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Àííîòàöèÿ. Óñòàíîâëåíà ðàâíîìåðíàÿ ñõîäèìîñòü âíóòðè èíòåðâàëà (a, b) ⊂ [0, π] ïðîöåññîâ

Ëàãðàíæà, ïîñòðîåííûõ ïî ñîáñòâåííûì �óíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ LSL
n (f, x) =

∑n

k=1 f(xk,n)
Un(x)

U′

n(xk,n)(x−xk,n)
. (Çäåñü ÷åðåç 0 < x1,n < x2,n < · · · < xn,n < π îáîçíà÷åíû íóëè ñîá-

ñòâåííîé �óíêöèè Un çàäà÷è Øòóðìà � Ëèóâèëëÿ.) Íåïðåðûâíûå íà [0, π] �óíêöèè f îãðàíè÷åí-

íîé âàðèàöèè íà (a, b) ⊂ [0, π] ìîãóò áûòü ðàâíîìåðíî ïðèáëèæåíû âíóòðè èíòåðâàëà (a, b) ⊂ [0, π].
Ïîëó÷åí ïðèçíàê ðàâíîìåðíîé ñõîäèìîñòè âíóòðè èíòåðâàëà (a, b) èíòåðïîëÿöèîííûõ ïðîöåññîâ,

ïîñòðîåííûõ ïî ñîáñòâåííûì �óíêöèÿì ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ. Óñëîâèå ïðè-

çíàêà ñ�îðìóëèðîâàíî â òåðìèíàõ ìàêñèìóìà ñóììû ìîäóëåé ðàçäåëåííûõ ðàçíîñòåé �óíêöèè f .

Âíå èíòåðâàëà (a, b) ïîñòðîåííûé èíòåðïîëÿöèîííûé ïðîöåññ ìîæåò ðàñõîäèòüñÿ. Óñòàíîâëåíà îãðà-
íè÷åííîñòü â ñîâîêóïíîñòè �óíäàìåíòàëüíûõ �óíêöèé Ëàãðàíæà, ïîñòðîåííûõ ïî ñîáñòâåííûì

�óíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ. �àññìîòðåí ñëó÷àé ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèë-

ëÿ ñ íåïðåðûâíûì ïîòåíöèàëîì îãðàíè÷åííîé âàðèàöèè. Èçó÷åíû êðàåâûå óñëîâèÿ çàäà÷è Øòóð-

ìà � Ëèóâèëëÿ òðåòüåãî ðîäà áåç óñëîâèé Äèðèõëå. Ïðè íàëè÷èè ñåðâèñíûõ �óíêöèé âû÷èñëåíèÿ

ñîáñòâåííûõ �óíêöèé ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ èçó÷àåìûé îïåðàòîð Ëàãðàíæà �

Øòóðìà � Ëèóâèëëÿ ëåãêî ðåàëèçóåòñÿ íà âû÷èñëèòåëüíîé òåõíèêå.

Êëþ÷åâûå ñëîâà: ðàâíîìåðíàÿ ñõîäèìîñòü, ñèíê ïðèáëèæåíèÿ, îãðàíè÷åííàÿ âàðèàöèÿ, ïðîöåññû

Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ.
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1. Ââåäåíèå

Â îòëè÷èå îò ïîäõîäà Êðàìåðà [1℄, ïîëîæèâøåãî íà÷àëî èçó÷åíèþ àïïðîêñèìàòèâíûõ

ñâîéñòâ ëàãðàíæåâûõ îïåðàòîðîâ ñ óçëàìè èíòåðïîëèðîâàíèÿ â ñîáñòâåííûõ çíà÷åíèÿõ

çàäà÷è Øòóðìà � Ëèóâèëëÿ, �. È. Íàòàíñîí â [2℄ ïîëó÷èë ïðèçíàê Äèíè � Ëèïøèöà

ðàâíîìåðíîé ñõîäèìîñòè âíóòðè èíòåðâàëà (0, π), ò. å. ðàâíîìåðíîé íà ëþáîì êîìïàêòå,

ñîäåðæàùåìñÿ â (0, π), ïðîöåññîâ Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ âèäà

LSL
n (f, x) =

n
∑

k=1

f(xk,n)
Un(x)

U ′
n(xk,n)(x− xk,n)

=
n
∑

k=1

f(xk,n)l
SL
k,n(x). (1.1)
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�äå Un åñòü n-àÿ ñîáñòâåííàÿ �óíêöèÿ ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ











U ′′ + [λ− q]U = 0,

U ′(0) − hU(0) = 0,

U ′(π) +HU(π) = 0

(1.2)

ñ íåïðåðûâíûì ïîòåíöèàëîì q îãðàíè÷åííîé âàðèàöèè íà [0, π] è ãðàíè÷íûìè óñëîâèÿìè,
ãàðàíòèðóþùèìè, ÷òî ãëàâíûé ÷ëåí â àñèìïòîòè÷åñêèõ �îðìóëàõ äëÿ Un áóäåò êîñèíó-

ñîì, ò. å. h 6= ±∞, H 6= ±∞. Çäåñü ÷åðåç 0 < x1,n < x2,n < · · · < xn,n < π îáîçíà÷åíû

íóëè �óíêöèè Un.
Ñâîéñòâà îïåðàòîðîâ èíòåðïîëèðîâàíèÿ �óíêöèé âèäà (1.1) òåñíî ïåðåïëåòàþòñÿ

ñ ïîâåäåíèåì òàê íàçûâàåìûõ ñèíê-ïðèáëèæåíèé

Ln(f, x) =

n
∑

k=0

sin (nx− kπ)

nx− kπ
f

(

kπ

n

)

=

n
∑

k=0

(−1)k sinnx

nx− kπ
f

(

kπ

n

)

, (1.3)

èñïîëüçóåìûõ â òåîðåìå îòñ÷åòîâ Óèòòåêåðà � Êîòåëüíèêîâà � Øåííîíà (ñì. [3�6℄).

Îïåðàòîð (1.3) ïðåäñòàâëÿåò ñîáîé îïåðàòîð (1.1), ïîñòðîåííûé ïî ñîáñòâåííûì �óíê-

öèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.3), â ñëó÷àå íóëåâîãî ïîòåíöèàëà è êðàåâûõ óñëîâèé

ïåðâîãî ðîäà. Äîñòàòî÷íî ïîäðîáíûé îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ â îáëàñòè èññëåäî-

âàíèÿ ñâîéñòâ ñèíê-àïïðîêñèìàöèé (1.3) àíàëèòè÷åñêèõ íà äåéñòâèòåëüíîé îñè �óíêöèè,

ýêñïîíåíöèàëüíî óáûâàþùèõ íà áåñêîíå÷íîñòè, à òàêæå íàèáîëåå âàæíûå ïðèëîæåíèÿ

ñèíê-àïïðîêñèìàöèé ìîæíî íàéòè, íàïðèìåð, â [5℄.

Ñèíê-ïðèáëèæåíèÿ àêòèâíî èñïîëüçóþòñÿ ïðè ïîñòðîåíèè ðàçëè÷íûõ ÷èñëåííûõ ìå-

òîäîâ ìàòåìàòè÷åñêîé �èçèêè è ïðèáëèæåíèÿ �óíêöèé êàê îäíîé òàê è íåñêîëüêèõ ïå-

ðåìåííûõ [6�25℄ â òåîðèè êâàäðàòóðíûõ è êóáàòóðíûõ �îðìóë [5℄ è âñïëåñêîâ èëè òåîðèè

âåéâëåò-ïðåîáðàçîâàíèé [3, 4, 6℄.

Äî ïîÿâëåíèÿ ðàáîò [11, 12, 14, 16�19, 22℄ ïðèáëèæåíèå òàêèìè îïåðàòîðàìè íà îòðåç-

êå èëè îãðàíè÷åííîì èíòåðâàëå îñóùåñòâëÿëîñü òîëüêî äëÿ íåêîòîðûõ êëàññîâ àíàëè-

òè÷åñêèõ �óíêöèé (ñì., íàïðèìåð, [5℄) ñâåäåíèåì ê ñëó÷àþ îñè ñ ïîìîùüþ êîí�îðìíîãî

îòîáðàæåíèÿ. Â [19℄ ïîëó÷åíà îöåíêà ñâåðõó íàèëó÷øåãî ïðèáëèæåíèÿ íåïðåðûâíûõ

�óíêöèé êîìáèíàöèÿìè ñèíêîâ.

Â [20℄ óñòàíîâëåíî, ÷òî ïðè ïîïûòêå ïðèáëèæåíèÿ íåãëàäêèõ íåïðåðûâíûõ �óíêöèé

çíà÷åíèÿìè îïåðàòîðîâ (1.3) âîçìîæíî ïîÿâëåíèå ðåçîíàíñà, ïðèâîäÿùåãî ê íåîãðàíè-

÷åííîìó ðîñòó ïîãðåøíîñòè àïïðîêñèìàöèè íà âñåì èíòåðâàëå (0, π). Â [21�25℄ ïðåäëîæå-

íû ðàçëè÷íûå ìîäè�èêàöèè ñèíê-ïðèáëèæåíèé (1.3), ïîçâîëÿþùèå àïïðîêñèìèðîâàòü

íåïðåðûâíûå �óíêöèè íà îòðåçêå [0, π]. Èññëåäîâàíèå ïîëíîòû ñèñòåìû ñèíêîâ (1.3)

â [24℄ â ïðîñòðàíñòâàõ C[0, π] è C0[0, π] = {f : f ∈ C[0, π], f(0) = f(π) = 0} ïîçâîëÿåò
ñäåëàòü âûâîä î áåñïîëåçíîñòè ïîïûòîê ïîñòðîèòü ñóììàòîðíûé îïåðàòîð èç ñèíêîâ, äî-

ïóñêàþùèé âîçìîæíîñòü ðàâíîìåðíîé àïïðîêñèìàöèè ïðîèçâîëüíîé íåïðåðûâíîé �óíê-

öèè íà îòðåçêå.

Èçó÷åíèå îïåðàòîðîâ Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ (1.1) òàêæå òåñíî ñâÿçàíî

ñ èññëåäîâàíèåì àïïðîêñèìàòèâíûõ ñâîéñòâ îïåðàòîðîâ èíòåðïîëèðîâàíèÿ, ïîñòðîåííûõ

ïî ðåøåíèÿì çàäà÷ Êîøè ñ ëèíåéíûìè äè��åðåíöèàëüíûìè âûðàæåíèÿìè âòîðîãî ïî-

ðÿäêà [26℄. Îïåðàòîðû, ïðåäëîæåííûå â [26℄, ÿâëÿþòñÿ îáîáùåíèåì îïåðàòîðîâ Ëàãðàí-

æà � Øòóðìà � Ëèóâèëëÿ (1.1) è êëàññè÷åñêèõ ñèíê-ïðèáëèæåíèé (1.3) îäíîâðåìåííî.

Â [27℄ ïðèâîäÿòñÿ íåêîòîðûå ïðèëîæåíèÿ ðåçóëüòàòîâ ðàáîòû [26℄ ê èññëåäîâàíèþ àï-

ïðîêñèìàòèâíûõ ñâîéñòâ êëàññè÷åñêèõ àëãåáðàè÷åñêèõ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ

Ëàãðàíæà ñ ìàòðèöåé óçëîâ èíòåðïîëèðîâàíèÿ, êàæäàÿ ñòðîêà êîòîðîé ñîñòîèò èç íóëåé

ìíîãî÷ëåíîâ ßêîáè Pαn,βn
n ñ ïàðàìåòðàìè, çàâèñÿùèìè îò n.
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Èçó÷åíèþ ðàçëè÷íûõ ñâîéñòâ îïåðàòîðîâ Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ (1.1)

ïîñâÿùåíû òàêæå ðàáîòû [28�34℄. Â ðàáîòå [31℄ óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå íåïðå-

ðûâíîé íà [0, π] �óíêöèè, èíòåðïîëÿöèîííûé ïðîöåññ Ëàãðàíæà � Øòóðìà � Ëèóâèë-

ëÿ (1.1) êîòîðîé íåîãðàíè÷åííî ðàñõîäèòñÿ ïî÷òè âñþäó íà [0, π]. Èññëåäîâàíèÿ, ïðî-
âåäåííûå â [28�30℄, ïîêàçûâàþò, ÷òî çàäà÷à ïðåäñòàâëåíèÿ íåïðåðûâíîé �óíêöèè êàê

ïðåäåëà çíà÷åíèé îïåðàòîðîâ (1.1) íåêîððåêòíà ïî Àäàìàðó.

Â ìîíîãðà�èè [34℄ ïðèâåäåíû áîëåå ïîäðîáíûå äîêàçàòåëüñòâà è èñïðàâëåíû îïå÷àò-

êè, îáíàðóæåííûå â íåêîòîðûõ �îðìóëàõ áîëåå ðàííèõ ïóáëèêàöèé.

Â íàñòîÿùåé ðàáîòå, èñïîëüçóÿ êîíöåïöèè èññëåäîâàíèé â [35�42℄, óñòàíîâëåíà ðàâ-

íîìåðíàÿ âíóòðè èíòåðâàëà (a, b) ñõîäèìîñòü èíòåðïîëÿöèîííûõ ïðîöåññîâ (1.1), ïîñòðî-
åííûõ ïî ðåøåíèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2) äëÿ íåïðåðûâíûõ íà [0, π] è èìå-
þùèõ îãðàíè÷åííîå èçìåíåíèå íà [a, b] �óíêöèé f .

Â ýòîé ðàáîòå áóäåì ñ÷èòàòü ïîòåíöèàë q çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2) íåïðåðûâ-

íîé �óíêöèåé ñ îãðàíè÷åííûì èçìåíåíèåì íà [0, π]. Ïóñòü òàêæå êàæäàÿ ñîáñòâåííàÿ

�óíêöèÿ áóäåò óäîâëåòâîðÿòü óñëîâèþ íîðìèðîâêè Un(0) = 1. �àññìàòðèâàåì êðàåâûå

óñëîâèÿ (1.2) òðåòüåãî ðîäà, èç êîòîðûõ èñêëþ÷åíû óñëîâèÿ ïåðâîãî ðîäà, ò. å. h 6= ±∞,

H 6= ±∞. Äëÿ ëþáûõ 0 6 a < b 6 π, 0 < ε < (b−a)/2 èíäåêñû p1, p2, m1 è m2 îïðåäåëèì

ñ ïîìîùüþ ñîîòíîøåíèé

xp1,n 6 a+ ε < xp1+1,n, xp2,n 6 b− ε < xp2+1,n,

xk1−1,n < a 6 xk1,n, xk2+1,n 6 b < xk2+2,n, (1.4)

m1 =

[

k1
2

]

+ 1, m2 =

[

k2
2

]

ïîñëå äîáàâëåíèÿ ê ìíîæåñòâó íóëåé x1,n < x2,n < · · · < xn,n n-îé ñîáñòâåííîé �óíê-

öèè Un òî÷åê x0,n = 0 è xn+1,n = π. Çäåñü [z] îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëà z. Åñëè
íå îãîâîðåíî èíîå, øòðèõ ó ñóììû â ýòîé ðàáîòå áóäåò îçíà÷àòü îòñóòñòâèå ñëàãàåìîãî

ñî çíàìåíàòåëåì, ðàâíûì íóëþ.

Ìîäóëü íåïðåðûâíîñòè �óíêöèè f ∈ C[0, π] îáîçíà÷èì, êàê îáû÷íî,

ω(f, δ) = sup
|h|<δ;

x,x+h∈[0,π]

|f(x+ h)− f(x)|.

Áóäåì íàçûâàòü ìîäóëåì èçìåíåíèÿ �óíêöèè f íà îòðåçêå [a, b] �óíêöèþ íàòóðàëüíîãî

àðãóìåíòà

v(n, f) = sup
Tn

n−1
∑

k=0

∣

∣f(tk+1)− f(tk)
∣

∣,

ãäå Tn = {a 6 t0 < t1 < t2 < · · · < tn−1 < tn 6 b}, n ∈ N. Çàìåòèì, ÷òî �óíêöèÿ f
ÿâëÿåòñÿ �óíêöèåé îãðàíè÷åííîé âàðèàöèè íà îòðåçêå [a, b], ò. å. f ∈ V [a, b], åñëè ñó-

ùåñòâóåò êîíñòàíòà Mf òàêàÿ, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî n ñïðàâåäëèâî íåðàâåíñòâî
v(n, f) 6Mf .

Òåîðåìà 1.1. Ïóñòü 0 6 a < b 6 π, 0 < ε < (b − a)/2. Äëÿ ëþáîé �óíêöèè

f ∈ C[0, π] ∩ V [a, b] âûïîëíÿåòñÿ ñîîòíîøåíèå

lim
n→∞

‖f − LSL
n (f, ·)‖C[a+ε,b−ε] = 0, (1.5)

ãäå îïåðàòîð Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ LSL
n (f, ·) îïðåäåëåí â (1.1).
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Çàìå÷àíèå 1.1. Ïðè ýòîì íà ìíîæåñòâå [0, π] \ [a, b] ñîîòíîøåíèå

lim
n→∞

|f(x)− LSL
n (f, x)| = 0

ìîæåò âîâñå íå âûïîëíÿòüñÿ (ñì., íàïðèìåð, [28, 31, 34℄).

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïðåæäå ÷åì äîêàçûâàòü ýòó òåîðåìó óáåäèìñÿ â ñïðàâåäëèâîñòè ðÿäà âñïîìîãàòåëü-

íûõ óòâåðæäåíèé.

Ëåììà 2.1. Ïóñòü Un � ñîáñòâåííàÿ �óíêöèÿ, ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà-

÷åíèþ λn, ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2). ×åðåç 0 < x1,n < x2,n < · · · <
xn,n < π îáîçíà÷èì íóëè �óíêöèè Un. Òîãäà èìåþò ìåñòî ñëåäóþùèå àñèìïòîòè÷åñêèå

�îðìóëû:

Un(x) = cosnx+
β(x)

n
sinnx+O(n−2), (2.1)

U ′
n(x) = −n sinnx+ β(x) cosnx+O(n−1), (2.2)

U ′′
n(x) = −n2 cosnx− nβ(x) sinnx+O(1), (2.3)

U ′
n(xk,n) = (−1)kn+O(n−1), (2.4)

xk,n =
2k − 1

2n
π + n−2β

(

2k − 1

2n
π

)

+O(n−3), (2.5)

√

λn = n+O(n−1), (2.6)

ãäå

β(x) = −cx+ h+
1

2

x
∫

0

q(τ) dτ,

c = 1
π

(

h + H + 1
2

∫ π

0 q(τ) dτ
)

, à îöåíêà îñòàòî÷íîãî ÷ëåíà âî âñåõ �îðìóëàõ (2.1)�(2.5)

ðàâíîìåðíà ïî x ∈ [0, π] èëè 1 6 k 6 n.

⊳ Ïî ïîâîäó äîêàçàòåëüñòâà (2.1), (2.2) è (2.6) ñìîòðèòå, íàïðèìåð, [44℄. Óáåäèìñÿ

â ñïðàâåäëèâîñòè (2.5). Ïóñòü xk,n � k-ûé íóëü ñîáñòâåííîé �óíêöèè Un. Èç àñèìïòîòè-

÷åñêîé �îðìóëû (2.1) ïîëó÷àåì ñîîòíîøåíèå

∣

∣

∣

∣

cosnxk,n +
β(xk,n)

n
sinnxk,n

∣

∣

∣

∣

= O(n−2).

Ïîëîæèâ cosαk,n := n√
n2+β2(xk,n)

, ïîëó÷èì àñèìïòîòè÷åñêóþ �îðìóëó

∣

∣

∣

∣

sin

(

π

2
+ nxk,n − αk,n

)∣

∣

∣

∣

= O(n−2).

Ñëåäîâàòåëüíî, èìååì ñîîòíîøåíèå

∣

∣

π
2 + nxk,n − αk,n − πk

∣

∣ = O(n−2). Íî �óíêöèÿ β, ïî
êðàéíåé ìåðå, îäèí ðàç íåïðåðûâíî äè��åðåíöèðóåìà, ïîýòîìó èìååò ìåñòî àñèìïòîòè-

÷åñêàÿ �îðìóëà

xk,n =
2k − 1

2n
π + n−2β

(

2k − 1

2n
π

)

+O(n−3).

Ôîðìóëà (2.3) ñëåäóåò èç (2.1) è (1.2), à (2.4) � èç (2.2) è (2.5). ⊲
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Çàìå÷àíèå 2.1. Èç àñèìïòîòè÷åñêîé �îðìóëû (2.1) âèäíî, ÷òî âûáðàííàÿ íîðìè-

ðîâêà ñîáñòâåííûõ �óíêöèé Un îáåñïå÷èâàåò èõ îãðàíè÷åííîñòü â ñîâîêóïíîñòè. Îáî-

çíà÷èì

M = sup
{

|Un(x)| : x ∈ [0, π], n ∈ N
}

<∞, (2.7)

Ïóñòü ρλ = o
(

√
λ

lnλ

)

ïðè λ → +∞. Ñ÷èòàåì, ÷òî çíà÷åíèÿ �óíêöèè h(λ) ∈ R äëÿ

ïðîèçâîëüíîãî íåîòðèöàòåëüíîãî λ. Îáîçíà÷èì ÷åðåç qλ ïðîèçâîëüíóþ �óíêöèþ èç øàðà

Vρλ [0, π] ðàäèóñà ρλ â ïðîñòðàíñòâå �óíêöèé îãðàíè÷åííîé âàðèàöèè, èñ÷åçàþùèõ â íóëå,
ò. å.

V π
0 [qλ] 6 ρλ, ρλ = o

(
√
λ

lnλ

)

, λ→ ∞, qλ(0) = 0. (2.8)

Äëÿ ïðîèçâîëüíîãî ïîòåíöèàëà qλ ∈ Vρλ [0, π] ïðè λ→ +∞ íóëè ðåøåíèÿ çàäà÷è Êîøè

{

y′′ +
(

λ− qλ(x)
)

y = 0,

y(0, λ) = 1, y′(0, λ) = h(λ),
(2.9)

èëè, ïðè äîïîëíèòåëüíîì óñëîâèè h(λ) 6= 0

V π
0 [qλ] 6 ρλ, ρλ = o

(
√
λ

lnλ

)

, λ→ ∞, qλ(0) = 0, h(λ) 6= 0, (2.10)

çàäà÷è Êîøè

{

y′′ +
(

λ− qλ(x)
)

y = 0,

y(0, λ) = 0, y′(0, λ) = h(λ),
(2.11)

ïîïàäàþùèõ â îòðåçîê [0, π], ïðîíóìåðóåì ñëåäóþùèì îáðàçîì:

0 6 x0,λ < x1,λ < . . . < xn(λ), λ 6 π (x−1,λ < 0, xn(λ)+1,λ > π).

(Çäåñü x−1,λ < 0, xn(λ)+1,λ > π îáîçíà÷àþò íóëè êàêîãî-ëèáî ïðîäîëæåíèÿ ðåøåíèÿ

çàäà÷è Êîøè (2.9) èëè (2.11) ïðè ñîõðàíåíèè îãðàíè÷åííîñòè âàðèàöèè ïîòåíöèàëà qλ
âíå [0, π]). Â [26, 34℄ îïèñàíî ìíîæåñòâî íåïðåðûâíûõ íà îòðåçêå [0, π] �óíêöèé f , äîïóñ-
êàþùèõ ðàâíîìåðíóþ âíóòðè èíòåðâàëà (0, π) àïïðîêñèìàöèþ çíà÷åíèÿìè îïåðàòîðîâ

ñëåäóþùåãî âèäà. Îïðåäåëèì îïåðàòîð, ïîñòðîåííûé ïî ðåøåíèÿì çàäà÷è Êîøè (2.9)

èëè (2.11), ñòàâÿùèé â ñîîòâåòñòâèå êàæäîé êîíå÷íîçíà÷íîé íà ìíîæåñòâå {xk,λ}n,∞k=0,n=1
íåïðåðûâíóþ �óíêöèþ ïî ïðàâèëó

Sλ(f, x) =
n
∑

k=0

y(x, λ)

y′(xk,λ, λ)(x− xk,λ)
f(xk,λ) =

n
∑

k=0

sk,λ(x)f(xk,λ). (2.12)

Î÷åâèäíî, ÷òî çíà÷åíèå îïåðàòîðà (2.12) èíòåðïîëèðóåò �óíêöèþ f â óçëàõ {xk,λ}nk=0.

Îáîçíà÷èì C0[0, π] = {f : f ∈ C[0, π], f(0) = f(π) = 0}. Ïðè ïðèáëèæåíèè ñ ïîìîùüþ
îïåðàòîðîâ (1.1) �óíêöèé f ∈ C[0, π] \ C0[0, π] âáëèçè êîíöîâ îòðåçêà [0, π] âîçíèêàåò
ÿâëåíèå �èááñà (ñì., íàïðèìåð, [21, òåîðåìà 2℄, [34℄). Çàìåòèì, ÷òî ýòà ïðîáëåìà ðåøàåòñÿ

ñ ïîìîùüþ îáîáùåíèÿ îïåðàòîðà (2.12), ïðåäëîæåííîãî â [26, �îðìóëà (1.9)℄, [34℄, âèäà

Tλ(f, x)=

n
∑

k=0

y(x, λ)

y′(xk,λ)(x− xk,λ)

{

f(xk,λ)−
f(π)− f(0)

π
xk,λ − f(0)

}

+
f(π)− f(0)

π
x+ f(0),

ãäå y(x, λ) � ðåøåíèå çàäà÷è Êîøè (2.9) èëè (2.11) è xk,λ � íóëè ýòîãî ðåøåíèÿ.

Â ñëåäóþùåé ëåììå âûäåëÿåòñÿ ãëàâíàÿ ÷àñòü ïîãðåøíîñòè àïïðîêñèìàöèè �óíêöèé

f ∈ C0[0, π] ñ ïîìîùüþ îïåðàòîðîâ âèäà (2.12).
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Ëåììà 2.2 [26, ïðåäëîæåíèå 9℄, [34℄. Ïóñòü y(x, λ) � ðåøåíèå çàäà÷è Êîøè (2.9)

èëè (2.11), è ïðåäïîëîæèì, ÷òî â ñëó÷àå çàäà÷è Êîøè (2.9) âûïîëíÿþòñÿ óñëîâèÿ (2.8),

à â ñëó÷àå çàäà÷è Êîøè (2.11) � óñëîâèÿ (2.10). Åñëè f ∈ C0[0, π], òî ðàâíîìåðíî íà

[0, π] ñïðàâåäëèâî ñîîòíîøåíèå

lim
λ→∞

(

f(x)− Sλ(f, x)−
1

2

n−1
∑

k=0

(

f(xk+1,λ)− f(xk,λ)
)

sk,λ(x)

)

= 0. (2.13)

Äàëåå, íàì ïîòðåáóþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 2.3. Ïóñòü Un � ñîáñòâåííàÿ �óíêöèÿ, ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà-

÷åíèþ λn, ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2). Òîãäà ñóùåñòâóåò êîíñòàíòà C1,

çàâèñÿùàÿ òîëüêî îò q, h, H, òàêàÿ, ÷òî äëÿ âñåõ x ∈ [0, π] è âñåõ n = 1, 2, 3, . . . ñïðàâåä-
ëèâî íåðàâåíñòâî

∣

∣lSLk,n(x)
∣

∣ =

∣

∣

∣

∣

Un(x)

U ′
n(xk,n)(x− xk,n)

∣

∣

∣

∣

6 C1. (2.14)

⊳ Åñëè äëÿ êàêèõ ëèáî 1 6 k 6 n è n ∈ N îêàæåòñÿ x = xk,n, òî
∣

∣lSLk,n(x)
∣

∣ = 1.

�àññìîòðèì òåïåðü ñëó÷àé x 6= xk,n. Ïóñòü ñíà÷àëà 0 < |x− xk,n| 6 n−1
, x ∈ [0, π]. Òîãäà

ïî �îðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â �îðìå Ëàãðàíæà èç (2.3) è (2.4) ñëåäóåò

íåðàâåíñòâî

∣

∣lSLk,n(x)
∣

∣ 6

∣

∣

∣

∣

U ′
n(xk,n)(x− xk,n) + U ′′

n(ξk,n)(x− xk,n)
2/2

U ′
n(xk,n)(x− xk,n)

∣

∣

∣

∣

= 1 +
O(n2)

n+O(n−1)

1

n
6 C1,1

äëÿ íåêîòîðîé êîíñòàíòû C1,1, âûáîð êîòîðîé çàâèñèò òîëüêî îò ïàðàìåòðîâ çàäà÷è

Øòóðìà � Ëèóâèëëÿ q, h è H. Îñòàëîñü ðàññìîòðåòü ñëó÷àé |x− xk,n| > n−1
, x ∈ [0, π].

Â ñèëó àñèìïòîòè÷åñêèõ �îðìóë (2.1) è (2.4) ñóùåñòâóåò êîíñòàíòà C1,2, äëÿ êîòîðîé

ñïðàâåäëèâî íåðàâåíñòâî

∣

∣lSLk,n(x)
∣

∣ 6 n

∣

∣

∣

∣

Un(x)

U ′
n(xk,n)

∣

∣

∣

∣

6

∣

∣

∣

∣

cosnx+ β(x)
n

sinnx+O(n−2)

n+O(n−1)

∣

∣

∣

∣

n 6 C1,2.

Ïîëîæèâ C1 = max(C1,1, C1,2), óáåäèìñÿ â ñïðàâåäëèâîñòè ëåììû 2.3. ⊲

Ëåììà 2.4. Ñóùåñòâóþò êîíñòàíòà C2 è íîìåð n0 ∈ N, íå çàâèñÿùèå îò �óíêöèè

f ∈ C[0, π], 0 6 a < b 6 π è 0 < ε < (b−a)/2 òàêèå, ÷òî äëÿ ïðîèçâîëüíûõ x ∈ [a+ε, b−ε]
è n > n0 ñïðàâåäëèâî íåðàâåíñòâî

1

2

∑

k∈[1,n−1]\[k1,k2]

∣

∣

∣

(

f(xk+1,n)− f(xk,n)
)

lSLk,n(x)
∣

∣

∣
6 C2ω

(

f,
π

n

)

ln
π

ε
. (2.15)

⊳ Ââåäåì îáîçíà÷åíèå

ψk,n = f(xk+1,n)− f(xk,n), 1 6 k 6 n− 1; n ∈ N. (2.16)

Ó÷èòûâàÿ, ÷òî f ∈ C[0, π] è (2.5), óáåäèìñÿ, ÷òî ñóùåñòâóåò êîíñòàíòà C3 òàêàÿ, ÷òî

ñïðàâåäëèâà îöåíêà

|ψk,n| 6 C3ω
(

f,
π

n

)

, 1 6 k 6 n− 1; n ∈ N. (2.17)
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Âîçüìåì ïðîèçâîëüíîå x ∈ [a+ε, b−ε]. Ñóììó â (2.15) ïðåäñòàâèì â âèäå äâóõ ñëàãàåìûõ,

êàæäîå èç êîòîðûõ îöåíèì ñëåäóþùèì îáðàçîì:

∑

k∈[1,n−1]\[k1,k2]

∣

∣ψk,nl
SL
k,n(x)

∣

∣ 6 C3ω
(

f,
π

n

)





k1−1
∑

k=1

|lSLk,n(x)|+
n−1
∑

k=k2+1

|lSLk,n(x)|



 .

Âîñïîëüçîâàâøèñü (2.2), (2.4) è �îðìóëîé êîíå÷íûõ ïðèðàùåíèé Ëàãðàíæà, ïðîäîëæèì

îöåíêó ñóììû â (2.15) ñëåäóþùèì îáðàçîì:

∑

k∈[1,n−1]\[k1,k2]

∣

∣ψk,nl
SL
k,n(x)

∣

∣ 6 C3ω
(

f,
π

n

) |Un(x)|
n

(

k1−1
∑

k=1

1

|x− xk,n|
+

n
∑

k=k2+1

1

|x− xk,n|

)

+C3ω
(

f,
π

n

)

∑

k∈[1,n−1]\[k1,k2]

∣

∣

∣

∣

|Un(x)|
|U ′

n(xk,n)||x− xk,n|
− |Un(x)|
n|x− xk,n|

∣

∣

∣

∣

= C3ω
(

f,
π

n

) |Un(x)|
n

(

k1−1
∑

k=1

1

|x− xk,n|
+

n
∑

k=k2+1

1

|x− xk,n|

)

+ ω
(

f,
π

n

)

O(n−1).

Èç àñèìïòîòè÷åñêîé �îðìóëû (2.5) äëÿ íóëåé ñîáñòâåííûõ �óíêöèé Un íàõîäèì íî-

ìåð n0, âûáîð êîòîðîãî çàâèñèò òîëüêî îò ïàðàìåòðîâ çàäà÷è Øòóðìà � Ëèóâèëëÿ,

íà÷èíàÿ ñ êîòîðîãî áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

min
16k6n−1

|xk+1,n − xk,n| >
π

2n
. (2.18)

Â ñèëó òîãî, ÷òî maxx∈(0,π)
{

ln |x(π − x)|
}

= 2 ln π
2 , inf ln

π
ε
> ln 2, (2.7) è (2.18) ñóììó

â (2.15) ðàâíîìåðíî íà âñåì îòðåçêå [a+ ε, b− ε] ìîæíî îöåíèòü òàêèì îáðàçîì:

∑

k∈[1,n−1]\[k1,k2]

∣

∣ψk,nl
SL
k,n(x)

∣

∣ 6 C3ω
(

f,
π

n

) |Un(x)|
n

×
(

k1−1
∑

k=1

1

xk+1,n − xk,n

xk+1,n
∫

xk,n

dt

x− t
+

n−1
∑

k=k2+1

1

xk,n − xk−1,n

xk,n
∫

xk−1,n

dt

t− x

)

+ ω
(

f,
π

n

)

O(n−1) 6

(

4C3M

π
+

1

ln π
ε

O(n−1)

)

ln
π

ε
ω
(

f,
π

n

)

. (2.19)

Îòêóäà ñëåäóåò ñóùåñòâîâàíèå êîíñòàíòû C2, âûáîð êîòîðîé çàâèñèò òîëüêî îò ïàðàìåò-

ðîâ çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2). ⊲

Äëÿ ëþáûõ 0 6 a < b 6 π, 0 < ε < (b− a)/2 îáîçíà÷èì

Q∗
n(f, [a, b], ε) := max

p16p6p2

m2
∑

m=m1

′
∣

∣

∣

∣

f(x2m+1,n)− f(x2m,n)

p− 2m

∣

∣

∣

∣

. (2.20)

Ëåììà 2.5. Åñëè �óíêöèÿ f ∈ C[0, π], òî èç ñîîòíîøåíèÿ

lim
λ→∞

Q∗
n(f, [a, b], ε) = 0 (2.21)

ñëåäóåò óòâåðæäåíèå (1.5).
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⊳ Çàìåòèì, ÷òî èç (2.16), (2.2) è (2.4) âûòåêàåò ðàâíîìåðíàÿ íà âñåì îòðåçêå [0, π]
îöåíêà

∣

∣

∣

∣

∣

k2
∑

k=k1

(

f(xk+1,n)− f(xk,n)
)

lSLk,n(x)−
k2
∑

k=k1

ψk,n
(−1)kUn(x)

n(x− xk,n)

∣

∣

∣

∣

∣

6

k2
∑

k=k1

|ψk,n|
∣

∣

∣

∣

Un(x)

(x− xk,n)

∣

∣

∣

∣

∣

∣

∣

∣

(−1)kn− U ′
n(xk,n)

nU ′
n(xk,n)

∣

∣

∣

∣

= ω
(

f,
π

n

)

O(n−1). (2.22)

Ïîëîæèâ â ñëó÷àå çàäà÷è Êîøè (2.9) h(λ) ≡ h, λ = λn, ãäå λn � ñîáñòâåííîå çíà÷åíèå

çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2), ïîëó÷èì òîæäåñòâî Un(x) ≡ y(x, λn). Ñëåäîâàòåëü-
íî, çíà÷åíèÿ îïåðàòîðîâ (1.1) è (2.12) ïðè λ = λn òîæäåñòâåííî ñîâïàäàþò. Èç (2.15),

ëåììû 2.2 â ñëó÷àå çàäà÷è Êîøè (2.9) λ = λn è (2.22) ïîëó÷àåì ñîîòíîøåíèå

lim
n→∞

(

f(x)− LSL
n (f, x)− 1

2

n−1
∑

k=0

(

f(xk+1,n)− f(xk,n)
)

lSLk,n(x)

)

= lim
n→∞



f(x)− LSL
n (f, x)− 1

2

k2
∑

k=k1

ψk,n
(−1)kUn(x)

n(x− xk,n)



 = 0.

(2.23)

Âûáåðåì è çà�èêñèðóåì íåêîòîðîå x ∈ [a + ε, b − ε]. Íàéäåì èíäåêñ p = p(x, λ), äëÿ
êîòîðîãî âûïîëíÿåòñÿ ñîîòíîøåíèå x ∈ [xp,n, xp+1,n). Òîãäà x = xp,n + α(xp+1,n − xp,n),
ãäå α = α(x, λ) ∈ [0, 1), è

x− xk,n =
p− k + α+ βk,n

n
π.

Èç (2.17) è (2.5) îäíîâðåìåííî äëÿ âñåõ x ∈ [a+ ε, b− ε] è íàñòîëüêî áîëüøèõ n, ÷òî
äëÿ âñåõ 1 6 k 6 n− 1 èìååò ìåñòî íåðàâåíñòâî |βk,n| < 1, ñïðàâåäëèâà îöåíêà

∣

∣

∣

∣

∣

∣

∣

∑

k:k16k6k2;
|p−k|>3

(−1)kψk,n

p− k + α+ βk,n
−

∑

k:k16k6k2;
|p−k|>3

(−1)kψk,n

p− k

∣

∣

∣

∣

∣

∣

∣

6 C3ω
(

f,
π

n

)

∑

k:k16k6k2;
|p−k|>3

α

|p− k|(|p − k| − 2)
6 3C3ω

(

f,
π

n

)

. (2.24)

Ó÷èòûâàÿ îáîçíà÷åíèå (2.16) ðàçîáüåì ñóììó â (2.23) íà äâà ñëàãàåìûõ

1

2

k2
∑

k=k1

(

f(xk+1,n)− f(xk,n)
)

lSLk,n(x) =
1

2

∑

k:k16k6k2;
|p−k|>3

ψk,nl
SL
k,n(x) +

1

2

∑

k:k16k6k2;
|p−k|<3

ψk,nl
SL
k,n(x). (2.25)

Ñëåäîâàòåëüíî, èç íåðàâåíñòâà òðåóãîëüíèêà, (2.14), (2.16), (2.17), (2.23) è (2.24) èìååì

ðàâíîìåðíóþ ïî x ∈ [a+ ε, b− ε] îöåíêó

∣

∣

∣

∣

∣

∣

1

2

k2
∑

k=k1

(

f(xk+1,n)− f(xk,n)
)

lSLk,n(x)−
Un(x)

2π

k2
∑

k=k1

′ (−1)kψk,n

p− k

∣

∣

∣

∣

∣

∣

= o(1). (2.26)
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Èç (2.26) è (2.23) òàêæå ðàâíîìåðíî ïî x ∈ [a+ ε, b− ε] âûòåêàåò ñîîòíîøåíèå

lim
n→∞



f(x)− LSL
n (f, x)− Un(x)

2π

k2
∑

k=k1

′ (−1)kψk,n

p− k



 = 0. (2.27)

Îöåíèì ïîñëåäíåå ñëàãàåìîå â ñîîòíîøåíèè (2.27), èñïîëüçóÿ (2.1), (2.7), (2.17) è íåðà-

âåíñòâî òðåóãîëüíèêà,

∣

∣

∣

∣

∣

∣

Un(x)

2π

k2
∑

k=k1

′ (−1)kψk,n

p− k

∣

∣

∣

∣

∣

∣

6 2
M

2π

m2
∑

m=m1

′∣
∣

∣

ψ2m,n

p− 2m

∣

∣

∣+
M

2π

k2
∑

k=k1

′∣
∣

∣

ψk,n

p− k

∣

∣

∣+O

(

ω
(

f,
π

n

)

)

. (2.28)

Ìîæíî ïîäîáðàòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {ln}∞n=1, óäîâëåòâîðÿþùóþ

ñâîéñòâàì:

ln = o(n), lim
n→∞

ln = ∞, lim
λ→∞

ω
(

f,
π

n

)

ln
∑

k=1

1

k
= 0. (2.29)

Îöåíèì âòîðóþ ñóììó â (2.28) ñëåäóþùèì îáðàçîì:

1

2π

k2
∑

k=k1

′∣
∣

∣

ψk,n

p− k

∣

∣

∣
6

1

2π

∑

k:|p−k|6ln

′∣
∣

∣

ψk,n

p− k

∣

∣

∣
+

1

2π

∑

k:|p−k|>ln

′∣
∣

∣

ψk,n

p− k

∣

∣

∣
. (2.30)

Èç íåðàâåíñòâà (2.17) äëÿ äîñòàòî÷íî áîëüøèõ n ñëåäóåò îöåíêà

1

2π

∑

k:|p−k|6ln

′∣
∣

∣

ψk,n

p− k

∣

∣

∣
6

1

2π

∑

k:|p−k|6ln

′∣
∣

∣

ψk,n

p− k

∣

∣

∣
6
C3

π
ω
(

f,
π

n

)

ln
∑

k=1

1

k
. (2.31)

Âòîðàÿ ñóììà â (2.30) ïîñëå ïðåîáðàçîâàíèÿ Àáåëÿ â ñëó÷àå k ∈ [k1, k2] : |p− k| > ln ìî-
æåò áûòü îöåíåíà ñëåäóþùèì îáðàçîì

1

2π

∑

k:|p−k|>ln

′∣
∣

∣

ψk,n

p− k

∣

∣

∣
6

4‖f‖C[a,b]

ln + 1
+ 4‖f‖C[a,b]

∞
∑

k=ln

1

k(k + 1)
.

Îòñþäà, èç (2.29), (2.30) è (2.31) ðàâíîìåðíî ïî x ∈ [a+ ε, b− ε] ïîëó÷àåì àñèìïòîòè÷å-

ñêóþ �îðìóëó

M

2π

k2
∑

k=k1

′∣
∣

∣

ψk,n

p− k

∣

∣

∣ = o(1). (2.32)

Òåïåðü èç (2.27), (2.28), (2.32) è íåðàâåíñòâà òðåóãîëüíèêà ïîëó÷àåì îöåíêó

∣

∣

∣
f(x)− LSL

n (f, x)
∣

∣

∣
6

M

π
Q∗

n(f, [a, b], ε) + o(1).

Ñëåäîâàòåëüíî, èç âûïîëíåíèÿ óñëîâèÿ (2.21) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü (1.5). ⊲
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3. �àâíîìåðíàÿ ñõîäèìîñòü èíòåðïîëÿöèîííûõ ïðîöåññîâ

Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ âíóòðè èíòåðâàëà (a, b)

Óáåäèìñÿ â ñïðàâåäëèâîñòè óòâåðæäåíèÿ ñ�îðìóëèðîâàííîé ðàíåå òåîðåìû 1.1.

⊳ Äîêàçàòåëüñòâî òåîðåìû 1.1. Â ñèëó íåïðåðûâíîñòè �óíêöèè f íà îòðåçêå

[0, π], äëÿ ëþáîãî ïîëîæèòåëüíîãî ǫ̃ ñóùåñòâóþò íàòóðàëüíûå ÷èñëà ν è n1 òàêèå, ÷òî
äëÿ âñåõ n > n1 (n ∈ N) îäíîâðåìåííî ñïðàâåäëèâû äâà ñîîòíîøåíèÿ

ω

(

f,
π

n

) ν
∑

k=1

1

k
<
ǫ̃

6
(3.1)

è

24 ‖f‖C[a,b] < ǫ̃ν. (3.2)

Ïóñòü n > n1. Íàéäåì èíäåêñ p0, çàâèñÿùèé îò n, a, b, ε è f íà êîòîðîì äîñòèãàåòñÿ

ìàêñèìóì â îïðåäåëåíèè (2.20), ò. å.

Q∗
n(f, [a, b], ε) =

m2
∑

m=m1

′
∣

∣

∣

∣

f(x2m+1,n)− f(x2m,n)

p0 − 2m

∣

∣

∣

∣

.

Îáîçíà÷èì

Q∗∗
n (f, [a, b], ε) :=

k2
∑

k=k1

′
∣

∣

∣

∣

f(xk+1,n)− f(xk,n)

p0 − k

∣

∣

∣

∣

.

Òàê êàê Q∗∗
n (f, [a, b], ε) ïîëó÷àåòñÿ èç Q∗

n(f, [a, b], ε) äîáàâëåíèåì íåîòðèöàòåëüíûõ ñëàãà-

åìûõ, òî äëÿ ëþáîãî íàòóðàëüíîãî n ñïðàâåäëèâî íåðàâåíñòâî

Q∗
n(f, [a, b], ε) 6 Q∗∗

n (f, [a, b], ε). (3.3)

�àçîáüåì Q∗∗
n (f, [a, b], ε) íà äâà ñëàãàåìûõ

Q∗∗
n (f, [a, b], ε) =

k2
∑

k=k1

′ f(xk+1,n)− f(xk,n)

|p0 − k|

− 2

k2
∑

k=k1

′′ f(xk+1,n)− f(xk,n)

|p0 − k| = S1(p0) + S2(p0), (3.4)

ãäå äâà øòðèõà îçíà÷àþò, ÷òî â ñóììå íåîòðèöàòåëüíûõ ñëàãàåìûõ è ñëàãàåìîãî ñ èí-

äåêñîì k = p0 íåò.

Ñíà÷àëà çàéìåìñÿ îöåíêîé ïåðâîé ñóììû. Äëÿ ÷åãî ïðåäñòàâèì åå â âèäå

S1(p0) =
∑

k:k∈[k1,k2],
0<|p0−k|<ν

f(xk+1,n)− f(xk,n)

|p0 − k|

+
∑

k:k∈[k1,k2],
|p0−k|>ν

f(xk+1,n)− f(xk,n)

|p0 − k| = S1,1(p0) + S1,2(p0). (3.5)

Â ñëó÷àå {k : k ∈ [k1, k2], 0 < |p0 − k| > ν} = ∅ ñ÷èòàåì âòîðîå ñëàãàåìîå ðàâíûì íóëþ.
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Èç íåðàâåíñòâà (3.1) äëÿ âñåõ n > n1 èìååì ñîîòíîøåíèå

|S1,1(p0)| 6 2ω

(

f,
π

n

) ν
∑

k=1

1

k
<
ǫ̃

3
. (3.6)

Òåïåðü îöåíèì S1,2(p0). Åñëè äëÿ p0 èìåþò ìåñòî íåðàâåíñòâà p0 − k1 > ν è k2 − p0 > ν,
òî èñïîëüçóåì (3.2) è ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Àáåëÿ ïîëó÷èì îöåíêó

|S1,2(p0)| 6

∣

∣

∣

∣

∣

∣

p0−ν
∑

k=k1

f(xk+1,n)− f(xk,n)

p0 − k

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

k2
∑

k=p0+ν

f(xk+1,n)− f(xk,n)

k − p0

∣

∣

∣

∣

∣

∣

6 4‖f‖C[a,b]

∞
∑

i=ν

1

i(i+ 1)
+

4‖f‖C[a,b]

ν
6

8‖f‖C[a,b]

ν
<
ǫ̃

3
.

(3.7)

Òî÷íî òàêæå äîêàçûâàåòñÿ (3.7) â ñèòóàöèè, êîãäà èíäåêñ p0 óäîâëåòâîðÿåò îäíîìó èç ñî-
îòíîøåíèé p0 − ν < k1 6 p0 < p0 + ν 6 k2 èëè k1 6 p0 − ν < p1 6 k2 < p0 + ν. Èç
âîçìîæíûõ âàðèàíòîâ îñòàëñÿ ñëó÷àé, êîãäà p0 − ν < k1 6 p1 6 k2 < p0 + ν. Â ýòîé

ñèòóàöèè |S1,2(p0)| = 0.
Òàêèì îáðàçîì, èç (3.5), (3.6) è (3.7) äëÿ âñåõ n > n1 èìååì îöåíêó

|S1(p0)| 6
2ǫ̃

3
. (3.8)

Ïåðåéäåì ê èçó÷åíèþ ñâîéñòâ ñóììû S2(p0). Âîçüìåì ïðîèçâîëüíîå íàòóðàëüíîå m :
1 6 m 6 k2 − k1 − 2 è ïðåäñòàâèì S2(p0) â âèäå äâóõ ñëàãàåìûõ

S2(p0) = −2
∑

k:k∈[k1,k2],
|p0−k|6m

′′ f(xk+1,n)− f(xk,n)

|p0 − k|

− 2
∑

k:k∈[k1,k2],
|p0−k|>m

′′ f(xk+1,n)− f(xk,n)

|p0 − k| = S2,1(p0) + S2,2(p0). (3.9)

Âûáåðåì äîñòàòî÷íî áîëüøîé íîìåð n2 > n1, çàâèñÿùèé òîëüêî îò ïàðàìåòðîâ çàäà÷è

Øòóðìà � Ëèóâèëëÿ, íà÷èíàÿ ñ êîòîðîãî, â ñèëó (2.5), áóäóò âûïîëíÿòüñÿ íåðàâåíñòâà

max16k6n |xk+1,n−xk,n| 6 3π
2n . Ôóíêöèÿ f ∈ C[0, π], íà÷èíàÿ ñ n2 áóäåì èìåòü ñîîòíîøåíèå

|f(xk+1,n)− f(xk,n)| 6 10Kfω

(

f,
π

n

)

. (3.10)

Ïîýòîìó,

S2,1(p0) = 2
∑

k:k∈[k1,k2],
|p0−k|6m

′′ |f(xk+1,n)− f(xk,n)|
|p0 − k| 6 10Kfω

(

f,
π

n

) m
∑

k=1

1

k
. (3.11)

Äàëåå îöåíèì ñóììó S2,2(p0):

0 6 S2,2(p0) 6 2

p0−m−1
∑

k=k1

−(f(xk+1,n)− f(xk,n))−
p0 − k

+ 2

k2
∑

k=p0+m+1

−(f(xk+1,n)− f(xk,n))−
k − p0

, (3.12)
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ãäå z− = z−|z|
2 . Åñëè p0 − m 6 k1 èëè p0 + m > k2, òî â (3.12) èñ÷åçàåò ñîîòâåòñòâåííî

ïåðâîå èëè âòîðîå ñëàãàåìîå. Â ñëó÷àå p0 −m < k1 < k2 < p0 +m ñóììà S2,2(p0) â (3.9)
âîîáùå îòñóòñòâóåò. Ó÷èòûâàÿ òî, ÷òî f ∈ V [a, b], ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Àáåëÿ

è (3.10) îöåíèì (3.12)

0 6 S2,2(p0) 6 4Mf

k2−k1−1
∑

k=m+1

v(k, f)

k2
+ 10Kfω

(

f,
π

n

)

.

Îòñþäà (3.9), (3.11) è (3.12) èìååì

0 6 S2(p0) 6 10Kfω

(

f,
π

n

) m
∑

k=1

1

k
+ 4Mf

k2−k1−1
∑

k=m+1

v(k, f)

k2
+ 10Kfω

(

f,
π

n

)

.

Ïîëîæèâ ïðè êàæäîì n > n2 m := ln, âûáðàííîå êàê â (2.29), ïîëó÷èì, ÷òî â ñèëó

îãðàíè÷åííîñòè ïîñëåäîâàòåëüíîñòè {v(k, f)}∞k=1 è ñõîäèìîñòè ðÿäà

∑∞
k=1 v(k, f)/k

2
ñó-

ùåñòâóåò íîìåð n3 ∈ N, n3 > n2, òàêîé, ÷òî äëÿ ïðîèçâîëüíîãî n > n3 ñïðàâåäëèâî

íåðàâåíñòâî

0 6 S2(p0) 6
ǫ̃

3
.

Îòñþäà è èç (3.3), (3.4), (3.5), (3.8) ïîëó÷àåì, ÷òî äëÿ ïðîèçâîëüíîãî ǫ̃ > 0 ìîæíî íàéòè
íîìåð n3 ∈ N òàêîé, ÷òî äëÿ âñåõ n > n3 áóäóò ñïðàâåäëèâû íåðàâåíñòâà Q∗

n(f, [a, b], ε) 6
Q∗∗

n (f, [a, b], ε) < ǫ̃. Òåîðåìà 1.1 äîêàçàíà. ⊲
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Abstrat. The uniform onvergene within an interval (a, b) ⊂ [0, π] of Lagrange proesses in eigen-

funtions LSL
n (f, x) =

∑n

k=1 f(xk,n)
Un(x)

U′

n(xk,n)(x−xk,n)
of the Sturm�Liouville problem is established. (Here

0 < x1,n < x2,n < · · · < xn,n < π denote the zeros of the eigenfuntion Un of the Sturm�Liouville

problem. A ontinuous funtions f on [0, π] whih is of bounded variation on (a, b) ⊂ [0, π] an be uniformly

approximated within the interval (a, b) ⊂ [0, π]. A riterion of uniform onvergene within an interval (a, b)
of the onstruted interpolation proesses is obtained in terms of the maximum of the sum of the moduli of the

divided di�erenes of the funtion f . Outside the interval (a, b), the Lagrange interpolation proess may diverge.
The boundedness in the totality of the Lagrange fundamental funtions onstruted from eigenfuntions of the

Sturm�Liouville problem is established. The ase of the regular Sturm�Liouville problem with a ontinuous

potential of bounded variation is also onsidered. The boundary onditions of the third kind Sturm�Liouville

problem without Dirihlet onditions are studied. In the presene of servie funtions for alulating the

eigenfuntions of the regular Sturm�Liouville problem, the Lagrange�Sturm�Liouville operator under study

is easily implemented by omputer tehnology.

Key words: uniform onvergene, sin approximations, bounded variation, Lagrange�Sturm�Liouville

proesses.
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