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AnHoTanus. YCTaHOBIEHA PaBHOMEPHAs CXOAMMOCTH BHYyTpu mHTepBana (a,b) C [0,7] mpomeccos

JIarpama, IOCTPOEHHBIX IO COOCTBEHHBIM (yHKmmaM 3amaun Irypma — Jlmysmaas L5E (f,z) =
> f(:vkn)[w;js—g)_xm (Bmech wepe3 0 < z1,n < Z2,n < -+ < Tp,n < T 0DO3HAMEHBI HyIH COG-

creennoit dbyukuun U, 3amaun IItypma — Jlnysusuis.) Henpepsieasie Ha [0, 7] dyHKInn f orpanuden-
molt Bapmanum Ha (a,b) C [0, 7] MOryT GBITH pABHOMEDPHO MPHUOIMKEHBI BHyTpH mHTepBata (a,b) C [0, 7.
Tlosyaen mpu3HAK PABHOMEPHON CXOAMMOCTH BHYTPH WHTEpBaaa (a,b) MHTEPIIOJANMOHHBIX IIPOIECCOB,
ITOCTPOEHHBIX MO0 COOCTBEHHBIM (YHKIWAM perynsipHoit 3amaum Illtypma — Jluysumaas. YciaoBue mpwm-
3Haka cHOPMY/IMPOBAHO B TEPMHMHAX MAKCHMyMa CyMMbBL MOJyJIeil pa3ie/leHHbIX pasHocreil dyHkwm f.
Bue maTepsana (a, b) mOCTPOEHHBI HHTEPIOIAIMOHHBIN ITPOIECC MOXKET PACXOIUTHCA. YCTAHOBJIEHA OTPa-
HUYEHHOCTh B COBOKYIHOCTH (byHIAMEHTAJIbHBIX (DyHKIHi Jlarpamxa, MOCTPOEHHBIX MO COODCTBEHHBIM
dyukmmam 3agaau Mlrypma — Jlnysunnsa. Paccmorpen ciay4ait perynsapuoit 3agadu [lrypma — Jlnysum-
JIsi C HEIPEPBIBHBIM ITOTEHIAIOM OrpaHu<IeHHON Bapumarmu. VI3yvensr kpaessle ycioBus 3azaiu Ilryp-
ma — JImyBmiis Tperbero poma 6e3 ycmosuit Jupuxsie. Ilpy Haamamm cepBUCHBIX (DYHKITHIT BBIUHUCICHUS
cobcTBeHubIX dyHKIMN peryagpuoil 3amaan [lIrypma — JluyBuiia msydaembrit omeparop Jlarpamxka —
Mrypma — JImyBuaas Jerko peanu3yercs Ha BbIUUCIUTEIbHON TeXHHUKE.
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1. BBeageHnue

B orimune ot nogxona Kpamepa [1], nosoxkusiiero #Haqasio n3ydeHunio animpoKCHMATHBHBIX

CBOICTB JIATPAHKEBBIX OMEPATOPOB C y3JaMU WHTEPIOJUPOBAHUS B COOCTBEHHBIX 3HAUCHUSIX
sagaun Irypma — JInyeuss, . UI. Harancon B [2] moayumnn npusuak Juan — Jlnnmmoa
paBHOMEpPHO# cxonumocTu BHyTpu uHTepBaaa (0,7), T. . paBHOMEPHOIi Ha JIIO60M KOMITAKTE,
copepxkamemes B (0, 7), nporeccos Jlarpanxa — IIrypma — JInysuis sujga

Up(x)
(xk,n) (:C — Tkn

LyE(foe) = f(@hm) il 7= D f@rn)lin(@). (1.1)
k=1 " k=1
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['me U,, ectb n-as cobcreennas yuknua peryagapHoi 3agaun [typma — Jlnysumas
U" + [A—q]U =0,
U’(0) — hU(0) =0, (1.2)
U(r)+ HU(7) =0

C HEIPEPBIBHBIM [OTEHINAJIOM ¢ OrpaHnIeHHOi Bapuanun Ha [0, 77| 1 rPaHUYHBIMU YCIOBUSIMU,
rapaHTUPYIOMIUMHE, UTO [VIABHBINA WIEH B aCUMIOTOTHYecKuX dopMmynax mid U, 6ymer KocuHy-
coM, T. e. h # Foo0, H # Fo00. 3aech wepe3 0 < o1, < T2, < --+ < Ty < T 0DO3HATCHEI
uaynu yukiun U,.

CroiicrBa oneparopos unTeprionupoBanusa dyuknuit Buga (1.1) TecHo nepemeraioTcs
C MOBEJCHUEM TaK Ha3bIBACMbIX CI/IHK-HpI/I6J’II/I}K€HI/If/i

I " sin (nx — kn) , (kx " (=1)*sinnz , [k 13
n(f’x)_k_zzo nr — km / n _;] nx — km / n)’ (1)
ICIOJIB3YEeMBIX B TeopeMme OTcueToB Ywurrekepa — Koremprmkosa — Illenmona (cMm. [3-6]).
Omneparop (1.3) mpexcrasasier coboii omeparop (1.1), mocrpoenusiii M0 coGCTBEHHBIM (hDyHK-
musiv 3agaqu [rypva — JInyswumas (1.3), B ciyuae Hy/IEBOrO MOTEHIMAA U KPAEBBIX YCIOBUI
epBoro poja. JloctaTouHo moApoOHbBI 0030p Pe3yIbTaToOB, MOMYUYEHHBIX B 00JIACTH MCCIEI0-
BaHWA CBOWCTB CUHK-AIIMIIPOKCAMAIA (1.3) AHATUTUIECKUX Ha, IefICTBUTEIHHOM ocu (DYHKINN,
9KCIIOHEHIMAIBHO YOBIBAIONIUX Ha GECKOHEYHOCTH, a TaKKe Haubojee BayKHbIE MPHIOKEHIS
CHHK-aIIPOKCUMAIUii MOXKHO HafiTn, Hanpumep, B [5].

CuHK-TIpUO/INKEHIs aKTUBHO MCIOJIB3YIOTCH TPH MOCTPOEHUN PA3JINIHBIX YUCTEHHBIX Me-
TOJOB MaTeMAaTUIeCKON (bus3nku n npubmkenns GyHKINN KaK OZHONM TaK W HECKOJILKUX TTe-
peMeHHBIX [6—25] B Teopuu KBaJApaTypHBIX U KyOaTypHBIX (GOpMYJT [5] 1 BCIJIECKOB MM TEOpHH
BeiiBser-npeobpazosanuii [3, 4, 6].

Ho nosiBnenus pator [11, 12, 14, 16-19, 22| npubinkeHre TaKUMHI OTIEPATOPAMA Ha OTPE3-
Ke WJIM OTPAHWYEHHOM WHTEPBAJE OCYIIECTB/ISIOCH TOIBKO IS HEKOTOPHIX KJIACCOB AHAJIN-
traecknx dbyHkumit (cM., Hanpumep, [5]) cBejeHneM K CIydaio 0CH € TIOMOIIBI0 KOH(MDOPMHOIO
orobpaxkernusi. B [19] mosyuena orneHka CBEpXY HAWIYUIIErO MPUOIUKEHUS HEPEPbIBHBIX
dyHKINN KOMOUHAIMSIMA CUHKOB.

B [20] ycTaroBieHO, 9TO MpH MOMBITKE MTPUOJINKEHUS HEMJIAIKUX HEPEPBIBHBIX (DYHKITHiT
3HageHusAME onepaTopor (1.3) BO3MOXKHO MOSIBIEHNE PE30HAHCA, MPUBOASIIErO K HEOTDAHMU-
YEHHOMY POCTY TIOTDEITHOCTH anmpokcumarun ua scem uarepsase (0, 7). B [21-25] npemoxe-
HBI pa3guanble Moaudukanuu cuHK-pubmkennit (1.3), mo3BossgOmMUe anmpoKCUMUPOBATE
HenpepbiBHble (yHKIMH Ha orpeske [0, 7|. VccaemoBanume moaHOTH cucTeMbl cuHKOB (1.3)
B [24] B npocrpancreax C[0,7] u Cy[0, 7] = {f : f € C[0,n], f(0) = f(7) = 0} nozBossier
ClIeTaTh BBIBOJ, O HGECIIOIE3HOCTH MOMBITOK MOCTPOUTH CyMMATOPHBIN OMEpaTop 3 CHHKOB, J0-
MyCKAIOIINi BO3MOKHOCTH PABHOMEPHO ANMTPOKCUMAITUHU TPOU3BOJILHON HEIPEPhIBHON (OyHK-
UK Ha OTPE3KE.

Usyuenne oneparopos Jlarpamxa — Itypma — Jluyswmaa (1.1) Takzke TeCHO CBSI3aHO
C MCCIEIOBAHNEM aNMPOKCUMATHBHBIX CBONCTB OMEPATOPOB MHTEPITOJINPOBAHUS , TIOCTPOEHHBIX
1o perrernsaM 3aaa4 Kommn ¢ mmHedHsMu quddhepeHnnaabHbBIMA BEIPAXKEHUSIMEI BTOPOTO 0~
psizika [26]. Oneparopsl, npejioxennsie B [26], siBasitorcst 06obiennem oneparopos Jlarpas-
xka — [rypma — JInysuss (1.1) u kaaccuueckux CHHK-mpubmkennii (1.3) oHOBpeMeHHO.
B [27] npuBoggiTcst HEKOTOpPBIE MPUIIOKEHUsS] PE3ysbraToB paboTsl [26] K wcciaeqoBaHMIO all-
MPOKCUMATUBHBIX CBOWCTB KJIACCHUYECKUX AMreOpandecKuX WHTEPIOJIAINOHHBIX MHOTOUYTIEHOB
Jlarpanrka ¢ MaTpuIeil y3/710B HHTEPIOJIMPOBAHNS, KAXK/Ias CTPOKA KOTOPOI COCTOUT U3 HYyJIei

MHOTO4IeHoB SIko6u P nobn ¢ nmapaMeTpaMu, 3aBUCIIIAMHA OT 7.
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N3zydennio pasandubix cBOiicTB omeparopos Jlarpamxka — [rypma — Jlnysumrs (1.1)
MOCBsIIIEeHbl Takyke paborsl [28-34]. B pabore [31] ycranaBimpaercsi CyIiecTBOBaHWe Herpe-
peiBHOIT Ha [0, 71| DYHKINH, HHTEPIOIAIMOHHLIN Tporiecc Jlarpanyka — Irypma — Jlnysui-
as (1.1) koropoii HeorpaHm4deHHO pacxoaurcs mourn Berogy Ha [0, 7). Mccremosanusi, mpo-
Besiernble B [28-30], mokasbIBAIOT, UTO 3aJaUa MPEICTABIEHUS HEMPEPBIBHOM (DYHKIMN Kak
npezena 3aadennii oneparopos (1.1) mexkoppekTna no Agamapy.

B monorpadun [34] npusesenn 6osiee oApoGHBIE 10KA3ATENBCTBA U UCIIPABIEHBI OllevaT-
Ki, OOHApYyKEHHbIE B HEKOTOPHIX (hopMmy/iax Hojee paHHUX TyOTUKAITTIL.

B nacrosieit pabore, ncrosb3yst KOHIENIUKM nccyegaoBannii B [35-42|, ycranossena pae-
HOMEpHasi BHYTPH HHTepBasa (a,b) CXOAUMOCTh HHTEPIOIAIMOHHBIX TIporieccos (1.1), mocrpo-
eHHbIX 110 perernsiM 3azaqn Irypma — Jluysus (1.2) st venpepwiBabix Ha [0, 7] 1 MMe-
IOIIX OTPaHWYEHHOe W3MeHeHue Ha |a,b] dynkuumii f.

B sroit pabore Gymem cunrarh norernuan g 3agaau Itypma — JInysuars (1.2) nenpepbis-
HOit (byHKIHMelH ¢ orpanndeHHbIM w3MeHenneMm Ha [0, 7|. [IycTh Takxke Kaxkmast cobGCTBeHHAS
dbyukims Gyner yaonersopsaTh yciosuto Hopmuposku Uy, (0) = 1. Paccmarpusaem kpaesbie
yesoBust (1.2) Tperhero poja, u3 KOTOPBIX MCKJIIOUEHBI YCIOBHS MEPBOTO poja, T. €. h # +00,
H # too. Tns m06bix 0 < a < b <7, 0<e < (b—a)/2 ungekcel p1, p2, M1 U Mg ONPEIEIINM
C TOMOIIBIO COOTHOIIIEHWIA

Tpin KA+ < Tp4in, Tpon <b—e<Tpyin,

'/I;kjfl,n <a g xkj,na xk2+1,n g b < $k2+2,na (14)
kl k2
mi=\|—|+1, mo=|—=
2 2
noce Jo0aBIeHHd K MHOXKECTBY HyJdell T1, < To, < -+ < Tpy, N-0i cOOCTBEHHON (ByHK-

i Uy, To9ek 2oy, = 0 U Zpi1p, = 7. 37ech [2] obo3HavYaeT mesyio dacTh 9nciaa z. Ecam
HEe OTOBOPEHO WHOE, MITPUX y CYMMBI B 3TO# paboTe OyaeT 03HAYATH OTCYTCTBUE CJATAEMOTO
CO 3HAMEHATEIEeM, PABHBIM HYJIIO.

Moy wenpepsisaoctu dyuknuu f € C[0, 7] obo3HaunM, KaK 00BITHO,

w(f,0) = sup [f(z+h)— f(z)l
|h|<6;
x,z+he(0,7]
Byznem nazwiBarh Mopynem namenenusi byHkiunn f Ha oTpeske [a, b] GyHKINIO HATYPATBHOTO
apryMeHTa

n—1
v(n, ) =sup Y _|f(te1) — F(t)],
Tn k=0
rne T, = {a < tg < t1 <ty < -+ < tphq < t, < b}, n € N. Bamernm, uro byukuus f
ABJIsieTCs (DYHKIINEH OrpaHWvYeHHOil Bapmanuu Ha orpeske [a,b], T. e. f € Vla,b], ecau cy-
IecTByeT KOHCTaHTa My Taxast, ITo jjIst IF000r0 HATYPATLHOrO N CHPABE/INBO HEPABEHCTBO
v(n, f) < Mjy.
Teopema 1.1. Ilyctb 0 < a < b < 7, 0 < € < (b —a)/2. dua moboii byurimm
f € C[0,7] N'V]a,b] BemmoHsIeTcss cooTHOIIEHME

Jim |1 f = L3 ) cfatep—a = 0, (1.5)

e omeparop Jlarpamxa — IItypma — JInysuazs LY (f, ) onpenenen B (1.1).
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BAMEYAHUE 1.1. Ilpu srom ma MuOKectBe [0, 7] \ [a, b] cooTHOIIEHNE
lim |f(2) = Lp"(f, )] =0
n—oo

MOXKeT BOBCE He BBITOJIHATHCS (CM., Hampumep, [28, 31, 34]).

2. BciomoraresibHbIE YTBEP>KIE€HUA

[Ipexx e wem TOKa3BIBATH 3TY TEOpeMy yOeauMcs B CIPaBeIIMBOCTH Psiia BCIIOMOTATE b=
HBIX YTBEPZKIeHUN.

Jlemma 2.1. Ilycts U,, — cobcTBeHHAsT (DYHKIIHS, COOTBETCTBYIOINAsT COOCTBEHHOMY 3Ha-
q9eHHI0 Ny, perynasaproii 3agaqan Iltypvma — Jnysmmrs (1.2). Yepez 0 < 1, < Top < -+ <
Tnn < 7 obosmaunm Hymn Gyaknun Uy,. Torma nvmeror MecTo ciaeyronine aCHMIOTOTHYIECKHE
¢opmybr:

Un(z) = cosnx + ﬁgj) sinnz + O(n™?2), (2.1)
Uy (z) = —nsinnz + B(z) cosnx + O(n™ 1), (2.2)
U/ (z) = —n? cosnz — nB(z)sinnz + O(1), (2.3)

Un(@ka) = (=) n+0(n™), (2.4)
o = 2ot 2 2 dn) o), 25)

VAn =n+0n™), (2.6)

rje

8(w) = ~ca+h+ 5 [ a(r)an
0

c= %(h +H+ 3 [ a(r) dT), a OIeHKa OCTATOYHOTO 4jeHa BO Bcex hopmymax (2.1)—(2.5)
pasHomepHa 110 x € [0, 7] mm 1 < k < n.
< ITo moBomy mokaszarenscrsa (2.1), (2.2) u (2.6) cmorpure, Hampumep, [44]. Yoemummcs

B ciipasegymBoctn (2.5). Ilyers y, , — k-biit Hys1s cobersennoii dyuakuun Uy,. 13 acnmmrorn-
geckoit hbopmysbl (2.1) mosydaemM COOTHOIIEHUE

6(xk,n)

COS NI p + ———— SinNTg
n

=0(n?).

HO.HO)KI/IB COS Oék-7n = ﬁ(), MMOJIy9YUM aCUMIITOTUYIECCKYIO d)OpMy.Hy
n xk,n

sin <g + nxp g, — Oék,n> ‘ = 0(n2).

CremoBaTeabHO, UMeeM COOTHOIIEHIE ‘% + NThy — Qg — 7rk| = O(n~?). Ho dymkmua 3, mo
Kpaiiueit Mmepe, ofH pa3 HenpepbiBHO auddepeHImpyemMa, M03TOMY UMeeT MeCTO aCUMITOTH-
weckas popMmyia

= T+n ,8( o 7T>+O(n )

®opmymna (2.3) cremyer w3 (2.1) n (1.2), a (2.4) — u3 (2.2) u (2.5). >

Lk,n
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BAMEYAHUE 2.1. I3 acumnrorundeckoii dpopmysier (2.1) BUIHO, 9TO BHIGpAHHAS HOPMU-
poeka cobcreerHbIX (yHKIWM U, obecnednBaer WX OTPaHUYEHHOCTH B coBOKymHOCTH. O60-
3HAYTUM

M = sup{|Uy(z)| : = € [0,7],n € N} < oo, (2.7)

[Iycts py = o(%) npu A — +oo. Cumraem, uro 3uadenus: Gynknun h(N\) € R s

MIPOW3BOJIBHOTO HEOTpHUIATEHHOr0 A. O603HATMM Yepes ¢y MPOU3BOIbHYI0 (DYHKIMIO U3 MIapa
V), [0, 7] pagamyca py B mpocTpancTBe dbyHKINMIT OMpaHTYEHHON BapUAIIT, HCUE3aO0NIX B HYyJIe,

T. €.
- VA
Vol <pr, pa= 0<1 )\) A — 00, qx(0) =0. (2.8)

Jl1s mpou3BOIBHOTO HOTeHImaNa, gy € V), [0, 7] mpu X — +00 Hyam pemtenns 3agadn Komm

Y+ (A—q(z)y =0, (2.9)
y(0,A) =1, 9'(0,\) =h(N), '
WM, TIPY JOTIOJHUTETHHOM yeoBun h(\) # 0
- VA
Vil <o pa = o(1 A) A= 50, 3(0) = 0, A() £0, (2.10)

s3amaan Komm

{y” + ()‘ - QA(x))y =0, (211)
y(ov )‘) =0, y/(ov )‘) = h()‘)a

MOTATAI0IMNX B 0Tpe30K [0, 77|, MpoHyMepyeMm CJIeAYIONIM 06pa3oM:
O<$07A<.%'17,\ < ... <$n(>\)’>\ < (.%',17)\ <0, Tp(A\)+1,A >7T).

(Baecy w1 ) < 0, Tp(\)41,0 > 7T 0003HATAIOT HyTH KaKOTO-THOO TPOJOKEHUS DeTTeHIsT
sagaan Komm (2.9) wim (2.11) npu coxpaneHWn OrpaHWYEHHOCTH BapUAIMM MOTEHINATA ()
sre [0, 7]). B [26, 34] onncano MHOXKecTBO HenpepbiBHBIX Ha orpeske [0, 7] dyukunit f, gomyc-
KAIOIX PABHOMEPHY0 BHYTpu uHTepBana (0,7) ANIpOKCHMAINIO 3HAYEHUSIMU OMEPATOPOB
crepytomero Buga. OnpegenuM onepaTop, NOCTPOEHHBIH 110 perternsm 3ajaqau Komm (2.9)
uan (2.11), cTaBsmuit B COOTBETCTBUE KaKI0H KOHEUHO3HAYHON Ha MHOXKeCTBe {Xj, A}ng,nzl
HENPEPBIBHYIO (DYHKIUIO 110 TPABUILY

n ) n

=> T F@en) = ska(@) f(zen). (2.12)

T .T,'—.T,'
=y (T A k) o

OueBnro, uTo 3Hauenne oreparopa (2.12) warepmomupyer dbyskmuio f B y3max {Tyx}i_o-
O6o3uatmm Cy[0, 7] = {f : f € C[0, 7], f(0) = f(m) = 0}. [Ipn npubanrKeHnn ¢ TOMOIIEIO
onieparopos (1.1) dbyukuumit f € C[0,7] \ Cy[0, 7] B6aM3M KoHIOB orTpe3ka [0, 7] BO3HMKaeT
apyerne ['n66ca (cMm., mampumep, [21, Teopema 2|, [34]). Bamernm, uro sTa mpodiema perraercs
¢ momMorpio 0606mmennst orneparopa (2.12), npemioxennoro B [26, dopmyna (1.9)], [34], Bua

T(fa) =Y = o - IO - o} + HR2T0 o)

oy xk,\ x—xk,\

rae y(x, \) — pemenne 3agaun Komm (2.9) nnn (2.11) u 2,y — Hy/JIu 5TOr0 perieHns.
B cienytomeit ieMMe BbIJIe/ISI€TCS TIaBHAST 9aCTh [TOIPEITHOCTH allliPOKCHMalny yHKIni
f € Cp[0, 7] ¢ momompio omeparopos Buma (2.12).
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JIlemma 2.2 |26, npemmoxenne 9|, [34|. ITycrs y(x,\) — pemenne 3amaun Komm (2.9)
mn (2.11), u npeanonoxkum, aro B cay4dae 3agaun Komm (2.9) Bomonnsrores ycaosust (2.8),
a B ciaydae 3agaun Komm (2.11) — ycmoBus (2.10). Ecan f € Cy[0, 7], To paBHOMEpHO Ha
[0, 7] cpaBesmBo coorHONIEHNE

n—1
lim (f($) —S\(f.2) - 2 Y (flarpin) - f(%,x))Sk,/\(ﬂf)) = 0. (2.13)

A—00 2
k=0

Jasee, Ham moTpeOYIOTCS CAEAYIONINE YTBEPK TCHUS .

Jlemma 2.3. Ilycts U,, — cobcTBeHHAsT (DYHKIIHS, COOTBETCTBYIOINAsT COOCTBEHHOMY 3Ha-
9eHHIO A, peryasproii 3agaun IIItypva — JInysums (1.2). Torga cymecrsyer koncranta C1,

3aBHCSINAsT TOJBKO OT ¢, h, H, Takas, aro mis Bcex x € [0, 7] mw Bcex n = 1,2,3,... cnpaBes-
JINBO HEPABEHCTBO
Un ()
Bh(x)| = o < Ch. 2.14
{ k,n( ){ U;l(ka)(x _ mk,n) = ( )
< Ecmm s kakux ;mbo 1 < k < nnn € N okakercs £ = Tyg, TO {lfﬁ(m){ = 1.

PaccmoTpum Teneps ciydait & # T . llycrs cnavana 0 < |z — 2| < n~1, z € [0,7]. Toraa
o dopmyse Teittopa ¢ ocrarounbiv wieHoMm B ¢opme Jlarpamka 3 (2.3) u (2.4) cremyer
HEPaBEHCTBO

omn?) 1

")~ <
n+O0mYHn 11

Urlz(xk,n)(x - xk,n) + U{m/(gk,n)(x - xk,n)2/2

L (@) <
‘ k,n(x)| UA(.’Ika)(.TJ - xk,n)

1

Juist HeKoTopoit kKoHcranTel (1, BBIOOP KOTOPOIl 3aBHCHT TOJILKO OT HapaMeTPOB 3a/iadu
HIrypma — Jluysuans g, h u H. OcTazock paccMOTPeTh Caydail |z — T | > n~t, x €0, n].
B cuny acmvnrornaeckux dopmyn (2.1) u (2.4) cymecrsyer koucranta Ch o, /ISt KOTOPOit
CIIPaBEJJINBO HEPABEHCTBO

cosnx + @ sinnx + O(n~2)
n+0(n1)

Un(z)
Uq’z(xk,n)

I35 (2)] < n

n < 0172.

[omoxus C; = max(Cq,1,C12), ydeauMcs B CIpaBeyIMBOCTH JIeMMBI 2.3. >

Jlemma 2.4. CymecrBytor koucranta Cy u HOMEp ng € N, He 3aBucsique oT GyHKIAN
feC0,nm,0<a<b<mul<e<(b—a)/2rakne, 4o It IPOH3BOJBHBIX T € [a+¢€,b— €]
"N > ng COPaABEIJTHBO HEPABEHCTBO

1 s ™
5 @) — faa) @) < Cw (£ D) m I (219)
ke[l,nfl}\[kl,kg}
< Beegem obozHauenme
wk,n = f(karl,n) - f(xk,n)a 1< k <n— 1; n € N. (216)

Yuaursisas, uro f € C[0,7] n (2.5), ybeaumesi, uro cymecrByer koncranta Cg rakasi, 9TO
CrIpaBeINBa OICHKa,

™

]wkm]gng(f,E), 1<k<n—-1; neN, (2.17)
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Bosbmem npousBosibhoe = € [a+¢€,b—¢]. Cymmy B (2.15) npescraBuM B BUJE JIBYX CJIAra€MbIX,
KasKJI0€ M3 KOTOPBIX OIEHUM CJIEAYIONMM 06pa3oM:

ki1—1 n—1

> [ealih@)] < Cow(£.5) [ Y BE@I+ Y k@)
k=1

kE[l,n—l}\[k‘l,k‘Q} k=ko+1

Bocnonbzosasmmcs (2.2), (2.4) u dopmynoit kKoneanbix npupammennii Jlarpanzxka, mpoosmKumM
OIeHKY CyMMBI B (2.15) coemyrornmum obpasom:

ki1—1 n

1 1
>ty
k=1 bl ka1 kin
Un(@) Un(a)

> [ealfh@)] < Ca(£.7) ’Un7§$>! (

ke[1l,n—1]\[k1,k2]

() ¥

ke[lvn_l}\[klvkﬂ

—C ™\ Un@)] ("= 1 - 1 ™\Oo(n!
N 3W(f,5) n Z|x—xk,n|+ Z |z — xp 5 +w<f’5) (n™).

k=1 k=ko+1

U (@en)llz = 2enl 0l — 2kl

13 acuvmnrormueckoit dopmynbr (2.5) mns myneit cobersenubix dynknuit U, HaXOIuM HO-
Mep mg, BEIOOp KOTOPOTO 3aBHCHT TOJLKO OT mapamerpoB 3amadu Ilrypma — JInysBuiis,
HA4WHAsT C KOTOPOTO OYIeT BBIMOJIHATHCI HEPABEHCTBO

min - |@py1n — Thpl = (2.18)

1<k<n—1 on’

B cumy Toro, 9o max,e(o,x) {In|z(r —2)]} =2In%, inflnZ > In2, (2.7) u (2.18) cymmy

B (2.15) paBHOMEpPHO Ha BCeM OTpe3Ke [a + €,b — €] MOXKHO OIEHUTH TAKHM 00PA3OM:

> kel < O, 7)1

n
kE[l,nfl]\[k‘Lk‘g]

_ Thtl,n - T
ki—1 1 dt — 1 dt
X Z—_ —t+ Z - t—
p LTk+1,n Tk n o T k=ko+1 T xk_l’nmk_Ln !
T 4CsM 1 T T
o) < O m ™ (_) 2.19
vl Don < (1% g0l iZo(r.2). @19

Orkya caemyer cynecTBoBanne KOHCTAHTBI Cy, BBIGOD KOTOPOIt 3aBUCUT TOJBKO OT MAPAMeT-
pos 3ajaun [MIrypma — Jlnysuws (1.2). >

st mobeix 0 <a<b< 7, 0<e<(b—a)/2 oboznaunm

e / f($2m+1 n) - f(me n)
*(f,la,b],e) = : — 1. 2.20
Qn(f [CL ] 5) plrggé{pg mzrru p— 2m ( )
Jlemma 2.5. Ecan pyukmus f € C[0, 7], To u3 coorHoIenus
lim Q5 (f, [a,b],¢) = 0 (2.21)
A—00

caepyer yreepxkaenne (1.5).
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< Bamernm, uro u3 (2.16), (2.2) n (2.4) BeITeKaeT paBHOMepHas Ha BceM orpeske [0, 7]
OIIEHKA

k2 kQ - k x
S (frrin) = Flana) 5 @) - S wk%
k=k1 k=k1 ME = Thn
k2 z —1)fen - U’ (z T
P <xU_"Ec,3n> '( 1)nU’(xZnn() = =w(fp )0 (222)

k=k1

[Monoxkus B cayuae 3amaqun Komm (2.9) h(A) = h, A = \,, t1e A\, — cobCTBEHHOE 3HAYEHIE
samaun rypma — Jlnysumna (1.2), moxyunm Toxkaectso Up(z) = y(x, Ay). CremxoBarens-
HO, 3HaveHust oneparopos (1.1) u (2.12) npu A\ = A\, Toxgecrsenno cosnajaior. U3 (2.15),
aemumbl 2.2 B caydae 3agadn Komm (2.9) A = A, u (2.22) mosydaem COOTHOIIEHHMEe

n—1
lim (f(x) L5 ) — 5 (Pl - f<xk,n>>l,§,ﬁ<x>>

n—oo o
N (2.23)
=t (f(@) - M)~ 5 3 et )

(=1)*Un()
n—00 = n(x — «Tk,n)
Bribepem u zadukcupyem Hekoropoe x € [a + £,b — £]. Haiinem unnexc p = p(z, \), mia
KOTOPOTO BBITOJIHSIETCS] COOTHOIIEHNE & € [Tp pn, Tpilpn). TOTHA & = Tpry + U Tprin — Tpn)s
e a = a(z,A) €[0,1), u

b= k+a+ ﬁk,n
T — Tkn = .
n
13 (2.17) u (2.5) ogHOBpeMeHHO ist BCeX T € [a + &,b — €] u HACTOIBKO GOJBIINX N, ITO

muist Beex 1 < k < n — 1 mveer mMecTo HepaBeHCTBO |fk | < 1, cripaBenBa OeHKa

(_1)k¢k,n . (_1)k¢k,n
2 p—k+a+ by 2 p—Fk

kiky <k<ko; kiky <k<ks;

|[p—k|>3 [p—k[>3
™ « s
< Caw (f, —) <303w(f,—). 2.24
)2 T Hl WD) ) B2
|[p—k|>3

Yunreisag oboznadenune (2.16) pazobnem cymmy B (2.23) Ha gBa craraeMmbix

ko
1 1 1
3 Z (f @rs1n) = [ (@hn)) (@) = 3 Z Urenlipn () + 2 Z Yrnlipn(x). (2.25)
k=k1 kiky <k<ko; kikq <k<ko;

[p—Fk[>3 lp—k|<3

CrenoBarebHO, W3 HEpaBEHCTBA TpeyroibHuKa, (2.14), (2.16), (2.17), (2.23) u (2.24) nmeem
paBHOMEPHYIO 110 = € [a + &,b — £] oneHky

ko

T (=)
S (Flansnn) — Flaown) k@) — 220 5 k| _ g (2.26)

k=k1 k=k1
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3 (2.26) u (2.23) Takke paBHOMEDHO IO * € [a + €,b — €] BBITEKAET COOTHOIIEHNE

2) o2 (=1)k
lim | f(z) — L3L(f, 2) — Un( )Z (=1)",n

n—oo 27

=0. (2.27)

Ouennm nocienee ciaaraemoe B coorrorrennn (2.27), ncnonbsys (2.1), (2.7), (2.17) u mepa-
BEHCTBO TPEYTOJILHUKA,

k
Un(x) 2 /(_1)kwk,n < QM §m2: / ¢2m,n
27 Z p—k S Tor p—2m
m=m1

k=k1

M k2/ wk,n 7T
+%k2;1 —" +O<w(f,g)>- (2.28)

Mo HO 10106paTh MOCIe0BATEIBHOCT HATYPAIbHBIX Yncest {1, }5°

=1 YZOBJIETBOPSIOILY IO
CBOICTBaM:

l, =o0(n), lim [, = oo, hm w( ) Z ;=0 (2.29)

n—oo

Omuerum BTOPYIO cymmy B (2.28) creayomum 06pasoM:

1
— —— — —. 2.30
27T D — k: Z p—k * 27 Z p—k ( )
ktlp—kKln k:|p—k|>ln
13 nepasencrra (2.17) ays m0ocTaTO9HO GOIBIIUX 7 CIELYET OIEHKA
In
1 /| Y " Yrn C3 ( ) 1

— — <= —. 2.31
el DR e PO el % (231)

k:lp—k|<ln k; lp—k|<ln k=1

Bropas cymma B (2.30) mocste mpeobpazosanust Abens B ciayaae k € [ki, ko] : |p — k| > 1, mo-
JKeT OBITH OIEHEHA CJIEAYIOIIUM 00pa30M

1 " Yrm HfHCab] 1
o 2 ‘p k Iy +1 +4”f”0[“bzkk+)

T
k:|p—k|>ln k=ln

Orcioma, m3 (2.29), (2.30) u (2.31) paBHOMEpHO TI0 € [a + €,b — €] mOIyIaeM aCHMITOTHIE-
ckyto hopmyiTy

M
2m

=o(1). (2.32)

Teneps u3 (2.27), (2.28), (2.32) u HepaBeHCTBa TPEYTOJIBHUKA TOIYIaeM OIEHKY

7)) < 2 Qi a8, 6) + (1)

CrenoBaresbHO, U3 BbINOIHEeHNs ycioBust (2.21) cienyer paBHOMepHast cxoaumocTtsb (1.5). >



Cxomaumocts nporeccos Jlarpamxka — Illtypma — JIuyBuiis 85

3. PaBHOMepHAasi CXOOUMOCTh MHTEPIIOISINOHHBIX IIPOIECCOB
Jlarpam>ka — IlItypma — JluyBusias BHyTpu unTepBasia (a,b)

Vbemumcst B CripaBeIMBOCTH yTBEPKIeHUsT CHOPMYINPOBAHHO panee Teopembr 1.1.

< JIOKA3BATEJLCTBO TEOPEMBEI 1.1. B cuny mempepbiBHOCTH (DyHKIUN f Ha OTPE3Ke
[0, 7], auist J15060r0 MOJIOKUTEJILHOTO € CYNIeCTBYIOT HATYPAIbHbIE YUCJIA UV U N TAKHUe, 9TO
st Beex n > ny (n € N) 07JHOBpEMEHHO CITpaBeJTUBBI JIBa COOTHOIIEHNUS

T\ e—1 ¢

24| fllctay < év. (3.2)

IMycrs n > ny. Haitmem ungekc pg, 3aBucdmmii ot n, a, b, € u f Ha KOTOPOM JOCTUTAETCS
MakcuMyM B ompesenernn (2.20), T. e

Q:(f,la,b),e) = Z ! f(x2m+;£)n)__2,r{b(x2m,n) '

O603HaUNM

/ f(karl,n) - f(xk,n)
po—k '

ko
Q:‘l*(f’ [CL, b],e) = Z

k=k1

Tak kak Q1 (f,[a,b], ) nomyuaaerca u3 Q; (f,[a,b],c) mobaBreHneM HEOTPHUITATETBHBIX CIara-
eMBIX, TO JJIst JIF0DOT0 HATYPAIBHOIO 7 CHPABEJINBO HEPABEHCTBO

Qn(f,la,b],e) < Q' (f [a,b],€). (3-3)

Pazobrem Q*(f, [a,b], &) Ha apa ciaraemMbix

ko (o _ .
Q(flab)e) = Y f@ri10) = f(kn)

sl [po — K|

—9 Z g xHIlpz __kj|t(%n) = S1(po) + S2(po),  (3.4)

rae ABa MTPHUXa 03HAYal0T, 9TO B CyMMe HEOTPHUIATEJIbHBIX CJAalra€MbIX W C/Ial'a€MOTO C WH-
JIEKCOM k = pg HET.
Crauajia 3aiiMeMcst OIEHKO TepBoit cyMMBbI. [[JIsT 9ero nmpeacTaBuM ee B BHUJE

S = Y f(xk—’—’l]’;;)—_kf(xk’n)

k:kelkq, ko],
0<|pg—k|<v

T n) — J Zkn
n Z f(@r410) kf( kn) = S1,1(po) + S1,2(po)- (3.5)
k:k€lky,ka], |p0 - |

lpo—k|>v

B cayuae {k: k € [k1,ks2], 0 < |pp — k| > v} = @ cunraem BrOopoe ciaaraeMoe paBHBIM HYJIIO.



86 Tpoeraua A. FO.

13 mepasencrsa (3.1) 11st Bcex n > nj MMeeM COOTHOIIEHNE

151,1(Po)| < 2w<f, %) kz_:l% < g (3.6)

Temneps orernm S12(po). Eciam mst pg mmetor mecro nepasenctsa pg — k1 > v u ky —po > v
TO ucnob3yeM (3.2) u ¢ moMoIbio mpeobpazoBansa Abesis MOy IuM OIEHKY

po—v
Z f xk+1n - xkn Z f karln _f(xk,n)

- k —
Do k=po+v Po (3.7)

1 UNfllewy _ 8lflciy €
<l ey > — 4 ¢ ot
I £llcla) 2 ) +— <y

Touno Takxke qoKazbiBaercs (3.7) B CUTyaruu, KOrJa WHIEKC P YAOBIETBOPSIET OJHOMY U3 CO-
orHoteHut pg — vV < k1 < po < po+v < kowm k) < pg—v < p1 < ko < pg+v. U3
BOBMOXKHBIX BAPUAHTOB OCTAJICA Caydait, Korma pg — ¥ < k1 < p1 < ky < pg + v. B sroit
curyarun |S12(po)| = 0.

Takum obpasom, u3 (3.5), (3.6) u (3.7) 11 Bcex n > nj UMeeM OIEHKY

2€
S1(p0)] < 5

[lepeiigeM K u3y4eHmio CBOUCTB cyMMbI So(pg). Bo3bMeM Mpou3BoIbHOE HATYPATBLHOE 1M
1 <m < ko — k1 — 2w npeacrasum Sa(pg) B Buje IBYX CJaraeMbix

|S1,2(po)|

(3.8)

" f(Trt1,n) — flap,
52(p0) - _9 Z ( + n)_ ( n)
lpo — K|
k:k€[ky, ko],
[po—kl<m

—9 Z "f(xk+|1];’;)__k¢f($k,n) = 52,1(po) + S2,2(po). (3.9)

kih€ [k ko,
[pg—k|>m

Bribepem moctaTodro OOJIBITON HOMED Mg = N, 3ABUCAIIAI TOJBKO OT TTAPAMETPOB 3aJatn
Mrypma — JInyBuiis, HaduHAST ¢ KOTOPOTO, B cuiay (2.5), 6y/IyT BBIMOJIHITHCS HEPABEHCTBA
MaXi<k<n | Tht1,n—Lhn| < 3 . ®yukys f € C[0, 7], Haunnast ¢ ny Oy1eM ¥MeTh COOTHOIIEHNEe

F@ratn) = Fapn)] < 10K o (f, g) (3.10)

ITosTomy,

m|f(x n) = f(@pn 1
Saalp) =2 Y. L/ "“+|1’ )_ k|( kn)l 10wa< )ZE (3.11)
k:kelky,kal, Po k=1
|po—kl<m

Hanee onennm cymmy So2(po):

po—m—1

0< 5272(])0) <2 kzkl _(f(xk-i-ll;z)__kf(fﬂk’n))
ko
+2 Z _(f(xk+ll;:n)_;0f(.%'k7n))_ ’ (312)

k=po+m-+1
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e z_ = Z;|Z|. Ecm pg — m < ky wimi pg +m > kg, 1o B (3.12) ncuesaer cooTBeTCTBEHHO

IepBoe WM BTOpOe ciaraeMoe. B ciywae pg —m < ky < ko < pg +m cymma Sz 2(po) B (3.9)
BoOGIme orcyrcrByer. YuurbiBas 10, uro f € Va,b], ¢ nomompio npeobpaszosanusi Abesist
u (3.10) omennwm (3.12)

P ok ) m
0< Soa(po) <4My D =5 +10Kw( f,— ).
k=m+1

Orciona (3.9), (3.11) u (3.12) nmeem

7\ = 1 e ! v(k, f) T
0 < Sa(po) < 10wa(f, E) > o AM; > —z -t 10wa(f, E)‘
k=1 k=m+1
[Monoxkue mpu KaxKgaOM 1 > Ng M := l,, BeIOpanHoe Kak B (2.29), mosyunum, 9TOo B CHIY

orpanndennoctu nocieosarenbaoct {v(k, f)}%S, u cxomumoctn pana Y peq v(k, f)/k? cy-
mectByer HOMED N3 € N, nmg > no, Takoif, 94TO JjIsi MPOU3BOJBLHOTO 1 > N3 CIIPABEIINBO

HepaBeHCTBO
€
0 < Sa(po) < 3

Orcioma u u3 (3.3), (3.4), (3.5), (3.8) mosydaem, 9TO I TPOM3BOIBLHOTO € > () MOXKHO HANTH
Homep ng € N rakoit, uro st Becex n > ng OyayT cnpaBeynesl HepaBeHcTBa Q7 (f, [a, b],€) <
*(f,la,b],e) < € Teopema 1.1 noxkazama. >
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CONVERGENCE OF THE LAGRANGE-STURM-LIOUVILLE PROCESSES
FOR CONTINUOUS FUNCTIONS OF BOUNDED VARIATION
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Abstract. The uniform convergence within an interval (a,b) C [0, 7] of Lagrange processes in eigen-
functions LYY (f,2) = Sop_, ﬂxk”#&m of the Sturm-Liouville problem is established. (Here
0 < 10 < T2;n < o+ < Tpyn < 7 denote the zeros of the eigenfunction U, of the Sturm-Liouville
problem. A continuous functions f on [0, 7] which is of bounded variation on (a,b) C [0, 7] can be uniformly
approximated within the interval (a,b) C [0,7]. A criterion of uniform convergence within an interval (a,b)
of the constructed interpolation processes is obtained in terms of the maximum of the sum of the moduli of the
divided differences of the function f. Outside the interval (a, b), the Lagrange interpolation process may diverge.
The boundedness in the totality of the Lagrange fundamental functions constructed from eigenfunctions of the
Sturm-Liouville problem is established. The case of the regular Sturm-Liouville problem with a continuous
potential of bounded variation is also considered. The boundary conditions of the third kind Sturm-Liouville
problem without Dirichlet conditions are studied. In the presence of service functions for calculating the
eigenfunctions of the regular Sturm-Liouville problem, the Lagrange-Sturm-Liouville operator under study
is easily implemented by computer technology.

Key words: uniform convergence, sinc approximations, bounded variation, Lagrange-Sturm-Liouville
processes.
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