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MUÏ	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ô�×	×2Ø	Ð�Ø	Ù�Ó	Ú�Û!Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	ÚÝÙ<Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ßwÏ2Û�à�Û�Ð�Þ'Ô�ßHÙ�Ü2Û�Ï	Ù�Ú�ÛWÜ2Ñ�ÜFÔ�Õ2ØáÙSÜ2Ñ�ÕFÛ
â Ï2Û�Ó	Ø	ã�Ø2ä�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û ÕFÛ�å�ÙzÓFÔ�æFÔ�ÕFÛ<ç�è�éêßáÒ�Ñ�×FÑ�Ù�Ü	Ï2Ñ�àWÕFÑ�Ò�Ñ�Ù�Û�Þ'Ô�ëKì�íIî�ï«ð`NQÑ â�ñ Û!ÙzÏFÔ�ò�Ñ�Ð�Ô�ßóë ô�õ'ö�ï
Þ�Ñ�Ó	÷2Û�Ü	÷	Ø	ã�Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�åáÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Øwò�Ú6Õ�ÔWÑ�ò�Ñ�ò�ø�Û�ÓFÔWÓFÔWÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø	ãIí â Ô�×�Ô�Ó	Ó	Ú�ÛaÙ!Ï2Û é
à�Û�Ð�Ñ�æ	Ó2Ñ!Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú6ß�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ßIð[húÓFÔ�ä�Ð�Ñ�ã'ø�Û�Û`Ù�Ï2Û�ù4ãqÐ�Û�Ñ�Ï	Ø	ã�Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ<Ô�×	×2Ø'é
Ð�Ø	Ù�Ó	Ú6ßwÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ùqã'Ù�Õ2ã	Û�Ð�ä�ãáÔ�Þ	Ð�Ø	Ù�Ó2Ñ�å�Ñ�ò�Õ�Ô�ä�Ð�Ö�ûýüQþ�Ó	Þ	÷	Ø2Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ò�ÑqÔ�ÓFÔ�Õ2Ø â Ôwë ÿ�õ�ì�ô�ï«ð
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F×FÛ�ä�Öóù4Ú Ü	Ï	Ø	Ù�Û ×FÛ�ù>Ó2Û�Þ�Ñ�Ð�Ñ�Ï	Ú�Û�Ü	Ï2Û ×2Ù#Ô�Ï	Ø	Ð�Û Õ2Ö�Ó	Ú�Û�ä�Ù�Û ×FÛ�Ó	Ø	ãIí1Ó2Û�Ñ�ò�ß#Ñ�×2Ø2ù4Ú�Û�×	Õ2ãk×�Ô�Õ2Ö�é

Ó2Û�å	à�Û�Ò�Ñ	ð��QÛ Õ2ÖáÓFÔ�ä�Ð�Ñ�ã'ø�Û�Ò�ÑwÜFÔ�ÏFÔ�Ò�ÏFÔ�üWÔ� â Ô�üQØ	Þ�ä�Ø	Ï2Ñ�Ù#Ô�Ð�Ö�Ð�Û�Ï2ù4Ø	Ó2Ñ�ÕFÑ�Ò�Ø	û�í4Ñ�ò�Ñ â ÓFÔ�æ2Û�Ó	Ø	ãeØ
Ù�Ù�Û�ä�Ð�ØóÐ�Ï2Û�ò�þ�Û�ù4Ú�ÛzÜ2Ñ�Ó	ã'Ð�Ø	ãIð�h6ä�ÛqÓ2Û�Ñ�ò�ß#Ñ�×2Ø2ù4Ú�Ûwä�Ù�Û ×FÛ�Ó	Ø	ãóÑwÙ�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ß Ï2Û�à�Û�Ð�Þ'Ô�ß Ø Ï2Û�à�Û é
Ð�Ñ�æ	Ó2ÑSÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú6ßwÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ß�ù,Ñ ñ Ó2Ñ<ÓFÔ�å	Ð�ØwÙ [14, 15]

ð
h6ä�Û1Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�ÛUÏ2Û�à�Û�Ð�Þ	Ø�í�ÏFÔ�ä�ä�ù[Ô�Ð�Ï	Ø	Ù#Ô�Û�ù4Ú�ÛaÓ	Ø ñ Û�Ù�Ð�Û�Þ�ä�Ð�Û�í#ã'Ù�Õ2ã'ûaÐ�ä�ãzÔ�Ï�ß'Ø2ù,Û ×FÑ�Ù�Ú�ù4Ø�í	Ô

Ï2Û�à�Û�Ð�Ñ�æ	Ó2ÑQÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ÝÏFÔ â ÕFÑ ñ Ø2ù4Ú�ù4Ø�ð��[ÕFÛ�ù,Û�Ó	Ð
y
Ï2Û�à�Û�Ð�Ñ�æ	Ó2ÑQÓ2Ñ�Ï2ù4Ø'é

Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�Ò�ÑzÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
(V,E)

ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ������� �2��� ��� ÕFÛ�ù,Û�Ó	Ð�Ô
x ∈ V í�Û�ä Õ2Ø y ⊥ x − y ð
IÔ�Ü	Ø2ä�Ö

y v x Ù�Ú1ÏFÔ ñ Ô�Û�Ð!Ð�Ñ�ÐWüWÔ�Þ	Ð�í�æ	Ð�Ñ y  Ñ�ä�Þ�Ñ�ÕFÑ�Þ
x
ð}]áÓ2Ñ ñ Û�ä�Ð�Ù�ÑWÙ�ä�Û ß<Ñ�ä�Þ�Ñ�Õ2Þ�Ñ�Ù � ÕFÛ�ù,Û�Ó	Ð�Ô

x
Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ãáæ2Û�Ï2Û â

Fx
ð

N`þ�ä�Ð�Ö
E
Ø
F

 Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�ÛWÏ2Û�à�Û�Ð�Þ	Ø�ð6MUÏ	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ô�×	×2Ø	Ð�Ø	Ù�Ó	Ú1åmÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
T : E → FÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã�� �2� �2��� �2�S�¨������� � í'Û�ä Õ2Ø

Tx > 0
Ù
F
×	Õ2ãzÕ2û`ò�Ñ�Ò�Ñ

x ∈ E � �2���	�2�������������ê�����2�2�'�������� � í�Û�ä Õ2Ø
T
Ñ�Ð�Ñ�ò�ÏFÔ ñ Ô�Û�ÐáÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ñ�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú�Ûzù4Ó2Ñ ñ Û�ä�Ð�Ù#ÔwÙ E ÙHÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ñ�Ñ�Ò�ÏFÔ�Ó	Ø'é

æ2Û�Ó	Ó	Ú�Û�ù4Ó2Ñ ñ Û�ä�Ð�Ù#Ô<Ù F ð
�© � �"!$#&% ����©¨��´('6¹*)W¹ µ�º4¯�£�¢¦´&)W¹ % ¹
1 + ��� � ¡ ��´ ¸I¬���¯�±�¢¦±��@¬���£�, £�±���±�©¨��´���¼�¬��¨®�®�¢¨��°�»�¢ + � ©¨©¦£�¼�©¨»���²���,}��±�®��-, ¥�±�®���¶2¢¦±�¡ ��¯�³ ±�¸I½}£�©¨©¦¯�¢«®���´���±�£�¼�µ

¬���� ¢¨»�¡/. !10 · �"! ·32 !$454 2"6�'�'�7/8 · ��¹
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NQÑ�Ï#ã�×2Þ�Ñ�Ù�Ñ Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú1å�íQÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ Ô�×	×2Ø	Ð�Ø	Ù�Ó	Ú1åiÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
T : E → F

ÓFÔ â Ú6é
Ù#Ô�Û�Ð�ä�ã ��
����U����������� �Y���F�«����������� ��F� �,�����2� ð�h6Û�Þ	Ð�Ñ�Ï	Ó2Ñ�ÛSÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�ÑwÙ�ä�Û ß Ô�ò�ä�Ð�ÏFÔ�Þ	Ð�Ó	Ú6ß
Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ÙqbaÏ	Ú�ä�Ñ�ÓFÔSØ â E Ù

F
Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ãáæ2Û�Ï2Û â

U (E,F )
ð

N`þ�ä�Ð�Ö
E

YÙ�Û�Þ	Ð�Ñ�Ï	ÓFÔ�ã�Ï2Û�à�Û�Ð�Þ'Ô<Ø
X

YÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�ÛWÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ðQMUÏ	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑwÔ�×	×2Ø'é
Ð�Ø	Ù�Ó	Ú1åáÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

T : E → X
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �'������� � í'Û�ä Õ2Ø T (x) = T (−x) ×	Õ2ãzÕ2û`ò�Ñ�Ò�Ñ x ∈ E ðX[ä Õ2Ø

E
í
F

 Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�Û�Ï2Û�à�Û�Ð�Þ	Ø�í4Ð�Ñ�ù4Ó2Ñ ñ Û�ä�Ð�Ù�ÑmÙ�ä�Û ßeæ2Û�Ð�Ó	Ú6ßóÔ�ò�ä�Ð�ÏFÔ�Þ	Ð�Ó	Ú6ßkÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù
baÏ	Ú�ä�Ñ�ÓFÔáØ â E Ù

F
Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ãkæ2Û�Ï2Û â

U ev(E,F )
ðeMUÐ�ù,Û�Ð�Ø2ù1í,æ	Ð�ÑáÙmä Õ2þ�æFÔ�ÛzÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ñ�å

Ü2Ñ�Õ2Ó2Ñ�Ð�Ú>Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�åeÏ2Û�à�Û�Ð�Þ	Ø
F
Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ

U ev(E,F )
Ñ�Ð�Õ2Ø	æ	Ó2ÑáÑ�ÐwÓ	þ�Õ2ãIð�j�Ñ�Ò�Õ�Ô�ä�Ó2ÑeëKì�í

Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2Ûqô'ð � ï}×	Õ2ãwÕ2û`ò�Ñ�Ò�Ñ T ∈ U (E,F )
ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð�æ2Û�Ð�Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

T̃ ∈ U ev
+ (E,F )

í
â Ô�×�Ô�Ó	Ó	Ú1å�ü�Ñ�Ï2ù4þ�ÕFÑ�å

T̃ f = sup{|T |g : |g| 6 |f |}.

�á|����ar�?FB ? ëKì�ì�í�ÕFÛ�ù,ù[ÔQô'ð î�ï B �  2�����
E
*
F � 
'���@� - "�$	/`�4" ���q�����	�S��" ���q�����	� F 0 - "������ - 
 -

0 - �	$�� 5a+�-�� ���
U ev(E,F ) � 0 - "������ - 
 - 0 - �	$����H
'���@� - "�$����w0 - �	" ���q�����	��


U (E,F )
5

N`þ�ä�Ð�Ö
(V,E)

Ø
(W,F )

ýÏ2Û�à�Û�Ð�Ñ�æ	Ó2ÑWÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�ÛaÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô'ð�MUÜ2Û�ÏFÔ�Ð�Ñ�Ï
T : V →

W
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �������������2�������2�!�������2���F����� � í�Û�ä Õ2Ø T (u+ v) = Tu+ Tv

×	Õ2ãqÕ2û`ò�Ú6ß
u, v ∈ V í

u ⊥ v
ð MUÏ	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑóÔ�×	×2Ø	Ð�Ø	Ù�Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

T : V → W
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �Q� � ���������#�¨� � �

���F�«����������� ���F� �,�����2� í�Û�ä Õ2ØHä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð
S ∈ U ev

+ (E,F )
Ð�Ô�Þ�Ñ�å�í	æ	Ð�Ñ

Tv 6 S v
×	Õ2ãqÕ2û`ò�Ñ�Ò�Ñ

v ∈ V ðah � Ð�Ñ�ù ä Õ2þ�æFÔ�Û!Ò�Ñ�Ù�Ñ�Ï#ã'Ð�íIæ	Ð�Ñ
S

 �Q� � �������2��� ×	Õ2ã
T
ð`]áÓ2Ñ ñ Û�ä�Ð�Ù�Ñ�Ù�ä�Û ß�ù[Ô ñ Ñ�ÏFÔ�Ó	Ð

Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ
T
Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ãzæ2Û�Ï2Û â������! #" (T ) ð,X[ä Õ2ØqÙWù4Ó2Ñ ñ Û�ä�Ð�Ù�Û �����! #" (T ) ä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐWÓFÔ�Ø'éù,Û�Ó	Ö�à!Ø	å � ÕFÛ�ù,Û�Ó	ÐHÑ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2Ñ�Ü2Ñ�Ï#ã�×2Þ'Ô'í@Ø	Ó'×2þ�÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�Ò�ÑzØ â

U ev
+ (E,F )

í�Ð�ÑzÑ�ÓáÓFÔ â Ú1Ù#Ô�é
Û�Ð�ä�ã �2�����������%$S�'& Ø'Õ2Ø �������2�(& ù[Ô ñ Ñ�ÏFÔ�Ó	Ð�Ñ�å T ØáÑ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ã�æ2Û�Ï2Û â T

ð[]áÓ2Ñ ñ Û�ä�Ð�Ù�ÑqÙ�ä�Û ß
ù[Ô ñ Ñ�Ï	Ø	Ï	þ�Û�ù4Ú6ß�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ÙqbaÏ	Ú�ä�Ñ�ÓFÔ�Ø â V Ù

W
Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ãáæ2Û�Ï2Û â

DU (V,W )
ð

)+*-,/.�0-*21�3#453 N`þ�ä�Ð�Ö
X
í
Y

 Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�Û<Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô'ð�P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù Ï2Û�à�Û�Ð�Ñ�æ	Ó2Ñ
Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô

(X,R)
Ø
(Y,R)

ð�g Ñ�Ò�×�ÔqÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û T : X → Y
Ü	Ï	Ø	ÓFÔ�×	ÕFÛ é

ñ Ø	Ð
DU (X,Y )

Ð�Ñ�Ò�×�ÔUØ!Ð�Ñ�Õ2Ö�Þ�ÑUÐ�Ñ�Ò�×�Ô'í�Þ�Ñ�Ò�×�Ôaä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ðaæ2Û�Ð�ÓFÔ�ã�üQþ�Ó	Þ	÷	Ø	ã
f : R→ R+

Ð�Ô�Þ'Ô�ãIí
æ	Ð�Ñ

f(0) = 0
í#ù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ f(D)

Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó2ÑWÙ
R
×	Õ2ã!Õ2û`ò�Ñ�Ò�ÑWÑ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó2Ñ�Ò�ÑWÜ2Ñ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù#Ô

D ⊂ R
Ø�×	Õ2ã�Õ2û`ò�Ñ�Ò�Ñ

x ∈ X Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ãáÓ2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ ‖Tx‖ 6 f(‖x‖) ð

)+*-,/.�0-*61�38793 N`þ�ä�Ð�Ö
E
í
F

 Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�ÛQÏ2Û�à�Û�Ð�Þ	ØwØHÏ2Û�à�Û�Ð�Þ'Ô
F
Ü2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ñ<Ü2Ñ�Õ2ÓFÔ'ð[P4Ô�ä é

ä�ù,Ñ�Ð�Ï	Ø2ù Ï2Û�à�Û�Ð�Ñ�æ	Ó2ÑzÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
(E,E)

Ø
(F, F )

í@Ò�×FÛ!Ù�Û�Þ	Ð�Ñ�Ï	ÓFÔ�ãmÓ2Ñ�Ï2ù[Ô
ä�Ñ�Ù�ÜFÔ�×�Ô�Û�Ð�ä�ù,Ñ�×2þ�ÕFÛ�ù1ð,]�Ñ ñ Ó2ÑaÜ2Ñ�Þ'Ô â Ô�Ð�Ö2í�æ	Ð�ÑaÙ�Û�Þ	Ð�Ñ�Ï	Ó	Ú�Û6Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô

DU (E,F )
Ø

U (E,F )ä�Ñ�Ù�ÜFÔ�×�Ô�ûaÐ�ð,R!Û�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í�Û�ä Õ2Ø
T ∈ DU (E,F )

í2Ð�Ñ<ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð
S ∈ U ev

+ (E,F )
Ð�Ô�Þ�Ñ�å�í2æ	Ð�Ñ

|Tx| 6 S|x| ×	Õ2ãáÕ2û`ò�Ñ�Ò�Ñ x ∈ E ðWj[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï T Ü2Ñ�Ï#ã�×2Þ�Ñ�Ù�ÑwÑ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó�ð�X[ä Õ2Ø
ñ Û T ∈ U (E,F )

íFÐ�Ñqä�Ñ�Ò�Õ�Ô�ä�Ó2Ñ�ëKì�í2Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2Û<ô'ð � ï4ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð S ∈ U ev
+ (E,F )

Ð�Ô�Þ�Ñ�å�í�æ	Ð�Ñ
|Tf | 6 S(f) 6 S(|f |) Ø T ∈ DU (E,F )

ð

: B,x��}t�Í[t	y<; |#Î}{}|=�ar�; t �}{��?>�|��at	@�t t	A}| �}r��'t �}rCB ���Ss�tFÎ}r

X[ä Õ2Ø ×	Õ2ãmÕ2Ø	Ó2Û�å	Ó2Ñ�Ò�Ñ�ù[Ô ñ Ñ�Ï	Ø	Ï	þ�Û�ù,Ñ�Ò�ÑmÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔwÙwÏ2Û�à�Û�Ð�Ñ�æ	Ó2ÑwÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�ùiÜ	Ï2Ñ�ä�Ð�é
ÏFÔ�Ó2ä�Ð�Ù�ÛzÛ�ä�Ð�Û�ä�Ð�Ù�Û�Ó	Ó2Ñ�åóÑ�ò�Õ�Ô�ä�Ð�Ö�ûYÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ãeã'Ù�Õ2ã	Û�Ð�ä�ã

(bo)
é Ø'×FÛ�Ô�Õ í}Ð�ÑH×	Õ2ã Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ

Ô�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Ò�Ñ!Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔQÐ�Ô�Þ�Ñ�å�Ñ�ò�Õ�Ô�ä�Ð�Ö�û ã'Ù�Õ2ã	Û�Ð�ä�ã<Ù�Ñ�ò�ø�Û�ùeä Õ2þ�æFÔ�Û1Ó2Û Õ2Ø	Ó2Û�å	Ó2Ñ�Ûaù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ	í
Ñ�ò�Õ�Ô�×�Ô�ûaø�Û�Û�Ó2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�å�ä�Ü2Û�÷	Ø2üQØ	æ2Û�ä�Þ�Ñ�å�ä�Ð�Ï	þ�Þ	Ð�þ�Ï2Ñ�å�ð4R�Ô�×2Ø2ùkÐ�Ñ�æ	Ó2Ñ�Û�Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø2Û�ð

NQÑ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ D Ï2Û�à�Û�Ð�Ñ�æ	Ó2ÑqÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�Ò�ÑzÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
V
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �2���S�«������� �

��� � �2���¨���2� � í�Û�ä Õ2Ø!Ù�Ú1Ü2Ñ�Õ2Ó	ã'ûaÐ�ä�ã�ä ÕFÛ ×2þ�ûaø!Ø2Û�þ�ä ÕFÑ�Ù�Ø	ã���ì�D�Û�ä Õ2Ø
x ∈ D í�Ð�Ñ y ∈ D ×	Õ2ã�Õ2û`ò�Ñ�Ò�Ñ

y ∈ Fx � î%D�Û�ä Õ2Ø x, y ∈ D í x ⊥ y í'Ð�Ñ x+ y ∈ D ð



� 0#" - � - �	�<��$	�	������� - "��#"2 2���4/�� - 0@�¦"���� - " - 
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N`Ï	Ø	Ù�Û ×FÛ�ùúÓ2Û�Þ�Ñ�Ð�Ñ�Ï	Ú�Û�Ü	Ï	Ø2ù,Û�Ï	Ú�ð
)+*-,/.�0-* 453 1�3 N`þ�ä�Ð�Ö

V
 Ï2Û�à�Û�Ð�Ñ�æ	Ó2Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�ÛwÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ð���Ô ñ ×2Ú1å (bo)

é
Ø'×FÛ�Ô�ÕáÙ

V
ã'Ù�Õ2ã	Û�Ð�ä�ã�Õ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó	Ú�ù Ø'×FÛ�Ô�ÕFÑ�ù1ð

)+*-,/.�0-* 453#453 N`þ�ä�Ð�Ö
V

 Ï2Û�à�Û�Ð�Ñ�æ	Ó2Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ�Ø
x ∈ V

ðwg Ñ�Ò�×�Ô
Fx

 � Ð�Ñ!Õ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó	Ú1åáØ'×FÛ�Ô�Õ ð}R!Û�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í2Ü	þ�ä�Ð�Ö
y v x Ø z v y ð,g Ñ�Ò�×�Ô x− y ⊥ y

Ø
y − z ⊥ z

ð R�Ô�ÕFÛ�ÛQØ2ù,Û�Û�ù

x− z ∧ z = x− y + y − z ∧ z 6
(
x− y + y − z

)
∧ z

6 x− y ∧ z + y − z ∧ z 6 x− y ∧ y + y − z ∧ z = 0.

N`þ�ä�Ð�Ö<Ð�Û�Ü2Û�Ï	Ö
y1 v x

í
y2 v x

Ø
y1 ⊥ y2

ð,g Ñ�Ò�×�Ô<ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�ÚOä�Ñ�Ñ�Ð�Ó2Ñ�à�Û�Ó	Ø	ã

x− y1 − y2 ∧ y1 6
(
x− y1 + y2

)
∧ y1 6 x− y1 ∧ y1 + y2 ∧ y1 = 0;

x− y1 − y2 ∧ y2 6
(
x− y2 + y1

)
∧ y2 6 x− y2 ∧ y2 + y1 ∧ y2 = 0;

x− y1 − y2 ∧ y1 + y2 = x− y1 − y2 ∧
(
y1 + y2

)
= x− y1 − y2 ∧

(
y1 ∨ y2

)

=
(
x− y1 − y2 ∧ y1

)
∨
(
x− y1 − y2 ∧ y2

)
= 0.

)+*-,/.�0-* 4538793 N`þ�ä�Ð�Ö
V
í
W

 Ï2Û�à�Û�Ð�Ñ�æ	Ó2Ñ Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�Û Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#ÔOØ
T ∈

DU (V,W )
ð[g Ñ�Ò�×�Ô

KT := {x ∈ V : Tx = 0} fÕ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó	Ú1å�Ø'×FÛ�Ô�ÕáÙ
V
ð

�á|����ar : BKJ�B �  2�����
(V,E) � " ���q��� - ��$ - $ - "@�4�#" - 
���$	$ - �e0#" - ��� "���$@����
 - �

D ⊂ V
5

�6���	�
D � �������¦"�������$	/1� �#� �����O


V
* � - �������¦"�������$	/�� �#� ����� - � 


E
�� �� ���k�4$ - �<������
 -

D :=
{
x : x ∈ D

} 5

C
N`þ�ä�Ð�Ö

ei = xi
í
i ∈ {1, 2} í2Ò�×FÛ x1, x2 ∈ D

Ø
e1 ⊥ e2

ð,g Ñ�Ò�×�Ô

e1 + e2 = x1 + x2 = x1 + x2 ∈ D .

N`þ�ä�Ð�Ö�Ð�Û�Ü2Û�Ï	Ö
e = x ∈ D

Ø
f v e

ðóg Ñ�Ò�×�Ô
x = f + ( x − f),

Ø�í�Ù�Ñ�ä�Ü2Ñ�Õ2Ö â Ñ�Ù#Ô�Ù�à!Ø2ä�Ö
ÏFÔ â ÕFÑ ñ Ø2ù,Ñ�ä�Ð�Ö�û Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�åúÓ2Ñ�Ï2ù4Ú Ù

V
í,ÓFÔ�å'×FÛ�ùOÐ�Ô�Þ	Ø2Û � ÕFÛ�ù,Û�Ó	Ð�Ú

x1, x2 ∈ V
í,æ	Ð�Ñ

x1 =
f ; x2 = x −f. g Ñ�Ò�×�Ô x1

í
x2

iÑ�ä�Þ�Ñ�Õ2Þ	Ø � ÕFÛ�ù,Û�Ó	Ð�Ô
x
í�Ø!Ùaä�Ø'Õ2þ�Ð�Ñ�Ò�Ñ	í�æ	Ð�Ñ

D
 Õ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó	Ú1å

Ø'×FÛ�Ô�ÕáÜ2Ñ�Õ2þ�æFÔ�Û�ù
x1, x2 ∈ D

Ø�í	ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í
f ∈ D

ð
Bj[ÕFÛ ×2þ�ûaøSÔ�ã�Ð�Û ß'Ó	Ø	æ2Û�ä�Þ'Ô�ãwÕFÛ�ù,ù[ÔSò�þ�×FÛ�ÐSØ2ä�Ü2Ñ�Õ2Ö â Ñ�Ù#Ô�ÓFÔ<Ó	Ø ñ Û�ð

�á|����ar : B =@B �  2�����
(V,E) � " ���q��� - ��$ - $ - "@�4�#" - 
���$	$ - ��0#" - ��� "���$@����
 - � D � �������¦"��������$	/1���#� ������


V
5�+�-�� ���S�����m�	� � -���-

x ∈ V �4$ - �<������
 -
Fx ∩ D

$���0#"���
��@��$ - 
�
'�¦"
� - ��$ - �����
��������$ -<- ��$ - �q��$	���w0 - "������	� v 5

C
N`þ�ä�Ð�Ö

x1, x2 ∈ Fx ∩D
ð,g Ñ�Ò�×�Ô

x1 , x2 ∈ F x ∩ D
ð��[ÕFÛ�ù,Û�Ó	Ð�Ú

x1
Ø
x2 −

(
x2 ∧

x2
) ã'Ù�Õ2ã'ûaÐ�ä�ãáÙ â Ô�Ø2ù4Ó2Ñq×2Ø â� ûaÓ	Þ	Ð�Ó	Ú�ù4Ø�Ñ�ä�Þ�Ñ�Õ2Þ'Ô�ù4Ø x

íFÜ	Ï	Ø	ÓFÔ�×	ÕFÛ ñ Ô�ø!Ø2ù4ØmÕ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó2Ñ�ù4þ
Ø'×FÛ�Ô�Õ2þ

D
í	Ùqä�Ø'Õ2þHæ2Û�Ò�Ñ

x1 + x2 − ( x2 ∧ x2 ) ∈ F x ∩ D
í	ØwÓFÔ�å'×FÛ�Ð�ä�ãáÐ�Ô�Þ�Ñ�å � ÕFÛ�ù,Û�Ó	Ð

y ∈ Fx ∩D
í'æ	Ð�Ñ

xi v y
í
i ∈ {1, 2} ð B

P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù Ï2Û�à�Û�Ð�Ñ�æ	Ó2ÑWÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�Û`Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
V
ð4NQÑ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ D ⊂ V ÓFÔ â Ú6é

Ù#Ô�Û�Ð�ä�ã �2���S�«���������2�w�������2���F����� � í�Û�ä Õ2Ø ×	Õ2ã�Õ2û`ò�Ú6ß
x, y ∈ D Ð�Ô�Þ	Ø'ßIí æ	Ð�Ñ

x ⊥ y
íIØ'ß ä�þ'ù,ù[Ô

x+ y
Ð�Ô�Þ ñ Û�Ü	Ï	Ø	ÓFÔ�×	ÕFÛ ñ Ø	Ð D ðN`þ�ä�Ð�Ö

V
 Ï2Û�à�Û�Ð�Ñ�æ	Ó2ÑUÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�Û6Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	í

D
 Õ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó2ÑQÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û�Ü2Ñ�×	é

ù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ V Ø
X

Y×FÛ�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ�ÛSÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ð�MUÐ�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û T : D → XÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �������������2�������2�H�������2���F����� � í Û�ä Õ2Ø T (x + y) = T (x) + T (y)
×	Õ2ãmÕ2û`ò�Ú6ßm×2Ø â� é

ûaÓ	Þ	Ð�Ó	Ú6ß � ÕFÛ�ù,Û�Ó	Ð�Ñ�Ù
x, y ∈ D

ð N`þ�ä�Ð�Ö�Ð�Û�Ü2Û�Ï	Ö
(W,F )

 Ï2Û�à�Û�Ð�Ñ�æ	Ó2Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�ÛáÜ	Ï2Ñ�é
ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ�ÓFÔ�×�Ü2Ñ�Ï#ã�×2Þ�Ñ�Ù�ÑHÜ2Ñ�Õ2Ó2Ñ�å�Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�å�Ï2Û�à�Û�Ð�Þ�Ñ�å

F
Ø
D

YÕ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó2ÑwÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û



ÿ ������� - 
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Ü2Ñ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù�ÑeÙ (V,E)
ð MUÏ	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑeÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�ÛHÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û T : D → W

ÓFÔ â Ú1Ù#Ô�Û�Ð�é
ä�ã �Q� � ���������#�¨� � � íIÛ�ä Õ2Ø ÓFÔ�å'×FÛ�Ð�ä�ãeÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

S ∈ U ev
+ (E,F )

Ð�Ô�Þ�Ñ�å�í æ	Ð�Ñ
Tx 6 S x

×	Õ2ã
Õ2û`ò�Ñ�Ò�Ñ

x ∈ D ðN`þ�ä�Ð�Ö
(V,E)

 Ï2Û�à�Û�Ð�Ñ�æ	Ó2Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�ÛwÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ð j�Û�Ð�Ö
(xα)α∈Λ ⊂ V

ÓFÔ â Ú6é
Ù#Ô�Û�Ð�ä�ã �2���S�«���������2�z���	�������S�'&2��� Þ

x ∈ V íFÛ�ä Õ2Ø xα v xβ v x
×	Õ2ãHÕ2û`ò�Ú6ßwØ	Ó'×FÛ�Þ�ä�Ñ�Ù

α < β
Ø

xα
bo−→ x

ð,h � Ð�Ñ�ùúä Õ2þ�æFÔ�Û�ò�þ�×FÛ�ùóÜ	Ø2ä�Ô�Ð�Ö
xα

lat−→ x
ð

N`þ�ä�Ð�Ö
(W,F )

 ×2Ï	þ�Ò�Ñ�ÛSÏ2Û�à�Û�Ð�Ñ�æ	Ó2ÑáÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�ÛqÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ð�MUÏ	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑmÔ�×	é
×2Ø	Ð�Ø	Ù�Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

T : V → W
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �2���S�«���������2�e�F�����@�«� �[����� ���

σ
� �2���S�«���������2�

�F�����@�«� �[����� � D íaÛ�ä Õ2Ø Ø â ä�Ñ�Ñ�Ð�Ó2Ñ�à�Û�Ó	Ø	ã xα
lat−→ x

�
xn

lat−→ x
Dzä ÕFÛ ×2þ�Û�Ð�íQæ	Ð�Ñ

Txα
bo−→ Tx

�
Txn

bo−→ Tx
D ð

j�ü�Ñ�Ï2ù4þ�Õ2Ø	Ï	þ�Û�ùúÐ�Û�Ü2Û�Ï	ÖqÑ�ä�Ó2Ñ�Ù�Ó2Ñ�åáÏ2Û â þ�Õ2Ö�Ð�Ô�Ðzä�Ð�Ô�Ð�Ö�Ø�ð
��|#t �}|��ar : BDLIB �  2�����

(V,E) � " ���q��� - ��$ - $ - "@�4�#" - 
���$	$ - �m0#" - ��� "���$@����
 -�*
(W,F ) �0#" - ��� "���$@����
 -�� ��$�� �'� � ;W��$@� - " - 
����#�ú$����ý0 - "������ - 
 - 0 - �	$ - �O
'���@� - "�$ - � " ���q����� - �

F
*

D � �������¦"�������$	/1�i�#� ����� 

V
�
T : D → W � - " � -���- $�������$ - ���	���@���	
�$ - � - � - � "����<� �

$	�@� * ����� - "��#"2 2��� - �Q�������¦"�������$ - $@��0#" �¦"�/1
�$	/��
(σ
� �������¦"�������$ - $@��0#" �¦"�/1
�$	/�� D - 0@�¦"���� - " - �

S ∈ U ev
+ (E,F )

5 +�-�� ��� �¨ 
	q������
� 2���w����� - "��#"2 2���4/1� * �������¦"�������$ - $@��0#" �¦"�/1
�$	/1� - 0@�¦"���� - "
9I"�/`� - $��

T̃D ∈ DU (V,W )
����� - � * ��� -

T̃Dx = Tx
�����H�	� � -���-

x ∈ D 5

C

IÔ�×�Ô�×2Ø2ù Ñ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û T̃D : V →W

ü�Ñ�Ï2ù4þ�ÕFÑ�å

T̃Dx = bo
é
lim

y∈Fx∩D
Ty.

� ì�D

NQÑ�Þ'Ô ñ Û�ù1í2æ	Ð�ÑSÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û � ì�D â Ô�×�Ô�Ó2Ñ�Þ�Ñ�Ï	Ï2Û�Þ	Ð�Ó2Ñ	ð�h ä�Ø'Õ2þ<ÕFÛ�ù,ù4Úiî'ð ö'í	ù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ
Fx ∩DÓFÔ�Ü	ÏFÔ�Ù�ÕFÛ�Ó2Ñ�Ù�Ù�Û�Ï�ß Ø ù,Ñ ñ Û�Ðmò�Ú1Ð�ÖáÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó2ÑmÞ'Ô�Þ (xα)α∈Λ

í Ò�×FÛ
xα v xβ

í
α 6 β

Ø
Λ


Ó2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�ÛWØ	Ó'×FÛ�Þ�ä�Ó2Ñ�ÛWù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ	ð�Z�Ô�Ü2Ñ�ù4Ó	Ø2ùúÓ2Û�Þ�Ñ�Ð�Ñ�Ï	Ú�ÛWÜ2Ñ�ÕFÛ â Ó	Ú�Û�ü�Ñ�Ï2ù4þ�Õ2Ú �

(xβ − xα) ⊥ xα; xβ = xβ − xα + xα ; S xβ = S xβ − xα + S xα .

g Û�Ü2Û�Ï	ÖqÙ�Ñ�ä�Ü2Ñ�Õ2Ö â þ�Û�ù,ä�ã�ä ÕFÛ ×2þ�ûaø!Ø2ù4ØáÑ�÷2Û�Ó	Þ'Ô�ù4Ø	�

Txβ − Txα = T (xβ − xα) 6 S
(
xβ − xα

)
=
(
S xβ − S xα

) �
−→ 0.

g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1íFä�Û�Ð�Ö (Txα)α∈Λ (bo)
é«üQþ�Ó'×�Ô�ù,Û�Ó	Ð�Ô�Õ2Ö�ÓFÔ<ØwÙqä�Ø'Õ2þHÜ2Ñ�Õ2Ó2Ñ�Ð�ÚiÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô

Wä�ß#Ñ�×2Ø	Ð�ä�ãmÞ�Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó2Ñ�ù4þáÜ	Ï2Û ×FÛ Õ2þwÙ
W
ð6b[ä�Ð�Ô�Ó2Ñ�Ù�Ø2ù Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó	þ�ûfÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�ä�Ð�ÖwÑ�Ð�Ñ�ò�é

ÏFÔ ñ Û�Ó	Ø	ã T̃D
ð h6Ñ â Ö�ù,Û�ù�Ü	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�Ó	Ú�Û � ÕFÛ�ù,Û�Ó	Ð�Ú

v1, v2 ∈ V
í
v1 ⊥ v2,

ØWÜ	þ�ä�Ð�Ö
y ∈ Fv1+v2∩D

ð
g Ñ�Ò�×�Ôáù,Ñ ñ Û�ù ÓFÔ�Ü	Ø2ä�Ô�Ð�Ö

y v ( v1 + v2 )
í�Øeä�Ñ�Ò�Õ�Ô�ä�Ó2Ñw×FÛ�Þ�Ñ�ù4Ü2Ñ â Ø	÷	Ø2Ñ�Ó	Ó2Ñ�å ÕFÛ�ù,ù,ÛqP,Ø2ä�ä�Ô�Ø

Ð�Ñ�ù4þqüWÔ�Þ	Ð�þ�í#æ	Ð�Ñ
D

ýÕ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó	Ú1å�Ø'×FÛ�Ô�Õ í�ÓFÔ�å'×2þ�Ð�ä�ã
e1, e2 ∈ D

Ð�Ô�Þ	Ø2Û�í'æ	Ð�Ñ
y = e1+ e2

ð
h ä�Ø'Õ2þ�ÏFÔ â ÕFÑ ñ Ø2ù,Ñ�ä�Ð�ØmÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�å�Ó2Ñ�Ï2ù4ÚiÙ

V
ØwÐ�Ñ�Ò�Ñ<üWÔ�Þ	Ð�Ô'í2æ	Ð�Ñ

D
fÕ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó	Ú1åmØ'×FÛ�Ô�Õ

Ù
V
í�ä�þ�ø�Û�ä�Ð�Ù�þ�ûaÐ � ÕFÛ�ù,Û�Ó	Ð�Ú

y1, y2 ∈ D
Ð�Ô�Þ	Ø2Û�í@æ	Ð�Ñ

y = y1 + y2
Ø
y1 ⊥ y2

ð`g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í
Õ2û`ò�Ñ�åúÑ�ä�Þ�Ñ�ÕFÑ�Þ

y ∈ Fv1+v2 ∩ D
Ü	Ï2Û ×Fä�Ð�Ô�Ù�Õ2ã	Û�Ð�ä�ãúÙ�Ù�Ø'×FÛHä�þ'ù,ù4ÚYÑ�ä�Þ�Ñ�Õ2Þ�Ñ�Ù

y1 ∈ Fv1 ∩ D,
y2 ∈ Fv2 ∩ D

ð�`ä�Ó2Ñ	í�æ	Ð�Ñ ä�þ'ù,ù[Ôá×2Ù�þ#ßkÑ�ä�Þ�Ñ�Õ2Þ�Ñ�Ù þ�Þ'Ô â Ô�Ó	Ó2Ñ�Ò�Ñ Ù�Ø'×�Ô�ò�þ�×FÛ�ÐeÑ�ä�Þ�Ñ�Õ2Þ�Ñ�ù>Ù�Ø'×�Ô
y ∈ Fv1+v2 ∩ D

ðúg}Ô�Þ Þ'Ô�Þ
Ty = Ty1 + Ty2

í�Ð�Ñ	í�Ü2Û�Ï2Û ß#Ñ�×2ãúÞúÜ	Ï2Û ×FÛ Õ2þkÙ�Ü	ÏFÔ�Ù�Ñ�å ØkÕFÛ�Ù�Ñ�å
æFÔ�ä�Ð�ã�ßúÜ2Ñ�Ù�ä�Û�ùýÑ�ä�Þ�Ñ�Õ2Þ'Ô�ù

y ∈ Fv1+v2 ∩ D
í�Ü2Ñ�Õ2þ�æFÔ�Û�ù1í�æ	Ð�Ñ

T̃D(v1 + v2) = T̃Dv1 + T̃Dv2
í

þ�ä�Ð�Ô�ÓFÔ�Ù�Õ2Ø	Ù#Ô�ãwÐ�Û�ùóä�Ô�ù4Ú�ùkÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó	þ�ûýÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�ä�Ð�ÖqÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ
T̃D
ð,N`þ�ä�Ð�ÖSÐ�Û�Ü2Û�Ï	Ö

x


Ü	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�Ó	Ú1å � ÕFÛ�ù,Û�Ó	Ð
V
Ø
y ∈ Fv ∩D

ð}]mÔ ñ Ñ�Ï	Ø	Ï	þ�Û�ù,Ñ�ä�Ð�ÖSÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ T̃D
Ù�Ú1Ð�Û�Þ'Ô�Û�Ð!Ø â Ñ�÷2Û é

Ó2Ñ�Þ
Ty 6 S y 6 S x

ð,NQÛ�Ï2Û ß#Ñ�×2ã�Þ�Ü	Ï2Û ×FÛ Õ2þqÙ!ÕFÛ�Ù�Ñ�å�æFÔ�ä�Ð�ØHÜ2ÑWÙ�ä�Û�ùkÑ�ä�Þ�Ñ�Õ2Þ'Ô�ù
y ∈Fv ∩D

í
Ü2Ñ�Õ2þ�æFÔ�Û�ù

T̃Dx 6 S x
×	Õ2ã�Õ2û`ò�Ñ�Ò�Ñ

x ∈ V ðNQÑ�Þ'Ô ñ Û�ù1íUÓFÔ�Þ�Ñ�Ó2Û�÷�í�æ	Ð�Ñ T̃D
ã'Ù�Õ2ã	Û�Ð�ä�ãúÕ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó2Ñ Ó2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó	Ú�ù^Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ù1í

σ
é Ó2Û�Ü'é

Ï2Û�Ï	Ú1Ù�Ó2Ñ�ä�Ð�Öz×FÑ�Þ'Ô â Ú1Ù#Ô�Û�Ð�ä�ã�Ô�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñ	ð�h6Ñ â Ö�ù,Û�ùkÕ�Ô�Ð�Û�ÏFÔ�Õ2Ö�Ó2Ñzä�ß#Ñ�×2ã'ø!þ�û`ä�ã�ä�Û�Ð�Ö (vα)α∈Λ ⊂
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V
Ð�Ô�Þ	þ�û�í	æ	Ð�Ñ

vα
lat−→ v

ð[g Ñ�Ò�×�Ô<ù,Ñ ñ Û�ùúÓFÔ�Ü	Ø2ä�Ô�Ð�Ö

T̃Dv − T̃Dvα = T̃D(v − vα) 6 S v − vα = S( v − vα ) = (S v − S vα )
�
−→ 0,

Ø�Õ�Ô�Ð�Û�ÏFÔ�Õ2Ö�ÓFÔ�ãwÓ2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó2Ñ�ä�Ð�Ö�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ
T̃D

þ�ä�Ð�Ô�Ó2Ñ�Ù�ÕFÛ�ÓFÔ'ð
B

�á{��'| �}r���>	�}r
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h ì�ç � èmÒ ðú_!ð,NQÛ Õ2æ	Ø	Ó2ä�Þ	Ø2ù>ò�Ú6Õ�Ô�ä�ü�Ñ�Ï2ù4þ�Õ2Ø	Ï2Ñ�Ù#Ô�ÓFÔmÒ�Ø	Ü2Ñ�Ð�Û â Ô Ñ�ä�þ�ø�Û�ä�Ð�Ù�Ñ�Ù#Ô�Ó	Ø	Ø ò�Ô â Ø2ä�Ô
Ùe×FÑ�Ü2Ñ�Õ2Ó	ã	Û�ù,Ñ�ùfÜ2Ñ�×2Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û ã�×FÛ�Ï	Ó2Ñ�Ò�Ñ Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô��WÏ2Û�à�Û�ä�ò�Ô â Ø2ä�Ñ�ù ëKì�ö�ï«ðÝh ä�Ø'é
Õ2þáÐ�Û�Ñ�Ï2Û�ù4ÚÝRWÚ1Ó	Ø	ÓFÔ  ]áØ	Ð�ã'Ò�Ø	ÓFÔHÑ�òHÔ�ò�ä�Ñ�Õ2ûaÐ�Ó2Ñ�ù ò�Ô â Ø2ä�ÛHëKì�ÿ�ï � Ð�ÔzÒ�Ø	Ü2Ñ�Ð�Û â Ô � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�ÓFÔ
þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û ÑáÐ�Ñ�ù1í,æ	Ð�Ñá×FÑ�Ü2Ñ�Õ2Ó	ã	Û�ù,Ñ�Û�Ü2Ñ�×2Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô � �Û�Ð�Û�Ð�Ñ ñ Û�ã'Ù�Õ2ã�é
Û�Ð�ä�ã�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ�ù � �Û�Ð�Û�ðSR!Ñwä�Ø'ßmÜ2Ñ�Ï � Ð�ÔHÜ	Ï2Ñ�ò�ÕFÛ�ù[ÔwÑ�ä�Ð�Ô�Û�Ð�ä�ã Ñ�Ð�Þ	Ï	Ú1Ð�Ñ�å�í�ß#Ñ�Ð�ã Ñ�ÓFÔHò�Ú6Õ�Ô
Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2ÑáÏ2Û�à�Û�ÓFÔq×	Õ2ã�ù4Ó2Ñ�Ò�Ø'ß�æFÔ�ä�Ð�Ó	Ú6ß ä Õ2þ�æFÔ�Û�Ù2ðSN`Ï	Ø � Ð�Ñ�ù Ü	Ï	Ø2ù,Û�Ó	ã�ÕFä�ã Ø	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã�é
÷	Ø2Ñ�Ó	Ó	Ú1å�ù,Û�Ð�Ñ�×�]áØ	Ð�ã'Ò�Ø	ÓFÔ ^d`Û�Ó	Þ	Ø	ÓFÔwëKì�ô�ï}Øáù,Û�Ð�Ñ�×�×FÛ�Þ�Ñ�ù4Ü2Ñ â Ø	÷	Ø	Ø��!Ñ�Ò�Ð�ÔáëKì � ï«ð6g}Ô�Þ ñ ÛWÜ	Ï	Ø
ÏFÔ â Õ2Ø	æ	Ó	Ú6ßó×FÑ�Ü2Ñ�Õ2Ó	Ø	Ð�Û Õ2Ö�Ó	Ú6ßúþ�ä ÕFÑ�Ù�Ø	ã�ßóÓFÔmù[Ô�Ð�Ï	Ø	÷	þ � �Û�Ð�Û�í�Õ2Ø2ò�ÑmÓFÔá×FÑ�Ü2Ñ�Õ2Ó	ã	Û�ù,Ñ�ÛHÜ2Ñ�×2Ü	Ï2Ñ�é
ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	í � Ð�Ñ â Ô�×�Ô�æFÔHÏ2Û�àSÔ�Õ�Ô�ä�ÖáÙ ë � ï�Ø ë � ï � ä�ù1ð<Ð�Ô�Þ ñ ÛáëKì�è�ï�Ø ë ç�ï«í�Ò�×FÛSØ â þ�æFÔ�Õ2Ø2ä�Ö�ò�Õ2Ø â Þ	Ø2Û
â Ô�×�Ô�æ	Ø D ð

h ÓFÔ�ä�Ð�Ñ�ã'ø�Û�å�ÏFÔ�ò�Ñ�Ð�Û�×�Ô�Ó2ÑS×FÑ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�Ñ�ä�þ�ø�Û�ä�Ð�Ù�Ñ�Ù#Ô�Ó	Ø	ã�ò�Ô â Ø2ä�ÔSÙ<×FÑ�Ü2Ñ�Õ2Ó	ã	Û�ù,Ñ�ù Ü2Ñ�×	é
Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û ã�×FÛ�Ï	Ó2Ñ�Ò�ÑýÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô � �Û�Ð�Û Ø â Þ'Õ�Ô�ä�ä�Ô (d2)

ð R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�ÑfÑ�ä�Ó2Ñ�Ù#Ô�é
Ó2ÑkÓFÔóØ2ä�Ü2Ñ�Õ2Ö â Ñ�Ù#Ô�Ó	Ø	ØOØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó	Ú6ßÝä�Ù�Ñ�å2ä�Ð�Ù Ð�Ï2Ñ�Û�ÞiÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú6ßiÞ�Ñ�Ó	þ�ä�Ñ�Ù Ù�Ø'×�Ô
(Q ∩ c+0 (a0), c+0 (a1), Q ∩ c+0 (a)),

Ò�×FÛ
Q

 Þ�Ñ�Ó	þ�äáÙ Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�ÛáÙ�ä�Û ßkæ	Ø2ä ÕFÑ�Ù�Ú6ßúÜ2Ñ�ä ÕFÛ ×FÑ�é
Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�ð

hkÜ2Û�Ï	Ù�Ñ�åzæFÔ�ä�Ð�ØzÏFÔ�ò�Ñ�Ð�Ú ä�Ñ�Ñ�ò�øSÔ�ûaÐ�ä�ãzÓ2Û�Ñ�ò�ß#Ñ�×2Ø2ù4Ú�ÛQÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ãzØqÏ2Û â þ�Õ2Ö�Ð�Ô�Ð�Ú � Ü2Ñ�×2Ï2Ñ�ò�é
Ó2ÑSÜ2Ñ�ä�Ð�Ô�Ó2Ñ�Ù�Þ'Ô â Ô�×�Ô�æ	ØáÐ�Û�Ñ�Ï	Ø	ØáØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø	ØwÕ2Ø	Ó2Û�å	Ó	Ú6ßáÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2íFÑ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú6ßwÓFÔ�Þ�Ñ�é
Ó	þ�ä�Ô�ßIíFÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�ÓFÔzÙmë ö�ï D ðUh6ÑqÙ�Ð�Ñ�Ï2Ñ�å�æFÔ�ä�Ð�Ø YÜ	Ï	Ø	Ù�Û ×FÛ�Ó	Ú Ñ�ä�Ó2Ñ�Ù�Ó	Ú�Û�ä�Ù�Û ×FÛ�Ó	Ø	ãáØ â Ð�Û�Ñ�Ï	Ø	Ø
ò�Ô â Ø2ä�Ñ�ÙQÙ`Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ß��WÏ2Û�à�Û6Ø!×FÑ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�ÑWÑ�ä�Ó2Ñ�Ù�Ó2Ñ�Ò�Ñ`Ï2Û â þ�Õ2Ö�Ð�Ô�Ð�Ô'ð�g Û ß'Ó	Ø	Þ'ÔU×FÑ�Þ'Ô â Ô�é
Ð�Û Õ2Ö�ä�Ð�Ù#ÔaÑ�Ü	Ø	ÏFÔ�Û�Ð�ä�ã!ÓFÔ�Ø2ä�Ü2Ñ�Õ2Ö â Ñ�Ù#Ô�Ó	Ø2Û6Ø	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó	Ú6ßSä�Ù�Ñ�å2ä�Ð�ÙQÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2í�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó'é
Ó	Ú6ß�ÓFÔ!Þ�Ñ�Ó	þ�ä�Ô�ßwÙ<ò�Ô�ÓFÔ�ß#Ñ�Ù�Ú6ßHÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ßwæ	Ø2ä ÕFÑ�Ù�Ú6ßHÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�í@ä�ß#Ñ�×2ã'ø!Ø'ß#ä�ã
ÞHÓ	þ�Õ2ûOäQÙ�Û�ä�Ñ�ù1íFÔ!Ð�Ô�Þ ñ Û�ÓFÔSù,Û�Ð�Ñ�×���Ð�þ�Ü	Ø	Þ�Ñ�Ù�Ñ�Ò�Ñ��qÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô��`ðFjað2]áØ	Ð�ã'Ò�Ø	ÓFÔ'ð

h ä�Ð�Ô�Ð�Ö�Ûzò�þ�×2þ�ÐHØ2ä�Ü2Ñ�Õ2Ö â Ñ�Ù#Ô�Ó	Ú^ä ÕFÛ ×2þ�ûaø!Ø2Û<Ñ�ò�Ñ â ÓFÔ�æ2Û�Ó	Ø	ã�� ω  Õ2Ø	Ó2Û�å	Ó2Ñ�ÛqÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
Ù�ä�Û ßHæ	Ø2ä ÕFÑ�Ù�Ú6ßHÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�í

ϕ
fÕ2Ø	Ó2Û�å	Ó2Ñ�ÛWÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ<Ù�ä�Û ßwüQØ	Ó	Ø	Ð�Ó	Ú6ßHæ	Ø2ä ÕFÑ�é

Ù�Ú6ß�Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�í
c0

 Õ2Ø	Ó2Û�å	Ó2Ñ�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ`Ù�ä�Û ßWä�ß#Ñ�×2ã'ø!Ø'ß#ä�ã�Þ!Ó	þ�Õ2ûkæ	Ø2ä ÕFÑ�Ù�Ú6ß
Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�í

ω+ í ϕ+ í c+0
 Þ�Ñ�Ó	þ�ä�ÚýÓ2Û�Ñ�Ð�Ï	Ø	÷FÔ�Ð�Û Õ2Ö�Ó	Ú6ß�Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�åeÙ

ω
í

�© � �"!$#�� ����±���´ % ¹,Ê6¹



ì�è :W" - $ - 
�� 5 ; 5

ϕ
í
c0
ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	í

l2(ar)
 Ò�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�Ù�Ñ!Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ�æ	Ø2ä ÕFÑ�Ù�Ú6ßqÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�í

ÓFÔ�×FÛ ÕFÛ�Ó	Ó2Ñ�Û�Ó2Ñ�Ï2ù,Ñ�å

‖x‖l2(a2) = ‖x‖r =

√√√√
∞∑

n=1

|x(n)|2a2r(n),

c0(ar)
 ò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�ÑWæ	Ø2ä ÕFÑ�Ù�Ú6ß<Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�í	ä�ß#Ñ�×2ã'ø!Ø'ß#ä�ãqÞSÓ	þ�Õ2û ä6Ù�Û é

ä�Ñ�ù
(ar(n))

∞
n=1 ⊂ ω+ í'ÓFÔ�×FÛ ÕFÛ�Ó	Ó2Ñ�ÛWÓ2Ñ�Ï2ù,Ñ�å

‖x‖c0(ar) = |x|r = sup
n∈N
|x(n)|ar(n).

?FBWlH|��It �'t ���S|ás�uF|�Í[|#Î}{	� {�� �'|#t �}{}{ {}Î��'| �<A}t	y����}{}{óy,{}Î}|��}Î����ót	A}| �}r��'t �}tFu�v
Í[|��}s �'u->	��
�{��kuepFr	Î}r���tFu ��� A��}tFs � �}r	Î}s �'uFr��

hm×�Ô�Ó	Ó2Ñ�ùwÜFÔ�ÏFÔ�Ò�ÏFÔ�ü�Û�Ø2ä�Ü2Ñ�Õ2Ö â þ�Û�Ð�ä�ã!Ð�Û�Ï2ù4Ø	Ó2Ñ�ÕFÑ�Ò�Ø	ãWÐ�Û�Ñ�Ï	Ø	Ø!Ø	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø	ØWÕ2Ø	Ó2Û�å	Ó	Ú6ß!Ñ�Ü2Û é
ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2í2Ü2Ñ�×2Ï2Ñ�ò�Ó2Ñ�Û�Ø â ÕFÑ ñ Û�Ó	Ø2ÛWÞ�Ñ�Ð�Ñ�Ï2Ñ�å�ù,Ñ ñ Ó2Ñ<ÓFÔ�å	Ð�ØwÙáëKì ï�ØeëKì�î�ï«ð

NQÑ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ Q Õ2Ø	Ó2Û�å	Ó2Ñ�Ò�Ñ Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
E
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �����2����� � í�Û�ä Õ2Øk×	Õ2ãóÕ2û`ò�Ú6ß

x, y ∈ Q í λ > 0
Ø2ù,Û�Û�ù(�

x + y ∈ Q í λx ∈ Q ð �QÑ�Ó	þ�ä Q Ù
E
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ���������������������������� í

Û�ä Õ2Ø Û�Ò�Ñ�Õ2Ø	Ó2Û�å	ÓFÔ�ãeÑ�ò�Ñ�ÕFÑ�æ	Þ'Ô
span{Q} ä�Ñ�Ù�ÜFÔ�×�Ô�Û�Ð�� E ð �QÑ�Ó	þ�ä Q ÙHÕ2Ø	Ó2Û�å	Ó2Ñ�ù Ð�Ñ�Ü2Ñ�ÕFÑ�Ò�Ø	æ2Û é

ä�Þ�Ñ�ù Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û
E
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ��������������� � í�Û�ä Õ2ØmÛ�Ò�Ñ<Õ2Ø	Ó2Û�å	ÓFÔ�ãmÑ�ò�Ñ�ÕFÑ�æ	Þ'ÔzÜ'ÕFÑ�Ð�ÓFÔ<Ù E ð�QÑ�Ó	þ�ä

Q
Ù�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�ùiÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û

E
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �F�������2� �S���2��� � í@Û�ä Õ2Ø ä�þ�ø�Û�ä�Ð�Ù�þ#é

Û�Ð�Þ�Ñ�Ó2ä�Ð�Ô�Ó	Ð�Ô
c > 0

Ð�Ô�Þ'Ô�ãIí�æ	Ð�Ñ�×	Õ2ã Õ2û`ò�Ñ�Ò�Ñ
x ∈ span{Q} ÓFÔ�å'×2þ�Ð�ä�ã y, z ∈ Q

Ð�Ô�Þ	Ø2Û�í�æ	Ð�Ñ
x = y − z, ‖y‖ 6 c‖x‖, ‖z‖ 6 c‖x‖ ð�Z�Ô�Ø2ù,Û�Ó	Ö�àSÔ�ãwØ â Ð�Ô�Þ	Ø'ßwÞ�Ñ�Ó2ä�Ð�Ô�Ó	ÐzÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �����2������������(&��F�������2� �S���2�2�������á�����2�����

Q
ØáÑ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ãáæ2Û�Ï2Û â γ(Q)

ð
N`þ�ä�Ð�Ö

E
í
F

 Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�ÛáÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#ÔeØ
T : E → F

 Õ2Ø	Ó2Û�å	Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�í
Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú1å�ÓFÔ � ÕFÛ�ù,Û�Ó	Ð�Ô�ßwÓ2Û�ä�Ü'Õ2ûaø�Û�Ó	Ó2Ñ�Ò�Ñ<Þ�Ñ�Ó	þ�ä�Ô

Q ⊂ E :

‖Tx‖F 6 C‖x‖E , x ∈ Q.
g Ñ�Ò�×�ÔUÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

T
Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó!ÓFÔ6Ü2Ñ�×2Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û

span{Q} ðIR!Û�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í�Û�ä Õ2Ø x = y−z íÒ�×FÛ
y, z ∈ Q í'Ð�Ñ

‖Tx‖F 6 ‖Ty‖F + ‖Tz‖F 6 C‖y‖E + C‖x‖E 6 2 · Cγ(Q)‖x‖E .
P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù Ü	Ï	Ø2ù,Û�Ï�Ó2Û�ä�Ü'Õ2ûaø�Û�Ó	Ó2Ñ�Ò�Ñ`Þ�Ñ�Ó	þ�ä�Ô'í�Þ�Ñ�Ð�Ñ�Ï	Ú1åSÜ2Ñ�ÓFÔ�×FÑ�ò�Ø	Ð�ä�ãSÓFÔ�ù�Ùa×�Ô�Õ2Ö�Ó2Û�å	à�Û�ù1ð

N`þ�ä�Ð�Ö
B : E → E

YÜ2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó	Ú1åeÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�íF×FÛ�å2ä�Ð�Ù�þ�ûaø!Ø	å�Ùzò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�ù Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û
æ	Ø2ä ÕFÑ�Ù�Ú6ßeÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å äqù,Ñ�Ó2Ñ�Ð�Ñ�Ó	Ó2Ñ�åóÓ2Ñ�Ï2ù,Ñ�å

E
� Ð�ð}Û�ð ‖x‖ 6 ‖y‖ Ü	Ï	Ø |x| 6 |y| íä�ù1ð[ë î�ï DUØ ‖B‖ 6 1

2

ð�h�Ù�Û ×FÛ�ù Þ�Ñ�Ó	þ�ä
Q(B) = {x ∈ E+, x > Bx} ðShi×�Ô�Ó	Ó2Ñ�ù ä Õ2þ�æFÔ�Û�Ùwä�Ø'Õ2þ

ò�Ø2Û�Þ	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Ø
B
Þ�Ñ�Ó	þ�ä

Q(B)
ã'Ù�Õ2ã	Û�Ð�ä�ã Ù�Ñ�ä�Ü	Ï2Ñ�Ø â Ù�Ñ�×2ã'ø!Ø2ù � Ð�ð Û�ð span{Q(B)} = E

D ðSR!Û�å'é
ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í2Ü2Ñ�ä�Þ�Ñ�Õ2Ö�Þ	þ�×	Õ2ã�Õ2û`ò�Ñ�Ò�Ñ

y ∈ ω ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�Ñ<ÏFÔ â ÕFÑ ñ Û�Ó	Ø2Û y = y+ − y−
í'Ò�×FÛ

y+ = max(y(n), 0),

y− = max(−y(n), 0),
Ð�Ñ

x = (I −B)−1((I −B)x)+ − (I −B)−1((I −B)x)−.
�`ä�Ó2Ñ	ízæ	Ð�Ñ

(I − B)−1((I − B)x)± ∈ Q(B).
N`Ï	Ø � Ð�Ñ�ù1ízÜ2Ñ�ä�Þ�Ñ�Õ2Ö�Þ	þ ‖(I − B)−1‖ 6 2

í
‖(I −B)‖ 6 2

í	Ø�í2Ù<ä�Ø'Õ2þwù,Ñ�Ó2Ñ�Ð�Ñ�Ó	Ó2Ñ�ä�Ð�Ø�Ó2Ñ�Ï2ù4Ú�í ‖((I −B)x)±‖ 6 ‖(I −B)x‖ í2ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù#ÔÑ�÷2Û�Ó	Þ'Ô
‖(I −B)−1((I −B)x)±‖ 6 2‖(I −B)x‖ 6 4‖x‖, x ∈ E.
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j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	íIÞ�Ñ�Ó	þ�ä
Q(B)

ã'Ù�Õ2ã	Û�Ð�ä�ã�Ó2Û�ä�Ü'Õ2ûaø�Û�Ó	Ó	Ú�ù ä�Þ�Ñ�Ó2ä�Ð�Ô�Ó	Ð�Ñ�å Ó2Û�ä�Ü'Õ2ûaø�Û�Ó	Ó2Ñ�ä�Ð�Ø�í@Ó2Û
Ü	Ï2Û�Ù�Ñ�ä�ß#Ñ�×2ã'ø�Û�å � ð

N`þ�ä�Ð�Ö
A

Ø
B

 Ñ�Ð�×FÛ Õ2Ø2ù4Ú�Û�Ù�Û�ø�Û�ä�Ð�Ù�Û�Ó	Ó	Ú�ÛqÕ2Ø	Ó2Û�å	Ó	Ú�ÛzÐ�Ñ�Ü2Ñ�ÕFÑ�Ò�Ø	æ2Û�ä�Þ	Ø2Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô'í
E = (E0, E1)

í
F = (F0, F1)

ýò�Ô�ÓFÔ�ß#Ñ�Ù�Ú ÜFÔ�Ï	Ú�í
Ei ⊂ A

í
Fi ⊂ B

Ø
Qi

ýÞ�Ñ�Ó	þ�ä�Ú Ù!Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó'é
ä�Ð�Ù#Ô�ß

Ei (i = 0, 1)
ðqh � Ð�Ñ�ù ä Õ2þ�æFÔ�Û<ò�þ�×FÛ�ù Ò�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2í æ	Ð�Ñ

Q = (Q0, Q1)
 ÜFÔ�ÏFÔ�Þ�Ñ�Ó	þ�ä�Ñ�ÙáÙ

ò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�åSÜFÔ�Ï2Û
E
ð �QÑ�Ó	þ�ä

Q
Ù`Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û

A
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ����� ���5� ����������� � ×	Õ2ã!ÜFÔ�Ï	Ú

Q
í

Û�ä Õ2Ø

Q0 ∩Q1 ⊂ Q ⊂ Q0 +Q1.

N`þ�ä�Ð�Ö!ò�Ô�ÓFÔ�ß#Ñ�Ù�Ú Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
E
Ø
F
ã'Ù�Õ2ã'ûaÐ�ä�ãSÜ	Ï2Ñ�ù,Û ñ þ�Ð�Ñ�æ	Ó	Ú�ù4ØzÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ù4ØHò�Ô�é

ÓFÔ�ß#Ñ�Ù�Ú6ß�ÜFÔ�Ï
E
Ø
F
í�Ü	Ï	Ø	æ2Û�ùúò�Ô�ÓFÔ�ß#Ñ�Ù#Ô!Ð�Ï2Ñ�å	Þ'Ô

(E0, E1, E)
Ø	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	ÓFÔ<Ñ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2Ñ

ò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�åmÐ�Ï2Ñ�å	Þ	Ø
(F0, F1, F )

ðUN`þ�ä�Ð�Ö
T : E0 + E1 −→ F0 + F1

YÓ2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó	Ú1åmÕ2Ø	Ó2Û�å	Ó	Ú1å
Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�ð�X[ä Õ2Ø

T |Qi : Qi −→ Fi
Ø ‖Tx‖Fi 6 Mi‖x‖Ei

Ü	Ï	Ø
x ∈ Qi

í4Ð�Ñ�ò�þ�×FÛ�ùÝÒ�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2í
æ	Ð�Ñ

T
 Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏmØ â ÜFÔ�Ï	ÚÝÓ2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú6ßmÞ�Ñ�Ó	þ�ä�Ñ�Ù

Q = (Q0, Q1)
Ùzò�Ô�ÓFÔ�é

ß#Ñ�Ù�þmÜFÔ�Ï	þ
F = (F0, F1)

ð�N`þ�ä�Ð�Ö�Þ�Ñ�Ó	þ�ä
Q ⊂ E

Ø ã'Ù�Õ2ã	Û�Ð�ä�ãeÜ	Ï2Ñ�ù,Û ñ þ�Ð�Ñ�æ	Ó	Ú�ù ×	Õ2ã ÜFÔ�Ï	Ú
Q
ð

X[ä Õ2Øáä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð<Ü2Ñ�ä�Ð�Ñ�ã'Ó	ÓFÔ�ã
c = c(E,F ,Q,E, F,Q) > 0

Ð�Ô�Þ'Ô�ãIí2æ	Ð�Ñ
T |Q : Q −→ F

Ø

‖Tx‖F 6 cmax{M0,M1}‖x‖E
Ü	Ï	Ø

x ∈ Q, (1.1)

Ð�Ñ ò�þ�×FÛ�ùýÒ�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2í6æ	Ð�Ñ Ð�Ï2Ñ�å	Þ'Ô Þ�Ñ�Ó	þ�ä�Ñ�Ù
(Q0, Q1, Q)

Ñ�ò�Õ�Ô�×�Ô�Û�ÐeØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó	Ú�ù ä�Ù�Ñ�å'é
ä�Ð�Ù�Ñ�ùkÜ2Ñ<Ñ�Ð�Ó2Ñ�à�Û�Ó	Ø	ûOÞwò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�åáÐ�Ï2Ñ�å	Þ�Û

(F0, F1, F )
ð

N`þ�ä�Ð�Ö<Ð�Û�Ü2Û�Ï	Ö â Ô�×�Ô�Ó2Ñqä�Û�ù,Û�å2ä�Ð�Ù�Ñ<Ð�Ï2Ñ�Û�ÞwÞ�Ñ�Ó	þ�ä�Ñ�Ù

M = {(Qα
0 , Q

α
1 , Q

α)}α∈A,
Ò�×FÛ

A
 Ó2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�Û!ù4Ó2Ñ ñ Û�ä�Ð�Ù�ÑqØ	Ó'×FÛ�Þ�ä�Ñ�Ù2ð�N`þ�ä�Ð�Öqä�Û�ù,Û�å2ä�Ð�Ù�Ñ

M
þ�×FÑ�Ù�ÕFÛ�Ð�Ù�Ñ�Ï#ã	Û�Ðzþ�ä ÕFÑ�Ù�Ø	ã	ù(�

ì�D`×	Õ2ã�Õ2û`ò�Ñ�Ò�Ñ
α ∈ A

ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�Ú^Ù�ÕFÑ ñ Û�Ó	Ø	ã Qα
0 ⊂ E0

í
Qα

1 ⊂ E1
í
Qα ⊂ E

í4Ü	Ï	Ø	æ2Û�ù
Þ�Ñ�Ó	þ�ä

Qα  Ü	Ï2Ñ�ù,Û ñ þ�Ð�Ñ�æ	Ó	Ú1åáÞ�Ñ�Ó	þ�äQ×	Õ2ãHÜFÔ�Ï	Ú Qα = (Qα
0 , Q

α
1 ) �î%D�×	Õ2ã�Õ2û`ò�Ñ�Ò�Ñ

α ∈ A
Ð�Ï2Ñ�å	Þ'Ô

(Qα
0 , Q

α
1 , Q

α)
Ñ�ò�Õ�Ô�×�Ô�Û�ÐqØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó	Ú�ù ä�Ù�Ñ�å2ä�Ð�Ù�Ñ�ù Ü2Ñ

Ñ�Ð�Ó2Ñ�à�Û�Ó	Ø	ûOÞwò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�åáÐ�Ï2Ñ�å	Þ�Û
(F0, F1, F )

ð
h � Ð�Ñ�ù ä Õ2þ�æFÔ�ÛOò�þ�×FÛ�ù Ò�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2í æ	Ð�Ñ ä�Û�ù,Û�å2ä�Ð�Ù�Ñ

M
Ñ�ò�Õ�Ô�×�Ô�Û�Ð^Ø	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó	Ú�ù

ä�Ù�Ñ�å2ä�Ð�Ù�Ñ�ùYÜ2Ñ Ñ�Ð�Ó2Ñ�à�Û�Ó	Ø	û Þiò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�åÝÐ�Ï2Ñ�å	Þ�Û
(F0, F1, F ).

N`Ï	Ø � Ð�Ñ�ùYÜ2Ñ�ä�Ð�Ñ�ã'Ó	ÓFÔ�ã {c =
c(E,F ,QαE,F,Qα)} ÙÝÓ2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Û � ì�ðKì�D í�Ù�Ñ�Ñ�ò�ø�Û Ò�Ñ�Ù�Ñ�Ï#ãIí â Ô�Ù�Ø2ä�Ø	ÐýÑ�ÐÝÙ�Ú�ò�Ñ�ÏFÔÝÐ�Ï2Ñ�å	Þ	Ø
(Qα

0 , Q
α
1 , Q

α)
Ø â ä�Û�ù,Û�å2ä�Ð�Ù#Ô

M
ð^X[ä Õ2Ø ×	Õ2ã Ù�ä�Û ß Ð�Ï2Ñ�Û�ÞiÞ�Ñ�Ó	þ�ä�Ñ�Ù Ø â

M
ù,Ñ ñ Û�Ð ò�Ú1Ð�Ö Ù�Ú6é

ò�ÏFÔ�ÓFÔ�Ñ�×2Ø	ÓFÔ�Þ�Ñ�Ù#Ô�ãóØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	ÓFÔ�ãkÜ2Ñ�ä�Ð�Ñ�ã'Ó	ÓFÔ�ã
c = c(E,F ,E, F )

í,Ð�Ñ�ò�þ�×FÛ�ùÝÒ�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2í
æ	Ð�Ñáä�Û�ù,Û�å2ä�Ð�Ù�Ñ

M
Ñ�ò�Õ�Ô�×�Ô�Û�Ð�ÏFÔ�Ù�Ó2Ñ�ù,Û�Ï	Ó	Ú�ùÝØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó	Ú�ùOä�Ù�Ñ�å2ä�Ð�Ù�Ñ�ùÝÜ2ÑwÑ�Ð�Ó2Ñ�à�Û�Ó	Ø	û

Þwò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�åáÐ�Ï2Ñ�å	Þ�Û
(F0, F1, F )

ð
R�Õ2ãq×FÑ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù#Ô<Ñ�ä�Ó2Ñ�Ù�Ó2Ñ�Ò�ÑSþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	ã�ÓFÔ�ùóÜ2Ñ�ÓFÔ�×FÑ�ò�Ø	Ð�ä�ãwä ÕFÛ ×2þ�ûaø�Û�ÛUß#Ñ�Ï2Ñ�à�Ñ�Ø â é

Ù�Û�ä�Ð�Ó2Ñ�Û � ä�ù1ðFëKì�í�ì � ï D}þ�ä ÕFÑ�Ù�Ø2ÛUØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó2Ñ�ä�Ð�Ø�Ð�Ï2Ñ�å	Þ	Ø
(c0(a0), c0(a1), c0(a))

Ü2Ñ�Ñ�Ð�Ó2Ñ�à�Û é
Ó	Ø	ûÝÞáò�Ô�ÓFÔ�ß#Ñ�Ù�Ñ�åáÐ�Ï2Ñ�å	Þ�Û

(c0(a0), c0(a1), c0(a))
�

a = a1h

(
a0
a1

)
, b = b1h

(
b0
b1

)
,

Ò�×FÛ
h : R+ → R

+  Þ	Ù#Ô â Ø	Ù�Ñ�Ò�Ó	þ�Ð�Ô�ã�üQþ�Ó	Þ	÷	Ø	ãIð
hýæFÔ�ä�Ð�Ó2Ñ�ä�Ð�Ø�í4×	Õ2ãeÜ	Ï2Ñ�Ù�Û�Ï	Þ	ØóØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó2Ñ�ä�Ð�Øk×FÑ�ä�Ð�Ô�Ð�Ñ�æ	Ó2Ñmþ�ä�Ð�Ô�Ó2Ñ�Ù�Ø	Ð�Ö ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø'é

Ù�Ñ�ä�Ð�Ö<Ó2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô
b(m)

a(n)
6 Cmax

{
b0(m)

a0(n)
,
b1(m)

b1(n)

}
.
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j[ÕFÛ ×2þ�ûaøSÔ�ãáÐ�Û�Ñ�Ï2Û�ù[ÔzØ	Ò�ÏFÔ�Û�Ð�Ù#Ô ñ Ó	þ�ûýÏ2Ñ�Õ2Ö�Ü	Ï	Øá×FÑ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�Û<Ñ�ä�Ó2Ñ�Ù�Ó2Ñ�Ò�Ñ�Ï2Û â þ�Õ2Ö�Ð�Ô�Ð�Ô'ð
baÞ'Ô ñ Û�ù Ü	Ï2Û ×2Ù#Ô�Ï	Ø	Ð�Û Õ2Ö�Ó2Ñ	í�æ	Ð�Ñ<Ü2Ñ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ A þ�Ü2Ñ�Ï#ã�×FÑ�æ2Û�Ó	Ó2Ñ�Ò�ÑzÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô

E
ÓFÔ â Ú1Ù#Ô�é

Û�Ð�ä�ã �2��� �F�'&��2� �2���@�'$S�������(& í�Û�ä Õ2Ø
min(x, y) ∈ A ×	Õ2ã�Õ2û`ò�Ú6ß

x, y ∈ A ð
��|#t �}|��ar ?FB ?FB �  2�����

Ei = c0(ai)
*
F = c0(bi) (i = 0, 1)

*
E = c0(a)

*
F = c0(b),

0#"��������
E1 ⊂ E ⊂ E0

*
F1 ⊂ F ⊂ F0

* � ����$�� � - 
��w� " - �	�	�
(E0, E1, E)

- �������������S�	$@���¦"�0 - �����	� - $	$	/��
��
 - �@����
 - �ó0 -!- ��$ - �q��$	�	�i� ����$�� � - 
 - ��� " - �	�2�

(F0, F1, F )
5/�  2�����

A � �4$ - �<������
 - � - $� 2� - 



ω+ ����� - � * ��� - �������	���W� -���-

Q ∈ A

�/10 - �	$��
�W��� �� 2��� - 
������

1) Q � $	�	�S$����H0 - �� #" ���q�����	��

ω;

2) Q ∩E+
1 � � - ��������$	/1�á� - $� 2�a


c0(a1);
3) Q ∩E+

1

� - � �¦"	�S�@��0 - ���@�¦� - 
�����������$ - ����� * 
'���!���@��$	/ � - � - " - �á0 - � - �S�@��������$	/ 5
+�-�� ���S�	���W� - �U�2����������@����
w� " - ���w� - $� 2� - 


L =
{
(E+

0 , Q ∩E+
1 , Q ∩E+) : Q ∈ A

}
,

�
M =

{
(Q ∩E+

0 , E
+
1 , Q ∩E+) : Q ∈ A

}
- �������������1"���
�$ - ���¦"�$	/�� �	$@���¦"�0 - �����	� - $	$	/��ú��
 - �@����
 - �e0 -�- ��$ - �q��$	�	� � ����$�� � - 
 - �á� " - �	�2�
(c0(b0), c0(b1), c0(b))

5
R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�Ñ�×�Ô�Ó	Ó2Ñ�åkÐ�Û�Ñ�Ï2Û�ù4Ú�í6ÔwÐ�Ô�Þ ñ ÛHÜ2Ñ�×2Ï2Ñ�ò�Ó2Ñ�ÛHØ â ÕFÑ ñ Û�Ó	Ø2ÛwÜ2Ñ�ä�Ð�Ô�Ó2Ñ�Ù�Þ	Ø â Ô�×�Ô�æ	Ø

Ð�Û�Ñ�Ï	Ø	ØáØ	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø	ØáÓFÔ�Þ�Ñ�Ó	þ�ä�Ô�ßwù,Ñ ñ Ó2Ñ<ÓFÔ�å	Ð�ØwÙwë ö�ï«ð

: B��Ss�Î}tFuFÎ}r � �'|#t �}|��ar
� �������U�����2���S��� ���4�@�'$S� ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã Ü2Ñ�Õ2Ó2Ñ�Û�ù,Û�Ð�Ï	Ø â þ�Û�ù,Ñ�ÛqÕ2Ø	Ó2Û�å	Ó2Ñ�ÛqÕFÑ�Þ'Ô�Õ2Ö�Ó2Ñ�Ù�Ú1Ü	þ�Þ'é

ÕFÑ�ÛqÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ðmh1Ô ñ Ó2Û�å	à!Ø	åóÞ'Õ�Ô�ä�äqÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù �WÏ2Û�à�Û  ä�æ2Û�Ð�Ó2Ñ�é Ò�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�Ù�ÚYã�×FÛ�Ï'é
Ó	Ú�Û<Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô � �Û�Ð�Ûqæ	Ø2ä ÕFÑ�Ù�Ú6ß Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�ðáN`þ�ä�Ð�Ö E =

⋂
r>1Hr

í Ò�×FÛ
Hr =

l2(ar(n))
 Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ � �Û�Ð�Û�í2Ð�Ñ�Ü2Ñ�ÕFÑ�Ò�Ø	ãwÞ�Ñ�Ð�Ñ�Ï2Ñ�Ò�Ñ â Ô�×�Ô�ÓFÔ<ä�æ2Û�Ð�Ó	Ú�ùkÓFÔ�ò�Ñ�Ï2Ñ�ùúÒ�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�é

Ù�Ú6ßHÓ2Ñ�Ï2ù {‖ · ‖r}∞r=1

�

‖x‖r =

√√√√
∞∑

n=1

|xn|2a2r(n), r = 1, 2, . . .

]mÔ�Ð�Ï	Ø	÷	þ
(ar(n))

Ù�ä�Û�Ò�×�Ôwù,Ñ ñ Ó2Ñwä�æ	Ø	Ð�Ô�Ð�Ö�ù,Ñ�Ó2Ñ�Ð�Ñ�Ó	Ó2Ñ�å Ü2Ñ r : ar+1(n) > ar(n)
ð ��Ô�Þ Ø â é

Ù�Û�ä�Ð�Ó2Ñáë ô�ï«í'þ�ä ÕFÑ�Ù�Ø2Û�ã�×FÛ�Ï	Ó2Ñ�ä�Ð�ØwÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
E
Ø2ù,Û�Û�ÐqÙ�Ø'×

(∀ r) (∃ s(r))
( ∞∑

n=1

ar(n)

as(r)(n)
< +∞

)
.

	 � ��2��� � ÙeÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û
E
ÓFÔ â Ú1Ù#Ô�ûaÐkä�Ø2ä�Ð�Û�ù4þ � ÕFÛ�ù,Û�Ó	Ð�Ñ�Ù

(xn)
∞
n=1

Ø â E Ð�Ô�Þ	þ�û�í1æ	Ð�Ñ
Þ'Ô ñ ×2Ú1å � ÕFÛ�ù,Û�Ó	Ð

x ∈ E Ñ�×2Ó2Ñ â ÓFÔ�æ	Ó2ÑzÜ	Ï2Û ×Fä�Ð�Ô�Ù�Ø2ùúÙ<Ù�Ø'×FÛ

x =

∞∑

n=1

x∗n(x)xn,

Ò�×FÛ
x∗n(x)

 æ	Ø2ä Õ�Ô'ð
X[ä Õ2ØáÜ	Ï	Ø � Ð�Ñ�ùkÏ#ã�× ∑∞

n=1 x
∗
n(x)xn

ä�ß#Ñ�×2Ø	Ð�ä�ãmÔ�ò�ä�Ñ�Õ2ûaÐ�Ó2Ñ	í2Ð�ð2Û�ð

∞∑

n=1

|x∗n(x)|‖xn‖r < +∞

×	Õ2ãHÙ�ä�Û ß
r
í'Ð�ÑSò�Ô â Ø2ä (xn)∞n=1

ÓFÔ â Ú1Ù#Ô�ûaÐ ��
���� �2�1����� � ð



� �¨ 
	q������
 - 
���$	�	�C������@��� ì�ô

_UÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñ	íFÛ�ä Õ2ØwÏ#ã�× ∑∞
n=1 x

∗
n(x)xn

ä�ß#Ñ�×2Ø	Ð�ä�ãáÞ
x
ò�Û â þ�ä ÕFÑ�Ù�Ó2Ñ	í2Ð�ð2Û�ð

x =

∞∑

n=1

x∗σ(n)(x)xσ(n)

×	Õ2ãwÕ2û`ò�Ñ�å�Ü2Û�Ï2Û�ä�Ð�Ô�Ó2Ñ�Ù�Þ	Ø � ò�Ø2Û�Þ	Ð�Ø	Ù�Ó2Ñ�Ò�ÑHÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø	ã	D σ : N → N
íFÐ�Ñqò�Ô â Ø2ä (xn)∞n=1

ÓFÔ â Ú6é
Ù#Ô�ûaÐ 
�� ������2������� ù1ð

NQÑ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö
(xn)

∞
1

Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô �WÏ2Û�à�Û
E
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ���������������2�(&e�z��� �,���F�

� ���������F����� í�Û�ä Õ2ØW×	Õ2ã�Ó2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�å<Ñ�Ü	Ï2Û ×FÛ Õ2ã'ûaø�Û�å�ä�Ø2ä�Ð�Û�ù4Ú Ü	Ï2Û ×2Ó2Ñ�Ï2ù
(|·|)∞1

Ù
E
Ù�Ú1Ü2Ñ�Õ2Ó	ã'ûaÐ�ä�ã

Ó2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô � Ü2Ñ�Õ�Ô�Ò�Ô�ûaÐ
0/0 = 0

D5�

|xn|p
|xn|p+1

>
|xn+1|p
|xn+1|p+1

, n, p = 1, 2, . . .

]mÔ�Ð�Ï	Ø	÷FÔ � �Û�Ð�Û (ar(n))
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ���������������2�(&m�<��� �,���F� � ���������F����� íFÛ�ä Õ2Ø

(∀ r) (∃ s = s(r))
ar(n)

as(r)(n)
↓ 0 Ü	Ï	Ø

n→∞, r = 1, 2, . . .

�6Û â Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ø	ã Ñ�ò�ø!Ó2Ñ�ä�Ð�Ø ù,Ñ ñ Ó2Ñóä�æ	Ø	Ð�Ô�Ð�Ö2íUæ	Ð�Ñ s(r) = r + 1
�3� Ð�Ñ�Ò�Ñ Ù�ä�Û�Ò�×�Ô ù,Ñ ñ Ó2Ñ

×FÑ�ò�Ø	Ð�Ö�ä�ãIí'Ü2Û�Ï2Û ß#Ñ�×2ãzÞ � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó2Ñ�åwä�Ø2ä�Ð�Û�ù,ÛUÓ2Ñ�Ï2ù D ð,N`Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ��WÏ2Û�à�Ûaä�Ü	ÏFÔ�Ù�Ø'Õ2Ö�Ó	Ú�ù
ò�Ô â Ø2ä�Ñ�ùkØ â Ñ�ù,Ñ�Ï2üQÓ2Ñ<Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�þ � �Û�Ð�ÛWä`Ü	ÏFÔ�Ù�Ø'Õ2Ö�Ó2Ñ�å�ù[Ô�Ð�Ï	Ø	÷2Û�å�ð

N`Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ � �Û�Ð�Û E ä`Ü	ÏFÔ�Ù�Ø'Õ2Ö�Ó2Ñ�åmù[Ô�Ð�Ï	Ø	÷2Û�åáÑ�Ð�Ó2Ñ�ä�Ø	Ð�ä�ãáÞHÞ'Õ�Ô�ä�ä�þ
(d1)

í	Û�ä Õ2Ø

(∀ r) (∃ s = s(r)) (c = c(r) > 0) (a2r(n) 6 c(r)a1(n)as(r)(n)).

N`Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ � �Û�Ð�Û E ä`Ü	ÏFÔ�Ù�Ø'Õ2Ö�Ó2Ñ�åmù[Ô�Ð�Ï	Ø	÷2Û�åáÑ�Ð�Ó2Ñ�ä�Ø	Ð�ä�ãáÞHÞ'Õ�Ô�ä�ä�þ
(d2)

í	Û�ä Õ2Ø

(∀ r) (∃ s) (∀ q) (∃ c = c(r, q) > 0) (ar(n)aq(n) 6 c(r, q)a2s(n)).

�aÕ�Ô�ä�ä�Ú
(d1)

Ø
(d2)

ò�Ú6Õ2Ø Ù�Ù�Û ×FÛ�Ó	Ú ] ð�] ð,RWÏFÔ�Ò�Ø'ÕFÛ�Ù�Ú�ù ë � ïQÙóä�Ù�ã â Ø äáØ â þ�æ2Û�Ó	Ø2Û�ùfÕFÑ�é
Þ'Ô�Õ2Ö�Ó2ÑáÙ�Ú1Ü	þ�Þ'Õ2Ú6ß�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù Ô�ÓFÔ�Õ2Ø	Ð�Ø	æ2Û�ä�Þ	Ø'ß üQþ�Ó	Þ	÷	Ø	å�ðzg6Ø	Ü	Ø	æ	Ó	Ú�ù4Ø Ü	Ï2Û ×Fä�Ð�Ô�Ù�Ø	Ð�Û Õ2ã	ù4Ø
Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�ÙqÞ'Õ�Ô�ä�ä�Ñ�Ù

(d1)
Ø
(d2)

ã'Ù�Õ2ã'ûaÐ�ä�ãHÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ<÷2Û Õ2Ú6ßwüQþ�Ó	Þ	÷	Ø	åHØwÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
üQþ�Ó	Þ	÷	Ø	åáÔ�ÓFÔ�Õ2Ø	Ð�Ø	æ2Û�ä�Þ	Ø'ßwÙ<Þ	Ï	þ�Ò�ÛQäQÐ�Ñ�Ü2Ñ�ÕFÑ�Ò�Ø2Û�åáÞ�Ñ�ù4ÜFÔ�Þ	Ð�Ó2Ñ�åmä�ß#Ñ�×2Ø2ù,Ñ�ä�Ð�Ømä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	ð

N`þ�ä�Ð�Ö
E ⊂ (d2)

 ã�×FÛ�Ï	Ó2Ñ�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ � �Û�Ð�ÛmØ F ⊂ E
 Û�Ò�Ñe×FÑ�Ü2Ñ�Õ2Ó	ã	Û�ù,Ñ�ÛmÜ2Ñ�×	é

Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ð!NQÑ�Þ'Ô ñ Û�ù1í�æ	Ð�ÑzÙ�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û F ä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐáÔ�ò�ä�Ñ�Õ2ûaÐ�Ó	Ú1å ò�Ô â Ø2ä!Ø�íIä ÕFÛ ×FÑ�é
Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í�Ñ�Ó2Ñ�Ø â Ñ�ù,Ñ�Ï2üQÓ2ÑmÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�þ�� �Û�Ð�ÛHæ	Ø2ä ÕFÑ�Ù�Ú6ßóÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�ðúg}Ô�ÞkÞ'Ô�Þ
E ⊂ (d2)

í'Ð�Ñ

(∀ r) (∃ s1(r)) (∀ q) (∃ c(r, q) > 0) (ar(n)aq(n) 6 c(r, q)a2s1(r)(n)).

h ä�Ø'Õ2þzã�×FÛ�Ï	Ó2Ñ�ä�Ð�Ø
E
Ø2ù,Û�Û�ù

(∀ r) (∃ s2(r))
( ∞∑

n=1

ar(n)

as2(r)(n)
< +∞

)
.

N`þ�ä�Ð�Ö
s(r) = max{s1(r), s2(r)}

ð�g Ñ�Ò�×�Ô�þ�ä ÕFÑ�Ù�Ø	ãIí�Ü	Ï	Ø	Ù�Û ×FÛ�Ó	Ó	Ú�Û<Ù�Ú1à�Û�í�ù,Ñ ñ Ó2Ñ â Ô�Ü	Ø2ä�Ô�Ð�Ö
ÙSÙ�Ø'×FÛ

ar(n)aq(n) 6 c(r, q)as(r)(n)
Ø

∞∑

n=1

ar(n)

as(r)(n)
< +∞.
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�`Ï2Ñ�ù,ÛQÐ�Ñ�Ò�Ñ	í	ò�Û â Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ø	ãáÑ�ò�ø!Ó2Ñ�ä�Ð�Øwù,Ñ ñ Ó2Ñ<ä�æ	Ø	Ð�Ô�Ð�Ö2í2æ	Ð�Ñ s(r) = r+ 1.
\`Ð�Ô�Þ�í	Ü	þ�ä�Ð�Ö

(∀ r) (∃ c(r, q)) (ar(n)aq(n) 6 c(r, q)a2r+1(n)) (2.1)

Ø
∞∑

n=1

ar(n)

ar+1(n)
< +∞, r = 1, 2, . . . (2.2)

MUÐ�ù,Û�Ð�Ø2ùúÐ�Ô�Þ ñ Û�íFæ	Ð�Ñ<üQþ�Ó	Þ	÷	Ø	û c(r, q)
ù,Ñ ñ Ó2Ñqä�æ	Ø	Ð�Ô�Ð�ÖzÙ�Ñ â ÏFÔ�ä�Ð�Ô�ûaø�Û�åáÜ2Ñ r Ø q í'Ð�Ô�ÞáÞ'Ô�ÞÙ<Ü	Ï2Ñ�Ð�Ø	Ù�Ó2Ñ�ù ä Õ2þ�æFÔ�ÛQù,Ñ ñ Ó2Ñ<Ü2Û�Ï2Û�å	Ð�ØáÙ<Ñ�÷2Û�Ó	Þ�Û � î'ðKì�D�ÞwüQþ�Ó	Þ	÷	Ø	Ø

c̃(r, q) = max
16r′6r
16q′6q

c(r′, q′).

\ â þ�ä ÕFÑ�Ù�Ø	ãÝã�×FÛ�Ï	Ó2Ñ�ä�Ð�Ø>ä ÕFÛ ×2þ�Û�Ð�í�æ	Ð�Ñ ä�Ø2ä�Ð�Û�ù4Ú
l2
é Ó2Ñ�Ï2ù Ø ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�þ�ûaø!Ø2Ûkä�Ø2ä�Ð�Û�ù4Ú

sup
é Ó2Ñ�Ï2ùÝã'Ù�Õ2ã'ûaÐ�ä�ã � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó	Ú�ù4Ø ë ô�ï«ð MUÐ�ù,Û�Ð�Ø2ù1í,æ	Ð�Ñ � Ð�Ñáþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø2Û�Ù�ÓFÔ�à�Û�ùÝä Õ2þ#é

æFÔ�Û`ÕFÛ�Ò�Þ�Ñ<Ù�Ú1Ù�Ñ�×2Ø	Ð�ä�ãwÓ2Û�Ü2Ñ�ä�Ï2Û ×Fä�Ð�Ù�Û�Ó	Ó2ÑqØ â þ�ä ÕFÑ�Ù�Ø	ã � î'ð î%D í	Ü	Ï	Ø	æ2Û�ù ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�ÚÝÑ�÷2Û�Ó	Þ	Ø

|x|r 6 ‖x‖r 6 N(r)|x|r+1,

Ò�×FÛ

‖x‖r =

√√√√
∞∑

n=1

|xn|2a2r(n), |x|r = sup
n∈N

ar(n)|x(n)|.

j Ü2Ñ�ù,Ñ�ø!Ö�û ×2ØFÔ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ò�ÑiÜ	Ï2Û�Ñ�ò�ÏFÔ â Ñ�Ù#Ô�Ó	Ø	ã>ù,Ñ ñ Ó2Ñ ×FÑ�ò�Ø	Ð�Ö�ä�ãýÙ�Ú1Ü2Ñ�Õ2Ó2Û�Ó	Ø	ãýþ�ä ÕFÑ�Ù�Ø	ã
a1(n) ≡ 1

ð[h ×�Ô�Õ2Ö�Ó2Û�å	à�Û�ù ò�þ�×FÛ�ùkÜ	Ï2Û ×2Ü2Ñ�Õ�Ô�Ò�Ô�Ð�Ö2íFæ	Ð�Ñ � Ð�ÑSÜ	Ï2Û�Ñ�ò�ÏFÔ â Ñ�Ù#Ô�Ó	Ø2ÛWÙ�Ú1Ü2Ñ�Õ2Ó2Û�Ó2Ñ	ð
��|#t �}|��ar : B ?FB �  2�����

E ⊂ (d2) �
��� �¦"�$ - �`0#" - ��� "���$@����
 - ;������� *

F ⊂ E � � - 0 - �	$������ - �
0 - ��0#" - ��� "���$@����
 - 
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C
h�Ù�Û ×FÛ�ù�Ñ�ò�Ñ â ÓFÔ�æ2Û�Ó	Ø	ã�� Hr = l2(ar(n))

í
Gr = c0(ar(n))

ð}g Ñ�Ò�×�Ô
E =

⋂
r>1Hr =

⋂
r>1Gr

í
Ü	Ï	Ø	æ2Û�ù

G1 ⊃ Gr ⊃ Gr+1
í
H1 ⊃ Hr ⊃ Hr+1

ð
N`þ�ä�Ð�Ö

P
>Ó2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó	Ú1åHÜ	Ï2Ñ�Û�Þ	Ð�Ñ�ÏHÙ

E
Ð�Ô�Þ�Ñ�å�í'æ	Ð�Ñ

F = P (E)
ð[g}Ô�Þ�Þ'Ô�Þ

E
>Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó'é

ä�Ð�Ù�Ñ`ä1Ô�ò�ä�Ñ�Õ2ûaÐ�Ó	Ú�ù�ò�Ô â Ø2ä�Ñ�ù � Ø â ã�×FÛ�Ï	Ó2Ñ�ä�Ð�Ø E Ø�Ð�Û�Ñ�Ï2Û�ù4Ú RWÚ1Ó	Ø	ÓFÔ&O]áØ	Ð�ã'Ò�Ø	ÓFÔ�ëKì�ÿ�ï2ä ÕFÛ ×2þ�Û�Ð�í
æ	Ð�ÑQÙ�ä�ã'Þ	Ø	åqò�Û â þ�ä ÕFÑ�Ù�Ó	Ú1åzò�Ô â Ø2ä6Ù E ã'Ù�Õ2ã	Û�Ð�ä�ãqÔ�ò�ä�Ñ�Õ2ûaÐ�Ó	Ú�ù D í#Ð�ÑQÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï |P | : E −→ E

Ð�Ô�Þ'é
ñ Û�Ó2Û�Ü	Ï2Û�Ï	Ú1Ù�Û�Ó�ð 
F×FÛ�ä�Ö |P | iù,Ñ�×2þ�Õ2ÖQÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

P
Ù`ä�ù4Ú�ä ÕFÛ�Ð�Û�Ñ�Ï	Ø	Ø�Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ß!Ï2Û�à�Û�Ð�Ñ�ÞHë î�ï«ð

X[ä Õ2Ø
(pij)

 ù[Ô�Ð�Ï	Ø	÷FÔ
P
Ù�ò�Ô â Ø2ä�Û (ei)∞i=1

í�Ð�Ñ
(|pij |)

 ù[Ô�Ð�Ï	Ø	÷FÔ |P | Ù � Ð�Ñ�ù ñ Û�ò�Ô â Ø2ä�Û�ð 
IÔ�é
Ü	Ø	à�Û�ùkþ�ä ÕFÑ�Ù�Ø2Û�Ó2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó2Ñ�ä�Ð�Ø�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ |P | �

(∀ r) (∃ s(r)) (C1(r) > 0) ‖|P |x‖r 6 C1(r)|x|s(r). (2.3)


IÔ�ù,Û�Ð�Ø2ù1í2æ	Ð�ÑSØ â � î'ð ô%D6ä ÕFÛ ×2þ�Û�Ð
‖Px‖r 6 c1(r)|x|s(r). (2.4)

�Wþ�Ó	Þ	÷	Ø	Ø
C1(r)

Ø
s(r)

Ù � î'ð ô%D�Ø � î'ð � D1ù,Ñ ñ Ó2Ñqä�æ	Ø	Ð�Ô�Ð�Ö�ù,Ñ�Ó2Ñ�Ð�Ñ�Ó	Ó	Ú�ù4ØmÜ2Ñ r ð �`Ï2Ñ�ù,Û�Ð�Ñ�Ò�Ñ	íFò�Û âÑ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ø	ãáÑ�ò�ø!Ó2Ñ�ä�Ð�Ø�ù,Ñ ñ Ó2ÑSÜ	Ï	Ø	Ó	ã'Ð�Ö2í2æ	Ð�Ñ s(r) = r + 1
ð

NQÛ�Ï2Û ß#Ñ�×�Þ � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó2Ñ�åmä�Ø2ä�Ð�Û�ù,ÛQÓ2Ñ�Ï2ùkÙ�Ø'×�Ô

|x|′r = α(r)|x|r, ‖x‖′r = α(r)‖x‖r
Ó2Û�ù,Û�Ó	ã	Û�ÐUþ�ä ÕFÑ�Ù�Ø	åWÓFÔ�ù[Ô�Ð�Ï	Ø	÷	þ � �Û�Ð�Û � Ð�Ô�ÞWÞ'Ô�Þ � Ð�ÑUä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�þ�Û�Ð â Ô�ù,Û�Ó2Û ar(n)→ α(r)ar(n)

D ð
h�Ú�ò�Ø	ÏFÔ�ãHÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö

α(r) ↑ ∞ Ø â þ�ä ÕFÑ�Ù�Ø	ã

C1(r)
α(r)

α(r + 1)
6

1

2
,
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ù,Ñ ñ Ó2ÑS×FÑ�ò�Ø	Ð�Ö�ä�ãwÙ�Ú1Ü2Ñ�Õ2Ó2Û�Ó	Ø	ãwÓ2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù

‖|P |‖′r 6
1

2
|x|′r+1, r = 1, 2, . . .

��þ�×FÛ�ùkä�æ	Ø	Ð�Ô�Ð�Ö2í2æ	Ð�Ñ � Ð�ÑSÜ	Ï2Û�Ñ�ò�ÏFÔ â Ñ�Ù#Ô�Ó	Ø2ÛWÙ�Ú1Ü2Ñ�Õ2Ó2Û�Ó2Ñ	í2Ð�ð2Û�ð

‖|P |x‖r 6
1

2
|x|r+1, r = 1, 2, . . . , (2.5)

Ø�í	ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	í

‖|P |‖c0(ar+1)−→l2(ar) 6
1

2
, r = 1, 2, . . .

MUÜ	Ï2Û ×FÛ Õ2Ø2ù Ù�Û�ä�Ñ�Ù�Ñ�Û ��Ð�þ�Ü	Ø	Þ�Ñ�Ù�Ñ�Û�� Ò�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�Ù�Ñ Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
H∞

Ø Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
G∞,0 = c0(a

2
∞,0(n))

Ð�Ô�Þ�í[æ	Ð�Ñ�ò�Ú
G∞,0 ⊂ H∞ ⊂ Hr

×	Õ2ãeÕ2û`ò�Ñ�Ò�Ñ
r
ØkÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï |P | Ó2Û�Ü	Ï2Û éÏ	Ú1Ù�Ó2Ñ�×FÛ�å2ä�Ð�Ù�Ñ�Ù#Ô�ÕwØ â G∞,0

Ù
H∞

ð4N`þ�ä�Ð�Ö
a∞,0(n) =

∑∞
r=1 γrar(n),

Ò�×FÛaÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö
{γr}

ò�þ�×FÛ�Ð<Ù�Ú�ò�ÏFÔ�ÓFÔ�Ó	Ø ñ Û�ð
g}Ô�ÞwÞ'Ô�Þ

ar(n)aq(n) 6 c(r, q)a2r+1(n),
Ð�Ñ

ar(n)
∞∑

q=1

γqaq(n) 6




∞∑

q=1

γqc(r, q)


 a2r+1(n).

h�Ú�ò�Û�Ï2Û�ù
γq
Ð�Ô�Þ�í	æ	Ð�Ñ�ò�Ú

∞∑

q=1

γqc(r, q) < +∞, r = 1, 2, . . .

N`þ�ä�Ð�Ö
γq =

1
2qc(q,q)

ð,g}Ô�ÞwÞ'Ô�Þ c(r,q)
c(q,q) 6 1

Ü	Ï	Ø
q > r

í'Ð�Ñ

c′(r) =

∞∑

q=1

γqc(r, q) =

∞∑

q=1

1

2q
· c(r, q)
c(q, q)

< +∞, r = 1, 2, . . .

g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í
ar(n)a∞,0(n) 6 c′(r)a2r+1(n) (∀n). (2.6)

\`Ð�Ô�Þ�í	Ü	þ�ä�Ð�Ö
G∞,0 = c0(a

2
∞,0(n))

ð
MUÜ	Ï2Û ×FÛ Õ2Ø2ùúÐ�Û�Ü2Û�Ï	Ö<Ò�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�Ù�ÑqÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ

H∞
Ó2Ñ�Ï2ù,Ñ�å

‖x‖2H∞
= ‖x‖2∞ =

∞∑

r=1

δ2r‖x‖2r ,

Ò�×FÛ {δr}∞r=1

 Ó2Û�Þ�Ñ�Ð�Ñ�ÏFÔ�ãwæ	Ø2ä ÕFÑ�Ù#Ô�ãHÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö2ð6g Ñ�Ò�×�Ô
H∞ = l2(a∞),

Ò�×FÛ

a2∞(n) =
∞∑

r=1

δ2ra
2
r(n).

h�Ú�ò�Û�Ï2Û�ù � Ð�þmÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�ÖmÐ�Ô�Þ�í æ	Ð�Ñ�ò�ÚfÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
T = |P | Ó2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó2Ñw×FÛ�å2ä�Ð�Ù�Ñ�Ù#Ô�ÕØ â G∞,0

Ù
H∞

ð
g}Ô�ÞwÞ'Ô�Þ

G∞,0 ⊂ Hr
×	Õ2ãzÕ2û`ò�Ñ�Ò�Ñ

r
í'Ð�Ñ

‖x‖r 6 D1(r)‖x‖G∞,0 , r = 1, 2, . . . ,
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ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í
‖|P |x‖r 6 D(r)‖x‖G∞,0 , r = 1, 2, . . .

�Wþ�Ó	Þ	÷	Ø	û
D(r)

ò�þ�×FÛ�ù ä�æ	Ø	Ð�Ô�Ð�ÖzÙ�Ñ â ÏFÔ�ä�Ð�Ô�ûaø�Û�å�í@Ü	Ï	Ø	Ó	Ø2ù[Ô�ûaø�Û�å â ÓFÔ�æ2Û�Ó	Ø	ãIí�Ó2ÛWù,Û�Ó	Ö�à!Ø2Ûzì
� Ù!Ü	Ï2Ñ�Ð�Ø	Ù�Ó2Ñ�ùóä Õ2þ�æFÔ�Ûaù,Ñ ñ Ó2Ñ!Ü2Û�Ï2Û�å	Ð�Ø�ÞzüQþ�Ó	Þ	÷	Ø	Ø D̃(r′) = max

16r6r′
{1, D(r)} D ð}R�Ô�ÕFÛ�Û�í�Ü2Ñ�Õ�Ô�Ò�Ô�ã

δ2r = min
{
γ2r ,

1
2rD2(r)

} í	Ü2Ñ�Õ2þ�æ	Ø2ù

‖|P |x‖2H∞
6

∞∑

r=1

δ2r‖|P |x‖2r 6

(
∞∑

r=1

δ2rD
2(r)

)
‖x‖2G∞,0

6 ‖x‖2G∞,0
. (2.7)

h�Ù�Û ×FÛ�ù Û�ø�ÛQÑ�×2Ó2ÑSÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
G∞ = c0(a∞)

í2Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�ù,Ñ�Û�Ó2Ñ�Ï2ù,Ñ�å

‖x‖G∞
= |x|∞ = supa∞(n)|x(n)|.

�`ä�Ó2Ñ	íaæ	Ð�Ñ
G∞,0 ⊂ H∞ ⊂ G∞ ⊂ Hr

Ø ‖|P |x‖G∞
6 |x|G∞,0

ð 
IÔ�ù,Û�Ð�Ø2ù Ð�Ô�Þ ñ Û�í`æ	Ð�Ñ
a∞(n) 6 a∞,0(n)

×	Õ2ã�Ù�ä�Û ß
n
Ùqä�Ø'Õ2þzÙ�Ú�ò�Ñ�ÏFÔ

δr
ð�j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	íFþ�æ	Ø	Ð�Ú1Ù#Ô�ã � î'ð ÿ%D í

ar(n)a∞(n) 6 c′(r)a2r+1(n). (2.8)

NQÑ�Þ'Ô ñ Û�ù1í2æ	Ð�ÑW×	Õ2ã<Õ2û`ò�Ñ�Ò�Ñ r Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï Jr = ar+1

ar

Ó2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó2Ñ!×FÛ�å2ä�Ð�Ù�þ�Û�ÐSØ â G∞,0
Ù
G∞

ð
R!Û�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í

∥∥∥ar+1

ar
x
∥∥∥
G∞

6 ‖ar+1x‖G∞
= sup

n∈N
ar+1(n)a∞(n)|x(n)|

6 c′(r + 1) sup
n∈N

a2r+2(n)|x(n)| 6 γ−2
r c′(r + 1) sup

n∈N
a2∞,0(n)|x(n)| =M(r)‖x‖G∞,0 ,

(2.9)

Ò�×FÛ
M(r) = γ−2

r c′(r + 2)
ð

NQÑ�Ü2Ñ�Õ2Ó	Ø2ù>Õ2Ø	Ó2Û�å	Ó2Ñ�Û�ù4Ó2Ñ�Ò�Ñ�Ñ�ò�ÏFÔ â Ø2Û L = {Px : x ∈ G∞}
Ü2Ñ Ó2Ñ�Ï2ù[Ô�ù ‖ · ‖r

Ø ‖ · ‖∞
ð

NQÑ�Õ2þ�æ	Ø2ùkÒ�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�Ù�ÚÝÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
Fr

Ø
F∞

Ð�Ô�Þ	Ø2Û�í	æ	Ð�Ñ

F1 ⊃ Fr ⊃ Fr+1 ⊃ F∞.

N`þ�ä�Ð�Ö {fk}∞k=1

 ��Ñ�ò�ø!Ø	å �wÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó	Ú1å ò�Ô â Ø2ä!Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù F1
Ø
F∞

ðaR�Õ2ãmÑ�Ü	Ï2Û ×FÛ é
ÕFÛ�Ó	Ó2Ñ�ä�Ð�Ø�ò�þ�×FÛ�ù ä�æ	Ø	Ð�Ô�Ð�ÖHÛ�Ò�Ñ<Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�ù Ù

F1
ð�R!Ñ�Þ'Ô ñ Û�ù1í@æ	Ð�Ñ {fi}∞i=1

 Ô�ò�ä�Ñ�Õ2ûaÐ�Ó	Ú1å
ò�Ô â Ø2äQÙ F =

⋂
r>1 Fr

ð,N`þ�ä�Ð�Ö
ε = (εi)

í	Ò�×FÛ
εi ∈ {±1}

Ø
n ∈ N

ð,h�Ù�Û ×FÛ�ùúÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	Ú

Pn,εx =
n∑

k=1

εkf
′
k(Px)fk,

Ò�×FÛ
f ′k(x) = (fk, x)H1

ð NQÑ6Ø â Ù�Û�ä�Ð�Ó2Ñ�ù4þQÞ	Ï	Ø	Ð�Û�Ï	Ø	ûúò�Û â þ�ä ÕFÑ�Ù�Ó2Ñ�å!ò�Ô â Ø2ä�Ó2Ñ�ä�Ð�Øzë � ï#Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�é
Ó2Ñ�ä�Ð�Ö {fk}∞k=1

ò�þ�×FÛ�Ð�ò�Û â þ�ä ÕFÑ�Ù�Ó	Ú�ù ò�Ô â Ø2ä�Ñ�ù Ù F í#Û�ä Õ2Ø {Pn,ε}
OÏFÔ�Ù�Ó2Ñ�ä�Ð�Û�Ü2Û�Ó	Ó2ÑWÓ2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó2Ñ�Û

ä�Û�ù,Û�å2ä�Ð�Ù�Ñ Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù Ù
E
� Ð�Ô�ÞkÞ'Ô�ÞkÏ#ã�× ∑∞

k=1 f
′
k(f)fk

ä�ß#Ñ�×2Ø	Ð�ä�ãúÞ
f
Ü	Ï	Ø

f ∈ F∞
Ø
F∞Ü'ÕFÑ�Ð�Ó2Ñ<Ù

F
D ð,g}Ô�ÞáÞ'Ô�Þ {fk}∞k=1

^Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó	Ú1åmò�Ô â Ø2äQØHÙ F1
í'ØHÙ

F∞
í'Ð�Ñ

‖Pn,εx‖1 6 ‖Px‖1, ‖Pn,εx‖∞ 6 ‖Px‖∞. (2.10)

g}Ô�ÞáÞ'Ô�Þ ‖Px‖r 6 D′(r)|x|∞
í	Ò�×FÛ

D′(r)
 Ó2Û�Þ�Ñ�Ð�Ñ�ÏFÔ�ãwÜ2Ñ�ä�Ð�Ñ�ã'Ó	ÓFÔ�ãIíFÐ�Ñ

‖Pn,εx‖r 6 D′(r)|x|∞
Ü	Ï	Ø

x ∈ G∞.
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R�Ô�ÕFÛ�Û�í Ù�Ù�Ñ�×2ã Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï |P | í Ø â � î'ðKì�è%D`Ü2Ñ�Õ2þ�æ	Ø2ù ‖Pn,εx‖1 6 ‖ |P |x‖1,
Û�ä Õ2Ø

x ∈ ϕ+ í�Ð�Ô�Þ
Þ'Ô�Þ ‖Px‖1 6 ‖ |P |x‖1

Ü	Ï	Ø
x ∈ ϕ+ ð

�WØ	Þ�ä�Ø	Ï	þ�Û�ù
r ∈ N

ð,g Ñ�Ò�×�ÔSØ â þ�ä ÕFÑ�Ù�Ø	ãHã�×FÛ�Ï	Ó2Ñ�ä�Ð�Ø�ä ÕFÛ ×2þ�Û�Ð�í2æ	Ð�Ñ

ar(n)

ar+1(n)
∈ l1.

R�Õ2ãzÕ2û`ò�Ñ�Ò�Ñ
y ∈ E Ø2ù,Û�Û�ù

‖y‖1 = ‖y‖l2 6 C0‖y‖l1 = C0

∞∑

n=1

|y(n)| = C0

∞∑

n=1

ar(n)

ar+1(n)

(
ar+1(n)

ar(n)
|y(n)|

)

6 C0

∞∑

n=1

ar(n)

ar+1(n)
· sup |y(n)|ar+1(n)

ar(n)
= C̃(r)

∥∥∥∥
ar+1

ar
y

∥∥∥∥
l∞

= C̃(r)

∣∣∣∣
ar+1

ar
y

∣∣∣∣
1

.

\Qä�Ü2Ñ�Õ2Ö â þ�ã � Ð�Ñ�Ó2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ	íFÜ2Ñ�Õ2þ�æ	Ø2ù

‖Pn,εx‖1 6 C1(r)

∣∣∣∣
ar+1

ar
|P |x

∣∣∣∣
1

, x ∈ ϕ+.

g}Ô�ÞwÞ'Ô�Þ ‖x‖1 > |x|1
í'Ð�Ñ

|Pn,εx|1 6 C1(r)

∣∣∣∣
ar+1

ar
|P |x

∣∣∣∣
1

.

g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í2ä�þ�ø�Û�ä�Ð�Ù�þ�ûaÐ<Ü2Ñ�ä�Ð�Ñ�ã'Ó	Ó	Ú�Û C1(r)
í
C2(r)

Ð�Ô�Þ	Ø2Û�í2æ	Ð�Ñ

|Pn,εx|1 6 C1(r)

∣∣∣∣
ar+1

ar
|P |x

∣∣∣∣
1

, |Pn,εx|r 6 C2(r)|x|∞, x ∈ ϕ+.

R�Ô�ÕFÛ�ÛQÓFÔ�ùkÜ2Ñ�ÓFÔ�×FÑ�ò�ã'Ð�ä�ã�Ñ�÷2Û�Ó	Þ	ØH×	Õ2ãwÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ |P | ð,\ â � î'ð ö%D�Ø2ù,Û�Û�ù

∣∣∣∣
ar+1

ar
|P |x

∣∣∣∣
r

= ||P |x|r+1 6
1

2
|x|r+2 =

1

2

∣∣∣∣
ar+2

ar
x

∣∣∣∣
r

.

j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í
∣∣∣∣
ar+1

ar
|P | ar

ar+2
x

∣∣∣∣
r

6
1

2
|x|r. (2.11)

h�Ù�Û ×FÛ�ùúÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	Ú

Ar = Jr|P |J ′
r, Jr =

ar+1

ar
, J ′

r =
ar
ar+2

.

g Ñ�Ò�×�ÔwØ â � î'ðKì�ì�D�ä ÕFÛ ×2þ�Û�Ð�í4æ	Ð�Ñ |Arx|r 6 1
2 |x|r

í Ð�ð}Û�ð ‖Ar‖Gr→Gr 6 1
2

ðHg}Ô�Þ	Ø2ùÝÑ�ò�ÏFÔ â Ñ�ù1í}×	Õ2ã
Õ2û`ò�Ñ�Ò�Ñ

x ∈ ϕ+ ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�ÚÝÓ2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô

∣∣Pn,εJ
′
rx
∣∣
1
6 C1(r)|Arx|1,

∣∣Pn,εJ
′
rx
∣∣
r
6 C2(r)

∣∣J ′
rx
∣∣
∞

6 C2(r)|x|∞.
N`þ�ä�Ð�Ö

(
Q(N)x

)
(n) =

{
x(n), n = 1, 2, . . . , N,

0, n > N.
NQÑ�ÕFÑ ñ Ø2ù

Sn,ε,r = Pn,εJ
′
r, S(N)

n,ε,r = Sn,ε,rQ
(N), A(N)

r = ArQ
(N).
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g Ñ�Ò�×�Ô
|S(N)

n,ε,rx|1 6 C1(r)|A(N)
r x|1

Ü	Ï	ØwÙ�ä�Û ß
x ∈ ω+,

|S(N)
n,ε,rx|r 6 C2(r)|x|∞

Ü	Ï	ØwÙ�ä�Û ß
x ∈ ω+ ∩G∞.

g}Ô�ÞáÞ'Ô�Þ | · |1
^ù,Ñ�Ó2Ñ�Ð�Ñ�Ó	ÓFÔ�ãwÓ2Ñ�Ï2ù[Ô'í	Ð�ÑSÜ	Ï	Ø

x > A
(N)
r x > 0

ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù#Ô<Ñ�÷2Û�Ó	Þ'Ô |A(N)
r x|1 6

|x|1
ð,P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù Ù<Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û

ω
Þ�Ñ�Ó	þ�ä

QN =
{
x ∈ ω+ : A(N)

r x 6 x
}
.

g Ñ�Ò�×�Ô
∣∣S(N)

n,ε,rx
∣∣
1
6 C2(r)|x|1

Ü	Ï	Ø
x ∈ QN ∩G+

1 ,∣∣S(N)
n,ε,rx

∣∣
r
6 C2(r)|x|∞

Ü	Ï	Ø
x ∈ G+

∞.

NQÑ�Þ'Ô ñ Û�ù1í'æ	Ð�ÑQØ â � Ð�Ø'ß�Ó2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�ä ÕFÛ ×2þ�Û�Ð!Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó2Ñ�ä�Ð�Ö�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ
S
(N)
n,ε,r

ÓFÔ � ÕFÛ�ù,Û�Ó'é
Ð�Ô�ßHÞ�Ñ�Ó	þ�ä�Ô

QN ∩G+
r

ð}R!Û�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í

∣∣S(N)
n,ε,rx

∣∣
r−1

6 C3(r)|x|r
Ü	Ï	Ø

x ∈ QN ∩G+
r .

� Ð�Ñ�ò�Ú þ'ò�Û ×2Ø	Ð�Ö�ä�ãúÙ�Ø	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	Ó2Ñ�ä�Ð�Ø Ð�Ï2Ñ�å	Þ	Ø
(G1, G∞, Gr)

Ñ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2Ñ Ð�Ï2Ñ�å	Þ	Ø
(G1, Gr, Gr−1)

í'×FÑ�ä�Ð�Ô�Ð�Ñ�æ	Ó2ÑqÜ	Ï2Ñ�Ù�Û�Ï	Ø	Ð�ÖqÙ�Ú1Ü2Ñ�Õ2Ó2Û�Ó	Ø2Û�Ó2Û�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô

ar−1(m)

ar(n)
6 Cr max

{
1,
ar(m)

a∞(n)

}
.

N`þ�ä�Ð�Ö
n > m

ða\ â þ�ä ÕFÑ�Ù�Ø	ã�Ü	ÏFÔ�Ù�Ø'Õ2Ö�Ó2Ñ�ä�Ð�Ø�íIþ�æ	Ø	Ð�Ú1Ù#Ô�ãIí@æ	Ð�Ñ a1(n) = 1
×	Õ2ãáÙ�ä�Û ß

n
íFÜ2Ñ�Õ2þ#é

æFÔ�Û�ù

1

ar−1(n)
6

1

ar−1(m)
,

Ñ�Ð�Þ	þ�×�Ô

ar−1(m)

ar(n)
6
ar−1(m)

ar−1(n)
6 1.

N`þ�ä�Ð�Ö
m > n

ð4NQÑ�Þ'Ô ñ Û�ù1íFæ	Ð�Ñ

ar−1(m)

ar(n)
6 Cr

ar(m)

a∞(n)
. (2.12)

R!Û�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í�Ùmä�Ø'Õ2þ þ�ä ÕFÑ�Ù�Ø	ã Ü	ÏFÔ�Ù�Ø'Õ2Ö�Ó2Ñ�ä�Ð�Ø�í�äqþ�æ2Û�Ð�Ñ�ù � î'ð � D í,Ü2Ñ�Õ�Ô�Ò�Ô�ã
Cr = c′(r − 1)

í
ò�þ�×FÛ�ùkØ2ù,Û�Ð�Ö

ar−1(m)

ar(m)
6
ar−1(n)

ar(n)
6 Cr

ar(n)

a∞(n)
.

j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í Ð�Ï2Ñ�å	Þ'Ô
(G1, G∞, Gr)

Ø	Ó	Ð�Û�Ï	Ü2Ñ�Õ2ã'÷	Ø2Ñ�Ó	ÓFÔ Ñ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2Ñ Ð�Ï2Ñ�å	Þ	Ø
(G1, Gr, Gr−1)

ð
NQÑ�Þ'Ô ñ Û�ù Ð�Û�Ü2Û�Ï	Ö2íqæ	Ð�Ñ Ù�Ú1Ü2Ñ�Õ2Ó	ã'ûaÐ�ä�ã>þ�ä ÕFÑ�Ù�Ø	ãýÐ�Û�Ñ�Ï2Û�ù4Ú ì�ð î'ð P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

I −A(N)
r : Gr → Gr.

NQÑ�ä�Þ�Ñ�Õ2Ö�Þ	þ ‖A(N)
r ‖Gr→Gr 6 1

2 ,
Ð�Ñ

I − A
(N)
r

ò�Ø2Û�Þ	Ð�Ø	Ù�Ó2Ñm×FÛ�å2ä�Ð�Ù�þ�Û�Ð Ø â
Gr

Ù
Gr
ð}b[ä ÕFÑ�Ù�Ø2Û

x > A
(N)
r x

ÏFÔ�Ù�Ó2Ñ�ä�Ø'Õ2Ö�Ó2Ñ!Ð�Ñ�ù4þ�í�æ	Ð�Ñ
x =

(
I−A(N)

r

)−1
h
í#Ò�×FÛ

h ∈ G+
r

ð �U×2Ï2Ñ
Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

I − A(N)
r : Gr → Gr

ä�Ñ�ä�Ð�Ñ�Ø	ÐáØ â Ó	þ�ÕFÛ�Ù�Ñ�Ò�Ñ � ÕFÛ�ù,Û�Ó	Ð�Ô'ðwg Ñ�Ò�×�Ôáã�×2Ï2ÑáÛ�Ò�Ñwä�þ ñ Û�Ó	Ø	ã



� �¨ 
	q������
 - 
���$	�	�C������@��� ì�ç

I − A(N)
r : G∞ → G∞

Ð�Ô�Þ ñ ÛSä�Ñ�ä�Ð�Ñ�Ø	ÐHØ â Ó	þ�ÕFÛ�Ù�Ñ�Ò�Ñ�Ù�Û�Þ	Ð�Ñ�ÏFÔ'ðQbaæ	Ø	Ð�Ú1Ù#Ô�ã � î'ð ç%D í � î'ð � D í@Þ�Ñ�Ó2Û�æ'é
Ó2Ñ�ù,Û�Ï	Ó2Ñ�ä�Ð�ÖeÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ |P |J ′

rQ
(N) : G∞,0 → G∞

í�ÔáÐ�Ô�Þ ñ Û � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó2Ñ�ä�Ð�Ö Ù�ä�Û ß Ó2Ñ�Ï2ùOÙ
Þ�Ñ�Ó2Û�æ	Ó2Ñ�ù,Û�Ï	Ó2Ñ�ù Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û�íFØ2ù,Û�Û�ù

∥∥A(N)
r x

∥∥
G∞

=
∥∥Jr|P |J ′

rQ
(N)x

∥∥
G∞

6M(r)
∥∥|P |J ′

rQ
(N)x

∥∥
G∞,0

6M(r)C(N)
∥∥|P |J ′

rQ
(N)x

∥∥
G∞

6M(r)C(N)
∥∥Q(N)x

∥∥
G∞,0

6M(r)C2(N)‖x‖G∞
,

Ò�×FÛ
C(N)

 Ó2Û�Þ�Ñ�Ð�Ñ�ÏFÔ�ã â Ô�Ù�Ø2ä�ã'øSÔ�ãóÑ�Ð N Þ�Ñ�Ó2ä�Ð�Ô�Ó	Ð�Ô'ðóMUÜ2Û�ÏFÔ�Ð�Ñ�Ï
A

(N)
r : G∞ → G∞

ã'Ù�Õ2ã�é
Û�Ð�ä�ãeÓ2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó	Ú�ùÝÞ�Ñ�Ó2Û�æ	Ó2Ñ�ù,Û�Ï	Ó	Ú�ù Ø�í4ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í,Þ�Ñ�ù4ÜFÔ�Þ	Ð�Ó	Ú�ù1ðmg Ñ�Ò�×�ÔáÞ Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	þ
I −A(N)

r : G∞ → G∞
Ü	Ï	Ø2ù,Û�Ó	Ø2ù[Ô!Ô�Õ2Ö�Ð�Û�Ï	ÓFÔ�Ð�Ø	Ù#Ô �WÏ2Û ×2Ò�Ñ�Õ2Ö�ù[Ô'í�ØqÜ2Ñ�Ð�Ñ�ù4þSÛ�Ò�Ñ�Ø	Ó � Û�Þ	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Ö

Ù�ÕFÛ�æ2Û�Ðeò�Ø2Û�Þ	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Ö2ð hfÜ	Ï2Û ×2Ú6×2þ�ø�Û�ùýÜFÔ�ÏFÔ�Ò�ÏFÔ�ü�Ûwò�Ú6ÕFÑ�Ü2Ñ�Þ'Ô â Ô�Ó2Ñ	í6æ	Ð�Ñ�Ø â ò�Ø2Û�Þ	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Ø
Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

I − A
(N)
r : G∞ → G∞

ä ÕFÛ ×2þ�Û�ÐeÙ�Ñ�ä�Ü	Ï2Ñ�Ø â Ù�Ñ�×2Ø2ù,Ñ�ä�Ð�ÖóÞ�Ñ�Ó	þ�ä�Ô QN ∩ G+
∞

ð��`ä�Ó2Ñ	í
æ	Ð�ÑeØ â ò�Ø2Û�Þ	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Ø Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

I − A
(N)
r : G∞ → G∞

Ð�Ô�Þ ñ Ûmä ÕFÛ ×2þ�Û�ÐóÓFÔ�Õ2Ø	æ	Ø2Û�ä�Ð�Ï2Ñ�Ò�Ñ
Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�Ò�ÑqÙ�Û�Þ	Ð�Ñ�ÏFÔSÙ QN ∩G+

∞.Z�Ô�Þ�Ñ�Ó2Û�÷�í	Þ�Ñ�Ó	þ�ä
QN ∩G+

∞

ã'Ù�Õ2ã	Û�Ð�ä�ãHÓ	Ø ñ Ó2Û�åHÜ2Ñ�Õ2þ�Ï2Û�à�Û�Ð�Þ�Ñ�åwÙ ω ð�R!Û�å2ä�Ð�Ù�Ø	Ð�Û Õ2Ö�Ó2Ñ	í2Ü	þ�ä�Ð�Ö

x, y ∈ QN ∩ G+
∞

í Ð�ð Û�ð
y > A

(N)
r y

í
y > A

(N)
r y.

hýä�Ø'Õ2þmÜ2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�ØúÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ A(N)
r� Ø2ù,Û�Ó	Ó2Ñ	í

A
(N)
r > 0

Ü	Ï	Ø
x > 0

D�Ø2ù,Û�Û�ù
x > A

(N)
r min(x, y)

í
x > A

(N)
r min(x, y).

MUÐ�Þ	þ�×�Ôzä ÕFÛ é
×2þ�Û�Ð�í#æ	Ð�Ñ

min(x, y) > A
(N)
r min(x, y).

j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í#×	Õ2ãSÙ�ä�Û ßSÐ�Ï2Ñ�Û�ÞqÞ�Ñ�Ó	þ�ä�Ñ�ÙWØ â ä�Û�ù,Û�å2ä�Ð�Ù#Ô
{(QN ∩G+

1 , G
+
∞, QN ∩Gr)}N

Ù�Ú1Ü2Ñ�Õ2Ó2Û�Ó	Úiþ�ä ÕFÑ�Ù�Ø	ãHÐ�Û�Ñ�Ï2Û�ù4Úfì�ðKì�í	Øwä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù#ÔqÑ�÷2Û�Ó	Þ'Ô
∥∥S(N)

n,ε,rx
∥∥
r−1

6 C3(r)‖x‖r, x ∈ QN ∩G+
r .

NQÑ�ä�Þ�Ñ�Õ2Ö�Þ	þHÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
A

(N)
r

Ü2Ñ�ÕFÑ ñ Ø	Ð�Û ÕFÛ�Ó�í ‖A(N)
r ‖Gr→Gr 6 1

2

Ø�Ó2Ñ�Ï2ù[Ô ‖ · ‖Gr

ù,Ñ�Ó2Ñ�Ð�Ñ�Ó	ÓFÔ'í
Ð�ÑwÞ�Ñ�Ó	þ�ä

QN
í Þ'Ô�Þóò�Ú6ÕFÑwÜ2Ñ�Þ'Ô â Ô�Ó2Ñ�ÙáÓFÔ�æFÔ�ÕFÛqÜ	Ï2Û ×2Ú6×2þ�ø�Û�Ò�ÑáÜFÔ�ÏFÔ�Ò�ÏFÔ�üWÔ'í}Ó2Û�ä�Ü'Õ2ûaø�Û�Ó ä<Þ�Ñ�Ó'é

ä�Ð�Ô�Ó	Ð�Ñ�åáÓ2Û�ä�Ü'Õ2ûaø�Û�Ó	Ó2Ñ�ä�Ð�Ø�í2Ó2ÛQÜ	Ï2Û�Ù�Ú1àSÔ�ûaø�Û�å � ð,NQÑ � Ð�Ñ�ù4þ

‖S(N)
n,ε,rx‖r−1 6 8 · C3(r)‖x‖r, x ∈ Gr.

N`þ�ä�Ð�Ö
C(r) = 8 · C3(r).

NQÛ�Ï2Û ß#Ñ�×2ãwÞwÜ	Ï2Û ×FÛ Õ2þ�Ü	Ï	Ø
N →∞, Ü2Ñ�Õ2þ�æ	Ø2ù

∥∥Sn,ε,rx
∥∥
r−1

6 C(r)‖x‖r, x ∈ Gr,
Ø'Õ2Ø

‖Pn,εJ
′
rx‖r−1 6 C(r)‖x‖r, x ∈ Gr.g Ñ�Ò�×�Ô

‖Pn,εx‖r−1 6 C(r)
∥∥J ′−1

r x
∥∥
r
= C(r)

∥∥∥∥
ar+2

ar
x

∥∥∥∥
r

= C(r)‖x‖r+2,

Ø'Õ2Ø�í	Ü2Ñ�ä�Þ�Ñ�Õ2Ö�Þ	þHÓFÔ�à!ØHÏFÔ�ä�ä�þ ñ ×FÛ�Ó	Ø	ãwÓ2Û â Ô�Ù�Ø2ä�ã'ÐqÑ�Ð<Ù�Ú�ò�Ñ�ÏFÔ r í

‖Pn,εx‖r 6 C(r)‖x‖r+3.
g}Ô�Þ	Ø2ùáÑ�ò�ÏFÔ â Ñ�ù1í {Pn,ε}

 ÏFÔ�Ù�Ó2Ñ�ä�Ð�Û�Ü2Û�Ó	Ó2ÑUÓ2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó2Ñ�Û�ä�Û�ù,Û�å2ä�Ð�Ù�ÑaÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ÙaÙ
E
í�Ô â ÓFÔ�é

æ	Ø	Ð�í {fk}∞k=1

ýò�Û â þ�ä ÕFÑ�Ù�Ó	Ú1å�í	ÔQÜ2Ñ � Ð�Ñ�ù4þSØ�Ô�ò�ä�Ñ�Õ2ûaÐ�Ó	Ú1å � Ð�Ô�ÞzÞ'Ô�Þ F  ã�×FÛ�Ï	Ó2Ñ D[ò�Ô â Ø2ä�Ù F ð B
baÐ�Ù�Û�Ï ñ ×FÛ�Ó	Ø2ÛkÑúÞ	Ù#Ô â Ø � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó2Ñ�ä�Ð�Ø ë � ï�Þ'Ô ñ ×FÑ�Ò�Ñ ò�Ô â Ø2ä�Ô Ùú×FÑ�Ü2Ñ�Õ2Ó	ã	Û�ù,Ñ�ù Ü2Ñ�×2Ü	Ï2Ñ�é

ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û!æFÔ�ä�Ð�ØmÔ�ò�ä�Ñ�Õ2ûaÐ�Ó2Ñ�Ò�Ñ�ò�Ô â Ø2ä�Ô<Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô �WÏ2Û�à�Û�ÓFÔ â Ú1Ù#Ô�ûaÐzÒ�Ø	Ü2Ñ�Ð�Û â Ñ�å �6Û�ä�ä�Ô�Ò�Ø�ð
h>ÏFÔ�ò�Ñ�Ð�Ô�ßkh`ð}NSð �QÑ�Ó'×�Ô�Þ�Ñ�Ù#Ô � ä�ù1ð6ë ÿ'í[ä�ð,ö�î�ï D�×FÑ�Þ'Ô â Ô�ÓFÔmä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�Ñ�ä�Ð�ÖeÒ�Ø	Ü2Ñ�Ð�Û â Ú �6Û�ä�ä�Ô�Ò�Ø
×	Õ2ãwÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù � �Û�Ð�ÛWØ â Þ'Õ�Ô�ä�ä�Ô (d2)

ð[R!Ñ�Þ'Ô â Ô�Ó	ÓFÔ�ã�Ð�Û�Ñ�Ï2Û�ù[Ô<Ü2Ñ â Ù�Ñ�Õ2ã	Û�ÐzÓ2Û�ù,Û ×	ÕFÛ�Ó	Ó2Ñzä�ü�Ñ�Ï'é
ù4þ�Õ2Ø	Ï2Ñ�Ù#Ô�Ð�Özä ÕFÛ ×2þ�ûaø!Ø	åHÏ2Û â þ�Õ2Ö�Ð�Ô�Ð�ð
��|#t �}|��ar : B : B6�i�	� � - �ú� - 0 - �	$������ - � 0 - ��0#" - ��� "���$@����
'� ��� �¦"�$ -���- 0#" - ��� "���$@����
���;�������

�2`�	���������
(d2)

�¨ 
	q������
� 2���+������@� * �	
������� �	
��	
����@��$@��$	/1� ������@�¨ - " � - 
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! ¹��TY�V����  ��� YAÓuU-ÑAV]Y2×��  74±�¡�¢¨��¬���¯�ª��£���±�±�¸�¢�¬���� ©¨¡�����±�©¨¡ ´���¹ H()W¹ � )U£��#µ ! 2 �5� ¹ H � # 0 � ¹
� ¹���S `�b
	 � ��] �F´�¢«®�¢¦±�£�¢ ´�¡�¢¨� ��£�¾H¬���¯�¥�¥�¬�� ��ª�®���§�¢¦±�±�¸I½�¬���� ©¨¡�����±�©¨¡ ´�¹ H()W¹ ���� © ¹	£�¤«®�·D´��/, £�¤ ¹ · ¶F��¡�¹	¯�£�¡ ·
��¸,µ ! 2 #"! ¹ H 0 �:i � ¹

4 ¹ \ Î 	�� Y�V���� ��K � R"V]Y�Ö,Ðhc ]\� �F´�¢«®�¢¦±�£�¢�´Q¡�¢¨� ��£�¾e¯�£�±�¢¦¼�±�¸I½Q©���¶2� ©¨��¬���ª�°[¢¦±�±�¸I½!��¬�¢¨����¡�� ����´`´`²¨£�¯�³ ·� ¢¨��¡���´�� ¶q¬���� ©¨¡�����±�©¨¡ ´�¢ ¹ H()W¹ ��'[�¨¥�»���µ ! 2 #:J ¹ H 050:� � ¹
0 ¹��pVXW�� b�` Y2ZCc  c 
� ��¤¦£�©¦¸á´6¬���� ©¨¡�����±�©¨¡ ´���½CÊ��¢¨¡�¢ ¹ H + � ©¨¡���´ ·D± = � ¹ � 7,¤«®�·D´�� + #Ë�µ ! 2 �54 ¹ H !1050 � ¹
J ¹KR�W�� `�b Ï Ò b Ö��  c  � �pV Î Ð Î Z�[  R  Êk¡�¢¨� ��£�£!£�±�¡�¢¨��¬���¯�ª��£�£���¬�¢¨����¡�� ����´�µ	��²�����±�£�§�¢¦±�±�¸I½�±��a»���±�¥�©���½´,´�¢¨©¨��´ ¸I½�¬���� ©¨¡�����±�©¨¡ ´���½[§�£�©¦¯���´ ¸I½[¬�� ©¦¯�¢«®���´���¡�¢¦¯�³ ±�� ©¨¡�¢¦¼ =>=�� ��¬�£�©¨»�£�±��¨¥�§�±�¸I½[©¨¢¨¶	£�±�������´[º/8�) 76¹ H

� �"!10 ¹ HKd�¹ 0 � 0 ¹ H�� ¹ !�J 0 L !�i/� ¹
# ¹KR Î Ð Í W�Ò Î Z�� K^K ����¬���� ©¦¸ý²�¢¨� ¶2¢¨¡���£�£ó±�¢¦±�� ��¶	£���¥�¢¨¶	¸I½�¬���� ©¨¡�����±�©¨¡ ´�¹ H + � ©¨¡���´ ·D± = � �/7,¤«®�·D´�� + #Ë�µ

! 2 �54 ¹ H i5� � ¹
i ¹KR Î Ð Í W�Ò Î Z � �^K 8}����¬�¢¨����¡�� ����½`£`®���¬���¯�±�ª�¢¨¶	¸I½a¬��¨®�¬���� ©¨¡�����±�©¨¡ ´���½U´�¬���� ©¨¡�����±�©¨¡ ´���½xÊ��¢¨¡�¢ µ���¬���¢«®�¢¦·¯�ª�¢¨¶	¸I½a����¤¨��ª�° �¢¦±�±�¸�¶	£`¶F��¡���£����¶	£ =>= eF£���¹2¶F��¡�¹2°�¥���±�¹ H ! 252 J ¹ HKd�¹ 45# µ . J ¹ H�� ¹ !$� 2 # L !5!5! � ¹
� ¹KR Î Ð Í W�Ò Î Z!� ]^K �¢¨� ¶2¢¨¡���£�§�¢¨©¨»�£�¢�©¦´���¼�©¨¡ ´��U¬���� ©¨¡�����±�©¨¡ ´!"���¢¨Ê[¢6£!´ ¸@®�¢¦¯�¢¦±�£�¢1����¤¦£�©¦±�¸I½�¬�� ©¦¯�¢«®���´���·¡�¢¦¯�³ ±�� ©¨¡�¢¦¼ =>= )`��¡�¹2¤���¶2¢¨¡�»�£�¹ H ! 25252�¹ HKd�¹ #5# µ . ! ¹ H�� ¹ !$� � L !5!5! ¹2�¹KR Î Ð Í W�Ò Î Z#� -^K�� ��¶2¢¦§���±�£�¢2��©¦¥��[¢¨©¨¡ ´���´���±�£�£�����¤¦£�©¨��´�´�´�¢¨©¨��´ ¸I½[©¦§�¢¨¡ ±���·D²¨£�¯�³�� ¢¨��¡���´ ¸I½ ¬���� ©¨¡�����±�©¨¡ ´���½£`£�½6®���¬���¯�±�ª�¢¨¶	¸I½�¬��¨®�¬���� ©¨¡�����±�©¨¡ ´���½ =>= eF£���¹F¶F��¡�¹2°�¥���±�¹ H � �5�"! ¹ HKd�¹ 0 4 µ . # ¹ H�� ¹ !$45�5� L !$4"!$4 ¹
!$� ¹KR Î Ð Í W�Ò Î Z$� �^K ��% Ó b × Î Z�[  �  8 »�¯���©¨©���½z¬���� ©¨¡�����±�©¨¡ ´hÊ��¢¨¡�¢ µ�´<»�� ¡�� ��¸I½�»���°[®�� ¢Q®���¬���¯�±�ª�¢¨¶2� ¢

¬��¨®�¬���� ©¨¡�����±�©¨¡ ´���£�¶2¢¨¢¨¡6����¤¦£�© =>= �F¯���®�£�»���´�»#¹2¶F��¡�¹2°�¥���±�¹ H � �5��� ¹ HKd�¹ !$� µ�´ ¸I¬�¹ � ¹ H�� ¹ � ! L � 2�¹
!5! ¹KR"V]Y�Ö,ÐCc �\� 8z¶	£�±�£�¶F��¯�³ ±�� ¶W����¤¦¯���°[¢¦±�£�£(, ¥�±�»��£���±���¯���±���¬���¯���°�£�¡�¢¦¯�³ ±�¸�¢I©¨� ©¨¡ ��´ ¯�ª�¾ �,£�¢ =>= � � »�¯�¹

% '�e|e|e + ¹ H ! 2 0 � ¹ HKd�¹ �/� µ . ! H�� ¹ !-� L �5� ¹
! � ¹KR"V]Y�Ö,Ð'& �\� �F^ YAÑ&S,Ð b Ð)(  �  � &_Y2×�Y�Ð Î Z %T c  74±�¡�¢¨��¬���¯�ª��£�ªQ¯�£�±�¢¦¼�±�¸I½W��¬�¢¨����¡�� ����´�¹ H()W¹ �&'[�¨¥�»���µ

! 2 i/� ¹
!$4 ¹�c b Ñ+*,� b Ð-�  &  �#. Y�Ð�Ò b Ð \� c 0/ £�±�¢¦¼�±�¸�¢a¤���®��¨§�£�»�� ¶	¬�¯�¢¨»�©¦±���²��S��±���¯�£�¤�� =>= ËF©¦¬�¢¦½�£z¶F��¡�¹�±��¨¥�»#¹ H

! 2 i � ¹ HKd�¹ � # µ�´ ¸I¬�¹ 0 ¹ H�� ¹*2 4 L !�J 4 ¹
!10 ¹ q_�A�-� �&�w����u+x8 +j02%&!2;)(�5 4�028 (�+xvt*,+ �&028 (�+,<Ty�y�y|=>=KG��&0$4 � �A8 ¹�D 4�021 ¹ H ! 2 # 2�¹ H�I (�5 ¹ 45� µ . 4 µ 0 ¹ HKE'¹ � 4:J L � 4 2�¹
!�J ¹ q_�2r � �21 
 m ��s k  E !2(�',5 %AB 4:i =>= � 02*�# ¹_D 4�021 ¹ H ! 2 i � ¹ H�I (�5 ¹ 4�� ¹ HKE'¹ !-� L �5� ¹
!$# ¹ ^ub í�[  Ø ®�¢¨��±�¸�¢}¯�� »���¯�³ ±���´ ¸I¬�¥�»�¯�¸�¢4¬���� ©¨¡�����±�©¨¡ ´���¹ H()W¹ � )U£��#µ ! 2 i � ¹
!�i ¹ ��	-�,�F¢���g8 +@yz<�(�B�(/!2;,1,8 %A<24�023av �*�! E (/02%A+
3&!2%A8 1,%A+�! �4/*,B�%�=>=�GT! �$1 ¹FD 4�0 �$1 ¹ H ! 2 � � ¹ H�I (�5 ¹ 4�� ¹ HKE'¹ J 0 � L J 0:� ¹

¦�§K¨/§�©/ª�«�¬�&§�®:«,¯�°�¨�±54Q¬�6:§�ª�7�µ�ª.±�²:¶98�¸A¹
: Á�¾]Ä]¾]¿Nº è Ç,;�½)Ç,<$=�¾]Ä]½�é�¼XÄXé)Â]Ä]¾]¿�Â]É
+ � ©¨¡���´�©¨»�£�¼`²�� ©¦¥�®�����©¨¡ ´�¢¦±�±�¸I¼��¨»���±�� ¶	£�§�¢¨©¨»�£�¼U¥�±�£�´�¢¨��©¦£�¡�¢¨¡ > + 7�'�?�@«µ
W�UAU b U-Ñ:Y�ÐXÑ�Ò,W:ÓaY Í V)ÔA��V b Ò ` W Í Ð Î Ö b ÓFS,Ð Í W�×�Y�ÐXÑ�W `
B Ð Î Ö@×FW:ÑDC>Ò b
+ 8we|e 7�Ø�µ 4 050 �5� � µ + � ©¨¡���´ ·D±���· � ��±�¥�µ�¥�¯�¹ � ��¯�³�Ê���ª�e@��®���´���ª�µ�®'¹ # 2� · BC4/8 5 �0E�â:Ü-Ú�ò�ä:ä:äjß-à,Ù�á�â ãåä/æ

��� ��F�� ���	�����
���!G � ��� �IH ������ �����JG
������K ���������
� � � � H ��� � G �
��� ��� � GLK ��� �NM �����F�� ��� � G � ��� � � ��� d2

�PO���"-�%$ �!ð M ð

Q 1,%p%&��8 <�02%A+ �A%p(/v�4�'�4/<�8 <u8 +.4(�A(�B�;,5 %AB�%A+j02%-#x<�*,',<�;�4 �A%p(/vF4�+�* �A5 %-4�!�R �(/021,%p<�;�4 �A%p(/vg021,%/�A5 4/<�< d2 8 <u;�!2(�9:%-# ¹yå0�8 <|4/5 <�(p<�1,(-�T+C021�4�0�8 +C%-4 �$1C<�* �$1C<�*,',<�;�4 �A%T021,%&!2%"8 <|4w'�4/<�8 <TSj*�4/<�8 %�Sj*,8 9�4/5 %A+j0F02(w021,%";�4�!�0�(/vX021,%"'�4/<�8 <�(/v](/!�02< ¹
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1. Introduction

The Brezis–Lieb lemma [2, Theorem 2] has numerous applications mainly in calculus
of variations (see, for example [3, 6]). We begin with its statement. Let j : C → C be
a continuous function with j(0) = 0. In addition, let j satisfy the following hypothesis: for
every sufficiently small ε > 0, there exist two continuous, nonnegative functions ϕε and ψε

such that
|j(a+ b)− j(a)| 6 εϕε(a) + ψε(b) (1)

for all a, b ∈ C. The following result has been stated and proved by H. Brezis and E. Lieb
in [2].

Theorem 1.1 (Brezis–Lieb lemma [2, Theorem 2]). Let (Ω,Σ, µ) be a measure space. Let

the mapping j satisfy the above hypothesis, and let fn = f + gn be a sequence of measurable

functions from Ω to C such that:

(i) gn
a.e.−−→ 0;

(ii) j ◦ f ∈ L1;
(iii)

∫
ϕε ◦ gndµ 6 C <∞ for some C independent of ε and n;

(iv)
∫
ψε ◦ fdµ <∞ for all ε > 0.

Then, as n→∞, ∫
(j(f + gn)− j(gn)− j(f))dµ→ 0. (2)

Here we reproduce its proof from [2, Theorem 2] with several simple remarks.

C Fix ε > 0 and let Wε,n = [|j ◦ fn − j ◦ gn − j ◦ f | − εϕε ◦ gn]+. As n→∞, Wε,n
a.e.−−→ 0.

On the other hand,

|j ◦ fn − j ◦ gn − j ◦ f | 6 |j ◦ fn − j ◦ gn|+ |j ◦ f | 6 εϕε ◦ gn + ψε ◦ f + |j ◦ f |.
�© � �"!$# �gB�%A5 6�4/+,(�9C� ¹it * ¹ µ�D 4�!$4/')%A1 DW¹ G ¹ G ¹
1 Q 1,8 <�!2%A<�%-4�! �$17�|4/<�vt*,+�#�%-#h'j6 D 8 #,#�5 %@�_4/<�0 Q %1�$1,+,8 �-4/5|Pu+,8 9:%&!2<�8 0z6uY�G E'µ !2%A<�%-4�! �$1�;�!2(���%1�&0 . Y�G E	· �"! · �"! ·
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Therefore, 0 6Wε,n 6 ψε ◦ f + |j ◦ f | ∈ L1. By dominated convergence,

lim
n→∞

∫
Wε,ndµ = 0. (3)

However,

|j ◦ fn − j ◦ gn − j ◦ f | 6Wε,n + εϕε ◦ gn (4)

and thus

In :=

∫
|j ◦ fn − j ◦ gn − j ◦ f |dµ 6

∫
[Wε,n + εϕε ◦ gn]dµ.

Consequently, lim sup In 6 εC. Now let ε→ 0. B

Remark 1.1. (i) The conditions (3) and (4) mean that the sequence |j ◦ fn− j ◦ gn| lies
eventually in the set [−|j ◦ f |, |j ◦ f |] + 3εC

2 BL1 , where BL1 is the unit ball of L1. In other
words, the sequence j ◦ fn − j ◦ gn is almost order bounded.

(ii) The superposition operator Jj : L
0 → L0, Jj(f) := j ◦ f induced by the mapping j in

the proof above can be replaced by a mapping J : L0 → L0 satisfying some reasonably mild
conditions for keeping the statement of the Brezis–Lieb lemma.

(iii) Theorem 1.1 is equivalent to its partial case when the C-valued functions are replaced
by R-valued ones.

The following proposition is motivated directly by the proof of [2, Theorem 2].

Proposition 1.2 (Brezis–Lieb lemma for mappings on L0). Let (Ω,Σ, µ) be a measure

space, fn = f + gn be a sequence in L0 such that gn
a.e.−−→ 0, and J : L0 → L0 be a mapping

satisfying J(0) = 0 and such that the sequence J(fn)−J(gn) is almost order bounded. Then

lim
n→∞

∫ (
J(f + gn)− (J(gn) + J(f))

)
dµ = 0. (5)

C As in the proof of the Brezis–Lieb lemma above, denote In :=
∫
|J(f + gn) − (J(f) +

J(gn))| dµ. By the conditions, the sequence

J(f + gn)− (J(f) + J(gn)) = (J(fn)− J(gn)))− J(f)

a.e.-converges to 0 and is almost order bounded. Therefore, by the generalized dominated
convergence, lim

n→∞
In = 0. B

Since almost order boundedness is equivalent to uniform integrability in finite measure
spaces, the following corollary is immediate.

Proposition 1.3 (Brezis–Lieb lemma for uniform integrable sequence J(fn)−J(gn)). Let
(Ω,Σ, µ) be a finite measure space, fn = f + gn be a sequence in L0 such that gn

a.e.−−→ 0, and
J : L0 → L0 be a mapping satisfying J(0) = 0 and such that the sequence J(fn) − J(gn) is
uniformly integrable. Then

lim
n→∞

∫
(J(f + gn)− (J(gn) + J(f)))dµ = 0 . (6)
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2. Two variants of the Brezis–Lieb lemma in Riesz spaces

Recall that a sequence xn in a Riesz space E is order convergent (or o-convergent, for
short) to x ∈ E if there is a sequence zn in E satisfying zn ↓ 0 and |xn−x| 6 zn for all n ∈ N

(we write xn
o−→ x). In a Riesz space E, a sequence xn is unbounded order convergent (or

uo-convergent, for short) to x ∈ E if |xn − x| ∧ y o−→ 0 for all y ∈ E+ (we write xn
uo−→ x).

Here we give two variants of the Brezis–Lieb lemma in Riesz space setting by replacing
a.e.-convergence by uo-convergence, integral functionals by strictly positive functionals and
the continuity of the scalar function j (in Theorem 1.1) by the so called σ-unbounded order
continuity of the mapping J : E → F between Riesz spaces E and F . As standard references
for basic notions on Riesz spaces we adopt the books [1, 7, 8] and on unbounded order
convergence the papers [4, 5].

It is well known that if (Ω,Σ, µ) be a σ-finite measure space, then in Lp (1 6 p 6∞),
uo-convergence of sequences is the same as the almost everywhere convergence (see, for ex-
ample [5]). Therefore, in order to obtain versions of Brezis–Lieb lemma in Riesz spaces, we
shall replace the a.e.-convergence by the uo-convergence.

A mapping f : E → F between Riesz spaces is said to be σ-unbounded order continuous
(in short, σuo-continuous) if xn

uo−→ x in E implies f(xn)
uo−→ f(x) in F . Clearly this definition

is parallel to the well-known notion of σ-order continuous mappings between Riesz spaces.

Let F be a Riesz space and l be a strictly positive linear functional on F . Define the
following norm on F :

‖ x ‖l:= l(|x|). (7)

Recall that a Banach lattice E is said to be order continuous if every order null net is
norm null, and a subset A of E is said to be almost order bounded if for any ε > 0 there
exists uε ∈ E+ such that A ⊂ [−uε, uε] + εBE , where BE is the closed unit ball in E. We say
that a net xα is almost order bounded if the set of its members is almost order bounded.

The next lemma will be used to prove a version of Brezis–Lieb lemma for arbitrary strictly
positive linear functionals.

Lemma 2.1 (See [5, Proposition 3.7]). Let X be an order continuous Banach lattice.

If a net xα is almost order bounded and uo-convergent to x, then xα converges to x in norm.

Suppose that F is a Riesz space and l is a strictly positive linear functional on F , then
the ‖ · ‖l-completion (Fl, ‖ . ‖l) of (F, ‖ · ‖l) is an AL-space, and so it is order continuous
Banach lattice. The following result is a measure-free version of Proposition 1.2.

Proposition 2.2 (A Brezis–Lieb lemma for strictly positive linear functionals). Let E be

a Riesz space and Fl be the AL-space constructed above. Let J : E → Fl be σuo-continuous
with J(0) = 0, and xn be a sequence in E such that:

(i) xn
uo−→ x in E;

(ii) the sequence (J(xn)− J(xn − x))n is almost order bounded in Fl.

Then

lim
n→∞

‖ J(xn)− J(xn − x)− J(x) ‖l= 0. (8)

C Since xn
uo−→ x and J is σuo-continuous, then J(xn)

uo−→ J(x) and J(xn − x)
uo−→

J(0) = 0. Thus, J(xn) − J(xn − x)
uo−→ J(x). It follows from Lemma 2.1 that

lim
n→∞

‖ J(xn)− J(xn − x)− J(x) ‖l= 0. B

In the following Brezis–Lieb type lemma, the σuo-continuity of mappings between Riesz
spaces is used.
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Proposition 2.3 (A Brezis–Lieb lemma for σuo-continuous linear functionals). Let E,

F be Riesz spaces, l a σuo-continuous linear functional on F , J : E → F a σuo-continuous
mapping with J(0) = 0, and xn

uo−→ x in E. Then

lim
n→∞

l(J(xn)− J(xn − x)− J(x)) = 0 . (9)

C Since xn
uo−→ x and J is σuo-continuous, then J(xn)

uo−→ J(x) and
J(xn − x) uo−→ J(0) = 0. Thus, (J(xn) − J(xn − x) − J(x)) uo−→ 0. But l is σuo-continuous,
so l(J(xn)− J(xn − x)− J(x)) uo−→ 0. Since in R the uo-convergence, the o-convergence, and
the standard convergence are all equivalent, then lim

n→∞
l(J(xn)− J(xn − x)− J(x)) = 0. B

Note that in opposite to Proposition 2.3, in Proposition 2.2 we do not suppose the func-
tional l to be σuo-continuous.
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A

 Ó2Û�Þ�Ñ�Ð�Ñ�ÏFÔ�ã Ô�ä�ä�Ñ�÷	ØFÔ�Ð�Ø	Ù�ÓFÔ�ã Ô�Õ2Ò�Û�ò�ÏFÔ'ðq_�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û � Õ2Ø	Ó2Û�å	Ó2Ñ�Û�DQÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û
D : A → A

ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �������2���F����� � �ê�2�2�F�'&2��� � D ���F���[�«�@�����2�����������2�F�¨� í�Û�ä Õ2Ø
D(xy) =

D(x)y + xD(y)
Ü	Ï	ØáÙ�ä�Û ß

x, y ∈ A. ��Ô ñ ×2Ú1å � ÕFÛ�ù,Û�Ó	Ð
a ∈ A Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�ÐqÕ2Ø	Ó2Û�å	Ó2Ñ�Û�Ô�ä�ä�Ñ�÷	ØFÔ�é

Ð�Ø	Ù�Ó2Ñ�Û�×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2Û
Da

ÙzÔ�Õ2Ò�Û�ò�Ï2Û
A
Ü2Ñ<Ü	ÏFÔ�Ù�Ø'Õ2þ

Da(x) = ax− xa = [a, x], x ∈ A.RWØ2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø	ãwÙ�Ø'×�Ô
Da

ÓFÔ â Ú1Ù#Ô�ûaÐ�ä�ã ���2���U�@���2�2���Q� ð
_�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û � Õ2Ø	Ó2Û�å	Ó2Ñ�Û�D�Ñ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û L : A→ A

ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �������2���F����� � �ê�2�2�F�'&2��� � D
�2�F��� � �Y���F���[�«�@�����2�����������2�F�¨� í@Û�ä Õ2Ø

L([x, y]) = [L(x), y] + [x,L(y)]
×	Õ2ãmÙ�ä�Û ß

x, y ∈ A íIÒ�×FÛ
[x, y]

 Þ�Ñ�ù,ù4þ�Ð�Ô�Ð�Ñ�Ï � ÕFÛ�ù,Û�Ó	Ð�Ñ�Ù
x
í
y
í'Ð�ð2Û�ð

[x, y] = xy − yx ð_�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û � Õ2Ø	Ó2Û�å	Ó2Ñ�Û�D�Ñ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û L : A→ A
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �������2���F����� � �ê�2�2�F�'&2��� � D

ξ
� �2�F��� � �^���F���[�«�@�����2�����������2�F�¨� íFÛ�ä Õ2Ø

L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ
×	Õ2ãwÙ�ä�Û ß

x, y ∈ A íÒ�×FÛ
[x, y]ξ = xy − ξyx í ξ ∈ C

í
C

 Ü2Ñ�ÕFÛQÞ�Ñ�ù4Ü'ÕFÛ�Þ�ä�Ó	Ú6ßáæ	Ø2ä�Û Õ ð
Maò�Ñ â ÓFÔ�æ	Ø2ù æ2Û�Ï2Û â Z(A) ÷2Û�Ó	Ð�Ï A. _�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û � Õ2Ø	Ó2Û�å	Ó2Ñ�Û�DaÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û E : A → Z(A)ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �������2���F����� � �ê�2�2�F�'&2��� � D ���F����� � ä�Ñ â ÓFÔ�æ2Û�Ó	Ø	ã	ù4ØwÙ Z(A) í	Û�ä Õ2Ø E(xy) = E(yx)×	Õ2ãHÙ�ä�Û ß

x, y ∈ A.d`Ñ�Ï2Ñ�à�ÑUØ â Ù�Û�ä�Ð�Ó2Ñ	í�æ	Ð�Ñ�Õ2û`ò�Ñ�Û[Õ2Ø2Û�Ù�Ñ�×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2Û L ÓFÔ C∗ é¦Ô�Õ2Ò�Û�ò�Ï2Û A Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó'éÓ	Ú�ù Ñ�ò�ÏFÔ â Ñ�ù Ü	Ï2Û ×Fä�Ð�Ô�Ù�Õ2ã	Û�Ð�ä�ãmÙqÙ�Ø'×FÛ L = D + E
íFÒ�×FÛ

D
 � Ô�ä�ä�Ñ�÷	ØFÔ�Ð�Ø	Ù�Ó2Ñ�Û�D1×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø'é

Ï2Ñ�Ù#Ô�Ó	Ø2ÛaØ
E

>÷2Û�Ó	Ð�Ï2Ñ â ÓFÔ�æ	Ó	Ú1åáä ÕFÛ ×HÓFÔ A ë ÿ�ï«ð,g}Ô�Þ�Ñ�ÛaÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø2Û`Õ2Ø2Û�Ù�Ñ�Ò�ÑW×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø'é
Ï2Ñ�Ù#Ô�Ó	Ø	ã

L
ÓFÔ â Ú1Ù#Ô�ûaÐ �������2���������2�(&á�,�����Q�(& ×	Õ2ã L ð,h ä Õ2þ�æFÔ�Û�í'Þ�Ñ�Ò�×�Ô A ã'Ù�Õ2ã	Û�Ð�ä�ãwÔ�Õ2Ò�Û�ò�Ï2Ñ�å

ü�Ñ�ÓóZQÛ�å2ù[Ô�ÓFÔ'í[ä�Ð�Ô�Ó'×�Ô�Ï	Ð�ÓFÔ�ãkü�Ñ�Ï2ù[ÔHÕ2Ø2Û�Ù�Ñ�Ò�Ñá×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø	ã
L : A → A

Ø2ù,Û�Û�ÐmÙ�Ø'×
L = Da + E

×	Õ2ãwÓ2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�Ò�Ñ
a ∈ A ë � ï«ð1N`Ï2Ñ�ò�ÕFÛ�ù[ÔqÑ<Ü	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø	Ø�Ù�ä�ã'Þ�Ñ�Ò�ÑqÕ2Ø2Û�Ù�Ñ�Ò�Ñ<×2Ø2ü`é

ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø	ã�Ù�ä�Ð�Ô�Ó'×�Ô�Ï	Ð�Ó2Ñ�å ü�Ñ�Ï2ù,Û�×	Õ2ãáä Õ2þ�æFÔ�ã
S(M)

é¦Ô�Õ2Ò�Û�ò�Ï�Ø â ù,Û�Ï	Ø2ù4Ú6ßmÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù
ò�Ú6Õ�Ô�ÏFÔ�ä�ä�ù,Ñ�Ð�Ï2Û�ÓFÔ<Ùwë ô�ï«ð

]áÚiÙS×�Ô�Ó	Ó2Ñ�å�ÏFÔ�ò�Ñ�Ð�Û�Ø â þ�æFÔ�Û�ù ò�Ñ�ÕFÛ�Û!Ñ�ò�ø!Ø	åáÙ�Ñ�Ü	Ï2Ñ�ä�Ù � Ð�Ñ�ùúÓFÔ�Ü	ÏFÔ�Ù�ÕFÛ�Ó	Ø	Ø�í�Ð�ðFÛ�ð�Ø â þ�æFÔ�Û�ù
ξ
éêÕ2Ø2Û�Ù�ÚO×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø	ãmÓFÔ�Ô�Õ2Ò�Û�ò�ÏFÔ�ßáÕFÑ�Þ'Ô�Õ2Ö�Ó2ÑHØ â ù,Û�Ï	Ø2ù4Ú6ß�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù LS(M)

íIÒ�×FÛ
Ô�Õ2Ò�Û�ò�ÏFÔ<ü�Ñ�ÓwZQÛ�å2ù[Ô�ÓFÔ

M
Ó2Û�ä�Ñ�×FÛ�Ï ñ Ø	ÐzÜ	Ï#ã	ù4Ú6ßáÔ�ò�Û ÕFÛ�Ù�Ú6ßwä Õ�Ô�Ò�Ô�Û�ù4Ú6ßIð

N`þ�ä�Ð�Ö
H

OÒ�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�Ù�Ñ�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�ÑWÓFÔ�×qÜ2Ñ�ÕFÛ�ù�Þ�Ñ�ù4Ü'ÕFÛ�Þ�ä�Ó	Ú6ßzæ	Ø2ä�Û Õ
C
í
B(H)

 ∗ é¦Ô�Õ	éÒ�Û�ò�ÏFÔQÙ�ä�Û ß<Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú6ßSÕ2Ø	Ó2Û�å	Ó	Ú6ßqÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2í#×FÛ�å2ä�Ð�Ù�þ�ûaø!Ø'ßSÙ
H
í
M

 Ü2Ñ�×�Ô�Õ2Ò�Û�ò�ÏFÔWü�Ñ�Ó

�© � �"!$#�� ¥�����¢¦´ 76¹*)W¹
1 + ��� � ¡ ��´ ¸I¬���¯�±�¢¦±���¬���£ , £�±���±�©¨��´���¼�¬��¨®�®�¢¨��°�»�¢��	´�����¬�¢¦¼�©¨»���²��Qe�� ¾}¤���´�����¶2»���½U¬�����²�����¶2¶	¸ ��!$4/<�B�*,<

D *,+�#�*,< µ�¬���� ¢¨»�¡�Q 4�!23�%&0"y�y . � �"!5! · ��J # 2�¹



ξ
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 î �

ZQÛ�å2ù[Ô�ÓFÔHÙ
B(H)

í
P(M) = {p ∈ M : p2 = p = p∗}  Ï2Û�à�Û�Ð�Þ'Ô�Ù�ä�Û ß�Ü	Ï2Ñ�Û�Þ	Ð�Ñ�Ï2Ñ�ÙáØ â M Ø

Pfin(M)
 Û�Û`Ü2Ñ�×2Ï2Û�à�Û�Ð�Þ'ÔSÙ�ä�Û ßzÞ�Ñ�Ó2Û�æ	Ó	Ú6ßHÜ	Ï2Ñ�Û�Þ	Ð�Ñ�Ï2Ñ�ÙqØ â

P(M).
� Û�Ï2Û â Z(M)

Ñ�ò�Ñ â ÓFÔ�æ	Ø2ù
÷2Û�Ó	Ð�Ï�Ô�Õ2Ò�Û�ò�Ï	Ú

M
í2Ô!æ2Û�Ï2Û â 1 ^Û ×2Ø	Ó	Ø	æ	Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏáØ â M ð

TQØ	Ó2Û�å	Ó2Ñ�ÛzÜ2Ñ�×2Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
D
Ù
H
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �����2���������2�F���2��� �Y� ���F� �'
��@���,�����W�'&��

�Q���2�
M
� Ñ�ò�Ñ â ÓFÔ�æ2Û�Ó	Ø2Û*�

D ηM
D í Û�ä Õ2Ø

u(D) ⊆ D
×	Õ2ãmÕ2û`ò�Ñ�Ò�ÑHþ�Ó	Ø	Ð�Ô�Ï	Ó2Ñ�Ò�ÑáÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

u
Ø â

Þ�Ñ�ù,ù4þ�Ð�Ô�Ó	Ð�Ô
M ′ = {y ∈ B(H) : xy = yx (∀x ∈M)} Ô�Õ2Ò�Û�ò�Ï	ÚÝü�Ñ�ÓwZQÛ�å2ù[Ô�ÓFÔ

M.TQØ	Ó2Û�å	Ó2Ñ�Û<Ü2Ñ�×2Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ
D
Ù
H
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ���������2�H���2������� � �

H
�����2�����2�S�¨�����2�

���F� �'
�� � �,�����W�'&��Q���2�
M
í�Û�ä Õ2Ø

D ηM
Ø!ä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐaÐ�Ô�Þ'Ô�ã!Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�ÖQÜ	Ï2Ñ�Û�Þ	Ð�Ñ�Ï2Ñ�Ù

{pn}∞n=1 ⊂ P(M),
æ	Ð�Ñ

pn ↑ 1, pn(H) ⊂ D
Ø
p⊥n := 1 − pn ∈ Pfin(M)

×	Õ2ãwÕ2û`ò�Ñ�Ò�Ñ
n ∈ N,Ò�×FÛ

N
^ù4Ó2Ñ ñ Û�ä�Ð�Ù�ÑqÙ�ä�Û ß�ÓFÔ�Ð�þ�ÏFÔ�Õ2Ö�Ó	Ú6ßwæ	Ø2ä�Û Õ ð

TQØ	Ó2Û�å	Ó	Ú1åÝÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
x,
×FÛ�å2ä�Ð�Ù�þ�ûaø!Ø	å Ù

H
í`ämÜ'ÕFÑ�Ð�Ó2Ñ�åÝÑ�ò�Õ�Ô�ä�Ð�Ö�û Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ã

D(x)ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �����2���������2�F���2��� � �����F� �'
��@�!�,�����W�'&��Q���2�
M
íFÛ�ä Õ2Ø

D(x) η M
Ø
ux(ξ) = xu(ξ)×	Õ2ã�Ù�ä�Û ß

ξ ∈ D(x)
Ø�Õ2û`ò�Ñ�Ò�ÑSþ�Ó	Ø	Ð�Ô�Ï	Ó2Ñ�Ò�ÑqÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

u ∈M ′ ð

IÔ�ù4Þ	Ó	þ�Ð�Ú1åqÕ2Ø	Ó2Û�å	Ó	Ú1åzÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

x,
Ü	Ï	Ø2ä�Ñ�Û ×2Ø	Ó2Û�Ó	Ó	Ú1å�Þ

M
í�ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã ������«����� � �i��� �

�2�����2�S�¨�����2�<���F� �'
�� � �,�����W�'&��Q���2�
M
í@Û�ä Õ2Ø

D(x)
ä�Ø'Õ2Ö�Ó2ÑqÜ'ÕFÑ�Ð�Ó2ÑzÙ

H
ðU]áÓ2Ñ ñ Û�ä�Ð�Ù�Ñ S(M)Ù�ä�Û ß Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2íUØ â ù,Û�Ï	Ø2ù4Ú6ß Ñ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2Ñ M í1ã'Ù�Õ2ã	Û�Ð�ä�ã ∗ é¦Ô�Õ2Ò�Û�ò�Ï2Ñ�å ä�Û ×2Ø	Ó	Ø	÷2Û�å

1
ÓFÔ�×

Ü2Ñ�ÕFÛ�ù
C
Ñ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2ÑkÑ�Ü2Û�ÏFÔ�÷	Ø	å ä�Ø'Õ2Ö�Ó2Ñ�Ò�Ñóä ÕFÑ ñ Û�Ó	Ø	ãIíaä�Ø'Õ2Ö�Ó2Ñ�Ò�Ñ þ'ù4Ó2Ñ ñ Û�Ó	Ø	ã Ø Ü2Û�Ï2Û ß#Ñ�×�Ô

Þ<ä�Ñ�Ü	Ï#ã ñ Û�Ó	Ó2Ñ�ù4þ<Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	þ � þ'ù4Ó2Ñ ñ Û�Ó	Ø2Û�ÓFÔ`ä�Þ'Ô�Õ2ã'Ï	Ú Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�Ð�ä�ãqÑ�ò�Ú1æ	Ó	Ú�ù Ñ�ò�ÏFÔ â Ñ�ù1í#Ü	Ï	Ø
� Ð�Ñ�ùúä�æ	Ø	Ð�Ô�Û�Ð�ä�ãIíFæ	Ð�Ñ

0 · x = 0
DaëKì�è�ï«ð


IÔ�ù4Þ	Ó	þ�Ð�Ú1åwÕ2Ø	Ó2Û�å	Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
x
í'Ü	Ï	Ø2ä�Ñ�Û ×2Ø	Ó2Û�Ó	Ó	Ú1å�Þ

M
í'ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �2�����������2�<������ �

����� � � �����2�����2�S�¨�����2�<���F� �'
�� � �,�����W�'&��Q���2�
M
í@Û�ä Õ2Ø�ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð�Ð�Ô�Þ'Ô�ãmÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�é

Ó2Ñ�ä�Ð�Ö {zn}∞n=1

÷2Û�Ó	Ð�ÏFÔ�Õ2Ö�Ó	Ú6ß�Ü	Ï2Ñ�Û�Þ	Ð�Ñ�Ï2Ñ�Ù�Ø â M íFæ	Ð�Ñ
zn ↑ 1

Ø
xzn ∈ S(M)

×	Õ2ãwÙ�ä�Û ß
n ∈ N

ð
]áÓ2Ñ ñ Û�ä�Ð�Ù�Ñ LS(M)

Ù�ä�Û ßáÕFÑ�Þ'Ô�Õ2Ö�Ó2ÑwØ â ù,Û�Ï	Ø2ù4Ú6ß�Ñ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2Ñ M Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ÙwÐ�Ô�Þ ñ Û<Ñ�ò�ÏFÔ�é
â þ�Û�Ð ∗ é¦Ô�Õ2Ò�Û�ò�Ï	þHä�Û ×2Ø	Ó	Ø	÷2Û�å 1

Ñ�Ð�Ó2Ñ�ä�Ø	Ð�Û Õ2Ö�Ó2ÑqÑ�Ü2Û�ÏFÔ�÷	Ø	å�ä�Ø'Õ2Ö�Ó2Ñ�Ò�Ñ<ä ÕFÑ ñ Û�Ó	Ø	ãIí�ä�Ø'Õ2Ö�Ó2Ñ�Ò�Ñ<þ'ù4Ó2Ñ�é
ñ Û�Ó	Ø	ã Ø Ü2Û�Ï2Û ß#Ñ�×�ÔáÞóä�Ñ�Ü	Ï#ã ñ Û�Ó	Ó2Ñ�ù4þkÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	þ�í,Ü	Ï	Ø � Ð�Ñ�ù

S(M)
Ø
M

Û�ä�Ð�Ö ∗ é Ü2Ñ�×�Ô�Õ2Ò�Û�ò�Ï	ÚÙ
LS(M)

ë � í}Ò�Õ ð � � í § î'ð ô�ï«ð �QÛ�Ó	Ð�Ï
Z(LS(M))

Ù ∗ é¦Ô�Õ2Ò�Û�ò�Ï2Û LS(M)
ä�Ñ�Ù�ÜFÔ�×�Ô�Û�Ðmä ∗ é¦Ô�Õ2Ò�Û�ò�Ï2Ñ�å

S(Z(M))
í�ØkÙ ä Õ2þ�æFÔ�ÛHÞ�Ñ�Ò�×�Ô

M
 üWÔ�Þ	Ð�Ñ�Ï�í,Õ2Ø2ò�Ñ

M
 Þ�Ñ�Ó2Û�æ	ÓFÔ�ã Ô�Õ2Ò�Û�ò�ÏFÔ�ü�Ñ�ÓúZQÛ�å2ù[Ô�ÓFÔ'í

Ù�ä�Û�Ò�×�ÔSÙ�Û�Ï	Ó2ÑSÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ
LS(M) = S(M).X[ä Õ2Ø

M
>Þ�Ñ�ù,ù4þ�Ð�Ô�Ð�Ø	Ù�ÓFÔ�ã�Ô�Õ2Ò�Û�ò�ÏFÔ�ü�Ñ�Ó�ZQÛ�å2ù[Ô�ÓFÔ'í	Ð�ÑSÔ�Õ2Ò�Û�ò�ÏFÔ

LS(M)
Ð�Ô�Þ ñ ÛQÞ�Ñ�ù,ù4þ�Ð�Ô�é

Ð�Ø	Ù�ÓFÔ<ë � í�Ò�Õ ð � � í § î'ð î�ï«í�Ø<Ü2Ñ � Ð�Ñ�ù4þ�×	Õ2ã�Õ2û`ò�Ñ�å<Ü2Ñ�×�Ô�Õ2Ò�Û�ò�Ï	Ú A
Ù
LS(M)

Ø2ù,Û�Û�ù1í#æ	Ð�Ñ
Z(A) = A.j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í#Ù � Ð�Ñ�ù ä Õ2þ�æFÔ�Û�í�Þ'Õ�Ô�ä�ä6Õ2Ø2Û�Ù�Ú6ß�×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø	å<ÓFÔ

A
ä�Ñ�Ù�ÜFÔ�×�Ô�Û�ÐWä6Þ'Õ�Ô�ä é

ä�Ñ�ù
Z(A)

é â ÓFÔ�æ	Ó	Ú6ßáä ÕFÛ ×FÑ�Ù<ÓFÔ A.N`þ�ä�Ð�Ö
M

 Ô�Õ2Ò�Û�ò�ÏFÔHü�Ñ�Ó�ZQÛ�å2ù[Ô�ÓFÔHä!÷2Û�Ó	Ð�Ï2Ñ�ù
Z = Z(M)

Ø
M

Ó2Û�Ø2ù,Û�Û�ÐHÜ	Ï#ã	ù4Ú6ßeÔ�ò�Û é
ÕFÛ�Ù�Ú6ß ä Õ�Ô�Ò�Ô�Û�ù4Ú6ßIð h � Ð�Ñ�ùYä Õ2þ�æFÔ�Û�Ù

M
ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð Ð�Ô�Þ�Ñ�åiÓ2Û�Ó	þ�ÕFÛ�Ù�Ñ�åiÜ	Ï2Ñ�Û�Þ	Ð�Ñ�Ï

p
íaæ	Ð�Ñ

z(p) = z(1 − p)
í�Ò�×FÛ

z(p)
 ÷2Û�Ó	Ð�ÏFÔ�Õ2Ö�Ó	Ú1å Ó2Ñ�ä�Ø	Ð�Û Õ2Ö ×	Õ2ã

p
ë � í � O�� ��& ''� ÿ'ðKì�ð ç�ï«ð P4Ô�ä�ä�ù,Ñ�Ð�é

Ï	Ø2ùkÜ	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�Ó	þ�ûOØ'×FÛ�Ô�Õ2Ö�Ó	þ�û ∗ é Ü2Ñ�×�Ô�Õ2Ò�Û�ò�Ï	þ A Ù
LS(M)

í'×	Õ2ã�Þ�Ñ�Ð�Ñ�Ï2Ñ�å
M ⊂ A ðNQÑ�ÕFÑ ñ Ø2ù p1 = p

í
p2 = 1− p Ø Sij = piApj = {pixpj : x ∈ A}

í
i, j = 1, 2

ð �`ä�Ó2Ñ	í	æ	Ð�Ñ
SijÛ�ä�Ð�Ö<Ü2Ñ�×�Ô�Õ2Ò�Û�ò�ÏFÔSÙ

A
ð,\ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô

x = (p+ (1− p))x(p+ (1− p)) = p1xp1 + p1xp2 + p2xp1 + p2xp2
ä ÕFÛ ×2þ�Û�Ð

A =
∑

i,j=1,2 piApj .
�`Ï2Ñ�ù,Û1Ð�Ñ�Ò�Ñ	í�×	Õ2ã

x ∈ Sik
í
y ∈ Slj

Ø2ù,Û�Û�ù1í�æ	Ð�Ñ
xy = 0

í#Û�ä Õ2Ø
k 6= lØ

xy = (pixpk)(plypj) ∈ Sij
í'Ð�ðFÛ�ð

SikSlj ⊂ Sij
×	Õ2ãHÙ�ä�Û ß

i, j, k, l = 1, 2.
MUÐ�ù,Û�Ð�Ø2ùúÐ�Ô�Þ ñ Û�íFæ	Ð�Ñ

Ø â Ù�Þ'Õ2ûaæ2Û�Ó	Ø	ã M ⊂ A ä ÕFÛ ×2þ�Û�Ð�í2æ	Ð�Ñ
piMpj ⊂ Sij

×	Õ2ã�Õ2û`ò�Ú6ß
i, j = 1, 2.R�Õ2ã Þ'Ô ñ ×FÑ�Ò�Ñ x ∈ A

æ2Û�Ï2Û â z(x)
Ñ�ò�Ñ â ÓFÔ�æ	Ø2ù ÷2Û�Ó	Ð�ÏFÔ�Õ2Ö�Ó	Ú1å Ó2Ñ�ä�Ø	Ð�Û Õ2Ö ×	Õ2ã

x
íHÐ�ðSÛ�ð

z(x) := 1− sup{z ∈P(Z(M)) : zx = 0} ðQZ`Ø ñ Û�ÏFÔ�ä�ä�ù,Ñ�Ð�Ï	Ø2ù ξ
éêÕ2Ø2Û�Ù�Ñz×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2Û

ÓFÔSÔ�Õ2Ò�Û�ò�ÏFÔ�ßHÕFÑ�Þ'Ô�Õ2Ö�Ó2Ñ<Ø â ù,Û�Ï	Ø2ù4Ú6ßáÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2í2Ò�×FÛ ξ 6= 1
ð

�á|����ark?FB 3 0#"���
'�¦���	�	
�/ "���
'��$@����
��

pL(1)(1 − p) = (1− p)L(1)p = 0
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�
(1− p)L(p)(1− p) = pL(1− p)p = 0.

C
g}Ô�ÞwÞ'Ô�Þ

p(1− p) = 0,
Ð�Ñ

[L(p),1− p]ξ + [p, L(1− p)]ξ = 0)
ð�g}Ô�Þ	Ø2ùúÑ�ò�ÏFÔ â Ñ�ù1í

L(p)(1− p)− ξ(1− p)L(p) + pL(1− p)− ξL(1− p)p = 0,
� ì�D

ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í
(1− p)p = 0

í
[L(1− p), p]ξ + [1− p, L(p)]ξ = 0

í	Ð�ð2Û�ð

L(1− p)p− ξpL(1− p) + (1− p)L(p)− ξL(p)(1− p) = 0.
� î%D

b`ù4Ó2Ñ ñ Ô�ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�D6ä ÕFÛ�Ù#Ô�Øwä�Ü	ÏFÔ�Ù#ÔSÓFÔ p Ø 1− p ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	íFØ2ù,Û�Û�ù

pL(p)(1− p) + pL(1− p)(1− p) = 0,

ØHÜ2Ñ � Ð�Ñ�ù4þ
pL(1)(1− p) = 0

ð4b`ù4Ó2Ñ ñ Ô�ãHÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � î%D�ä ÕFÛ�Ù#Ô!ØHä�Ü	ÏFÔ�Ù#Ô!ÓFÔ 1− p Ø p ä�Ñ�Ñ�Ð�Ù�Û�Ð�éä�Ð�Ù�Û�Ó	Ó2Ñ	í2Ø2ù,Û�Û�ù
(1− p)L(1− p)p+ (1− p)L(p)p = 0,

ØwÜ2Ñ � Ð�Ñ�ù4þ
(1− p)L(1)p = 0

ð,b`ù4Ó2Ñ ñ Ô�ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�D6äQÑ�ò�Û�Ø'ßwä�Ð�Ñ�Ï2Ñ�ÓwÓFÔ 1− p í'Ø2ù,Û�Û�ù

(1− p)L(p)(1− p)− ξ(1− p)L(p)(1− p) = 0,

ØwÜ2Ñ � Ð�Ñ�ù4þ
(1− p)L(p)(1 − p) = 0.

b`ù4Ó2Ñ ñ Ô�ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � î%D�ä�Ñ�ò�Û�Ø'ßHä�Ð�Ñ�Ï2Ñ�Ó	ÚiÓFÔ
p
í'Ø2ù,Û�Û�ù

pL(1− p)p− ξpL(1− p)p = 0,

ØwÜ2Ñ � Ð�Ñ�ù4þ
pL(1− p)p = 0. B

MUÜ	Ï2Û ×FÛ Õ2Ø2ù Ñ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û δ : LS(M) → LS(M)
ä ÕFÛ ×2þ�ûaø!Ø2ùÝÑ�ò�ÏFÔ â Ñ�ù(�

δ(x) = L(x) +
ax − xa ×	Õ2ãwÙ�ä�Û ß x ∈ LS(M)

íFÒ�×FÛ
a = pL(p)(1 − p) − (1 − p)L(p)p ð �`ä�Ó2Ñ	í�æ	Ð�Ñ δ ã'Ù�Õ2ã	Û�Ð�ä�ãÔ�×	×2Ø	Ð�Ø	Ù�Ó	Ú�ù Ñ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û�ù Ø [δ(x), y]ξ + [x, δ(y)]ξ = δ([x, y])

×	Õ2ã�Ù�ä�Û ß
x, y ∈ LS(M)

í@Ò�×FÛ
xy = 0

ð �`Ï2Ñ�ù,ÛUÐ�Ñ�Ò�Ñ	í�ä�Ñ�Ò�Õ�Ô�ä�Ó2ÑWÕFÛ�ù,ù,Û!ì�Ø2ù,Û�Û�ù
pδ(1)(1− p) = (1− p)δ(1)p = (1− p)δ(p)(1−

p) = pδ(1− p)p = 0
ð

g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í

δ(p) = L(p) + bp− pb = pL(p)p = pδ(p)p− p(bp− pb)p = pδ(p)p,
� ô%D

δ(1 − p) = L(1− p) + b(1− p)− (1− p)b = (1− p)L(1− p)(1− p)
= (1− p)(1− p)(1− p)− (1− p)(b(1 − p)− (1− p)b)(1− p)
= (1− p)δ(1 − p)(1− p).

� � D

�á|����ar : B�:S���
i = 1, 2

��0#"���
'�¦���	�	
 -
δ(Sii) ⊆ Sii

5

C
N`þ�ä�Ð�Ö

x11 ∈ S11
ð,g}Ô�ÞwÞ'Ô�Þ

x11(1− p) = 0
í	Ð�Ñ

[δ(x11),1− p]ξ + [x11, δ(1− p)]ξ = 0
ð,\ â

� Ð�Ñ�Ò�ÑSÏFÔ�Ù�Û�Ó2ä�Ð�Ù#ÔSØ � � D�Ø2ù,Û�Û�ù

δ(x11)(1− p)− ξ(1− p)δ(x11) = 0.
� ö%D

b`ù4Ó2Ñ ñ Ô�ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � � D6ä ÕFÛ�Ù#Ô�ÓFÔ p í'Ü2Ñ�Õ2þ�æFÔ�Û�ù

pδ(x11)(1− p) = 0.
� ÿ%D



ξ
� �	�@��
�/ ���������¦" ��$ �	�#" - 
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 î�ç

b`ù4Ó2Ñ ñ Ô�ã�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � � D�äaÑ�ò�Û�Ø'ßzä�Ð�Ñ�Ï2Ñ�ÓHÓFÔ 1− p í#Ü2Ñ�Õ2þ�æFÔ�Û�ù (1− ξ)(1− p)δ(x11)(1− p) = 0
í

Ñ�Ð�Þ	þ�×�ÔSä ÕFÛ ×2þ�Û�Ð
(1− p)δ(x11)(1− p) = 0,

� � D
Ü2Ñ�ä�Þ�Ñ�Õ2Ö�Þ	þ

ξ 6= 1
ð�ji×2Ï	þ�Ò�Ñ�åeä�Ð�Ñ�Ï2Ñ�Ó	Ú�í

(1 − p)x11 = 0
í�Øeù4ÚýØ2ù,Û�Û�ù

[δ(1 − p), x11]ξ + [1 −
p, δ(x11)] = 0

ð,g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í (1− p)δ(x11)− ξδ(x11)(1− p) = 0.
b`ù4Ó2Ñ ñ Ô�ã � Ð�ÑSÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ

ÓFÔ
p
í'Ø2ù,Û�Û�ù

(1− p)δ(x11)p = 0.
� � D

\ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù � ÿ%Dêõ � � DUÜ2Ñ�Õ2þ�æFÔ�Û�ù δ(x11) ∈ S11
ðQNQÑ � Ð�Ñ�ù4þ

δ(S11) ⊆ S11
ðWj[Õ2þ�æFÔ�å

δ(S22) ⊆ S22ÏFÔ�ä�ä�ù[Ô�Ð�Ï	Ø	Ù#Ô�Û�Ð�ä�ãmÔ�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñ	ð
B�á|����ar��IB

δ(1) ∈ Z(LS(M))
�
δ(pi)xij = xijδ(pj)

�������	� ��/��
xij ∈ Sij

*
i 6= j = 1, 2

5

C
N`þ�ä�Ð�Ö

x12 ∈ S12
ð[g}Ô�ÞwÞ'Ô�Þ

x12p1 = 0
í	Ð�Ñ�Ø2ù,Û�Û�ù

δ(−ξx12) = [δ(x12), p1]ξ + [x12, δ(p1)]ξ = δ(x12)p1 − ξp1δ(x12) + x12δ(p1)− ξδ(p1)x12.
� ç%D

g}Ô�ÞwÞ'Ô�Þ
p2x12 = 0,

Ð�Ñ

δ(−ξx12) = [δ(p2), x12]ξ + [p2, δ(x12)]ξ = δ(p2)x12 − ξx12δ(p2) + p2δ(x12)− ξδ(x12)p2.
� ì�è%D

\ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù � ç%D�Ø � ì�è%D�Ü2Ñ�Õ2þ�æFÔ�Û�ù

δ(x12)p1 − ξp1δ(x12)p1 + x12δ(p1)− ξδ(p1)x12
= δ(p2)x12 − ξx12δ(p2) + p2δ(x12)− ξδ(x12)p2.

� ì�ì�D
N`Ï	Ø

ξ 6= 0
í�þ'ù4Ó2Ñ ñ Ô�ã<ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�ì�D4ä ÕFÛ�Ù#Ô`Øqä�Ü	ÏFÔ�Ù#Ô`ÓFÔ p1

Ø
p2
í�ä�Ñ�Ò�Õ�Ô�ä�Ó2ÑWÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô�ù � ô%D

Ø � � D!Ø2ù,Û�Û�ù
δ(p1)x12 = p1δ(p1)p1x12 = x12p2δ(p2)p2 = x12δ(p2).

N`Ï	Ø
ξ = 0

í�Ø2ä�Ü2Ñ�Õ2Ö â þ�ã
ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ

(p1 + x12)(x12 − p2) = (x12 − p2)(p1 + x12) = 0
í	Ø2ù,Û�Û�ù

(δ(p1) + δ(x12))(x12 − p2) + (p1 + x12)(δ(x12)− δ(p2)) = 0

Ø
(δ(x12)− δ(p2))(p1 + x12) + (x12 − p2)(δ(p1) + δ(x12)) = 0,

Ñ�Ð�Þ	þ�×�Ô�Ü2Ñ�Õ2þ�æFÔ�Û�ù

δ(p1)x12 + δ(x12)x12 − δ(x12)p2 + p1δ(x12) + x12δ(x12)− x12δ(p2) = 0

Ø
δ(x12)p1 + δ(x12)x12 + x12δ(x12)− p2δ(x12) = 0.

\ â Ü2Ñ�ä ÕFÛ ×2Ó	Ø'ß<ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�ä ÕFÛ ×2þ�Û�Ð δ(p1)x12 = x12δ(p2)
ð�R�Ô�ÕFÛ�Û�í#þ�æ	Ø	Ð�Ú1Ù#Ô�ã<ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô � ô%D4Ø � � D í

Ø2ù,Û�Û�ù
p1δ(p1)p1x12 = x12p2δ(p2)p2.

g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í â Ô�Þ'Õ2ûaæFÔ�Û�ù1í	æ	Ð�Ñ

δ(p1)x12 = p1δ(p1)p1x12 = x12p2δ(p2)p2 = x12δ(p2)

×	Õ2ãúÙ�ä�Û ß
x12 ∈ S12

ð 
IÔ�ù,Û�Ð�Ø2ù1í�æ	Ð�Ñ
p1δ(p2)p1 = p2δ(p1)p2 = 0

ðÝMUÐ�ä�û6×�Ô
p1δ(1)p1x12 =

x12p2δ(1)p2
í'ØHÜ2Ñ � Ð�Ñ�ù4þ

δ(1)x12 = (p1δ(1)p1 + p2δ(1)p2)x12 = x12(p2δ(1)p2 + p1δ(1)p1) = x12δ(1)
� ì�î%D

×	Õ2ã�Ù�ä�Û ß
x12 ∈ S12

ð,_UÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñqù,Ñ ñ Ó2Ñ<Ü2Ñ�Þ'Ô â Ô�Ð�Ö2í2æ	Ð�Ñ

δ(p2)x21 = x21δ(p1), δ(1)x21 = x21δ(1), x21 ∈ S21.
� ì�ô%D

g Û�Ü2Û�Ï	ÖqØ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù � ì�î%D í � ì�ô%D�Ø2ù,Û�Û�ù δ(1) ∈ Z(LS(M))
ð
B
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�á|����ar�J�B2:S���z
'��� �
xij ∈ Sij (1 6 i 6= j 6 2)

���@�¦�2 	� 	!�@�� @��
'�¦"	�W� ��$	��� � �	
��	
����@��$@��$	/ �
1)
�����	�

ξ 6= −1 * � - δ(xij) ∈ Sij;
2)
�����	�

ξ = −1 * � - p1δ(xij)p1 = p2δ(xij)p2 = 0
�
δ(xij)xij + xijδ(xij) = 0.

C
R�Õ2ã�Õ2û`ò�Ñ�Ò�Ñ

x12 ∈ S12
Ù�Û�Ï	Ó2Ñ�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�ì�D ð4b`ù4Ó2Ñ ñ Ô�ã � Ð�ÑQÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ!ä�Ñ�ò�Û�Ø'ß<ä�Ð�Ñ�Ï2Ñ�Ó

ÓFÔ
p1
Ø
p2
ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ�ØáÜ	Ï	Ø	Ó	Ø2ù[Ô�ã�Ù�Ñ<Ù�Ó	Ø2ù[Ô�Ó	Ø2Û�í@æ	Ð�Ñ

ξ 6= 1,
ÔSÐ�Ô�Þ ñ Û�ØáÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô � ô%D í

� � D í'ÕFÛ�Ò�Þ�Ñ<Ù�Ø'×FÛ�Ð�Ö2í	æ	Ð�Ñ
p1δ(x12)p1 = p2δ(xij)p2 = 0.

� ì � D
NQÑ�Õ2Ó2Ñ�Û�×FÑ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�ÑQþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	ãwì�D�ä ÕFÛ ×2þ�Û�ÐQØ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô p2δ(x12)p1 = 0

ð4P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù
×2Ù#ÔSä Õ2þ�æFÔ�ãIð

� �2������& ì�ð
ξ = 0

ð
R�Õ2ã�Õ2û`ò�Ñ�Ò�Ñ

x12
Ø2ù,Û�Û�ù

x12p1 = 0,
Ü2Ñ � Ð�Ñ�ù4þ

δ(x12)p1 = x12δ(p1) = 0.
� ì�ö%D

b`ù4Ó2Ñ ñ Ô�ãmÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�ö%DUä ÕFÛ�Ù#ÔqÓFÔ p2
í�Ü2Ñ�Õ2þ�æ	Ø2ù

p2δ(x12)p1 = 0
ð�g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1íIØ2ù,Û�ã

Ù�Ù�Ø'×2þ � Ð�ÑSÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ<ØHÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì � D í	Ø2ù,Û�Û�ù
δ(x12) = p1δ(x12)p2 ∈ S12

ð
� �2������& î'ð

ξ 6= 0,−1 ðN`þ�ä�Ð�Ö
x12, y12 ∈ S12

ð[g}Ô�ÞáÞ'Ô�Þ
(y12 − p2)(p1 + x12) = 0

í	Ð�ÑSä�Ñ�Ò�Õ�Ô�ä�Ó2ÑqÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô�ù � ô%D í � � D
Ø2ù,Û�Û�ù

δ(−ξx12 + ξx12) = δ([y12 − p2, p1 + x12]ξ) = [δ(y12 − p2), p1 + x12]ξ

+ [y12 − p2, δ(p1 + x12)]ξ = δ(y12)p1 + δ(y12)x12 − ξp1δ(y12)− ξx12δ(y12)
+ ξx12δ(p2) + y12δ(x12)− p2δ(x12)− ξδ(p1)y12 − ξδ(x12)y12 + ξδ(x12)p2.

� ì�ÿ%D

b`ù4Ó2Ñ ñ Ô�ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�ÿ%D6äQÑ�ò�Û�Ø'ßwä�Ð�Ñ�Ï2Ñ�ÓwÓFÔ p2
ØHÜ	Ï	Ø2ù,Û�Ó	ã'ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì � D í	Ü2Ñ�Õ2þ�æFÔ�Û�ù

p2δ(y12)p1x12 = ξp2δ(x12)p1y12 (∀x12, y12 ∈ S12).
� ì � D

b`ù4Ó2Ñ ñ Ô�ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ç%D�ÓFÔ p2
Ø
p1
ä ÕFÛ�Ù#Ô�Øáä�Ü	ÏFÔ�Ù#ÔSä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	íFØ2ù,Û�Û�ù

p2δ(x12)p1 = p2δ(−ξx12)p1 (∀x12 ∈ S12).
� ì � D

\ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù � ì � D�Ø � ì � D�Ø2ù,Û�Û�ù

−p2δ(y12)p1x12 = p2δ(ξy12)p1x12 = ξp2δ(x12)p1(ξy12) = ξ2p2δ(x12)p1y12

×	Õ2ãHÙ�ä�Û ß
x12, y12 ∈ S12

ð,g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í2Ø â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô � ì � D�Ù�Ú1Ð�Û�Þ'Ô�Û�Ð�íFæ	Ð�Ñ

p2δ(x12)p1y12 = 0 (∀x12, y12 ∈ S12).
� ì�ç%D

_UÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñ	í,þ'ù4Ó2Ñ ñ Ô�ã ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�ÿ%DQÓFÔ p1
äqÑ�ò�Û�Ø'ß ä�Ð�Ñ�Ï2Ñ�Ó ØeØ2ä�Ü2Ñ�Õ2Ö â þ�ã ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô � ì � D

Ø � ì � D í	Ü2Ñ�Õ2þ�æFÔ�Û�ù
y12p2δ(x12)p1 = 0 (∀x12 ∈ S12).

� î�è%D
g}Ô�Þ ñ Û â Ô�ù,Û�Ð�Ø2ù1í�æ	Ð�Ñ p2δ(x12)p1y21 = y21p2δ(x12)p1 = 0

×	Õ2ã Ù�ä�Û ß
y12 ∈ S12

ðÝg Ñ�Ò�×�ÔeØ â
ÏFÔ�Ù�Û�Ó2ä�Ð�Ù � ì�ç%D í � î�è%D,ä ÕFÛ ×2þ�Û�Ð�í�æ	Ð�Ñ

p2δ(x12)p1 ∈ Z(LS(M)),
ØqÜ2Ñ � Ð�Ñ�ù4þ

p2δ(x12)p1 = 0
ð,g}Ô�Þ	Ø2ù

Ñ�ò�ÏFÔ â Ñ�ù1í	×FÑ�Þ'Ô â Ô�Ó2Ñ<þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø2Ûzì�D ð
R�Õ2ãq×FÑ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù#ÔSþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	ãáî%D â Ô�ù,Û�Ð�Ø2ù1í'æ	Ð�Ñ�Ü	Ï	Ø ξ = −1 Ø2ù,Û�Û�ÐSù,Û�ä�Ð�Ñ�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ

xy = 0⇒ δ(xy+yx) = δ(x)y+xδ(y)+δ(y)x+yδ(x)
ð,g}Ô�Þ!Þ'Ô�Þ

x12 ∈ S12
í
(p1+x12)(x12−p2) =

0
í�Ð�Ñ

δ(p1+x12)(x12−p2)+(x12−p2)δ(p1+x12)+δ(x12−p2)(p1+x12)+(p1+x12)δ(x12−p2) = 0
ð



ξ
� �	�@��
�/ ���������¦" ��$ �	�#" - 
���$	���w$��S��� � � � "�� �w� - �	������$ - �2����¦"��2�4/�� - 0@�¦"���� - " - 
 ô'ì

MUÐ�ä�û6×�Ô'íFØ2ä�Ü2Ñ�Õ2Ö â þ�ãáÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì�ì�D í â Ô�Þ'Õ2ûaæFÔ�Û�ù1íFæ	Ð�Ñ δ(x12)x12 + x12δ(x12) = 0
ð�baæ	Ø	Ð�Ú1Ù#Ô�ã

� Ð�ÑSØHÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ � ì � D í	Ü2Ñ�Õ2þ�æFÔ�Û�ù � î%D ð
B

�á|����ar =@B �Q��� �W�!������� - ���@�¦�2 	� 	!�@�6 @��
'�¦"	�W� ��$	�����
1)
�����	�

ξ 6= 0,−1 * � - δ(ξxy) = ξδ(x)y + ξxδ(y)
�����H
'��� �

x, y ∈ LS(M) �
2)
�����	�

ξ = 0
* � - �¨ 
	q������
� 2���m���	���@���	
�$ - �����������¦" ��$ �	�#" - 
���$	�@�

ϕ
����� - � * ��� -

δ(x) =
ϕ(x) + δ(1)x

�����H
'��� �
x ∈ LS(M) �

3)
�����	�

ξ = −1 * � - δ(x2) = δ(x)x+ xδ(x)
������
'��� �

x ∈ LS(M)
* � 5 � 5

δ
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C
� �2������& ì�ð

ξ 6= 0,−1 ðh � Ð�Ñ�ùúä Õ2þ�æFÔ�Û`×FÑ�Þ'Ô ñ Û�ù1íFæ	Ð�Ñ δ(ξxy) = ξδ(x)y + ξxδ(y)
×	Õ2ã�Ù�ä�Û ß

x, y ∈ LS(M)
ð

ì�ð
δ(ξxiiyij) = ξδ(xii)yij + ξxiiδ(yij)

×	Õ2ãmÙ�ä�Û ß
xii, yij ∈ Sij

í
1 6 i 6= j 6 2

ðSZ�Ô�ä�Ô�ù,Ñ�ù
×FÛ ÕFÛ!×	Õ2ãmÙ�ä�Û ß

xii ∈ Sii
í
yij ∈ Sij

Ø2ù,Û�Û�ù
yijxii = 0.

j�Ñ�Ò�Õ�Ô�ä�Ó2ÑHÕFÛ�ù,ù,Û<îzØ�þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û ì�D
ÕFÛ�ù,ù4Ú � Ø2ù,Û�Û�ù

−δ(ξxiiyij) = δ([yij , xii]ξ)

= δ(yij)xii − ξxiiδ(yij) + yijδ(xii)− ξδ(xii)yij = −ξxiiδ(yij)− ξδ(xii)yij ,
Ð�ð�Û�ð

δ(ξxiiyij) = ξxiiδ(yij)+ξδ(xii)yij
×	Õ2ãSÙ�ä�Û ß

xii ∈ Sii
Ø
yij ∈ Sij

ð}_UÓFÔ�ÕFÑ�Ò�Ø	æ	Ó	Ú�ù Ñ�ò�ÏFÔ â Ñ�ù
ù,Ñ ñ Ó2Ñ<Ü2Ñ�Õ2þ�æ	Ø	Ð�Ö2í	æ	Ð�Ñ

î'ð
δ(ξxijyjj) = ξxijδ(yjj) + ξδ(xij)yjj

×	Õ2ãHÙ�ä�Û ß
xij ∈ Sij

Ø
yjj ∈ Sjj

í
1 6 i 6= j 6 2 �ô'ð

δ(ξxiiyii = ξδ(xii)yii) + ξxiiδ(yii)
×	Õ2ãHÙ�ä�Û ß

xii, yii ∈ Sii
í
i = 1, 2.N`þ�ä�Ð�Ö

i 6= j.
R�Õ2ãzÕ2û`ò�Ú6ß

xii, yii ∈ Sii
í
i = 1, 2,

Ø
sij ∈ Sij

í2ä�Ñ�Ò�Õ�Ô�ä�Ó2Ñ<Ü�ðIìQÜ2Ñ�Õ2þ�æ	Ø2ù

δ(ξxiiyiisij) = ξδ(xii)yiisij + ξxiiyiiδ(sij).

jú×2Ï	þ�Ò�Ñ�åáä�Ð�Ñ�Ï2Ñ�Ó	Ú�í

δ(ξxiiyiisij) = ξδ(xii)yiisijξxiiδ(yiisij) = ξδ(xii)yiisij + ξ2xiiδ(ξ
−1yii)sij + ξxiiyiiδ(sij).

j�Ñ�Ü2Ñ�ä�Ð�Ô�Ù�Õ2ã'ãwÜ2Ñ�ä ÕFÛ ×2Ó	Ø2ÛQ×2Ù#Ô�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô'í2Ü2Ñ�Õ2þ�æFÔ�Û�ù
(
δ(xiiyii)− δ(xii)yii − ξxiiδ(ξ−1yii)

)
sij = 0.

j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í
(
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
sij = 0

� î'ì�D
×	Õ2ã�Ù�ä�Û ß

sij ∈ Sij
ð[_UÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñ�×	Õ2ãHÙ�ä�Û ß

sji ∈ Sij
Ø2ù,Û�Û�ù

sji

(
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
= 0.

� î�î%D

g}Ô�Þ ñ ÛWä�Ñ�Ò�Õ�Ô�ä�Ó2ÑSÕFÛ�ù,ù,Û!î!Ø2ù,Û�Û�ù

sij

(
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
=
(
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii)

)
sji = 0.

\ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù � î'ì�D`Ø � î�î%DQÙ�Ú1Ð�Û�Þ'Ô�Û�Ð δ(ξxiiyii) − ξδ(xii)yii − ξxiiδ(yii) ∈ Z(LS(M))
í,Ñ�Ð�Þ	þ�×�Ô

Ü2Ñ�Õ2þ�æFÔ�Û�ù
δ(ξxiiyii)− ξδ(xii)yii − ξxiiδ(yii) = 0

ð
� ð
δ(ξxijyji) = ξδ(xij)yji + ξxijδ(yji)

×	Õ2ãHÙ�ä�Û ß
xij ∈ Sij

í
yji ∈ Sji

í
1 6 i 6= j 6 2.R�Õ2ã�Õ2û`ò�Ú6ß

xij ∈ Sij
í
yji ∈ Sji

í
i 6= j, (xijyji − xij − yji + pj) = 0

ðSMUÐ�ä�û6×�Ô'í�ä�Ñ�Ò�Õ�Ô�ä�Ó2Ñ
Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	û −δ í	Ø2ù,Û�Û�ù

δ(xijyji − ξxij − ξyjixijyji − ξyjixij) = δ
(
[xijyji − xij − yji + pj , pi + yji]ξ

)
= 0.
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g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1íFä�Ñ�Ò�Õ�Ô�ä�Ó2ÑSÕFÛ�ù,ù,ÛWî�ØHþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	ûYì�D[ÕFÛ�ù,ù4Ú � Ø2ù,Û�Û�ù

δ(ξxijyji)− δ(ξxij)− δ(ξyjixij) = δ(xij)yji + δ(yji)pi − δ(pj)yji − ξδ(xij)
− ξyjiδ(xij)− xijyjiδ(pi) + xijδ(yji) + yjiδ(pi)− pjδ(yji)− ξδ(pi)xij − ξδ(yji)xij .

b`ù4Ó2Ñ ñ Ô�ã � Ð�ÑiÏFÔ�Ù�Û�Ó2ä�Ð�Ù�ÑÝä Ñ�ò�Û�Ø'ß>ä�Ð�Ñ�Ï2Ñ�ÓfÓFÔ
pj

Ø>Ü	Ï	Ø2ù,Û�Ó	ã'ãýÕFÛ�ù,ù4Ú î Ø � í<Ü2Ñ�Õ2þ�æFÔ�Û�ù
δ(ξyjixij) = ξδ(yji)xij + ξyjiδ(xij).g Û�Ü2Û�Ï	Ö ×	Õ2ãóÜ	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�Ó	Ú6ß x, y ∈ LS(M)

ä�Ñ�Ò�Õ�Ô�ä�Ó2Ñ Ü	Ü�ð1ì�õ � Ø Ô�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Ø
δ
Ø2ù,Û�Û�ù

δ(ξxy) = ξδ(x)y + ξxδ(y)
×	Õ2ã Ù�ä�Û ß

x, y ∈ LS(M)
ðYg}Ô�Þ	Ø2ùYÑ�ò�ÏFÔ â Ñ�ù1í`ÙúØ	Ð�Ñ�Ò�Û�Ü2Ñ�Õ2þ�æ	Ø2ù

þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø2Ûzì�D[ÕFÛ�ù,ù4ÚÝö'ð
� �2������& î'ð^N`þ�ä�Ð�Ö

δ
þ�×FÑ�Ù�ÕFÛ�Ð�Ù�Ñ�Ï#ã	Û�Ð þ�ä ÕFÑ�Ù�Ø	û �úÛ�ä Õ2Ø

xy = 0
íaÐ�Ñ

δ(x)y + xδ(y) = 0
ð

NQÑ�Þ'Ô ñ Û�ù1íFæ	Ð�Ñ
δ(xy) = δ(x)y + xδ(y) − δ(1)xy

×	Õ2ãkÙ�ä�Û ß
x, y ∈ LS(M)

ð N`þ�ä�Ð�Ö
1 6 i 6= j 6 2

ð j�Ñ�Ò�Õ�Ô�ä�Ó2Ñ ÕFÛ�ù,ù,Û�î�Øúþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û ì�D
ÕFÛ�ù,ù4Ú � Ø2ù,Û�Û�ù

(xii + xiiyij)(pj − yij) = 0
ð�MUÐ�ä�û6×�Ô

δ(xiiyij) = δ(xii)yij + xiiδ(yij)− xiiyijδ(pj)
� î�ô%D

×	Õ2ãHÙ�ä�Û ß
xii ∈ Sii

Ø
yij ∈ Sij

ð[\ â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô (pi − xij)(yjj + xijyjj) = 0
Ù�Ú1Ð�Û�Þ'Ô�Û�Ð

δ(xijyjj) = δ(xij)yjj + xijδ(yjj)− δ(pi)xijyjj
� î � D

×	Õ2ãúÙ�ä�Û ß
xij ∈ Sij

Ø
yjj ∈ Sjj

ð g Ñ�Ò�×�Ôeä�Ñ�Ò�Õ�Ô�ä�Ó2Ñ ÕFÛ�ù,ù,Û�ômØ ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�þ � î�ô%D í�ÏFÔ�ä�ä�þ ñ ×�Ô�ã
Ô�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñ<Ü�ðFô�ä Õ2þ�æFÔ�ã ì�í'Ø2ù,Û�Û�ù

δ(xiiyii) = δ(xii)yii + xiiδ(yii)− xiiyiiδ(pi)
� î�ö%D

×	Õ2ãwÙ�ä�Û ß
xii, yii ∈ Sii

ð6g Û�Ü2Û�Ï	Ö2íFØ2ä�Ü2Ñ�Õ2Ö â þ�ãáÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ (xij + xijyji)(pi − yji) = 0
í	ÕFÛ�ù,ù4þáî�Ø

þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø2Ûzì�D[ÕFÛ�ù,ù4Ú � í	Ø2ù,Û�Û�ù

δ(xijyji) = δ(xij)yji + xijδ(yji)− xijyjiδ(pi)
� î�ÿ%D

×	Õ2ãeÙ�ä�Û ß
xij ∈ Sij

Ø
yji ∈ Sji

ð�_UÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñá×	Õ2ãóÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Ò�Ñ
δ
í,ä�Ñ�Ü2Ñ�ä�Ð�Ô�Ù�Õ2ã'ãóÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô

� î�ô%Dêõ � î�ÿ%D í1Ü2Ñ�Õ2þ�æ	Ø2ù
δ(xy) = δ(x)y + xδ(y) − δ(

?
)xy

×	Õ2ãkÙ�ä�Û ß
x, y ∈ LS(M)

ð g Û�Ü2Û�Ï	Ö
ϕÑ�Ü	Ï2Û ×FÛ Õ2Ø2ùÝä ÕFÛ ×2þ�ûaø!Ø2ùiÑ�ò�ÏFÔ â Ñ�ù(�

ϕ(x) = δ(x) − δ( ? )x ð 
IÔ�ù,Û�Ð�Ø2ù1í}æ	Ð�Ñ
δ(
?
) ∈ Z(LS(M)).g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í2Ø2ù,Û�Û�ù

ϕ(xy) = δ(xy) − δ( ? )xy = δ(x)y + xδ(y)− 2δ(
?
)xy

= (ϕ(x) + δ(
?
)x)y + x(ϕ(y) + δ(

?
)y)− 2δ(

?
)xy = ϕ(x)y + xϕ(y)

×	Õ2ãHÙ�ä�Û ß
x, y ∈ LS(M).

NQÑ � Ð�Ñ�ù4þ
δ
ã'Ù�Õ2ã	Û�Ð�ä�ã�Ô�×	×2Ø	Ð�Ø	Ù�Ó	Ú�ùk×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2Û�ùúØ

δ(x) =
ϕ(x) + δ(1)x

×	Õ2ãHÙ�ä�Û ß
x
ð

� �2������& ô'ð
ξ = −1 ðh � Ð�Ñ�ùúä Õ2þ�æFÔ�Û

δ
þ�×FÑ�Ù�ÕFÛ�Ð�Ù�Ñ�Ï#ã	Û�Ðzþ�ä ÕFÑ�Ù�Ø	û

xy = 0⇒ δ(yx) = δ(x)y + xδ(y) + δ(y)x+ yδ(x).

NQÑ�Þ'Ô ñ Û�ù1íFæ	Ð�Ñ δ  å2Ñ�Ï�×�Ô�Ó2Ñ�ÙqÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù1í2þ�×FÑ�Ù�ÕFÛ�Ð�Ù�Ñ�Ï#ã'ûaø!Ø	åáþ�ä ÕFÑ�Ù�Ø	û � ô%D ð
N`þ�ä�Ð�Ö

1 6 i 6= j 6 2.
R�Õ2ãeÕ2û`ò�Ú6ß

xii ∈ Sii
Ø
yij ∈ Sij

Ø2ù,Û�Û�ù
yijxii = 0

ðej�Ñ�Ò�Õ�Ô�ä�Ó2Ñ
ÕFÛ�ù,ù,ÛWî�ØHþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û>î%D�ÕFÛ�ù,ù4Ú � Ø2ù,Û�Û�ù

δ(xiiyij) = δ(xii)yij + xiiδ(yij) + δ(yij)xii
� î � D
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 ô�ô

×	Õ2ã�Ù�ä�Û ß
xij ∈ Sij

Ø
yjj ∈ Sjj,

Ü2Ñ�ä�Þ�Ñ�Õ2Ö�Þ	þ
yjjxij = 0

ð�j�Ñ�Ò�Õ�Ô�ä�Ó2ÑSÕFÛ�ù,ù,ÛWî!ØHþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û>î%D
ÕFÛ�ù,ù4Ú � Ø2ù,Û�Û�ù

δ(xijyjj) = δ(xij)yjj + xijδ(yjj) + yjjδ(xij)
� î � D

×	Õ2ã!Ù�ä�Û ß
xii, yii ∈ Sii.

j�Ñ�Ò�Õ�Ô�ä�Ó2ÑQÕFÛ�ù,ù,Û�ôUØ�ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�þ � î � D4Ô�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2ÑQÜ�ð�ôaä Õ2þ�æFÔ�ãHì�í�ù,Ñ ñ Ó2Ñ
Ü2Ñ�Þ'Ô â Ô�Ð�Ö2í2æ	Ð�Ñ

δ(xiiyii) = δ(xii)yii + xiiδ(yii).
� î�ç%D

R�Õ2ã�Õ2û`ò�Ú6ß
xij ∈ Sij

Ø
yji ∈ Sji

Ø2ù,Û�Û�ù
(xijxji + xij + xji + pj)(pi − xij − xji + xjixij) = 0.j�Ñ�Ò�Õ�Ô�ä�Ó2ÑSÕFÛ�ù,ù,ÛWî�ØHþ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û � î%D�ÕFÛ�ù,ù4Ú � Ü2Ñ�Õ2þ�æFÔ�Û�ù

δ(xijxji) = δ(xij)xji + xijδ(xji), δ(xjixij) = δ(xji)xij + xjiδ(xij).
� ô�è%D

g Û�Ü2Û�Ï	Ö2í4Þ�Ñ�ù,ò�Ø	Ó	Ø	Ï	þ�ã ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô � î � Dêõ � ô�è%D í4Ü2Ñ�Õ2þ�æFÔ�Û�ù
δ(x2) = δ(x)x + xδ(x)

×	Õ2ã Ù�ä�Û ß
x ∈

LS(M)
í	Ð�ð2Û�ð

δ
 å2Ñ�Ï�×�Ô�Ó2Ñ�Ù�Ñ<×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2Û�ð

B�á|����ar�LIB �6���	�
ξ 6= 0,−1 * � - �¨ 
	q������
� 2���!���	���@���	
�$ - �6���������¦" ��$ �	�#" - 
���$	�@� ϕ *  �� - 
��@� ���
 - "��
� 	q����"���
'��$@����
� 
ϕ(ξ � ) = ξδ( � )

* ����� - � * ��� -
δ(x) = ϕ(x) + δ( � )x

�����z
'��� �
x �

H�#������$ - �

����� * �����<"�� �	� - $�������$	/��w� - �40	�@���2��$	/��
ξ, δ

�'
���������� �����	���@���	
�$	/�� 5

C
j�Ñ�Ò�Õ�Ô�ä�Ó2Ñ þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û ì�D!ÕFÛ�ù,ù4Ú ö�Ø2ù,Û�Û�ù

δ(ξxy) = ξ(δ(x)y + xδ(y)
×	Õ2ãkÕ2û`ò�Ú6ß

x, y ∈ LS(M)
ðfh æFÔ�ä�Ð�Ó2Ñ�ä�Ð�Ø�íU×	Õ2ã Õ2û`ò�Ú6ß

x
í
y
íUÒ�×FÛ

xy = 0
íUØ2ù,Û�Û�ù

ξ(δ(x)y + xδ(y) =
δ(ξxy) = δ(0) = 0

ðzg}Ô�Þ	Ø2ùÝÑ�ò�ÏFÔ â Ñ�ù1í δ(x)y + xδ(y) = 0
×	Õ2ã�Õ2û`ò�Ú6ß

x
í
y
í�Ò�×FÛ

xy = 0
Ð�Ô�Þ�í

æ	Ð�Ñ
δ
þ�×FÑ�Ù�ÕFÛ�Ð�Ù�Ñ�Ï#ã	Û�Ð!þ�ä ÕFÑ�Ù�Ø	û

ξ = 0
ð4g Ñ�Ò�×�ÔWä�Ñ�Ò�Õ�Ô�ä�Ó2Ñ�þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	ûiî%D ÕFÛ�ù,ù4Ú ö`ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð

Ô�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û6×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2Û
ϕ
Ð�Ô�Þ�Ñ�Û�í�æ	Ð�Ñ

δ(x) = ϕ(x)+δ(
?
)x
×	Õ2ã!Ù�ä�Û ß

x
ð �`Ï2Ñ�ù,Û6Ð�Ñ�Ò�Ñ	í

δ(ξ
?
) = ξδ(

?
)
?
+ ξ

?
δ(
?
)
íFÐ�Ô�Þ�Þ'Ô�Þ

δ(ξ
?
) ∈ Z(LS(M))

Ø
ϕ(ξ

?
) = ξδ(

?
)
ä�Ñ�Ò�Õ�Ô�ä�Ó2ÑzÕFÛ�ù,ù,Û�ô'ð

NQÑ�ä�Þ�Ñ�Õ2Ö�Þ	þ
δ

 Ô�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�ÛS×	Õ2ãmÕ2û`ò�Ñ�Ò�ÑHÞ�Ñ�ù4Ü'ÕFÛ�Þ�ä�Ó2Ñ�Ò�Ñ�ÏFÔ�÷	Ø2Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ò�Ñáæ	Ø2ä Õ�Ô
r
Ø�Õ2û`ò�Ñ�Ò�Ñ

x ∈ LS(M)
í@Ð�ÑqØ2ù,Û�Û�ù

δ(rx) = rδ(x)
ð`g}Ô�ÞmÞ'Ô�Þ

0 = −ϕ( ? ) = ϕ(i2
?
) = ϕ(i

?
)i
?
+ i

?
ϕ(i

?
) =

2iϕ(i
?
)
í4Ð�Ñ

ϕ(i
?
) = 0, δ(i

?
) = iδ(

?
)
í}×	Õ2ã Õ2û`ò�Ñ�Ò�Ñ�Þ�Ñ�ù4Ü'ÕFÛ�Þ�ä�Ó2Ñ�Ò�Ñ�ÏFÔ�÷	Ø2Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ò�Ñ�æ	Ø2ä Õ�Ô

i
ð

g}Ô�Þ	Ø2ùóÑ�ò�ÏFÔ â Ñ�ù1í'Û�ä Õ2Ø ξ ýÏFÔ�÷	Ø2Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�ÛaÞ�Ñ�ù4Ü'ÕFÛ�Þ�ä�Ó2Ñ�ÛQæ	Ø2ä ÕFÑ	í�Ð�Ñ
xiδ(

?
) = δ(xi

?
) = 2xiδ(

?
)
ð

MUÐ�ä�û6×�Ô
δ(
?
) = 0

í	Ð�Ô�ÞwÞ'Ô�Þ
δ = ϕ

ã'Ù�Õ2ã	Û�Ð�ä�ãáÔ�×	×2Ø	Ð�Ø	Ù�Ó	Ú�ùú×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2Û�ù1ð
B

��|#t �}|��ar ?FB �  2�����
LS(M) � ��� � � � "���� - �	������$ - �2����¦"��2�4/�� - 0@�¦"���� - " - 
 *�� � �

M
$@�

� - � �¦"	�S�@� 0#"��	� -���- �%�����@��
 -���- ����� � ����� -���-�5 �  2�����
L : LS(M) → LS(M) � ���	���@���	
�$ - �

- � - � "����<��$	�@�`�
ξ 6= 1

5
+�-�� ���

L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ
����� 
'��� �

x, y ∈ LS(M)
* � � �

xy = 0
� -�� ���á�

� - ����� - � -�� ��� * � -�� ���
L(1) ∈ Z(LS(M))

�H
�/10 - �	$��
�W��� �����@�¦�2 	� 	!�@�1 2��� - 
������
1)
0#"��

ξ 6= 0,−1 �¨ 
	q������
� 2�������	���@���	
�$ - �W���������¦" ��$ �	�#" - 
���$	�@� ϕ * � � � ϕ(ξ1) = ξL(1)����� - � * ��� -
L(x) = ϕ(x) + L(1)x

����� 
'��� �
x ∈ LS(M) �


 �#������$ - ����� *
L � ���	���@���	
�$ - �

���������¦" ��$ �	�#" - 
���$	�@� * � � �
ξ � � - �40	�@���2��$ - ��"�� �	� - $�������$ - �S���@��� -

�
2)
0#"��

ξ = 0
�¨ 
	q������
� 2���S���	���@���	
�$ - �����������¦" ��$ �	�#" - 
���$	�@�

ϕ
����� - � * ��� -

L(x) = ϕ(x) +
L(1)x

������
'��� �
x ∈ LS(M) �

3)
0#"��

ξ = −1 - � - � "����<��$	�@�
L
�'
���������� �i� - "#����$ - 
�/��Y���������¦" ��$ �	�#" - 
���$	�@��� * � 5 � 5

L(x2) = L(x)x+ xL(x)
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x ∈ LS(M)
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xy = 0⇒ L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ .

N`þ�ä�Ð�Ö<þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø2Ûqì�D�Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ãIð�g Ñ�Ò�×�Ô�×	Õ2ãzÕ2û`ò�Ú6ß x í y í xy = 0,
Ø2ù,Û�Û�ù

L([x, y]ξ) = −L(ξyx) = −(ϕ(ξyx) + ξL(1)yx) = −(ϕ(ξ1)yx + ξϕ(yx) + ξL(1)yx)

= −(ξϕ(y)x+ ξyϕ(x) + 2ξL(1)yx) = ϕ(x)y + xϕ(y) + 2L(1)xy

−(ξϕ(y)x+ ξyϕ(x) + 2ξL(1)yx) = [L(x), y]ξ + [x,L(y)]ξ .
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IÔ�ù,Û�Ð�Ø2ù1í,æ	Ð�Ñ
L(x) = δ(x) + xs − sx ×	Õ2ã Ù�ä�Û ß x ∈ LS(M)

Ø
L(
?
) = δ(

?
)
ð�j�Ñ�Ò�Õ�Ô�ä�Ó2Ñ

ÕFÛ�ù,ù[Ô�ù ö!ØáÿSÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û L Ø2ù,Û�Û�Ð<Ð�Ï2Û�ò�þ�Û�ù4þ�ûOÙSÐ�Û�Ñ�Ï2Û�ù,ÛqìQü�Ñ�Ï2ù4þ�ð
B

� y,|�Í[s �'uF{}|2B �  2�����ý��� � � � "�� � - $ �!���2����$��
M

���	0��
I∞

�	�	� ���	0�������� 5��  2�����
L :

LS(M) → LS(M) � ���	���@���	
�$ - � - � - � "����<��$	�@� �
L([x, y]ξ) = [L(x), y]ξ + [x,L(y)]ξ

*
ξ 6= 0, 1,−1, ������
'��� � x, y ∈ LS(M)

*	� � �
xy = 0.+�-�� ���

L = Da
�����ó
'��� �

x ∈ LS(M)
* � � �

Da � 
�$� @� " ��$	$@�������������¦" ��$ �	�#" - 
���$	�@�q$��
��� � � � " �

LS(M)
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j�Ñ�Ò�Õ�Ô�ä�Ó2Ñ þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	û ì�D�Ð�Û�Ñ�Ï2Û�ù4Ú ì ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð Ô�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Û�×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�é

Ó	Ø2Û
ϕ
í2Ò�×FÛ

ϕ(ξ1) = ξL(1)
Ø
L(x) = ϕ(x) + L(1)x

×	Õ2ãHÙ�ä�Û ß
x ∈ LS(M)

ð6h ä Õ2þ�æFÔ�Û!Ô�Õ2Ò�Û�ò�Ï	Ú
ü�Ñ�ÓáZQÛ�å2ù[Ô�ÓFÔ

M
Ð�Ø	ÜFÔ

I∞
í'Õ2Ø2ò�Ñ<Ð�Ø	ÜFÔ

III
í2Þ'Ô�ÞáÜ2Ñ�Þ'Ô â Ô�Ó2ÑqÙáë î'í2ä ÕFÛ ×Fä�Ð�Ù�Ø2Û�ô'ð � ï«í'Õ2û`ò�Ñ�Û!Ô�×	×2Ø'é

Ð�Ø	Ù�Ó2Ñ�ÛzÔ�ä�ä�Ñ�÷	ØFÔ�Ð�Ø	Ù�Ó2Ñ�Ûq×2Ø2ü�ü�Û�Ï2Û�Ó	÷	Ø	Ï2Ñ�Ù#Ô�Ó	Ø2ÛqÓFÔ
LS(M)

ã'Ù�Õ2ã	Û�Ð�ä�ã Ù�Ó	þ�Ð�Ï2Û�Ó	Ó	Ø2ù1ðáMUÐ�ä�û6×�ÔHØ
Ø â ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô ϕ(ξ1) = ξL(1)

Ü2Ñ�Õ2þ�æFÔ�Û�ù1í@æ	Ð�Ñ
L(1) = 0

ð`\`Ð�Ô�Þ�í
L = ϕ = Da

×	Õ2ãáÓ2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�Ò�Ñ
a ∈ LS(M)

ð
BN`Ï	Ø

ξ = 1
Ü2Ñ�Õ2þ�æ	Ø2ù

��|#t �}|��ar : � ä�Ï�ðaëKì�î'í1Ð�Û�Ñ�Ï2Û�ù[Ôóî�ï D B �6���	�
M � ��� � � � "�� � - $ �!���2����$��k���	0��

I∞
�	�5� -

���	0��
III
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���$	�@�
L
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LS(M)
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���������� �

�	�	$@���	$	/��ú�	�@��
�/�� ���������¦" ��$ �	�#" - 
���$	�@��� �H�2�������!
��#�
L = Da +E

*	� � �
Da �
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I∞
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h ëKì�ì ï þ�ä�Ð�Ô�Ó2Ñ�Ù�ÕFÛ�Ó2Ñ	í�æ	Ð�Ñ�×	Õ2ãáÔ�Õ2Ò�Û�ò�Ï�ü�Ñ�ÓáZQÛ�å2ù[Ô�ÓFÔ

M
í	Ø2ù,Û�ûaø!Ø'ßHÐ�Ø	Ü

I∞
í	Ù�ä�Û�Ò�×�ÔSÙ�Û�Ï	Ó2Ñ<ÏFÔ�é

Ù�Û�Ó2ä�Ð�Ù�Ñ
[LS(M), LS(M)] = LS(M)

ð}NQÑ � Ð�Ñ�ù4þa×	Õ2ãQÐ�Ô�Þ	Ø'ßWÔ�Õ2Ò�Û�ò�Ï�Õ2û`ò�Ñ�å
Z(LS(M))

é â ÓFÔ�æ	Ó	Ú1å
ä ÕFÛ ×áÓFÔ

LS(M)
Ð�Ñ ñ ×FÛ�ä�Ð�Ù�Û�Ó	Ó2ÑzÏFÔ�Ù�Û�ÓwÓ	þ�Õ2û�í'æ	Ð�ÑSÙ<ä�Ø'Õ2þzÐ�Û�Ñ�Ï2Û�ù4ÚOî!Ù�ÕFÛ�æ2Û�Ð

� y,|�Í[s �'uF{}| � ä�Ï�ð1ëKì�î�ï D ð �  2�����
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N`þ�ä�Ð�Ö
(X,µ)

 Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ�ä
σ
é Þ�Ñ�Ó2Û�æ	Ó2Ñ�å�Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�åwù,Û�Ï2Ñ�å µ ð ~U��� �Q� � ���«� � µÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ãáù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ<Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�åmù,Û�Ï	Ú Ø â X í'Ó2Û`Ü	Ï2Û ×Fä�Ð�Ô�Ù�Ø2ù,Ñ�ÛWÙ�Ù�Ø'×FÛ�Ñ�ò � Û ×2Ø	Ó2Û�Ó	Ø	ã×2Ù�þ#ßHÓ2Û�Ü2Û�Ï2Û�ä�Û�Þ'Ô�ûaø!Ø'ß#ä�ã�ù4Ó2Ñ ñ Û�ä�Ð�ÙHäQÜ2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó	Ú�ù4Ø ù,Û�ÏFÔ�ù4Ø�ð ��þ�×FÛ�ùúÒ�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2íFæ	Ð�Ñqù,Û é

ÏFÔ
µ
Ó2Û`ã'Ù�Õ2ã	Û�Ð�ä�ãHæ	Ø2ä�Ð�ÑqÔ�Ð�Ñ�ù4Ø	æ2Û�ä�Þ�Ñ�å�í�Û�ä Õ2ØHÙ

X
Û�ä�Ð�Öqù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ<Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�åmù,Û�Ï	Ú�í	Ó2Û

ä�Ñ�×FÛ�Ï ñ Ô�ø�Û�ÛWÔ�Ð�Ñ�ù,Ñ�Ù�ù,Û�Ï	Ú µ
ð � Û�Ï2Û â L2(µ) ··= L2(X,µ)

Ñ�ò�Ñ â ÓFÔ�æ	Ø2ù Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ�Ù�ä�Û ßqÞ'Õ�Ô�ä é
ä�Ñ�Ù

µ
é � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó	Ú6ß

µ
é Ø â ù,Û�Ï	Ø2ù4Ú6ßqüQþ�Ó	Þ	÷	Ø	åSÓFÔ X ä1ä�þ'ù,ù4Ø	Ï	þ�Û�ù4Ú�ùeÞ	Ù#Ô�×2ÏFÔ�Ð�Ñ�ù1ð � Û�Ï2Û â ‖·‖Ø

(·, ·) ò�þ�×FÛ�ùúÑ�ò�Ñ â ÓFÔ�æFÔ�Ð�ÖzÓ2Ñ�Ï2ù4þzØáä�Þ'Ô�Õ2ã'Ï	Ó2Ñ�Û�Ü	Ï2Ñ�Ø â Ù�Û ×FÛ�Ó	Ø2Û�Ù L2(µ)
ð

N`þ�ä�Ð�Ö
H
í
H1

 Ò�Ø'Õ2Ö�ò�Û�Ï	Ð�Ñ�Ù�ÚYÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô'ðóMUÜ2Û�ÏFÔ�Ð�Ñ�Ï
F : DF ⊂ H → H1

ÓFÔ â Ú1Ù#Ô�é
Û�Ð�ä�ã ����Q���2��� � � íUÛ�ä Õ2Ø Ø â fn ∈ DF

í
fn → u

í
Ffn → v

ä ÕFÛ ×2þ�Û�Ð
u ∈ DF

Ø
Fu = v

ð
MUÜ2Û�ÏFÔ�Ð�Ñ�Ï

T ∗ í�ä�Ñ�Ü	Ï#ã ñ Û�Ó	Ó	Ú1å ÞáÜ'ÕFÑ�Ð�Ó2Ñ�Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ó2Ñ�ù4þ â Ô�ù4Þ	Ó	þ�Ð�Ñ�ù4þHÕ2Ø	Ó2Û�å	Ó2Ñ�ù4þ�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	þ
T : DT ⊂ H → H1

í'Ü'ÕFÑ�Ð�Ó2Ñ<Ñ�Ü	Ï2Û ×FÛ ÕFÛ�ÓáØ â Ô�ù4Þ	Ó	þ�Ð�í	Ü	Ï	Ø � Ð�Ñ�ù
T ∗∗ = T

ëKì�í'Ò�Õ ð � � � í	��ö�ï«ð
N`þ�ä�Ð�Ö

T : DT ⊂ L2(µ) → L2(µ1) ··= L2(X1, µ1)
YÕ2Ø	Ó2Û�å	Ó	Ú1åeÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�í ‖ · ‖1

 Ó2Ñ�Ï2ù[Ô
Ù
L2(µ1)

ðQZ�Ô â Ñ�Ù�Û�ù T
Þ�Ñ�ù4ÜFÔ�Þ	Ð�Ó	Ú�ù Ü2Ñ�ù,Û�Ï2Û�íIÛ�ä Õ2Ø�Ø â fn ∈ DT

í ‖fn‖ 6 1
í ‖Tfn‖1 6 1

í
n =

1, 2, . . . ,
Ù�Ú1Ð�Û�Þ'Ô�Û�Ð�í�æ	Ð�Ñ {Tfn}

ä�Ñ�×FÛ�Ï ñ Ø	ÐwÜ2Ñ�×2Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö2í,ä�ß#Ñ�×2ã'ø!þ�û`ä�ãmÜ2Ñ�ù,Û�Ï2Û µ1ÓFÔ!Þ'Ô ñ ×FÑ�ùúù4Ó2Ñ ñ Û�ä�Ð�Ù�Û�Þ�Ñ�Ó2Û�æ	Ó2Ñ�åáù,Û�Ï	Ú�ð[X[ä Õ2Ø DT = L2(µ)
Ø
T

 Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�í
Ð�Ñ � Ð�Ñ<Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø2Û�ä�Ñ�Ù�ÜFÔ�×�Ô�Û�Ð�äQØ â Ù�Û�ä�Ð�Ó	Ú�ù Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø2Û�ù Ø â ë î�ï«ð�TQØ	Ó2Û�å	Ó	Ú1åmÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï T :
DT ⊂ L2(µ)→ L2(µ)

ÓFÔ â Ñ�Ù�Û�ù ���������2���2�S��� �Q�2��������� � �2�����«�@� í'Û�ä Õ2ØHÓFÔ�å'×FÛ�Ð�ä�ãáù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ
e ⊂ X

í
µe > 0

í4Ð�Ô�Þ�Ñ�Û�í[æ	Ð�Ñ
PeT

Þ�Ñ�ù4ÜFÔ�Þ	Ð�Û�ÓkÜ2Ñ�ù,Û�Ï2Û � â ×FÛ�ä�Ö Pef = χef
í
f ∈ L2(µ)

í
χe


ß�Ô�ÏFÔ�Þ	Ð�Û�Ï	Ø2ä�Ð�Ø	æ2Û�ä�Þ'Ô�ãmüQþ�Ó	Þ	÷	Ø	ãHù4Ó2Ñ ñ Û�ä�Ð�Ù#Ô e ð��þ�×FÛ�ù Ò�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2í�æ	Ð�ÑzÓ	þ�Õ2Ö�Ü	Ï	Ø	ÓFÔ�×	ÕFÛ ñ Ø	ÐwÜ	Ï2Û ×FÛ Õ2Ö�Ó2Ñ�ù4þ�ä�Ü2Û�Þ	Ð�Ï	þ σc(M)

Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ
M :

DM ⊂ H → H
í�Û�ä Õ2Ø Ù

DM
ä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐóÑ�Ï	Ð�Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	ÓFÔ�ã Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö {hn}Ð�Ô�Þ'Ô�ãIí2æ	Ð�Ñ

Mhn → 0
ð

�© � �"!$# Ê,� ��� ¡�»���´1� ¹ � ¹



� �#����������$ - � - �40����@��$	/��w0 - ���¦" �U$@� -�� "���$	������$	$	/��w�	�	$@���	$	/�� - 0@�¦"���� - "�� �H

L2

ô �

��|#t �}|��ar ?FB �  2�����S���¦"��
µ σ

� � - $@����$�� * $@� �'
���������� �m���@��� - ��� - �4��������� - �w�H�4$ - �<������
 -
e
*

0 < µe < ∞ * $@�`�2�������q��� - � - 
����¦"�/ µ
*
T : DT ⊂ L2(µ) → L2(µ) �

0	� - ��$ -�- 0#" �¦� ���@��$	$	/1�
�	�	$@���	$	/1� - 0@�¦"���� - " *

PeT
� - �40����@����$á0 - ���¦" �U�w����4�	$� @� 5a+�-�� ���

0 ∈ σc(T ∗)
5

C
MUÜ	Ï2Û ×FÛ Õ2Ø2ùÝÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ie : L2(µ) → L2(e) ··= L2(e, µ)
ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ�ù

ieh(s) = h(s)
×	Õ2ã

Ù�ä�Û ß
h ∈ L2(µ)

Ø�Ù�ä�Û ß
s ∈ e Ø�ÏFÔ�ä�ä�ù,Ñ�Ð�Ï	Ø2ù â Ô�ù4Þ	Ó	þ�Ð�Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï τ = ieT : DT ⊂ L2(µ) →

L2(e)
ð NQÑ�Õ2Ö â þ�ã	ä�Ö Ü2Ñ�Õ2ã'Ï	Ó	Ú�ùýÏFÔ â ÕFÑ ñ Û�Ó	Ø2Û�ù â Ô�ù4Þ	Ó	þ�Ð�Ñ�Ò�ÑeÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔúëKì�í�Ò�Õ ð �	� í ��ô�ï«í�Ü	Ï2Û ×	é

ä�Ð�Ô�Ù�Ø2ù
τ∗

Ù Ù�Ø'×FÛ
τ∗ = V S

í1Ò�×FÛ
S = (τ ∗∗τ∗)

1
2

 ä�Ô�ù,Ñ�ä�Ñ�Ü	Ï#ã ñ Û�Ó	Ó	Ú1åÝÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï Ù
L2(e)

í
V : L2(e) → L2(µ)

 æFÔ�ä�Ð�Ø	æ	Ó2Ñ Ø â Ñ�ù,Û�Ð�Ï	Ø	æ2Û�ä�Þ	Ø	å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�ð \Qù,Û�Û�ù τ∗∗ = SV ∗ ð MUÐ�ä�ûUé
×�Ô

S = τ∗∗V = τV = ieTV
ðóMUÜ2Û�ÏFÔ�Ð�Ñ�Ï

ieT
Þ�Ñ�ù4ÜFÔ�Þ	Ð�Û�ÓúÜ2Ñ�ù,Û�Ï2Û�ð 
�ÓFÔ�æ	Ø	Ð�í

S
Þ�Ñ�ù4ÜFÔ�Þ	Ð�Û�Ó

Ü2Ñ�ù,Û�Ï2Û�ð�NQÑ�Þ'Ô ñ Û�ù1í�æ	Ð�Ñ 0 ∈ σc(S)
ð�N`Ï2Û ×2Ü2Ñ�ÕFÑ ñ Ø2ù Ü	Ï2Ñ�Ð�Ø	Ù�Ó2Ñ�Û�ð g Ñ�Ò�×�Ô�ÏFÔ â ù,Û�Ï	Ó2Ñ�ä�Ð�Ö�Ü2Ñ�×	é

Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
kerS

Þ�Ñ�Ó2Û�æ	ÓFÔ'í â ×FÛ�ä�Ö kerS = {g : g ∈ L2(e), Sg = 0} í[Økù,Ñ ñ Ó2Ñ ä�æ	Ø	Ð�Ô�Ð�Ö2íæ	Ð�Ñ
kerS = {0} � Ù�Ü	Ï2Ñ�Ð�Ø	Ù�Ó2Ñ�ùÝä Õ2þ�æFÔ�Û<×FÑ�ä�Ð�Ô�Ð�Ñ�æ	Ó2Ñ�Ü2Û�Ï2Û�å	Ð�Ø Þ Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	þ

S + P
í}Ò�×FÛ

P


Ñ�Ï	Ð�Ñ�Ü	Ï2Ñ�Û�Þ	Ð�Ñ�ÏóÓFÔ
kerS

D ðz\ â kerS = {0} Ø 0 /∈ σc(S)
ä ÕFÛ ×2þ�Û�Ð�í4æ	Ð�Ñwä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐmÑ�ò�ÏFÔ�Ð�Ó	Ú1å

Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
S−1 : L2(e)→ DS ⊂ L2(e)

Ø � Ð�Ñ�ÐQÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï<Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó�ð,h6Ñ â Ö�ù,Û�ù�Õ2û`ò�þ�û Ñ�Ï	Ð�Ñ�Ó2Ñ�Ï'é
ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	þ�û ÏFÔ�Ù�Ó2Ñ�ù,Û�Ï	Ó2Ñ�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	þ�û Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö {ϕn} ⊂ L2(e)

ðeh>Þ'Ô�æ2Û�ä�Ð�Ù�Û
{ϕn}

ù,Ñ ñ Ó2ÑeÙ�Ú�ò�ÏFÔ�Ð�Öóä�Ø2ä�Ð�Û�ù4þúÑ�ò�Ñ�ò�ø�Û�Ó	Ó	Ú6ß üQþ�Ó	Þ	÷	Ø	å P4Ô�×FÛ�ù[Ô�ß#Û�ÏFÔ {rn,e}
í6Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ó	Ú6ß

ÓFÔ
e
ë ô�ï � ä�ù1ðUÐ�Ô�Þ ñ Û�ë � í ��ð}ì�ì�õ�ì�î�ï D ðaZQÛ�Ð�Ï	þ�×2Ó2ÑqÜ	Ï2Ñ�Ù�Û�Ï	Ø	Ð�Ö2í@æ	Ð�Ñ {ϕn}

Ó2Û!ä�Ñ�×FÛ�Ï ñ Ø	ÐHÜ2Ñ�×2Ü2Ñ�ä ÕFÛ é
×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Û�å�í6ä�ß#Ñ�×2ã'ø!Ø'ß#ä�ãkÜ2Ñmù,Û�Ï2Û�ÓFÔ

e
ð P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù>üQþ�Ó	Þ	÷	Ø	Ø

fn = S−1ϕn
ð \Qù,Û�Û�ù

‖fn‖ 6 ‖S−1‖‖ϕn‖ = ‖S−1‖ í ‖Sfn‖ = ‖ϕn‖ = 1
í
n = 1, 2, . . .

\ â Þ�Ñ�ù4ÜFÔ�Þ	Ð�Ó2Ñ�ä�Ð�ØkÜ2Ñáù,Û�Ï2Û
Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

S
Ù�Ú1Ð�Û�Þ'Ô�Û�Ð�í,æ	Ð�ÑwÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö {ϕn} = {Sfn}

Þ�Ñ�ù4ÜFÔ�Þ	Ð�ÓFÔáÜ2Ñáù,Û�Ï2Û�í4æ	Ð�Ñ	í
Þ'Ô�ÞúÑ�Ð�ù,Û�æFÔ�ÕFÑ�ä�Ö Ù�Ú1à�Û�í[Ó2Û�Ù�Ñ â ù,Ñ ñ Ó2Ñ	ð 
�ÓFÔ�æ	Ø	Ð�í

0 ∈ σc(S)
ðeg Ñ�Ò�×�Ô�ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð Ñ�Ï	Ð�Ñ�Ó2Ñ�Ï2ù4Ø'é

Ï2Ñ�Ù#Ô�Ó	ÓFÔ�ã ä�Ø2ä�Ð�Û�ù[Ô {hn} ⊂ L2(e)
Ð�Ô�Þ'Ô�ãIí�æ	Ð�Ñ

Shn → 0
ð NQÑ�ÕFÑ ñ Ø	Ù h̃n = χehn

í6Ü2Ñ�Õ2þ�æ	Ø2ù
T ∗h̃n = T ∗Pehn = τ∗hn = V Shn → 0

ð,g}Ô�Þ	Ø2ù Ñ�ò�ÏFÔ â Ñ�ù1í 0 ∈ σc(T ∗)
ð
BN`þ�ä�Ð�Ö

L0(µ) ··= L0(X,µ)
 Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ Ù�ä�Û ß Þ'Õ�Ô�ä�ä�Ñ�Ù

µ
é � Þ	Ù�Ø	Ù#Ô�Õ�Ô�Û�Ó	Ð�Ó	Ú6ß

µ
é Ø â ù,Û é

Ï	Ø2ù4Ú6ß
µ
é Ü2Ñ�æ	Ð�ØOÙ�ä�û6×2þiÞ�Ñ�Ó2Û�æ	Ó	Ú6ßOüQþ�Ó	Þ	÷	Ø	åOÓFÔ

X
Ø
L0(X × X,µ × µ)

 Ô�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñ�Û
Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ð MUÜ2Û�ÏFÔ�Ð�Ñ�Ï

K : DK ⊂ L2(µ) → L2(µ)
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �2�2�S���ê����������� � í�Û�ä Õ2Ø

ä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐqüQþ�Ó	Þ	÷	Ø	ã
K ∈ L0(X ×X,µ× µ)

Ð�Ô�Þ'Ô�ãIí2æ	Ð�Ñ�×	Õ2ã�Ù�ä�Û ß
f ∈ DK

Kf(s) =

∫

X

K(s, t)f(t) dµ(t) (1)

×	Õ2ãHÜ2Ñ�æ	Ð�ØwÙ�ä�Û ß
s ∈ X ð[\`Ó	Ð�Û�Ï	Ù#Ô�Õ�Ù � ì�D�Ü2Ñ�Ó	Ø2ù[Ô�Û�Ð�ä�ãwÙSÕFÛ�ò�Û�Ò�Ñ�Ù�Ñ�ù ä�ù4Ú�ä ÕFÛ�ð �Wþ�Ó	Þ	÷	Ø	ã K(s, t)ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �2����� � �2�2�S���ê���������2�����`���F�«�����������

K
ð ��þ�×FÛ�ù�Ò�Ñ�Ù�Ñ�Ï	Ø	Ð�Ö2í�æ	Ð�Ñ`ã�×2Ï2Ñ

K(s, t)
Ü2Ñ�Ï2Ñ ñ é

×�Ô�Û�Ð<Ø	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
K
Ü2Ñ<ü�Ñ�Ï2ù4þ�ÕFÛ � ì�D ð

\ â Ð�Û�Ñ�Ï2Û�ù4Ú>ìQØHÙwë � í	Ð�Û�Ñ�Ï2Û�ù4Ú � ð ÿ'ð î�ï Ù�Ú1Ð�Û�Þ'Ô�Û�Ðzä ÕFÛ ×2þ�ûaøSÔ�ã
��|#t �}|��ar : B �  2�����

K : DK ⊂ L2(µ) → L2(µ) �
0	� - ��$ -�- 0#" �¦� ���@��$	$	/1���	$@��� � "�������$	/1�

- 0@�¦"���� - " * ���¦"��
µ σ

� � - $@����$����ó$@�!�'
���������� � ���@��� - ��� - �4��������� - � 5 �6���	�
K
0#" - � - �	�S������� �

� - �	�	$@���	$ -���- �	$@��� � "�������$ -���-z- 0@�¦"���� - "��
K̃ : L2(µ)→ L0(µ)

* � -
0 ∈ σc(K∗)

5
h1Ô ñ Ó	Ú�ù Ü	Ï	Ø2ù,Û�Ï2Ñ�ùóØ	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó2Ñ�Ò�Ñ<Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ'í	Ü	Ï2Ñ�×FÑ�Õ ñ Ô�Û�ù,Ñ�Ò�Ñ<ÓFÔ�Ù�ä�Û L2(µ)

� ä�Ñ â ÓFÔ�æ2Û é
Ó	Ø	ã	ù4ØwÙ

L0(µ)
D íFù,Ñ ñ Û�Ðzä Õ2þ ñ Ø	Ð�ÖqØ	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó	Ú1åmÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�äQã�×2Ï2Ñ�ù K(s, t)

í	þ�×FÑ�Ù�ÕFÛ�Ð�Ù�Ñ�Ï#ã'ûUé
ø!Ø2ùóþ�ä ÕFÑ�Ù�Ø	û ��Ô�Ï'ÕFÛ�ù[Ô�ÓFÔ

∫

X

|K(s, t)|2 dµ(t) <∞

×	Õ2ã�Ü2Ñ�æ	Ð�ØáÙ�ä�Û ß
s ∈ X ðZQÛ�Þ'Ô ñ ×2Ú1åmÜ'ÕFÑ�Ð�Ó2ÑzÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ó	Ú1å â Ô�ù4Ú1Þ'Ô�Û�ù4Ú1åmØ	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�Ù L2(µ)

Ü	Ï2Ñ�é
×FÑ�Õ ñ Ô�Û�Ð�ä�ãáÓFÔ�Ù�ä�Û L2(µ)

ä�Ñ â ÓFÔ�æ2Û�Ó	Ø	ã	ù4Ø�Ù L0(µ)
ä�ä�Ñ�ß'ÏFÔ�Ó2Û�Ó	Ø2Û�ù Ø	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó2Ñ�ä�Ð�Ø�ð�j�Ñ�Ñ�Ð�Ù�Û�Ð�é

ä�Ð�Ù�þ�ûaø!Ø	åHÜ	Ï	Ø2ù,Û�ÏáÜ2Ñ�ä�Ð�Ï2Ñ�Û�ÓwÙáë ö�ï«ð



ô � ; - " - ��� - 
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h ë ÿ�ï'Ü2Ñ�Þ'Ô â Ô�Ó2Ñ	í�æ	Ð�ÑUÓ2Û�Ñ�ò�ß#Ñ�×2Ø2ù4Ú�ù�ØW×FÑ�ä�Ð�Ô�Ð�Ñ�æ	Ó	Ú�ù�þ�ä ÕFÑ�Ù�Ø2Û�ù�Ü	Ï2Ñ�×FÑ�Õ ñ Ø2ù,Ñ�ä�Ð�Ø<Ø	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�é
Ó2Ñ�Ò�Ñ�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

T : DT ⊂ L2(µ) → L2(µ)
äzã�×2Ï2Ñ�ù

K(s, t)
×FÑ�Ø	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó2Ñ�Ò�ÑeÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

Ø â L2(µ)
Ù
L0(µ)

ã'Ù�Õ2ã	Û�Ð�ä�ãwä�þ�ø�Û�ä�Ð�Ù�Ñ�Ù#Ô�Ó	Ø2Û�Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�å�üQþ�Ó	Þ	÷	Ø	Ø a ∈ L0(µ)
Ð�Ô�Þ�Ñ�å�í2æ	Ð�Ñ

∫

X

|K(s, t)|a(s) dµ(s) ∈ L2(µ).

N`Ï	Ø	Ù�Û ×FÛ�ùiÜ	Ï	Ø'ÕFÑ ñ Û�Ó	Ø2Û�Ð�Û�Ñ�Ï2Û�ù4Ú ì<Þ�Õ2Ø	Ó2Û�å	Ó	Ú�ùÝüQþ�Ó	Þ	÷	Ø2Ñ�ÓFÔ�Õ2Ö�Ó	Ú�ùiþ�ÏFÔ�Ù�Ó2Û�Ó	Ø	ã	ùfì é Ò�ÑwØ
î�é Ò�ÑSÏ2Ñ�×FÑ�Ùzä`Ó2Û�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú�ù4ØmÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ�ù4Ø�ð�P4Ô�ä�ä�ù,Ñ�Ð�Ï	Ø2ù þ�ÏFÔ�Ù�Ó2Û�Ó	Ø2Û

αx(s)− λTx(s) = f(s), (2)

Ò�×FÛ
f ∈ L2(µ)

í
α
Ø
λ

Yæ	Ø2ä ÕFÑ�Ù�Ú�ÛWÜFÔ�ÏFÔ�ù,Û�Ð�Ï	Ú�í
T : DT ⊂ L2(µ) → L2(µ)

YÜ'ÕFÑ�Ð�Ó2ÑqÑ�Ü	Ï2Û ×FÛ é
ÕFÛ�Ó	Ó	Ú1åáæFÔ�ä�Ð�Ø	æ	Ó2ÑSÞ�Ñ�ù4ÜFÔ�Þ	Ð�Ó	Ú1å�Ü2Ñ<ù,Û�Ï2Û`Õ2Ø	Ó2Û�å	Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�í2Ï2Û�à�Û�Ó	Ø2Û

x
Ø	ø�Û�Ð�ä�ãHÙ

DT
ð

Z`Ø ñ Ûa×FÑ�Þ'Ô â Ú1Ù#Ô�Û�Ð�ä�ãHÐ�Û�Ñ�Ï2Û�ù[Ô!ÑWÏ2Û ×2þ�Þ	÷	Ø	Ø�þ�ÏFÔ�Ù�Ó2Û�Ó	Ø	ã � î%D[Þ�ò�Ñ�ÕFÛ�ÛUÜ	Ï2Ñ�ä�Ð�Ñ�ù4þ � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�é
Ó2Ñ�ù4þSØ	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó2Ñ�ù4þ<þ�ÏFÔ�Ù�Ó2Û�Ó	Ø	û�í#ÞqÞ�Ñ�Ð�Ñ�Ï2Ñ�ù4þ<Ü	Ï	Ø2ù,Û�Ó	Ø2ù4Ú ÏFÔ â Õ2Ø	æ	Ó	Ú�ÛUÐ�Ñ�æ	Ó	Ú�Û�Ø'Õ2ØqÜ	Ï	Ø2ò�Õ2Ø'é
ñ Û�Ó	Ó	Ú�Ûzù,Û�Ð�Ñ�×2ÚfÏ2Û�à�Û�Ó	Ø	ãIð�h ü�Ñ�Ï2ù4þ�Õ2Ø	Ï2Ñ�Ù�Þ�Û � Ð�Ñ�åeÐ�Û�Ñ�Ï2Û�ù4ÚfÓFÔ�ù Ü2Ñ�ÓFÔ�×FÑ�ò�ã'Ð�ä�ãóä ÕFÛ ×2þ�ûaø!Ø2Û
Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ãIð

��� *-0�� 0�� 0��<,<0 1�3 N`þ�ä�Ð�Ö
(Y, ν)

ÝÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�ÑWä
σ
é Þ�Ñ�Ó2Û�æ	Ó2Ñ�åqÜ2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�åzù,Û�Ï2Ñ�å ν í

L2(ν) ··= L2(Y, ν)
í |||·||| í 〈·, ·〉  Ó2Ñ�Ï2ù[ÔáØ ä�Þ'Ô�Õ2ã'Ï	Ó2Ñ�Û�Ü	Ï2Ñ�Ø â Ù�Û ×FÛ�Ó	Ø2Û�Ù L2(ν)

ðmMUÜ2Û�ÏFÔ�Ð�Ñ�Ï
J :

L2(ν)→ L2(ν)
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �2���«����� � í'Û�ä Õ2Ø

Jh =

∞∑

n=1

〈h, gn〉hn, h ∈ L2(ν), (3)

Ò�×FÛ {gn}
í {hn} ⊂ L2(ν)

Ø
∞∑

n=1

|||gn||| · |||hn||| <∞. (4)

� ���«���2�(&á�2�����Q�(& Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ
J
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ãwæ	Ø2ä ÕFÑ

‖J‖1 = inf

∞∑

n=1

|||gn||| · |||hn|||,

Ò�×FÛ[Ø	Ó2üQØ2ù4þ'ùáò�Û�Ï2Û�Ð�ä�ã�Ü2Ñ�Ù�ä�Û�Ù�Ñ â ù,Ñ ñ Ó	Ú�ù {gn}
í {hn}

í�þ�×FÑ�Ù�ÕFÛ�Ð�Ù�Ñ�Ï#ã'ûaø!Ø2ù � � D@Ø�þ�æFÔ�ä�Ð�Ù�þ�ûaø!Ø2ù
Ù � ô%D ð �`ä�Ó2Ñ	í	æ	Ð�Ñ ‖J‖ 6 ‖J‖1

í'Ò�×FÛ ‖J‖ ^Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	ÓFÔ�ãwÓ2Ñ�Ï2ù[Ô
J
ð

�U×FÛ�Ï	Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ïáã'Ù�Õ2ã	Û�Ð�ä�ãwØ	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó	Ú�ù1í�Û�Ò�Ñ�ã�×2Ï2Ñ
J(ξ, η)

Ü	Ï	Ø	ÓFÔ�×	ÕFÛ ñ Ø	ÐzÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó'é
ä�Ð�Ù�þ

L2(Y × Y, ν × ν)
ØHØ2ù,Û�Û�Ð<Ù�Ø'×

J(ξ, η) =
∞∑

n=1

hn(ξ) gn(η), (5)

Ò�×FÛ�Ï#ã�×�Ù � ö%D�ä�ß#Ñ�×2Ø	Ð�ä�ãSÞ
J(ξ, η)

Ù`ä�Ø'Õ2þ � � D Ô�ò�ä�Ñ�Õ2ûaÐ�Ó2ÑaÜ2ÑUÓ2Ñ�Ï2ù,Û
L2(Y ×Y, ν×ν)

ØSÔ�ò�ä�Ñ�Õ2ûaÐ�Ó2Ñ
(ν × ν) é Ü2Ñ�æ	Ð�ØáÙ�ä�û6×2þzÙ Y × Y ð

��� *-0�� 0�� 0��<,<0 453 N`þ�ä�Ð�Ö {ϕn} ⊂ L2(ν)
í {en}

 Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�ÖáÜ2Ñ�ÜFÔ�Ï	Ó2ÑzÓ2Û�Ü2Û�Ï2Û é
ä�Û�Þ'Ô�ûaø!Ø'ß#ä�ãáù4Ó2Ñ ñ Û�ä�Ð�ÙzØ â Y ä`Þ�Ñ�Ó2Û�æ	Ó	Ú�ù4Ø�Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó	Ú�ù4Ømù,Û�ÏFÔ�ù4Ø�ð �Wþ�Ó	Þ	÷	Ø	û

H(ξ, η) =

∞∑

n=1

χen(ξ)√
νen

ϕn(η)

ÓFÔ â Ñ�Ù�Û�ù �#��� ��F� ������� �����2��� �f�������F�¨�Q���2�����������O�2����� � ð
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L2

ô�ç

��|#t �}|��ar �IB �  2�����H���¦"�/
µ
*
ν
$@���'
����
�W��� � ���@��� - ��� - �4���������	�2�4���

σ
� � - $@����$	/ *

L2(µ)
*

L2(ν) �
����0���"��%��������$	/`�<0#" - ��� "���$@����
�� *U- 0@�¦"���� - "

T

w #"���
�$@��$	�	�

(2)
 �� - 
��@����
 - "������H
'�����

 2��� - 
����	� ��� - " ���4/
1
�S����4/1�	����� 5�+�-�� ���6�����!�	� � -���-

ε > 0
� - �S$ - 0 - ��� " - �@���Q$@�[���
��@� � 	!�	�

- �
α
*
λ
�
f
 	$	�@����"�$	/1� - 0@�¦"���� - "

U : L2(µ) → L2(ν)
* 0#"��	
 - � � 	!�	�w #"���
�$@��$	�@�

(2)
�������$ - �

y = Ux
*
g = Uf

� � �	
��	
����@��$@��$ - �  á�	$@��� � "�������$ - �  w #"���
�$@��$	�	�

αy(ξ)− λ
∫

Y

[
N(ξ, η) + C(ξ, η)

]
y(η) dν(η) = g(ξ), (6)

� � �
C(ξ, η) � �	
�����	
�/�" - �W� ��$	$ - ���	��"��@������$ - 
'��� - � ���	" -�* �1 	$	� �	��� N(ξ, η)

0 - " - �W������� ��� �¦" �
$	/1� - 0@�¦"���� - "m


L2(ν)
� ��� �¦"�$ - �w$ - "@� - ������$�� �q��� * �����

ε
5

C
N`Ï2Û ×Fä�Ð�Ô�Ù�Ø2ù ä�Ü2Ñ�ù,Ñ�ø!Ö�ûýÜ2Ñ�Õ2ã'Ï	Ó2Ñ�Ò�ÑzÏFÔ â ÕFÑ ñ Û�Ó	Ø	ãkëKì ï â Ô�ù4Þ	Ó	þ�Ð�Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï T ∗ ÙqÙ�Ø'×FÛ

T ∗ =WL
í�Ò�×FÛ

L
>ä�Ô�ù,Ñ�ä�Ñ�Ü	Ï#ã ñ Û�Ó	Ó	Ú1åwÓ2Û�Ñ�Ð�Ï	Ø	÷FÔ�Ð�Û Õ2Ö�Ó	Ú1åHÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�Ù L2(µ)

í
W

ýæFÔ�ä�Ð�Ø	æ	Ó2Ñ
Ø â Ñ�ù,Û�Ð�Ï	Ø	æ2Û�ä�Þ	Ø	å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏóÙ L2(µ)

ðmNQÑáÐ�Û�Ñ�Ï2Û�ù,Ûmì
0 ∈ σc(T

∗)
ð MUÐ�ä�û6×�Ô�Ø Ø â L = W ∗T ∗

ä ÕFÛ ×2þ�Û�Ð�í2æ	Ð�Ñ
0 ∈ σc(L)

ð
N`þ�ä�Ð�Ö {Eλ}

 ä�Ü2Û�Þ	Ð�ÏFÔ�Õ2Ö�Ó2Ñ�Ûwä�Û�ù,Û�å2ä�Ð�Ù�Ñ�Ó2Û�Ñ�Ð�Ï	Ø	÷FÔ�Ð�Û Õ2Ö�Ó2Ñ�Ò�Ñeä�Ô�ù,Ñ�ä�Ñ�Ü	Ï#ã ñ Û�Ó	Ó2Ñ�Ò�Ñ Ñ�Ü2Û�ÏFÔ�é
Ð�Ñ�ÏFÔ

L
í
H0 = kerL

í
Hn = (E1/n − E1/n+1)L2(µ)

í
Gn = (En+1 − En)L2(µ)

ðkb4×�Ô�Õ2Ø	ÙeØ â
ä�Ñ�Ù�Ñ�Þ	þ�Ü	Ó2Ñ�ä�Ð�Ø Ü2Ñ�×2Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù

H0
í
Hn

í
Gn
í
n = 1, 2, . . .

í�ä�Ñ�Ù�ÜFÔ�×�Ô�ûaø!Ø2Ûmä {0} � Û�ä Õ2Ø Ð�Ô�éÞ�Ñ�Ù�Ú�Û�Ø2ù,Û�ûaÐ�ä�ã	D í[Ü2Ñ�Õ2þ�æ	Ø2ùOä�Û�ù,Û�å2ä�Ð�Ù�ÑmÜ	Ï	Ø	ÓFÔ�×	ÕFÛ ñ Ô�ø!Ø'ß DL
Ü2Ñ�ÜFÔ�Ï	Ó2ÑmÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó	Ú6ßkÜ2Ñ�×	é

Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù2í4Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�ÓFÔ�ãeä�þ'ù,ù[Ô�Þ�Ñ�Ð�Ñ�Ï	Ú6ß�ÏFÔ�Ù�ÓFÔ
L2(µ)

ð<NQÑ�ä�Ð�Ï2Ñ�Ø2ù Ø â � ÕFÛ�ù,Û�Ó	Ð�Ñ�Ù � Ð�Ø'ß
Ü2Ñ�×2Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù Ñ�Ï	Ð�Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú1å ò�Ô â Ø2ä {un}

Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
L2(µ)

ð �1Ô â Ø2ä {un}
Ü	Ï	Ø'é

ÓFÔ�×	ÕFÛ ñ Ø	Ð DL = DT ∗

Ø�ä�Ñ�×FÛ�Ï ñ Ø	ÐwÙ�ä�Ø'Õ2þ 0 ∈ σc(L)
Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö {zn}

í�Þ�Ñ�Ð�Ñ�Ï	þ�û
LÑ�Ð�Ñ�ò�ÏFÔ ñ Ô�Û�ÐzÙ<ä�ß#Ñ�×2ã'ø!þ�û`ä�ãwÞ 0

Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö2ð6\Qù,Û�Û�ù
T ∗zn =WLzn → 0

ð

IÔ�üQØ	Þ�ä�Ø	Ï	þ�Û�ù

ε > 0
ØýÙ�Ú�ò�Û�Ï2Û�ù Ü2Ñ�×2Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö {vn} ⊂ {zn}

Ð�Ô�Þ�í<æ	Ð�Ñ�ò�Ú
∑∞

n=1 ‖T ∗vn‖ < ε
ðfNQÑ�ÕFÑ ñ Ø2ù {wn} = {un} \ {v2n}

Ø Ñ�Ü	Ï2Û ×FÛ Õ2Ø2ù^þ�Ó	Ø	Ð�Ô�Ï	Ó	Ú1åiÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
U : L2(µ)→ L2(ν)

ÏFÔ�Ù�Û�Ó2ä�Ð�Ù#Ô�ù4Ø

Uwn =
χen√
νen

, Uv2n = e⊥n , n = 1, 2, . . . ,

Ò�×FÛ {e⊥n }
ÝÑ�Ï	Ð�Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú1åqò�Ô â Ø2ä1Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ò�Ñ`×FÑ�Ü2Ñ�Õ2Ó2Û�Ó	Ø	ã�Þ â Ô�ù4Þ	Ó	þ�Ð�Ñ�å�Õ2Ø	Ó2Û�å	Ó2Ñ�å

Ñ�ò�Ñ�ÕFÑ�æ	Þ�ÛaÑ�Ï	Ð�Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�åHÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ø {χen/
√
νen}

ð 
F×FÛ�ä�Ö {en}  Ü	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�é
ÓFÔ�ãwÜ2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�ÖHÜ2Ñ�ÜFÔ�Ï	Ó2ÑqÓ2ÛQÜ2Û�Ï2Û�ä�Û�Þ'Ô�ûaø!Ø'ß#ä�ãmù4Ó2Ñ ñ Û�ä�Ð�ÙHØ â Y äQÞ�Ñ�Ó2Û�æ	Ó	Ú�ù4ØmÜ2Ñ�ÕFÑ�é
ñ Ø	Ð�Û Õ2Ö�Ó	Ú�ù4Ømù,Û�ÏFÔ�ù4Ø�ðUMaò�Ñ â ÓFÔ�æ	Ø	Ù�æ2Û�Ï2Û â 〈·, ·〉 ä�Þ'Ô�Õ2ã'Ï	Ó2Ñ�ÛWÜ	Ï2Ñ�Ø â Ù�Û ×FÛ�Ó	Ø2Û!Ù L2(ν)

ØwÏFÔ â Õ�Ô�Ò�Ô�ã
� ÕFÛ�ù,Û�Ó	Ð�Ú

UTU−1h
ÙáÏ#ã�×óÜ2ÑáÑ�Ï	Ð�Ñ�Ó2Ñ�Ï2ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ó2Ñ�ù4þóò�Ô â Ø2ä�þ {e⊥n , χen/

√
νen}

Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô
L2(ν)

í	Ü2Ñ�Õ2þ�æ	Ø2ù
UTU−1 = N + C

í'Ò�×FÛ�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
N
Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�Ð�ä�ãáÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ�ù

Nh =

∞∑

n=1

〈
UTU−1h, e⊥n

〉
e⊥n =

∞∑

n=1

〈
h,UT ∗v2n

〉
e⊥n ,

Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
C
Ü	Ï2Û ×Fä�Ð�Ô�Ù�Õ2ã	Û�Ð�ä�ã�ÙSÙ�Ø'×FÛ

Ch =

∞∑

n=1

〈
UTU−1h,

χen√
νen

〉
χen√
νen

=

∞∑

n=1

〈
h,UT ∗wn

〉 χen√
νen

.

h ä�Ø'Õ2þ ∑∞
n=1 ‖T ∗v2n‖ < ε

Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
N
ã�×FÛ�Ï	Ó	Ú1åwØwÛ�Ò�Ñ�ã�×FÛ�Ï	ÓFÔ�ãHÓ2Ñ�Ï2ù[ÔSù,Û�Ó	Ö�à�Û�í	æ2Û�ù

ε
ð,g}Ô�Þ

Þ'Ô�Þmù4Ó2Ñ ñ Û�ä�Ð�Ù#Ô en
Ü2Ñ�ÜFÔ�Ï	Ó2ÑqÓ2ÛWÜ2Û�Ï2Û�ä�Û�Þ'Ô�ûaÐ�ä�ãIí�Ð�Ñ

C
^Ø	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�ä�Þ	Ù#Ô â Ø	Ù�Ú6é

Ï2Ñ ñ ×FÛ�Ó	Ó	Ú�ù Þ'Ô�Ï'ÕFÛ�ù[Ô�Ó2Ñ�Ù�ä�Þ	Ø2ù ã�×2Ï2Ñ�ù

C(ξ, η) =
∞∑

n=1

χen(ξ)√
νen

(UT ∗wn)(η).
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j[×FÛ Õ�Ô�ÙqÙ � î%D â Ô�ù,Û�Ó	þ y = Ux
í	ò�þ�×FÛ�ùóØ2ù,Û�Ð�Ö

αU−1y − λTU−1y = f.

N`Ï	Ø2ù,Û�Ó	Ø2ùúÞáÑ�ò�Û�Ø2ùkæFÔ�ä�Ð�ã	ù � Ð�Ñ�Ò�ÑSþ�ÏFÔ�Ù�Ó2Û�Ó	Ø	ãáÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
U
ð[g Ñ�Ò�×�Ô

αy − λUTU−1y = Uf = g.

MUÐ�ä�û6×�ÔSØHØ â UTU−1 = N + C
Ü2Ñ�Õ2þ�æ	Ø2ùkþ�ÏFÔ�Ù�Ó2Û�Ó	Ø2Û � ÿ%D ð

B
X[ä Õ2ØáÙ � ÿ%D

α = 0
í	Ð�Ñ	í	þ'ù4Ó2Ñ ñ Ø	ÙqÑ�ò�Û�Û�Ò�ÑSæFÔ�ä�Ð�ØwÓFÔ�üQþ�Ó	Þ	÷	Ø	û

χe0 +
∞∑

n=1

2−n 1

‖T ∗wn‖+ 1
χen ,

Ò�×FÛ
e0 = Y \⋃∞

n=1 en
íFÜ	Ï	Ø'×FÛ�ù Þ � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó2Ñ�ù4þ�Ø	Ó	Ð�Û�Ò�ÏFÔ�Õ2Ö�Ó2Ñ�ù4þ�þ�ÏFÔ�Ù�Ó2Û�Ó	Ø	û �WÏ2Û ×2Ò�Ñ�Õ2Ö�ù[Ô

ì é Ò�Ñ�Ï2Ñ�×�Ô�ä!ã�×FÛ�Ï	Ó	Ú�ù Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ù1ð � Ð�Ô�Þ�Ñ�ù4þ�þ�ÏFÔ�Ù�Ó2Û�Ó	Ø	ûfÜ	Ï	Ø2ù,Û�Ó	Ø2ù4ÚýÐ�Û�Ñ�Ï2Û�ù[Ô�N`Ø	Þ'Ô�ÏFÔ�ë � í
ä�ð@ì�è�î�ï�Ø�Ï2Û�Ò�þ�Õ2ã'Ï	Ø â Ô�÷	Ø2Ñ�Ó	Ó	Ú�Û�ù,Û�Ð�Ñ�×2Ú Ï2Û�à�Û�Ó	Ø	ãIí'ÓFÔ�Ü	Ï	Ø2ù,Û�Ï�í2ù,Û�Ð�Ñ�×á_!ð�ZSð	g6Ø'ß#Ñ�Ó2Ñ�Ù#Ô�ë � í'Ò�Õ ð � í
Ü�ð � ð ô�ï«ð

N`þ�ä�Ð�Ö Ù � ÿ%D
α 6= 0

ð h�Ú�ò�Û�Ï2Û�ù Ù Ð�Û�Ñ�Ï2Û�ù,Û^ô
ε < |α|

|λ|

ð 
IÔ�Ü	Ø2ä�Ô�Ù � ÿ%D Ù Ù�Ø'×FÛ

α(1 − λ
αN)y − λCy = g

Ø ä�×FÛ Õ�Ô�Ù â Ô�ù,Û�Ó	þ z = Fλy
í6Ò�×FÛ

Fλ = 1 − λ
αN

í6Ü2Ñ�Õ2þ�æ	Ø2ù � Þ	Ù�Ø	Ù#Ô�é
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1. Introduction

In this paper we consider some properties of bounded linear operators on injective Banach
lattices using a Boolean-valued transfer principle from AL-spaces to injective Banach lattices
stated in Kusraev [1]. In Section 2 we collect some Boolean valued representation results
for Banach lattices and regular operators (Theorems 2.2, 2.4, and 2.5). In Section 3 we
present a Daugavet type equation (Theorem 3.5 and Corollary 3.9) and a Daugavet type
inequality (Theorem 3.8) for operators on injective Banach lattices. Section 4 deals with the
problem when the spaces of regular (Theorem 4.4), cyclically compact (Theorem 4.7), and
cone B-summing (Theorem 4.10) operators are injective Banach lattice.

Recall some basic definitions. A real Banach lattice X is said to be injective if, for
every Banach lattice Y , every closed vector sublattice Y0 ⊂ Y , and every positive linear
operator T0 : Y0 → X there exists a positive linear extension T : Y → X of T0 with
‖T0‖ = ‖T‖. A Dedekind complete AM -space with unit (Abramovich [2] and Lotz [3]) as
well as an AL-space (Lotz [3]) is an injective Banach lattice, see Meyer–Nieberg [4].

We denote by P(X) the Boolean algebra of all band projections on a vector lattice X.
A crucial role in the structure theory of injective Banach lattice plays the concept of
M -projection. A band projection π in a Banach lattice X is called an M -projection if
‖x‖ = max{‖πx‖, ‖π⊥x‖} for all x ∈ X, where π⊥ := IX − π. The set M(X) of all
M -projections in X forms a Boolean subalgebra of P(X). Haydon [5] proved that an in-
jective Banach lattice X is an AL-space if and only if M(X) = {0, IX}.

In what follows X and Y denote Banach lattices, while L (X,Y ) and L r(X,Y ) stand
respectively for the spaces of bounded and regular operators from X into Y and ‖T‖r stands
for the regular norm of T ∈ L r(X,Y ), i. e., ‖T‖r := ‖ |T | ‖. Throughout the sequel B is

�© � �"!$# Rw*,<�!$4/%A9QG ¹ � ¹
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a complete Boolean algebra with unit � and zero O, while Λ:= Λ(B) is a Dedekind complete
AM -space with unit such that B ' P(Λ); in this event B and P(Λ) are identified with � taken
as the unit both in B and P(Λ). A partition of unity in B is a family (bξ)ξ∈Ξ ⊂ B such that∨

ξ∈Ξ bξ = � and bξ ∧ bη = O whenever ξ 6= η.
For the theory of Banach lattices and positive operators we refer to the books Meyer–

Nieberg [4] and Aliprantic and Burkinshaw [6]. The needed information on the theory of
Boolean-valued models is briefly presented in Kusraev [7, Chapter 9] and Kusraev and Ku-
tateladze [8, Chapter 1]; details may be found in Bell [9], Kusraev and Kutateladze [10],
Takeuti and Zaring [11]. We let := denote the assignment by definition, while � , � , and �
symbolize the naturals, the rationals, and the reals.

2. Boolean Valued Representation

In this section we present some Boolean valued representation results needed in the sequel.
Assume that X is a Banach lattice and B is a complete subalgebra of a complete Boolean
algebra B(X) consisting of projection bands and denote by B the corresponding Boolean
algebra of band projections. We will identify P(Λ) and B.

Definition 2.1. If (bξ)ξ∈Ξ is a partition of unity in B and (xξ)ξ∈Ξ is a family in X, then
there is at most one element x ∈ X with bξxξ = bξx for all ξ ∈ Ξ. This element x, if existing,
is called the mixing of (xξ) by (bξ). Clearly, x = o-

∑
ξ∈Ξ bξxξ. A Banach lattice X is said to

be B-cyclic or B-complete if the mixing of every family in the unit ball U(X) of X by each
partition of unity in B (with the same index set) exists in U(X).

A Banach lattice (X, ‖·‖) is B-cyclic with respect to a complete Boolean algebra B of band
projections on X if and only if there exists a Λ(B)-valued norm · on X such that (X, · ) is
a Banach–Kantorovich space, |x| 6 |y| implies x 6 y for all x, y ∈ X, and ‖x‖ = ‖ x ‖∞
(x ∈ X), see Kusraev and Kutateladze [8, Theorems 5.8.11 and 5.9.1].

Theorem 2.2. A restricted descent of a Banach lattice from the model V(B) is a B-cyclic

Banach lattice. Conversely, if X is a B-cyclic Banach lattice, then in the model V(B) there

exists up to the isometric isomorphism a unique Banach lattice X whose restricted descent

X ⇓ is isometrically B-isomorphic to X. Moreover, B = M(X) if and only if [[there is no

M -projection in X other than 0 and IX ]] = � .
C See Kusraev and Kutateladze [8, Theorem 5.9.1]. B

Definition 2.3. The elements X ∈ V
(B) in Theorem 2.2 and T ∈ V

(B) in Theorem 2.4
below are said to be the Boolean valued representations of X and T , respectively.

Denote by L r
B
(X,Y ) the space of all regular B-linear operators from X to Y equipped

with the regular norm ‖T‖r := inf{‖S‖ : S ∈ LB(X,Y ), ±T 6 S}. Let X and Y be
the Boolean valued representations of B-cyclic Banach lattices X and Y , respectively, while
L r(X ,Y ) stands for the space of all regular operators from X to Y with the regular norm
within V

(B). The following result states that L r(X ,Y ) is the Boolean valued representation

of L r
B
(X,Y ).

Theorem 2.4. Assume that X and Y are B-cyclic Banach lattices, while X and Y are

their respective Boolean valued representation. The space L r
B
(X,Y ) is order B-isometric to

the bounded descent L r(X ,Y )⇓ of L r(X ,Y ). The isomorphism is set up by assigning to

any T ∈ L r
B
(X,Y ) the element T := T ↑ of V(B) is uniquely determined from the formulas

[[T : X → Y ]] = � and [[T x = Tx ]] = � (x ∈ X).

C According to Theorem 2.2 we may assume without loss of generality that X and Y
are the bounded descents of some Banach lattices X and Y . Moreover, LB(X,Y ) and



44 Kusraev A. G.

L (X ,Y )⇓ are B-isometric by [7, Theorem 8.3.6]. Since T (X+)↑ = T↑(X+↑) = T (X+),
it follows that T (X+) ⊂ Y+ if and only if [[T (X+) ⊂ Y+]] = � . This means that the
bijection T ↔ T = T↑ preserves positivity and hence is an order B-isomorphism between
L r

B
(X,Y ) and L r(X ,Y )⇓. Since for S ∈ L r

B
(X,Y ) and S := S↑ the relations ±T 6 S

and [[±T 6 S ]] = � are equivalent, we have [[‖T ‖r = T r]] = � , where T r = inf{ S :
S ∈ L r

B
(X,Y ), ±T 6 S} and S := sup{ Sx : x 6 � }. Thus, it remains to prove that

‖T‖r = ‖ T r‖∞ (T ∈ L r
B
(X,Y )).

If ±T 6 S then ‖ T ‖∞ 6 ‖ S ‖∞ = ‖S‖ and hence ‖T‖r > ‖ T r‖∞. To prove the
reverse inequality take an arbitrary 0 < ε ∈ R and choose a partition of unity (πξ)ξ∈Ξ in
B and a family (Sξ)ξ∈Ξ in L r

B
(X,Y ) such that Sξ > ±T and πξ Sξ 6 (1 + ε) T r for all

ξ ∈ Ξ. Define an operator S ∈ L r
B
(X,Y ) by Sx := mixξ∈Ξ πξSξx (x ∈ X), where the mixing

exists in Y , since Sξx 6 (1 + ε) T r x and hence (Sξx) is norm bounded in Y . Moreover,
Sx =

∑
ξ πξSξx in the sense of Λ-valued norm on Y . Therefore, S > ±T and S 6 (1+ε) T r,

whence ‖T‖r 6 ‖S‖ = ‖ S ‖∞ 6 (1 + ε)‖ T r‖∞. B

Theorem 2.5. Let X be a B-cyclic Banach lattice and let X be its Boolean valued

representation in V
(B). Then the following hold:

(1) V
(B) � “X is Dedekind complete” if and only if X is Dedekind complete.

(2) V
(B) � “X is injective” if and only if X is injective.

(3) V
(B) � “X is an AM -space” if and only if X is an AM -space.

(4) V
(B) � “X is an AL-space” if and only if X is injective and B ' M(X).

C See Kusraev and Kutateladze [8, Theorems 5.9.6 (1) and 5.12.1]. B

Remark 2.6. As was mentioned in the introduction, Boolean valued analysis approach
plays a key role in the proofs below. An alternative approach relies upon Gutman’s theory
of bundle representation of lattice normed spaces developed in [12, 13].

3. The Daugavet Equation in Injective Banach Latices

Definition 3.1. If X is a real Banach space, a bounded linear operator T : X → X is
said to satisfy the Daugavet equation if ‖IX + T‖ = 1 + ‖T‖.

Theorem 3.2. If T is a bounded operator on an AL-space X then either T or −T
satisfies the Daugavet equation.

C The proof and the history of this theorem see in Abramovich and Aliprantis [14, The-
orem 11.23], see also Abramovich [15] and Schmidt [16]. B

Definition 3.3. Fix a complete Boolean algebra B of band projection in X, i.e., B is
a complete subalgebra of P(X). A bounded linear operator T : X → X is said to satisfiy
the Daugavet equation B-uniformly if ‖π + Tπ‖ = 1 + ‖Tπ‖ for all nonzero π ∈ B. Say that
ρ ∈ P(X) is nonzero over B, whenever πρ 6= 0 for all nonzero π ∈ B.

Lemma 3.4. Let Λ be a normed lattice with the projection property, X be a decom-

posable lattice normed space over Λ and ‖x‖ := ‖ x ‖∞ (x ∈ X). Then for 0 < p ∈ R and

x, y ∈ X the inequality x > ( � + y p)
1
p holds if and only if ‖πx‖ > (1 + ‖πy‖p)

1
p for all

0 6= π ∈ P(Λ).

C Prove that (∀π ∈ P(Λ)) ‖πx‖ > (1+‖πy‖p)
1
p implies x > ( � + y p)

1
p . If the inequality

x > ( � + y p)
1
p is not true then there exist a nonzero π0 ∈ P(Λ) and 0 < ε ∈ R such that
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(1+ε)π0 x < π0( � + y p)
1
p . Notice that · is P(Λ)-homogeneous, i.e., π x = πx and hence

π( � + y p)
1
p = (π � + πy p)

1
p for all x ∈ X and π ∈ P(Λ), see [8, 5.8.3]. It follows that

‖π0x‖ < (1 + ε)‖π0x‖ = ‖(1 + ε)π0 x ‖∞ 6
∥∥(π0 � + π0y

p) 1
p
∥∥
∞

= ‖(1 + ‖π0y‖p)
1
p ,

a contradiction. The converse implication is immediate from the relations

πx = π x > π
(

� + y p
) 1

p =
(
π � + πy p

) 1
p ,
∥∥( � + y p

r

) 1
p
∥∥
∞

=
(
1 + ‖ y r‖p∞

) 1
p . B

Theorem 3.5. Let X be an injective Banach lattice and an operator T ∈ L (X) com-

mutes with all M -projections. Then there exist pair-wise disjoint M -projections π0, π1, and
π2 in X such that π0 + π1 + π2 = IX and the operators π1 ◦ T + π0 ◦ T − π2 ◦ T and

π1 ◦ T − π0 ◦ T − π2 ◦ T satisfy the Daugavet equation M(X)-uniformly. Moreover, for any

nonzero M -projections ρk 6 πk (k = 1, 2) the operators −ρ2 ◦ T and ρ1 ◦ T fail to satisfy the

Daugavet equation.

C Let X ,T ∈ V
(B) be the Boolean valued representations of X and T , respectively. By

Theorem 3.3 [[X is an AL-space and T ∈ L (X )]] = � . Let the formula ψ(T ) formalize the
sentence ‘T satisfies the Daugavet equation’ and put π̃1 = [[ψ(T ) ]], π̃2 = [[ψ(−T ) ]], π0 =
π̃1◦π̃2, and πi = π̃i−π0. Clearly, π0, π1, and π2 are pair-wise disjoint. Boolean valued transfer
principle together with Theorem 3.1 imply that [[either T or −T satisfies the Daugavet
equation]] = � . It follows from the Transfer Principle that π̃1 ∨ π̃2 = [[ψ(T ) ∨ ψ(−T )]] = � ,
whence π1 + π0 + π2 = � . Denote by S the mixing of (T ,T ,−T ) by (π1, π0, π2), i. e.
π0 + π1 6 [[S = T ]] and π2 6 [[S = −T ]]. If S := S ⇓ then S := π1 ◦ T + π0 ◦ T − π2 ◦ T .
By applying [7, A.5 (6)] we have π0 + π1 6 [[ψ(T )]] ∧ [[S = T ]] 6 [[ψ(S )]] and π2 6

[[ψ(−T )]]∧ [[S = −T ]] 6 [[ψ(S)]] which imply [[ψ(S )]] = � . Since [[‖S ‖ = S ]] = � , we have
I+S = � + S and taking into account Lemma 3.4 and the easy relation ‖ � +λ‖∞ = 1+‖λ‖∞
with λ ∈ Λ yields ‖π+ Sπ‖ > 1+ ‖Sπ‖ and hence the required equality ‖π+ S‖ = 1+ ‖Sπ‖
for all nonzero π ∈ B. The operator π1 ◦ T − π0 ◦ T − π2 ◦ T is handled similarly. B

We now consider Daugavet type inequalities for regular operators.

For 1 6 p ∈ R and arbitrary s, t ∈ R we denote tp := sgn(t)|t|p and σp(s, t) := (s1/p+t1/p)p,
where 1/p := p−1. In a vector lattice X, we introduce new vector operations ⊕ and ∗, while
the original ordering 6 remain unchanged:

x⊕ y := σp(x, y) := (x1/p + y1/p)p, t ∗ x := tpx (x, y ∈ X; t ∈ R).

Then X(p) := (X,⊕, ∗,6) is again a vector lattice. Moreover, (X (p), ‖·‖p) with ‖x‖p := ‖x‖1/p
is a Banach lattice called the p-convexification ofX, see Lindenstrauss and Tzafriri [17, pp. 53,
54]. Observe that P(X (p)) = P(X) and M(X (p)) = M(X). Given a Banach lattice X ∈ V

(B)

and 1 6 p ∈ R, we denote by X (p) := X (p∧) the p∧-convexification of X within V
(B).

Moreover, if · and · p are the respective descents (see [8, 1.5.6]) of ‖ · ‖ and ‖ · ‖p then

x p = x 1/p for all x ∈ X.

Theorem 3.6. Let X be an AL-space with a weak order unit and T be a regular linear

operator on X (p), 1 6 p ∈ R. Then T ⊥ I
X (p) if and only if ‖ρ±T ρ‖r > (1 + ‖T ρ‖pr)

1
p for

all nonzero band projections ρ in X (p).

C This is a reformulation of the main result (Theorem 9) in Schep [18], since in the case
of a function space X we have X (p) = {f : |f |p ∈X }. B

To perform the Boolean valued interpretation of Theorem 3.6 we need an auxiliary fact.
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Lemma 3.7. Let X be a Banach lattice within V
(B). Then for each 1 6 p ∈ R we have

(X (p))⇓ = (X ⇓)(p).

C See Kusraev [19, Lemma 4]. B

Theorem 3.8. Let X be an injective Banach lattice with a weak order unit and an

operator T ∈ L r(X(p)) commutes withM -projections on X (p). The following are equivalent:

(1) T ⊥ IX(p) .

(2) ‖πρ±πTρ‖r > (1+‖πTρ‖pr)
1
p with 0 6= π ∈M(X) and ρ ∈ P(X) nonzero over M(X).

(3) ‖ρ± Tρ‖r > (1 + ‖Tρ‖pr)
1
p for all nonzero ρ ∈ P(X).

C Let again X ∈ V
(B) stand for the Boolean valued representation of X. Then X is

an AL-space with a weak order unit within V
(B) by Theorem 2.5, while X (p) = (X (p))⇓ by

Lemma 3.7. According to Theorem 2.4 there exists a regular operator T ∈ L r(X (p)) such
that T = T ⇓. By Boolean valued transfer principle, Schep’s result (Theorem 3.6) is valid

within V
(B), i. e., [[T ⊥ I

X (p) ]] = � if and only if [[‖ρ ± T ρ‖r > (1 + ‖T ρ‖p∧r )1/p
∧

for all
nonzero band projections ρ on X ]] = � . Clearly, [[ρ 6= 0]] = � if and only if πρ 6= 0 for
all nonzero π ∈ M(X). Observe also that T r = |T | and thus ‖T‖r = ‖ T r‖∞, since an
injective Banach lattice is order complete, see [8, Corollary 5.10.7]. It follows that T ⊥ IX(p)

if and only if ρ±Tρ r >
(

� + Tρ p
r

) 1
p for each ρ ∈ P(X) nonzero over M(X). By Lemma 3.4

the last inequality is equivalent to ‖πρ± πTρ‖r > (1 + ‖πTρ‖pr)
1
p for all nonzero π ∈ M(X)

and ρ ∈ P(X) nonzero over M(X). Thus, (1) ⇐⇒ (2), while (3) =⇒ (2) is trivial. To prove
(2) =⇒ (3), take arbitrary nonzero ρ ∈ P(X) and put π0 := sup{π ∈ M(X) : πρ = 0},
ρ̄ := ρ+π0, and π̄ := π⊥0 . Then ρ̄ is nonzero over M(X) and π̄ρ̄ = ρ. Now, making use of (2),

we deduce ‖ρ± Tρ‖r = ‖π̄ρ̄± π̄T ρ̄‖r > (1 + ‖π̄T ρ̄‖pr)
1
p = (1 + ‖Tρ‖pr)

1
p . B

The following corollary generalizes Theorem 1 from Shvidkoy [21].

Corollary 3.9. Assume that X is an injective Banach lattice with a weak order unit and

an operator T ∈ L r(X) commutes with all M -projections on X. Then T ⊥ IX if and only

if T satisfy the Daugavet equation P(X)-uniformly.

C This is immediate from Theorem 3.8 and Proposition 2 in Shvidkoy [21]. B

4. Injective Banach Latices of Operators

We consider now under which conditions the space of regular operators between Banach
lattices is an injective Banach lattice. First, we state results obtained by Wickstead in [22].

Theorem 4.1. If X and Y are Banach lattices, neither of which is the zero space,

with Y Dedekind complete then L r(X ,Y ) is an AL-space under the regular norm if and

only if X is an AM -space and Y is an AL-space.

C See Wickstead [22, Theorem 2.1]. B

Theorem 4.2. If Y is a nonzero Dedekind complete Banach lattices then L r(X ,Y ) is
an AM -space under the regular norm for every AL-space X if and only if Y is an AM -space

with a Fatou norm.

C See Wickstead [22, Theorem 2.3]. B

Denote by K r(X ,Y ) the linear span of positive compact operators from X to Y en-
dowed with the k-norm defined as ‖T‖k := inf{‖S‖ : ±T 6 S ∈ K (X ,Y )}, see [22].
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Theorem 4.3. If X and Y are nonzero Banach lattices, then K r(X ,Y ) is an AL-space
under the k-norm if and only if X is an AM -space and Y is an AL-space.

C See Wickstead [22, Theorem 2.5 (i)]. B

By Boolean valued transfer principle the above three theorems are true within each
Boolean valued model. The proofs below are carried out by externalization of these in-
ternal facts with X , Y and T standing for Boolean valued representations of X, Y and T ,
respectively.

Theorem 4.4. Let X and Y be B-cyclic Banach lattices with Y Dedekind complete.

Then L r
B
(X,Y ) is an injective Banach lattice under the regular norm with B 'M(L r

B
(X,Y ))

if and only if X is an AM -space and Y is an injective Banach lattice with B 'M(Y ).

C This a Boolean valued interpretation of Theorem 4.1. According to Theorems 2.4 and
2.5 (4) L r

B
(X,Y ) is an injective Banach lattice under the regular norm with B(L r

B
(X,Y ))

isomorphic to B if and only if L r(X ,Y ) is an AL-space under the regular norm within V
(B).

Theorem 4.1 (applicable by Theorem 2.5 (1)) tells us that the latter is equivalent to saying that
X is an AM -space and Y is an AL-space. It remains to refer again to Theorem 2.5 (3, 4). B

Theorem 4.5. Let Y be a nonzero B-cyclic Dedekind complete Banach lattices. Then

L r
B
(X,Y ) is an AM -space under the regular norm with M(L r

B
(X,Y )) ' B for every injective

Banach lattice X with B = M(X) if and only if Y is an AM -space with a Fatou norm.

C The proof is similar to that of Theorem 4.4: Theorem 4.2 is true within V
(B) and hence

L r(X ,Y ) is an AM -space under the regular norm for every AL-space X if and only if Y

is an AM -space with a Fatou norm. Moreover, Y has the Fatou norm if and only if [[Y has
the Fatou norm ]] = � , see [8, Theorem 5.9.6 (2)]. Now, combining Theorems 2.4 and 2.5
completes the proof. B

Definition 4.6. Denote by Prt(B) (respectively, Prtσ(B)) the set of all partitions (res-
pectively, countable partitions) of unity in B. A set U in X is said to be mix-complete if, for
all (πξ)ξ∈Ξ ∈ Prt(B) and (uξ)ξ∈Ξ ⊂ U , there is u ∈ U such that u = mixξ∈Ξ πξuξ. Suppose
that X is a B-cyclic Banach lattice, (xn)n∈N ⊂ X, and x ∈ X. Say that a sequence (xn)n∈N B-

approximates x if, for each k ∈ N, we have inf{supn>k ‖πn(xn−x)‖ : (πn)n>k ∈ Prtσ(B)} = 0.
Call a set K ⊂ X mix-compact if K is mix-complete and for every sequence (xn)n∈N ⊂ K
there is x ∈ K such that (xn)n∈N B-approximates x. Observe that if ‖x‖ = ‖ x ‖∞ (x ∈ X)
with a Λ(B)-valued norm · , then a sequence (xn)n∈N in X B-approximates x if and only if
infn>k xn − x for all k ∈ N. An operator with values in a B-cyclic Banach lattice is called
cyclically compact if (or mix-compact) the image of any bounded subset is contained in a
cyclically compact set.

It is clear that in case E = R mix-compactness is equivalent to compactness in the norm
topology. Note also that the concept of mix-compactness in Gutman and Lisovskaya [20]
coincides with that of cyclically compactness introduced by Kusraev [7], see [20, Theorem 3.4]
and [8, Proposition 2.12.C.5].

Given B-cyclic Banach lattices X and Y , denote by K r
B
(X,Y ) the linear span of positive

B-linear cyclically compact operators from X to Y , see [7, 8.5.5]. This is a Banach lattice
under the k-norm defined as

‖T‖k := inf{‖S‖ : ±T 6 S ∈ K
r
B (X,Y )}.

Note that K r(X,Y ) := K r
B
(X,Y ), whenever B = {0, � }, cp. [22].
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Theorem 4.7. Let X and Y be B-cyclic Banach lattices. Then K r
B
(X,Y ) is an injective

Banach lattice under the k-norm with M(L r
B
(X,Y )) ' B if and only if X is an AM -space

and Y is an injective Banach lattice with M(Y ) ' B.

C The proof runs along the lines of the proof of Theorem 4.4. We have only to observe
that an operator T ∈ L r

B
(X,Y ) is mix-compact if and only if [[T = T↑ is a compact linear

operator from X into Y ]] = � , see [7, Proposition 8.5.5 (1)]. Thus the B-isometry between
L r

B
(X,Y ) and L r(X ,Y )⇓ induces a B-isometry between K r

B
(X,Y ) and K r(X ,Y )⇓. B

Definition 4.8. Let X be a Banach lattice and Y be a B-cyclic Banach space. Denote
by Pfin(X) the collection of all finite subsets of X. For every T ∈ L (X,Y ) define

σ(T ) := sup

{
inf

(πk)∈Prtσ(B)
sup
k∈N

n∑

i=1

‖πkTxi‖ : {x1, . . . , xn} ∈Pfin(X),

∥∥∥∥
n∑

i=1

|xi|
∥∥∥∥ 6 1

}
.

An operator T ∈ L (X,Y ) is said to be cone B-summing if σ(T ) < ∞. Thus, T is cone
B-summing if and only if there exists a positive constant C such that for any finite collection
x1, . . . , xn ∈ X there is a countable partition of unity (πk)k∈N in B with

sup
k∈N

n∑

i=1

‖πkTxi‖ 6 C

∥∥∥∥
n∑

i=1

|xi|
∥∥∥∥;

moreover, in this event σ(T ) = inf{C}. Denote by SB(X,Y ) the set of all cone B-summing
operators. The class SB(X,Y ) was introduced in Kusraev [23, Definition 7.1], see also Kus-
raev and Kutateladze [8, 5.13.1]. Observe that if B = {0, IY } then S (X,Y ) := SB(X,Y )
is the space of cone absolutely summing operators, see Schaefer [24, Ch. 4, § 3, Proposi-
tion 3.3 (d)] or (which is the same) 1-concave operators, see Diestel, Jarchow, and Tonge
[25, p. 330]. Cone absolutely summing operators were introduced by Levin [26] and later
independently by Schlotterbeck, see [24, Ch. 4].

Theorem 4.9. Let X and Y be nonzero Banach lattices. The following are equivalent:

(1) S (X ,Y ) is an AL-space.

(2) X is an AM -space and Y is an AL-space.

C This result was obtained by Schlotterbeck, see Schaefer [24, Ch. 4, Proposition 4.5]. B

Theorem 4.10. Let X be a nonzero Banach lattice and Y be a B-cyclic Banach lattice.

The following are equivalent:

(1) SB(X,Y ) is an injective Banach lattice with M(SB(X,Y )) isomorphic to B.

(2) X is an AM -space and Y is an injective Banach lattice with M(Y ) isomorphic to B.

C Suppose that X is a Banach lattice, X is the completion of the metric space X ∧

within V
(B), and Y is the Boolean valued representation of a B-cyclic Banach space Y . Then

[[X is a Banach lattice ]] = � and the map x 7→ x∧ is a lattice isometry from X to X ⇓.
Moreover, for every T ∈ SB(X,Y ) there exists a unique T := T↑∈ V

(B) determined from the
formulas

[[T ∈ S (X ,Y ) ]] = � , [[T x∧ = Tx ]] = � (x ∈ X).

The map T 7→ T is an order preserving B-isometry from SB(X,Y ) onto the restricted descent
S (X ,Y )⇓, see Kusraev and Kutateladze [7, 8.3.4] and [8, Theorem 5.13.6]. Note also that
X is an AM -space if and only if [[X is an AM -space ]] = � by Theorem 2.5 (3). Now, the
proof can be carried out in similar lines by Boolean valued interpretation of Theorem 4.9. B

The author thanks the referee for useful remarks leading to improvement of the article.
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\ â þ�æ2Û�Ó	Ø2Û�Ü2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�ÙeÙ�ò�Û�ä�Þ�Ñ�Ó2Û�æ	Ó2Ñ�ù,Û�Ï	Ó	Ú6ß Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ßkÙ â ÓFÔ�æ	Ø	Ð�Û Õ2Ö�Ó2Ñ�å ù,Û�Ï2Ûwä�Ð�Ø'é
ù4þ�Õ2Ø	Ï2Ñ�Ù#Ô�Ó2Ñ!Ø2ä�ä ÕFÛ ×FÑ�Ù#Ô�Ó	Ø	ã	ù4Ø�Ù!Ñ�ò�Õ�Ô�ä�Ð�ØHò�Û�ä�Þ�Ñ�Ó2Û�æ	Ó2Ñ�ù,Û�Ï	Ó2Ñ�åwÒ�Ñ�ÕFÑ�ù,Ñ�Ï2üQÓ2Ñ�ä�Ð�Ø�ð[hóÕ2Ø	Ð�Û�ÏFÔ�Ð�þ�Ï2Û
×FÑ�ä�Ð�Ô�Ð�Ñ�æ	Ó2Ñqß#Ñ�Ï2Ñ�à�ÑqÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	ÚýÔ�Õ2Ò�Û�ò�ÏFÔ�Ø	æ2Û�ä�Þ	Ø2ÛSä�Ù�Ñ�å2ä�Ð�Ù#Ô<Ü2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù2íIÔSÐ�Ô�Þ ñ Û!Ù â Ô�Ø2ù,Ñ�é
ä�Ù�ã â ØwÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ùzä`Ò�Û�Ñ�ù,Û�Ð�Ï	Ø	æ2Û�ä�Þ	Ø2ù4Ø�Ø�Õ2Ø	Ó2Û�å	Ó2Ñ�é Ð�Ñ�Ü2Ñ�ÕFÑ�Ò�Ø	æ2Û�ä�Þ	Ø2ù4Ø ä�Ù�Ñ�å2ä�Ð�Ù#Ô�ù4Ø�ò�Ô�ÓFÔ�ß#Ñ�Ù�Ú6ß
Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù2íFä�ù1ðKí	ÓFÔ�Ü	Ï	Ø2ù,Û�Ï�í ëKì � ï«ð

h>Ð�Ñ ñ Û�Ù�Ï2Û�ù4ãIí[Ü2Ñ�Õ2Ø	Ó2Ñ�ù4Ú^ÙmÙ�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ßkÏ2Û�à�Û�Ð�Þ'Ô�ßkÑ�ò�Õ�Ô�×�Ô�ûaÐ�Ø	Ó	Ð�Û�Ï2Û�ä�Ó	Ú�ù4ØúÜ2Ñ�Ï#ã�×2Þ�Ñ�é
Ù�Ú�ù4Ø�ä�Ù�Ñ�å2ä�Ð�Ù#Ô�ù4Ø�ØzÙ�Ú â Ú1Ù#Ô�ûaÐ�ÏFÔ�ä�Ð�þ�ø!Ø	åzØ	Ó	Ð�Û�Ï2Û�äUØ2ä�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û ÕFÛ�å�í2ä�ù1ðKí�ÓFÔ�Ü	Ï	Ø2ù,Û�Ï�í@ë î�î'í'î�ô�ï«ð
�aÕ�Ô�ä�ä�ÚeÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�ÙUÙ�ò�Ô�ÓFÔ�ß#Ñ�Ù�Ú6ß�Ï2Û�à�Û�Ð�Þ'Ô�ßIí�Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�ù4Ú�Û[ÙUä�ù,Û�àSÔ�Ó	Ó	Ú6ßQÐ�Û�Ï2ù4Ø	ÓFÔ�ß�Ó2Ñ�Ï2ù4Ú Ø
Ü2Ñ�Ï#ã�×2Þ'Ô'í�Ø2ù,Û�ûaÐaò�Ñ�Ò�Ô�Ð�þ�ûúä�Ð�Ï	þ�Þ	Ð�þ�Ï	þ`Ø â Ô�ä Õ2þ ñ Ø	Ù#Ô�ûaÐaä�Ô�ù,Ñ�ä�Ð�Ñ�ã'Ð�Û Õ2Ö�Ó2Ñ�Ò�Ñ`Ø â þ�æ2Û�Ó	Ø	ãqëKì � ï«ð Z�Ô�Ø'é
ò�Ñ�Õ2Ö�à!Ø	åwÜ	Ï2Ñ�Ò�Ï2Û�ä�äQ×FÑ�ä�Ð�Ø	Ò�Ó	þ�Ð<Ù<Ø â þ�æ2Û�Ó	Ø	ØáÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ô�×	×2Ø	Ð�Ø	Ù�Ó	Ú6ßHÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù2í�ä�ù1ðIë ÿ�õ � í
ì�ì�í}ì�ç'íIî�ÿ�ï«ð���Ð�ØmÏ2Û â þ�Õ2Ö�Ð�Ô�Ð�ÚÝ×�Ô�ûaÐzÓ2Ñ�Ù�Ú�Û!Ù�Ñ â ù,Ñ ñ Ó2Ñ�ä�Ð�Øm×	Õ2ãáÜ2Ñ�Õ2þ�æ2Û�Ó	Ø	ãw×FÛ�Ð�Ô�Õ2Ö�Ó2Ñ�å�Ø	Ó2ü�Ñ�Ï'é
ù[Ô�÷	Ø	ØzÑWä�Ð�Ï2Ñ�Û�Ó	Ø	Ø�Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑSÔ�×	×2Ø	Ð�Ø	Ù�Ó	Ú6ßqÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù2í	ä�Ñ�×2Ó2Ñ�åHä�Ð�Ñ�Ï2Ñ�Ó	Ú�í#Ø<×�Ô�Õ2Ö�Ó2Û�å	à!Ø'ß
Ü	Ï	Ø'ÕFÑ ñ Û�Ó	Ø	å�Ù<Ð�Û�Ñ�Ï	Ø	ØáÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ÙqÙ<ò�Ô�ÓFÔ�ß#Ñ�Ù�Ú6ßwÏ2Û�à�Û�Ð�Þ'Ô�ßIí2ä`×2Ï	þ�Ò�Ñ�å�ð

�QÛ Õ2Ö�ÓFÔ�ä�Ð�Ñ�ã'ø�Û�åmÏFÔ�ò�Ñ�Ð�Ú YØ2ä�ä ÕFÛ ×FÑ�Ù#Ô�Ð�ÖwÞ'Õ�Ô�ä�äWÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�ÙHÙzÙ�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ßmÏ2Û�à�Û�Ð�Þ'Ô�ßIíIä�Ñ�é
ß'ÏFÔ�Ó	ã'ûaø!Ø'ßQ×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2ð/��Ð�Ñ�Ð`Þ'Õ�Ô�ä�ä�ù,Ñ ñ Ó2ÑaÏFÔ�ä�ä�ù[Ô�Ð�Ï	Ø	Ù#Ô�Ð�ÖQÞ'Ô�Þ<Ô�ò�ä�Ð�ÏFÔ�Þ	Ð�Ó2Ñ�Û1Ñ�Ü	Ø2ä�Ô�Ó	Ø2Û
ÓFÔ�Ø2ù,Û�Ó	Ö�à�Û�Ò�Ñzù4Ó2Ñ ñ Û�ä�Ð�Ù#ÔzÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù2í�Þ�Ñ�Ð�Ñ�Ï	Ú�Û�ù,Ñ ñ Ó2Ñzä�Þ�Ñ�Ó2ä�Ð�Ï	þ�Ø	Ï2Ñ�Ù#Ô�Ð�Ö2í@Þ�Ñ�ù,ò�Ø	Ó	Ø	Ï	þ�ã�Ñ�Ü2Û é
ÏFÔ�÷	Ø	ØwÙ â Ù�Û�à�Û�Ó	Ó2Ñ�Ò�Ñqä�×2Ù�Ø	Ò�Ô'í2Ù�Ñ â Ù�Û ×FÛ�Ó	Ø	ãwÙqä�Ð�Û�Ü2Û�Ó	Ö<Øwä�þ'ù,ù4Ø	Ï2Ñ�Ù#Ô�Ó	Ø	ãIð

j�Ð�Ï	þ�Þ	Ð�þ�ÏFÔ�ÏFÔ�ò�Ñ�Ð�ÚiÐ�Ô�Þ�Ñ�Ù#Ô'ð�h6ÑSÙ�Ð�Ñ�Ï2Ñ�ùkÜFÔ�ÏFÔ�Ò�ÏFÔ�ü�Û�Ù�Ù�Ñ�×2ã'Ð�ä�ãáÑ�ä�Ó2Ñ�Ù�Ó	Ú�Û�Ü2Ñ�Ó	ã'Ð�Ø	ãHØwü�Ñ�Ï'é
ù4þ�Õ2Ø	Ï	þ�ûaÐ�ä�ãkÓ2Û�Ñ�ò�ß#Ñ�×2Ø2ù4Ú�Ûá×	Õ2ãó×�Ô�Õ2Ö�Ó2Û�å	à�Û�Ò�Ñ Ø â ÕFÑ ñ Û�Ó	Ø	ã Ð�Û�Ñ�Ï2Û�ù[Ô Ñ�üWÔ�Þ	Ð�Ñ�Ï	Ø â Ô�÷	Ø	Ø Ñ�Ï	Ð�Ñ�é
Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ Ô�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Ò�Ñ Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔóæ2Û�Ï2Û â Õ2Ø	Ó2Û�å	Ó	Ú1åÝÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏiØ Þ'Ô�Ó2Ñ�Ó	Ø	æ2Û�ä�Þ	Ø	åÝÜ2Ñ�Õ2Ø	Ó2Ñ�ù1í
Ð�Û�Ñ�Ï2Û�ù[ÔóÑóù4þ�Õ2Ö�Ð�Ø	Ü'Õ2Ø	Þ'Ô�Ð�Ø	Ù�Ó2Ñ�ù Ü	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø	ØiÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú6ß Ü2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù,Ñ�ÙúØ Ð�Û�Ñ�Ï2Û�ù[Ô
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]�Û�å2Û�ÏFÔ!Ñ!ä�Ð�Ï2Ñ�Û�Ó	Ø	Ø�Ü2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú6ßHÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2í	ä�Ñ�ß'ÏFÔ�Ó	ã'ûaø!Ø'ßq×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2ð[húÐ�Ï2Û�Ð�Ö�Û�ù
ÜFÔ�ÏFÔ�Ò�ÏFÔ�ü�Û1×�Ô�ûaÐ�ä�ã<ÏFÔ â Õ2Ø	æ	Ó	Ú�Û�ß�Ô�ÏFÔ�Þ	Ð�Û�Ï	Ø â Ô�÷	Ø	ØzÜ2Ñ�Õ2Ø	Ó2Ñ�ù[Ô'í'ä�Ñ�ß'ÏFÔ�Ó	ã'ûaø�Û�Ò�ÑQ×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2ð
Maä�Ó2Ñ�Ù�Ó2Ñ�åHØ	Ó2ä�Ð�Ï	þ'ù,Û�Ó	Ð â ×FÛ�ä�Ö  ���S���F�����

Es� Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�åHÏ2Û�à�Û�Ð�Þ	Ø E Ø �����2���2�2�'�������-&w�2� �2���
�2� �

x 7→ xs� := x � · · · � x ∈ Es� (x ∈ E)
ðQh æFÔ�ä�Ð�Ó2Ñ�ä�Ð�Ø�íIÜ2Ñ�Þ'Ô â Ô�Ó2Ñ	íIæ	Ð�ÑzÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�ÑwÑ�Ò�ÏFÔ�é

Ó	Ø	æ2Û�Ó	Ó	Ú1åeÜ2Ñ�Õ2Ø	Ó2Ñ�ù1í ä�Ñ�ß'ÏFÔ�Ó	ã'ûaø!Ø	å�×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2í}üWÔ�Þ	Ð�Ñ�Ï	Ø â þ�Û�Ð�ä�ã�æ2Û�Ï2Û â Õ2Ø	Ó2Û�å	Ó	Ú1åeÑ�Ü2Û é
ÏFÔ�Ð�Ñ�Ï�íFä�Ñ�ß'ÏFÔ�Ó	ã'ûaø!Ø	åH×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2íFØwÞ'Ô�Ó2Ñ�Ó	Ø	æ2Û�ä�Þ	Ø	å�Ü2Ñ�Õ2Ø	Ó2Ñ�ù1ð�h æ2Û�Ð�Ù�Û�Ï	Ð�Ñ�ù ÜFÔ�ÏFÔ�Ò�ÏFÔ�ü�Û
Ü2Ñ�Þ'Ô â Ô�Ó2Ñ	í�æ	Ð�ÑqÜ2Ñ�Õ2þ�æ2Û�Ó	Ó2Ñ�Û!Ñ�Ü	Ø2ä�Ô�Ó	Ø2ÛWÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù2í@ä�Ñ�ß'ÏFÔ�Ó	ã'ûaø!Ø'ßw×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2í�Ü2Ñ â Ù�Ñ�Õ2Ø	Ð
ÏFÔ�ä�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó	Ø	Ð�Ö!ÓFÔUÓ	Ø'ß�Ð�Û�Ñ�Ï	Ø	û _!ð�X�ð �Iþ�Ð�ù[Ô�ÓFÔSë î'í'ì � ï'Õ2Ø	Ó2Û�å	Ó	Ú6ß<Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù2í�ä�Ñ�ß'ÏFÔ�Ó	ã'ûaø!Ø'ß
×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2í	æ	Ð�Ñ!Ü	Ï	Ø	Ù�Ñ�×2Ø	Ð<ÞzÏ2Û â þ�Õ2Ö�Ð�Ô�Ð�Ô�ùúÑ�ù4þ�Õ2Ö�Ð�Ø	Ü'Õ2Ø	Þ'Ô�Ð�Ø	Ù�Ó2Ñ�ùúÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø	Ø � Ð�Ñ�Ò�Ñ
Þ'Õ�Ô�ä�ä�ÔSÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù2ð

Maò�ø!Ø2Û<ä�Ù�Ñ�å2ä�Ð�Ù#ÔHÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù�ä�ù1ðSÙeëKì � ï � Ó2Û�Ñ�ò�ß#Ñ�×2Ø2ù4Ú�Û�ä�Ù�Û ×FÛ�Ó	Ø	ã�Ø â Ð�Û�Ñ�Ï	Ø	Ø Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ÙÙ�Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ß�Ï2Û�à�Û�Ð�Þ'Ô�ßHä�ù1ð4ÙHëKì�è�ï«ð,h6ä�ÛaÏFÔ�ä�ä�ù[Ô�Ð�Ï	Ø	Ù#Ô�Û�ù4Ú�Û�Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�Û`Ï2Û�à�Û�Ð�Þ	ØHÜ	Ï2Û ×2Ü2Ñ�Õ�Ô�Ò�Ô�é
ûaÐ�ä�ãHÙ�Û�ø�Û�ä�Ð�Ù�Û�Ó	Ó	Ú�ù4ØáØ�Ô�Ï�ß'Ø2ù,Û ×FÑ�Ù�Ú�ù4Ø�ð

: B�Ì�s%A}t �at	@�r��'|�y��FÎ��S|ás�uF|�Í[|#Î}{	�

h�Ù�Û ×FÛ�ùfÑ�ä�Ó2Ñ�Ù�Ó	Ú�Û�Ü2Ñ�Ó	ã'Ð�Ø	ãIí6Ø2ä�Ü2Ñ�Õ2Ö â þ�Û�ù4Ú�ÛmÙ ×�Ô�Õ2Ö�Ó2Û�å	à�Û�ù1ð N`Ï	Ø	Ù�Û ×FÛ�ùfÐ�Ô�Þ ñ Û�Ó2Û�Ñ�ò�ß#Ñ�é
×2Ø2ù4Ú�Û�ä�Ù�Û ×FÛ�Ó	Ø	ã Ñ Ü2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú6ß Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ�ß ÙeÙ�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ß Ï2Û�à�Û�Ð�Þ'Ô�ßIí�ò�Ñ�Õ2Ö�à�Û�å æFÔ�ä�Ð�Ö�û
ß#Ñ�Ï2Ñ�à�Ñ�Ø â Ù�Û�ä�Ð�Ó	Ú6ßóÙ�ò�Ø'Õ2Ø	Ó2Û�å	Ó2Ñ�ùýä Õ2þ�æFÔ�Û�ð Z�Ô�Ü2Ñ�ù4Ó	Ø2ù1í[æ	Ð�Ñ �2� �2���2�2�F�'&2��� � � Ø'Õ2Ø�í,Ð�Ñ�æ	Ó2Û�Û�í
s
é �2�2�F�'&2��� ���

s ∈ N
 æ	Ø2ä ÕFÑ�Ü2Û�Ï2Û�ù,Û�Ó	Ó	Ú6ß	DUÓFÔ â Ú1Ù#Ô�ûaÐwÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�í@Õ2Ø	Ó2Û�å	Ó	Ú1å�Ü2ÑzÞ'Ô ñ ×FÑ�å�Ü2Û é

Ï2Û�ù,Û�Ó	Ó2Ñ�å�ð
��� *-0�� 0�� 0��<,<0C453 1�3 N`þ�ä�Ð�Ö

E
Ø
F

 Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�ÛaÏ2Û�à�Û�Ð�Þ	ØzØ
1 6 s

ý÷2Û ÕFÑ�Û�æ	Ø2ä ÕFÑ	ð�MUÐ�Ñ�ò�é
ÏFÔ ñ Û�Ó	Ø2Û P : E → F

ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �����2����������� �Y�2� �2�2�2� �Q� �Y���S���F���2�
s
� Ø'Õ2Ø

s
é �����2����������� �

�2� �2�2�2� �Q� � D í'Û�ä Õ2Øwä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð
s
éêÕ2Ø	Ó2Û�å	Ó	Ú1åáÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕ : Es → F
Ð�Ô�Þ�Ñ�å�í2æ	Ð�Ñ

P (x) = ϕ(x, . . . , x) (x ∈ E).
� î'ðKì�D

P4Ô�Ù�Û�Ó2ä�Ð�Ù�Ñ � î'ðKì�D�ù,Ñ ñ Ó2ÑúÜ2Û�Ï2Û�Ü	Ø2ä�Ô�Ð�Ö ÙkÙ�Ø'×FÛ P = ϕ ◦ ∆s
íaÒ�×FÛ

∆s : E → Es ×FÛ�å2ä�Ð�Ù�þ�Û�Ð
Ü2ÑmÜ	ÏFÔ�Ù�Ø'Õ2þ

∆s : x 7→ (x, . . . , x) ∈ Es ð R�Õ2ã Õ2û`ò�Ñ�Ò�Ñ�Ü2Ñ�Õ2Ø	Ó2Ñ�ù[Ô P : E → F
ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð

Ø Ü	Ï	Ø	Ð�Ñ�ùfÛ ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó	Ú1å ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú1å
s
éêÕ2Ø	Ó2Û�å	Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕ : Es → F
Ð�Ô�Þ�Ñ�å�í�æ	Ð�Ñ

Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ã
P = ϕ ◦∆s

ð ��Ð�Ñ�Ð�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
ϕ
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã �2������� ����� ����� ×	Õ2ãáÜ2Ñ�Õ2Ø	Ó2Ñ�ù[Ô

PØwæFÔ�ä�Ð�Ñ<Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ã�ä�Ø2ù4Ù�Ñ�ÕFÑ�ù P̌ í	ä�ù1ð�ëKì � ï«ð
��� *-0�� 0�� 0��<,<0 453#453 M�×2Ó2Ñ�Ï2Ñ�×2Ó	Ú1å�Ü2Ñ�Õ2Ø	Ó2Ñ�ù

P : E → F
ÓFÔ â Ú1Ù#Ô�ûaÐ �������������2�������2�<���������

���F����� � í	Û�ä Õ2ØH×	Õ2ãzÕ2û`ò�Ú6ß
x, y ∈ E Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ã

|x| ∧ |y| = 0 =⇒ P (x+ y) = P (x) + P (y).

h6Ñ â Ö�ù,Û�ù s ∈ N
Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�Û�Ï2Û�à�Û�Ð�Þ	Ø

E1, . . . , Es
ØóüQØ	Þ�ä�Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú1åúÓFÔ�ò�Ñ�Ï

(a1, . . . , as)
í

Ò�×FÛ
ai ∈ Ei (i = 1, . . . , s)

ðQMaò�Ñ â ÓFÔ�æ	Ø2ù ak := (a1, . . . , ak−1, ak+1, . . . , as)
ð�R�Õ2ã�Ñ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø	ã

ϕ : E1 × · · · ×Es → F
Ñ�Ü	Ï2Û ×FÛ Õ2Ø2ù Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕak : Ek → F
ü�Ñ�Ï2ù4þ�ÕFÑ�å

ϕak : xk 7→ ϕ(a1, . . . , ak−1, xk, ak+1, . . . , as) (xk ∈ Ek).
� î'ð î%D

h � Ð�Ø'ß�Ñ�ò�Ñ â ÓFÔ�æ2Û�Ó	Ø	ã�ß k := 1, . . . , s
íIÜ	Ï	Ø	æ2Û�ù Ù�Ñ â Ó	Ø	Þ'Ô�ûaø!Ø2ÛSÜ	Ï	Ø k = 1

Ø
k = s

ä�Ø2ù4Ù�Ñ�Õ2Ú
a0Ø

as+1
Ñ�Ü	þ�ä�Þ'Ô�ûaÐ�ä�ãIð1NQÑ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö s éêÕ2Ø	Ó2Û�å	Ó2Ñ�Ò�ÑqÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ ϕ : E1 × · · · × Es

Ñ â ÓFÔ�æFÔ�Û�Ð�í
æ	Ð�Ñ�Õ2Ø	Ó2Û�å	Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕak

Ü2Ñ�ÕFÑ ñ Ø	Ð�Û ÕFÛ�Ó�Ü	Ï	ØáÙ�ä�Û ß k := 1, . . . , s
Ø
0 6 ai ∈ Ei

í
i 6= k

ð ��Ô�Þ
Ñ�ò�Ú1æ	Ó2Ñ	í

ϕ 6 ψ
Ñ â ÓFÔ�æFÔ�Û�Ð�í@æ	Ð�Ñ ψ − ϕ > 0

ð`Maò�Ñ â ÓFÔ�æ	Ø2ù ä�Ø2ù4Ù�Ñ�ÕFÑ�ù L∼(sE,F )
þ�Ü2Ñ�Ï#ã�×FÑ�æ2Û�Ó	Ó2Ñ�Û

Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�Û�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñzä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú6ß
s
éêÕ2Ø	Ó2Û�å	Ó	Ú6ßwÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ÙqØ â Es Ù F ð



� ��$ - " - ��$	/`�`0 - �	�	$ - �4/ * � - ��"���$��
� 	!�@�6���2�� �a$	�@��$ - ����� ö�ô

��� *-0�� 0�� 0��<,<0 4538793 M�×2Ó2Ñ�Ï2Ñ�×2Ó	Ú1åeÜ2Ñ�Õ2Ø	Ó2Ñ�ù
P : E → F

ÓFÔ â Ú1Ù#Ô�ûaÐ �2� �2��� �2�S�¨������� � Ø
Ü	Ø	à!þ�Ð

P > 0
í�Û�ä Õ2Ø�Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó	Ú�ù ã'Ù�Õ2ã	Û�Ð�ä�ã�Ü2Ñ�Ï2Ñ ñ ×�Ô�ûaø!Ø	åqÛ�Ò�ÑaÜ2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú1åzÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�í

Ð�ð�Û�ð
P̌ (x1, . . . , xs) > 0

×	Õ2ãúÕ2û`ò�Ú6ß
x1, . . . , xs ∈ E+

ðÝN`Ï	Ø � Ð�Ñ�ù
P 6 Q

Ñ â ÓFÔ�æFÔ�Û�Ð�íaæ	Ð�Ñ
Q− P > 0

ð
h6ä�û6×2þ�×�Ô�ÕFÛ�Û!ù4Ó2Ñ ñ Û�ä�Ð�Ù�Ñ s é«Ñ�×2Ó2Ñ�Ï2Ñ�×2Ó	Ú6ß�Ü2Ñ�Ï#ã�×2Þ�Ñ�Ù�ÑHÑ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú6ßmÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑHÔ�×	×2Ø'éÐ�Ø	Ù�Ó	Ú6ßwÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�ÙzØ â E Ù

F
ò�þ�×FÛ�ùúÑ�ò�Ñ â ÓFÔ�æFÔ�Ð�ÖHä�Ø2ù4Ù�Ñ�ÕFÑ�ù

P∼
o (sE,F )

ð�T�Û�Ò�Þ�ÑqÙ�Ø'×FÛ�Ð�Ö2íFæ	Ð�Ñ
(P∼

o (sE,F ),6)
 þ�Ü2Ñ�Ï#ã�×FÑ�æ2Û�Ó	Ó2Ñ�ÛqÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�Û<Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Ñ	ðqN`Ï	Ø

s = 1
Ü2Ñ�Õ2þ�æFÔ�Û�ù þ�Ü2Ñ�Ï#ã�é

×FÑ�æ2Û�Ó	Ó2Ñ�Û<Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�ÛqÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�ÑáÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ñ�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú6ß Õ2Ø	Ó2Û�å	Ó	Ú6ßeÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù�Ø â EÙ
F
í	Þ�Ñ�Ð�Ñ�Ï2Ñ�Û�Ü	Ï	Ø	Ó	ã'Ð�Ñ<Ñ�ò�Ñ â ÓFÔ�æFÔ�Ð�Ö�ä�Ø2ù4Ù�Ñ�ÕFÑ�ù L∼(E,F )

ð
��� *-0�� 0�� 0��<,<0 453 � 3 NQÑ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú1å�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕ : E1×. . .×En → F
ÓFÔ â Ú1Ù#Ô�ûaÐ �@�'$S������� �

��� � �2� �2���Q���'�,����Q� � Ø'Õ2Ø�íaÐ�Ñ�æ	Ó2Û�Û�í �@�'$S����������� �
s
� �Q���'�,����Q� ��� Û�ä Õ2Ø ×	Õ2ã Õ2û`ò�Ñ�Ò�Ñ

k :=
1, . . . , s

ØHÕ2û`ò�Ú6ß
0 6 ai ∈ Ei

í
i 6= k

í	Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
ϕak

ã'Ù�Õ2ã	Û�Ð�ä�ãHÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú�ùúÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù,Ñ�ù
Ø â E Ù

F
ð�NQÑ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú1åúÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕ : Es → F
ÓFÔ â Ú1Ù#Ô�ûaÐ �������������U�����U���2����� ��� Û�ä Õ2Ø

ϕ(x1, . . . , xn) = 0
í�Þ'Ô�ÞqÐ�Ñ�Õ2Ö�Þ�Ñ

xi ⊥ xj
×	Õ2ãSÞ'Ô�Þ�Ñ�å'é Ó	Ø2ò�þ�×2Ö!ÜFÔ�Ï	ÚúØ	Ó'×FÛ�Þ�ä�Ñ�Ù

i 6= j
Ø â {1, . . . , n} ð

��� *-0�� 0�� 0��<,<0 453��53 N`þ�ä�Ð�Ö
2 6 s ∈ N

Ø
E

 Ô�Ï�ß'Ø2ù,Û ×FÑ�Ù#ÔáÙ�Û�Þ	Ð�Ñ�Ï	ÓFÔ�ãeÏ2Û�à�Û�Ð�Þ'Ô'ðwN�Ô�ÏFÔ
(Es�,�s)

ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã s �«�(&����S���F������� E í2Û�ä Õ2ØwÙ�Ú1Ü2Ñ�Õ2Ó2Û�Ó	ÚÝä ÕFÛ ×2þ�ûaø!Ø2Û`þ�ä ÕFÑ�Ù�Ø	ã��
� ì�D

Es� YÔ�Ï�ß'Ø2ù,Û ×FÑ�Ù#ÔSÙ�Û�Þ	Ð�Ñ�Ï	ÓFÔ�ãwÏ2Û�à�Û�Ð�Þ'Ô �� î%D �s : E
s → Es� YÑ�Ï	Ð�Ñ�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú1å Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú1å

s
é«ù,Ñ�Ï2üQØ â ù1íFÓFÔ â Ú1Ù#Ô�Û�ù4Ú1å �����2� �

�2�2�'���������ý�2� �2���Q���'�,����Q� � Ø'Õ2Ø �����2���2�2�'���������
s
� �Q���'�,����Q� �Q� � Ï2Û�à�Û�Ð�Þ	Ø

E �� ô%D�×	Õ2ãmÕ2û`ò�Ñ�åeÔ�Ï�ß'Ø2ù,Û ×FÑ�Ù�Ñ�å Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�å Ï2Û�à�Û�Ð�Þ	Ø
F
Ø�Õ2û`ò�Ñ�Ò�ÑHÑ�Ï	Ð�Ñ�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó2Ñ�Ò�Ñ�Ï2Û é

à�Û�Ð�Ñ�æ	Ó2Ñ�Ò�Ñ
s
é«ù,Ñ�Ï2üQØ â ù[Ô ϕ : Es → F

ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð�Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó	Ú1å�Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú1åzÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù
S : Es� → F

Ð�Ô�Þ�Ñ�å�íFæ	Ð�Ñ
ϕ = S ◦ �s

ð
��Ð�ÑwÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø2Û<Ù�Ù�Û ×FÛ�Ó2ÑHÙeëKì�ô'í Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø2Ûzô'ðKì ï«ð<g}Ô�ù ñ ÛSþ�ä�Ð�Ô�Ó2Ñ�Ù�ÕFÛ�Ó2Ñ	í}æ	Ð�Ñ�×	Õ2ã�Õ2ûUé

ò�Ñ�åúÔ�Ï�ß'Ø2ù,Û ×FÑ�Ù�Ñ�åkÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�åkÏ2Û�à�Û�Ð�Þ	Ø
E
Ø Õ2û`ò�Ñ�Ò�Ñ�ÓFÔ�Ð�þ�ÏFÔ�Õ2Ö�Ó2Ñ�Ò�Ñ

2 6 s ∈ N
ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð

Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó	ÓFÔ�ã ä!Ð�Ñ�æ	Ó2Ñ�ä�Ð�Ö�û>×FÑ�Ï2Û�à�Û�Ð�Ñ�æ	Ó2Ñ�Ò�Ñ�Ø â Ñ�ù,Ñ�üQØ â ù[Ô s é¦Ô�ã�ä�Ð�Û�Ü2Û�Ó	Ö (Es�,�s)
íIä�ù1ðzëKì�ô'í

Ð�Û�Ñ�Ï2Û�ù[Ôqô'ð î�ï«ð}R�Õ2ãHþ�×FÑ�ò�ä�Ð�Ù#Ô�Ü2Ñ�Õ�Ô�Ò�Ô�ûaÐ
E1� = E

Ø �1 = IE
ð}R�Ô�ÕFÛ�ÛWò�þ�×FÛ�ùóÜ	Ø2ä�Ô�Ð�Ö � Ù�ù,Û�ä�Ð�Ñ

�s
Ø
x1 � · · · � xs

Ù�ù,Û�ä�Ð�Ñ �s(x1, . . . , xs)
ð

j�Ð�Ñ�Ø	Ð<ÏFÔ â Õ2Ø	æFÔ�Ð�Ö<×2Ù#ÔSÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø	ã (·)s� í ι : E → Es� í2Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�ù4Ú�ÛWü�Ñ�Ï2ù4þ�Õ�Ô�ù4Ø

(·)s� : x 7→ xs� := x� · · · � x︸ ︷︷ ︸
s ���	�

, ι : x 7→ x� |x| � · · · � |x|︸ ︷︷ ︸
s− 1 ���	�

.
� î'ð ô%D

NQÛ�Ï	Ù�Ñ�Û�Ø â Ó	Ø'ß  ä�Ü2Û�÷	ØFÔ�Õ2Ö�Ó	Ú1å Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑúÔ�×	×2Ø	Ð�Ø	Ù�Ó	Ú1å Ü2Ñ�Õ2Ø	Ó2Ñ�ù1íUÜ2Ñ�Ï2Ñ ñ ×�Ô�Û�ù4Ú1å Þ'Ô�é
Ó2Ñ�Ó	Ø	æ2Û�ä�Þ	Ø2ù

s
é«ù,Ñ�Ï2üQØ â ù,Ñ�ù � ØkÓFÔ â Ú1Ù#Ô�Û�ù4Ú1å �����2���2�2�'��������� �2� �2�2�2� �Q� � Ï2Û�à�Û�Ð�Þ	Ø

E
ð MUÓ

Ø	Ò�ÏFÔ�Û�ÐzÏ2Ñ�Õ2Ö�Ñ�Ð�ä�þ�Ð�ä�Ð�Ù�þ�ûaø�Û�å�ÙqÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�åmÏ2Û�à�Û�Ð�Þ�Û!ä�Ð�Û�Ü2Û�Ó	Ó2Ñ�å�üQþ�Ó	Þ	÷	Ø	Ø�ð�h�Ð�Ñ�Ï2Ñ�ÛWã'Ù�Õ2ã	Û�Ð�ä�ã
Ó2Û�æ2Û�Ð�Ó2Ñ�å<Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑWÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�åqüQþ�Ó	Þ	÷	Ø2Û�å�ØSÑ�ä�þ�ø�Û�ä�Ð�Ù�Õ2ã	Û�ÐQÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ú1å � Ó2Û Õ2Ø	Ó2Û�å	Ó	Ú1å D
Ø â Ñ�ù,Ñ�Ï2üQØ â ù Ø â E Ù

Es� í�Ü	Ï	Ø	æ2Û�ù ι
ò�þ�×FÛ�Ð�ò�Ø2Û�Þ	÷	Ø2Û�å�íIÛ�ä Õ2Ø

E
ÏFÔ�Ù�Ó2Ñ�ù,Û�Ï	Ó2Ñ�Ü2Ñ�Õ2ÓFÔ'ð 
IÔ�ù,Û�Ð�Ø2ù

Ð�Ô�Þ ñ Û�í2æ	Ð�Ñ � Ð�ØáÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø	ãáä�Ñ�Ù�ÜFÔ�×�Ô�ûaÐqÓFÔ!Þ�Ñ�Ó	þ�ä�Û�Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó	Ú6ß � ÕFù,Û�Ó	Ð�Ñ�Ù
E+

ð
�á|����ar : BDLIBm:S����0#" - �2�
 - ����$ - ��
'���@� - "�$ - ��" ���q�����	�

E
��0#"���
'�¦���	�	
�/  @��
'�¦"	�W� ��$	�����

� ì�D ����� �	� � -���-
u ∈ Es� �¨ 
	q������
� 2���m����� - � � �@������$@�

e0 ∈ E+
* ��� - ����� ��� - ���� ��- ��$ -

����� -���-
ε > 0

� - �S$ - 0 - � - � "������
xi,1, . . . , xi,n ∈ E (i := 1, . . . , s)

����� * ��� -
∣∣∣∣∣u−

n∑

j=1

x1,j � · · · � xs,j

∣∣∣∣∣ 6 εes�0 ;

� î%D �������	� � -���-
u ∈ Es� �¨ 
	q������
� 2���q����� - � � �@������$@�

e ∈ E+
* ��� - |u| 6 es�;� ô%D ����� �	� ��/��

x1, . . . , xs ∈ E

�/10 - �	$�������� �

x1 � · · · � xs = 0

e� - �Ý� � - ����� - 
 � - �

���� ��#��� * � -�� ��� |x1| ∧ · · · ∧ |xs| = 0;� � D �������	���W� -���-
0 < u ∈ Es� �¨ 
	q������
� 2���

e ∈ E+
����� - � * ��� -

0 < es� 6 u
5
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C
R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�Ñ þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø	å � ì�D í � ô%DqØ � � DqÜ	Ï2Ñ�Ù�Ñ�×2Ø	Ð�ä�ã Ü2ÑóÐ�Ñ�å ñ Û�ä�ß#Û�ù,Û�í`æ	Ð�Ñ Ø

ÙÝëKì�ö	íQÐ�Û�Ñ�Ï2Û�ù[Ô î'ðKì ï«í�Ø2ä�Ü2Ñ�Õ2Ö â þ�ãOÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø2Û ���@�¨�U�2�2�2�������������k�S����������2�����ó������������������2���
E1 ⊗ . . .⊗Es

Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ß Ï2Û�à�Û�Ð�Ñ�Þ
E1, . . . , Es

Ü	Ï	Ø
s > 2

ØóÛ�Ò�Ñmä�Ù�Ñ�å2ä�Ð�Ù#Ô �  %D í � � D�Ø � ��DQØ â
ë î�ö	í���î�ï«ð�X[ä Õ2Ø

E1 = . . . = Es
í Ð�Ñ

Es� Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�Ð�ä�ãeÞ'Ô�Þ üWÔ�Þ	Ð�Ñ�Ï'é Ï2Û�à�Û�Ð�Þ'ÔwÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�å Ï2Û é
à�Û�Ð�Þ	Ø

E1 ⊗ · · · ⊗Es
Ü2Ñ!ÏFÔ�Ù�Ó2Ñ�ù,Û�Ï	Ó2Ñ â Ô�ù4Þ	Ó	þ�Ð�Ñ�ù4þqØ'×FÛ�Ô�Õ2þ�í	Ü2Ñ�Ï2Ñ ñ ×FÛ�Ó	Ó2Ñ�ù4þ � ÕFÛ�ù,Û�Ó	Ð�Ô�ù4ØwÙ�Ø'×�Ô

x1 ⊗ · · · ⊗ xs
í	Ò�×FÛ`×	Õ2ãHÓ2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�åáÜFÔ�Ï	Ú Ø	Ó'×FÛ�Þ�ä�Ñ�Ù

1 6 i, j 6 s
Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ã

xi ⊥ xj
ð,baÐ�Ù�Û�Ï'é

ñ ×FÛ�Ó	Ø2Û � î%D1ÕFÛ�Ò�Þ�ÑzÙ�Ú1Ð�Û�Þ'Ô�Û�ÐHØ â � ì�D ðahiä�Ô�ù,Ñ�ù ×FÛ ÕFÛ�í@Û�ä Õ2Ø
xi,j

í
e0
Ø
ε

YÐ�Û ñ Û�í@æ	Ð�ÑqØ�Ù � ì�D í
ØwÜ2Ñ�ÕFÑ ñ Ø2ù e := snε

(
e0 +

∑s
i=1

∑n
j=1 |xi,j|

) í'Ð�Ñ |u| 6 es�
ð
BR�Õ2ãzÑ�×2Ó2Ñ�Ï2Ñ�×2Ó	Ú6ßwÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ<Ô�×	×2Ø	Ð�Ø	Ù�Ó	Ú6ßzÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�ÙSä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù#Ô�ä ÕFÛ ×2þ�ûaøSÔ�ã �S��� �

�@�¨�Q�<�<�I�������������� �2�2� �
��|#t �}|��ar : B A�B �  2�����

E
�
F � 
'���@� - "�$	/`�a" ���q�����	� * 0#"�������� * 0 - ����$�� �q���m���¦" � *4- ��$��

�2w$	�
� "���
�$ - ���¦"�$ - 0 - �	$�� 5f+�-�� ���������ú�	� � -���- 0 - "������ - 
 -k-�� "���$	������$	$ -���-ó- " � -���- $�������$ -
���	���@���	
�$ -���- 0 - �	�	$ - ���

P : E → F
�¨ 
	q������
� 2�����¦���	$@����
'��$	$	/1�ó0 - "������ - 
 -m-�� "���$	������$	$	/1�

�	�	$@���	$	/1� - 0@�¦"���� - "
T : Es� → F

����� - � * ��� - �2�������!������� - 0#" �¦� ������
��@��$	�@�

P (x) = T (xs�) = T (x� · · · � x︸ ︷︷ ︸
s ���	�

) (x ∈ E).
� î'ð � D

�U- �@���q� -���-�* � -�- ��
'��������
��@�
P ←→ T

�'
���������� �e�2 - � - " �U�2�� - �  	0 - "���� - ����$	$	/��e
'���@� - "�$	/��
0#" - ��� "���$@����


P∼
o (sE,F )

�
L∼(Es�, F )
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C
R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�Ñ�ä�ù1ð1ë ÿ	í	ä ÕFÛ ×Fä�Ð�Ù�Ø2Û!ô�ï«ð

B

��|#t �}|��ar : BDEIB � " �¦��0 - � - �S�2� * ��� - 
� 	$	�	
'�¦" ��������$ - � 0 - 0 - �	$@��$	�	�
F u 
'���@� - "�$ - �<" ���q��� �

�	�
F
�U�	�2���#" - 
���$������ "2 	�@�� #"��

f
� ��� � � � "�/ �6�¦���	$	� �@���S�W 2�4$ - �<��$	�@� - � - �$�������$ - ���2�4
 - � - � • 5:S���z0#" - �2�
 - ����$ -���- " ���q��� - ��$ -���-
n
� � - " �U�2����

ϕ : E1× . . .×En → F
�¨ 
	q������
� 	�W�

n
" ���q� �

� - ��$	/�� ��- � - � - " �U�2�� - 

Si : Ei → F u (i := 1, . . . , n)

�����	�
� * ��� -

ϕ(x1, . . . , xn) = S1(x1) • . . . • Sn(xn) (x1 ∈ E1, . . . , xn ∈ En).

�6���	� * ��
'�¦"
�ó���	�����$	$ -���-�*
E := E1 = . . . = En

��0 - �	�2� - " �U�2��
ϕ
���2�,����� "�������$ * � - 
 ��� - �

0#" �¦� ������
��@��$	�	�m� - �S$ - 
�'�����
S := S1 = . . . = Sn

* � 5 � 5 �2��������������� - 0#" �¦� ������
��@��$	�@�

ϕ(x1, . . . , xn) = S(x1) • . . . • S(xn) (x1, . . . , xn ∈ E).

C
R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�ÑzÜ	Ï2Ñ�Ù�Ñ�×2Ø	Ð�ä�ãmÔ�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñqò�Ø'Õ2Ø	Ó2Û�å	Ó2Ñ�ù4þwä Õ2þ�æFÔ�û � ä�ù1ð�ë ö'í'Ð�Û�Ñ�Ï2Û�ù[Ôqô'ð î�ï«í

Ô�Ð�Ô�Þ ñ Ûqë î'ì�í	Ð�Û�Ñ�Ï2Û�ù[Ô<ô'ðKì�î'ð _!ð ô�ï D ð
B

� y,|�Í[s �'uF{}| : BDCIB �  2�����
E
�
F � 
'���@� - "�$	/`�," ���q�����	� 5 :S����0#" - �2�
 - ����$ -���- ���2�,����� "���� �

$ -���- " ���q��� - ��$ -���-
s
� � - " �U�2����

ϕ : Es → F
�¨ 
	q������
� 	�W�Q
'���@� - "�$����<" ���q�����	�

G
�<" ���q��� - � �

$	/1� ��- � - � - " �U�2��
S : E → G

�����	�@� * ��� -
Gs� ⊂ F �H�2�������!������� - 0#" �¦� ������
��@��$	�@�

ϕ(x1, . . . , xn) = S(x1)� . . .� S(xn) (x1, . . . , xn ∈ E).

C
N`þ�ä�Ð�Ö

S : E → F u  Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú1åeÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù Ø â Ð�Û�Ñ�Ï2Û�ù4Úfî'ð � Ø Ü2Ñ�ÕFÑ ñ Ø2ù G :=
S(E)

ð!g Ñ�Ò�×�Ô
G

 Ù�Û�Þ	Ð�Ñ�Ï	ÓFÔ�ã�Ü2Ñ�×2Ï2Û�à�Û�Ð�Þ'Ô�Ï2Û�à�Û�Ð�Þ	Ø
F u í�ÔzÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û ϕ : (u1, . . . , us) 7→

u1 • . . . • us
Ü	Ï2Û ×Fä�Ð�Ô�Ù�Õ2ã	Û�Ðmä�Ñ�ò�Ñ�åeÑ�Ï	Ð�Ñ�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú1åóÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú1å

s
é«ù,Ñ�Ï2üQØ â ù Ø â Gs Ù F ðhóä�Ø'Õ2þWþ�ä ÕFÑ�Ù�Ø	ã � ô%D}Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ãzî'ð ö`ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð�Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó	Ú1åqÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú1å<Ò�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù

h : Gs� → F
Ð�Ô�Þ�Ñ�å�í�æ	Ð�Ñ

ϕ = h ◦ �s
ðkX[ä Õ2Ø

h(u) = 0
Ø
0 < |u| ∈ Gs� í[Ð�Ñ ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð

v ∈ G+
Ð�Ô�Þ�Ñ�å�íaæ	Ð�Ñ

0 < v � . . . � v 6 u
� ä�ù1ð ëKì�ö	í�Ð�Û�Ñ�Ï2Û�ù[Ôúî'ðKì � � D ï D ð^j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í

v • . . . • v = h(v � . . . � v) 6 h(|u|) = |h(u)| = 0
ØeÜ2Ñ�Õ2þ�æFÔ�Û�ùÝÜ	Ï2Ñ�Ð�Ø	Ù�Ñ�Ï2Û�æ	Ø2Û

v = 0
ðwg Û�ù



� ��$ - " - ��$	/`�`0 - �	�	$ - �4/ * � - ��"���$��
� 	!�@�6���2�� �a$	�@��$ - ����� ö�ö

ä�Ô�ù4Ú�ùúÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù h Ø	Ó � Û�Þ	Ð�Ø	Ù�Û�Ó�Ø�í	Ð�Ô�ÞáÞ'Ô�Þ�ä�Ð�Û�Ü2Û�Ó	ÖqÙ�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�åáÏ2Û�à�Û�Ð�Þ	Ø�Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�Ð�ä�ãämÐ�Ñ�æ	Ó2Ñ�ä�Ð�Ö�û ×FÑóÏ2Û�à�Û�Ð�Ñ�æ	Ó2Ñ�Ò�ÑúØ â Ñ�ù,Ñ�Ï2üQØ â ù[Ô'íQù,Ñ ñ Û�ù Ñ�Ð�Ñ ñ ×FÛ�ä�Ð�Ù�Ø	Ð�Ö Gs� ä�Ü2Ñ�×2Ï2Û�à�Û�Ð�Þ�Ñ�å
Ù
F
ð
B
� y,|�Í[s �'uF{}| : B ?��IB��[���q��� - ��$	/1�H0 - �	�2� - " �U�2�� - " � - ���2�,����� "�������$w
<� - �e�á� - ����� - 
q� - �

���� ��#��� * � -�� ��� - $m���2�,����� "�������$ 5

C
\ â ä ÕFÛ ×Fä�Ð�Ù�Ø	ã î'ð çzÙ�Ø'×2Ó2Ñ	í�æ	Ð�Ñ�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú1åeÜ2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù Ñ�Ï	Ð�Ñ�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ2Û�Ó�ðzMaò�é

ÏFÔ�Ð�Ó2Ñ�Û`Ù�Û�Ï	Ó2Ñ!×	Õ2ãzÕ2û`ò�Ñ�Ò�Ñ�Ü2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó2Ñ�Ò�Ñ<Ü2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó2Ñ�Ò�ÑqÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ'í2ä�ù1ðKí'ÓFÔ�Ü	Ï	Ø2ù,Û�Ï�í ëKì�î'í
Ð�Û�Ñ�Ï2Û�ù[Ô<î�ï Ø ëKì�ÿ	í	ä ÕFÛ ×Fä�Ð�Ù�Ø2Û!î�ï«ð

B
��� *-0�� 0�� 0��<,<0 453 1�1�3 NQÑ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú1åiÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕ : E1 × · · · × Es → F
ÓFÔ â Ú1Ù#Ô�Û�Ð�ä�ã

��� ���������2� ����� ��������1�2�����2����� � í1Û�ä Õ2Ø Õ2Ø	Ó2Û�å	Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï
ϕak : Ek → F

í
k = 1, . . . , s

í
ä�Ñ�ß'ÏFÔ�Ó	ã	Û�Ð<×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2í2Þ'Ô�Þ�Ñ�Ù�ÚÝò�Ú Ó	Øáò�Ú6Õ2ØáüQØ	Þ�ä�Ø	Ï2Ñ�Ù#Ô�Ó	Ó	Ú�Û

ai ∈ Ei
í
i 6= k

í'Ð�ð2Û�ð

(∀x, y ∈ Ek) x ⊥ y ⇒ ϕak(x) ⊥ ϕak(y) (k = 1, . . . , s).

��|#t �}|��ar : B ? : � Ð�Û�Ñ�Ï2Û�ù[Ô ]�Û�å2Û�ÏFÔm×	Õ2ãkÜ2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú6ß Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�Ù�D B �  2�����
E1, . . . , Es�

F � 
'���@� - "�$	/`��" ���q�����	� * �
ϕ � 0 - "������ - 
 - -�� "���$	������$	$	/1�

s
� �	�	$@���	$	/1� - 0@�¦"���� - "O�2

E1×· · ·×Es


F
* � - ��"���$��
� 	!�	�����2�� �a$	�@��$ - ����� 5�+�-�� ���

ϕ
�2�������10 - � - �S�@��������$� 	�O�#�������

ϕ+ *
- � "�� ������������$� 	� �#�������

ϕ− �<� - �2 ���� |ϕ| * �'
����
� 	!�@��� ��" ���q��� - ��$	/��4�<0 - �	�2� - " �U�2������4� 5 �U- ��@����� -���-�*
ϕ+(x1, . . . , xs) = (ϕ(x1, . . . , xs))

+ �
ϕ−(x1, . . . , xs) = (ϕ(x1, . . . , xs))

− ����� 
'��� �
0 6 xi ∈ Ei

� |ϕ(x1, . . . , xs)| = |ϕ|(|x1|, . . . , |xs|)
������
'��� �

xi ∈ Ei (i := 1, . . . , s)
5

C
R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�Ñ�Ü2Ñ�Ù�Ð�Ñ�Ï#ã	Û�Ð�ÏFÔ�ä�ä�þ ñ ×FÛ�Ó	Ø	ã Ø â ë � í}Ð�Û�Ñ�Ï2Û�ù[Ô�ô'ð � ï«í4Ñ�Ð�Ó2Ñ�ä�ã'ø!Ø2Û�ä�ã Þ ò�Ø'Õ2Ø'é

Ó2Û�å	Ó2Ñ�ù4þHä Õ2þ�æFÔ�û�ð
B

�IBWxHt	y,{}Î}t � ��v4s�t �	�}r	Î	����
�{}|zÍ[{���� �zÎ ���'Î}tFs � �
h�Ù�Û ×FÛ�ù Ð�Û�Ü2Û�Ï	ÖHÑ�ä�Ó2Ñ�Ù�Ó2Ñ�å Ñ�ò � Û�Þ	Ð�Ø â þ�æ2Û�Ó	Ø	ãIð�N`þ�ä�Ð�Ö E Ø

F
 Ù�Û�Þ	Ð�Ñ�Ï	Ó	Ú�Û�Ï2Û�à�Û�Ð�Þ	Ø�ðQZ�Ô�é

Ü2Ñ�ù4Ó	Ø2ù1í	æ	Ð�ÑSÙ�ä�ÛQÙ�Û�Þ	Ð�Ñ�Ï	Ó	Ú�Û�Ï2Û�à�Û�Ð�Þ	ØwÜ	Ï2Û ×2Ü2Ñ�Õ�Ô�Ò�Ô�ûaÐ�ä�ãáÙ�Û�ø�Û�ä�Ð�Ù�Û�Ó	Ó	Ú�ù4Ø�ØáÔ�Ï�ß'Ø2ù,Û ×FÑ�Ù�Ú�ù4Ø�ð
��� *-0�� 0�� 0��<,<0 793 1�3 M�×2Ó2Ñ�Ï2Ñ�×2Ó	Ú1å Ü2Ñ�Õ2Ø	Ó2Ñ�ù

P : E → F
ä�Ð�Û�Ü2Û�Ó	Ø

s
ÓFÔ â Ú1Ù#Ô�ûaÐ ��� �����������

� ����� ��������1�2�����2����� � � ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	í �@�'$S����������� � �2� �2���Q���'�,����Q� � D í�Û�ä Õ2ØúÐ�Ô�Þ�Ñ�Ù�Ú�ù
ã'Ù�Õ2ã	Û�Ð�ä�ãúÜ2Ñ�Ï2Ñ ñ ×�Ô�ûaø!Ø	å Û�Ò�Ñ ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú1å Ü2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú1å Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï P̌ : Es → F

í6ä�ù1ð
Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ã�î'ð � Øáî'ðKì�ì�ð

x��}|�Í4y,t ; |#Î}{}| �IB : � Ð�Û�Ñ�Ï2Û�ù[Ô!]�Û�å2Û�ÏFÔW×	Õ2ãqÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù�D B �  2�����
E
�
F � 
'���@� - "�$	/`��" � �

�q�����	� 5 �  2�����
P : E → F � 0 - "������ - 
 - -�� "���$	������$	$	/1� - " � -���- $�������$ - ���	���@���	
�$	/1�

s
�

- ��$ - " - ��$	/1�Ý0 - �	�	$ - � * � - ��"���$��
� 	!�	� ���2�� �a$	�@��$ - ����� 5 +�-�� ���
P
�2�������e0 - � - �S�@��������$� 	�

�#�������
P+ *@- � "�� ������������$� 	� �#�������

P− �H� - �2 ���� |P | * �'
����
� 	!�@��� ��0 - �	�2� - " �U�2������4� 5 �U- �@���� -���-�*
P+(x) = (Px)+

*
P−(x) = (Px)−

� |P |(x) = |P (x)| ����� x ∈ E+
5

C
hiä�Ø'Õ2þáÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	å î'ð ô'íIî'ð � Ø�ô'ðKì

P → P̌
þ�ä�Ð�Ô�ÓFÔ�Ù�Õ2Ø	Ù#Ô�Û�ÐwØ â Ñ�ù,Ñ�Ï2üQØ â ù þ�Ü2Ñ�Ï#ã�×FÑ�æ2Û�Ó'é

Ó	Ú6ßáÙ�Û�Þ	Ð�Ñ�Ï	Ó	Ú6ß�Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù
P∼

o (sE,F )
Ø
L∼(sE,F )

ðQNQÑ � Ð�Ñ�ù4þáÜ2Û�Ï	Ù#Ô�ã�æFÔ�ä�Ð�Ö�Ð�Ï2Û�ò�þ�Û�ù,Ñ�Ò�Ñ
Ù�Ú1Ð�Û�Þ'Ô�Û�ÐúÓ2Û�Ü2Ñ�ä�Ï2Û ×Fä�Ð�Ù�Û�Ó	Ó2ÑúØ â Ð�Û�Ñ�Ï2Û�ù4Ú î'ðKì�î'ð �`Ï2Ñ�ù,ÛmÐ�Ñ�Ò�Ñ	íU×	Õ2ã Õ2û`ò�Ñ�Ò�Ñ

x ∈ E+
Ø2ù,Û�Û�ù

P+(x) = P̌+(x, . . . , xs) = P̌ (x, . . . , xs)
+ = P (x)+

ð,_UÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2ÑS×	Õ2ã
P− Ø |P | ð B

�
	 .�0�� 	 �<,<0 7938793 R ñ ð�T�Ñ�Ô�Ó<ÙQä�Ù�Ñ�Û�å�×2Ø2ä�ä�Û�Ï	Ð�Ô�÷	Ø	Ø�ë î�ô�ï2Ñ�Ü	Ï2Û ×FÛ Õ2Ø'ÕqÜ2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù ä�Ñ�Ñ�Ð�Ó2Ñ�é
à�Û�Ó	Ø2Û�ù |P (x)| = P (|x|) (x ∈ E)

ð,N`Ï	Ø � Ð�Ñ�ù Ñ�Ó<Ü	Ï	Ø	Ù�Û ÕqÜ	Ï	Ø2ù,Û�ÏqÜ2Ñ�Õ2Ø2ù,Ñ�Ï2üQÓ2Ñ�Ò�Ñ�Ü2Ñ�Õ2Ø	Ó2Ñ�ù[Ô
P
í

×	Õ2ã�Þ�Ñ�Ð�Ñ�Ï2Ñ�Ò�Ñ�Ü2Ñ�Ï2Ñ ñ ×�Ô�ûaø!Ø	å Ü2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú1åeÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï P̌ Ó2Û!ã'Ù�Õ2ã	Û�Ð�ä�ãmÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú�ù Ü2Ñ�Õ2Ø'é
ù,Ñ�Ï2üQØ â ù,Ñ�ùóÙSä�ù4Ú�ä ÕFÛQÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ãáô'ðKì � ä�ù1ð�ë î�ô'í'Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2Û � ð î�î'í'Ü	Ï	Ø2ù,Û�Ï	Ú � ð î�ô!Ø � ð î � ï D ð
R ñ ð T�Ñ�Ô�ÓÝë î�ô'í�Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2Û � ð î � ï D!ÓFÔ�à�Û Õ Ð�Ô�Þ ñ ÛáÓ2Û�Ñ�ò�ß#Ñ�×2Ø2ù4Ú�Û�Øk×FÑ�ä�Ð�Ô�Ð�Ñ�æ	Ó	Ú�Û�þ�ä ÕFÑ�Ù�Ø	ã
ÓFÔ

P
í�Ü	Ï	Ø Þ�Ñ�Ð�Ñ�Ï	Ú6ß

P̌
ã'Ù�Õ2ã	Û�Ð�ä�ã Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú�ù Ü2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù,Ñ�ù(�e×	Õ2ã Õ2û`ò�Ñ�Ò�Ñ ÓFÔ�Ð�þ�ÏFÔ�Õ2Ö�é

Ó2Ñ�Ò�Ñ
n 6 s

Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ã |d̂nP (x)(y)| = d̂nP (x)(|y|) (x ∈ E+, y ∈ E)
í1Ò�×FÛ

d̂nP (x)y




ö�ÿ ;U 2�¦"�����
�� � 5 � 5

n
é ã Ñ�×2Ó2Ñ�Ï2Ñ�×2ÓFÔ�ã Ü	Ï2Ñ�Ø â Ù�Ñ�×2ÓFÔ�ã P

ÙkÐ�Ñ�æ	Þ�Û
x
Ü2Ñ ÓFÔ�Ü	ÏFÔ�Ù�ÕFÛ�Ó	Ø	û

y
Ñ�Ü	Ï2Û ×FÛ Õ2ã	Û�Ð�ä�ã ü�Ñ�Ï2ù4þ�ÕFÑ�å

d̂nP (x)(y) =
(
s
n

)
ϕ(xs−n, yn)

ð
�á|����ar �IBKJ�B4:S����0 - "������ - 
 -�-�� "���$	������$	$ -���-á- " � -���- $�������$ - ���	���@���	
�$ -���-á- ��$ - " - ��$ -���-

0 - �	�	$ - ���
P : E → F

"���
�$ - ���	����$	/  2��� - 
������
(1) P � " ���q��� - ��$	/1�á0 - �	�2� - " �U�2��

�
(2) P (x ∨ y) = P (x) ∨ P (y) ������
'��� � x, y ∈ E+;
(3) P (x ∧ y) = P (x) ∧ P (y) ������
'��� � x, y ∈ E+;
(4) x ∧ y = 0


��@�������
P (x) ∧ P (y) = 0

������
'��� �
x, y ∈ E+
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C
N`þ�ä�Ð�Ö

P
ýÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú1åzÜ2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù1í�Ð�ð#Û�ð4Ü2ÑWÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ûÝô'ðKì�Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú�ù Ü2Ñ�Õ2Ø'é

ù,Ñ�Ï2üQØ â ù,Ñ�ù�ã'Ù�Õ2ã	Û�Ð�ä�ã P̌ ð}P}Û�à�Û�Ð�Ñ�æ	Ó	Ú1åSÜ2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù P̌ ò�þ�×FÛ�Ð`Ñ�Ï	Ð�Ñ�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú�ù1í�Ð�Ô�Þ�Þ'Ô�Þ
Ñ�Ó�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ2Û�Ó�íIä�ù1ð�ä ÕFÛ ×Fä�Ð�Ù�Ø2ÛSî'ðKì�è'ð�h Ð�Ñ ñ ÛWÙ�Ï2Û�ù4ãIíFÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�ÑHÑ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó	Ú1å�Ñ�×2Ó2Ñ�Ï2Ñ�×	é
Ó	Ú1åwÜ2Ñ�Õ2Ø	Ó2Ñ�ù YÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ�Ô�×	×2Ø	Ð�Ø	Ù�Û�Ó�íFÛ�ä Õ2ØwÐ�Ñ�Õ2Ö�Þ�ÑqÜ2Ñ�Ï2Ñ ñ ×�Ô�ûaø!Ø	å�Û�Ò�ÑSÜ2Ñ�Õ2Ø'Õ2Ø	Ó2Û�å	Ó	Ú1å
Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏqÑ�Ï	Ð�Ñ�ä�Ø2ù,ù,Û�Ð�Ï	Ø	æ2Û�Ó�í�ä�ù1ð�ë ÿ	í�ÕFÛ�ù,ù[Ô � ï«ð,j[ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í

P
Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑWÔ�×	×2Ø	Ð�Ø	Ù�Û�Ó�ð

hóä�Ø'Õ2þWþ�ä ÕFÑ�Ù�Ø	ã � ô%D}Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ãzî'ð ö`ä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð�Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó	Ú1åqÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú1å<Ò�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù
T : Es� → F

Ð�Ô�Þ�Ñ�å�íFæ	Ð�Ñ
P̌ = T ◦ �s

ð�MUÐ�ä�û6×�ÔSÙ�Ú1Ù�Ñ�×2Ø2ù

P (x ∧ y) = T ((x ∧ y)s�) = T (xs� ∧ ys�) = T (xs�) ∧ T (ys�) = P (x) ∧ P (y),
ØqÐ�Û�ù ä�Ô�ù4Ú�ù

(1)⇒ (2)
ð/
IÔ�ù,Û�Ó	Ø	Ù!Ù � Ð�Ø'ß<ÏFÔ�ä�ä�þ ñ ×FÛ�Ó	Ø	ã�ß ∧ ÓFÔ ∨ í�Ü2Ñ�Õ2þ�æ	Ø2ù (1)⇒ (3)

ð �`Ï2Ñ�ù,Û
Ð�Ñ�Ò�Ñ	í2Ñ�æ2Û�Ù�Ø'×2ÓFÔSØ2ù4Ü'Õ2Ø	Þ'Ô�÷	Ø	ã

(3)⇒ (4)
ð6Maä�Ð�Ô�Û�Ð�ä�ãH×FÑ�Þ'Ô â Ô�Ð�Ö2í2æ	Ð�Ñ (2)⇒ (1)

Ø
(4)⇒ (1)

ð
N`Ï2Û ×2Ü2Ñ�ÕFÑ ñ Ø2ù1í2æ	Ð�Ñ�Ù�Ú1Ü2Ñ�Õ2Ó2Û�Ó2Ñ � î%D ð��6Û â Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ø	ãHÑ�ò�ø!Ó2Ñ�ä�Ð�Øwù,Ñ ñ Ó2ÑSä�æ	Ø	Ð�Ô�Ð�Ö2í	æ	Ð�Ñ FÏFÔ�Ù�Ó2Ñ�ù,Û�Ï	Ó2ÑeÜ2Ñ�Õ2ÓFÔ'ð � hfÜ	Ï2Ñ�Ð�Ø	Ù�Ó2Ñ�ùfä Õ2þ�æFÔ�ÛHÙ ÓFÔ�à!Ø'ßkÏFÔ�ä�ä�þ ñ ×FÛ�Ó	Ø	ã�ß â Ô�ù,Û�Ó	Ø2ù F

ÓFÔ
F ru D ð

j�Ñ�Ò�Õ�Ô�ä�Ó2ÑkÐ�Û�Ñ�Ï2Û�ù,Û î'ð � Ø2ù,Û�Û�Ðkù,Û�ä�Ð�ÑóÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø2Û
P = T ◦ � ◦ ∆s

×	Õ2ã Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó2Ñ�Ò�Ñ
Ü2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ñ Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó2Ñ�Ò�ÑmÕ2Ø	Ó2Û�å	Ó2Ñ�Ò�Ñ�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

T
Ø â Es� Ù

F
ð�h6Ñ â Ö�ù,Û�ùÝÜ	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�Ó	Ú�Û

u, v ∈ Es�
+

Ø<×FÑ�Þ'Ô ñ Û�ù1í	æ	Ð�Ñ T (u∨ v) = Tu∨Tv = 0
ð4N`þ�ä�Ð�Ö

Eru  ÏFÔ�Ù�Ó2Ñ�ù,Û�Ï	Ó2Ñ�Û`Ü2Ñ�Ü2Ñ�Õ2Ó2Û�Ó	Ø2Û
E
ÙWä�ù4Ú�ä ÕFÛ�ë î � ï«ð4h�Ù�Ø'×2þ!Ü2Ñ�Õ2Ó2Ñ�Ð�Ú

F
ä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐWÛ ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó2Ñ�ÛUÜ	Ï2Ñ�×FÑ�Õ ñ Û�Ó	Ø2Û P ×FÑQÜ2Ñ�Ï#ã�×2Þ�Ñ�é

Ù�Ñ�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó2Ñ�Ò�ÑHÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑáÔ�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�Ò�Ñ
s
é«Ñ�×2Ó2Ñ�Ï2Ñ�×2Ó2Ñ�Ò�ÑHÜ2Ñ�Õ2Ø	Ó2Ñ�ù[Ô

P̂ : Eru → F
í@ä�ù1ð

ë ÿ	í#ÕFÛ�ù,ù[Ô<ô�ï«ð[N`Ï	Ø � Ð�Ñ�ù
P̂ (x ∨ y) = P̂ (x) ∨ P̂ (y) ×	Õ2ã�Ù�ä�Û ß x, y ∈ Eru

+

ð[h�Ó2Ñ�Ù�ÖSÜ2Ñ�Ð�Û�Ñ�Ï2Û�ù,ÛWî'ð �

P̂ = T̂ ◦ � ◦∆s
×	Õ2ã�Û ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó2Ñ�Ò�ÑáÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ñ�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ó2Ñ�Ò�ÑáÕ2Ø	Ó2Û�å	Ó2Ñ�Ò�ÑáÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ

T̂
Ø â

(Eru)s�
Ù
F
ð}heä�Ø'Õ2þWÛ ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó2Ñ�ä�Ð�Ø<ä�Ð�Û�Ü2Û�Ó	Ø�Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�åSÏ2Û�à�Û�Ð�Þ	ØSä[Ð�Ñ�æ	Ó2Ñ�ä�Ð�Ö�ûú×FÑaÏ2Û�à�Û�Ð�Ñ�æ'é

Ó2Ñ�Ò�ÑWØ â Ñ�ù,Ñ�Ï2üQØ â ù[ÔWù,Ñ ñ Û�ù ä�æ	Ø	Ð�Ô�Ð�Ö Es� Ü2Ñ�×2Ï2Û�à�Û�Ð�Þ�Ñ�å (Eru)s�
í�ÔQÞ'Ô�Ó2Ñ�Ó	Ø	æ2Û�ä�Þ	Ø	å

s
é«ù,Ñ�Ï2üQØ â ù

Ï2Û�à�Û�Ð�Þ	Ø
E

 ä�Ñ�Ù�ÜFÔ�×�Ô�ûaø!Ø2ù ä�Ñ�Ò�ÏFÔ�Ó	Ø	æ2Û�Ó	Ø2Û�ù ÓFÔ
Es Þ'Ô�Ó2Ñ�Ó	Ø	æ2Û�ä�Þ�Ñ�Ò�Ñ s é«ù,Ñ�Ï2üQØ â ù[ÔzÏ2Û�à�Û�Ð�Þ	Ø

Eru ð}g Û�Ü2Û�Ï	Ö`Ù�Ø'×2Ó2Ñ	í�æ	Ð�Ñ T (u∨v) = P̂ (x∨y) = P̂ (x)∨P̂ (y) = T (x)∨T (y) ð}\`Ð�Ô�Þ�í�þ�ä�Ð�Ô�Ó2Ñ�Ù�ÕFÛ�ÓFÔØ2ù4Ü'Õ2Ø	Þ'Ô�÷	Ø	ã
(2)⇒ (1) � (4)⇒ (1)

Ñ�ò�Ñ�ä�Ó2Ñ�Ù�Ú1Ù#Ô�Û�Ð�ä�ãmÔ�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó	Ú�ù4Ø�ÏFÔ�ä�ä�þ ñ ×FÛ�Ó	Ø	ã	ù4Ø�ð
B�á|����ar �IB =@B �!- �	�	�	�	$@���	$	/1� - 0@�¦"���� - "

ϕ : E1×· · ·×Es → F
� - ��"���$������6���2�� �a$	�@��$ - �����


�� - �w�<� - ����� - � - ������ ��#��� * � -�� ��� |ϕ(x1, . . . , xs)| = |ϕ(|x1|, . . . , |xs|)| (∀xi ∈ Ei
*
i = 1, . . . , s)

5

C
R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�ÑHÔ�ÓFÔ�ÕFÑ�Ò�Ø	æ	Ó2Ñqò�Ø'Õ2Ø	Ó2Û�å	Ó2Ñ�ù4þwä Õ2þ�æFÔ�û � ä�ù1ð�ë � í	Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2Û�ô'ð î�ï D ð

B�á|����ar �IBDLIB �  2�����
ϕ � s

� �	�	$@���	$	/1�á0 - "������ - 
 -z-�� "���$	������$	$	/1� - 0@�¦"���� - " 5a+�-�� ��� � �	
����

����@��$@��$	/ý���@�¦�2 	� 	!�@�1 2��� - 
������

(1) ϕ
� - ��"���$������Q���2�� �a$	�@��$ - �����

�
(2) ϕ(x1, . . . , xs) ⊥ ϕ(y1, . . . , ys)

* �����	���¨ 
	q������
� 2���
j ∈ [1, s]

����� - � * ��� -
xj ⊥ yj

5

C
N`þ�ä�Ð�Ö Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

ϕ
ä�Ñ�ß'ÏFÔ�Ó	ã	Û�Ð ×2Ø â� Ó	Þ	Ð�Ó2Ñ�ä�Ð�Ö2ð h6Ñ â Ö�ù,Û�ù xj ⊥ yj

×	Õ2ã Ó2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�Ò�Ñ
j ∈ [1, s]

ØkÜ2Ñ�ÕFÑ ñ Ø2ù ui := |xi| + |yi| (i 6= j)
ðúg Ñ�Ò�×�Ô'í�Ø2ä�Ü2Ñ�Õ2Ö â þ�ãkÕFÛ�ù,ù4þkô'ð ömØkÜ	Ï2Û ×	ÕFÑ ñ Û é

Ó	Ø2ÛWô'ð ô'í	Ù�Ú1Ù�Ñ�×2Ø2ù(�

|ϕ(x1, . . . , xs)| ∧ |ϕ(y1, . . . , ys)| = |ϕ(|x1|, . . . , |xs|)| ∧ |ϕ(|y1|, . . . , |ys|)|
6 |ϕ|(u1, . . . , uj−1, |xj |, uj+1, . . . , us) ∧ |ϕ|(u1, . . . , uj−1, |yj |, uj+1, . . . , us) = 0.

g Û�ù ä�Ô�ù4Ú�ù1í
(1)⇒ (2)

íFÔ�ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�Ñ�ä�Ð�ÖzØ2ù4Ü'Õ2Ø	Þ'Ô�÷	Ø	Ø
(2)⇒ (1)

Ñ�æ2Û�Ù�Ø'×2ÓFÔ'ð
B



� ��$ - " - ��$	/`�`0 - �	�	$ - �4/ * � - ��"���$��
� 	!�@�6���2�� �a$	�@��$ - ����� ö �

�á|����ar �IB A�B �  2�����
E
�
F � 
'���@� - "�$	/`��" ���q�����	� 5 �6���	�

T : Es� → F � 0 - "������ - 
 -
-�� "���$	������$	$	/1�H�	�	$@���	$	/1� - 0@�¦"���� - " * � - ����� - ��$ - " - ��$ -���-S- " � -���- $�������$ - ���	���@���	
�$ -���- 0 - �	���
$ - ���

P = T ◦ �s ◦∆s : E → F
� �	
��	
����@��$@��/>���@�¦�2 	� 	!�@�6 @��
'�¦"	�W� ��$	�����

(1) T
� - ��"���$������Q���2�� �a$	�@��$ - �����

�
(2) P

� - ��"���$������Q���2�� �a$	�@��$ - �����
�

(2) x ⊥ y ⇒ Px ⊥ Py ������
'��� � x, y ∈ E 5

C (1) ⇒ (2)
Ñ�æ2Û�Ù�Ø'×2ÓFÔ'í�Ô

(2) ⇒ (3)
ä ÕFÛ ×2þ�Û�ÐeØ â ÕFÛ�ù,ù4Ú ô'ð ÿ'ðú\Qù4Ü'Õ2Ø	Þ'Ô�÷	Ø	ã

(3) ⇒ (1)Ù�Ú1Ù�Ñ�×2Ø	Ð�ä�ãáÐ�Ô�Þ ñ Û�í	Þ'Ô�ÞwØwÙ�ÕFÛ�ù,ù,ÛWô'ð � ð
B

�á|����ar �IBDEIB � ��$ - " - ��$	/1� 0 - �	�	$ - �
P : E → F

������0@��$	�
s
�����W�2 �
'���@� - "�$	/��4�á" ���q��� �

�	���4� - " � -���- $�������$ - ���	���@���	
'��$ � -�� ����� � - ����� - � -�� ��� * � -�� ���
d̂nP (x)(y) = 0

�����ó�	� ��/��
���2�� �a$	�@��$	/��

x, y ∈ E �w
'��� �
1 6 n < s

5

C
Z�Ô�Ü2Ñ�ù4Ó	Ø2ù1í�æ	Ð�Ñ

d̂nP (x)(y) =
(
s
n

)
ϕ(xs−n, yn)

í�Ò�×FÛ
ϕ := P̌

ðóN`þ�ä�Ð�Ö
P
Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ

Ô�×	×2Ø	Ð�Ø	Ù�Û�Ó�í1Ô
x, y ∈ E

×2Ø â� ûaÓ	Þ	Ð�Ó	Ú�ðúg Ñ�Ò�×�Ôm×	Õ2ã Õ2û`ò�Ñ�Ò�Ñ t ∈ R
� ÕFÛ�ù,Û�Ó	Ð�Ú

x
Ø
ty
Ð�Ô�Þ ñ Û

×2Ø â� ûaÓ	Þ	Ð�Ó	Ú�í2Ü2Ñ � Ð�Ñ�ù4þ P (x+ ty) = P (x) + tsP (y)
ð[h Ð�Ñ ñ Û�Ù�Ï2Û�ù4ãIí

P (x+ ty) = P (x) + tsP (y) +

s−1∑

n=1

(sn)ϕ(x
s−nj , yn)tn.

MUÐ�ä�û6×�Ô�Ù�Ø'×2Ó2Ñ	í2æ	Ð�Ñ!×	Õ2ã�Õ2û`ò�Ñ�Ò�Ñ
t ∈ R

Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ãwÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ

sϕ(xs−1, y)t+ (s2)ϕ(x
s−2, y2)t2 + . . .+ ( s

s−1)ϕ(x, y
s−1)ts−1 = 0.

P4Ô â ×FÛ Õ2Ø	Ù�ÓFÔ st 6= 0
ØqÑ�ò�Ñ â ÓFÔ�æ	Ø	Ù a := |ϕ(xs−2, y2)|(s2)/s+ . . .+ |ϕ(x, ys−1)|( s

s−1)/s
í#Ü	Ï	Ø'ß#Ñ�×2Ø2ù

Þ Ñ�÷2Û�Ó	Þ�Û |ϕ(xs−1, y)| 6 ta
í4ä�Ü	ÏFÔ�Ù�Û ×	Õ2Ø	Ù�Ñ�å ×	Õ2ãeÙ�ä�Û ß Ó2Û�Ó	þ�ÕFÛ�Ù�Ú6ß

t ∈ [−1, 1] ðáh æFÔ�ä�Ð�Ó2Ñ�ä�Ð�Ø�í
n|ϕ(xs−1, y)| 6 a

×	Õ2ãóÙ�ä�Û ß
n ∈ N

í[ØkÙ�Ù�Ø'×2þúÔ�Ï�ß'Ø2ù,Û ×FÑ�Ù�Ñ�ä�Ð�Ø
F
Ü2Ñ�Õ2þ�æFÔ�Û�ù

ϕ(xs−1, y) = 0
ð

NQÑ�Ù�Ð�Ñ�Ï#ã'ã � Ð�Ø�ÏFÔ�ä�ä�þ ñ ×FÛ�Ó	Ø	ãIí àSÔ�Ò â ÔzàSÔ�Ò�Ñ�ù Ù�Ú1Ù�Ñ�×2Ø2ù ϕ(xs−2, y2) = 0, . . . , ϕ(x, ys−1) = 0
ð

Maò�ÏFÔ�Ð�Ó2Ñ�Û�þ�Ð�Ù�Û�Ï ñ ×FÛ�Ó	Ø2ÛWÑ�æ2Û�Ù�Ø'×2Ó2Ñ	ð
B

��|#t �}|��ar �IBDCIB �  2�����
E
�
F � 
'���@� - "�$	/`�U" ���q�����	� *

P : E → F � 0 - "������ - 
 -H-�� "���$	���
����$	$	/1� - ��$ - " - ��$	/1�m0 - �	�	$ - � ������0@��$	�

s
5�� �	
��	
����@��$@��$	/ý���@�¦�2 	� 	!�@�1 @��
'�¦"	�W� ��$	�����

(1) P
� - ��"���$������Q���2�� �a$	�@��$ - �����

�
(2) x ⊥ y 
��@������� d̂nP (x)(y) = 0

�
Px ⊥ Py �����H
'��� � x, y ∈ E �

1 6 n < s �
(3) P

- " � -���- $�������$ - ���	���@���	
'��$á�
x ⊥ y 
��@������� Px ⊥ Py ������
'��� � x, y ∈ E �

(4)
�¨ 
	q������
� 	�W�S
'���@� - "�$����á" ���q�����	�

G
�á" ���q��� - ��$	/`� ��- � - � - " �U�2��4/

S1, S2 : E → G�����	�@� * ��� -
Gs� ⊂ F * S1(E) ⊥ S2(E)

�
Px = (S1x)

s� − (S2x)
s� ������
'��� � x ∈ E �

(5)
�¨ 
	q������
� 2���a� - ��"���$��
� 	!�	�����2�� �a$	�@��$ - �����`0 - "������ - 
 -Q-�� "���$	������$	$	/1�S�	�	$@���	$	/1� - 0@� �

"���� - "
T : Es� → F

����� - � * ��� -
Px = T (xs�)

������
'��� �
x ∈ E 5

C (1) ⇒ (5).
h>ä�Ø'Õ2þeÐ�Û�Ñ�Ï2Û�ù4Ú ]�Û�å2Û�ÏFÔw×	Õ2ã Ü2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù

P
Ø2ù,Û�Û�ÐmÜ2Ñ�ÕFÑ ñ Ø	Ð�Û Õ2Ö�Ó	þ�û P+

Ø Ñ�Ð�Ï	Ø	÷FÔ�Ð�Û Õ2Ö�Ó	þ�û^æFÔ�ä�Ð�Ö
P− Ø ù,Ñ�×2þ�Õ2Ö |P | í�ã'Ù�Õ2ã'ûaø!Ø2Û�ä�ã�Ü2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù[Ô�ù4Ø�ðqhOä�Ø'Õ2þ�þ�ä ÕFÑ�é

Ù�Ø	ã � ô%D!Ø â Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ã î'ð ömä�þ�ø�Û�ä�Ð�Ù�þ�ûaÐ�Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú�ÛwÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù4Ú T1, T2 : Es� → FÐ�Ô�Þ	Ø2Û�í4æ	Ð�Ñ
P+(x) = T1(x

s�)
Ø
P−(x) = T2(x

s�)
×	Õ2ã Ù�ä�Û ß

x ∈ E ðáMUÜ	Ï2Û ×FÛ Õ2Ø2ùiÕ2Ø	Ó2Û�å	Ó	Ú1å
Ï2Û�Ò�þ�Õ2ã'Ï	Ó	Ú1åmÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï

T : Es� → F
ÏFÔ�Ù�Û�Ó2ä�Ð�Ù�Ñ�ù

T := T1 − T2
Ø â Ô�ù,Û�Ð�Ø2ù1í�æ	Ð�Ñ T ä�Ñ�ß'ÏFÔ�Ó	ã	Û�Ð

×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�Ð�ÖqØHØ2ù,Û�Û�Ðzù,Û�ä�Ð�ÑSÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø2Û P (x) = T (xs�) (x ∈ E)
ð

(5)⇒ (4).
NQÑ�ÕFÑ ñ Ø2ù T1 := T+ í T2 := T− Ø T0 := |T |

ð[MUÐ�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û x 7→ Tk(x1�· · ·�xs)ã'Ù�Õ2ã	Û�Ð�ä�ãáä�Ø2ù,ù,Û�Ð�Ï	Ø	æ	Ó	Ú�ù Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú�ù Ü2Ñ�Õ2Ø2ù,Ñ�Ï2üQØ â ù,Ñ�ù Ø â Es Ù F ð6h ä�Ø'Õ2þwä ÕFÛ ×Fä�Ð�Ù�Ø	ãmî'ð �ä�þ�ø�Û�ä�Ð�Ù�þ�ûaÐzÙ�Û�Þ	Ð�Ñ�Ï	ÓFÔ�ã�Ï2Û�à�Û�Ð�Þ'Ô
Gk

Ø�Ï2Û�à�Û�Ð�Ñ�æ	Ó	Ú1åmÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù Sk : E → G
Ð�Ô�Þ	Ø2Û�í@æ	Ð�Ñ

Gs�
k ⊂ F

Ø�Ø2ù,Û�Û�ÐHù,Û�ä�Ð�ÑzÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø2Û
Tk(x1 � · · · � xs) = Sk(x1) � · · · � S(xn)

×	Õ2ãáÙ�ä�Û ß
x1, . . . , xn ∈ E

Ø
k = 0, 1, 2

ð �6Ñ�ÕFÛ�Û�Ð�Ñ�Ò�Ñ	í
G1 ∪G2 ⊂ G0

Ø
G1 ⊥ G2

ð1MUÜ2Û�ÏFÔ�Ð�Ñ�Ï
S := S1 − S2



ö � ;U 2�¦"�����
�� � 5 � 5

×FÛ�å2ä�Ð�Ù�þ�Û�ÐHØ â E Ù
G := G0

í@ä�Ñ�ß'ÏFÔ�Ó	ã	Û�Ð�×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö2íIØá×	Õ2ãáÕ2û`ò�Ñ�Ò�Ñ x ∈ E Ù�Ú1Ü2Ñ�Õ2Ó	ã	Û�Ð�ä�ã
T (xs�) = T1(x

s�)− T2(xs�) = S1(x)
s� − S2(x)s�

ð
(4) ⇒ (3).

X[ä Õ2Ø�Ù�Ú1Ü2Ñ�Õ2Ó2Û�Ó2Ñ � � D íFÐ�Ñ
P
Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑwÔ�×	×2Ø	Ð�Ø	Ù�Û�Ó�í�Ð�Ô�Þ�Þ'Ô�ÞmÑ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2Ñ

Ô�×	×2Ø	Ð�Ø	Ù�Û�ÓáÜ2Ñ�Õ2Ø	Ó2Ñ�ù
x 7→ xs�

Ø â E Ù
Es� ð �`Ï2Ñ�ù,ÛQÐ�Ñ�Ò�Ñ	í'×	Õ2ã�×2Ø â� ûaÓ	Þ	Ð�Ó	Ú6ß x Ø y � ÕFÛ�ù,Û�Ó	Ð�Ú

xs�
Ø
ys�

Ð�Ô�Þ ñ Û`×2Ø â� ûaÓ	Þ	Ð�Ó	Ú�íFä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ	í |xs� − ys�| = |xs� + ys�| ð�MUÐ�ä�û6×�Ô�Ù�Ú1Ù�Ñ�×2Ø2ù

|P (x)− P (y)| = |T (xs�)− T (ys�)| = |T (xs� − ys�)| = |T (|xs� − ys�|)|
= |T (|xs� + ys�|)| = |T (xs� + ys�)| = |P (x) + P (y)|,

æ	Ð�ÑSØwÑ â ÓFÔ�æFÔ�Û�Ðq×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö P (x) Ø P (y) ð
(1)⇔ (2)⇔ (3).

��Ð�Ø � Þ	Ù�Ø	Ù#Ô�ÕFÛ�Ó	Ð�Ó2Ñ�ä�Ð�Ømä ÕFÛ ×2þ�ûaÐ<Ø â ÕFÛ�ù,ù ô'ð � Øáô'ð � ð
B

� y,|�Í[s �'uF{}| �IB ?��IB �  2�����
E
�
F � 
'���@� - "�$	/`�!" ���q�����	� *

P : E → F � - ��$ - " - ��$	/1�
0 - �	�	$ - � ������0@��$	�

s
5�� �	
��	
����@��$@��$	/>���@�¦�2 	� 	!�@�1 @��
'�¦"	�W� ��$	�����

(1) P � 0 - �	�2� - " �U�2��
�

(2) P
- " � -���- $�������$ - ���	���@���	
'��$á�

P (x ∨ y) = P (x) ∨ P (y) ������
'��� � x, y ∈ E+ �
(3) P

- " � -���- $�������$ - ���	���@���	
'��$á�
P (x ∧ y) = P (x) ∧ P (y) ������
'��� � x, y ∈ E+ �

(4) P
- " � -���- $�������$ - ���	���@���	
'��$á�

x ∧ y = 0

��@�������

P (x) ∧ P (y) = 0
������
'��� �

x, y ∈ E �
(5)

�¨ 
	q������
� 2���U" ���q��� - ��$	/1� ��- � - � - " �U�2��
T : Es� → F

����� - � * ��� - ��0#"���
'�¦���	�	
 - 0#" �¦� �
������
��@��$	�@�

Px = T (xs�)
�����H
'��� �

x ∈ E �
(6)

�¨ 
	q������
� 	�W��
'���@� - "�$����z" ���q�����	�
G
�z" ���q��� - ��$	/1� ��- � - � - " �U�2��

S : E → G
�����	�@� *

��� -
Gs� ⊂ F �H�2�������!������� - 0#" �¦� ������
��@��$	�@�

Px = (Sx)s�
�����H
'��� �

x ∈ E 5

C
j[ÕFÛ ×2þ�Û�ÐqÓ2Û�Ü2Ñ�ä�Ï2Û ×Fä�Ð�Ù�Û�Ó	Ó2ÑqØ â Ð�Û�Ñ�Ï2Û�ù4ÚOô'ð ç'í	Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø	ãmô'ð î�Ø�ÕFÛ�ù,ù4ÚÝô'ð �

B

J�B�n >�y�� �'{<A�y,{ �Ir��'{}uFÎ}tF| A��}|�Í[s ��r	u	y,|#Î}{}|

h6ä�û6×2þwÙ � Ð�Ñ�ù ÜFÔ�ÏFÔ�Ò�ÏFÔ�ü�Û
E
Ø
F

 üQþ�Ó'×�Ô�ù,Û�Ó	Ð�ÚÝÏFÔ�ä�à!Ø	Ï2Û�Ó	Ó	Ú6ß
K
é Ü	Ï2Ñ�ä�Ð�Ô�Ó2ä�Ð�Ù

E
Ø

F
ð

h Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ß
E
Ø

F
â Ô�üQØ	Þ�ä�Ø	Ï	þ�Û�ùiÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ú�Û�Û ×2Ø	Ó	Ø	÷	Ú � E

Ø � F

í4ÔHÐ�Ô�Þ ñ Ûzù4þ�Õ2Ö�Ð�Ø'é
Ü'Õ2Ø	Þ'Ô�Ð�Ø	Ù�Ó	Ú�Û�ä�Ð�Ï	þ�Þ	Ð�þ�Ï	Ú�í	Ü	Ï2Û�Ù�ÏFÔ�øSÔ�ûaø!Ø2Û � Ð�ØwÜ	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô<Ù

f
é¦Ô�Õ2Ò�Û�ò�Ï	Úiä�Û ×2Ø	Ó	Ø	÷FÔ�ù4Ø � EØ � F

ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	ð Z�Ô�Ü2Ñ�ù4Ó	Ø2ù1í1æ	Ð�Ñ�Ù�×�Ô�Ó	Ó2Ñ�å ä�Ø	Ð�þ#Ô�÷	Ø	Ø Ñ�Ï	Ð�Ñ�ù,Ñ�Ï2üQØ â ù4Ú Ü	Ï2Û ×Fä�Ð�Ô�Ù�Õ2ã�é
ûaÐqä�Ñ�ò�Ñ�åáÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï	ÚÝþ'ù4Ó2Ñ ñ Û�Ó	Ø	ãáØwÜ2Ñ � Ð�Ñ�ù4þHò�þ�×2þ�ÐqÑ�Ð�Ñ ñ ×FÛ�ä�Ð�Ù�Õ2ã'Ð�Ö�ä�ãmä�ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�þ�ûaø!Ø2ù4Ø
ù4þ�Õ2Ö�Ð�Ø	Ü'Õ2Ø	Þ'Ô�Ð�Ñ�ÏFÔ�ù4Ø�ð

R�Õ2ãkÜ	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�Ó2Ñ�Ò�Ñ f ∈ E
ä�þ�ø�Û�ä�Ð�Ù�þ�Û�ÐeÛ ×2Ø	Ó2ä�Ð�Ù�Û�Ó	Ó	Ú1å � ÕFÛ�ù,Û�Ó	Ð

g ∈ E
í,×	Õ2ãkÞ�Ñ�Ð�Ñ�Ï2Ñ�Ò�Ñ

fg = [f ] � E

Ø
[f ]⊥g = 0

í,Ò�×FÛ
[f ]

 Ü	Ï2Ñ�Û�Þ	Ð�Ñ�ÏkÓFÔáÜ2Ñ�ÕFÑ�ä�þ {f}⊥⊥ ð ��Ð�Ñ�Ð � ÕFÛ�ù,Û�Ó	Ð
g
ò�þ�×FÛ�ù

Ñ�ò�Ñ â ÓFÔ�æ	Ø	Ð�ÖHä�Ø2ù4Ù�Ñ�ÕFÑ�ù 1/f := � E /f
ð6N`Ï2Ñ�Ø â Ù�Û ×FÛ�Ó	Ø2Û e(1/f) Þ�Ñ�Ï2Ñ�æ2Û!Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ã�ä�Ø2ù4Ù�Ñ�ÕFÑ�ù

e/f
ðS\a×FÛ�Ô�ÕeÙ

K
é Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�Û

E
íIÜ2Ñ�Ï2Ñ ñ ×FÛ�Ó	Ó	Ú1å � ÕFÛ�ù,Û�Ó	Ð�Ñ�ù

1 := � E

í Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�ä�ãeæ2Û�Ï2Û â
E ( � ) ð��þ�×FÛ�ù Ñ�ò�Ñ â ÓFÔ�æFÔ�Ð�Öeæ2Û�Ï2Û â P(E )

ò�þ�ÕFÛ�Ù�þkÔ�Õ2Ò�Û�ò�Ï	þóÜ2Ñ�Ï#ã�×2Þ�Ñ�Ù�Ú6ßkÜ	Ï2Ñ�Û�Þ	Ð�Ñ�Ï2Ñ�ÙeÙ�Ù�Û�Þ	Ð�Ñ�Ï	Ó2Ñ�å
Ï2Û�à�Û�Ð�Þ�Û

E
ðýN`þ�ä�Ð�Ö

h : P(E ) → P(F )
 ò�þ�ÕFÛ�ÙóÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù Ø Ñ�ò�Ñ â ÓFÔ�æ	Ø2ùYä�Ø2ù4Ù�Ñ�ÕFÑ�ù

E (1, h) h
é â Ô�ù4Ú1Þ'Ô�Ó	Ø2ÛmØ'×FÛ�Ô�Õ�Ô

E �
í1Ü2Ñ�Ï2Ñ ñ ×FÛ�Ó	Ó2Ñ�Ò�ÑóÙ

E
Û ×2Ø	Ó	Ø	÷2Û�å � í6Ð�ð�Û�ðÝù4Ó2Ñ ñ Û�ä�Ð�Ù�ÑóÙ�ä�Û ß

� ÕFÛ�ù,Û�Ó	Ð�Ñ�Ù
x ∈ E

íaÜ	Ï2Û ×Fä�Ð�Ô�Ù�Ø2ù4Ú6ß ÙúÙ�Ø'×FÛ
x = o

é ∑∞
n=1 πnxn

íaÒ�×FÛ
(xn)

 Ü	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�ÓFÔ�ã
Ü2Ñ�ä ÕFÛ ×FÑ�Ù#Ô�Ð�Û Õ2Ö�Ó2Ñ�ä�Ð�Ö<Ù

E �
Ø
πn

fä�æ2Û�Ð�Ó2Ñ�ÛaÏFÔ â ò�Ø2Û�Ó	Ø2Û`Û ×2Ø	Ó	Ø	÷	Ú Ù P(E )
Ð�Ô�Þ�Ñ�Û�í'æ	Ð�Ñ

(h(πn))


ÏFÔ â ò�Ø2Û�Ó	Ø2Û1Û ×2Ø	Ó	Ø	÷	ÚóÙ P(F )
í�ä�ù1ð}Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø	ã<ö'ð ÿ'ð ôUØSö'ð ÿ'ð � Ù�ëKì � ï«ð,MUæ2Û�Ù�Ø'×2Ó2Ñ	í�æ	Ð�Ñ

E ( � , h) 
Ø'×FÛ�Ô�ÕáÙ

E
ð

��� *-0�� 0�� 0��<,<0 � 3 1�3�� ������� Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ
P : E → F

ÓFÔ â Ú1Ù#Ô�Û�ùfÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û sh(P ) :
P(E ) → P(F )

í�Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ó2Ñ�Û<ü�Ñ�Ï2ù4þ�ÕFÑ�å
sh(π) = [P (π(E))]

ð�g Û�ù ä�Ô�ù4Ú�ù1í
sh(π)

 Ü2Ñ�Ï#ã�×	é
Þ�Ñ�Ù�Ú1åáÜ	Ï2Ñ�Û�Þ	Ð�Ñ�ÏáÓFÔ!Ü2Ñ�ÕFÑ�ä�þ

(Pπ(E))⊥⊥ ð



� ��$ - " - ��$	/`�`0 - �	�	$ - �4/ * � - ��"���$��
� 	!�@�6���2�� �a$	�@��$ - ����� ö�ç

�á|����ar�J�B : B �  2�����
E
�
F � 
'���@� - "�$	/`��" ���q�����	�á�60#" - ��� �	���	�4� 5 � " � -���- $�������$ - ���	�����

���	
�$	/1�w0 - �	�	$ - �
P : E → F

� - ��"���$������`���2�� �a$	�@��$ - �����q
�� - �ó�m� - ����� - � - � ���� ��#��� * � -�� ���
sh(P ) � �� ��@��
 ��- � - � - " �U�2�� 5

C
Maä�Ð�Ô�ûaÐ�ä�ã Ùeä�Ø'ÕFÛwÐ�Û ñ ÛwÏFÔ�ä�ä�þ ñ ×FÛ�Ó	Ø	ãIí1æ	Ð�Ñ ØúÙ ëKì � í�Ü�ð�ö'ð � ð î�ï � Ø'Õ2ØÝë ô'í�Ü�ð�ö'ð î'ð î � ì�D ï D

×	Õ2ãwä Õ2þ�æFÔ�ãHÕ2Ø	Ó2Û�å	Ó2Ñ�Ò�ÑzÑ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ'ð6N`Ï	Ø � Ð�Ñ�ùúÙ�ù,Û�ä�Ð�ÑSÕ2Ø	Ó2Û�å	Ó2Ñ�ä�Ð�Ø�ÏFÔ�ò�Ñ�Ð�Ô�Û�Ð�Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�ÓFÔ�ã
Ô�×	×2Ø	Ð�Ø	Ù�Ó2Ñ�ä�Ð�Ö2ð

B
�á|����ar J�B �IB�:S����0#" - �2�
 - ����$ -���- � - ��� �@��
 -���- ��- � - � - " �U�2����

h : P(E )→ P(F )
�¨ 
	q� �

����
� 2���U�¦���	$@����
'��$	$	/1�Q" � �  �����"�$	/1� - 0@�¦"���� - "
Sh : E (1, h)→ F

����� - � * ��� - ����$��
Sh

� - 
�0����������
�
h
�
Sh( � E ) = h( � ) � F

5 �U- �@���z� -���-�*
E (1, h)

�'
���������� �
f
� 0 - ����� � � � " - �

E
* � - 0@�¦"���� - "

Sh�  ��������	0	�	�	�	�����	
'��$ * � 5 � 5
Sh(xy) = Sh(x)Sh(y)

�����H
'��� �
x, y ∈ E (1, h)

5

C
j�ù1ð�ëKì � í'Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø	ã�ö'ð ÿ'ð � Øáö'ð ÿ'ð � í	Ð�Û�Ñ�Ï2Û�ù[Ôqö'ð ÿ'ðKì�è�ï«ð

B
��� *-0�� 0�� 0��<,<0 � 3 � 3 MUÜ2Û�ÏFÔ�Ð�Ñ�Ï

S
í'ä�þ�ø�Û�ä�Ð�Ù�Ñ�Ù#Ô�Ó	Ø2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�Ò�ÑSþ�Ð�Ù�Û�Ï ñ ×�Ô�Û�Ð�ä�ãwÙ�ÕFÛ�ù,ù,Û � ð ô'í

ÓFÔ â Ú1Ù#Ô�ûaÐ �������F��� �>�2���¦�@�������S��� �
h
ØáÑ�ò�Ñ â ÓFÔ�æFÔ�ûaÐ�ä�Ø2ù4Ù�Ñ�ÕFÑ�ù Sh

ð�N`þ�ä�Ð�Ö
E

YüQþ�Ó'×�Ô�ù,Û�Ó	Ð
EØ

F
füQþ�Ó'×�Ô�ù,Û�Ó	Ð

F
ð�MUÜ2Û�ÏFÔ�Ð�Ñ�Ï

S : E → F
ÓFÔ â Ñ�Ù�Û�ù ���F�«����������� � �������F��� í'Û�ä Õ2ØHä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð

Þ�Ñ�Õ2Ö�÷2Û�Ù�Ñ�å Ò�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù h : P(E ) → P(F )
Ð�Ô�Þ�Ñ�å�íUæ	Ð�Ñ

E ⊂ E (1, h)
Ø
S = Sh

ÓFÔ
E
ð

X[ä Õ2Ø
h

 Ð�Û�Ó	ÖqÜ2Ñ�Õ2Ø	Ó2Ñ�ù[Ô
P
í	Ð�Ñ<Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ï�ä�×2Ù�Ø	Ò�Ô

S
ò�þ�×FÛ�ùkÓFÔ â Ú1Ù#Ô�Ð�Ö �������F��� �f�2� �2�2�2� �Q�

P
ð


IÔ�ù,Û�Ð�Ø2ù1í'æ	Ð�Ñ!Ü2Ñ�Ó	ã'Ð�Ø2Û`ä�×2Ù�Ø	Ò�Ô!Ü2Ñ�ä�Ï2Û ×Fä�Ð�Ù�Ñ�ùkÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù[Ô!Ø�Ñ�Ü2Û�ÏFÔ�Ð�Ñ�ÏFÔ�ä�×2Ù�Ø	Ò�Ô â Ô�Ù�Ø2ä�ã'Ð<Ñ�Ð
Ù�Ú�ò�Ñ�ÏFÔSÛ ×2Ø	Ó	Ø	÷ � E

Ø � F

Ù
K
é Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ß

E
Ø

F
í2ä�ù1ð�ëKì � í'Ü�ð2ö'ð ÿ'ð � ï«ð
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E � 
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 -e-�� "���$	������$	$	/1� �	�	$@���	$	/1� - 0@�¦"���� - " * � - ��"���$��
� 	!�	� ���2�� �a$	�@� �
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P(F )
�á���������@����
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0 - � - �S�@��������$	/�� � �@������$@� - 

(eξ)ξ∈Ξ



E
�����	�@� * ��� - �2�������!������� - 0#" �¦� ������
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Tx = o
�∑

ξ∈Ξ

W ◦ ρξS ◦ (x/eξ) (x ∈ E),
� � ðKì�D

� � � - 0@�¦"���� - "
S � �ê��
�� �H- 0@�¦"���� - "��

T
* � - " � - � - " �U�2��

W : F → F
0#" �¦� ������
��������á� - � - �

- 0@�¦"���� - "� 2�4$ - �<��$	���w$��
o
�∑

ξ∈Ξ ρξT (eξ)
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j�ù1ð�ëKì � í'Ð�Û�Ñ�Ï2Û�ù[Ôqö'ð � ð ö�ï Ø ë ô	í'Ð�Û�Ñ�Ï2Û�ù[Ôqö'ð ô'ð � ï«ð

B
�á|����ar J�BDLIB �6���	� 0 - �	�	$ - �

P
� - ��"���$������S���2�� �a$	�@��$ - ����� * � -

P
� |P | �2��� �W� - ���	$e�� - ���<�z�ê��
�� ��5 �6���	�

Px = (Tx)s� (x ∈ E)
����� $@��� - � - " -���- " ���q��� - ��$ -���- ��- � - � - " �U�2����

T : E → G ⊂ F
* � - �ê��
�� � �

P
�
T
� - 
�0������ �W� 5

C
R!Ñ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù�ÑSä ÕFÛ ×2þ�Û�Ð!Ó2Û�Ü2Ñ�ä�Ï2Û ×Fä�Ð�Ù�Û�Ó	Ó2Ñ�Ø â Ñ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ã � ðKì�ØqÞ�Ñ�Ó2ä�Ð�Ï	þ�Þ	÷	Ø	ØHä�×2Ù�Ø	Ò�Ô

� ä�ù1ðýëKì � í6Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2Û ö'ð ÿ'ð � ï D í1þ�æ	Ø	Ð�Ú1Ù#Ô�ã Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2Û ô'ð î Ø Ð�Ñ�Ð üWÔ�Þ	Ð�í1æ	Ð�Ñeù4Ó2Ñ ñ Û�ä�Ð�Ù#Ô
B ⊂ G Ø {gs� : g ∈ G} Ü2Ñ�Ï2Ñ ñ ×�Ô�ûaÐzÑ�×2Ó	þ�ØwÐ�þ ñ ÛQÜ2Ñ�ÕFÑ�ä�þ�Ù F

ð
Bg Û�Ü2Û�Ï	ÖqÙ�ä�ÛQÒ�Ñ�Ð�Ñ�Ù�Ñ�×	Õ2ãz×FÑ�Þ'Ô â Ô�Ð�Û Õ2Ö�ä�Ð�Ù#ÔzÑ�ä�Ó2Ñ�Ù�Ó2Ñ�åáÐ�Û�Ñ�Ï2Û�ù4Ú ×�Ô�Ó	Ó2Ñ�Ò�Ñ<ÜFÔ�ÏFÔ�Ò�ÏFÔ�üWÔ'ð

��|#t �}|��ar J�B A � ÑSÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø	Ø�Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑHÔ�×	×2Ø	Ð�Ø	Ù�Ó	Ú6ßwÜ2Ñ�Õ2Ø	Ó2Ñ�ù,Ñ�Ù2í@ä�Ñ�ß'ÏFÔ�Ó	ã'ûaø!Ø'ß
×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö�D B �  2����� E � 
'���@� - "�$���� " ���q�����	� *

F � K
� 0#" - ��� "���$@����
 -�*
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s
� - ��$ - " - ��$	/1�ó0 - "������ - 
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P (x) = o
�∑

ξ∈Ξ

W ◦ ρξS(x/eξ)s� (x ∈ E),
� � ð î%D

� � � - 0@�¦"���� - "
S � �ê��
�� � 0 - �	�	$ - ���
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0#" �¦� ������
���������� - � - �
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o
�∑
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C
N`Ï2Û ×2Ü2Ñ�ÕFÑ ñ Ø2ùfä�ÓFÔ�æFÔ�Õ�Ô'í6æ	Ð�Ñ�Ü2Ñ�Õ2Ø	Ó2Ñ�ù

P
Ü2Ñ�ÕFÑ ñ Ø	Ð�Û ÕFÛ�Ó�ð h ä�Ø'Õ2þkä ÕFÛ ×Fä�Ð�Ù�Ø	ã ô'ðKì�è � ÿ%D

ä�þ�ø�Û�ä�Ð�Ù�þ�ûaÐ�Ù�Û�Þ	Ð�Ñ�Ï	ÓFÔ�ã Ï2Û�à�Û�Ð�Þ'Ô
G
ØeÏ2Û�à�Û�Ð�Ñ�æ	Ó	Ú1åóÒ�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù T : E → G

Ð�Ô�Þ	Ø2Û�í,æ	Ð�Ñ
Gs� ⊂ F ØHØ2ù,Û�Û�Ðqù,Û�ä�Ð�Ñ<Ü	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø2Û

P (x) = (Tx)s� (x ∈ E).
� � ð ô%D

g}Ô�Þ ñ Û�í�Þ'Ô�ÞkØkÙ�Ð�Û�Ñ�Ï2Û�ù,Û�î'ð � Øúä ÕFÛ ×Fä�Ð�Ù�Ø	Ø î'ð ç'í[þ'ù4Ó2Ñ ñ Û�Ó	Ø2ÛáÙ
F

Ñ�ò�Ñ â ÓFÔ�æ	Ø2ùfä�Ø2ù4Ù�Ñ�ÕFÑ�ù • ðg Ñ�Ò�×�Ô
Gs� ù,Ñ ñ Ó2Ñ�Ñ�Ð�Ñ ñ ×FÛ�ä�Ð�Ù�Ø	Ð�Öwä�Ü2Ñ�×2Ï2Û�à�Û�Ð�Þ�Ñ�å E(s) := {u1 • . . . • us : u1, . . . , us ∈ T (E)}

f
é¦Ô�Õ2Ò�Û�ò�Ï	Ú

F
íFÔ�Ð�Ô�Þ ñ ÛWä�æ	Ø	Ð�Ô�Ð�Ö us� = us• = u • . . . • u ×	Õ2ã u ∈ E(s)

í	ä�ù1ð�ëKì�ô'í'Ð�Û�Ñ�Ï2Û�ù[Ô � ðKì ï«ð
R�Õ2ãeÏ2Û�à�Û�Ð�Ñ�æ	Ó2Ñ�Ò�Ñ�Ò�Ñ�ù,Ñ�ù,Ñ�Ï2üQØ â ù[Ô Ü2ÑáÐ�Û�Ñ�Ï2Û�ù[Ô �Iþ�Ð�ù[Ô�ÓFÔ � ð öwØ2ù,Û�Û�Ð�ù,Û�ä�Ð�ÑáÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ é

Ó	Ø2Û � � ðKì�D�í ÙáÞ�Ñ�Ð�Ñ�Ï2Ñ�ù
S

 ä�×2Ù�Ø	Ò
T
ðzN`þ�ä�Ð�Ö

v := o
é ∑

ξ∈Ξ ρξT (eξ)
Ø � ξ

Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�Ð�Ñ�ä�Þ�Ñ�ÕFÑ�Þ
� F

í	ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�þ�ûaø!Ø	åáÜ	Ï2Ñ�Û�Þ	Ð�Ñ�Ï	þ
ρξ
ð,NQÑ�×Fä�Ð�Ô�Ù�Ø	Ù � � ðKì�D�Ù � � ð ô%D í	Ü2Ñ�Õ2þ�æ	Ø2ù

P (x) =

(
o
é∑

ξ∈Ξ

v • � ξ • S(x/eξ)
)s•

= o
é∑

ξ∈Ξ

vs• • � ξ • S(x/eξ)s•.

Maò�Ñ â ÓFÔ�æ	Ø	ÙSò�þ�Þ	Ù�Ñ�å W Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ïqþ'ù4Ó2Ñ ñ Û�Ó	Ø	ãzÙ
F
ÓFÔ � ÕFÛ�ù,Û�Ó	Ð

vs•
í�Ü2Ñ�Õ2þ�æ	Ø2ù Ð�Ï2Û�ò�þ�Û�ù,Ñ�ÛUÜ	Ï2Û ×	é

ä�Ð�Ô�Ù�ÕFÛ�Ó	Ø2Û�ð�X[ä Õ2ØwÜ2Ñ�Õ2Ø	Ó2Ñ�ù
P
Ü	Ï2Ñ�Ø â Ù�Ñ�ÕFÛ�Ó�í2Ð�ÑSÙ<ä�Ø'Õ2þq×FÑ�Þ'Ô â Ô�Ó	Ó2Ñ�Ò�ÑqØ2ù,Û�Û�ùkÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø2Û

|P |(x) = o
é∑

ξ∈Ξ

W0

(
ρξS(x/eξ)

s�
)

(x ∈ E),

Ò�×FÛ
S

 ä�×2Ù�Ø	Ò |P | Ø W0 > 0
ð�g}Ô�ÞmÞ'Ô�Þ

P = π|P | − π⊥|P | ×	Õ2ãwÓ2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�Ò�Ñ�Ü	Ï2Ñ�Û�Þ	Ð�Ñ�ÏFÔ π íFÐ�ÑÑ�ä�Ð�Ô�Û�Ð�ä�ãáÜ2Ñ�ÕFÑ ñ Ø	Ð�Ö W := πW0 − π⊥W0
Øwä�Ñ�ä Õ�Ô�Ð�Ö�ä�ãwÓFÔ!ÕFÛ�ù,ù4þ � ð ÿ'ð

BN`þ�ä�Ð�ÖHÐ�Û�Ü2Û�Ï	Ö
K
Ø
Q

 � Þ�ä�Ð�Ï2Û�ù[Ô�Õ2Ö�Ó2ÑHÓ2Û�ä�Ù�ã â Ó	Ú�ÛSÞ�Ñ�ù4ÜFÔ�Þ	Ð�Ú�í}Ô E Ø
F

 üQþ�Ó'×�Ô�ù,Û�Ó	Ð�Ú
Ù�ÏFÔ�ä�à!Ø	Ï2Û�Ó	Ó	Ú6ß

K
é Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù#Ô�ß

E := C∞(K)
Ø

F := C∞(Q)
ä�Ñ�Ñ�Ð�Ù�Û�Ð�ä�Ð�Ù�Û�Ó	Ó2Ñ	ðúN`þ�ä�Ð�Ö

C0(Q,K)
Ñ�ò�Ñ â ÓFÔ�æFÔ�Û�ÐHù4Ó2Ñ ñ Û�ä�Ð�Ù�ÑzÙ�ä�Û ßwÓ2Û�Ü	Ï2Û�Ï	Ú1Ù�Ó	Ú6ß�üQþ�Ó	Þ	÷	Ø	å σ : Q0 → K

íFÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ó	Ú6ß
ÓFÔSÑ�Ð�Þ	Ï	Ú1Ð�Ñ�é â Ô�ù4Þ	Ó	þ�Ð�Ú6ßwÜ2Ñ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù#Ô�ß dom(σ) := Q0 ⊂ Q

ð
��� *-0�� 0�� 0��<,<0 � 3��93 R�Õ2ã�Ü	Ï2Ñ�Ø â Ù�Ñ�Õ2Ö�Ó2Ñ�Ò�Ñ σ ∈ C0(Q,K)

Ø
x ∈ C∞(K)

Ñ�Ü	Ï2Û ×FÛ Õ2Ø2ùúüQþ�Ó	Þ'é
÷	Ø	û

x • σ : Q→ R
ü�Ñ�Ï2ù4þ�ÕFÑ�å

(x • σ)(q) :=
{
x(σ(q)),

Û�ä Õ2Ø
q ∈ dom(σ),

0,
Û�ä Õ2Ø

q ∈ Q \ dom(σ).

�
	 .�0�� 	 �<,<0 � 3��93 �Wþ�Ó	Þ	÷	Ø	ã
x • σ íaÞ'Ô�Þ Ñ�æ2Û�Ù�Ø'×2Ó2Ñ	í`Ó2Û�Ü	Ï2Û�Ï	Ú1Ù�ÓFÔ'íQÓ2ÑóÓ2ÛmÜ	Ï	Ø	ÓFÔ�×	ÕFÛ ñ Ø	Ð�í

Ù�Ñ�Ñ�ò�ø�ÛaÒ�Ñ�Ù�Ñ�Ï#ãIí	Ü	Ï2Ñ�ä�Ð�ÏFÔ�Ó2ä�Ð�Ù�þ
C∞(Q)

í�Ü2Ñ�ä�Þ�Ñ�Õ2Ö�Þ	þHÑ�ÓFÔ!ù,Ñ ñ Û�ÐSÜ	Ï	Ø	Ó	Ø2ù[Ô�Ð�Öqò�Û�ä�Þ�Ñ�Ó2Û�æ	Ó	Ú�Û â ÓFÔ�é
æ2Û�Ó	Ø	ã ÓFÔ Ó2Û�Þ�Ñ�Ð�Ñ�Ï2Ñ�ùYÜ2Ñ�×Fù4Ó2Ñ ñ Û�ä�Ð�Ù�Û U ∈ Q

ämÓ2Û�Ü	þ�ä�Ð�Ñ�å Ù�Ó	þ�Ð�Ï2Û�Ó	Ó2Ñ�ä�Ð�Ö�û�ð M�×2ÓFÔ�Þ�Ñ	íQÛ�ä Õ2Ø
x • σ ∈ C∞(Q)

×	Õ2ãáÙ�ä�Û ß
x ∈ E í�Ð�ÑqÓ2Û�Ð�Ï	þ�×2Ó2ÑqÙ�Ø'×FÛ�Ð�Ö2í@æ	Ð�ÑzÑ�Ð�Ñ�ò�ÏFÔ ñ Û�Ó	Ø2Û x 7→ x • σ (x ∈ E)ã'Ù�Õ2ã	Û�Ð�ä�ãzÑ�Ü2Û�ÏFÔ�Ð�Ñ�Ï2Ñ�ù ä�×2Ù�Ø	Ò�Ô'ð[ZQÛ�ä�ù,Ñ�Ð�Ï#ãqÓFÔ � Ð�Ñ	í#Ü	Ï2Ñ�Ø â Ù�Û ×FÛ�Ó	Ø2Û W (x•σ) Þ�Ñ�Ï	Ï2Û�Þ	Ð�Ó2Ñ!Ñ�Ü	Ï2Û ×FÛ éÕ2ã	Û�ÐqüQþ�Ó	Þ	÷	Ø	ûiØ â C∞(Q)
í	Û�ä Õ2Ø

W
Ñ�ò�ÏFÔ�øSÔ�Û�Ð�ä�ãwÙSÓ2Ñ�Õ2Ö<ÓFÔ!Ù�Ó	þ�Ð�Ï2Û�Ó	Ó2Ñ�ä�Ð�Ø

U
ð,\`ÓFÔ�æ2ÛQÒ�Ñ�Ù�Ñ�Ï#ãIí

ÏFÔ�ä�ä�ù[Ô�Ð�Ï	Ø	Ù#Ô�ãwÜ	Ï2Ñ�Ø â Ù�Û ×FÛ�Ó	Ø2Û fg ×2Ù�þ#ß�üQþ�Ó	Þ	÷	Ø	å f, g ∈ C∞(Q,R)
í'ä�æ	Ø	Ð�Ô�Û�ù

(fg)(q) = 0
í	Û�ä Õ2Ø

Õ2Ø2ò�Ñ
f
í'Õ2Ø2ò�Ñ

g
ÏFÔ�Ù�Ó	ã	Û�Ð�ä�ãáÓ	þ�Õ2ûOÐ�Ñ ñ ×FÛ�ä�Ð�Ù�Û�Ó	Ó2ÑzÙzÑ�Þ	Ï2Û�ä�Ð�Ó2Ñ�ä�Ð�Ø q ∈ Q í2Ü2Ñ�×2Ï2Ñ�ò�Ó2Ñ�ä�Ð�Ø�ä�ù1ð ëKì � íö'ð � ð ö�ï«ð>\Qù,Û�Ó	Ó2ÑóÙ � Ð�Ñ�ù^ä�ù4Ú�ä ÕFÛmÜ2Ñ�Ó	Ø2ù[Ô�Û�Ð�ä�ã Ü	Ï2Ñ�Ø â Ù�Û ×FÛ�Ó	Ø2Û Wξ((wξx)

s • σ) Ùkä ÕFÛ ×2þ�ûaø�Û�åÐ�Û�Ñ�Ï2Û�ù,Û�ð
��|#t �}|��ar J�BDC � Ñ ù4þ�Õ2Ö�Ð�Ø	Ü'Õ2Ø	Þ'Ô�Ð�Ø	Ù�Ó2Ñ�ù Ü	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø	Ø Ñ�Ï	Ð�Ñ�Ò�Ñ�ÓFÔ�Õ2Ö�Ó2ÑóÔ�×	×2Ø	Ð�Ø	Ù�Ó	Ú6ß Ü2Ñ�é

Õ2Ø	Ó2Ñ�ù,Ñ�Ù2í ä�Ñ�ß'ÏFÔ�Ó	ã'ûaø!Ø'ßá×2Ø â� ûaÓ	Þ	Ð�Ó2Ñ�ä�Ð�Ö�D B �  2����� E �
F � �1 	$#��������$@��/O
H0#" - ��� "���$@����
�� �

C∞(K)
�
C∞(Q)

� -�- ��
'��������
'��$	$ -�* �
P : E → F � 0 - "������ - 
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s
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� 	!�@�6���2�� �a$	�@��$ - ����� ÿ'ì

- � - � "����<��$	�@�
σ ∈ C0(Q,K)

* ���������@����
 -
(wξ)ξ∈Ξ

0 - � - �S�@��������$	/�� �1 	$	� �	�	��

C∞(K)

�ó��� �
�����@����
 -

(Wξ)ξ∈Ξ
0 - 0���"�$ - ���2�� �a$	�@��$	/�� �1 	$	� �	�	���2

C∞(Q)
�����	�@� * ��� -

1/wξ ∈ E
�����!
'��� �

ξ ∈ Ξ
* �m��0#"���
'�¦���	�	
 - 0#" �¦� ������
��@��$	�@� �

P (x) = o
�∑

ξ∈Ξ

Wξ((wξx) • σ)s (x ∈ E).
� � ð � D

C
��Ð�Ñ�Ð�üWÔ�Þ	Ðáä ÕFÛ ×2þ�Û�Ð�Ó2Û�Ü2Ñ�ä�Ï2Û ×Fä�Ð�Ù�Û�Ó	Ó2Ñ�Ø â Ð�Û�Ñ�Ï2Û�ù4Ú � ð ÿ'ð�Z`þ ñ Ó2ÑHÕ2Ø	à!Ö â Ô�ù,Û�Ð�Ø	Ð�Ö2í4æ	Ð�Ñ

Û�ä Õ2Ø
S : E → F

 Ñ�Ü2Û�ÏFÔ�Ð�Ñ�Ïúä�×2Ù�Ø	Ò�Ô'í�Ð�Ñmä�þ�ø�Û�ä�Ð�Ù�þ�Û�Ð�üQþ�Ó	Þ	÷	Ø	ã
σ ∈ C0(Q,K)

Ð�Ô�Þ'Ô�ãIí�æ	Ð�Ñ
Sx = x • σ ×	Õ2ãHÙ�ä�Û ß x ∈ E í2ä�ù1ðIëKì � í'Ü	Ï2Û ×	ÕFÑ ñ Û�Ó	Ø2ÛSö'ð � ð � ï«ð B
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	 .�0�� 	 �<,<0 � 3 1��93 h�Ó	þ�Ð�Ï2Û�Ó	Ó	Ø	åkÙ�Û�ä�í[üQØ	Ò�þ�Ï	Ø	Ï	þ�ûaø!Ø	åóÙmÜ	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø	ã�ß � � ð î%D�Ø � � ð � D�í
Ù�Ü2Û�Ï	Ù�Ú�Û<Ù�Ù�Û Õó_!ð�X�ð�Iþ�Ð�ù[Ô�Ó�í}ä�ù1ðmë î'í[ì � ï«ð��6Û â Ü	Ï	Ø	Ù�ÕFÛ�æ2Û�Ó	Ø	ãeÙ�Ó	þ�Ð�Ï2Û�Ó	Ó	Ø'ß Ù�Û�ä�Ñ�Ùáþ�Þ'Ô â Ô�Ó	Ó	Ú�Û
Ü	Ï2Û ×Fä�Ð�Ô�Ù�ÕFÛ�Ó	Ø	ãáÙ�Ñ â ù,Ñ ñ Ó	Ú Õ2Ø	à!Ö<ÓFÔ!æFÔ�ä�Ð�Ø�Ñ�ò�Õ�Ô�ä�Ð�ØáÑ�Ü	Ï2Û ×FÛ ÕFÛ�Ó	Ø	ãIíFä�Ï�ðKí	ÓFÔ�Ü	Ï	Ø2ù,Û�Ï�í ëKì�íFç�ï«ð
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£0ß6à

F á Ýãâ9ÝKä	Þ(å0æ�¦ £�Þ�Þ(¥ äKÝKçÒ£0ß6à P : E → F
£0ß>å0æCà�Ý	æ á åiè"ß6à�Ý�à¤å0æ�Þ(é"åiêiåiß6£0¦ ¦ ë*£ià"à�¥ Þ(¥ â9Ý/ì¨¥ � Ý � |x| ∧ |y| = 0¥ ¢Ií"¦ ¥ ÝKç

P (x+ y) = P (x) + P (y) î å0æã£0¦ ¦ x, y ∈ E ï s ¡�é"åi¢IåiêiÝKß"ÝKåiè"ç�í�åi¦ ë�ß"åi¢I¥ £0¦ � P ¥ ç�ç(£0¥ à>Þ(å á Ýrà�¥ çñðòåi¥ ß�Þ(ß"ÝKç�çí�æ(ÝKç�Ý	æ(â<¥ ß"ê�¥ î ¥ Þ(çpäKå0æ�æ(ÝKç�í�åiß6à�¥ ß"ê�çòë�¢I¢IÝ	Þ�æ(¥ ä s ¡�¦ ¥ ß"Ý�£�æpåií�Ý	æC£�Þ(å0æ î æ(åi¢ Es Þ(å F ¥ ç}à�¥ çñðòåi¥ ß�Þ(ß"ÝKç�çpí�æ(ÝKç�Ý	æ(â<¥ ß"êr¥ ßIÝ�£0äCéâi£�æ(¥ £ á ¦ Ý �pó é"Ýr¢¤£0¥ ß�æ(ÝKç�è"¦ Þ(ç�å î Þ(é"Ýãí6£0í�Ý	æ�æ(Ý�£ià>£0ç î åi¦ ¦ å�ô�çK§õ�öR÷<ø6ù�÷"ú#ûü ýü ó é"Ý î åi¦ ¦ å�ô�¥ ß"êÛ£�æ(Ý�Ý�þ�è"¥ âi£0¦ ÝKß�Þ�§ (1) P
¥ ç/à�¥ çñðòåi¥ ß�Þ(ß"ÝKç�ç2í�æ(ÝKç�Ý	æ(â<¥ ß"ê�ÿ

(2) d̂nP (x)(y) = 0
£0ß6à

Px ⊥ Py î å0æ¤£0¦ ¦ x, y ∈ E
v
x ⊥ y

v £0ß6à
1 6 n < s

ÿ
(3) P

¥ ç/å0æ�Þ(é"åiêiåiß6£0¦ ¦ ë £ià"à�¥ Þ(¥ â9Ý>£0ß6à
x ⊥ y

¥ ¢Ií"¦ ¥ ÝKç
Px ⊥ Py î å0æ�£0¦ ¦ x, y ∈ E

ÿ
(4)

Þ(é"Ý	æ(Ý�Ý � ¥ çòÞr£¤â9ÝKä	Þ(å0æã¦ £�Þ�Þ(¥ äKÝ G
£0ß6à&¦ £�Þ�Þ(¥ äKÝ2é"åi¢Iåi¢Iå0æ(í"é"¥ ç�¢Iç

S1, S2 : E → Gç�è"äCé�Þ(é6£�Þ
Gs� ⊂ F

v
S1(E) ⊥ S2(E)

v £0ß6à
Px = (S1x)

s� − (S2x)
s� î å0æÒ£0¦ ¦ x ∈ E

ÿ
(5)

Þ(é"Ý	æ(ÝãÝ � ¥ çòÞ(ç�£0ß>å0æCà�Ý	æ
á åiè"ß6à�Ý�à>à�¥ çñðòåi¥ ß�Þ(ß"ÝKç�ç�í�æ(ÝKç�Ý	æ(â<¥ ß"ê2¦ ¥ ß"Ý�£�æÒåií�Ý	æC£�Þ(å0æ T : Es� → F

ç�è"äCé�Þ(é6£�Þ
Px = T (xs�) î å0æã£0¦ ¦ x ∈ E

�
õ�öR÷<ø6ù�÷"ú���ü���ü ÜRÝ	Þ

E
£0ß6à

F á Ý��ãÝ�à�Ý	�<¥ ß6à�äKåi¢Ií"¦ Ý	Þ(Ý�â9ÝKä	Þ(å0æI¦ £�Þ�Þ(¥ äKÝKç ��ó é"Ý	æ(Ý>Ý � ¥ çòÞ(çI£Eí6£�æ�Þ(¥ Þ(¥ åiß å î è"ß"¥ Þ ë
(ρξ)ξ∈Ξ

¥ ß&Þ(é"Ý�
på�åi¦ Ý�£0ß £0¦ êiÝ á æC£¤å î}á £0ß6à&í�æ(å�ðòÝKä	Þ(¥ åiß"ç P(F )
£0ß6àE£ î £0¢I¥ ¦ ë (eξ)ξ∈Ξ

¥ ß
E+

ç�è"äCé&Þ(é6£�Þ
P (x) =

o
¡ ∑

ξ∈Ξ W ◦ ρξS(x/eξ)
s� (x ∈ E)

v ô�é"Ý	æ(Ý
S
¥ ç�Þ(é"Ý¤ç�é"¥ î ÞIå î P £0ß6à

W : F → F
¥ ç2Þ(é"Ý¤å0æ�Þ(é"åi¢Iå0æ(í"é"¥ ç�¢¢2è"¦ Þ(¥ í"¦ ¥ ä�£�Þ(¥ åiß á ë o

¡ ∑
ξ∈Ξ ρξP (eξ)

�

� ÷����ø6ù������ í�å�ô}Ý	æ*å î £ â9ÝKä	Þ(å0æ>¦ £�Þ�Þ(¥ äKÝ v é"åi¢IåiêiÝKß"ÝKåiè"ç�í�åi¦ ë�ß"åi¢I¥ £0¦ v à�¥ çñðòåi¥ ß�Þ(ß"ÝKç�ç*í�æ(ÝKç�Ý	æ(â<¥ ß"ê í�åi¦ ë�ß"åi¢I¥ £0¦ vå0æ�Þ(é"åiêiåiß6£0¦ £ià"à�¥ Þ(¥ â<¥ Þ ë v ¦ £�Þ�Þ(¥ äKÝ�í�åi¦ ë�¢Iå0æ(í"é"¥ ç�¢ v ¢2è"¦ Þ(¥ í"¦ ¥ ä�£�Þ(¥ â9ÝÒæ(ÝKí�æ(ÝKç�ÝKß�ÞC£�Þ(¥ åiß �
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n$��d��dKj6gOl�m6fih6ced���ni`ol�pql�m�m6�6d��i�6g	`"hor�kLm6gK�"gKc�g	`"`ol0bÏ�"h"`6g	b"`ol0bÏkKf9��m�l"fim���l0b�v*l�m"h6k	a ��d0gKc5l0b �"h"`6g	b"`"a�c�6d0�	`olikKfi`"a�cÏh h"`6f9gsp���l ¡ �6h	tutÒgK�"g	`�v"h�d���ni`"a�c�m��6d��i`6g	`"hor�c�hÛfih�m�d�n�l0��n0f9gK�"�6d<vkmol0�"m<j6g	`ol¤`6gwlyxqz{lK�6h6c5lig2h�	likKfid0f�l0j"`olig�m�k	�ol0�ih6gQl�m6fih6ced���ni`olikKfih��'tQli�"c�gQm6��h"`�v"h�m�drced0l<k	h6c�m�ced`| l0`6f9��r�pKh"`�d<��n�k	�"m<j�d0g��ia}m"m�l��ol ¡kKfihBt�m<`6l"v"hol0`�d���d�l"��h6f9gK��horIl�dKj6gKkKfi��dVmol0�"m<j6g	`ol��	likKfid0f�l0j"`oligÒm�k	�ol0�ih6gul�m6fih6ced���ni`olikKfih��
~J���������o�N�?�����o�o� � ��d��dKj�dNl�m6fih6ced���ni`ol�pql/m�m6�6d��i�6g	`"horv<�"h"`6g	b"`�d�r�k	h6kKf9gKced/k m6gK�"gKc�g	`"`ol0b&kKf9��m�l"fim���l0b�v�6d0�	`olikKfi`oligãm��6d��i`6g	`"h6gÒfih�m�d2n�l0��n0f9gK�"�6d<v�h"`6f9gsp���l ¡ �6h	tutÒgK�"g	`�v"h�d���ni`olig�m��6d��i`6g	`"h6gãfih�m�d2n�l0��n0f9gK�"�6d<�
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�5���������u¤���¤5�����{�V�o�u¤¿�¯�5���5�{� �����5�o�����	���0���	�0�5�o��¬u�o��¤5���'�k�o�{�u���u¤��9�� {�5�	���	�����u¤�¤¾¤�������¨{�5��¦
¡5¤5ÀLÀL���5������¤9�"£5º	�����u¤Á�0�9���	�5����¤����u¤¿�	¤��9��UN��£5º"�������9� Ú(U2�{¡5�5�	�Â�y£5�0�9�o�Ã¡9�o���� "���5�¥�5�{�	·{¢k��¦
¡5¤5� �	�Ã¤¾¡9�	���o�����o���5�	�a���y£9�o�	¤5�±�o���	¤5�V�"£5º	�5�	���	¤Á��ÀL�o�5� �Ä����¤�����¤��9���V���0��¤5�u���V��DB�o���	�k��¨{¤�¦
�9�a©«ª � ´�ª�Å  ¬��?�¯¡5���0¨��	�Á�y£5�0�9�o�B�5��£5�0�5���5�¯¡9�	���o�����o���5�	�L���y£9�o�	¤5�O�o���	¤5�V�"£5º	�5�	���	¤�Ú

Æ 6VÇ½È9e�f�c��QÈ9j9É}c¥Êkck�VckËQh
Tu�o�{�{� �o�	��¤5�¹ "�"¡��{���½�¯�9�"¢k��Ì�¡9����¤�¤��u¤���¤5�u���V�ÄÀB�0������¤5�o�9�"£��

I(u, v) = c′1x(t1) + c′2 y(T ) Í ª"Î
����¤»�o¨{�9����¤��5����¤��0¢





x(t+ 1) =
t∑

τ=t0

A(t, τ)x(τ) +B(t)u(t), t ∈ T1 = {t0, t0 + 1, . . . , t1 − 1} ,

x(t0) = x0,

ẏ(t) =
t∫

t1

C(t, τ) y(τ) dτ +D(t) v(t), t ∈ T2 = [t1, T ] ,

y(t1) = c′3x(t1).

Í � Î
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1 s�d�xylifidÛ�ia}mol0�"`6g	`�dOm6��h½t�h"`�d�`6kwl0��l0b½molK�"��gK�<^2l<gLÐ`l0`��dÛ�6d0�	�ih6fihorY`�dKm�l�hÃm6��h±m6�"gK�	h���g	`6f9g*u��KgK��x9d�b ¡��^�d�`6kKl�l0b&�"gKksm"m"x0�"h6l�h�v{p��6d�`6f�Ñ  5ÒÔÓ5ÕyÖu×uØ�¡ � ¡ �0��Ï�� ¡ � ì8Ù ï ¡ �yÚ Õ �i� Õ Ïi�
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t0
¬
t1
¬
T
¬
x0

 "�"¡������L¬V����¤��5�{�Â�9�� {�5�	���	º
t1 − t0 � �9���	�0�9�"£5º	�5�	�a��¤5�y£9��¬

c1
¬
c2
¬
c3 � "�"¡����������¥�5�	���������������¥���������o���L¬

x(t) ∈ R
n ¬ y(t) ∈ R

m � ���������o��� �{�	����������¤�� ��¤5�����{�u�L¬
A(t, τ) ∈ R

n×n ¬ B(t) ∈ R
n×r ¬ C(t, τ) ∈ R

m×m ¬ D(t) ∈ R
m×q � �{�	�o�	���������	�������5�Ã¡5¤5�����5���	�����

¤¯�5�����5�����'�	������¤� {���{���	�����J�V���	��¤����N¦ ÀB�0������¤�¤�¬
u(t) � r

¦ � �������'�Ä���������o�Ä�0���9���o£5���E°?¤�¢����o �¦
¡9���5���	�	¤��¿�{�² {�9�{�5����¤����u¤¿¤� Ä "�"¡������5�o¨����5�����������o¨��»¤(�o¨{�9����¤��5�����5�o¨��¥�u�5��Ì?�{���	�k�

U
¬
v(t) �

q
¦ � �������'�½�����{�o���5��¦§�5�����5�����'�	���'�»���������o�½�0���9���o£5���E°?¤�¢±���o �¡9���5���	�	¤��»�{�O {�9�{�5����¤����u¤²¤� S "�"¦
¡������5�o¨��Ä�5�����������o¨��Ä¤²�o¨{�9����¤��5�����5�o¨��±�u�5��Ì?�{���	�k�

V
¬��"Ú5��Ú

{
u(t) ∈ U ⊂ R

r, t ∈ T1,
v(t) ∈ V ⊂ R

q, t ∈ T2.
Í ³�Î

� �	��¤�¢²�o {�9�{�9�o���± {�9���½�	�9���5���5�o��¤��5�o�k����¤�� Ú
DL�����

(u(t), v(t))
���	�'®�������¤����y¡9���������u¤������o�5���	�k�o�u¤¾�9�� ��o���{���
	
�������������������������� �"!�#

�$�L¬5���{�	�o�	���������	�	�0�E°?¤��»���5�o�5�{�{�
(u(t), v(t), x(t), y(t)) � �
	
��������������%���&	
' �"����	(�EÚ

) 6+*¥È ,.-0/0g c213,Qh3,Qc54�ik�Qh76 É3,QhQf�i8,Qh76ÁÉ}ckËQike�f�j9c
h\�QikÈ 9�:�È��Vh.-EÈ9i²hÁ�VÈ9e�f�c�f�È9ËQ�QÈ9i;/�eog È9j9hQi²È 1Qf�h.-Ec0g=<9�QÈ9e�f�h

DS�����	º
(u(t), v(t), x(t), y(t)) � �o���	¤5�V�"£5º	���'� ���5�o�5�{�{��Ú<:E·	�o {�9�{��¤5�¶���5�o¤� {����£5º	���'�C¡9��¦

�������	¤5�u�'�Â���5�o�5�{�{�
(ū(t), v̄(t), x̄(t), ȳ(t)),

¨�¡9�
ū(t) = u(t) + ∆u(t)

¬
v̄(t) = v(t) + ∆v(t)

¬
x̄(t) = x(t) + ∆x(t)

¬
ȳ(t) = y(t) + ∆y(t),

¤¹ "����¤�®��{�2ÀL�o�5�u�"£5�(¡�£5� ����¤��9��°�����¤��¹ÀB�0����¦
��¤5�o�9�"£��

∆I(u, v) = c′1∆x(t1) + c′2∆y(T ). Í Å0ÎY�¡5���0¨��o�a�����o�5�o���\�����5��¬0�����L����¤��9��°�����¤5�
(∆x(t),∆y(t))

�	�9�o�������o��¤�¤
(x(t), y(t))

·o�"¡9���O�"¡9��¦
�o£9���	���o�k���	º±�0�9���	�5����¤���� Í µ�Î�¤ Í � Î




∆x(t+ 1) =

t∑
τ=t0

A(t, τ)∆x(τ) +B(t)∆u(t), t ∈ T1,

∆x(t0) = 0,

Í µ�Î




∆ẏ(t) =

t∫
t1

C(t, τ)∆y(τ) dτ +D(t)∆v(t), t ∈ T2,

∆y(t1) = c′3∆x(t1).

Í � Î

DB�	���0��£5º	��� Í µ�Î�¤ Í � ÎJ���o£5���E�������{�	�o�	���������	�������5�½£5¤��5��������� �5�{�{¡5�5�o�5�{¡5�����¼�9�� {�5�	���	�����
¤a¤�������¨{�5��¦ ¡5¤5ÀLÀL���5������¤9�"£5º	�����Á�0�9���	�5����¤����u¤½�	¤��9�?UN��£5º"�������9���o�	�5�	��¤����y£5º	�5�

∆x(t)
¬
∆y(t),���¯¤�¢a�5��®�����¤��²� ��Ì¯�5�Ä���5�y¡9���o���	¤��	º�©«ª�µ�´�ª?>  �¯�	¤�¡9�

∆x(t) =

t−1∑

s=t0

R(t− 1, s)B(s)∆u(s), ÍA@ Î

∆y(t) =

t∫

t1

Q(t, ξ)D(ξ)∆v(ξ) dξ + c′3Q(t, t1)∆x(t1), Í >�Î

¨�¡9�
R(t, τ)

¤
Q(t, ξ) � �V���	��¤��������SÀB�0������¤�¤±�{�	�o�	���������	�	�0�E°?¤�¢Ã�9�� �� �����5�	��������¬����o£5���E°?¤5�{���

�5��®�����¤����u¤» "�"¡��{�



R(t, s− 1) =

t∑
τ=s

R(t, τ)A(τ, s),

R(t, t) = E1,

ÍCB Î
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Q̇ξ(t, ξ) =

t∫
ξ

Q(t, α)C(α, ξ) dα,

Q(t, t) = E2,

Í ª���Î

¨�¡9�
E1

¤
E2 � �y¡5¤���¤��������O�V���	��¤����d�{�	�o�	���������	�	�0�E°?¤�¢½�9�� �� �����5�	��������Ú

>��"£9�{�	¬����5�y¡9���o���o£9����¤5� Í >�Î��B�0�5�����	�¿���5�y¡9���o���o£9����¤�� ÍA@ Î� "����¤5���'�k�o�������»�¯�	¤�¡9�

∆y(t) =

t∫

t1

Q(t, ξ)D(ξ)∆v(ξ) dξ +

t1−1∑

s=t0

F (t, s)B(s)∆u(s), Í ª	ª"Î

¨�¡9�
F (t, s) = R(t1 − 1, s) c′3Q(t, t1).GS  ÍA@ Î�¤ Í ª	ª"Î������5��¬������

∆x(t1) =

t1−1∑

s=t0

R(t1 − 1, s)B(s)∆u(s), Í ª � Î

∆y(T ) =

T∫

t1

Q(T, ξ)D(ξ)∆v(ξ) dξ +

t1−1∑

s=t0

F (T, s)B(s)∆u(s). Í ª�³�Î

DB���{���	�u�a¤�  Í Å0Î��5��£5�0�9�o�{�'¬������

∆I(u, v) = c′1 ∆x(t1) + c′2 ∆y(T ) =

t1−1∑

s=t0

c′1R(t1 − 1, s)B(s)∆u(s)

+

T∫

t1

c′2Q(T, ξ)D(ξ)∆v(ξ) dξ +

t1−1∑

s=t0

c′2 F (T, s)B(s)∆u(s)

=

T∑

s=t0

[
c′1R(t1 − 1, s) + c′2F (T, s)

]
B(s)∆u(s) +

T∫

t1

c′2Q(T, ξ)D(ξ)∆v(ξ) dξ.

Í ª�Å0Î

DB��£���¨����
ψ(s) = −

[
c′1R(t1 − 1, s) + c′2F (T, s)

]
, Í ª�µ�Î

p(ξ) = −c′2Q(T, ξ), Í ª � Î�	���y¡9�{� �	·	�o {�9�{�5����¤��	�
H(s, u(s), ψ(s)) = ψ′(s)B(s)u(s),

M(ξ, v(ξ), p(ξ)) = p′(ξ)D(ξ) v(ξ),¨�¡9�LÀB�0������¤�¤
H(·) ¤ M(·) � ���9�"£9�o¨{¤»ÀB�0������¤�¤»P��o�u¤�£5º"���o�9� � DB�o���	�k��¨{¤��9� Ú

F �o¨�¡��ÄÀL�o�5�u�"£��?����¤��9��°�����¤�� Í ª�Å0Î� "����¤5���'�k�o�������»�¯�	¤�¡9�

∆I(u, v) = −
t1−1∑

s=t0

[H(s, ū(s), ψ(s)) −H(s, u(s), ψ(s))]

−
T∫

t1

[M(ξ, v̄(ξ), p(ξ)) −M(ξ, v(ξ), p(ξ))] dξ.

Í ª @ Î
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ψ(t)
¤
p(t)

¬u�9����¡9�{�d�0�9���	�5����¤5�	¬ �0�o���o�5�	�u�(�"¡9�o�o£9���	���o�k���E� �{�	¤
ÀB�0������¤�¤�ÚVDB�¯�o���5�y¡9�y£9����¤�� ÀB�0������¤�¤

ψ(t)

ψ(t− 1) = −
[
c′1R(t1 − 1, t− 1) + c′2F (T, t− 1)

]
.

:J�����N¡��Ä�S�0�5�����	�Á�0�9���	�5����¤�� ÍCB ÎN·o�"¡9�{�Á¤5� ���	º
ψ(t− 1) = −

[
c′1R(t1 − 1, t− 1) + c′2Q(T, t1) c

′
3 R(t1 − 1, t− 1)

]

= −
[
R(t1 − 1, t− 1)

[
c1 + c′2 c

′
3Q(T, t1)

]]

= −
[
t1−1∑

τ=t

A(τ, t)
[
c′1R(t1 − 1, τ) + c′2R(t1 − 1, τ) c′3 Q(T, t1)

]
]
=

t1−1∑

τ=t

A′(τ, t)ψ(τ).

ML����¡9�{� �9�{�9�"£5º	�5�	�L���y£9�o�	¤5�B¡�£5� �{���o�»ÀB�0������¤�¤�Ú DB�Ä�o���5�y¡9�y£9����¤��
ψ(t1 − 1) = −

[
c′1R(t1 − 1, t1 − 1) + c′2F (T, t1 − 1)

]

=
[
c1 + c′2Q(T, t1) c

′
3 R(t1 − 1, t1 − 1)

]
= −

[
c1 − c′3 p(t1)

]
.Y��o¨�£��o���5�±�o���5�y¡9�y£9����¤�� ÀB�0������¤�¤

p(t)
¤5� �{�{�

ṗ(t) = −c′2Q̇t(T, t).

:J�����N¡��Ä�S�0�5�����	�Á�0�9���	�5����¤�� Í ª���ÎN·o�"¡9�{�Á¤5� ���	º

ṗ(t) = −
T∫

t

c′2Q(T, ξ)C(ξ, t) dξ =

T∫

t

C ′(ξ, t) p(ξ) dξ,

p(T ) = −c′2Q(T, T ) = −c2.YV£9�y¡9�o�k�����y£5º	�5��¬9���������o��¦ ÀB�0������¤��
(ψ(t), p(t))

���o£5���������²�5��®�����¤5�{�Á "�"¡��{��¤

ψ(t− 1) =

t1−1∑

τ=t

A′(τ, t)ψ(τ), ψ(t1 − 1) = −
[
c1 − c′3 p(t1)

]
,

ṗ(t) =

T∫

t

C ′(ξ, t) p(ξ) dξ, p(T ) = −c2.

GB���5��£5º	 {�	�»ÀL�o�5�u�"£5�±����¤��9��°�����¤�� Í ª @ Î�¬0¡9�o����Ì?�{�\�y£9�y¡5�0�E°��{�B�0�	�����kÌ�¡9����¤5��Ú
� ikÈ ,Qi�-Ec(396 /¯� �²! & ���5��
 ��� �*!��{���Ä� ! & ���{���5��!��o!*� & ��
�� � �������

(u(t), v(t))
�?
�
���
	��� Í ª"Î , Í ³�Î�}�{!�����!q���5��!¯�Ã� !��{�<
��	!k�o�*!	�V�0�	!�� % � � �Ï� �����

λ(t) ∈ U � t ∈ T1 � µ(t) ∈ V � t ∈ T2 � %'& ! � ��� � �}� ��{!	!	�<� �{���{�<� �����*!��{!	!	���*!�� �������
t1−1∑

t=t0

[H(t, λ(t), ψ(t)) −H(t, u(t), ψ(t))] 6 0, Í ª?>�Î

T∫

t1

[M(t, µ(t), p(t)) −M(t, v(t), p(t))] dt 6 0. Í ª B Î
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 ��� �*!��o! � & ��
�� � ������� � ���}����*!�t���}�{������!� � @
C � �"	����5	
�
����	
�������E>?�o�������	¤5�'¬}�����±�0�9���	�5����¤5� (u(t), v(t))

�o���	¤5�V�"£5º	�5��ÚB>?�o����Ì?�{�'¬������
�	�'�5��£5�����E�����»�{�	�o�	�5�o®�����¤�� Í ª?>�Î�¤ Í ª B Î9ÚVUC��¤�£5�½�o���	¤5�V�"£5º	�5�	���	¤��0���9���o£9����¤��

(u(t), v(t))
¤� 

ÀL�o�5�u�"£5�<����¤��9��°�����¤�� Í ª @ ÎS�y£9�y¡5������¬ �����a¡�£5�¥£5�S·o�N¢ (ū(t), v̄(t))
�	�'�5��£5�������������y£9�y¡5�0�E°��{�

�{�	�o�	�5�o®�����¤5� �

−
t1−1∑

t=t0

[H(t, ū(t), ψ(t)) −H(t, u(t), ψ(t))] −
T∫

t1

[M(t, v̄(t), p(t)) −M(t, v(t), p(t))] dt > 0. Í � ��Î

GB���5��£5º	 {�	�²���5�o¤� {����£5º	�5�	���	º
(ū(t), v̄(t))

¬5�o���5�y¡9�y£5¤5�¹��¨��Ä�y£9�y¡5�0�E°?¤5� �	·o�9�� ��	� �
{
ū(t) = λ(t),

v̄(t) = v(t).
Í � ª"Î

Y¹�0�5�����	� Í � ª"Î�¤� OÀL�o�5�u�"£5� Í � ��ÎN�y£9�y¡5������¬5�����
t1−1∑

t=t0

[H(t, λ(t), ψ(t)) −H(t, u(t), ψ(t))] 6 0.

AV�y£5¤²Ì?�B�5��£9��Ì¯¤��	º
{
ū(t) = u(t),

v̄(t) = µ(t),¤� LÀL�o�5�u�"£5� Í � ��ÎN�y£9�y¡5������¬5�����
T∫

t1

[M(t, µ(t), p(t)) −M(t, v(t), p(t))] dt 6 0.

MB�{�	·{¢k�{¡5¤5� �	���	º±¡9�o���� "���9� Ú
	 	
��������	�
�!	
�������ÄDS�5�y¡5�5��£9��Ì¯¤5�'¬Q�����½�	�'�5��£5�����E�����¾���y£9�o�	¤�� Í ª?>�ÎJ¤ Í ª B Î�¬}¤�¡9�o����Ì?�{�'¬�����²� �{���	�¼�y£5�0�9�o�Ä�0���9���o£9����¤5�

(u(t), v(t))
���o£5�����������o���	¤5�V�"£5º	�����¼¡�£5�¾�9�o�{�{�V���	��¤��k�o�{� �o�

 "�"¡��{��¤�Ú
WS���5��¬������

∆I(u, v) = I(ū, v̄)− I(u, v) = −
[

t1−1∑

s=t0

[H(s, ū(s), ψ(s)) −H(s, u(s), ψ(s))]

+

T∫

t1

[M(ξ, v̄(ξ), p(ξ)) −M(ξ, v(ξ), p(ξ))]dξ

]
> 0,

�"ÚV��Ú
I(ū, v̄) > I(u, v)

¡�£5�Á���{�y¢
(ū(t), v̄(t))

ÚCYV£9�y¡9�o�k�����y£5º	�5��¬'�������0���9���o£9����¤5�
(u(t), v(t))���o£5���������²�o���	¤5�V�"£5º	�����IÚ�F �{�o�5�{�V�¯�5��£5�5�	���	º	�Â¡9�o���� "���9� Ú

B

� 6�¥È9e�f�c�f�È9ËQ�QÈ9i /�eog È9j9hQi²È 1Qf�h.-Ec0g=<9�QÈ9e�f�h
U �{���	�¹���0�������O�9�o�{�{�V���	��¤��k�o�������¾�y£5�0�9�����5�y£5¤��5�����5�o¨��aÀB�0������¤5�o�9�"£�� ÚEDS�����	º±�	�5�{·o���������

�9�����	¤»�u¤���¤5�u��� ÀB�0������¤5�o�9�"£��
I(u, v) = ϕ(x(t1)) + φ(y(T )) Í ��� Î



� > � 
�{�<
 � �}�����ã���*�
����¤±�o¨{�9����¤��5����¤��0¢ Í � Îy¬ Í ³�ÎiÚ ;9¡9�{��º ϕ(x) ¬ φ(y) �  "�"¡����������J�5�����5�����'�	�5�O¡5¤5ÀLÀL���5������¤������{�u���
�	�'���0��£5���O�����"£5���������OÀB�0������¤�¤�Ú

F �o¨�¡���¬�¤5���5��£5º	 {�	�¯ÀL�o�5�u�"£5�OF ����£9�o�9��¬�����¤��9��°�����¤5�NÀB�0������¤5�o�9�"£�� Í ��� Îy¬	�{�	�o�	���������	�	�0�E°��{��0���9���o£9����¤����
(u(t), v(t))

¤
(ū(t), v̄(t))

¬� "����¤5���'�k�o�������»�¯�	¤�¡9�

∆I(u, v) = ϕx(x(t1))∆x(t1) + φy(y(T ))∆y(T ) + o1(‖∆x(t1)‖) + o2(‖∆y(T )‖).
:J�����N¡���¬5¤5���5��£5º	 {�	�²���5�y¡9���o���o£9����¤�� Í ª � Î`¤ Í ª�³�Îy¬5·o�"¡9�{�¿¤5� ���	º

∆I(u, v) =

t1−1∑

s=t0

[ϕx(x(t1))R(t1 − 1, s) + φy(y(T ))F (T, s)]B(s)∆u(s)

+

T∫

t1

φy(y(T ))Q(T, s)D(s)∆v(s) ds.

DB��£���¨����
ψ(s) = − [ϕx(x(t1))R(t1 − 1, s) + φy(y(T ))F (T, s)] ,

p(s) = −φy(y(T ))Q(T, s),

H(t, u(t), ψ(t)) = ψ′(t)B(t)u(t),

M(t, v(t), p(t)) = p′(t)D(t) v(t),

ÀL�o�5�u�"£5�±����¤��9��°�����¤��²ÀB�0������¤5�o�9�"£�� Í ��� Î� "����¤�®��{� �¯�	¤�¡9�

∆I(u, v) = −
t1−1∑

t=t0

[H(t, ū(t), ψ(t)) −H(t, u(t), ψ(t))]

−
T∫

t1

[M(t, v̄(t), p(t)) −M(t, v(t), p(t))] dt+ o1 (‖∆x(t1)‖+ o2 (‖∆y(T )‖) .
Í � ³�Î

=J�9�"£9�o¨{¤����5�Ã� ��Ì¯�5�¯�5�o���� "���	º5¬5���������������o��¦ ÀB�0������¤��
(ψ(t), p(t))

���o£5���������½�5��®�����¤5�{�Á "�"¦
¡��{��¤

ψ(t− 1) =

t1−1∑

τ=t

A′(τ, t)ψ(τ),

ψ(t1 − 1) = −ϕx(x(t1)) + c′3 p(t1),

ṗ(t) =

T∫

t

C ′(τ, t) p(τ) dτ, p(T ) = −φy(y(T )).

DB�Ä���5�y¡5�5��£9��Ì?����¤��
ϕ(x)

¬
φ(y) � �	�'���0��£5���L¡5¤5ÀLÀL���5������¤������{�u���OÀB�0������¤�¤�Ú��`���Ã�o {�9�"¦

�9�o����¬5�����
{
o1(‖∆x(t1)‖ > 0,

o1(‖∆y(T )‖) > 0.



�\
�
���
	���O! & ���5��
 ��� �*!��o! � & ��
�� � ������� � ���}����*!�t���}�{������!� � B
DB���{���	�u�a¤�  Í � ³�ÎN�y£9�y¡5�����Ä�5���9�������5���	���

∆I(u, v) = I(ū, v̄)− I(u, v) > −
t1−1∑

t=t0

[H(t, ū(t), ψ(t)) −H(t, u(t), ψ(t))]

−
T∫

t1

[M(t, v̄(t), p(t)) −M(t, v(t), p(t))] dt.

GS B�5�	�y£9�y¡5�5��¨��Ã�5���9�������5���	�k�Ä�y£9�y¡5�����
� ikÈ ,Qi�-Ec Æ 6��/� � ���I�����������

ϕ(x)
�
φ(y)

� %'& ��� ��% �Q�	!B� � �¥! & ���5��
 ��� �*!��{���²� ! & ���{���5��!��o!
� & ��
�� � �������

(u(t), v(t))
�O
�
���
	��� Í ��� Î � Í � Î � Í ³�Î � !��{�<
��	!k�o�*!	� �0�	!�� % � � �Y� ����� λ(t) ∈ U � t ∈ T1 �

µ(t) ∈ V � t ∈ T2 � %'& ! � ��� � �}� � �{!	!	�<� �{���{�<� �����*! �{!	!	���*!�� �������
t1−1∑

t=t0

[H(t, λ(t), ψ(t)) −H(t, u(t), ψ(t))] 6 0, Í � Å0Î

T∫

t1

[M(t, µ(t), p(t)) −M(t, v(t), p(t))] dt 6 0. Í � µ�Î

���
	������������� DB��£5�0�5���������¾���y£9�o�	¤��#�o���	¤5�V�"£5º	�5�	���	¤¼���o£5���E�����¼���9�"£9�o¨��o�u¤¼�5�� {�"£5º"�o�"¦
���o�5¬��5��£5�0�5�������N¢a¡�£5�½ "�"¡��{�»�0���9���o£9����¤��}¬5�o��¤5���'�k�o�{�u�N¢½£5¤��5���������u¤»¡5¤5ÀLÀL���5������¤9�"£5º	�����u¤
¤O�9�� {�5�	���	�����u¤?�0�9���	�5����¤����u¤?�	¤��9�JUN��£5º"�������9� ÚV:J��¤?� �o¨{�0�J�9�����	¤?����¤�£9��Ì?����¤��?�J�9�� �£5¤������N¢
�	·�£��o���"�0¢��{�o�	�5�{� �����5�o�¥���{�o��¤�¤¥�o���	¤5�V�"£5º	�5�o¨��a�0���9���o£9����¤��}¬5¡�£5�» "�"¡��{���0���9���o£9����¤����0�9���	�5�y¦
��¤����u¤»UN��£5º"�������9� Ú

� hQf�i8,Qc�f�/7,Qc
Ïi��� ~��K�R����~C���"|�������� ��  �����"w"!#����� �ElK��g	�"h6��l0��d�`"h6g k	�ol�^�`"a}zaz<h6c�h6l�l ¡ f9gsz<`ol0�ol�pKh"j6gKkKl�h�z k§z�gKc � $I� � §
% h6c�horv�Ï'&9�yÚ�� $/��ÏyÏ�ki����)( �Kx9�Ò��w����x)*)� ( � �+�6y����"w�,)�-,)� �+.�xi~(�"wx/*)�- �� �*d0f9gKced0fih"j6gKkKl�ligÒc5lK��g	�"h6��l0��d�`"h6gÒhEl�m6fih6c�h6��d�v"horNm6��l ¡v6gKkKk�dÒc�gKfih"�"h6��l0��d�`"horã�6h"`�d0f9��h6g	��l0b2kwl0�"h/k	m0��nytãd0c�h"`ol9d�`6fih�m6��h"`�d<� $I� � v�Ï'&9� Ù � $JÏ'&�0i�21�gsm�� ��np�ror�43 �u�o � � �}s v�Ñ �65{Úi����<�)7 �(����6���"|8 ��� �� 1�h"`�d0c�h6l�d��6�im<`ol�pql0bLz{lK�on�x0a Õ«Õ �r�	�"�ru�oÍ� � �}s � �>gsz<d�`"h6l�dIfi�9gK�9�	l�pql¤f9g	��d<� $`Ñ �<� $�����'9oÏ:5��

5�� �6y��<;px�w= ��'*)� � � ������� ( �'��� 1`likKfid0f�l0j"`"a�g�m�k	�ol0�ihorul�m6fih6ced���ni`olikKfih�k	�ol�^�`"a}zum6��l�v6gKkKkwl0� Õ«Õ u��9f�liced0fih6l�dh*f9g	�6gKc�gsz<d�`"h6l�d<� $JÏ'&9� Ù � $/nea}m>5�� $I���0Ï��i�:9oÏ��65��Ú�� �6y��<;px�w? ��@*)� � � ������� ( �@��� �e�ol�^�`"a�g m6��l�v6gKkKk	a �6�im<`ol�pql0b z{lK�on�x0a Õ«Õ |r�"gsm6��h"`6f � |��h6c �C� �6n��+Arg	���6a�B�d<� $JÏ'&9�6&<� $`ÑC&�Ú�� $/�D&)0i��<�)( �R~���wx�E4�0�6��� ( �F*)� �HG�xC�6y+;pxC�����IGJ� ( � orgwlyxqz{lK�6h6c�a�gEm�k	�ol0�ihor½l�m6fih6ced���ni`olikKfih��6�or�m�m6�6d��i�or�gKc�a}zk	h6kKf9gKcÊk¯m6gK�"gKc�g	`"`ol0b_kKf9��m�l"fim���l0b h `6gsm6�"gK��a �i`"a�c�h_m�k	�ol0�ihor�c�h¥m6�"gKgKc�kKfi�9g	`"`olikKfih Õ«Õ 3 �R� � |��h6c ���/�"o/�"npgKl�m<d)3}x0h"�"h6kKkKl�l�pql`pqliki��m<` ¡ fid<� $)3}x0h"�"h6k	h�voÏ'&D& Ù � $/óÒ�R�i��� $LK����Ú:9M5 Ù ���� *�~N;px�|6�����O.��+.�� �2�&x�w~(�+;p���HP)� 7 � �Qx/m�k	�ol0�ihor�zJl�m6fih6ced���ni`olikKfih*��lK�6`ol0b&kKfim�m6g	`"j�d0f�l0b>��d��dKj6grm�m6�6d�� ¡�6g	`"hor Õ«Õ)Q m���`�� �ia j��eced0fid0f9gKced0fih6l�h�h*ced0f0�9t�h6�	h6l�h�� $I�0�i�i�<� $)3�lic �+59�<v�ÑdÏ��<� $I���0Ï��yÚ Ù 9oÏ��i�0�<�Ù �)(
R �6y��"��x9�S� ( � ( � �T�&x�w~(�+;p����P)� 7 � orgwlyxqz{lK�6h6c�a�gpm�k	�ol0�ihorVl�m6fih6ced���ni`olikKfih��Qm6��l�v6gKkKk�d�zvyl�m"h6k	a ��d0gKc�a}zk	h6kKf9gKc5l0b>h"`6f9gsp��6d���ni`"a}z¤m��6d��i`6g	`"h"b>fih�m�d2n�l0��n0f9gK�"�6d<� $)U}d0l�m § �r�C� ¡ ��lOVe�6c v��0��Ï��<� $I�i��5¤ki�
&<� �6y��<;px�wW ��X*)� A f9gwli��h"h±l�m6fih6ced���ni`"a}zY�6h6kKl"�"gKfi`"a}z�m6��l�v6gKkKkwl0� Õ«Õ u��9f�liced0fih6l�dEh�f9g	�6gKc�gsz<d�`"h6l�d<� $Ï'&9�0�<� $/nea}m���<� $I����Ú0�'9"Ú Ù �Ï��<� �&x�w~(�+;p���OP)� 7 � 1�h6kKl"�"gKfi`"a�gÒk	h6kKf9gKc�ar� $)U}d0l�m § �r�C� � ¡ ��l)UXY2Z�v��0�i�9��� $JÏyÏ:5¤ki�ÏyÏi� �&xi~���x����R�S��.�� � � �QxJlK�6`ol0bÛkKfim�m6g	`"j�d0f�l0b&��d��dKj6g�l�m6fih6ced���ni`ol�pql¤m�m6�6d��i�6g	`"hor>�6h6kKl"�"gKfi`"a�c�hEk	h6kKf9gKced ¡c�h Õ«Õ npgKkKfi`��[U}d0l�h"`6kKl�l�pql2m<` ¡ fid<�e�pgK�R��t�h6�i� ¡ ced0f0��`�dKm�lR� $I�0��Ï��<� $`ÑÂÏi� $I�����i�'9<�D&<�Ï����)\ ��wR�K�^]��	�"w>,)��_X� � 7 ����:]<w~C���"|> ��2��� �J�"x�;��<���(����������.��� �� �����+`/��w6�"�Oa��[b=� �*d0f9gKced0fih"j6gKkKl�d�r&f9gwli��horl�m6fih6ced���ni`"a}z�m6��l�v6gKkKkwl0�"� $I� � § o�dKm�l�d<v�Ï'&i�D&<� $/� Ù 5�ki�
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G á Ý�£0ßÆè"ß6à�¥ æ(Ý 0 Þ(Ý�à 0 åiß"ß"Ý 0 Þ(Ý�à ê0æC£0í"é ô�¥ Þ(é

n > 2
â9Ý	æ�Þ(¥ 0 ÝKçE£0ß6à

m
Ý�à�êiÝKç � Ò ß Þ(é"¥ ç&í6£0í�Ý	æ*ô}Ý £�æ(Ý
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1. Introduction

Let G = (V,E), V = {1, 2, . . . , n}, be undirected connected graph, where V =
{1, 2, . . . , n} is set of vertices and E = {e1, e2, . . . , em} set of edges. Further, denote
with d1 > d2 > . . . > dn, di = d(i), i = 1, 2, . . . , n, a sequence of vertex degrees of G.
If e = {i, j} ∈ E, then d(e) = di+dj−2. The first Zagreb indexM1 and reformulated Zagreb
index EM1 are, respectively, defined by [8, 9]

M1 =

n∑

i=1

d2i and EM1 =

m∑

i=1

d(ei)
2.

If G is a graph and L(G) is a corresponding line graph, then the following equality is valid
EM1(G) = M1(L(G)). Invariants M1 and EM1 play an important role in algebraic graph
theory, as well as in other sciences especially in molecular chemistry (see [2, 5, 6, 8, 9, 12]).
Since these invariants can be calculated for a few classes of graphs in a closed form, it is of
interest to find out inequalities that determine upper and lower bounds of these invariants in
terms of some graph parameters or their mutual relationship. This is the topic of this paper.

We first give two inequalities that establish a connection between M1 and EM1 proved
in [5].

Theorem 1.1. Let G = (V,E), V = {1, 2, . . . , n}, be undirected connected graph with

n vertices and m edges. Then

EM1 >
(M1 − 2m)2

m
, (1)

with equality if and only if G is a regular graph.

Theorem 1.2. Let G = (V,E), V = {1, 2, . . . , n}, be undirected connected graph with

n vertices and m edges. Then

EM1 6
(M1 − 2m)2(d1 + dn − 2)2

4m(d1 − 1)(dn − 1)
, (2)

0
©
�0��Ï�� Ø>¥ ¦ å�âi£0ß"å�â<¥! 0 Ò �#"+ � v Ø>¥ ¦ å�âi£0ß"å�â<¥! 0   � Ò �
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where dn > 2, with equality if and only if G is a regular graph or there are exactly
m(dn−1)
d1+dn−2

edges of degree 2(d1−1) and m(d1−1)
d1+dn−2 edges of degree 2(dn−1) such that (d1+dn−2) divides

m(dn − 1).

2. Main Result

The following theorem establishes a connection between invariants EM1 andM1 in terms
of parameters m, d1 and dn.

Theorem 2.1. Let G = (V,E), V = {1, 2, . . . , n}, E = {e1, e2, . . . , em}, be an undirected

connected graph. Then

(M1 − 2m)2

m
+ 2(d1 − dn)2 6 EM1 6

(M1 − 2m)2

m
+ 4m(d1 − dn)2α(m), (3)

where

α(m) =
1

m

⌊m
2

⌋(
1− 1

m

⌊m
2

⌋)
=

1

4

(
1− (−1)m+1 + 1

2m2

)
.

Equality holds if and only if L(G) is a regular graph.

C The following inequality was proved in [1] for positive real numbers p1, p2, . . . , pn,
a1, a2, . . . , an and b1, b2, . . . , bn with the properties 0 < r1 6 ai 6 R1 < +∞ and 0 < r2 6

bi 6 R2 < +∞
∣∣∣∣∣

n∑

i=1

pi

n∑

i=1

piaibi −
n∑

i=1

piai

n∑

i=1

pibi

∣∣∣∣∣ 6 (R1 − r1)(R2 − r2)
∑

i∈S

pi

(
n∑

i=1

pi −
∑

i∈S

pi

)
, (4)

where S is a subset of In = {1, 2, . . . , n} for which the expression

∣∣∣∣∣
∑

i∈S

pi −
1

2

n∑

i=1

pi

∣∣∣∣∣ (5)

reaches a minimal value.

For n = m and S = {1, 2, . . . , k} ⊂ Im = {1, 2, . . . m} from (5) we obtain that k = bm2 c.
Now, for n = m, pi = 1, S = {1, 2, . . . , bm2 c}, ai = bi = d(ei), i = 1, 2, . . . ,m, R1 = R2 =
2(d1 − 1), r1 = r2 = 2(dn − 1) the inequality (4) becomes

m

m∑

i=1

d(ei)
2 −

(
m∑

i=1

d(ei)

)2

6 4(d1 − dn)2
⌊m
2

⌋(
m−

⌊m
2

⌋)
. (6)

Since
∑m

i=1 d(ei) =
∑n

i=1 d
2
i − 2m = M1 − 2m, from (6) immediately follows right side of

inequality (3).
Since the equality in (6) holds if and only if d(e1) = d(e2) = . . . = d(em), therefore

equality on the right side of (3) holds if and only if L(G) is a regular graph.

For the real numbers a1, a2, . . . , am with the property r 6 ai 6 R, i = 1, 2, . . . ,m, the
following inequality was proved in [10] (see also [11])

m∑

i=1

(
ai −

1

m

m∑

i=1

ai

)2

>
(R− r)2

2
.
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For ai = d(ei), i = 1, 2, . . . ,m, r = 2(dn − 1) and R = 2(d1 − 1) the above inequality
transforms into

m∑

i=1

(
d(ei)−

1

m

m∑

i=1

d(ei)

)2

> 2(d1 − dn)2, (7)

i. e.
m∑

i=1

d(ei)
2 − 1

m

(
m∑

i=1

d(ei)

)2

> 2(d1 − dn)2,

where from the left side of inequality (3) is obtained.

Equality in (7) holds if and only if d(e1) = d(e2) = . . . = d(em), so the equality in the left
part of (3) holds if and only if L(G) is a regular graph. B

Remark 2.1. Since (d1 − dn)2 > 0, left inequality in (3) is stronger than inequality (1).

Corollary 2.1. Let G = (V,E), V = {1, 2, . . . , n}, E = {e1, e2, . . . , em} be an undirected

connected graph. Then

2
√
2√
m

(M1 − 2m)(d1 − dn) 6 EM1 6
(M1 − 2m)2

m
+m(d1 − dn)2. (8)

Equality on the right side holds if and only if L(G) is a regular graph. Equality on the left

side holds if and only if G = K2.

C Inequality on the left side in (8) is obtained from the left side of inequality (3) and
inequality between arithmetic and geometric mean for real numbers. The right side of in-
equality (8) is obtained from the right part of inequality (3) and inequality α(m) 6 1

4 . B

Corollary 2.2. Let G = (V,E), V = {1, 2, . . . , n}, E = {e1, e2, . . . , em} be an undirected

connected graph. Then

4m(dn − 1)2 + 2(d1 − dn)2 6 EM1 6 4m(d1 − 1)2 + 4m(d1 − dn)2α(m). (9)

Equalities hold if and only if G is a regular graph.

C Inequalities (9) are obtained according to the inequality (3) and inequality

2m(dn − 1) 6M1 − 2m 6 2m(d1 − 1). B

Corollary 2.3. Let G = (V,E), V = {1, 2, . . . , n}, E = {e1, e2, . . . , em}, be an undirected

connected graph. Then

4m

(
2m

n
− 1

)2

+2(d1− dn)2 6 EM1 6
m

(n− 1)2
(
2m+(n− 1)(n− 4)

)2
+4m(d1− dn)α(m).

Equality on the left side holds if and only if G is a regular graph. Equality on the right side

holds if and only if G is a complete graph, i. e. G = Kn.

C The result immediately follows from inequality (3) and inequalities M1 >
4m2

n , proved
in [7], and M1 6 m

(
2m
n−1 + (n− 2)

)
, proved in [4]. B

Theorem 2.2. Let G = (V,E), V = {1, 2, . . . , n}, E = {e1, e2, . . . , em}, be an undirected

connected graph. Then

EM1 6 (M1 − 2m)(d1 + dn − 2)− 4m(d1 − 1)(dn − 1). (10)
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Equality holds if and only if G is a regular graph or a graph with the property that for

some k, 1 6 k 6 n, sequence of vertex degrees is of the form d1 = d2 = . . . = dk > dk+1 =
dk+2 = . . . = dn.

C For the real numbers a1, a2, . . . , am with the property r 6 ai 6 R, i = 1, 2, . . . ,m, the
following inequality was proved in [3] (see also [11])

1

m

m∑

i=1

(
ai −

1

m

m∑

i=1

ai

)2

6

(
R− 1

m

m∑

i=1

ai

)(
1

m

m∑

i=1

ai − r
)
.

For ai = d(ei), i = 1, 2, . . . ,m, r = 2(dn− 1) and R = 2(d1− 1) the above inequality becomes

1

m

m∑

i=1

(
d(ei)−

1

m

m∑

i=1

d(ei)

)2

6

(
2(d1 − 1)− 1

m

m∑

i=1

d(ei)

)(
1

m

m∑

i=1

d(ei)− 2(dn − 1)

)
,

i. e.
1

m

m∑

i=1

d(ei)
2 6 2(d1 + dn − 2)

m∑

i=1

d(ei)− 4(d1 − 1)(dn − 1),

where from the assertion of the theorem is obtained. B

Remark 2.2. According to (10) the following inequality is valid

EM1 + 4m(d1 − 1)(dn − 1) 6 2(M1 − 2m)(d1 + dn − 2). (11)

Based on the inequality between arithmetic and geometric means for real numbers and ap-
plying it on the left part of inequality (11), the inequality

2
√

4m(d1 − 1)(dn − 1)EM1 6 2(M1 − 2m)(d1 + dn − 2), dn > 1,

is obtained, i. e.

EM1 6
(M1 − 2m)2(d1 + dn − 2)2

4m(d1 − 1)(dn − 1)
.

This means that inequality (10) is stronger than inequality (2).
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