)

O Ü�l�âblfnËé�l Ù þ Õ�ø ô�ÿ nËé�á�âblfn2â Ú Ü�åæë	l ß Ü Ô2Ú Ü Ô åæìíä�Ü�Û n ∈ [1, 9]
Ù
n ∈ N þ Ú â�â óæÕ���ö�Õ�Ö�÷�ÿ�øJIÔ l ß ð>â Ú�î é�åçâ Ú�Ù lfn2â JLÚ lfÛ�Ü�Ý ÚfÞ�ß loì à â ßæÔ â�ê#ëËé�å ß l ß â Ú nËé�á�âLïBâ�â Ôíè â Ô â�Û�é�å ß�� â�ã ßæÔ á�é�Û ß Ü�ë Ú Ý8é�ì Ú�ø,W Ü�Û

â��2é�ð à åçâ ÙBó �'Ù'×'Ù�Õ���÷oø6M l à Û�Ü�á�â�ã ßæÔ�ó ��÷ lfn2âKä�Ü�åæåçÜ�Ý ßæÔ	è Û�â Ú ë	åæl8Ü Ô l ß ð>â Ú�î é�åçâ Ú ü T â�l a, b, x, t ∈ T
Ù
a < b

é Ô ã f : [a, b] → R ïBâbã ß¢ú â�Û�â Ô l ß é�ï	åçâ Ù M = supa<x<b |f∆(x)|.
U n2â Ô

∣∣∣∣

b∫

a

fσ(t)∆(t)− f(x)(b− a)

∣∣∣∣ 6M(h2(x, a) + h2(x, b)),

Ý1n2â�Û�â hk(·, ·) ßçÚ ã	â�� Ô â�ã ßæÔ Ú â î l ß Ü Ô �'øMoÔ lfn ßçÚLà é à â�Û Ù ðòé Þ�ßæÔ	è ë Ú â!Ü�äHlfn2âué�ïBÜ�á�â!lfn2â�Ü�Û�â�ð é Ô ã Ú Ü�ð>â Úfß ð à åçâ!â Ú l ß ðòé�l ß Ü Ô2Ú�Ù Ý�âýÜ�ï	l�é ßæÔà Û�Ü à Ü Ú â®é Ô â�ÝNÝ8é�ìxÜ�ä,lfÛ�â�é�l ßæÔ	è é î åEé Ú�Ú Ü�ä,ê#ëËé�ã'Û�é�lfë	Û�âÍä�Ü�Ûfð®ë	åEé Ú Ý ß lfnxÝ�â ßæè n#l ßæÔ á�Ü�åæá ßæÔ	è n à Ü ßæÔ l Ú
é Ô ãûlfn2â Lp

Ô Ü�Ûfð Ü�ä m jmlfn ã	â�Û ß á�é�l ß á�âÍÜ Ô l ß ð>â Ú�î é�åçâ Ú Ý1n2â�Û�â m,n ∈ N é Ô ã 1 6 p 6 ∞ ø
� DÍsÍÏ! #"�Ó%$ Ó�y�&	Ï�Ó' )(ýÐ�yùÎ�Ó%$* +(�Ò,&-"' )(

S/.%0'132547698�:;2IßçÚ é Ô Ü Ô â�ð à loì î åçÜ Ú â�ã Ú ë	ï Ú â�l�Ü�ä R é Ô ã ßçÚ ã	â Ô Ü�l�â�ãòï#ì T øY] âKã	â�� Ô âIlfn2â8ä�Ü�ÛfÝ8é�Û�ã
é Ô ãûïËé î�Þ Ý8é�Û�ã=<�ë	ð à Ü à â�Û�é�l�Ü�Û Ú σ, ρ : T → T ï#ì

σ(t) = inf{s ∈ T : s > t}, ρ(t) = sup{s ∈ T : s < t} (∀ t ∈ T),

Ý ß lfn inf ∅ = supT é Ô ã sup∅ = inf T
ø>S@à Ü ßæÔ l t ∈ T

ßçÚÍî é�åæåçâ�ã�Û ßæè n#l�joã	â Ô2Ú â Ù Û ßæè n#l�j Ú�î é�lfl�â�Û�â�ã Ù
åçâ�ä�l�joã	â Ô2Ú âûé Ô ã åçâ�ä�l�j Ú�î é�lfl�â�Û�â�ã ß ä σ(t) = t

Ù
σ(t) > t

Ù
ρ(t) = t é Ô ã ρ(t) < t

Ù Û�â Úfà â î l ß á�â�åæì ø�] âÔ Ü�Ý ßæÔ lfÛ�Ü�ã'ë î â®lfn2â Ú â�l Tk Ý1n ßçî n ßçÚ ã	â�Û ß á�â�ãûä�Û�Ü�ð lfn2âbl ß ð>â Ú�î é�åçâ Ú T Ù é Ú ä�Ü�åæåçÜ�Ý Ú�ø�M ä T nËé Ú éýåçâ�ä�l�jÚ�î é�lfl�â�Û�â�ãxðòé�� ß ð®ë	ð m lfn2â Ô T
k = T− {m} Ù Ü�lfn2â�ÛfÝ ßçÚ â Tk = T

øHU n2âÍã	â�åæl�é è Û�é ßæÔ	ßæÔ â Ú�Ú ä�ë Ô2î l ß Ü Ô
µ : T → [0,∞)

ßçÚ ã	â�� Ô â�ãxï#ì
µ(t) := σ(t)− t (∀ t ∈ T).M ä f : T → R

ßçÚ é!ä�ë Ô2î l ß Ü Ô lfn2â Ô Ý�âÍã	â�� Ô âblfn2â`ä�ë Ô2î l ß Ü Ô fσ : T → R ï#ì
fσ(t) = f(σ(t)) (∀ t ∈ T).

] â Ú é�ì lfnËé�l!éòä�ë Ô2î l ß Ü Ô f : T → R
ßçÚ3>)2�:?.@8A>�0 BC2�D92�EF.%0G8)H�:;2 é�l t ∈ T

k ß ä8lfn2â�Û�âuâ�� ßçÚ l Ú é Ô ë	ð®ïBâ�Û
f∆(t)

Ú ë î n�lfnËé�lLä�Ü�Ûbé�åæå ε > 0 lfn2â�Û�â ßçÚ é Ô â ßæè n#ïBÜ�Ûfn2Ü�Ü�ã U Ü�ä t þ ßmø â øæÙ U = (t − δ, t + δ) ∩ T ä�Ü�ÛÚ Ü�ð>â δ > 0
ÿ8Ú ë î nûlfnËé�l

|f(σ(t))− f(s)− f∆(t)(σ(t) − s)| 6 ε|σ(t)− s)| (∀ s ∈ U).

] â î é�åæå f∆(t) lfn2â >)2�:?.@8�>)2�D�0'I!8J.%0'I�2 Ü�ä f é�l t øW Ü�ÛIã	â�åæl�éuã ß¢ú â�Û�â Ô l ß é�ï	åçâÍä�ë Ô2î l ß Ü Ô f é Ô ã g Ù lfn2â Ô â��'l8ä�Ü�Ûfð®ë	åEéýn2Ü�åçã Ú ü
(fg)∆(t) = f∆gσ(t) + f(t)g∆(t) = f∆g(t) + fσ(t)g∆(t).
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S ä�ë Ô2î l ß Ü Ô f : T → R
ßçÚKÚ é ß ãXl�ÜýïBâLÛ�ã�j 6*)�EF.%0'E,+-)!+)4®ß ä ß l ßçÚ1î Ü Ô l ßæÔ ë2Ü�ë Ú é�l1Û ßæè n#l�joã	â Ô2Ú â à Ü ßæÔ l Ú�Ù

é Ô ã ß l Ú åçâ�ä�l�j Úfß ã	â`å ß ð ß l Ú â�� ßçÚ lIé�l1åçâ�ä�l�joã	â Ô2Ú â à Ü ßæÔ l Ú�øS ä�ë Ô2î l ß Ü Ô F : T → R
ßçÚbî é�åæåçâ�ã4é ∆ j 8�EF.%0G>)2�D�0'I!8J.%0'I�2 Ü�ä f : T → R

à Û�Ü�á ß ã	â�ã F∆(t) = f(t)

n2Ü�åçã Ú ä�Ü�ÛLé�åæå t ∈ T
k øHU n2â Ô lfn2â ∆ j ßæÔ l�â è Û�é�åYÜ�ä f ßçÚ ã	â�� Ô â�ãûï#ì ∫ b

a f(t)∆t = F (b)− F (a).M l ßçÚ1Þ�Ô Ü�Ý Ô lfnËé�lIâ�á�â�ÛfìXÛ�ã�j î Ü Ô l ßæÔ ë2Ü�ë Ú ä�ë Ô2î l ß Ü Ô f nËé Ú é Ô é Ô l ß ã	â�Û ß á�é�l ß á�â øU n2â`ä�ë Ô2î l ß Ü Ô2Ú hk : T2 → R é�Û�âbã	â�� Ô â�ãxÛ�â î ë	Û Úfß á�â�åæìxé Ú ä�Ü�åæåçÜ�Ý Ú ü

h0(t, s) = 1, hk+1(t, s) =

t∫

s

hk(γ, s)∆γ (∀ s, t ∈ T).

sÍÏ�Ð/.HÐF(�ÓEÎ�Ó�Ð�y � D�AËD10��
a, b ∈ T

* � � 	9�2� � 	3
$�*��	*���������,� � �����&4
1.

0��
a 6 x 6 b

� � 	9�
0 6 hk(x, a) 6 hk(b, a);

2. 5 ��� a 6 b
��	 � 
6%$	

0 6 hk+1(b, a) 6 (b− a)hk(b, a).O Ü�Ý Ù Ý�â ßæÔ lfÛ�Ü�ã'ë î âKéIë Ú â�ä�ë	å�Û�â Ú ë	åæl Ù Ý1n ßçî n ßçÚ Ý�â�åæå¢j Þ�Ô Ü�Ý Ô>ßæÔ lfn2â�å ß l�â�Û�é�lfë	Û�âKé Ú6U é�ì�åçÜ�Û�7 Ú ä�Ü�Ûfð®ë	åEéÝ ß lfnxlfn2â ßæÔ l�â è Û�é�å{Û�â�ðòé ßæÔ ã	â�Û ø8  #$ $*& � D � óæÕ�÷mD�9:�*���!��	
f ∈ Cr

rd(T)

��
�

x0 ∈ T
75��� 	9�;�����:
����

x ∈ (a, b)
��	 � 
6%$	

f(x) = Tr−1(f, x0, x) +Rr−1(f, x0, x)

� � 	*��	
Tr−1 (f, x0, ·)

�<� � 
 �-����� = �?>���� � �
���@�#
������A�-	 ����	�	
r − 1

* � � 
 ���<� *

Tr−1(f, x0, x) =

r−1∑

k=0

hk(x, x0)f
∆k

(x0)


��
�B� � 	���	*�C
����
�-	*�ED�
��GF-	 ����%$	9�GF��

Rr−1(f, x0, x) =

x∫

x0

hr−1(x, σ(t))f
∆r

(t)∆t.

] âbnËé�á�âblfn2â [ Ü Ô l è Ü�ð>â�Ûfì ß ã	â Ô l ß loìûÝ1n ßçî n ßçÚKÚ l�é�l�â�ã ßæÔ lfn2â`ä�Ü�åæåçÜ�Ý ßæÔ	è åçâ�ðuðòé ø8  #$ $*& � D<Hùó Ø�÷mD�I1	��
a, b, s, t ∈ T

*
a < b


��
�
f : T → R

F-	3����JK	*��	9�&���#
LF$��	 7 ��� 	9�

f(t) =
1

b− a

b∫

a

fσ(s)∆s+
1

b− a

b∫

a

p(t, s)f∆(s)∆s,

� � 	*��	

p(t, s) =

{
s− a,

�����
a 6 s < t,

s− b,
�����

t 6 s 6 b.

H�DEM &2Ó�y\Ï! )(�w "EÎ�(
T â�l 1 6 m,n é Ô ã 1 6 p 6 ∞ Ù

0 6 αi 6 1
Ú é�l ßçÚ �Ëâ Ú ∑n

i=1 αi = 1
ø�W Ü�ÛLâ�é î n i = 1, . . . , n

Ù åçâ�l
a 6 xi 6 b é Ô ãXÝ�â î Ü Ô2Úfß ã	â�ÛIlfn2âLä�Ü�åæåçÜ�Ý ßæÔ	èíî Ü Ô ã ß l ß Ü Ô

Hi(x1, x2, . . . , xn) = hi+1(b, a) (∀ i = 1, 2, . . . ,m− 1), (3.1)
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Ý1n2â�Û�â Hi(x1, x2, . . . , xn) = (b− a)

∑n
k=1 αkhi(xk, a)

Ù é Ô ã
b∫

a

hm(b, σ(t))∆t − (b− a)
n∑

i=1

xi∫

a

αihm−1(xi, σ(t))∆t = 0. (3.2)

] â à Ü ßæÔ l�Ü�ë	l~lfn2â ämé î l�lfnËé�l ßæÔ lfn2â î Ü Ô l ßæÔ ë2Ü�ë Ú4î é Ú â T = R é Ô ã α1 = . . . = αn = 1
n

Ù
î Ü Ô ã ß l ß Ü Ô2Ú þ ×'øæÕ�ÿ é Ô ã4þ ×'ø ��ÿ ïBâ î Ü�ð>â

n∑

k=1

yik =
1

i+ 1
(∀ i = 1, 2, . . . ,m),

Ý1n2â�Û�â xi = a + yi(b − a)
ø�� â�ä�Ü�Û�â Ú l�é�l ßæÔ	è Ü�ë	Ûíðòé ßæÔ Û�â Ú ë	åæl Ù åçâ�líë ÚòßæÔ lfÛ�Ü�ã'ë î â lfn2âxä�Ü�åæåçÜ�Ý ßæÔ	èÔ Ü�l�é�l ß Ü Ô2Ú�ø

I(f) =

b∫

a

f(x)∆x, Q (f, n,m, x1, . . . , xn) = (b− a)

n∑

i=1

αif (xi). (3.3)

O Ü�l�âblfnËé�l Ù ä�Ü�Û1lfn2â î é Ú â α1 = . . . = αn = 1
n lfn2â Ô

Q (f, n,m, x1, . . . , xn) =
1

n
(b− a)

n∑

i=1

f (a+ yi(b− a))

é�Û�â®é�å Ú Ü Þ�Ô Ü�Ý ÔxßæÔ ó ô'ÙËõ�÷oø,O Ü�Ý Ù Ý�â Ú å ßæè n#lfåæì ß ð à Û�Ü�á�â ó ô'ÙËõ�÷ Ý ß lfnxÝ�â ßæè n#l Ú αk Ü Ô l ß ð>â Ú�î é�åçâ Ú üt®�� #ÐËÏ! #$ H�D�AËD I1	��
a, b ∈ T


��
�
f ∈ Cm

rd(T)
7 ��� 	9� * ���
�-	*�3D����
�����������,�

(3.1)

��
�

(3.2)
* ��	

� 
6%$	
|I(f)−Q(f, n,m, x1, . . . , xn)| 6 2(b− a)2(T − s)hm−1(b, a),

� � 	*��	
s = infx∈[a,b] f

∆m
(x)

*
T = (f∆

m−1
(b)− f∆

m−1
(a))/(b − a)

7
C
T â�lKë Ú �2Û Ú lIã	â�� Ô â

F (x) =

x∫

a

f(x)∆x.

U n2â Ô I(f) = F (b)− F (a).
SIà	à åæì ßæÔ	èuT â�ðuðòé �'ø � l�Ü!lfn2âLä�ë Ô2î l ß Ü Ô F (x) Ý ß lfn x = b é Ô ã x0 = a

Ù
Ý�â è â�l

F (b) = F (a) +

m∑

k=1

hk(b, a)F
∆k

(a) +

b∫

a

hm(b, σ(t))F∆m+1
(t)∆t

Ý1n ßçî n ì ß â�åçã Ú lfnËé�l

I(f) =
m−1∑

k=0

hk+1(b, a)f
∆k

(a) +

b∫

a

hm(b, σ(t))f∆
m
(t)∆t. (3.4)

W Ü�ÛLâ�é î n 1 6 i 6 n
Ù é à	à åæì ßæÔ	èíT â�ðuðòé �'ø � é è é ßæÔ l�Üulfn2â`ä�ë Ô2î l ß Ü Ô f(x) Ý ß lfn x = xi é Ô ã x0 = a

Ù
Ý�â è â�l

f(xi) =
m−1∑

k=0

hk(xi, a)f
∆k

(a) +

xi∫

a

hm−1(xi, σ(t))f
∆m

(t)∆t.



�������������
	�� ��
���������	���������������	 �
	���� ��
�����
 � �!��	"�������
�!�#
$�����&%$����%������
n ' �
���(� Õ�×

� ìûé à	à åæì ßæÔ	è l�Ü i = 1, . . . , n é Ô ãûlfn2â Ô Ú ë	ðuð ßæÔ	è ë à�Ù Ý�âÍã	â�ã'ë î âblfnËé�l
n∑

i=1

αif(xi) =
n∑

i=1

m−1∑

k=0

αihk(xi, a)f
∆k

(a) +
n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t

=

m−1∑

k=0

n∑

i=1

αihk(xi, a)f
∆k

(a) +

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t

=

m−1∑

k=0

1

b− a
Hk(x1, x2, . . . , xn)f

∆k
(a) +

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t.

U n#ë Ú�Ù
Q(f, n,m, x1, . . . , xn)

=

m−1∑

k=0

Hk(x1, x2, . . . , xn)f
∆k

(a) + (b− a)

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t.

U n2â Ôxß l8ä�Ü�åæåçÜ�Ý Ú ä�Û�Ü�ð î Ü Ô ã ß l ß Ü Ô þ ×'øæÕ�ÿ lfnËé�l
Q(f, n,m, x1, . . . , xn)

=

m−1∑

k=0

kk+1(b, a)f
∆k

(a) + (b− a)

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t.
(3.5)

� ì�þ ×'ø ��ÿ�Ù þ ×'ø ô�ÿ�Ù Ý�âÍÜ�ï	l�é ßæÔ lfnËé�l
∣∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)

∣∣∣∣

=

∣∣∣∣

b∫

a

hm(b, σ(t))f∆
m
(t)∆t− (b− a)

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t

∣∣∣∣.

U n2â Ô�Ù ï#ìXë ÚfßæÔ	è>î Ü Ô ã ß l ß Ü Ô þ ×'ø ��ÿ�Ù Ý�âbnËé�á�â
∣∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)

∣∣∣∣

=

∣∣∣∣

b∫

a

hm(b, σ(t))[f∆
m
(t)− s]∆t− (b− a)

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))[f
∆m

(t)− s]∆t

∣∣∣∣.
(3.6)

] âÍâ Ú l ß ðòé�l�âblfn2âC�2Û Ú lKl�â�Ûfð Ü�äKþ ×'ø õ�ÿ é Ú ä�Ü�åæåçÜ�Ý Ú
∣∣∣

b∫

a

hm(b, σ(t))[f∆
m
(t)− s]∆t

∣∣∣ 6 hm(b, a)

b∫

a

[f∆
m
(t)− s]∆t

= hm(b, a)
(
f∆

m−1
(b)− f∆

m−1
(a)− s(b− a)

)

= (b− a)hm(b, a)(T − s) 6 (b− a)2hm−1(b, a)(T − s).

(3.7)
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W Ü�ÛKlfn2â Ú â î Ü Ô ãxÜ Ô â Ù Ý�â �2Û Ú l1nËé�á�â

∣∣∣∣

xi∫

a

αihm−1(xi, σ(t))
[
f∆

m
(t)− s

]
∆t

∣∣∣∣ 6 hm−1(xi, a)

b∫

a

[
f∆

m
(t)− s

]
∆t

= hm−1(xi, a)
(
f∆

m−1
(b)− f∆

m−1
(a)− s(b− a)

)
6 (b− a)hm−1(xi, a)(T − s).

d â Ô2î â Ù�Ú ë	ðuð ßæÔ	è ë à lfn2âué�ïBÜ�á�â ßæÔ â�ê#ëËé�å ß l ß â Ú Ý ß lfn i = 1, 2, . . . , n
Ù ë ÚfßæÔ	è lfn2â � Û�Ü à Ü Úfß l ß Ü Ô �'ø õ'Ù�ß lß ð à å ß â Ú lfnËé�l

(b− a)

n∑

i=1

∣∣∣∣

xi∫

a

αihm−1(xi, σ(t))
[
f∆

m
(t)− s

]
∆t

∣∣∣∣

6 (b− a)2(T − s)

n∑

i=1

αihm−1(xi, a) = (b− a)(T − s)hm(b, a)

6 (b− a)2(T − s)hm−1(b, a).

(3.8)

r Ü�ð®ï ßæÔ	ßæÔ	è Û�â�åEé�l ß Ü Ô2Ú þ ×'ø õ�ÿ�Ù þ ×'ø ��ÿ é Ô ã þ ×'ø Ø�ÿ�Ù Ý�â î Ü Ô2î åæë2ã	âÍlfnËé�l
∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)

∣∣∣ 6 2(b− a)2(T − s)hm−1(b, a)

é Ô ãûlfn2â à Û�Ü�Ü�ä,Ü�ä U n2â�Ü�Û�â�ð ×'øæÕbßçÚ1Ô Ü�Ý î Ü�ð à åçâ�l�â�ã ø B]pß lfnXlfn2â Úfß ð ß åEé�ÛKé�Û è ë	ð>â Ô l Ú é Ú lfn2Ü Ú âIë Ú â�ã ßæÔ lfn2â à Û�Ü�Ü�äYÜ�ä U n2â�Ü�Û�â�ð 3.1, Ý�âbé�å Ú Ü!Ü�ï	l�é ßæÔ lfn2â
ä�Ü�åæåçÜ�Ý ßæÔ	è lfn2â�Ü�Û�â�ð øt®�� #ÐËÏ! #$ H�D � D I1	��

a, b ∈ T

��
�

f ∈ Cm
rd(T)

7 ��� 	9� * ���
�-	*�3D����
�����������,�
(3.1)


��
�
(3.2)

* ��	
� 
6%$	

|I(f)−Q(f, n,m, x1, . . . , xn)| 6 2(b− a)2(S − T )hm−1(b, a),
� � 	*��	

S = supx∈[a,b] f
∆m

(x)
*
T = (f∆

m−1
(b)− f∆

m−1
(a))/(b − a)

7
V#ßæÔ2î â s = infx∈[a,b] f

∆m
(x) 6 T = 1

b−a

∫ b
a f

∆m
(x)∆x 6 supx∈[a,b] f

∆m
(x) = S, Ý�âInËé�á�âIlfn2â

ä�Ü�åæåçÜ�Ý ßæÔ	èíî Ü�Û�Ü�åæåEé�Ûfì ø�®ÐËÏ�Ð�"%"'&	Ï�� H�D<H�D�I1	��
a, b ∈ T


��
�
f ∈ Cm

rd(T)
7 ��� 	9� * ���
�-	*�3D����
�����������,�

(3.1)

��
�

(3.2)
* ��	

� 
6%$	
|I(f)−Q(f, n,m, x1, . . . , xn)| 6 2(b− a)2(S − s)hm−1(b, a),

� � 	*��	
S = supx∈[a,b] f

∆m
(x), s = infx∈[a,b] f

∆m
(x)

7
O Ü�Ý Ù Ý�âIÝ ß åæå è�ß á�â`é Ô â�Ýcê#ëËé�ã'Û�é�lfë	Û�âKä�Ü�Ûfð®ë	åEé Ú Ý ß lfníÝ�â ßæè n#l ßæÔ á�Ü�åæá ßæÔ	è n à Ü ßæÔ l Ú é Ô ã Lp

Ô Ü�Ûfð
m jmlfn ã	â�Û ß á�é�l ß á�âÍÜ Ô l ß ð>â Ú�î é�åçâ Ú�øt®�� #ÐËÏ! #$ H�D���D:I1	��

1 6 p 6 ∞, a, b ∈ T

��
� ��	��

f ∈ Cm
rd(T)

7 ��� 	9� * ���
�-	*�?D����
�����������,�
(3.1)

*
��	 � 
6%$	

|I(f)−Q(f, n,m, x1, . . . , xn)| 6 2hm−1(b, a) (b− a)(q+1)/q ‖f∆m‖p,
� � 	*��	 1

p + 1
q = 1.

C
] âbnËé�á�â Þ�Ô Ü�Ý Ô lfnËé�l

∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)
∣∣∣

=

∣∣∣∣

b∫

a

hm(b, σ(t))f∆
m
(t)∆t− (b− a)

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t

∣∣∣∣.
(3.9)



�������������
	�� ��
���������	���������������	 �
	���� ��
�����
 � �!��	"�������
�!�#
$�����&%$����%������
n ' �
���(� Õ�ô

U n2â �2Û Ú l1l�â�Ûfð Ü�äKþ ×'ø Ö�ÿ8î é Ô ïBâbâ Ú l ß ðòé�l�â�ãûï#ìXë ÚfßæÔ	è lfn2â d��Ü�åçã	â�Û ßæÔ â�ê#ëËé�å ß loìxé Ú ä�Ü�åæåçÜ�Ý Ú
∣∣∣∣

b∫

a

hm(b, σ(t))f∆
m
(x)∆x

∣∣∣∣ 6
( b∫

a

[
hm(b, σ(t))

]q
∆t

)1/q( b∫

a

[
f∆

m
(t)
]p

∆t

)1/p

6 hm(b, a)

( b∫

a

∆t

)1/q( b∫

a

[
f∆

m
(t)
]p

∆t

)1/p

6 hm(b, a) (b− a)1/q ‖f∆m‖p

6 hm−1(b, a) (b− a)(q+1)/q ‖f∆m‖p.

(3.10)

V#ß ð ß åEé�Ûfåæì Ù Ý�âÍã	â�ã'ë î â ÚfßæÔ2î â xi ∈ (0, 1) é Ô ãûlfn2â d��Ü�åçã	â�Û ßæÔ â�ê#ëËé�å ß loìûlfnËé�l
∣∣∣∣

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t

∣∣∣∣ 6 αi

( xi∫

a

[hm−1(xi, σ(t))]
q ∆t

)1/q( xi∫

a

|f∆m
(t)|p ∆t

)1/p

6 hm−1(xi, a)

( b∫

a

∆t

)1/q( b∫

a

|f∆m
(t)|p ∆t

)1/p

= hm−1(xi, a) (b− a)1/q ‖f∆m‖p.

O Ü�Ý Ù é à	à åæì ßæÔ	è lfn2â®é�ïBÜ�á�â ßæÔ â�ê#ëËé�å ß l ß â Ú Ý ß lfn i = 1, 2, . . . , n
Ù Ý�â è â�l

(b− a)

n∑

i=1

∣∣∣∣

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t

∣∣∣∣

= (b− a)(q+1)/q ‖f∆m‖p.
n∑

i=1

αihm−1(xi, a)

= hm(b, a) (b− a)1/q ‖f∆m‖p 6 hm−1(b, a) (b− a)(q+1)/q ‖f∆m‖p.

(3.11)

G â�åEé�l ß Ü Ô2Ú þ ×'ø Ö�ÿ�Ù þ ×'øæÕ���ÿ é Ô ã4þ ×'øæÕ�Õ�ÿ8ß ð à åæìílfnËé�l
∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)

∣∣∣ 6 2hm−1(b, a) (b− a)(q+1)/q ‖f∆m‖p

é Ô ãûlfn#ë ÚIU n2â�Ü�Û�â�ð ×'ø �>ßçÚKî Ü�ð à åçâ�l�â�åæì à Û�Ü�á�â�ã ø BO â��'l Ù Ý�âÍã	â�� Ô âblfn2â r n2â�ï#ì Ú n2â�áíä�ë Ô2î l ß Ü Ô é�å{Ü Ô é!l ß ð>â Ú�î é�åçâbï#ì

T∆(f, g) =
1

b− a

b∫

a

f(x)g(x)∆x − 1

(b− a)2

b∫

a

f(x)∆x

b∫

a

g(x)∆x.

U n2â Ô
T∆(f, f) =

1

b− a

b∫

a

f2(x)∆x− 1

(b− a)2

( b∫

a

f(x)∆x

)2

.

] â>é�å Ú Üûã	â�� Ô â σ∆(f) = (b − a)T∆(f, f).
U n2â Ô�Ù�ß l Ú n2Ü�ë	åçã�ïBâ Ô Ü�l ßçî â�ã�lfnËé�l ßæÔaóæÕ�ô�÷oÙ{O!ø�R <fâ�á ß��î

Ü�ï	l�é ßæÔ â�ã®lfn2â,ä�Ü�åæåçÜ�Ý ßæÔ	è Û�â Ú ë	åæl�ä�Ü�Û{lfn2â î é Ú â T = R ü T â�l f : [a, b] → R ïBâ�é Ô é�ï Ú Ü�åæë	l�â�åæì î Ü Ô l ßæÔ ë2Ü�ë Ú
ä�ë Ô2î l ß Ü Ô�Ù Ý1n2Ü Ú âÍã	â�Û ß á�é�l ß á�â f ′ ∈ L2(a, b)

ø�U n2â Ôxß l1n2Ü�åçã Ú lfnËé�l
∣∣∣∣
b− a

6

[
f(a) + 4f

(
b+ a

2

)
+ f(b)

]
−

b∫

a

f(t)∆t

∣∣∣∣ 6
(b− a)3/2

6

√
σ(f ′).
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MoÔ lfn ßçÚ é�Ûfl ßçî åçâ Ù ïËé Ú âKÜ Ô lfn2â1Û�â Ú ë	åæl�Ü�ä O!ø�R <fâ�á ß��î Ý�âKÝ ß åæå è�ß á�âLé Ô â�Ýpê#ëËé�ã'Û�é�lfë	Û�âKä�Ü�Ûfð®ë	åEé Ú Ý ß lfn

Ý�â ßæè n#l ßæÔ á�Ü�åæá ßæÔ	è n à Ü ßæÔ l Ú é Ô ã m jmlfnxã	â�Û ß á�é�l ß á�âÍÜ Ô l ß ð>â Ú�î é�åçâ Ú ï#ìíë ÚfßæÔ	èXr n2â�ï#ì Ú n2â�áòä�ë Ô2î l ß Ü Ô é�å øt®�� #ÐËÏ! #$ H�DE?BD I1	��
a, b ∈ T


��
� ��	��
f ∈ Cm

rd(T)
F-	A��� D � � � 
 �

f∆
m ∈ L2(a, b)

75��� 	9� * ���
�-	*�
D����
�����������,�

(3.1)

��
�

(3.2)
* ��	 � 
6%$	

|I(f)−Q(f, n,m, x1, . . . , xn)| 6 2hm−1(b, a)
√

(b− a)3σ∆(f∆
m).

C
] âbnËé�á�â Þ�Ô Ü�Ý Ô lfnËé�l

∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)
∣∣∣

=

∣∣∣∣

b∫

a

hm(b, σ(t))f∆
m
(t)∆t− (b− a)

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))f
∆m

(t)∆t

∣∣∣∣.

U n2â Ô�Ù ï#ìXë ÚfßæÔ	è>î Ü Ô ã ß l ß Ü Ô þ ×'ø ��ÿ�Ù Ý�âbnËé�á�â
∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)

∣∣∣

=

∣∣∣∣

b∫

a

hm(b, σ(t))
[
f∆

m
(t)− T

]
∆t− (b− a)

n∑

i=1

xi∫

a

αihm−1(xi, σ(t))[f
∆m

(t)− T ]∆t

∣∣∣∣,
(3.12)

Ý1n2â�Û�â T = (f∆
m−1

(b)− f∆m−1
(a))/(b−a). U n2â5�2Û Ú l�l�â�Ûfð Ü�ä�þ ×'øæÕ ��ÿHî é Ô ïBâIâ Ú l ß ðòé�l�â�ãòï#ìuë ÚfßæÔ	è

lfn2â d��Ü�åçã	â�Û ßæÔ â�ê#ëËé�å ß loìxé Ú ä�Ü�åæåçÜ�Ý Ú
∣∣∣∣

b∫

a

hm(b, σ(t))
[
f∆

m
(t)− T

]
∆t

∣∣∣∣∣ 6
( b∫

a

[
hm(b, σ(t))

]2
∆t

)1/2( b∫

a

[
f∆

m
(t)− T

]2
∆t

)1/2

6 hm(b, a)
√
b− a

( b∫

a

[
f∆

m
(t)− T

]2
∆t

)1/2

.

r Ü�ð®ï ßæÔ	ßæÔ	è lfn ßçÚ Ý ß lfnxlfn2â`ämé î l1lfnËé�l
b∫

a

[
f∆

m
(t)− T

]2
∆t =

b∫

a

[
f∆

m
(t)
]2
∆t− 2T

b∫

a

f∆
m
(t)∆t+ (b− a)T 2

=

b∫

a

[
f∆

m
(t)
]2

∆t− 1

b− a

[ b∫

a

f∆
m
(t)∆t

]2
= σ∆(f

∆m
)

Ý�âÍÜ�ï	l�é ßæÔ lfnËé�l
∣∣∣∣∣

b∫

a

hm(b, σ(t))[f∆
m
(t)− T ]∆t

∣∣∣∣∣ 6 hm(b, a)
√

(b− a)σ∆(f∆
m)

6 (b− a)hm−1(b, a)
√

(b− a)σ∆(f∆
m
).

(3.13)
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	�� ��
���������	���������������	 �
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�����
 � �!��	"�������
�!�#
$�����&%$����%������
n ' �
���(� Õ��

V#ß ð ß åEé�Ûfåæì Ù Ý�âÍã	â�ã'ë î â ÚfßæÔ2î â xi ∈ (a, b) é Ô ãûlfn2â d��Ü�åçã	â�Û ßæÔ â�ê#ëËé�å ß loìXlfnËé�l
∣∣∣∣

xi∫

a

αihm−1(xi, σ(t))
[
f∆

m
(t)− T

]
∆t

∣∣∣∣

6 αi

( xi∫

a

[hm−1(xi, σ(t))]
2 ∆t

)1/2( xi∫

a

[f∆
m
(t)− T ]2∆t

)1/2

6 hm−1(xi, a)

( b∫

a

∆t

)1/2( b∫

a

[
f∆

m
(t)− T

]2
∆t

)1/2

= hm−1(xi, a)
√
b− a

√
σ∆(f∆

m
).

O Ü�Ý Ù é à	à åæì ßæÔ	è lfn2â®é�ïBÜ�á�â ßæÔ â�ê#ëËé�å ß l ß â Ú Ý ß lfn i = 1, 2, . . . , n
Ù Ý�â è â�l

(b− a)

n∑

i=1

∣∣∣∣

xi∫

a

αihm−1(xi, σ(t))
[
f∆

m
(t)− T

]
∆t

∣∣∣∣

=
√

(b− a)σ∆(f∆
m)

n∑

i=1

αihm−1(xi, a) = hm(b, a)
√

(b− a)σ∆(f∆
m)

6 (b− a)hm−1(b, a)
√

(b− a)σ∆(f∆
m).

(3.14)

G â�åEé�l ß Ü Ô2Ú þ ×'øæÕ ��ÿ�Ù þ ×'øæÕ�×�ÿ é Ô ã þ ×'øæÕ ��ÿ�ß ð à åæìílfnËé�l
∣∣∣∣I(f)−Q(f, n,m, x1, . . . , xn)

∣∣∣∣ 6 2(b − a)hm−1(b, a)
√

(b− a)σ∆(f∆
m)

é Ô ãûlfn#ë ÚIU n2â�Ü�Û�â�ð ×'ø ôýßçÚKî Ü�ð à åçâ�l�â�åæì à Û�Ü�á�â�ã ø B
� é Ú â>Ü Ô lfn2â ßæÔ â�ê#ëËé�å ß loì ßæÔ þ Õ�øæÕ�ÿ�Ù ï#ì�ë ÚfßæÔ	è Ú Ü�ð>â Úfß ð à åçâòâ Ú l ß ðòé�l ß Ü Ô2Ú�Ù Ý�âòÜ�ï	l�é ßæÔ¤Ú Ü�ð>â Ô â�Ý

ê#ëËé�ã'Û�é�lfë	Û�âbä�Ü�Ûfð®ë	åEé ÚLßæÔ á�Ü�åæá ßæÔ	è n Þ�Ô Ü�l Ú Ü Ô l ß ð>â Ú�î é�åçâ Ú ü W Ü�Û 0 6 xi 6 1
Ù
a+ xi(b− a) ∈ T

Ù Ý�âà ë	l
Q(f, x1, x2, . . . , xn) =

1

n

n∑

i=1

f(a+ xi(b− a)).

U n2â Ô â��'l1Û�â Ú ë	åælIÜ�ä6lfn ßçÚ1à é à â�Û î é Ô ïBâbã	â Ú�î Û ß ïBâ�ã é Ú ä�Ü�åæåçÜ�Ý Ú�øt®�� #ÐËÏ! #$ H�D���D I1	��
a, b ∈ T

*
a < b

*
f : T → R

F-	 ����JK	*��	9�&���#
LF$��	 * 
��
� 
$�*���!��	 � � 
 �
f∆

�<�
������D����&������� �)�6�@��� D � � � 
 �

f∆ ∈ L2(T)
7 ��� 	9�2�����

0 6 xi 6 1
�1��� � ∑n

i=1 xi =
n
2

��	 � 
6%$	�� � 	
���������!�1����� 	��������C
 � 	

∣∣∣∣Q(f, x1, x2, . . . , xn)−
1

b− a

b∫

a

fσ(x)∆x+
f(b)− f(a)

(b− a)2

b∫

a

1

2
µ(s)∆s

∣∣∣∣ 6
√

(b− a)σ∆(f∆).

C
� ë	l tk = a+ xk(b− a)

Ù lfn2â Ôûß l1ä�Ü�åæåçÜ�Ý Ú ä�Û�Ü�ð T â�ðuðòé �'ø × lfnËé�l

f(a+ xk(b− a))− 1

b− a

b∫

a

fσ(x)∆x =
1

b− a

b∫

a

p(tk, s)f
∆(s)∆s

=
1

b− a

b∫

a

p(tk, s)

[
f∆(s)− f(b)− f(a)

b− a

]
∆s+

1

b− a

b∫

a

p(tk, s)
f(b)− f(a)

b− a
∆s.
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V#ßæÔ2î â

b∫

a

p(t, s)∆s =

t∫

a

(s− a)∆s+

b∫

t

(s− b)∆s

=

b∫

a

(
s+

1

2
µ(s)

)
∆s−

b∫

a

1

2
µ(s)∆s− a

t∫

a

∆s− b

b∫

t

∆s

=
b2 − a2

2
−

b∫

a

1

2
µ(s)∆s− a(t− a)− b(b− t) =

(
t− a+ b

2

)
(b− a)−

b∫

a

1

2
µ(s)∆s,

Ý�âÍã	â�ã'ë î âÍlfnËé�l
f(a+ xk(b− a))− 1

b− a

b∫

a

fσ(x)∆x =
1

b− a

b∫

a

p(tk, s)

[
f∆(s)− f(b)− f(a)

b− a

]
∆s

+
f(b)− f(a)

(b− a)2

[
(b− a)2

(
xk −

1

2

)
−

b∫

a

1

2
µ(s)∆s

]
.

d â Ô2î â Ù

f(a+ xk(b− a))− 1

b− a

b∫

a

fσ(x)∆x+
f(b)− f(a)

(b− a)2

b∫

a

1

2
µ(s)∆s

=
1

b− a

b∫

a

p(tk, s)

[
f∆(s)− f(b)− f(a)

b− a

]
∆s+ [f(b)− f(a)]

(
xk −

1

2

)
.

� ìûé à	à åæì ßæÔ	è l�Ü k = 1, . . . , n é Ô ãûlfn2â Ô Ú ë	ðuð ßæÔ	è ë à�Ù2ÚfßæÔ2î â ∑n
k=1 xk = n

2

Ù Ý�âÍÜ�ï	l�é ßæÔ lfnËé�l
Q(f, x1, x2, . . . , xn)−

1

b− a

b∫

a

fσ(x)∆x+
f(b)− f(a)

(b− a)2

b∫

a

1

2
µ(s)∆s

=
1

n(b− a)

n∑

k=1

b∫

a

p(tk, s)

[
f∆(s)− f(b)− f(a)

b− a

]
∆s.

] â �2Û Ú lKÜ�ï Ú â�Ûfá�âblfnËé�l
b∫

a

[
f∆(s)− f(b)− f(a)

b− a

]2
∆s =

b∫

a

[
f∆(s)

]2
∆s− 1

b− a

[ b∫

a

f∆(s)∆s

]2
= σ∆(f

∆),

Ý1n ßçî n ì ß â�åçã Ú
∣∣∣∣Q(f, x1, x2, . . . , xn)−

1

b− a

b∫

a

fσ(x)∆x+
f(b)− f(a)

(b− a)2

b∫

a

1

2
µ(s)∆s

∣∣∣∣

6
1

n(b− a)

n∑

k=1

[( b∫

a

[p(tk, s)]
2∆s

) 1
2
( b∫

a

[
f∆(s)− f(b)− f(a)

b− a

]2
∆s

) 1
2
]
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n ' �
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=
1

n(b− a)

√
σ∆(f∆)

n∑

k=1

( b∫

a

[p(tk, s)]
2 ∆s

) 1
2

6
1

n(b− a)

√
σ∆(f∆)

n∑

k=1

( b∫

a

(b− a)2∆s

) 1
2

=
√

(b− a)σ∆(f∆).

U n2â à Û�Ü�Ü�ä,Ü�ä U n2â�Ü�Û�â�ð ×'ø õýßçÚ1Ô Ü�Ý î Ü�ð à åçâ�l�â�ã ø Bt®�� #ÐËÏ! #$ H�D�C�D I1	��
a, b ∈ T


��
�
f ∈ C1

rd(T)
7�� 	 
��<������	��

γ = infx∈T f
∆(x)


��
�
T =

f(b)−f(a)
b−a .

��� 	9�;�����
0 6 xi 6 1

�1��� � ∑n
i=1 xi =

n
2

��	 � 
6%$	 � � 	"���������!�1�����;	��������C
 � 	

∣∣∣∣Q(f, x1, x2, . . . , xn)−
1

b− a

b∫

a

fσ(x)∆x+
γ

b− a

b∫

a

1

2
µ(s)∆s

∣∣∣∣ 6 (b− a)(T − γ).

C
� ë	l tk = a+ xk(b− a)

Ù lfn2â Ôûß l1ä�Ü�åæåçÜ�Ý Ú ä�Û�Ü�ð T â�ðuðòé �'ø × lfnËé�l

f(a+ xk(b− a))− 1

b− a

b∫

a

fσ(x)∆x =
1

b− a

b∫

a

p(tk, s)f
∆(s)∆s

=
1

b− a

b∫

a

p(tk, s)
[
f∆(s)− γ

]
∆s+

1

b− a

b∫

a

p(tk, s)γ∆s.

r Ü�ð®ï ßæÔ	ßæÔ	è lfn ßçÚ Ý ß lfnxlfn2âLämé î lKlfnËé�l
b∫

a

p(t, s)∆s =

(
t− a+ b

2

)
(b− a)−

b∫

a

1

2
µ(s)∆s

Ý�â è â�l
f(a+ xk(b− a))− 1

b− a

b∫

a

fσ(x)∆x

=
1

b− a

b∫

a

p(tk, s)[f
∆(s)− γ]∆s+

γ

b− a

[
(b− a)2

(
xk −

1

2

)
+

b∫

a

1

2
µ(s)∆s

]
.

d â Ô2î â Ù

f(a+ xk(b− a))− 1

b− a

b∫

a

fσ(x)∆x+
γ

b− a

b∫

a

1

2
µ(s)∆s

=
1

b− a

b∫

a

p(tk, s)
[
f∆(s)− γ

]
∆s+ [f(b)− f(a)]

(
xk −

1

2

)

é Ô ãûlfn2â Ô ï#ì ∑n
k=1 xk = n

2 lfnËé�l

Q(f, x1, x2, . . . , xn)−
1

b− a

b∫

a

fσ(x)∆x+
γ

b− a

b∫

a

1

2
µ(s)∆s
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=
1

n(b− a)

n∑

k=1

b∫

a

p(tk, s)
[
f∆(s)− γ

]
∆s+ [f(b)− f(a)]

n∑

k=1

(b− a)

(
xk −

1

2

)

=
1

n(b− a)

n∑

k=1

b∫

a

p(tk, s)
[
f∆(s)− γ

]
∆s.

d â Ô2î â Ù
∣∣∣∣Q(f, x1, x2, . . . , xn)−

1

b− a

b∫

a

fσ(x)∆x+
γ

b− a

b∫

a

1

2
µ(s)∆s

∣∣∣∣

6
1

n(b− a)

n∑

k=1

b∫

a

(b− a)
[
f∆(s)− γ

]
∆s = (b− a)(T − γ).

U n2â à Û�Ü�Ü�ä,Ü�ä U n2â�Ü�Û�â�ð ×'ø �®ßçÚ1Ô Ü�Ý î Ü�ð à åçâ�l�â�ã ø B]pß lfnxlfn2â Úfß ð ß åEé�Û`é�Û è ë	ð>â Ô l Ú é Ú lfn2Ü Ú â�ãûë Ú â�ã ßæÔ lfn2â à Û�Ü�Ü�ä,Ü�ä U n2â�Ü�Û�â�ð ×'ø � Ý�â®é�å Ú Ü î Ü Ô2î åæë2ã	â
lfn2â`ä�Ü�åæåçÜ�Ý ßæÔ	è Û�â Ú ë	åæl øt®�� #ÐËÏ! #$ H�D���D I1	��

a, b ∈ T

��
�

f ∈ C1
rd(T)

7 � 	 
��<��� ��	��
Γ = supx∈T f

∆(x)

��
�

T = f(b)−f(a)
b−a .

��� 	9�;�����
0 6 xi 6 1

�1��� � ∑n
i=1 xi =

n
2

��	 � 
6%$	

∣∣∣∣Q(f, x1, x2, . . . , xn)−
1

b− a

b∫

a

fσ(x)∆x+
Γ

b− a

b∫

a

1

2
µ(s)∆s

∣∣∣∣ 6 (b− a)(Γ− T ).

�������
	���
����
����������������� �"!$#&%'� (�)+*,%'�-!$. /0%'� �1)'�32��4)'�4�52�(�)�#-*6�32�# 7�)'�48�!$)'/&*9!$.-:<;3(�8�8��4.=%+*>%'�-!?%�7 ��:�%'(
@ 8�A )'(?B��48��4.=%�($2
%'� @ *5A-!$A��4)�C

D
 -E  #Ï! �y{Ò, )(
Ã�Å"F9G&H3I+JKH3ILILM N$O�P�Q�FRQ S=T�U6HWV$N3XYM U>Z Q$Z Q��Y�K�����1�Y�����m� �K���m���B��¡#�m�����m���K��� ��£��P��� ���'����� ���W[ �B¡¢���m����� �1\]\R^�Å=_`���m�#Å

` �����æÅ ` �����æÅ a1À�Ä�Ä�Ã�Å a

Ë���æÅ�À�Á ��Å a��'Å�À ��ÁWb�À�Á ��ÅÀ�Å"c,N3d=G efU1ghQ S
g�H?J�d&JLJ�d eWi�Hhj
Q'�Y�����m�f�������Ë� ���f������� � �m� �������®�m� �1�8�� f��� ���"\]\0^�Å������f�������æÅ �2���m� ` �����æÅk_`���m�#Å aÀ�Ä�Ä�l�Å a

Ë���æÅ m,n�Ã3ooÅ a ` ���m�  �� �HÁ�Å a"l8�#Å
��Å"c,N3d=G efU"ghQ Spg�H?J�d&JLJ�d eWi�Hqj
Q �B���0r{��s������� ���f������� � ���!���!�m� �1�1�� f��� ���Y\]\ �����1�����#Å0_`���m�#Å ` �����æÅ a1À�Ä�Äut�Å a

Ë���æÅ��,n�Ã3ooÅ a��'Å�Ã6b$l�Å

��Å"T�U6HWV$N3XYM U,Z Q?Z Q S�vkH3G�V1Z Q ` �1� ���f������� � ������¡'�Y�����m�f������� r{��s�����+[ �B������������£8� �m��������� �  f���m� �������m�6�m���{�����m� �K���m� �����¡��P���m��� ��������£��6¡¢���������1�8������ �� �����1�f�����H����£®¡¢���������1�1�����1�P�m �� ���Ë������£��o���m���m���m��� ���1\]\ �����1�����fÅ0_`���m�#Å
` �����æÅ aIÃWm�mut�Å a

Ë���æÅ � ��Å a��'Å�Ã3w+b�À�Ä�Å

w�Å"xROWy�z,Q {RQ S�{>V$N}|�Q FRQ 	Y�P�4� ���f������� � �m� ���,��¡��Y�����m�f������� ¥ � � ������������� ��¦���� ¦�� ��� n
�������m�,����£b�m���

Lp ¥ �����m�p��¡�m���
m ¥ �m�L£��P�m� ¦����m� ¦��~\]\ ` �����æÅ�_`���m�#Å
�#�P���fÅ a1À�Ä�Ä�m�Å a

Ë���æÅ#À�À�Å a��'Å#Ã � �?w+b�Ã �uw�Ä�ÅÁ�Å"xROWy�z,Q&{RQ S�{>V$N<|�Q&FRQ ` ���P�������b�m�K�m��� ���`� ���������Y�����m�f������� ¥ � � ������������� ���f������� � �m� ���~\]\������1�����fÅ~_`���m�#Å` �����æÅ a1À�Ä�ÃfÄ�Å a

Ë���æÅ w4m�Å a��'Å ��Ä �?w+b ��Äuw�À�Å

t�Å"xROWyhz,Q�{RQ S�{>V$N"|�QuFRQ 	Y�P�í� ���f������� � �m� ������¡ ��� �1������� ¥ � � ���B�������B� ��¦���� ¦�� ��� k �����m�Ë����£��m��� m ¥ �m�8£��P�m� ¦����m� ¦���\]\_`���m�#Å �����1�����fÅ
_L��£���� � � ����Å a1À�Ä�ÃfÄ�Å a

Ë���æÅ�w�À�Å a��'Å w�À�À+b�w�À4l�Å
l�Å"x9M � V�efU�Z Q��2� ��_`�

β
���P���m��������� �����ý�1� � ` ���B����£������a����¡����������m�1���K������� ��¡æ��� �m� ��������� �m���#Å a��2��Â �m������� ��Å a

�Y��� ¦����m���æÅ��!�m�������m��§�ÃWm�l�l�Å
m�ÅYg�H?J�Mu�� ghQ'���1���m��¦����1�����,��¡Y�����1�K� ���f������� � �m� ������¡��2��� �P��b�r{��s�����8�������0\]\ �����1�����fÅh_`���m�#Å ` �����æÅ a1À�Ä�Ä ��Å a

Ë���æÅ���Á�Å a��'Å�Ã ��À�w+b�Ã � ��Á�ÅÃfÄ�Å"�-M�O<v�Q S�{>V$Nk|�Q$FRQ ` �������P�o��� � �f���m� ���`��¡Ë�Y�����m�f��������� ���f������� � ���K���K�m� �1�Y�� f��� ���B¡¢���

k
����� ���m�9\]\ ` �����æÅ�_`���m�#Å

�����1�����fÅ a1À�Ä�Ä�l�Å a

Ë���æÅ�À�Ä �>nEÀ�ooÅ a��'Å&t�w �3b�t�Á�Ä�ÅÃ�Ã�Å��pI+J�U6N�i�IL�$MYFRQ5ghQ�� ���P�ý£�� �ò� ������� ���o� ���B���  o�������û��� ���P�ý£�� ���P�m�����m� �������m���~¡¢�������m� ���~¦���� � ���m��� � ���m�����o��� ¥�1� �m��� �B�P����\]\ �����1�1�����fÅ�_`���m�#Å �Y��� ¦�Å aIÃWm ��l�Å a

Ë���æÅ�ÃfÄ�Å a��'Å�À�À�ÁWb�À�À�t�Å
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Ã�À�Å����+e��4Mu�� {RQ��	���m���Y� ���f������� � �m� ���{¡¢���,�1������£��o���m���m�6¡¢���m����� �8��¡Ë�������`�������R\]\��{��¦�Å������ ���
��� �����k_`���fÅ a1À�Ä�Ä ��Å a

Ë���æÅ��ut�Å a��'Å&m �Wb�ÃfÄuw�ÅÃ ��Å����+e��4Mu�� {RQ��	���m���K� ���f������� � �m� ���8¡¢���I�®������£��o���m���m�I¡¢���m����� �®����£ò������� �  f���m� �����0\]\ �����1�����fÅ _`���m�#Å ` �����æÅ aÀ�Ä�Ä ��Å a

Ë���æÅ �ul�Å a��'Å#Ã3w ��Ã6b�Ã3w ��Ä�ÅÃ���Å����+e��4Mu�� {RQ 	Y�P�ù�P���m��� ��������£���¡¢���8�m��� ��� �1���������8������£��o���m���m�K�m��� �`����£ò������� �  f���m� �����k\]\ �����1�����fÅ _`���m�#Å
` �����æÅ a1À�Ä�Äut�Å a

Ë���æÅ w ��Å a��'Å�Á �3b�t�À�ÅÃ3w�Å����+e��4Mu�� {RQ �������m�>� ���f������� � ���ý��¡ ��� �1�������ý�������I����£ò�Y�����m�f�������B�������0\]\ �����1�����fÅ _`���m�#Å ` �����æÅ a1À�Ä�Ä ��Å a
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