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Àííîòàöèÿ. �àññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ ìàòðè÷íîãî ÿäðàK(t)=(K1, K2,K3)(t),
t ∈ [0, T ], âõîäÿùåãî â ñèñòåìó èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé àíèçîòðîïíîé âÿçêîóïðóãî-

ñòè. Ïðÿìàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè âåêòîð-�óíêöèè ñìåùåíèÿ u(x, t) =
(u1, u2, u3)(x, t), x = (x1, x2, x3) ∈ R

3, x3 > 0. Ïðåäïîëàãàåòñÿ, ÷òî êîý��èöèåíòû óðàâíåíèé ñè-

ñòåìû (ïëîòíîñòü è ìîäóëè óïðóãîñòè) çàâèñÿò òîëüêî îò ïðîñòðàíñòâåííîé ïåðåìåííîé x3 > 0.
Èñòî÷íèê âîçìóùåíèÿ óïðóãèõ âîëí ñîñðåäîòî÷åí íà ãðàíèöå îáëàñòè x3 = 0 è ïðåäñòàâëÿåò ñîáîé
äåëüòà-�óíêöèþ Äèðàêà (ãðàíè÷íîå óñëîâèå Íåéìàíà ñïåöèàëüíîãî âèäà). Îáðàòíàÿ çàäà÷à ñâîäèò-

ñÿ ê èçó÷åííûì ðàíåå çàäà÷àì îïðåäåëåíèÿ ñêàëÿðíûõ ÿäåð Ki(t), i = 1, 2, 3. Â êà÷åñòâå äîïîëíè-

òåëüíîãî óñëîâèÿ çàäàåòñÿ çíà÷åíèå ïðåîáðàçîâàíèÿ Ôóðüå ïî x2 îò �óíêöèè u(x, t) íà ïîâåðõíîñòè
x3 = 0. Ïðèâîäÿòñÿ òåîðåìû ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè è óñòîé÷èâîñòè ðåøåíèÿ îáðàò-

íîé çàäà÷è. Èäåÿ äîêàçàòåëüñòâà ãëîáàëüíîé ðàçðåøèìîñòè ñîñòîèò â ïðèìåíåíèè ïðèíöèïà ñæàòûõ

îòîáðàæåíèé ê ñèñòåìå íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà âòîðîãî ðîäà â áàíàõîâîì

ïðîñòðàíñòâå ñ âåñîâûìè íîðìàìè.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, óñòîé÷èâîñòü, äåëüòà-�óíêöèÿ, ìîäóëè óïðóãîñòè, ìàòðè÷íîå

ÿäðî.
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1. Ââåäåíèå

Ìíîãèì ñðåäàì (ìàòåðèàëàì) ñâîéñòâåííà çàâèñèìîñòü ïðîöåññîâ äå�îðìèðîâàíèÿ

îò ñêîðîñòè è âðåìåíè, êîòîðàÿ îòñóòñòâóåò â óðàâíåíèÿõ òåîðèè óïðóãîñòè. Òàêèå ñðåäû

ïðîÿâëÿþò êàê ìãíîâåííóþ, òàê è çàìåäëåííóþ ðåàêöèþ íà íàãðóçêó. Ýòî ñâîéñòâî íà-

çûâàþò ïàìÿòüþ. Äðóãàÿ îñîáåííîñòü ñîñòîèò â òîì, ÷òî â ñðåäàõ ñ ïàìÿòüþ ñî÷åòàþòñÿ

ñïîñîáíîñòè çàïàñàòü ýíåðãèþ ïîäîáíî óïðóãèì òåëàì è ðàññåèâàòü ïîäîáíî ñðåäàì ñ âÿç-

êèìè ñâîéñòâàìè. Òàêèå ñðåäû (ìàòåðèàëû) íàçûâàþòñÿ âÿçêîóïðóãèìè. Áîëåå òî÷íîå

èññëåäîâàíèå ñ ïîìîùüþ ìàòåìàòè÷åñêèõ ìåòîäîâ ïðîöåññà ðàñïðîñòðàíåíèÿ ýëåêòðî-

ìàãíèòíûõ, àêóñòè÷åñêèõ è óïðóãèõ âîëí â âÿçêîóïðóãèõ ñðåäàõ òðåáóåò ó÷åòà ïàìÿòè

(ïðåäûñòîðèè) ïðîöåññà. Äëÿ ýëåêòðîìàãíèòíûõ âîëí ýòî ñâÿçàíî ñ ÿâëåíèåì äèñïåðñèè
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âîëí, à äëÿ àêóñòè÷åñêèõ è óïðóãèõ âîëí � ñ íàëè÷èåì âÿçêîñòè ñðåäû. Ñàìà òåîðèÿ

ëèíåéíîé âÿçêîóïðóãîñòè äîñòàòî÷íî ðàçâèòà è äîñòóïíà äëÿ øèðîêîãî ïðèìåíåíèÿ (ñì.

[1�4℄ è öèòèðîâàííóþ òàì ëèòåðàòóðó). Íî, êàê îòìå÷àåòñÿ â ðàáîòå [5℄, ¾ìíîãèå ìà-

òåìàòè÷åñêèå ñâîéñòâà ëèíåéíîãî îïðåäåëÿþùåãî ñîîòíîøåíèÿ âÿçêîóïðóãîñòè � äàæå

íàïðÿìóþ ñâÿçàííûå ñ ìîäåëèðîâàíèåì êëàññè÷åñêèõ ðåîëîãè÷åñêèõ ý��åêòîâ è òèïè÷-

íûõ êðèâûõ ïîâåäåíèÿ ìàòåðèàëîâ � åùå ìàëîèçâåñòíû, ïîëíûé àðñåíàë âîçìîæíîñòåé

ëèíåéíîé òåîðèè íå âûÿâëåí, îáëàñòü åå àäåêâàòíîñòè äî ñèõ ïîð íå î÷åð÷åíà äîñòà-

òî÷íî ÷åòêî è ÿâíî, à êîìïüþòåðíîå ìîäåëèðîâàíèå íåðåäêî îñòàåòñÿ áåç íåîáõîäèìîãî

�óíäàìåíòà¿.

Íåîáõîäèìîñòü ðàçðàáîòêè ìåòîäîâ ðåøåíèÿ îáðàòíûõ çàäà÷ òåîðèè âîëíîâûõ ïðî-

öåññîâ â âÿçêîóïðóãèõ ñðåäàõ îáóñëàâëèâàåò àêòóàëüíîñòü äàííîãî èññëåäîâàíèÿ.

Ñòàòüÿ îáîáùàåò ðåçóëüòàòû ðàáîòû [6℄ íà ñëó÷àé ìàòðè÷íîãî ÿäðà. Â íåé îïðåäå-

ëÿëîñü îäíîìåðíîå ñêàëÿðíîå ÿäðî èíòåãðàëüíîãî îïåðàòîðà òèïà ñâåðòêè, âõîäÿùåãî â

ñèñòåìó èçîòðîïíîé âÿçêîóïðóãîñòè äëÿ ñîñðåäîòî÷åííîãî èñòî÷íèêà âîçìóùåíèé, ëîêà-

ëèçîâàííîãî íà ãðàíèöå ðàññìàòðèâàåìîé îáëàñòè. Ïðè ýòîì â êà÷åñòâå äîïîëíèòåëüíîé

èí�îðìàöèè çàäàâàëñÿ ñëåä ðåøåíèÿ ïðÿìîé çàäà÷è íà ïîâåðõíîñòè x3 = 0. Â ðàáî-

òàõ [6�9℄ ïðèâîäèòñÿ ïîäðîáíûé îáçîð èìåþùèõñÿ ïóáëèêàöèé ïî äàííîìó íàïðàâëåíèþ

èññëåäîâàíèé. Ìîæíî äîáàâèòü ê èìåþùåìóñÿ îáçîðó ðàáîòû [10, 11℄, â êîòîðûõ ðåøå-

íû çàäà÷è ïî îïðåäåëåíèþ ñêàëÿðíûõ ÿäåð äëÿ èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé

àêóñòèêè è SH-âîëí â âÿçêîóïðóãîé ïîðèñòîé ñðåäå ñîîòâåòñòâåííî. �àáîòû [12, 13℄ ñî-

äåðæàò ðåçóëüòàòû ïî îïðåäåëåíèþ ìàòðè÷íûõ ÿäåð äëÿ ñèñòåìû óðàâíåíèé àíèçîòðîï-

íîé âÿçêîóïðóãîñòè äëÿ îäíîðîäíîé ñðåäû è äëÿ ñëó÷àÿ èçîòðîïíîé âÿçêîóïðóãîñòè ñ

èñòî÷íèêîì âîçìóùåíèÿ òèïà íàïðàâëåííîãî âçðûâà äëÿ íåîäíîðîäíîé ñðåäû.

Ïîëíàÿ ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé äëÿ íåîäíîðîäíîé àíèçîòðîïíîé âÿç-

êîóïðóãîé ñðåäû ñîñòîèò èç ñëåäóþùèõ óðàâíåíèé:

ρ
∂2ui
∂t2

=
3∑

j=1

∂Tij
∂xj

, i = 1, 2, 3. (1.1)

Çäåñü x = (x1, x2, x3) ∈ R
3
, ρ = ρ(x) � ïëîòíîñòü íåîäíîðîäíîé ñðåäû, ρ(x) > 0,

u = (u1(x, t), u2(x, t), u3(x, t)) � âåêòîð ñìåùåíèé.

Â âÿçêîóïðóãèõ ìàòåðèàëàõ äëÿ òåíçîðà íàïðÿæåíèé èìåþò ìåñòî ïðåäñòàâëåíèÿ:

Tij =

3∑

k,l=1

cijkl


Skl +

t∫

0

Ki(t− τ)Skl(x, τ) dτ


 , i = 1, 2, 3, j = 1, 2, 3, (1.2)

ãäå

Skl =
1

2

(
∂uk
∂xl

+
∂ul
∂xk

)
, k = 1, 2, 3, l = 1, 2, 3,

cijkl = cijkl(x) � ìîäóëè óïðóãîñòè, K(t) = (K1,K2,K3)(t) � �óíêöèÿ ðåëàêñàöèè ñðåäû.

Ñèììåòðè÷íîñòü òåíçîðà íàïðÿæåíèé óìåíüøàåò ÷èñëî íåçàâèñèìûõ ìîäóëåé óïðóãîñòè

ñ 81 äî 21. Åñëè ïðèíÿòü, ÷òî cαβ = cijkl, ãäå α = (ij) è β = (kl), â ñîîòâåòñòâèè ñ îáîçíà-
÷åíèÿìè (11) → 1, (22) → 2, (33) → 3, (23) = (32) → 4, (13) = (31) → 5, (12) = (21) → 6,
òî ìàòðèöå íåçàâèñèìûõ ìîäóëåé óïðóãîñòè ìîæíî ïðèäàòü âèä ñèììåòðè÷åñêîé ìàòðè-

öû ïîðÿäêà 6× 6, ïîñêîëüêó â ïàðå èíäåê
îâ (i, j) ïîðÿäîê íå èãðàåò ðîëè è ñóùåñòâóåò
òîëüêî øåñòü ðàçëè÷íûõ ïàðíûõ êîìáèíàöèé. Áóäåì ðàññìàòðèâàòü àíèçîòðîïíûå ñðåäû

ñ ìàòðèöåé íåçàâèñèìûõ ìîäóëåé óïðóãîñòè ñëåäóþùåãî âèäà:
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cαβ =




c11 c12 c12
c12 c11 c12
c12 c12 c11

O(3×3)

O(3×3)

c44 0 0
0 c44 0
0 0 c44



. (1.3)

2. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì ïðè x = (x1, x2, x3) ∈ R
3
, t ∈ R, x3 > 0, ñèñòåìó èíòåãðî-äè��åðåíöè-

àëüíûõ óðàâíåíèé äèíàìè÷åñêîé âÿçêîóïðóãîñòè (1.1)�(1.2)

ρ
∂2ui
∂t2

=

3∑

j=1

∂Tij
∂xj

, i = 1, 2, 3, x3 > 0, (2.1)

ïðè ñëåäóþùèõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ:

uj
∣∣
t<0

≡ 0, j = 1, 2, 3, (2.2)

Tj3
∣∣
x3=+0

= fj(x1, t), j = 1, 2, 3. (2.3)

Äàëåå ïðåäïîëàãàåì, ÷òî ìîäóëè óïðóãîñòè c11, c12, c44 è ïëîòíîñòü ρ ÿâëÿþòñÿ �óíê-
öèÿìè òîëüêî îäíîé ïåðåìåííîé x3, à âåêòîð-�óíêöèÿ (c11, c12, c44, ρ) ïðèíàäëåæèò êëàñ-
ñó Λ(m), m = const:

Λ(m) =
{
(c11(x3), c12(x3), c44(x3), ρ(x3)) :

c11 > m > 0, c44 > m > 0, c11 > c12, c11 + 2c12 > 0, ρ > m > 0,

c′11(+0) = 0, c′44(+0) = 0, ρ′(+0) = 0,

c11, c44, ρ ∈ C2(R+), c12 ∈ C(R+)
}
, R+ := [0,∞).

Îïðåäåëèì áèëèíåéíûé èíòåãðàëüíûé îïåðàòîð L ïî �îðìóëå

L[K(t), u(x, t)] = u(x, t) +

t∫

0

K(t− τ)u(x, τ) dτ

(çäåñü K(t), u(x, t) � ñêàëÿðíûå �óíêöèè). Â äàëüíåéøåì äëÿ ñîêðàùåíèÿ çàïèñè èíîãäà

íå áóäåì â îïåðàòîðå L óêàçûâàòü çàâèñèìîñòü �óíêöèé îò ïåðåìåííûõ, ïîäðàçóìåâàÿ

çàâèñèìîñòü ïåðâîé � îò t, à âòîðîé � îò x, t.

�àâåíñòâà (2.1)�(2.3) äëÿ àíèçîòðîïíûõ ñðåä ñ ìàòðèöåé (1.3) ìîãóò áûòü ïåðåïèñàíû

â ñëåäóþùåì âèäå:

ρ
∂2u1
∂t2

= L

[
K1,

∂

∂x3

(
c44

∂u1
∂x3

)
+ c12

∂2u3
∂x1∂x3

+
∂

∂x3

(
c44

∂u3
∂x1

)

+ c44
∂2u1
∂x22

+ c11
∂2u1
∂x21

+ (c12 + c44)
∂2u2
∂x1∂x2

]
, (2.4)



Ê âîïðîñó èññëåäîâàíèÿ çàäà÷è îïðåäåëåíèÿ ìàòðè÷íîãî ÿäðà 61

ρ
∂2u2
∂t2

= L

[
K2,

∂

∂x3

(
c44

∂u2
∂x3

)
+ c12

∂2u3
∂x2∂x3

+
∂

∂x3

(
c44

∂u3
∂x2

)

+ c44
∂2u2
∂x21

+ c11
∂2u2
∂x22

+ (c12 + c44)
∂2u1
∂x1∂x2

]
, (2.5)

ρ
∂2u3
∂t2

= L

[
K3,

∂

∂x3

(
c11

∂u3
∂x3

)
+ c44

∂2u1
∂x1∂x3

+
∂

∂x3

(
c12

∂u1
∂x1

)

+ c44
∂2u2
∂x2∂x3

+
∂

∂x3

(
c12

∂u2
∂x2

)
+ c44

∂2u3
∂x21

+ c44
∂2u3
∂x22

]
, (2.6)

L

[
K1, c44

∂u3
∂x1

+ c44
∂u1
∂x3

] ∣∣∣∣
x3=+0

= f1(x1, t), (2.7)

L

[
K2, c44

∂u3
∂x2

+ c44
∂u2
∂x3

] ∣∣∣∣
x3=+0

= f2(x1, t), (2.8)

L

[
K3, c12

∂u1
∂x1

+ c12
∂u2
∂x2

+ c11
∂u3
∂x3

] ∣∣∣∣
x3=+0

= f3(x1, t), (2.9)

ui
∣∣
t<0

≡ 0, i = 1, 2, 3. (2.10)

Çàäà÷ó îïðåäåëåíèÿ âåêòîðà ñìåùåíèÿ u(x, t), óäîâëåòâîðÿþùåãî (â îáîáùåííîì

ñìûñëå) ðàâåíñòâàì (2.1)�(2.3) ïðè çàäàííûõ �óíêöèÿõ ρ(x3), c11(x3), c12(x3), c44(x3),
Kj(t), fj(x1, t), j = 1, 2, 3, áóäåì íàçûâàòü ïðÿìîé çàäà÷åé.

Çàìå÷àíèå. Òàê êàê êîý��èöèåíòû óðàâíåíèé è ãðàíè÷íûå óñëîâèÿ â ñèñòåìå (2.4)�

(2.10) íå çàâèñÿò îò ïåðåìåííîé x2, òî ðåøåíèå ïðÿìîé çàäà÷è u òàêæå íå áóäåò çàâèñåòü
îò x2 [14℄.

Çàïèøåì ñîîòíîøåíèÿ (2.4)�(2.10) â òåðìèíàõ ïðåîáðàçîâàíèÿ Ôóðüå ïî ïåðåìåí-

íîé x1. Èìååì

ρ
∂2U1

∂t2
= L

[
K1,

∂

∂x3

(
c44

∂U1

∂x3

)
+ iνc12

∂U3

∂x3
+ iν

∂

∂x3
(c44U3)− ν2c11U1

]
, (2.11)

ρ
∂2U2

∂t2
= L

[
K2,

∂

∂x3

(
c44

∂U2

∂x3

)
− ν2c44U2

]
, (2.12)

ρ
∂2U3

∂t2
= L

[
K3,

∂

∂x3

(
c11

∂U3

∂x3

)
+ iνc44

∂U1

∂x3
+ iν

∂

∂x3
(c12U1)− ν2c44U3

]
, (2.13)

L

[
K1, ic44νU3 + c44

∂U1

∂x3

] ∣∣∣∣
x3=+0

= F1(ν, t), (2.14)

L

[
K2, c44

∂U2

∂x3

] ∣∣∣∣
x3=+0

= F2(ν, t), (2.15)

L

[
K3, iνc12U1 + c11

∂U3

∂x3

] ∣∣∣∣
x3=+0

= F3(ν, t), (2.16)

Uj
∣∣
t<0

≡ 0, j = 1, 2, 3, (2.17)
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ãäå

Uj(x3, t, ν) =

∞∫

−∞

u(x1, x3, t) exp(iνx1) dx1, j = 1, 2, 3,

Fj(t, ν) =

∞∫

−∞

fj(x1, t) exp(iνx1) dx1, j = 1, 2, 3,

ν � ïàðàìåòð, �óíêöèè Uj , φ ∈ C1(R;C(D̃)), D̃ = {(x3, t) : x3 > 0, 0 6 t 6 T}, T > 0.

Ñèñòåìó (2.11)�(2.17) ìîæíî ðàññìàòðèâàòü êàê ñîâîêóïíîñòü äâóõ ïîäñèñòåì. Ïåð-

âàÿ âêëþ÷àåò ðàâåíñòâà (2.11), (2.13), (2.14), (2.16), (2.17) è îïðåäåëÿåò �óíêöèè U1 è

U3. Âòîðàÿ � (2.12), (2.15), (2.17) îïðåäåëÿåò �óíêöèþ U2.

Îáðàòíàÿ çàäà÷à. Ïóñòü

fj(x1, t) = δ′(t)δ(x1), j = 1, 2, 3;

ãäå δ′(t) � ïðîèçâîäíàÿ äåëüòà-�óíêöèè Äèðàêà, δ(x1) � äåëüòà-�óíêöèÿ Äèðàêà. Îïðå-

äåëèòü ÿäðî K(t) = diag(K1,K2,K3)(t), t > 0, âõîäÿùåå â ðàâåíñòâà (2.1) ïîñðåäñòâîì
�îðìóëû (1.2), åñëè îòíîñèòåëüíî âåêòîð-�óíêöèè (U1, U2, U3) ðåøåíèÿ ïðÿìîé çàäà÷è

èçâåñòíà äîïîëíèòåëüíàÿ èí�îðìàöèÿ

Uj(x3, t, ν)|x3=+0, ν=+0 = gj(t), t > 0, j = 1, 2, 3, (2.18)

ãäå gj(t) � çàäàííûå �óíêöèè.

3. �åøåíèå îáðàòíîé çàäà÷è

Èç ðàâåíñòâ (2.11)�(2.17) äëÿ �óíêöèé

U1
j = Uj(x3, t, ν) |ν=+0, j = 1, 2, 3,

ïîëó÷àåì íåçàâèñèìî ðåøàåìûå çàäà÷è (3.1)�(3.2), (3.3)�(3.4) è (3.5)�(3.6)

ρ
∂2U1

1

∂t2
= L

[
K1,

∂

∂x3

(
c44

∂U1

∂x3

)]
, (3.1)

U1
1

∣∣
t<0

≡ 0, L

[
K1, c44

∂U1

∂x3

] ∣∣∣∣
x3=+0

= δ′(t), (3.2)

ρ
∂2U1

2

∂t2
= L

[
K2,

∂

∂x3

(
c44

∂U1
2

∂x3

)]
, (3.3)

U1
2

∣∣
t<0

≡ 0, L

[
K2, c44

∂U2

∂x3

] ∣∣∣∣
x3=+0

= δ′(t), (3.4)

ρ
∂2U1

3

∂t2
= L

[
K3,

∂

∂x3

(
c11

∂U3

∂x3

)]
, (3.5)

U1
3

∣∣
t<0

≡ 0, L

[
K3, c11

∂U3

∂x3

] ∣∣∣∣
x3=+0

= δ′(t). (3.6)
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Ââåäåì â ðàññìîòðåíèå íîâûå ïåðåìåííûå y, z ïî �îðìóëàì

y = ψ1(x3) :=

x3∫

0

dξ

v1(ξ)
, v1(x3) :=

√
c44(x3)

ρ(x3)
,

z = ψ2(x3) :=

x3∫

0

dξ

v2(ξ)
, v2(x3) :=

√
c11(x3)

ρ(x3)
.

×åðåç ψ−1
j îáîçíà÷èì �óíêöèþ, îáðàòíóþ ê ψj , j = 1, 2.

Ïóñòü

vi(y, t) :=
U1
i

(
ψ−1
1 (y), t

)

s(y)
, i = 1, 2; s(y) :=

√
v1(+0)ρ(+0)

v1
(
ψ−1
1 (y)

)
ρ
(
ψ−1
1 (y)

) ,

v3(z, t) :=
U1
3

(
ψ−1
2 (z), t

)

p(z)
, p(z) :=

√
v2(+0)ρ(+0)

v2
(
ψ−1
2 (z)

)
ρ
(
ψ−1
2 (z)

) .

Òîãäà îáðàòíàÿ çàäà÷à â òåðìèíàõ âíîâü ââåäåííûõ �óíêöèé è ïåðåìåííûõ y, z ïðè-
âîäèòñÿ ê çàäà÷å îïðåäåëåíèÿ ìàòðè÷íîãî ÿäðà K(t) = diag(K1,K2,K3)(t) èç ñëåäóþùèõ
ñîîòíîøåíèé:

∂2vj
∂t2

= L

[
Kj ,

∂2vj
∂y2

+ q(y)vj

]
, y > 0, t ∈ R, (3.7)

L

[
Kj ,

∂vj(y, t)

∂y

]

y=+0

= aδ′(t), j = 1, 2, (3.8)

∂2v3
∂t2

= L

[
K3,

∂2v3
∂z2

+ q̃(z)v3

]
, z > 0, t ∈ R, (3.9)

L

[
K3,

∂v3(z, t)

∂z

]

z=+0

= bδ′(t), (3.10)

vj
∣∣
t<0

≡ 0, j = 1, 2, 3, (3.11)

vj(+0, t) = gj(t), j = 1, 2, 3, (3.12)

ãäå

q(y) :=
s′′(y)

s(y)
− 2

[
s′(y)

s(y)

]2
, q̃(z) :=

p′′(z)

p(z)
− 2

[
p′(z)

p(z)

]2
,

a := [c44(+0)ρ(+0)]−
1

2 , b := [c11(+0)ρ(+0)]−
1

2 .

Çàäà÷à (3.7)�(3.12) ðàñïàäàåòñÿ íà òðè íåçàâèñèìûå çàäà÷è ïî îïðåäåëåíèþ K1(t),
K2(t), K3(t) ñîîòâåòñòâåííî. �åøåíèå êàæäîé çàäà÷è ìîæåò áûòü ïðîâåäåíî àíàëîãè÷íî
èññëåäîâàíèþ îáðàòíîé çàäà÷è, èçó÷åííîé â [6℄.

Òàêèì îáðàçîì, èç [6℄ ñëåäóåò ñïðàâåäëèâîñòü ñëåäóþùèõ òåîðåì îäíîçíà÷íîé ãëî-

áàëüíîé ðàçðåøèìîñòè è óñòîé÷èâîñòè îáðàòíîé çàäà÷è îïðåäåëåíèÿ ìàòðè÷íîãî ÿäðà

(äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî àíàëîãèè äëÿ êàæäîãî ýëåìåíòà Ki(t), i = 1, 2, 3):

Òåîðåìà 1. Ïóñòü �óíêöèÿ gj(t) ïðåäñòàâèìà â âèäå

gj(t) = Ajδ(t) + θ(t)g0j(t), (A1, A2, A3) := (a, a, b)
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è g0j(t) ∈ C2 [0, T ] , j = 1, 2, 3; θ(t) � �óíêöèÿ Õåâèñàéäà. Êðîìå òîãî, (ρ, c44) ∈

C3
[
0, ψ−1

1 (T/2)
]
, c11 ∈ C3

[
0, ψ−1

2 (T/2)
]
. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàò-

íîé çàäà÷è K(t) = diag(K1,K2,K3)(t), t ∈ C
2[0, T ], ïðè ëþáîì �èêñèðîâàííîì T > 0.

Ïóñòü Γ(h0) � ìíîæåñòâî ñêàëÿðíûõ �óíêöèé K(t) ∈ C2[0, T ], óäîâëåòâîðÿþùèõ äëÿ
t ∈ [0, T ] íåðàâåíñòâó ‖K(t)‖C2[0,T ] 6 h0 ñ �èêñèðîâàííîé ïîëîæèòåëüíîé ïîñòîÿííîé h0.
Ýòà ïîñòîÿííàÿ îïðåäåëåíà â [6℄.

Òåîðåìà 2. Ïóñòü K(t) = diag(K1,K2,K3)(t), K∗(t) = diag(K∗

1 ,K
∗

2 ,K
∗

3 )(t),
Kj(t),K

∗

j (t)∈Γ(h0j), j = 1, 2, 3, � ðåøåíèÿ îáðàòíîé çàäà÷è ñ íàáîðîì äàííûõ

{
ρ(ψ−1

1 (y)), c44(ψ
−1
1 (y)), c11(ψ

−1
2 (z)), g0j(t)

}
,

{
ρ∗(ψ−1

1 (y)), c∗44(ψ
−1
1 (y)), c∗11(ψ

−1
2 (z)), g0

∗

j (t)
}

ñîîòâåòñòâåííî. Òîãäà íàéäåòñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî C = C(m,h0, h00, T ),

h00 = max
{
‖ρ‖C3[0,ψ−1

1
(T/2)], ‖c44‖C3[0,ψ−1

1
(T/2)], ‖c11‖C3[0,ψ−1

2
(T/2)], ‖g0j(t)‖C2[0,T ],

‖ρ∗‖C3[0,ψ−1

1
(T/2)], ‖c

∗

44‖C3[0,ψ−1

1
(T/2)], ‖c

∗

11‖C3[0,ψ−1

2
(T/2)], ‖g0

∗

j(t)‖C2[0,T ]

}
,

÷òî ñïðàâåäëèâà îöåíêà óñòîé÷èâîñòè

3∑

j=1

‖Kj(t)−K∗

j (t)‖C3[0,T ] 6 C

[
‖ρ− ρ∗‖C3[0,ψ−1

1
(T/2)] + ‖c44 − c∗44‖C3[0,ψ−1

1
(T/2)]

+ ‖c11 − c∗11‖C3[0,ψ−1

2
(T/2)] +

3∑

j=1

‖g0j − g0
∗

j‖C2[0,T ]

]
.

⊳ Èç [6℄ ñëåäóþò îöåíêè

‖K1(t)−K
∗

1 (t)‖C2[0,T ] 6 C
[
‖ρ−ρ∗‖C3[0,ψ−1

1
(T/2)] +‖c44−c

∗

44‖C3[0,ψ−1

1
(T/2)]‖g01−g0

∗

1‖C2[0,T ]

]
,

‖K2(t)−K
∗

2 (t)‖C2[0,T ] 6 C
[
‖ρ−ρ∗‖C3[0,ψ−1

1
(T/2)] +‖c44−c

∗

44‖C3[0,ψ−1

1
(T/2)]‖g02−g0

∗

2‖C2[0,T ]

]
,

‖K3(t)−K
∗

3 (t)‖C2[0,T ] 6 C
[
‖ρ−ρ∗‖C3[0,ψ−1

1
(T/2)]+‖c11−c

∗

11‖C3[0,ψ−1

2
(T/2)]+‖g03−g0

∗

3‖C2[0,T ]

]
.

Ñêëàäûâàÿ ïî÷ëåííî ýòè íåðàâåíñòâà, ìû ïîëó÷àåì òðåáóåìóþ îöåíêó. ⊲
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Abstra
t. We 
onsider the problem of determining the matrix kernel K(t) = diag(K1,K2,K3)(t), t > 0,
o

urring in the system of integro-di�erential vis
oelasti
ity equations for anisotropi
 medium. The dire
t

initial boundary value problem is to determine the displa
ement ve
tor fun
tion u(x, t) = (u1, u2, u3)(x, t),
x = (x1, x2, x3) ∈ R3, x3 > 0. It is assumed that the 
oe�
ients of the system (density and elasti
 modulus)

depend only on the spatial variable x3 > 0. The sour
e of perturbation of elasti
 waves is 
on
entrated on

the boundary of x3 = 0 and represents the Dira
 Delta fun
tion (Neumann boundary 
ondition of a spe
ial

kind). The inverse problem is redu
ed to the previously studied problems of determining s
alar kernels Ki(t),
i = 1, 2, 3. As an additional 
ondition, the value of the Fourier transform in x2 of the fun
tion u(x, t) is given
on the surfa
e x3 = 0. Theorems of global unique solvability and stability of the solution of the inverse problem
are given. The idea of proving global solvability is to apply the 
ontra
tion mapping prin
iple to a system

of nonlinear Volterra integral equations of the se
ond kind in a weighted Bana
h spa
e.

Key words: inverse problem, stability, delta fun
tion, elasti
 moduli, 
oe�
ients, matrix kernel.
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