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Abstract. In this paper, we give some results concerning Bernstein—Nikol’skii inequality for weighted
Lebesgue spaces. The main result is as follows: Let 1 < u,p <00, 0< g+ 1/p<v+1l/u<l,v—q >0,
k>0, f € Ly(R) and suppj? C [-k,k]. Then D™f € LE(R), supplﬁ = suppj? and there exists
a constant C independent of f, m, x such that [[D™f[|r < Cm ™2™ | fllLw, for all m = 1,2,...,

where o0 = v + % — L _ 4 >0, and the weighted Lebesgue space LY consists of all measurable functions

1o
such that || fl| z = (fa |f(:v)|p|:v|pqd:v)l/p < 00. Moreover, limy,—co ||Dmf|\i/gm =sup{|z|: z € suppf}.

The advantage of our result is that m™¢ appears on the right hand side of the inequality (¢ > 0), which
has never appeared in related articles by other authors. The corresponding result for the n-dimensional
case is also obtained.
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1. Introduction

In 1912, S. N. Bernstein proved in [1] the following inequality: Let f be any trigonometric
polynomial f of degree k. Then

D™ flloo < K™ [[flloo (Ym =1,2,...),

which provides the behavior of the norm of derivatives of f with respect to differential order
and its spectrum. The constants k" are best possible. This inequality is also true for LP-
norm, 1 < p < oo (see [2]), and for entire functions of exponential type x > 0 with respect to
LP(R)-norm, 1 < p < oo (see [3]).
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In 1951, S. M. Nilkol’skii gave the following inequality
1l < Cp,q’ﬁl/qil/prth I<g<p<oo

for any entire function f of exponential type x belonging to L4(R) [4]. Bernstein inequality
was studied also in [5—11]and Nikol’skii inequality was studied in [3, 4, 12, 13|. Note that the
inequalities of Bernstein and Nikol’skii play an important role in the Approximation Theory
[2, 3, 15, 16]. Combining the above inequalities, we have the following Bernstein-Nikol’skii
inequality

D™ fllp < Cp g™ /9712| £]l, (1)

for 1 < q<p<oo,suppfC [—k, k] and f € LY(R).

The main purpose of this paper is to derive a new Bernstein-Nikol’skii inequality for
weighted Lebesgue spaces, which is a generalization of the corresponding result in [17]. Note
that the obtained inequality in [17] is better than (1). We also extend the result in [18]
to weighted spaces.

2. Main Results

Given a function f : R — C in L'(R), its Fourier transform is defined by

ﬂm:ﬁwﬂ*”/?””ﬂ@d&

R

The Fourier transform of a tempered generalized function f can be defined via the formula

<<gf’§0>:<f’y90>’ ngY(R),

where . (R) is the Schwartz space of rapidly decreasing functions.
Let 1 < p < oo, ¢ € R. The weighted Lebesgue space LY := LL(R) consists of all
measurable functions such that

1/p
\mm=</ummwwﬂ .
R

Then LE(R) is a Banach space.

The following Bernstein—Nikol’skii inequality for weighted Lebesgue spaces is our main
result:

Theorem 2.1. Let 1 < u,p <o00,0<q+ (1/p) <v+ (1/u) <1l,v—q >0, k>0, and
f e LYR) and supp]?C [k, k]. Then D™ f € LE(R), supp]jr?f = suppfand there exists
a constant C' independent of f, m, k such that

D™ fligy < Cm™ ™| f L (2)
_ _ 11
for allm =1,2,..., where g = v + 3, -5 — q > 0. Moreover,
: 1/m _ . n
i D7 4" = sup {la] : @ € supp F}. (3)

Note that equality (3) was proved in [18] for the case ¢ = 0 and the Bernstein—Nikol’skii
inequality for usual Lebesgue spaces was studied in |7, 8, 15-17| by other techniques.
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To prove Theorem 1, we need the following lemmas.

Lemma 2.2 (Young’s Inequality for the weighted Lebesgue spaces [19]). Let
l<u,pr<oo, l/p<1l/u+1l/r,1/p=1/u+1/r+v+q+y—1,v<1—1/u, q¢<1/p,
Y<1-1/r,y+q>0,7y+v>0,qg+v >0and f € L¥R), g € L7 (R). Then f g € L” (R)
and there exists a constant C' independent of f, g such that

1f*gller < Clflcaligles,

(f+g)(x) = / f(@ - 1)g(y) dy.

Lemma 2.3 [20]. If the support of a generalized function f € ./ /(R) consists of a single
point x = 0, then it is uniquely representable in the form

where

N

f(x) =) ¢;D'5(x)

J=0

where N is the order of f, and c; are certain constants.
Clearly, we have the following

Lemma 2.4. Let 1 < p < oo,q € R,k >0 and f € LY(R). Then . f € L§(R) and
eIz = &P Fl e

where . f(x) = f(z/k).
Lemma 2.5. Let 1 <u,p <o00,0<q+(1/p) <v+(1/u) <1l,v—-¢=>0, f € LyR) and
suppf C [=1,1]. Then there exists a constant C independent of f, m such that

D™ fllz < Cm”°| fl|Ly (4)
for allm=1,2,..., where

1 1
o=v+——-—q>0.
u p

< We denote Q := [—1,1] and Q¢ := [—(1 4+ €),1 + €] for each € > 0. The function ¥(z)
is defined as follows ,
C 1/(z%—1) 1:
g(z) _ 1€ ) |Z| < )
0, 2l =1
where C is chosen such that [, ¢(z) dz = 1. We define the sequence of functions (¢m(2))m=1

via the formula

Pm(z) = (193/(4m) * A ) (2),

where

Ao (2) = 4mg(4mz)

Then J4,(z) = 0 for all z & [-1/(4m),1/(4m)], [p #m(z)dz = 1. Hence, for any m > 1 we
have ¢, (2) € C§°(R), and ¢, (2) = 1 for all z € Ql/(Qm ém(z) = 0 for all 2z ¢ Qy,,. So,

f: gf)m(—z)ffollows from supp]?C Q. Therefore, since
Df = (iz)" f,
Df = ¢um(—2)(i2)" .
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Hence,

D" f = 2r) V2 f « T (bm(—2)(i2)™) = 2m) V2 f % F(m(2)(—iz)™). (5)

We consider two numbers r, v satisfying 1 < r < oo, ¢ + % —v— % = % +v—-1Lv+v =0,
vy—q=0,v—q+ v <1 From the hypothesis, we have % < %—i—%, v < 1—%,1} <1l-1/u
and —¢ < 1/p. Therefore, due to (5) and Lemma 2.2, there exists a constant Co independent
of f, m such that

107 flzg = @) 21F » Fon(@7) gy < Col gl F G2 g (©)
Define
=1 o ol =0m (), Bu2) = 6 (e) = (o)
Then
(#on@:)@ = )" (# (00 () (2) ) )@ = 0™ (F @n))) ).
So, by Lemma 2.4, one gets
|7 n12m)], = Gyt [ Fomm|

m

Then it follows from (nm)mH*V*% > (ny)™ = (1 + i>m > 2 that

a2 nr)

Therefore, since ®,,(2) = dm(2) — om(2),

|# (@n(2m)

Ly > Hﬁ(gom(z)zm)‘ Ly Ly

From (6)—(7) we obtain

F (P (2)2™)]

D™ f|| o < Callflle I (8)
a Y

Next, we estimate || (®,,(2)2™)|| . To do that, we put C3 = max {||#||,, : j < 3}. Since
S (1) = 4m¥ (4mz), H5) (2) = (4m) 190 (4mz) and then we obtain
1] 1 = Am)[|g D] 1 < Cs(dm) - (V5 < 3).
Therefore,
6511 oo = 11ty amy | e < 07| 1 < (4 Cs (¥ < 3). (9)

Note that ¢p,(z) = 1 for all z € (=1 — (1/2m),1 4+ (1/2m)), and ¢,,(z) = 0 for all =z
(—o0,—1 = (1/m)) U (1 + (1/m),+00). So, if |z| < 1 then |z/nm| < |z] < 1 and ¢, (2)
Om(z/mm) =1, 1. e., Dp(z) = 0.

Further, if |z| > 14(3/m) then |z| > |z/nm| > 14+(1/m) and then ¢y, (2) = ¢ (2/0m) = 0,
i e, ®,(2) =0.

€
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So, we have
supp®,,, C [1,1+ (3/m)]U[-1— (3/m), —1]. (10)
Now, if z € [1,1 + (3/m)] U [-1 — (3/m), —1] then

‘ (N — 1)z
m

<3 (11)

z
mnm \m

z— —| =
TIm

From (9) and (11) we get the following estimates for z € [1,1+ (3/m)] U [-1 — (3/m), —1]

#03)] = [én2) — on()] = [onc) —¢(nim)

<

s ()

4
— 4ng = 1603 (12)
m

and

(13)

- Mz)—iqz):n(i)k ’(z)—%(i)‘ﬂ(l—i)%(i)'
TIm Tim TIm Nm Nm
< Z_iH a +‘1—LH ' <i(4m)203+‘1—i(4m03<68m03.
m Le Im m TIm

Put T(z) = (F(Pmn(2)2™))(x). Then

Y (z) e P, (2)2" dz.
\/27‘(‘ /
Therefore, using (10), we obtain
5 T()‘<1/‘f1>()md ! / [ (2)2"
u z)| < —== m(2)z" | dz = — m(z)z™ | dz
JJE]IE V2T V2T
R 1<)z<1+ 2
and it follows from (9) that
m 3
sup |T(z)| < 0 sup |, ‘(1 + i) < M. (14)
z€R 2T 2€R m my 2w
We also see that
1 .
sup |z Y (z)| = —‘/e”z B (2)mz""t + @ (2)2™) dz
YO = | [ (2)2m)

1
< — ‘Cbm 2)ymz™ N 4 @) (2)2™| dz.
mR/ @ )

Therefore, using (9)—(10), we have

sup |z Y (z)

‘ 1
z€R

< 7o / ‘Cbm(z) P m‘dz (15)

1<z)<14+ 2
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6
sup
my2m 1<z]<14 2

oo ) sl (2)

<

m(z)mz"1 4 <I>'m(z)zm‘

21 | zeR z€R
6 504€3Cy
< [16C3me? + 63Cme?| = ==,
my 2w s s V2T
From 0 < v+ 1/r <1 we have r —rv > 1 and r > —1. Hence, we get the following estimate
HT‘ 2; = / ‘x”T(x)‘rdx + / !x”T(m)!de (16)
|z|<m |z|=m
1
< sup|Y(x / x| dx + sup|zY (z / _—
xE]R‘ ( )| ’ ‘ z€R| ‘ |x|r—wr
|z|<m |z|=m
2m'yr+1 2m'yr+1fr
= sup!T(x)‘T—i—i Sup‘xT )|
yr+1 Ler r—ar—1

From (14)—(16), we obtain

HT r <2mW‘+1 96e3C3\"  2mYTTIT (504e3C5\ "
Ly S or41

mvV2r r—ayr—1 V2T
— o rti-r (6303>r( H047 + 90" )
Vor r—ar—1 ~r+1)’
and then
3 479 9 %
¢ Oy ( 50 L% > m T = Cym, (17)
Ly N2r\r—ar—1 ~r+1

where C3 = 6303(T5%:21 + 3?:_21) r/V2m.

From (8), (17), we can choose a constant C' such that
D™ flly < Cm~¢[| fllzy-

The proof is complete. >
Lemma 2.6. Let 1 <p<o00,0<¢g+1/p <1, and f € LY(R). Then

hmlnf HDmel/m > sup {|z| : = € supp f} (18)
< Denote o := sup {|z|: = € suppf}. If o = 0 then (18) is obvious. Now, we assume that

o > 0. Without loss of generality we may assume that o € suppf. For each € € (0,0), there
exists a function ¢ € C§°(R), supp ¢ C [0 — €,0 + €] such that (f,¢)# 0. Put

Hence, D™ 2, = (—i)™.% ¢ and then
0 <[(F,0)|=[(F, Fo)|=1(f, D" 2m)|= (D™, Zm)|
‘/Dmf () dx /|qumf(:c)||qum(x)|dx.

R
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Using Holder inequality, we have

1/p 1/p
0<[(fi¥)|< (/quDmf(w)lpdw> (/ 2792 (2 )I”d:c> = 10" fllzzll2mll 7
R R
where
1 1
— + - = 1
p p
So,
l1m1nf||Dmf\|1/m > 1/lmsup || 2, Hl/’”. (19)

We consider an integer N satisfying (N +¢)p > 1. From 0 < q—i—% < 1, we deduce that ¢p < 1,
which together with (N + ¢)p > 1 and

/\x—q,@ Pz < / 5~9.2,,(2)Pdz + / 6792, (2)Pda

|z|<1 |lz|>1
< sup |2, (z) P / |:C|_Qﬁdx+sup‘xN.Qm(:c)‘p / |$_q_N‘I_)d£C
z€R zeR
lz]<1 2|21
imply
2
2719, (2)|Pdx < sup |2, — = suplV2, 20
/’ e < = InIF G s A
Note that

sup| (14 1a¥) 2ut@)| < [ (Jetaam|+ DY ela)/a™)]) do < am¥(o =7
[o—c,0+¢]

where ¢ is independent of m. Then, by (20), we obtain
lﬂn
hmsupHQ H <1/(o —e).

So, it follows from (19) that

lim inf HDmel/m >0 —e

m—0o0
Letting € — 0, we confirm (18). The proof is complete. >
Lemma 2.7. Let 1 <p < oo and 0 < g+ 1/p. Then ./ (R) C LE(R).

< Let ¢ € (R) and an integer N be satisfying (N —¢q)p > 1. From 0 < ¢+ %, we deduce
gp > —1, which together with (N — ¢)p > 1 and

[us@pac< [ we@pacs [ latppa

R lz|<1 |z|>1

< supl (o)l / ol di -+ supla () / 29N da

lz|<1 |z|>1
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imply that

2
xlp(x)|P dx sup ()P + —————sup |2V P < 0.
/| D de € =z (@) + o sl ()

Hence, ¢ € LE(R). >

<1 PROOF OF THEOREM 2.1. We define

Since supp f C [—K, K], supp;f C [-1,1]. Then, using Lemma 2.5, we obtain
D™ flly < Cm~ ¢ fllLy - (21)

Since . f(z) = f(%) and Lemma 2.4,
1 _ 1
lnfllze = &5l floe, 1D fllgp = &2 (|D™ f |
Hence, it follows from (21) that
— 1 _ 1
£ D |y < CmTCR Ry

So,

1 1
1D fllp < Cm= k™70 |y = Om k™ f 1y
which confirms (4), and also (3) by using Lemma 2.6.

To complete the proof, it remains to prove that supp D™ f = supp f for all m € N.
It is enough to prove this for m = 1. Assume the contrary that supp D f =% supp f Since

DJ = (in)}. I
supp Df C supp f C supp D f U {0}.

Hence, by suppﬁf = supp f, we obtain
supp f = supp Df U {0}, 0 ¢ suppDf. (22)

Then, it follows from that suppl/?f is a compact set, there exists a positive number € such
that B0, €] N supp f = {0}. We choose a function ¢ € C§°(R), suppty C [—¢, €] satisfying
Y(z) =11in [—€/2,€¢/2]. Then R

supptf C {0},

which together with Lemma 2.3 imply
N .
wf=> ¢ D',
=0

where N is the order of ¢/f and § is the Dirac function ((6,¢)= ©(0) for all ¢ C .Z(R)).
Therefore, (F~14) x f(x) is a polynomial and

(2m) V2 F- = > caF (D). (23)

|a|<N
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Using v + 1/r > 0 and Lemma 2.7, we deduce .7 ¢ € .(R) C L. (R). Combining this,
f € LYR) and Lemma 2.2, we get (& ) x f € LE(R). This and (23) imply

(F 1) * f(z) = 0.

So, ¢f: 0. By 0 € suppfA’7 there is a function ¢ € C3°(R), supp ¢ C [—€/2,€/2] such that
(f,¢)# 0. So, it follows from ¢ (x) =1 in [—€/2, /2] that

0 (f.0)=(f,vd)=(vf,9)

0,

which is impossible. The proof is complete. >
For k > 0 we denote

Lgﬁ = {f € LY(R) : supp f C [—k, n]}
The norm of the derivative operator D™ is given by

ID™|py sz = sup  [[D™f[[z.

K
’ 1l e

From Theorem 2.1, we have the following corollary about the norm of derivative operators.

Corollary 2.8. Let 1 <u,p<o00,0<qg+1/p<v+1l/u<l,v—q=>0,k >0. Then
there exists a constant C' > 0 independent of m, « such that

1D™ 1y, 1y < Omesmre,

where

1 1
o=v+——qg—->0.
u p

If p = u, using Theorem 2.1, we get

Corollary 2.9. Let 1 < p < 00,—1/p < ¢ <v < 1—-1/p, & >0, f € LY(R) and
supp f C [—k,k]. Then D™ f € LE(R) and there exists a constant C' > 0 independent of f,
m, K such that

ID™ fll s < Cr=ox™ || ] 1z,

where
o=v—q>0.
If ¢ = v, it follows from Theorem 2.1 that

Corollary 2.10. Let 1 < u <p < oo, =1/p < q¢<1-1/u, k >0, f € Ly(R) and
suppfc [—K, k]. Then there exists a constant C > 0 independent of f, m, k such that

ID™ Iy < Cm 6™ f|Ly,

where
1 1
o=———-—>0.
u p

Using Theorem 2.1 in the case ¢ = 0, we have the following:
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Corollary 2.11. Let 1 < u,p < o0, 1/p <v+1l/u<1l,v>20,k>0,fe€ Ly(R) and
supp f C [—k, k]. Then there exists a constant C' > 0 independent of f, m, k such that

_ 1 1
D"l < om0l g, (0=v+ 3~ ).

In particular,
lim D™ f|Le /6™ =0, Timsup |D™f[Y™ < x
m—0o0 m— oo v
Further, if v = 0, we have

Corollary 2.12. Let 1 < u,p <00, 0< ¢+ 1/p<1/u,¢<0,x>0,feL*R) and
supp f C [—k, k]. Then there exists a constant C' > 0 independent of f, m, k such that

ID™ fllzy < Cm= k™| f] e,

where
1 1
o=——q——->0.
U p
In particular,
lim | D™ f||p«/&™ =0, limsup |[D™f|." < &
m—ro0

m—oo
Moreover, if v = g = 0 then the following result holds:

Corollary 2.13. Let 1l < u <p < o0, k > 0, f € L*(R) and suppfA'C [—K, k]. Then
D™f e LP(R) and there exists a constant C' > 0 independent of f, m, k such that

D™ fllize < Cm” k™ fl| e

where

0==—->0.
u p

Using Theorem 2.1 and Bernstein inequality, we can prove the following result.

Corollary 2.14. Let 1 < u < p < o0, k > 0. Denote
Ny = {f € .7 (R): suppr [—k, K], f€ L“(R)}

and
Ym = inf 7HDmeLP.
€Nk K™ f|
Then Y41 < Ym and
lim ~,, =0.

m— o0

Let 1 < p < co and g € R. The weighted Lebesgue space LY := LL(R™) consists of all
measurable functions such that

n 1/p
Iy = | [ 1760 TLaPrax ) <o
n j=1
where x = (x1, 9, ...,2,). Consecutively applying Theorem 2.1 to each variable, we get the

following result for the n-dimensional case.
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Theorem 2.15. Let 1 < u,p < 00, 0 < g+ 1/p < v+ 1/u < 1, v—q =0,
K= (Ki,...,kp) €RY, f € LYR") and supp f C [—K1,k1] X ... X [—Kp, kp]. Then D*f €
LE(R™) and there exists a constant C > 0 independent of f, o, k such that

n
_ i+
ID*fllpz < Clfllee TT o s57", (24)
=1,
a0
where
1 1
o=v+——q——->0.
U p
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HEPABEHCTBO BEPHIITENHA — HUKOJIBCKOTO
B BECOBBIX ITPOCTPAHCTBAX JIEBET'A

Banr X. 3.1, 3yit B. H.23

! Brernamckas akageMust HayK U TexHosorni, Xaunoii, Brernan;
2 X aHOMCKIMIA YHUBEPCUTET eCTECTBEHHBIX HayK, XaHoi, BreTHaM;
3 Txanr Jlonr yuusepcurer, Xamoii, Brernam
E-mail: hhbang@math.ac.vn; nhat_huy85@yahoo. com

AnHoTauusa. B pabore ycraHaBiImBaioTCsl pe3yJbTaThbl, Kacaloliuecs HepaBeHcTBa bepninreitna — Hu-
KOJTBCKOTO B BECOBBIX TIpocTpancTBax Jlebera. OCHOBHOMN Pe3YJIBTAT COMEPIKUTCS B CIIE/IYIONIEM yTBEPKICHUN .
IMycrs 1 < u,p< 00,0 < g+1l/p<v+l/u<l,v—qg>=0, k>0, f€LyR)usuppf C [—k,«]. To-
rna D™ f € LE(R), suppﬁm\f = suppfn cymecTByeT Takas rnocrosgaHas C, He3aBucsdmast or f, m u K, ITO

1

D™ flle < Cm™ k™ || f||Lu ans Bcex m = 1,2,..., te 0 = v+ = — 5 — ¢ > 0 1 BecoBoe MPOCTPAHCTBO

1/p
P i — P||Pa

JleGera Lg cocTonT us Beex nsmMepumMbix dyHKIwmil, 17151 KoTopbiX || f|| L = (fR |f ()P || dm) < oo. Boee
1/m

P
Lq
9TO B IPABOH YACTH HEPABEHCTBA COLEPAKHUTCS MHOKHUTEJHb M~ ¢ (o > 0), KOTOpBIi paHee HAKOIZa He IOAB-
JISIJICSL B QHAJIOTUYHBIX UCC/IEAOBAHUSIX APYruX aBTOpoB. COOTBETCTBYIOIIMI PE3YJIBTAT HOJLyYeH TAKIKe IJIsl

TOrO, liMm—oo || D™ f|| =sup{|z|: z € suppf}. I'maBHBIM JOCTHIKEHHMEM HAIIETO Pe3y/IbTaTa sBJISETC TO,

N-MEPHOTO CJIydasl.
KuroueBble cioBa: BecoBble IpocTpaHcTsa Jlebera, HepaseHCTBO Bepminreiina, mepaserctso Hukoss-
CKOTO.
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