IOXXHBIN MATEMATUYECKUWN MHCTUTYT

ISSN-1683-3414 (Print)

@M% ISSN-1814-0807 (Online)
J

BNAOUKABKA3CKUU
MATEMATUYECKUW
XXYPHAN

http://lwww.vimj.ru

Tom 22, Bbinyck 4 2020



SOUTHERN MATHEMATICAL INSTITUTE

ISSN-1683-3414 (Print)

@M% ISSN-1814-0807 (Online)
J

VLADIKAVKAZ
MATHEMATICAL
JOURNAL

http://lwww.vimj.ru

Volume 22, Issue 4 2020



I'naBHbI pemakTop
A.T. KYCPAEB

Bnamgukaskasckuit Hayunsiii nentp PAH,
Bnagukaskaz, Poccust

OTBeTCTBEHHBIII ceKpeTapb
E. K. BACAEBA

FOxwubiit MmaTemarudeckuit nacruryt — duinags BHI] PAH,
Bnanukaskas, Poccust

PeﬂaKLlI/IOHHaﬂ KoOJlJIerus

A. B. ABAHVH
FOxxub1it denepaapHbIil yHUBEPCUTET,
Pocros-na-lony, Poccus

XOCE BOHET
TlonturexHUYIeCKUit YHUBEPCUTET,
Banencusi, Ucnanus

H. A. BABUJIOB
Cankr-Ilerepbyprekuit rocy1apCTBEHHbBIN
yuusepcuret, Cankr-Ilerepbypr, Poccus

A. O. BATVYJIbSH
FOxxub1it denepaabHbIil yHUBEPCUTET,
Pocros-na-/lony, Poccus

C. K. BOOAOIIbAHOB
NMucruryr maremaruku Cubupckoro
otnenenuss PAH, Hosocubupck, Poccnst

E. 1. TOPJIOH
Yuusepcurer Bocrounoro Unnunoiica,
Yapuscron, CIITA

A. 1. KO2KAHOB
NMucruryr maremaruku Cubupckoro
otnenenuss PAH, Hosocubupck, Poccnst

B. A. KOMBAEB
Cesepo-OceTnHCKMii TOCYIaPCTBEHHBII
yuusepcuter uMm. K. JI. Xeraryposa,
Bnagukaskaz, Poccust

FO. ®. KOPOBEMHNK
IOxkubBIl MaTeMaTUYeCKuUi
nactutyT — Pumman BHIT PAH,

Biagukaskas, Poccust

C. C. KYTATEJIA/IBE
WNucruryr maremarukun Cnbupckoro
ornesiennst PAH, HoBocubupck, Poccns

I. I. MATAPNJI-NJIBAEB
MockoBckuiif rocynapCTBeHHBIN
yuuBepcurer uMm. M. B. Jlomonocosa,
Mocksa, Poccust

B. 1. MA3YPOB
WNucruryr maremarukun Cnbupckoro
ornesiennst PAH, HoBocubupck, Poccns

B. E. HABAUKNHCKUI

WMucturyT mpobiaeM MexaHUKH

uMm. A. FO. Unumuckoro PAH, Mocksa, Poccust

C. I. CAMKO

FOxxubIit denepaibHbIil yHUBEPCUTET,
Pocros-na-/lony, Poccus;
Yuusepcurer Asrapse, @apo, ITopryranus

OAM HOHI" TUEH
BrernaMmckuii HammoHa IbHBIIT
YHUBEpCUTET, XaHoi, BbeTHam

B. . TPOULIKNN
Anp6epTCKuil yHUBEPCUTET,
DamonToH, Kanaa

C. M. YMAPXA/I?KNEB
Axanemust Hayk Heuenckoit Pecriybiimkm,
I'pozusbrit, Poccust

JIE XAI1 X0
Haupsaackuii Texmnosiornyeckuii
yuusepcurer, Cunraiyp

A npec pepakmumn: 362027, Baanukaskas, Mapkyca, 22
Tenedon: (8672) 50-18-06; E-mail: rio@smath.ru
3as. pemakmueii: B. B. BO3POBA

ZKypnan ocuosan B 1999 r. Beixogur gernipe pasa B rof

DJIEKTPOHHAS BEPCHUS: www.vlmj.ru

Baperucrpuposan B DejiepasibHoil cirykbe 110 Haa30py B cdepe CBsi3w,
MHOOPMAIMOHHBIX TEXHOJIOIMI ¥ MACCOBBIX KOMMYHUKAITHIA:
ceug. [T Ne®@C77-70008 or 31 mas 2017 r.;
ceua. DJI Ne ®C77-70171 or 21 urons 2017 1.

(© Baanukaskasckuii Hayunbiii nearp PAH, 2020



Editor-in-Chief

ANATOLY G. KUSRAEV
Vladikavkaz Scientific Centre of the Russian Academy of Sciences,

Vladikavkaz, Russia

Editorial Executive Secretary

ELENA K. BASAEVA
Southern Mathematical Institute of VSC RAS,

Vladikavkaz, Russia
Editorial Board

ALEXANDER V. ABANIN
Southern Federal University,
Rostov-on-Don, Russia

JOSE BONET
Universitat Politecnica de Valencia,
Valencia, Spain

EVGENY I. GORDON
Eastern Illinois University, Charleston, USA

LE HAI KHOI
Nanyang Technological University, Singapore

VLADIMIR A. KOIBAEV
North Ossetian State University,
Vladikavkaz, Russia

YURII F. KOROBEYNIK
Southern Mathematical
Institute VSC RAS,
Vladikavkaz, Russia

ALEXANDER I. KOZHANOV
Sobolev Institute of Mathematics
of Siberian Branch of the RAS,
Novosibirsk, Russia

SEMEN S. KUTATELADZE
Sobolev Institute of Mathematics
of Siberian Branch of the RAS,
Novosibirsk, Russia

GEORGII G. MAGARIL-IL’YAEV
Lomonosov Moscow State University,
Moscow, Russia

VICTOR D. MAZUROV
Sobolev Institute of Mathematics
of Siberian Branch of the RAS,
Novosibirsk, Russia

VLADIMIR E. NAZAIKINSKII
Ishlinsky Institute for Problems
in Mechanics RAS, Moscow, Russia

STEFAN G. SAMKO

Universidade do Algarve, Faro, Portugal;
Southern Federal University,
Rostov-on-Don, Russia

PHAM TRONG TIEN
Vietnam National University,
Hanoi, Vietnam

VLADIMIR G. TROITSKY
University of Alberta, Edmonton, Canada

SALAUDIN M. UMARKHADZHIEV
Academy of Sciences of Chechen Republic,
Groznyi, Russia

ALEXANDER O. VATULYAN
Southern Federal University,
Rostov-on-Don, Russia

NIKOLAI A. VAVILOV
Saint Petersburg State University,
Saint Petersburg, Russia

SERGEI K. VODOPYANOV
Sobolev Institute of Mathematics
of Siberian Branch of the RAS,
Novosibirsk, Russia

Editorial Office: 22 Markusa St., Vladikavkaz 362027,
the Republic of North Ossetia-Alania, Russia
Phone: (8672) 50-18-06; E-mail: rio@smath.ru

Managing Editor: VICTORIA V. BOZROVA

The journal was founded in 1999. It is published four times a year.
ELECTRONIC VERSION: www.vlmj.ru

Registered with the Federal Service for Supervision in the Sphere of Telecom,
Information Technologies and Mass Communications:
TN Ne®C77-70008 dated May 31, 2017; 9JI NedC77-70171 dated June 21, 2017.

© Vladikavkaz Scientific Centre of the Russian Academy of Sciences, 2020



POCCUNMCKAYd AKAJEMUYA HAVK
BIAJUKABKA3CKUN HAVYHB I IIEHTP
I07KHBIIT MATEMATIYECKUIT MTHCTUTYT

BJIAINKABKA3CKUN
MATEMATUYECKUN ?KYPHAJI

Tom 22, BeITIyCcK 4 OKTA0Opb—1ekabpb, 2020

COIJEP2KAHUE

Aouf M. K. and Seoudy T. M. Some Subordination Results for Certain Class
with Complex Order Defined by Salagean Type ¢-Difference Operator .................. 7

AcxaboB C. H. Henuneitnoe uarerpo-anddepennuaabHoe ypaBHEeHHE TUATIA CBEPTKU
¢ TIepeMeHHbIM KOI(MMUIUEHTOM U HEOTHOPOTHOCTHIO B JIMHEHHOM YACTH .« ..vvnvennn.. . 16

Babuu II. B., JleBenmitam B. B. Boccranosiienne 66I1CTPO OCIIUIIINPYOITIEH
[IPaBO#l YACTH BOJIHOBOTO YPABHEHUS 110 YACTUYHON ACUMIITOTUKE PEIIEHUS ... ......... 28

Bemrokos M. X., Bemnrokosa 3. B., Xynamos M. 3. KoHe4uHO-pa3HOCTHBII METO,
pelleHnsT HeJIOKAJIHLHON KpaeBoil 331241 JIJisT HArPY2KEHHOTO YPaBHEHUS
TEIIOITPOBOTHOCTH JIPOOHOTO TIOPSIITKE -+« v vv e vttt e e et e e et e et e e e e e eieee e 45

HdyxuoBckuit C. A. Pemenus cucremsr Kapiremana gepes pazioxkenue [lemtese ........... 58

Zeghdane R. New Numerical Method for Solving Nonlinear Stochastic Integral
EqQUatIonS ..o e 68

KoiibaeB B. A. O crpoeHnn 3jieMEHTAPHBIX CeTEH HaJl KBAIPATHIHBIMUA MOMAMA . ... ....... 87

Kycpaea 3. A., CuykaeB C. H. Hekoropsie cBO#iCTBa OPTOTOHAJIBHO A IIUTHBHBIX

[TOJTTHOMOB B OQHAXOBBIX PEITIETKAX -+« e+ttt ettt e tteettteeteette et e aeee e e 92
Samko S. G., Umarkhadzhiev S. M. Grand Morrey Type Spaces ...................... 104
Axmmboes M. V. O apobrom maTErpoauddepernuposanun Anamapa u tuma Ajpamapa

10 HAIIPABJIEHUIO B BECOBBIX IIpOCTpaHCcTBax Jlebera co cMenanHOil HOPMOH . .......... 119

Biragnkaskasz

2020



RUSSIAN ACADEMY OF SCIENCES
VLADIKAVKAZ SCIENTIFIC CENTER
SOUTHERN MATHEMATICAL INSTITUTE

VLADIKAVKAZ
MATHEMATICAL JOURNAL

Volume 22, issue 4 October—December, 2020

CONTENT

Aouf, M. K. and Seoudy, T. M. Some Subordination Results for Certain Class

with Complex Order Defined by Salagean Type ¢-Difference Operator .................. 7
Askhabov, S. N. A Convolution Type Nonlinear Integro-Differential Equation

with a Variable Coefficient and an Inhomogeneity in the Linear Part ................... 16
Babich, P. V. and Levenshtam, V. B. Recovery of Rapidly Oscillated Right-Hand

Side of the Wave Equation by the Partial Asymptotics of the Solution ................. 28

Beshtokov, M. Kh., Beshtokova, Z. V. and Khudalov, M. Z. Finite-Difference
Method for Solving of a Nonlocal Boundary Value Problem for a Loaded

Thermal Conductivity Equation of the Fractional Order ............................... 45
Dukhnovskii, S. A. Solutions of the Carleman System Via the Painlevé Expansion ....... 58
Zeghdane, R. New Numerical Method for Solving Nonlinear Stochastic

Integral EQuations . ..........o.i i 68
Koibaev, V. A. On the Structure of Elementary Nets Over Quadratic Fields .............. 87
Kusraeva, Z. A. and Siukaev, S. N. Some Properties of Orthogonally Additive

Homogeneous Polynomials on Banach Lattices .............. ... ... ... ... 92
Samko, S. G. and Umarkhadzhiev, S. M. Grand Morrey Type Spaces ................ 104
Yakhshiboev, M. U. On Hadamard and Hadamard-Type Directional Fractional

Integro-Differentiation in Weighted Lebesgue Spaces with Mixed Norm ............... 119

Vladikavkaz

2020



Pedaxuuonnas xoanreeus nosdpasiiem
doxkmopa Ppu3uKo-mamemamuteckur Hayx,
npogpeccopa Ceména Camcornosuya Kymamenadse
¢ 75-nemuem co dua poorcderun






Vladikavkaz Mathematical Journal
2020, Volume 22, Issue 4, P. 7-15

YIOK 517.53 + 517.54
DOT 10.46698,/q5183-3412-9769-d
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Abstract. The theory of the basic quantum calculus (that is, the basic g-calculus) plays important
roles in many diverse areas of the engineering, physical and mathematical science. Making use of the basic
definitions and concept details of the g-calculus, Govindaraj and Sivasubramanian [10] defined the Salagean
type g-difference (g-derivative) operator. In this paper, we introduce a certain subclass of analytic functions
with complex order in the open unit disk by applying the Salagean type g-derivative operator in conjunction
with the familiar principle of subordination between analytic functions. Also, we derive some geometric
properties such as sufficient condition and several subordination results for functions belonging to this
subclass. The results presented here would provide extensions of those given in earlier works.

Key words: analytic function, subordinating factor sequence, hadamard product (or convolution), g-de-
rivative operator, Salagean operator.
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1. Introduction

Let o7 denote the class of functions of the form:

f(2) :z+Zakzk, (1.1)
k=2

which are analytic in the open unit disc U = {z € C : |z] < 1}. We also denote by %
the class of functions f € & that are convex in U. For two functions f and g, analytic
in U, we say that f is subordinated to g in U, written f (z) < g (z), if there exists a Schwarz
function w (z), which (by definition) is analytic in U with w (0) = 0 and |w (2)| < 1, such that
f(z) =g(w(z)),z € U. Furthermore, if the function g is univalent in U, then (see |1, 2])

f(z) < g(2) & £(0) = g(0) and f(U) C g(U).

© 2020 Aouf, M. K. and Seoudy, T. M.



8 Aouf, M. K. and Seoudy, T. M.

Given two functions f, g € o/, where f is given by (1.1) and g is given by
oo
z) = z—l—Zbkzk, (1.2)
k=2
the Hadamard product (or convolution) f * g is defined by

(fx9)(2) =2+ Y _ abpz’ = (g% f) (2).
k=2

For 0 < ¢ < 1, the g-derivative of a function f € o7 is defined by (see [3-9])

1(0), z =0,
Df()z{ I f(z (1.3)
TET M, 24,

and D2 f(z) = Dy(Dyf(2)). From (1.3), we have

_1+Z Lt (1.4)

where

1_
k], = C‘g —1tq+P+.. 4 (1.5)

and

lim qu( ) f(QZ)—f(Z) :f,(Z),

q—1— q%l_ (q — 1)2
for a function f which is differentiable in a given subset of C.

For f € &/, Govindaraj and Sivasubramanian [10] defined the Salagean type g¢-difference
operator as follows:

D3f (2) = 2Dq (Dgf (2)) = 2+ Y (IKlg)* ax2",
Dy f(z) = 2D, (DI f(2), neN={1,2,3,...}.

It is easily see that

DI f (= Z )" arz®, neNg=NU{0}. (1.6)

We note that
lim Dy f(z) =D"f (2 —z—f—Zk"akz n € Ny.

q—1—

The differential operator D™ was introduced and studied by Salagean [11] (see also Srivastava
and Aouf [12]).
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Let 4" (A, b, A, B) denote the subclass of ./ consisting of functions f () which satisfy

1+ Az

1 Dy f(2) n
1—I—E[(1—)\)T—I—)\Dq(qu(z))—1] <17 B (1.7)
or satisfying
(1-N2LE L Ap, (Drf(2) -1 _
B((1- ) 22 o AD, (Dp ()] - 1B+ (4~ B)1) (1.8)
beC*=C\{0}; 0<A<1l; -1<A<B<K1, 0<B<1; zel.
We note that:
(1) linln 9, (A b, A, B) =9" (A, b, A, B) (see [13])
q—1=
_ R N PR N ) n ;o 1+ A2
—{fe;z%.1+b[(1 A) . +A(D"f(2)) 1}<1+Bz},

(ii) lim %" (A b,1,—1) =9" (A, b) (see [14])

q—1-

D"f(2)

z{fedzﬂ%(H%[(l—A) +)\(D"f(z))’—1D>O};

(i) %, (A,b,A,B) =%, ()b, A, B)

)

:{f&ﬂ:l—f—%[(1—)\)f(z)+)\qu(z)—1} <

z

14+ Az
1+ Bz

(iv) 9" (\,b,—1,1) = 4™ (\,b)

q q

z{feszf: 93(1—%%[(1—A)%(Z)+ADq(Dgf(z))—l}) >o};
(v) %’L(O,l—a)Z%q"(a)Z{fedc %[Dg‘i(z)} > a, 0<a<1}7

Gr0,1—a)=% (a)={fed: R[Dy(D}f ()] >a, 0<a<1};

(vi) 9 (M1 —a,—1,1) =9 (A, )
{feﬂ: %[(1—)\)%(’2)4-)\13(1(1)?]6(2’))] >a}, 0<a<l;

(vii)

N
3

q
Dif (2)

z

()\, e (1 - a)cosd, 1, 1) — 4" (\ ,0)

:{feg%:m<ei9 [(1—» +ADq(Dgf(z))D>acose},

|9|<g, 0<a<l.
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2. Main Result

To prove our main result we need the following definition and lemmas.

DEFINITION 1 (Subordinating Factor Sequence [15]). A sequence {bj},-, of complex
numbers is said to be a subordinating factor sequence if, whenever f(z) of the form (1.1)
is analytic, univalent and convex in U, we have the subordination given by

Zakbkzk < f(z), z€U, a=1.

Lemma 1 [15]. The sequence {b;};- is a subordinating factor sequence if and only if

m{1+22bkzk} >0, zeU.
k=1

Now, we prove the following lemma which gives a sufficient condition for functions
to belong to the class 4 (A, b, 4, B).

Lemma 2. Let the function f which is defined by (1.1) satisfy the following condition:

i (1+B) {14 ([k]q - 1)} ([k]q)" lag| < (B — A) b, (2.1)

then f € 9" (\,b, A, B).
< Suppose that the inequality (2.1) holds. Then we have for z € U,

'(1—)\) Dg‘z(z) +AD, (D f (2)) —1'
_‘B[u_x)%@ﬂpq(pgf(z))]_B_(A_B)b‘
S {rea (i, - 1)} ()
k=2
—|(B=A)b +BZ{1+>\< 1}( )akz -1
k=2

\,i{l“([ D)} (18,)" o 214
{(B A) Jb] - BZ{1+)\< —1) b (1k],)" w121 }

k=2
i 1+ B) {1+A([k]q—1)}([k]q>”yakyzk*1—(B—A)\b\ <0
k=2

which shows that f (2) belongs to the class 4" (A, b, A, B). >

Let 9, (\,b,A,B) denote the class of functions f(z) € & whose coefficients
satisfy the condition (2.1). We note that 9" (X, b,A,B) C ¥ (\b,A,B). Also, let
%qo* (M0, A, B) = 97 (A\b, A B), 97" (A\b,—1,1) = 947 (\b), 9" (\1-a,-1,1) =
g (N a), 4m (A e (1—a)cosf,—1,1) =4 (\,b,0) (0] <5, 0<a<1).
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In this paper we prove several subordination relationships involving the functional class
4, (A, b, A, B) employing the technique used earlier by Attiya [16] and Srivastava and
Attiya [17] (see also [13, 14, 18-22]).

Theorem 1. Let the function f defined by (1.1) be in the class 9" (), b, A, B) and
g € X . Then

(1+B)(1+>\Q)(1+Q)

and (1+B)(1+X) (1+q) "+ (B—A)Ib|

(1
(1+B)(1+Xg) (1+9)"
(1

)+

R{f(2)}>— , z€el. (2.3)

(1+B)(14+)\q) )"
The constant factor 2[(1+B)(1+/\q)(1f %B T

replaced by a larger one.

oo
<A Let fe9 ) (\b A B)andlet g(2) =2+ ) cxz® € . Then we have
k=2

] in the subordination result (2.2) cannot be

(1+B)(1+Ag)(1+9)" (s
( [(1+B)(1+)\q)(1+q)”+(B—A)\by])(f 9 () -
_ (1+B)(1+X) (1 +9)" :
N <2[(1+B)(1+)\q)(1+q) T (B—A)b]] > <Z+Zak0kz ) :
Thus, by Definition 1, the subordination result (2.2) will hold true if the sequence
{ (1+B)(1+X) (1 +0q)" }oo o
(1+B)(14+Aq) (1+q)" + (B—A)b| :

is a subordinating factor sequence, with a; = 1. In view of Lemma 1, this is equivalent to the
following inequality:

(1+B)(1+Ag) (1+4q)"
{1+Z 1+ D) 1+Aq)(1+q)”+(B—A)\b!a’“zk}>0’ zel. 26

Since
U(k) = {1+)\([k]q—1>} ([k]q)”, k>2 0<A<1, 0<g<1, neN,
is an increasing function of k (k > 2), when |z| = r < 1, we have
.- (1+B)(1+Aq)(1+49)" K
%{1+;;ﬂ+BM1+MM1+@”HB—AHM%Z}
+B)(1M)0+g"
(14 B)(1+Aq) (1+¢)" + (B — A)b]
(1+B5) Y (1+3a) (1+4)"

+ A=t 0 akzk}

(1+B)(1+Xq) (1+4q) +( —A) ||

(1+B)(1+2g) (1+q)" >0+ {10 (1, = 1)} (18,)" o

21— T — r

(1+B)(1+Aq) (1+¢)" +(B—A)b| (1+B)(1+Aq) (1 +q)" +(B—A)p|
+B I+ (+" (B-A)b .
(1+B)(1+X)(1+q)" + (B—A)|b| (1+4B)(1+ X)) (1+¢)"+(B—A)|b|
=1—-r>0, |z]=r<l1,

~onf1+

k

>1-—
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where we have also made use of assertion (2.1) of Lemma 2. Thus (2.6) holds true in U and also
the subordination result (2.2) asserted by Theorem 1. The inequality (2.3) follows from (2.2)

by taking the convex function g(z) = 25 = 2z + > _po, 2¥. To prove the sharpness of the
constant 2[(1+E3()1(—1Ff/)\511)?1)—\2)(’1¢%§—14)\bl]’ we consider the function fo (2) € 97" (A, b, A, B) given
by
(B—A)|b| 2
— - 2, 2.7
P& = e g 27
Thus from (2.2), we have
(1+B)(1+XAg)(1+9)" z
o z) < ——, z€l. 2.8
20+ B) A+ 2 (Lo + (B-Ap P T 25
Moreover, it can easily be verified for the function fy (z) given by (2.7) that
, (1+B)(1+Xg)(1+q)" >}
min < R 7 z = —— 2.9
i (% (s s At = 29
This shows that the constant (IEB)(1+Aa)(1+q)” is the best possible, this completes

2[(1+B)(1+Aq) (1+q)" +(B—A)[b]]
the proof of Theorem 1. >

Putting n = 0 in Theorem 1, we have
Corollary 1. Let the function f defined by (1.1) be in the class 9, (\,b, A, B) and g € X .

fhen ( (14+B)(1+ X9
21+ B) (1) + (B—A) ]

)(f*g)(z)%g(z), z e, (2.10)

and
(1+4B)(1+Xq)+(B—A) |y

AE > =0 B 1 a)

(2.11)

(14+B)(14+Aq)
1+ B)(T+Aq)+(B—A)0]]

The constant factor 3 in the subordination result (2.10) cannot be rep-

laced by a larger one.
Putting A = —1 and B =1 in Theorem 1, we have
Corollary 2. Let the function f defined by (1.1) be in the class 4" (\,b) and g € K.

Then
< (L+Xg) (1 +49)"
2[(1+Ag) (1 +q)" + [b]]

)(f*g)(z)%g(z), zeU, (2.12)

and .
1+ (1 +q)" + bl

zeU. (2.13)

(14+2q) (14¢)"
1+Aq) (1+q)" +]b|

The constant factor 2l
by a larger one.

Puttingb=1—-a(0 <a <1), A=—1and B =1 in Theorem 1, we have

Corollary 3. Let the function f defined by (1.1) be in the class 4;* (\,a) (0 < a < 1)
and g € . Then

( (1+A)(1+9)"
2[1+X) (1+¢q)" +1—¢]

] in the subordination result (2.12) cannot be replaced

)(f*g)(z)%g(z), zeU, (2.14)
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and
1+A)(1+9)"+1-a

(I+A)(1+q)"

in the subordination result (2.14) cannot be replaced

R{f(2)} > -

zeU. (2.15)

(1+Aq)(1+q)"
1+Aq)(14+9)"+1—0q]

The constant factor 2l
by a larger one.
Putting b = e ™ (1 — a)cosd (|§] <Z; 0<a<1), A= —1and B =1 in Theorem 1,
we have
Corollary 4. Let the function f defined by (1.1) be in the class 9" (A, ., 0) (16] < %;
O<a<1) and g € . Then

( (1+Ag) (1+9)"
2[(14+ X)) (1 +¢)" + (1 — a) cos 0]

>(f>kg)(z)-<g(z), zeU, (2.16)

and
1+X)(14+¢)"+(1—a)cosh

(1+Ag) (1+¢9)"

R{f(2)} > -

(1+2q)(1+q)"
The constant factor 2[(1+)\q)(1+g)n+(?7a) o5 7]

replaced by a larger one.

, zeU. (2.17)

in the subordination result (2.14) cannot be

REMARK 1. Taking A = —1, B =1 and letting ¢ — 17 in Theorem 1, we get the result
obtained by Aouf [14, Theorem 1].

REMARK 2. Replacing A by —A, B by —B and letting ¢ — 1~ in Theorem 1, we obtain
the result get by Sivasubramanian et al. [13, Theorem 2.2]|.

REMARK 3. Puttingn=A=0,b=1—a (0 < a < 1) and letting ¢ — 1~ in Corollary 2,
we get the result obtained by Aouf [14, Corollary 3|.

REMARK 4. Puttingn =0,A=1,b=1—a (0 < a < 1) and letting ¢ — 1~ in Corollary 2,
we get the result obtained by Aouf [14, Corollary 4].
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AnHoTauuda. V3ydaercss BOIbTEpPOBCKOE UHTErPO-TuddepeHInaIbHOe YPpABHEHNE TUIIA CBEPTKH CO CTe-
[IEHHOHN HEJIMHEHHOCTBIO, IIEPEMEHHBIM K03 dunmenToM a(x) 1 HeoJHOPOIHOCThIO f () B iMHEHOM YacTH,
KOTOPOE TECHO CBA3AHO C COOTBETCTBYIONUM HEJIMHEHHBIM HHTEIPAJIHHBIM Yy PABHEHUEM , BOSHUKAIOIIAM ITPU
HCCJIeIOBAHNY UHMUIBTPAIUHI KUIKOCTH U3 MUJINHIPUIECKOTO pe3epByapa B U30TPOIHYIO OJHOPOIHYIO
MIOPUCTYIO CPEJLy, IPU OIMUCAHUU MPOIECCa PACIPOCTPAHEHUsI YIAPHBIX BOJIH B TPy6ax, HAIIOJIHEHHBIX ra-
30M, IIPU PEIIEHUN 38891 O HAIPDEBAHUM MOJIYOECKOHEIHOIO TeJIa NPU HEJIMHEHHOM TeILIONepe1aTOIHOM
poriecce, B MOJEJISAX HOIYJISIIMOHHON NeHETUKY U JIPYTUX. BayKHO OTMETUTD, 9TO B CBA3U C YKA3AHHBIMU U
JPYTUMU IIPUIJIOXKEHUSIMU OCOOBI MHTEPEC IIPEJICTABIISIOT HEIIPEPBIBHBIE TIOJIOXKUTEIbHbIE Ipu & > () pere-
HUsI UHTEIPAJIbLHOrO ypaBHeHusi. Ha 0CHOBE MOJIy4YeHHBIX TOYHBIX HUXKHEH M BEpXHEH allpUOPHBIX OLIEHOK
peIlleHNs] UHTErPAJIbHOIO yPABHEHUsI Mbl CTPOMM BECOBOE IIOJIHOE METPUYECKOE IIPOCTPAHCTBO Py, MHBApU-
AHTHOE OTHOCHUTEJIbHO HEJIMHEHHOIO MHTErPAJIbHOIO OIEPATOPA CBEPTKU, MOPOXKIEHHOIO STUM yPaBHEHU-
€M, U, IPUMeHsIsl METOJ| BECOBBIX METPUK (aHasior MeTosa Besmukoro), nokaspiBaeM INIOOAIBHYIO TEOPEMY
O CYIIIECTBOBAHUU W €JUHCTBEHHOCTH PEIEeHUs] N3y9IaeMOro HEeJMHEHHOro MHTErpo-auddepeHuaaibHOro
yDaBHEHHUs] KAK B IIPOCTPAHCTBE Py, TaK I BO BCeM KJjacce Q§ HelpepbIBHO MuddepeHIpyeMbIX MOI0K -
TesibHBIX 1pu x > 0 pyuknwmii. [Tokazano, 94To pernenne MOXKeT ObITh HANIEHO B IpoCcTpaHcTBe P, MeTo10M
[10CJIEIOBATEbHBIX TPUOJIMIKEHUH MMKAPOBCKOro TUMa. JIj1s mocieoBaTeIbHbIX TPUOJINZKEHWH 10Ty 9€HbI
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B uacrrocrn, npu f(xz) = 0 u3 3T0# TeOpeMbl BBITEKAET, UTO COOTBETCTBYIOIIEE OJHOPOJHOE HEJMHEeM-
HOe mHTerpo-auddepeHnualbHOe ypaBHEHUE, B OTJIUYUE OT JIMHEHHOrO CJlydasi, UMeeT HeTPUBUAJILHOE
pemtenre. IIpuBesieHbI TaK>Ke MPUMEDDI, HJLIIOCTPUPYIOININE Oy YeHHBIE PE3YJILTATHI.
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1. BBeaenue

Kax wussectHo [1, 2|, B HacTosiiiee BpeMsi TeOpHsl JIMHEHHBIX YDABHEHUII THUIA CBEPTKU

JIOCTATOYHO XOPOIIO pa3paboTana. B psige MpUK/IaIHBIX 3a/a9 TEOPUU IIEPEHOCa U3JTyIeHUs,
CJIEJIAIINX CHCTeM (CepPBOMEXaHU3MOB ), SJIEKTPUIECKHUX CeTell, CojlepKalluX HeJMHeHHbIe dJie-
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MEHTBI, B MOJIEJISIX HOIIYJISIIHOHHON MeHETHKH U JIPYTHX BO3HUKAIOT HEJMHEHHbIE yDaBHEHMUSI
THia cBepTKH (mogpobuee cM. [3, 4]). OcobeHHOCTBIO HCCIe0BAHNS HeJIMHEHHBIX yPaBHEHNU
THIIA CBEPTKH $IBJISIETCA, B YACTHOCTU, TO, YTO B OTJIMYUE OT JITHEHHOIO CJIydasi, IJie OCHOB-
HbIE Pe3yJIbTATHI IMEIOT MECTO cpasy JJIs menoii cepuu npocrpancts Ly, C, Cy, M u npyrux
[2, 1. 3, m.3.2|, 31ech KapTHHA CYI[ECTBEHHO 3aBUCHUT KaK OT BBIOOPA PAaCcCMAaTPHBAEMOIO
IIPOCTPAHCTBA, B KOTOPOM Pa3bICKUBAIOTCS PEIIEHNUST, TaK U OT XapaKTepa JIOIyCKaeMOil Hesln-
HEITHOCTH.

B psizne pabor [5-8] u3yuasoch HelmHERHOE HHTErPAIbHOE YPaBHEHNE THIIA CBEPTKH BH/A

T

ut(x) = a(x)/k:(x —tu(t)dt+ f(x), >0, a>1, (1)
0

BO3HUKAIOIIEE NTPU UCCJICTOBAHUE WH(MUILTPAIME KUJAKOCTA U3 IUJIUHIPUIECKOTO pe3epBya-
pa B M30TPOIHYIO OJHOPOIHYIO IIOPUCTYIO CPEY, IIPU OIMCAHUY MPOIECCa PaclpoCTpaHeHusT
YJIApHBIX BOJIH B Tpybax, HAIIOJTHEHHBIX Ia30M, IIPU PEIICHUN 3a/a491 O HAIPEBaHUU MoJTybec-
KOHEYHOI'O TeJia IPU HEeJMHETHOM TeIIoNnepeaToMHOM MPOIECce, B MOJEISAX MO ISIIMOHHOMN
reHeTHKH 1 Jpyrux (noapobuee cM. B 3, 4, 9]). BaxkHo orMernTh, 4TO B CBSI3M C YKa3AHHBIMU
U JPYrUME IPUIOKEHUSIMU OCOOBI MHTEPEC MPECTABIAIOT HElPEPbIBHBIC ITOJIOKUTEILHbIC
npu z > 0 perennst HHTErpajbHOro ypasuenus (1).

B nanmoit pabore B KOHyCE Q(l], 0Opa30BaHHOM HEOTPHUIIATEIbHBIMI HEIPEPBIBHO andde-
penrupyeMbiMu Ha ostyocu (0, 00) dyHKIWAME, yJI0BIETBOPSONUME ycaosuio, 14to u(0) = 0,
u3ydaercst HeJlnHeiinoe mHTerpo-auddepeHnuaibHoe ypaBHeHHE TUITa CBEPTKI

T

u®(z) = a(x) / k(z —t)d' () dt + f(z), x>0, a>1, (2)
0

TECHO CBsI3aHHOE, KakK OyJIeT MOKA3aHO HUXKe, C MHTErpaJbHbIM ypaBHeHneM Buja (1).

UccreioBanne OCHOBBIBAETCS HA HEKOTOPOH Modudurayuu TPUHIIATIA CXKUMAIOIINX OTO0-
paxkennii (anasor meroga A. Bemuikoro), nossosmaowetl, 10Ka3bIBATh NI00AIBHBIE TEOPEMbI
CYIIECTBOBAHUSI U €JIMHCTBEHHOCTH 0€3 OrpaHnvIeHnii Ha 06JIacTh Olpe/ieieHtsl pelieHnii (or-
canue Meroa Besnmkoro u ero npenmyiects npuseseno B [10, mr. 3, m. 3.1.3]).

Ha ocHoBe mojiyueHHBIX TOYHBIX HUXKHEH U BEpXHEHl alpUOPHBIX OIEHOK PEIeHUs] WHTe-
IPAJILHOTO ypaBHeHus Buja (1) MbI CTPOMM BECOBOE TIOJIHOE METPUYIECKOe POCTPAHCTBO P 1,
IpUMeHsIsI aHAJIOl MeTo/a BesmmiKoro, JoKa3blBaeM IIOOAIbHYIO TEOPEMY O CYIIECTBOBaHUN
U €JIMHCTBEHHOCTH DeIleHus] NHTerpo-auddepeHnuajibHoro ypaBaenns (2) Kak B IIPOCTPaH-
crBe P, Tak m BO BceM KJacce Q(l) HEIPEPBIBHO (D PEPEHITNPYEMBIX TTOJTOXKUTEIHHBIX TPU
x > 0 dyuknuii. [Tokazano, uro pemenne ypasHenus (2) MOxKeT ObITh HaiijieHO B P, MeTOIOM
[TOCJIeI0BATEIbHBIX MPUOJINKEHNN THKAPOBCKOTO THIa. s mocjieoBaTeIbHBIX IPUOINzKe-
HUH TOJIyYeHBI OIEHKN CKOPOCTH WX CXOJUMOCTH K TOYHOMY DPEIIEHWIO B TEPMUHAX BECOBOU
METPUKHU IIPOCTpaHcTBa Fj.

2. CBolicTBa HEOTPUIATEJILHBIX pelIeHuii

OCHOBHBIM 0OBEKTOM UCCJIEJIOBAHNS B JIAHHOI paboTe siBJisieTcst ypaBHeHue (2), B KOTOPOM
sinpo k(x), koaddurment a(r) n HeOTHOPOAHOCTE f(X) yIOBIETBOPSIOT YCIOBUSIM:

ke CY0,00), K (z) me y6uBaer na [0,00), k(0)=0 u K(0) >0, (3)

a € CY0,00), a(z) me yopBaer na [0,00) u a(z) >0 mpu x > 0, (4)
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feC0,00), f(x)ne ybpsaer ma [0,00) u f(0) =0, (5)

rie C'10, 00) ozmavaer mpocTpaHcTBO HenpepbisHO Muddepentupyembix Ha [0, 00) byHKIHiL.
B cBsi3u ¢ yKasaHHBIMH BO BBEJCHHH IIPHJIOXKEHUSAMH, Oy/eM HCKATh DEIIeHHs ypaBHe-
Hust (2) B Kiacce

Q= {u(z) : ue Cl0,00)N C*0,00), u(0) =0 u u(x) >0 mpu = > 0}.

Hapsiny ¢ ypasuenuem (2) GyieT paccMaTpUBATHCS TAKyKe MHTETPAJIBbHOE yDaBHEHHE
x
u®(x) = a(x) / E(z—tu(t)dt+ f(z), x>0, a>1, (6)
0

B KOHYCe IIpoCcTpaHCTBa HenpepbiBHBIX yHKiuii C[0, 00):
Qo = {u(z) : uwe C[0,00), u(0) =0 n u(z) >0 upuz > 0}.

JIemma 1. Ilycrs Boimosnenst yeaosust (3)—(5). Ecim w € Qo siBiIsiercsi perieHneM HHTe-
rpaJibHoro ypasrerus (6), To ¢yrkius u(x) He ybbIBaeT 1 HelpepbIBHO JbgepeHimupyema
na (0,00), 7. e. u € C1(0,00).

< Hyerb u € Qo siBasiercs: perienneM ypasaenust (6) u x1,x2 € [0,00) — s0bble duCIa
Takue, uro x1 < xz. Tak Kak k'(z) me ybbisaer Ha [0,00), 1o ceeprka (k' * u)(z) = [ k'(x —
t)u(t)dt Takzke He yOBIBAET, HOCKOJIBKY

(K % u)(z2) — (K *u)(x1) = / (K (zo —t) — K/ (21 — t)] u(t) dt + / K (zg — t)u(t)dt > 0.
0 z1

Tak kak a(x) u f(z) He yobBator, To u®(z) Takxke He yobBaer Ha [0,00). CienoBaresbHO,
cama dyHkius u(r) He yObIBaeT U 09TOMY 104YTH Beoiy Juddepernupyema Ha [0, 00).
Jokazkem Temnepn, uro pemenne u € C'(0,00). Tax kax 1o yciaosmio k'(z) me ybbiaer
ua [0,00), To mo Teopeme Jlebera (cMm., nanpumep, |3, Teopema 17.7]) mouru Beromy na [0, 00)
cymecTByer Bropas npoussoanas k”(x), koropas no Teopeme 06 MHTErPUPOBAHUN [TPOU3BO/I-
HOit |3, Teopema 17.8] sokanbHO cymmupyema. CiiefioBaTesibHO, paBasi 4acTh ToxiecTsa (6)
muddepeHnupyemMa U B CUly CBOHCTBa KOMMYyTaTUBHOCTH cBepTKHU |3, §17]

( / k’(x—t)u(t)dt) _ / K (@ — t)u(t) dt -+ K (0)u(z) = / K (tu(z — ) dt+ K (0)u(z). (7)

0 0 0

[Mockonbky dbyukius u(x) He yobisaer, a dyukius k" (z) pokanmbno cymmupyema ua [0, 00), TO
B CHJIy TE€OPEMBI O HEIPEPLIBHOCTH CBepTKH |3, Teopema 17.9] npoussosHas (7) HenpepbiBHA
ua [0,00). Ho Torga cymecrByer u HenpepblBHa IIPOU3BOJHAS JIeBO dacTu ToxecTsa (6),
9TO BJIeUeT 3a CODOM CyNecTBOBAHNE M HENPEPBIBHOCTH NPOU3BOAHO v/ (x) pu 2 > 0. >

Jlemma 2. Ilycrs somosmenst yeaopus (3)—(5). Ecmn w € Q} sapnsercs pemenmem
unTerpo-auggepennuaibaoro ypasaeaus (2), To u € Qo U sBJISIETCs PEIEHHEM HHTEIPAJIb-
noro ypasnenusi (6). Obparno, ecn ypasnenne (6) mveer pemenne u € Qo, 70 u € Qf u
SIBJISIETCS pereHueM ypaBHenusi (2).
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< Hyerb u € Qf sBnsieres permennenm ypasuenus (2). Hockombky QF C Qo, To u € Q.
Tak kak k(0) = 0 u u(0) = 0, To, BbrunC/IsIst HHTErpasl B (2) 10 YacTsM, [OJIyIaeM

T

w0 (2) = a() / Kz — ) du(t) + () = a(x) / WO (@ — ) dt + f(2), (8)
0

0

T. e. u(x) aBasercs pemienneM ypasHerus (6).

O6parno, nycrs u € Qo saBisercs pemenuem ypasuenus (6). Torma cormacuo jemme 1
bynxmus u(x) npunagreskut npocrpanctsy C1(0,00), a sHaunt, v € Q. Vcnonbsys jisa-
JKJIbI CBOMCTBO KOMMYTATUBHOCTH CBEPTKH, (hOPMYJTy MHTEIPUPOBAHUSI 110 YaCTsAM, PABEHCTBA
k(0) = 0 m w(0) = 0, u3 ypasuenus (6) mmeem

x x

w0 (2) = a(x) / K (Oule —t) dt + () = a(x) / k(z — ) (1) dt + f(z),

0 0

T. e. u(x) sABJIsIETCs peleHneM ypaBHeHusi (2). >

U3 jleMMBI 2 BBITEKAET, UTO IS JIOKAa3aTe/bCTBa CYNIeCTBOBAHUS B Kiaacce Qf perrenus
uHTerpo-uddepeHnuanbHOro ypaBuenus (2) J0CTaToqHO J0Ka3aTh CyIIECTBOBAHHUE B KJIAC-
ce (o petenusi naTerpasbHoro ypasaenus (6). Kpome toro, us jieMmbl 2 ciiejyer, 4To ypas-
uernst (2) u (6) UMEIOT OJIHO M TO YK€ MHOYKECTBO PEIICHHIA.

Hasnee npejnosnaraercst, 9To BBIIOJIHEHO JIONOJHUTEILHOE YCIOBHE

o0)=0, rae g(a)=L0) )
a(z)

JloKa3aTesbeTBO OCHOBHBIX Pe3y/IbTaTOB JAHHON CTaThbi Oyjer 6a3upoBaThCs Ha ALPHOD-
HBIX OlleHKaX pemntenuii ypasuenusi (6). IIpu nokazarenbcTBe BepxHel allpHOPHOIT OIEHKH HAM
noHa 10buTest HepaseHcTBo ebbimesa (cM., Hanpumep, [3, semma 17.1]):

T x

/v(:c —t)w(t)dt < /v(t) w(t)dt, x>0, (10)

0 0

cpaBseJymBoe JIst Jo0bIX HeyObBaonmx Ha [0, 00) dyukimit v(x) u w(z).

JIemma 3. Ilycre Bomosnenst yciaosus (3)—~(5) u (9). Ecan u € Qo sB/IsteTcss perienneM
uHTerpajibHoro ypasuennsi (6), To u(x) y/goBaeTBopsieT HepaBeHCTBAM

F(z) < u(r) < G(a), (11)

rae

G(z) = as (z) (O‘; ! O/chv(t)k’(t) dt + (%) - ) -

< Iyers u € Qo — pemenne ypasuenus (6). Tak kak npu x = 0 nmepasencrsa (11)
0OpaIaloTcsa B OYeBUAHbIE PABEHCTBA, TO OyJleM CYMTaTh jgaJjee, 9To x > 0.
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Hokaxkem cuavana nepsoe HepaencTBo u3 (11). Tak kak a(x) > 0, f(x) > 0 u k'(z)
He ybbiBaer Ha [0, 00), To U3 TOoXKAecTBa (6) nMeeM

u(x) > (k'(())a(av))é (/u(t) dt) ’ (Vx> 0), (12)

0

WJIH, 9TO TO e camoe, Hockosibky k'(0) > 0 u u(z) > 0 npu z > 0,

u(t)( / u(s)ds> > (H(0)a@®)s (vE> o).

0

WaTerpupys mocieniee HepaBeHCTBO B mipeesiax or 0 10 x, moIyIuM

a—1

(/u(t) dt) LSt P /a%(t) gt (Vx> 0),

[0
0 0

(ju(t) dt>i g (a; 1)ﬁ (K (0)) 7T </ma$(t) dt)all. (13)

0 0

OTKY/I&

Taxum obpasom, mepsoe HepaBeHcTBO U3 (11) BhITekaer 3 HepasencTs (12) n (13).

Hokazkem Tenepb Bropoe HepasencrBo u3 (11). Tak xak B cuity yciosus (3) u jemmbl 1
dbyukunn k' (x) n u(z) we yopiBator Ha [0, 00), To BeaecTBre HepaBeHcTBa Uebbimesa (10) u3
ToxjecrBa (6) BbITEKAeT HEPABEHCTBO

T

w0 (z) < a(z) / Fut)dt + fz) Yz > 0),

u(z) < aé(:c) </k"(t)u(t) dt + g(:c)) (Vx> 0), (14)

win, TOCKOIbKY k' (t) > 0,

K ()ut) + ¢ (t) < K'(t)a=

H
—~
~
SN—
/
o\ﬁ
7
—~
w
SN—
I
—~
w
N~—
L
o
+
)
—~
~
N—
~
+
CQ\
—~
~
SN—
—~
<
~
\Y
(e}
SN—

OTKYJIa
(/k’(s)u(s) ds + g(t)) (K (t)u(t) + ¢'(t) < k’(t)a%(t) +1(t), (15)
0

rje
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Touno Tax ke, KaK W IpH JI0Ka3aTeabcTBe Hepasencrsa (13) m3 [11], mposepsiercs, aTo

[0 a—1
a

/ I(t)dt < g (2). (16)

Wurerpupysi HepasencrBo (15) B npegenax or 0 o x, ¢ yderom yciosusi (9) u HepapeH-
crea (16), Oymem nmern

a—1 T

( / k’<s>u<s>ds+g<x>> "< “‘1< / k/(,g)a;(t)m%gwx)) (Vx> 0),

[0
0 0

OTKY/Ia

x 1 x 1
, @ a— 1 , 1 a1 a—1
K (t)u(t) dt + g(z) < - E'(t)aa(t)dt+ g o (x) . (17)
0 0

Takum obpaszom, Bropoe HepaBeHCcTBO B (11) BbITekaer u3 Hepasencts (14) u (17). >

U3 jiemMbl 3 ciiejiyer, 9To pelieHns: ypasHeHus (6) ecTeCTBEHHO UCKAThH B KJIacce
P ={u(z): ueC[0,00) u F(z) < u(z) < G(z)}.
[TPUMEP 1. HenocpesicTBenHO mpoBepsieTcst, 9T0 yHKIIHsI

ut(z) = <O‘; 1p>“11ai@)(/mmi(t)clt)ﬁ

0

SIBJISIETCsI pellleHneM MHTerpajibHoro ypasaenus (6) npu k(x) = pr u f(z) =0, rme p > 0 —
moboe ancso. Cienoaresbio, ecian k(z) = p-x u f(x) = 0, T0 cupaBeyIUBbl PABEHCTBA
F(z) = v*(x) = G(x) mis qroboro x € [0,00), KOTOPbIE IOKA3BIBAIOT, YTO B OIPEIEIEHHOM
CMBICJIE AIPUOPHBIE OIEHKU PEIeHNsT HHTErPAJIBHOro ypasHeHus (6), Jl0Ka3aHHbIE B JIeMMe 3,
TOYHBIE.

3. TeOpeMbI CylieCTBOBaHUA M €JJMHCTBEHHOCTHU pPeIllleHnA

OrtrpejiesiuM HEJTMHEHHBIN UHTErPAIBHBIN orepaTop cBepTKu 1’ paBeHCTBOM

(Tu)(z) = <a(x)/k'(x —t)u(t) dt + f(x)) , >0, a>1.
0

[Tpexk e yeM m0Ka3aTh CAEAYIONIYIO TEOPEMY 3aMETUM, UTO TaK KaK

1

G(x) = (a 0% (o) /aé(t)k’(t) dt + faT_l(x)> .

(07
0

to dyuknusa G(x) B cuity ycmaosuii (3)—(5) me yosiBaer na [0,00) n G(0) = 0.
Teopema 1. Ilycrs Bbimosmenst yciaosust (3)—(5) u (9). Torga kinacc P unpapmanren
OTHOCHTEJILHO HeJjimHeitHoro onepatopa 1, . e. T : P — P.



22 Acxabos C. H.

< Ilyers w € P. Hyxwuo gokasars, aro Tu € C[0,00) u F(z) < (Tu)(x) < G(x).

1. Tak xax yuxmuu k' (z), a(z), f(r) HEOTPUIATESBHBI U IPUHAJIEKAT IIPOCTPAHCTBY
C[0,0), a 1/a > 0, To oueBugHO, uro omeparop 1 Ha Kiacce dynkuuii u € P onpejesen
koppekTHO u Tu € C[0, 00).

2. Tlokaxewm, uro (Tu)(z) > F(x). Hlockonbky k' (z), a(x), f(z) meorpunarensust, k'(x)
He yoniBaer u u(x) > F(z), To

T T

[(Tw)(@)]® > alz) / K (z — tu(t) dt > a(z) / Kz — F() dt / Pt
0

xT

:k’(O)a(m)<a_1 ) /aé <O/ta

e. (Tu)(x) > F(x).
3. Tokaxewm, nmakonern, uro (Tu)(z) < G(z). Tak xax a(x), k'(x) HeorpunaresbHbI 1
u(z) < G(z), a dyukiun k' (z) u G(z) ve yobBator Ha [0,00), TO B cuily HepaBeHcTBa e6bI-
mesa (10) u ycsiosus (9), noaydaem

Q\»—‘

) dt = [F(z)]”,

[(Tu)(2)]" < a(z) / K (x—t)G(t) dt + f(z) < a(x) ( / () G(t)dt + / g(t) dt)
0 0 0
— alz f / g'(t) ) (&1 ﬁzaé
- <>O/G<t>[k<t>+ A de <o) (*52) O/ ()
« /aé(s)k'( Yas+ g K+ L0 ]dt G (x)
) ot (g (1)

e. (Tu)(z) < Ger). >
Bsenem ciemyrommuii Kiacc QyHKITHIA:
= {u(z) : ue C[0,b] u F(z) <u(z) < G(z)},
rie b > 0 — npou3BOJILHOE YHC/IO.

B cuny BosibTeppoBocTu oneparopa 1’ u3 Teopembl 1 HEITOCPEICTBEHHO BBITEKAET

Caencrsue 1. Ecim semosnenst ycaosust (3)—(5) u (9), To kinacc P, nHBapHanTeH oTHO-
CHTEJIbHO HHTErpaJbHoro omneparopa T

Jlasee OyzieM Ipearo/iaraThb, ITO BBIIOJHEHO YCIOBUE

o (50) 7 (fotom) < )
0

BamernM, 4To BhIOTHEHNE yCaoBus (18) obecrieunBaer BbinosiHeHue yeaosus (9) u ycio-
Bue (18) cosnayaer ¢ yciaosuem (16) u3 [11] npu a(x) = 1.
SasauM Ha npsiMoM TipousBejieHuu P, X P, dyHkiuo p, dopmysioit

pp(ur,ug) = sup (@) = u2(:c)|1 , B >0. (19)

0<z<b z a—1
ai(x) (f aé(t) dt> efr
0
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Hockonbky €% > 1 u |up(z) — uz(x)| < G(x) — F(x) mus mobbIx uy, ug € Py, T0

1 1
-1 a1 ~1 a1
pp(ur,ug) < (aa K (b) + D> - (a k:'(O)) < 0.

«

Jlemma 4. MuoxkectBo P, ¢ MeTpHUKOH pp SBJISETCS MOJHBIM METPHIECKHM IPOCTDAH-
CTBOM.

< BBIIOIHUMOCTE AKCHOM METPUKH odueBHiHA. JloKaxkeM MOJHOTY HpOCTpaHCTBa B.
[Mycrs {u,} ecrb mobast gyndamenmanvras nocaedosamervrocms u3 Py, Torma st oboro
e > 0 cymecrByer N = N (&) > 0 Taxoii, 4ro jiist J1106b1X m, 1 > N BBIIOJIHIETCS] HEDABEHCTBO
P (U, Up) < €, T. €.

Tak kak
z x b a1
ai(x)</ai(t) dt> P < aé(b)</ai(t) dt) ¢ = M,
0 0
TO
|t () un(az 1

(faa dt)(

ITosromy u3 (20) umeeM |up, (x ) —up ()| < Me pns mobsix m,n > N u s joboro x € [0, b
(3mech yuimu, 4T0 U, (0) = u,(0) = 0), 1. e. {u,} aBasgerca dyHIaMeHTAIBHOI TOCIE0BA-
resibHoCTBIO B C[0, b]. B cuuty nosrorsr npocrpancrsa C[0, b] cymecryer dyukuus u € C[0, b]
TaKasi, 4TO
lim u,(x) = u(z). (21)
n—o0
[MokaxkeM, uro u € P,. Tak kak {u,} € Py, T0 151 1106010 N U Jyist jarodoro x € [0, b], umeem
F(z) < up(z) < G(x). Ilepexoas B 9TOM HEpaBEHCTBE K IPEJENy IIPH N — 00, C YIETOM
pasenctBa (21), nonyuaem F(z) < u(z) < G(z), 1. e. u € P,
Ocrasioch JJoKa3aTh CXOMMOCTD HOCTIeA0BaTeIbHOCTH {Uy ()} K u(z) mo Merpuke pp. Ile-
pexojisi B HepaseHcTBe (20) K 1pejiesty mpu m — 00, UMeeM

|u(@) = un(2)]

; <e

7) (bf o (1) dt) s

Jytst iroboro n > N u jyist mo6oro x € (0,0], 1. e. py(up,u) < € mis goboro n > N. >

Beibepem Terepsb gocrarodno mMasoe 4ucio ¢ € (0,b) Takoe, 4TO BBIIOJIHSIETCS HEPABEHCTBO
K (c) < ak'(0). (22)

ITostozxum , .
5= /1 sup k(x)—k(O) (23)
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CupaseiBa ciretyrommast eMMa (oapobHoe JoKa3aTeIbeTBo eM. |11, emma 5], cp. [12]).
JIemma 5. Ilycrs syipo k(x) ymorersopsier ycaosuro (3). Torya mist smoboro x € [0, b
CIPABEIINBO HEPABEHCTBO
K (x)e P <K (c), (24)
e uncaa ¢ u 3 onpeesstiorest u3 ycaopust (22) u popmyier (23), cOOTBETCTBEHHO.

Teopema 2. Ilycrs Boimosnenst ycaosust (3)—(5) u (18). Torma oneparop T : Py — Py u
SIBJISIETCST CXKUMAIOIIUM, IIDH 3TOM JUIsI JIIOOBIX U1, U € Pj BBIIOJIHIETCS HEPABEHCTBO

K (c)

Tug, Tuy) <
pb( Uz, ul) ak’(O)

po(u2, u1), (25)

IJ1e IHCJI0 ¢ OUpeessieTcss u3 ycaoBus (22).

< To, uro oneparop T : P, — P, BoiTekaer u3 ciencrsus 1. Jlokaxkem HepasencTso (25),
T. e., uro oneparop 1T B cuity HepaseHcTBa (22) siBisiercst ckuMatonmM. Ilycrs uy, ug € Py u
x € (0,b]. ITo Teopeme Jlarpamxka jyist J00bIX 21, 29 > 0 nuMeem

1 1 1 14
2y — 2y :a@a (z1 — 22),

rae O JIeKUT MEeXKIy 21 U 2. 11osTOMYy, eciu 21 > 29 M 29 = 20, Tie 29 > 0, 70 © > zg n
1]z — 2

a—1*
¥ {2} =

Ucnonb3yst 9170 HEpaBeHCTBO 1 TO, uTo (T'uq)(x) > F(x), (Tug)(x) > F(x) nis seex x € (0, b],
nMeeM

|(Tuz) (@) — (Tu) ()|

<

Q=

_ (a(m) / K (x — tyus(t) dt + f _ (a(m) / K (x — tyu () dt + f(x))
0
t) [UQ

o)
a(x)/mk’(x—
0
<a; 1 k’(o))‘lalﬁT“(x)</zaé(t) dt> 1a(x)/xk’(x — 1)|ua(t) — ui(t)] dt.
0

xT

T /k"(m — t)|ua(t) — uy(t)| dt. (26)
(a —1)K'(0) bfaa(t) dt 7

(F(a)) = (t) — wi(t)] dt

Nrak,

|(Tug)(x) — (Tuy)(z)| <

<
(V)
—~
&
N~—
|
<
=
—~
&
-
I
IS
Q=
—~
&
N—
VY
O\H
IS
Q
—~
&
QQ
~
~__—
2
I
®
=
8
=
no
=
|
N
i
—~
8
-

1

< CL%(CC) </aé(t) dt) - eﬁpr(u% ul)’
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TO 13 (26) ¢ ydIeToM JIeMMBI 5 IIOJIY M
|(Tuz) () = (Tu1)(x)|

E(@)pluzw)e? t =
< ao(x)py U2;U1 e /k’(x—t)eﬁ(xt)ai(t)</ai(s)d8> dt
0

(a — 1)k (0) bfﬁ(t) dt

< k’(c)aé(x)pb(u%ul)eﬁx a—1 (
(a — 1)k (0) b[aé(t) dt

1

= ak];/((cg ai(x)eﬁx</ai(t) dt) . pu(ug, uy).
0

CieroBaTe/IbHO,

(Tug) () — (Twr)(z)] . K(e)
al )<} l(t)dt>a11 s OFO
0

po(uz,ur) (V€ (0,0]),

9TO paBHOCUIBHO HepaBeHCTBY (25). ITockosbky B cmity HepaBeHcTBa (22) KoadbduiuenTt
B HepaseHcrse (25) k'(¢)/[ak’(0)] < 1, To oneparop T' siBIsieTCst CAKUMAIOIIUM. [>

Teopema 3. Ecsn Boimosnensr yeaosust (3)—(5) u (18), To unrerpaibnoe ypasuetne (6)
umeer B Qo (1 B Py, npu sobom b > 0) equHCTBEHHOE pellieHne. DTO pellieHne MOXKET ObITh
HallJJeHO METOJIOM HOC/Ie0BATe/IbHBIX IIPHOIHKEHUI, KOTOPBIE CXOAATCS K HEMY IO METPHKE
(19) mpwu sr060oM b < 0.

< Banwmmem ypastenne (6) B oneparopaoM Bujie: u = Tu. VI3 gemmbl 6 1 Teopembl 2 ciie-
JIyeT, 4TO BBINOJIHEHBI BCE TPEOOBAHUS IMPUHITUIA CKUMAIOIINX OTOOPAXKEHUl, 13 KOTOPOro
HEIIOCPEJICTBEHHO BBITEKAET, YTO ypaBHeHue (6) MMeeT eJIMHCTBEHHOE PeIlleHHe B IPOCTPAH-
crBe P, ipu strobom b > 0, u 9TO pelrteHne MoKeT ObITh HAlIEeHO METO/IOM IIOC/I€0BATETbHBIX
npubJIMZKEeHNH, KOTOPBIE CXOJATCs K HeMy 1o Merpuke (19) npu sobom b < 0o.

To, uro ypasrenue (6) MMeeT eJIMHCTBEHHOE PEIIEHHE BO BCeM Kiacce Qo JIOKa3bIBACTCS
TOYHO TaK ke, Kak B Teopeme 3 u3 [11]. >

Taxum 06pazoM, HA OCHOBAHUU TEOPEMBI 3, UCIIOIb3Ysl CBA3b MEXKJIy PEIICHUsIMU ypaBHE-
Huit (6) u (2), yCTAHOBJIEHHYIO B JIeMMe 2, MbI MOXKEM CHOPMY/THPOBATH OCHOBHON DE3YJIBTAT.

Teopema 4. Ecim sbuionnenst ycaosust (3), (4), (5) u (18), To maTErpo-imugdepen-
HHajIbHOe ypaBHeHHe THIA CBEPTKH CO CTEHeHHOIH HesmHeiocThio (2) mMeer B Komyce Qf
(u B Ky1aCCE Py 11pu sio6om b > 0) eauHcTBeHHOE pernenne uw*(x). DTo pereHne y[0BIeTBOPSI-
er HepaserncrBaMm (11) u ero MOXKHO HafTH B HOJTHOM METPHIECKOM HpocTpancTse Py meromgom
[OC/I€/I0BaTEe/IbHBIX HPUOIKEeHHE 110 hopmyite Uy, = Tun—1, n € N, co ¢X0auMOCTHIO O MeT-
puke (19), B koropoii uncia ¢ u 3 onpenessitorcs ycaosueMm (22) u popmyiioii (23). Ilpu srom
CIIpaBEJIINBA OICHKA MOIPEHIHOCTH:

n

1—g¢q

pb(uTMU*) < Pb(TU07UO)7 ne N7

e ¢ = K'(¢)/(a k' (0)) < 1, a up(z) € P, — HadasibHOE HpUOIIHXKEHHE.
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U3 reopem 3 u 4 BbITekaer, B yacTHocTH, 4To pu f(x) = 0 HesmHeiinble ypaBHeHus (2)
u (6) umeror, B oTiIMuKe OT JMHEHHOro ciydast (v = 1), HeTPUBHAJIbHOE DeIlleHHe M, TaKUM
00pa30M, HeJIMHEHHbIe YpaBHEHHs TUIIa CBEPTKU 00J1aal0T 0COOEHHOCTSIMHU, CYIIECTBEHHO OT-

JIMFAIOIMUMNA UX OT COOTBETCTBYIOIIUX JIMHEITHBIX ypaBHeHHﬁ.

L e

10.
11.

12.
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Abstract. We study a Volterra integro-differential equation of convolution type with a power nonlinearity,

variable coefficient a(z) and an inhomogeneity f(z) in the linear part, which is closely related to the
corresponding nonlinear integral equation, arising in the study of fluid infiltration from a cylindrical reservoir
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into an isotropic homogeneous porous medium, when describing the process of propagation of shock waves
in gas-filled pipes, when solving the problem about heating a half-infinite body in a nonlinear heat-transfer
process, in models of population genetics, and others. It is important to note that in relation to the above-
mentioned and other applications, of special interest are continuous positive (for > 0) solutions of the integral
equation. Based on the obtained exact lower and upper a priori estimates for the solution of the integral
equation, we construct a weighted complete metric space Py, invariant with respect to the nonlinear integral
convolution operator generated by this equation, and, using the method of weighted metrics (an analogue
of Belitsky’s method), we prove the global existence theorem and the uniqueness of the solution of the nonlinear
integro-differential equation under study both in the space P, and in the whole class @ of continuously
differentiable functions positive for = > 0. It is shown that the solution can be found in the P, space
by a successive approximation method of the Picard type. Estimates for the rate of convergence of the successive
approximations to the exact solution in terms of the weight metric of the space P, are derived. In particular,
for f(x) = 0, this theorem implies that the corresponding homogeneous nonlinear integro-differential equation,
in contrast to the linear case, has a nontrivial solution. Examples are also given to illustrate the results obtained.

Key words: integro-differential equation, power nonlinearity, variable coefficient, a priori estimates, suc-
cessive approximation, weight metrics method.
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Paboma noceawaemcea 75-aemuio Cemena Camcornosuva Kymamenadse

Awnnoramnusi. B pabore uccnemyercst oqHOpOAHAS HAYAJLHO-KpPaeBas 3a/1a49a I OJJTHOMEPHOTO BOJIHO-
BOI'O YpaBHEHWsI C HEU3BECTHON OBICTPO OCIUJIIMPYIOIIEi IO BpeMeHU TpaBoiil dacTbio. [locaeausis mpe-
CTaBJIeHa TPOU3BEJAEeHNEM JABYX (DYHKIH, OMHA U3 KOTOPBIX 3aBUCUAT OT MPOCTPAHCTBEHHON IePEeMEeHHOH,
a BTOpasi — OT BPEMEHHOI M OBICTPOI BpeMEHHOI mepeMeHHBbIX. PaccMarpuBaroTcs deTbIpe Pa3naHbIX
cllydasi, B IByX M3 KOTOPBIX OfHA U3 (DYHKIINI-COMHOKUTEIEN N3BECTHA, & B IBYX JAPYIrUX — 00€ (pyHKIIH
HEM3BECTHBI. B KaxKI0M CJIydae IOCTABJIEHBI U PEIIeHbI OOPATHBIE 33712491 O BOCCTAHOBJIEHUH HEU3BECTHBIX
GbYHKINI 0 HEKOTOPBIM CBEJIEHUSIM O YACTUIHBIX ACHMIITOTUKAX PENIeHU NCXOIHOM 3a/1a9M C N3BECTHBI-
MU JAaHHBIMU. Y Ka3aHHbIE CBEJIEHUsT COCTOSIT B OCHOBHOM B 33J[aHUM 3HAYEHUN OMPEIeIEHHBIX KO3(MDMUIH-
€HTOB ACUMIITOTHK B HEKOTOPBIX TOYKAX [IPOCTPAHCTBA /M BpeMeHu. Vcnoap30Banue JOMOTHATETBHBIX
ycaoBuii (yC/aOBHUil IEPEONPEIESICHNsI) B TAKOM BHJIE€ TOBOPUT O KOPEHHOM OTJMYMHU JAHHBIX IIOCTAHOBOK
0OpaTHBIX 38/1a4 OT KJIACCUKM, TJie JOMOJHUTEIbHBIE YCJIOBHUs CTABSITCS Ha TOYHBIE pemnenusi. [locTpoenne
ACUMITOTUKM PEINIeHNsT MCXOIHON 3aa4uM IPU ITOM IIOAXOJe UTPAET POJIb MPsMOM 3a7a4un. Y Ka3aHHDIN
MIOZXO/1, K OOPATHBIM 3a[adaM C OBICTPO OCIIAJIMPYIONUMHA 10 BPEMEH! JAHHBIMU aBTOPHI JAHHOW CTATHU
Pa3BUBAIOT HECKOJIBKO ITOCJIETHUX JIET.

KuroueBrbie ciioBa: 0IHOMEDPHOE BOJTHOBOE ypaBHEHNE, ObICTPO OCIUJIINPYIONIAasl IPaBasi 4acTh, aCHMII-
TOTHKA pelleHusi, 06paTHbIE 33/1a9l O BOCCTAHOBJIEHUU MPABOM YaCTHU.
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O6pasern; nutupoBanusi: babuy I1. B., Jleenmram B. B. BoccranoBienue GbICTPO OCHUIJLIMPYIONIEH
pPaBOil Y9aCTH BOJHOBOI'O YPABHEHU 110 YACTMYHON aCUMIITOTHKE pemrenus // BragnkaBx. mat. xKypH.—
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BBenenue

B pa60Te paccMaTpuBacTCAd HadYaJIbHO-KpaeBad 3ada49a AJigd OJHOMEPHOI'O BOJTHOBOI'O ypaB-

HEHUs ¢ HEM3BECTHON OBICTPO OCIMJIUPYIONIEH 110 BpeMeHn paBoii yacthio. Meceayercs 3a-
Jlada 0 BOCCTAHOBJIEHUH TO MPABON YaCTH 110 T€M WJIM MHBIM CBEJICHUSIM (JIOTOJIHUTEbHBIM
YCJIOBUSIM) O HECKOJIBKUX HEPBBIX KodhUIMeHTax acUMIITOTUKN pellleHnst. Paxnee aHagorny-
HBIIT BOIIPOC ObLI MCCJIEIOBAH HAMU JIJIS OJJHOMEPHOI'O YpPaBHEHHsI TeIionposoauoctu |1, 2|.
Teopuu obGpaTHBIX 3814 HOCBSIIIEH IeJIblil Psiji MoHOrpadwuii (cM., Hanpumep [3-6]) u 6osb-
1roe Juciio crareii. B crarbsix |7-9|, Hanpumep, perieHbl pas3indHbIe 331a91 O BOCCTAHOBJICHIH

#PaboTa BBITIOIHEHA TP GUHAHCOBOH Mo IepKKe Poccuiickoro Hayanoro donma, mpoekT Ne 20-11-20141.
(© 2020 Babuu II. B., JleBenmram B. B.
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HEM3BECTHBIX [PABBIX YacTeil OJJHOMEPHBIX yPABHEHHs! TEIIONPOBOHOCTU U BOJHOBOIO yPaB-
Henust. B [3-9] 6picTpble OCIMILISIMT JTAHHBIX 3a/la41 OTCYTCTBYIOT. B nanHoii pabore 3aja4a
0 BOCCTAHOBJIEHHH TIpaBoil yactu Buga f(z,t)r(t,wt), rue comuoxuresnb r(t,T) IePUOIUICH
0 7, BOJIHOBOI'O ypaBHEHHUsI ¢ GOJIBIIMM [apaMeTPOM w IIOCTABJIEHA U PEIIeHa B CJIEJLYIONIIX
9eTBIPeX CJIydasix:

1) me uzBectna dyukiwys r(t, 7);

2) ue ussecrna yuxmus f(z,t) = f(x);

3) B mape f,r u3BeCTHO JinIlb cpejHee ro dyHkuuu 7(t, 7) 1o T;

4) ue usBecTHbI 00€ byHKIWMKT — f U T.
Kaxas u3 srux 3ajad CHaOKeHA JIONOJHUTEIbHBIMU YCJIOBUSIME, KOTOPBIE OTHOCSITCS K
HECKOJIbKHMM IIePBBbIM K03hdUIMeHTaM aCUMIITOTUKYI PelleHns. B 9ToM cocTouT 0OCHOBHOE OT-
JIMYMe JAHHBIX TOCTAHOBOK OOPATHBIX 3aJ1a4 OT KJIACCHYECKUX, TVI€ JIOIOJHUTEbHBIE YCIOBHS
OTHOCSITCsI K TOUHOMY PeIlIeHNI0. B 3aK/II0oueHe OTMeTHM, YTO Pe3yJIbTaThl, aHAJOTHYHBIE TEO-
pemaum 1, 2 pazzena 1 jganHOil paGoThI, OTHOCANIMMCS K 3ajade 1), yCTaHOBJIEHBI HAMU U JIst
MHOI'OMEpHBIX runepbosmaeckux ypasuenuii [10]. IIpu sToM 10Ka3aTEIBCTBO 9THX PE3yJIbTa-
toB B [10] Gasupyercst Ha BazkHOiT pabore [11], a coorBeTCTBYIOIINE OJHOMEPHBIE PE3YJILTATHI
JIAHHO pabOThI JIOKA3aHbl B pasjese 1 ¢ IOMOIIBIO HEOCPEICTBEHHOIO UCIIOJIb30BAHUS TEX-
HUKHI OJIHOMEPHBIX PsiyioB Dypbe, TaK YTO OHM M3JIOKEHBI B 3AMKHYTOM BH/IE.

1. HeusBecTHBIII COMHOXKHUTEJb NCTOYHUKA 3aBUCUT
TOJIBKO OT BPEMEHHOI IepeMeHHO

1.1. IIpsamas 3agaga. Cumsosiom I 0603HAYUM 3aMKHYTBII IJIOCKHI IIPSMOYTOILHEK:
M={(z,t): 0<z<m 0<t<T}, T>0.

Pacemorpum B 11 HavanbHO-KpaeByIo 3a/1a4y /i BOJHOBOI'O YPaBHEHUS ¢ OOJILIITUM ITapaMeT-
poM w:

v 0%u
= o f (), (@) €T &)
ou
u]t:() = 0, - = 0, (2)
ot t=0
Ul =0, = 0. (3)
Baecy byukius f(z,t) onpenenena ua Il u cymecrByior mHenpepbiBabie Ha I dynkmn
f7 f;/% g/;létv ft/7 ft/év t/é/7 (4)

obpamiamormuecss B Hyidb upu © = 0, x = 7, upudeM Kaxkjiast u3 byHkuuii (4) mmeer e
uHenpepbiBHbIe Ha I mponsBomHbe M0 2. fCHO, ITO CIPaBeINBOCTE YCIOBUI PABEHCTBA HYJIIO
dyukuuit (4) npu x = 0,7 JOCTATOYHO MPOBEPSTH JIUIIL JJId DYHKIUA f u fg’g’Q.

[Tycrs Q — nosynosnoca: @ = {(¢,7) € [0,T] x [0,00)}. OrHocuresnvro dbyuxmu r(t, )
Oy/IeM TIpeJIToIaraTh, YTO OHa OIpPE/IeeHa W HEelTPEphIBHA Ha MHOXKECTBE (), & Takyke 27-Tie-
puorana 110 7. Obo3HaumMM 4epes ro(t) ee cpejHee 1O T, T. €. IJIABHYIO YaCTh:

ro(t) = (r(t 7)) = 2i / r(t, ) dr, (5)
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a aepes 11(t,7) — OBICTPYIO YACTh:

ri(t,7) =r(t,7) —ro(t) = {r1(t,7)} . (6)
88;,;1 € C(Q), k=0,1,2,3. Dyuknuo r(t, T), yA0BIETBO-
PSIONIYIO0 YKa3aHHBIM B 9TOM ad3alle yCJaOBUSM, OyraeM i KPATKOCTH Ha3bIBaTh (DyHKIIHEH
kiacca (A).

Bynem npemamonarars, uro dyHKIMNT

BBG,ILGM HEKOTOpPbIE 0603Ha‘IeHI/IH, KOTOPbIMHA 6y,ZLeM II0JIB30BaTbCA B ,IL&JH)HGIL/'IIHGMZ

17 . 0°f(s.1)
= ;/f(s,t) sinnsds, fon(t) = 77/ 552 sinnsds,
0

T

N o /(O/ tsds—<0/( )ds>>dp
B <0/ <0/r1(t73)d3_ <0/r1(t,3)d3>7>dp>75 {O/{O/T1(t,$)ds}pdp}T.

Pemenue 3ama«n (1)-(3) npejacraBuM B BUjie:
uy(x,t) = Uy(x,t) + Wy(x,t), w>1, (8)

rae
Us(,t) = ug(z, 1) + w  ug (2, ) + w?[ua(z,t) + vo(, t,wt)], w>1, (9)

= Z sinnmc /sin n(t — s)fn(s)ro(s) ds, (10)
0

n=1

wr(z,t) = — > fa(0)ph:(0,0) STt (11)
n=1
vo(x,t,7) = f(z,t)po(t,T), (12)
ug(x,t) = — Z frn(0)p0(0,0) cos nt sin nx
n=1
+ 37 (£24(0)p0(0,0) + £(0)pfy (0,0)) sinntsmnm (13)
n=1

Teopema 1. Pemrenne uy,(x,t) 3agaqn (1)—(3) npexcrasuvo B Buge (8)—(13), rge ¢yHK-
st W, yJIOBJIETBODSIET COOTHOIIEHUIO

IWa (@, )l omy = ow™),  w — oo (14)

1.2. O6parnas 3aga4da 1. [Ipexnonoxum, uro B 3a1a4e (1)—(3) durypupyer ra xe, 9o
B m.1.1, dbyukus f(z,t), a dyuknus r(t, 7) kinacca (A) nemssectna. [Tycrs 3aana Touka
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xg € (0,7) rakas, aro f(xg,t) # 0, t € [0,T], u byukuuu @o(t) u x(¢,7), upuHaIeKaIUe
CJIEJLYIOIIAM KJIaCCaM:

w0 € C*([0,T]), ¢o(0) =0, ,(0)=0;

x(t, ) — HereprBHaH B (), 2m-1iepuoinieckasi 1o T C HYJIEBBIM CPEJHUM (DYHKIIUS, TPOU3-

okt
BOJHBIE KOTOpOI/I

tka X k=0,1,2,3, npunaexar C(Q). Beegem Tenepn dyuknuu ¢1(t) u
pa(t):

sin nmo

an )P0t (0, 0) sin nt

n=1

(15)

pa(t) = — Z fn(0)po(0,0) cos nt sin nxg

n=1

sin nxg

£ 30 (F20)0(0,0) + £2(0)0ty (0,0)) sinmt ™20 (1)

rae po(t, 7) 3amaercs pasencrsoM (7) ¢

1 92

ri(t,7) = mw}((t, T).

(17)

Ob6parnas 3amada 1 3axkimodaercs B oupefenennn dbyukimn r(t, 7) Kiaacca (A), npu Ko-
TOPOIt Jyist pertennst uy, (z,t) 3amaqn (1)—(3) (byukuus f(z,t) 3agana B 1m.1.1) BeIIOIHSIETCA
ACHMIITOTHIECKOE PABEHCTBO

=ow™?), w—oo. (18)
C([o,77)

waanst) = [u(0)+ 2 10) + 5 (oa) 4 0100

3mech TouKa xg U GYHKIHH L0, ©1, ©2, X YAOBIETBOPSIOT YCIOBHUAM, YKA3AHHBIM B TPEJIbI-
OyIlell 9acTH 3TOro IIyHKTA.

Teopema 2. /151 1106b1x PYHKIHIH X, 0o U TOIKH X, VAOBJIETBOPSIONIX C(POPMYTUPOBAH-
HBIM BBIIIE yCJIOBUsIM, oOpaTHas 3a/a4a 1 0JJHOZHAYHO pasperiuMa, T. €. HaiJ[eTCsl e/[HHCTBEeH-
Hast pyHknus v kiaacca (A), npu koropoii perrenne uy,(x,t) sagaun (1)—(3) ygosrersopsier
coorrorrennio (18).

BAMEYAHUE. Qynxmus ro(t) = (r(t,7)), HaxomuTCcs m3 ypasHeHus: Boiabreppa BTOpOro
pora, a ri(t, ) oupenensiercst pasencrsoM (17).

1.3. Joka3aTeJbCTBO OCHOBHBIX PE3YJIbLTATOB.

< JTOKA3ATEJ/IbCTBO TEOPEMBI 1. Pemenue 3amaqn (1)—(3) 3anuiem B Bujie CyMMbl
g (,t) = up(2,t) + w tuy (z,t) + w2 [ug(x,t) + va(, t,wt)] + w3vg(x, t,wt) + Z, (2, 1),

rie GYyHKINNA U;, U; U Z,, OyIyT OlpeIe/IeHbl HIXKE.
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[ToscraBuB nocsejiHee pejicTaBIeHne U, B paBeHcTsa (1)—(3), pugeM K COOTHOIICHUSIM

2 2 2 2
S+ G aT Ftw [88251 +258 4+ 4 Uﬂ +w? [881&%2 + 8t2 + ngi]
—392 v3 027, 82u0 718 Ul 8211,2 92 V2 73821)3
tw e Tt = Gz tw Tw TG T e | TW T

+ 82y f(z, t)r(t,7); 19)

[ug + w™lur + w2 (ug + v2) + w3v3 + 2, ]tT 0 =0

|:8uo LW (8u1 +8v2>+w72 (8u2+8v2+8v3>+w738v3+8ZwL 0:0;
7T:

[UO +w tug + w2 (ug +v2) +w 03+Zw]x:0ﬂ20, T = wt.

IIpupaBusiem dhopMaibHO B MOCTETHUX PABEHCTBAX KOIDDUIMEHTHI IPU ABHO BBIITUCAHHBIX
crenensx w*, k = 0,1,2,3. TIpuMensisi K MOJyYEeHHBIM YPABHEHHSIM OINEPAIIAIO YCPE/IHe-
HUs (...) IO T = wt, IPUJEM K 3aJauaM

2 2
Pun — Pun 4 f(, t)ro(t);
uolimg =0, Gp|_, =0 (20)
uO’x:O,ﬂ =0,

%2;)22 = f(x’t)rl(tﬂ—);
U2($,t,7+2ﬂ') :/02(:6’1:)7—); (21)
<Ug(.%',t,7‘)>7_ =0,

( 82U1 8211,1
ot2 0x2
_ Jé) 0
Utlio =0, =0 o t,r=0 (22)
u1|w:0,7r 0,
821) _28202
T2 oTot?
vs(x,t, 7+ 2m) = v3(x,t,7); (23)
L<U3($7t77)>7 =0,
02us _ O%us.
otz — 9x2
_ o] _ 0 0 .
uslyg = = valymo. 2| =[S 52], (24)
UQ‘CE:O,TK' =0,

B cuy (20)-(24) dynkmun ug, ui, ug, v2 umeior suyg (10), (11), (12) u (13) coorsercrsen-
HO, YTO YCTAHABJIMBAETCS C MOMOIIBIO SJIEMEHTAPHOro npuMeHeHust psjios Pypobe. 113 cucre-
MBI (23) HaxonuM

vs(@,t,7) = 2fi(x, t)p1(t, 7) + 2f (x, 1)l (¢, 7). (25)

p1(t,7) = </TP0(75,8) d8> —/Tpo(t,s) ds.

0 + 0
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Uz (19) c yaerom (20)—(24) crenyer, aro dyukiws Z,,(z,t) SBISETCS PEIICHIEM 33,141

T - e = | - G - 285
+ w3 {%2’23 ‘9;%3} = w 2py (2, t,wt) + w 3pa(x, t, wt) (26)
Zylt=0 = — ’03|i::00, = w_gcl(x) 88% o —w_3aa%3 = = w_gcg(x);
Zw’zzo,w =0.

ITpu sTom corutacuo (12), (25) dyukuuu p;(x,t,7) 27-1ePUOJUYUHBI 110 T € HYJIEBBIM CPeJTHUM
u, Kpome 1oro, p;(z,t, 7)|z=0.x

0, Ci(x)|z:0,7r =0,72=1,2.
Pemenue 3amaqn (26) umeer Bugg

n=1

o0 ¢ . t
Zy(w,t) = Zsinnm /smn( =)
n
0

(w p1n(s,ws) + w73p27n(s,ws)) ds

+ w_3017n cosnt + w =L ginnt ,
n
riae
™

™
1
—/pi(s,t,T) sinnsds, c¢in
T

1
—/ci(s)sinnsds, i=1,2.
T

0 0
[Mockosbky W, (z,t) =

pi,n(t7 T) -

Zy(x,t) + wvs(x,t,wt), To Teopema 1 Gyuer jokasaHa, €CIH MbI
YCTAaHOBMM aCUMIITOTHYECKOE PaBEHCTBO

1 Zollcm = o(w™), w— oo

Bamernm, 4o 6rarogapsi TpeGoOBaHUIM, IPebsABIeHHbIM K f u r, dyHkuuu po(z,t, 7), c1(x)
¢o(x) HeNpepbIBHBI, & PsiJIbI

. sinnz /

g /smnt—spm(s ws)ds, i=1,2,
n=1 0

o0 o

. C2n . .
E C1,n SInnx cos nt, E —— sin nx sin nt,
n
n=1

n=1

CXOJISITCS PABHOMEPHO OTHOCHTENBbHO (x,t) € II. Orcrofa ciiejtyer, 4To HaM Terepb JI0CTATOIHO
JIoKa3aTh Ipu JoboM dukcupoBanHoMm Ny € N oreHky

no .

Z Sin nNx
n

n=1

/sin n(t — s)p1n(s,ws)ds =o0(l), w— o
0

) (27)
C([o,17)

IIposeneM ee B aBa sTama. IlycTh € — Npou3BOILHOE MOJIOKHUTEILHOE Yrcio. Ha mepsoM sTame

nojbepeM JI0CTaTOUHO Majioe 4uciio tg > 0, upu Koropom jyist Beex © € [0,7], t € [0,to], n

w > 0 crpaBeJIuBa OLEHKA

Z sin nx

/smn (t — s)pin(s,ws)ds| <e. (28)
n=1
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Ha Bropom stane yuacrox [0,t], t € [ty,T], pasobbem Ha m paBHBIX 4acTeil [tj,tj41),
7=0,1,...,m — 1, u Bocmo/ib3yeMcsi paBEHCTBOM

¢
/sin n(t — s)p1na(s,ws)ds
0

m—1 | W1 tj+1

sinn(t — s)p1n(s,ws)ds — / sinn(t —t;)pin(t;,ws)ds

<.

=0l tj
1 bttt

+ Z sinn(t —t;)p1n(tj,ws)ds = S1 + Sa.
J=0 t;

Bribepem m cToas GoabimmMm, 9TO TIpn Beex w > 0

1S1f < 5~ . (29)

Hasee, B culy paBeHCTBaA
ti+1 wtj41 wt;
1 1
sinn(t —t;)pin(tj,ws)ds =sinn(t —t;) | — / pin(ty, 7)dr — — /pl,n(tj, T)dr
w w
t; 0 0

1 Toro dakra, 4T0 HGYHKIU P1 p (S, T) IMEET HyJIeBOE CPeJIHee IO BTOPOIl IlepeMeHHOI, HailieM
Takoe wy > 0, uTo npm w > wy

€
|S2| < g’ (30)

U3 coornomenwuit (28)—(30) cieayer (27). Teopema 1 nokazama. >

< JTOKABATEJIBCTBO TEOPEMBI 2. B cuiy teopemsl 1 pemienue 3agaau (1)—(3) upu
sajianHoil dyukmn r(t, 7) Kiacca (A) npegcrasumo B Buge (8), (9)—(13), rue

IWallean = o(w™), w— oo.

[Ipemmosnoxkum, uro r(t, T) sABAgETC PelleHneM 00paTHON 3aJlauu, U U, — OTBEYAIOIee eMy
pemenne 3a1a41u (1)—(3). B ety coornommenmnii (14), (18) pasaomepno ornocurensuo t € [0, 7]

uo(zo,t) + w™ug (wo, 1) + w ™ [ua(2o, t) + va (o, t,wt)]
= golt) + —e1(0) + — (a(t) + X(t,00)) +0(w™), w1 (31)

[Tpupapusie B (31) K03(bDUIMEHTHI DK OJMHAKOBBIX CTEIEHSIX W M UCIOJIb3Ysl OlEPAIUIo
YCPEJIHEHUsI IO T, IPUXOJUM K COOTHOIICHUSIM

uO(:Co,t) = @O(t)’ul(x(]’t) = 901(75)’ uQ(:CO’t) = 302(t)’v2(x0’t’7—) = X(t’T)’

rnet € [0,T], 7 € [0,00). Juddepennupysi nepsoe u3 3TUX PABEHCTB JIBAXK/IBI 1O , & TOCIIe]I-
Hee JIBasKJIbl 10 T, HOJIYYUM

s "

@UO(UCOJ) = ¢p(t), (32)
0? 0?
87’2 (‘TO’taT) or 2X(t,7'). (33)
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8202 (x7t77)

5o = f(x,t)r1(t, 7). OTciona ¢ y4aerom (33) maxommm

Comtacno 1m.1.1

82
[0, On(t7) = 55 x(E 7). (34)

B cuy 1m.1.1 dyuknus ug(z,t) ynosiaersopsier pasercrsy (10), Tak uTo

t
62
Wuo(xo,t) f(xo,t —|—/K (t,s)ro(s)ds, (35)
0
riue
o
K(t,s)=— Z nfn(s)sinn(t — s)sinnxp.
n=1

Orcrona ciepyer, uro dbyukius K (t,s) wenpepoiBaa. Ot pasencrs (32), (35) npuxomum K
ypaBHeHnIO BosbTeppa BTOpOro poja

t
f an +/K t S ’I"() 906/7 (t)7 (36)
0

U3 KOTOPOI'O OJIHO3HAYHO OIpeJiesisieTcsl HenpepbiBHasi dyHKius ro(t). 13 ypasnenus (34)
bYHKITUS 7] TaKKe ONPEIE/IIeTCs eIMHCTBEHHBIM 00pa30M:

1 92

T (t, T) = m w}((t, 7'),

KOTOpasg B CUJIy YCJIOBUil, HAJOXKCHHBIX Ha (PYHKIIUIO X, Y/IOBJIETBOPSET YKA3aHHBIM B 11.1.1
YCTIOBHSM.

[TockoubKy Haiiennast dyukiws r(t, 7) = ro(t)+r1(t, 7) saBasercsa dynximeii kiacca (A),
TO JJIs Hee CcIpaBejinBa Teopema 1, Tak uro pemenne 3ajgaun (1)—(3) npencrasumo B BujE
(8)—(13). IMokaxem, uro mast byHKIUK Uy, (x,t) Gyger Boimoaneno yciaosue (18). st sroro
JIOCTATOYHO YCTAHOBUTHL PABEHCTBA!

uo(zo,t) = wo(t), wui(xo,t) =@1(t), wual(xo,t)=wa(t), wvo(xo,t,7)=x(t,7).

B cuny coorsomennii (35), (36) 2 e uo(xo,t) = ¢ (t). Tockombky ug(zo,0) = ¢(0) = 0,
ML o = #0(0) = 0, T0 up(wo,t) = wo(t). Bripasum 71 m3 (34) n noncrapum B (21).
[Monoxkum 3arem © = xg u yurem, uro dyuxmuu X (¢,7) u vy(z,t,7) 27-nepuogudeckue ¢
HYJIEBBIM CPeJIHUM 110 T. B pesysbrare nosyunm vy(zo,t, 7) = x(t, 7). 3amernm, HAKOHEIL, YTO
cormacuo (11) u (15) uy(zo,t) = ¢1(t), a cormacuo (13) u (16) ua(xo,t) = pa2(t). Teopema 2
JIoOKa3aHa. >

2. HensBecTHBI!I COMHOXKUTEJb UCTOYHUKA 3aBUCUT
OT MPOCTPAHCTBEHHOU IepeMEeHHOM’

2.1. Ilpamas 3agaua. Ilycts IT u Q — e ke mMHOXKecTBa, uro B 1. 1.1. Paccmorpum
sagaay (1)-(3) ¢ f(x,t) = f(x). Hpeanonoxum, uro f € C%([0,7]), f(0) = f(x) = 0,
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a HenpepbiBHast by r(t, 7) = ro(t) + ri1(t,7) — 2m-nepuoguuna no 7, rg € C([0,T]) —
ee cpejHee, 11 € CQO;;O(Q), a € (0,1)*. Beegem oboznadenue:

t

ansmn /smni;f an n(t) sinnz, (37)

0
rae f, — koadbdunmentsr paznoxkenust dyukiyn f(x) B psag Pypbe mo curycam (cm. m.1.1).

Teopema 3. CupabemynBa aCHMIITOTHIECKAsT (bOpMYyJIa
[uw = wollcary = o(1),  w — oo,

e u,, — penrenne 3ajaqdn (1)—(3).

2.2. O6parnas 3aga4da 2. Pacemorpum 3azady (1)—(3). Byuem cuurars, uro dyHKIms
r(t,T) m3BecTHa, yuoBITBOPAET yeaoBusM 11.2.1 u nonomnrensuo ro € C2([0,T]), a dyukimsa
f(z,t) = f(x), ynosaersopsitomias yciaoBusiM 11.2.1, Hen3BecTHa.

CrpasejyBa ciiejiyoniast geMma, B Koropoit Ay (t), n € N, t € [0,T], — e xke dyHKIUM,
qro B dopmyite (37).

JIlemma 1. Ecsm cymecrsyer uncio to € (0,7, npu xkoropom |ro(to)| > [r0(0)|, To Haii-
JyTest ancna co > 0 m ng € N raxne, aro npu n > ng cnpasemmsbl oneHkH Ay, (to) > 5.

Ecmm rg = const # 0 m to1 = oo e lg,mg € N — B3auMHO HpOCTBI, TO HAHIyTCs

mo ?
gncsa c1 > 0 mwny € N, npu KoTopbIX JIsT Bcex n = Ny, N # smy, S € N, HMeIoT MeCTO OIeHKH

An(ton) > 75
BAME‘{AHI/IE. [Ipu 79 = 0, oueBugno, A, (t) = 0 mpu Becex n € N.
O6ozHaunm depes My mHO)ecTBO uHeKcoB n € N takux, uro Ay, (tg) = 0.
Bagaay (1)—(3) ¢ nHensecTHOl dhyHKIMEH f JONOJIHAM 3aj]aHUEM HEKOTOPO (DYHKIIH

Y ec(on]), »*(0)=vp@(r)=0, j=01,2. (38)

O6parHasi 3ajia4a 2 COCTOUT B HaXOXKJjeHUH (DYHKIMU f, YAOBIETBOPSIONIEH yCIOBHUIM
1.2.1, npu KoTOpoit Jyisi pererust uy, (x,t) 3agaun (1)—(3) BBIIOJHEHO COOTHOIIEHUE

uw(,t0) — P (@)|lc(o,q)) = 0(1), w — o0. (39)

Teopema 4. Ilycre cymecrByer to rtakoe, uro |ro(to)| > |ro(0)|. Torma npu My = ()
obpartHasi 3ajaa OJHO3HAYHO paspelnMa, 1 1pu 91oM fr, = §*, n € N. Ecin xe My # 0, To
OHa pa3peIlnMa TOIJa U TOJIbKO Torja, Korjga Y, = 0, n € My, u upwu sTtoMm f,, = K—Z, n ¢ My,
fn — Jmroboe umcsio npu n € My.

2.3. [loka3aTeJIbCTBO OCHOBHBLIX PE3YJIbTATOB.

<1 JIOKA3BATEJILCTBO TEOPEMBI 3. Paccmorpum dyHKIMIO

t

Wy (z,t) = uy(z,t) — up(z,t) an smnac/ sinn(t - 8)r1(s,w3) ds

n
0
t t

sinn(t — s > . sinn(t — s
an smnm/ (n )7“ (s,ws)ds + ZH fn smn:v/#rl(s,ws) ds
0 n=no 0

= Su1+Su2, mnoeN.

.0

*Cumsosniom C5°(Q)) o6o3HaUE€HO OOBIYHOEe GAHAXOBO IIPOCTPAHCTBO HENPEPHIBHBIX HA MHOXKeCTBEe ()
byuxumii v(t, 7))2T-NIepUOAMIHBIX [0 T, YJOBJIETBOPSIONIAX PABHOMEPHO OTHOCUTEJNLHO (t,7) € Q) yCJIOBHUIO
Ténpaepa 1o t ¢ mokazarejeM & U CHAOKEHHBIX €CTECTBEHHON HOPMOIA.
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[IycTb € — NpOU3BOJIBHOE MOJIOKHUTETHHOE YUCJIO. 3AMETHM, YTO B CHUJIY YCJIOBHI, HAJIOXKEH-
HbIX B 11.2.1 Ha f, rq, ps, npeacrapisomntuit W, cxoaurcst aOCOIOTHO U PABHOMEPHO OTHOCH-
resibho (z,t) € I, w > 0. YuursBas 510 U ucnoib3ys HepaerncTBo Kormu — BynsikoBekoro,
nojbepeM ng CToJIb GOsIbIINM, 9TO TIpH Beex w > 0, (z,t) € [0, 7] x [0, T
€

|Sw,2| < 9

(40)

Hanee Beibepem unciio tg > 0 cTosb MajabiM, 910 1pu Beex (z,t) € [0, 7] x [0,tp] m w > 0
€

IS loam < 5. (a1)

IIpu t € [to, T yuacrox murerpuposanus [0,t] pasobbeM Ha m PaBHbIX dacTeil [t;,tj41),
7 =0,...,m — 1, u Bocroib3yemMcs COOTHOIIIEHNEM

no ¢

Sw1 = Z frnsin n:c/sin n(t — s)ri(s,ws)ds
n=1 0

no m—1 | ti+1 ti+1
= Z fnsinnz Z / sinn(t — s)r1(s,ws) ds — / sinn(t —t;)ri(tj,ws)ds

n=1 7=0 t; t

no m—1 ti+1

+ Z fnsinnx / sinn(t —t;)ri(tj,ws)ds = Uy + Uy 2.

n—1 =0 §,

Kak u npu jokazaresbcTBe TeopeMbl 1 BbIGepeM m CTOJIb OOJIBIINM, 9TO NpH BeexX (x,t) €
[O,W] X [to,T] uw>0

€
|Uw71| < Z (42)
B cuny pasencrsa (ri(t,7)), = 0 mombepem wg CTONB OOJIBIINM, YTO IIPU BBIOPAHHBIX
m,t € [to, T] u Bcex w > wy
€
’Uw,1’ < -. (43)
4
B cuy nepasencts (42), (43) cymecrByer Takoe 4uciao wy > 0, 9To mpu w > wy
€
‘Sw,l‘ < 5 (44)

Cornacuo coornorennsim (40), (44) Teopema 3 nokasamna. >

< JTOKABATEJIbCTBO JIEMMBI 1. ITyers cymectsyer tg € (0,7 Takoe, uro |ro(to)| >
r9(0)|. Bocmonibayemcs mpesicraBiienuem
Y

to to
sinn(tg — s ro(to) — ro(0) cos nt cosn(tg — s
Ay (to) :/7(710 )7“0(3) ds = olto) ;L)g ) 0 +/ 5120 )rf)(s) ds.
0 0

Orcro/ta BUHO, UTO HAWYTCS MTOJIOXKUTEIbHBIE Yucia ¢; U N1 Takue, 9To npu n > N

C1
‘An(to)‘ > E
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[Tycrs Temeps rg = const # 0. Bes mapymenus obmHocTn MoykeM cuutaTh g = 1. Torma

to,1

sinn t071 — S 1 — cos nt(],l l()
An(t(),l) = / (TL ) dS = n2 s t(),l = 27Tm—0,

0

TaK 9TO UMEET MECTO yKa3aHHO€ B JIEMME 3aKJ/IIOYECHHEC. Jlemma 1 JIOKa3aHa. >

< JJOKABATEJBCTBO TEOPEMBI 4. Ilycrs cymecrsyer uucio ty € (0,7] Takoe, 4ro
|To(t0)| > |ro(0)|. IIpenmonoxknm, aro pyHKIW f, yIOBIETBOPSIONAs YCIOBUASM II. 2.2, Haii-
nena. Torya B cuity Teopembl 3 u coorHomtenuit (37), (39) cupase/yinBo paBeHCTBO

o o
Z fnl\psinnz = Z Yy, sinnzx, (45)
n=1 n=1

B KOTOPOM KO3(MUIMEHTH! 1, MPEJICTABUM B BUJE 1, = N °, IJIe NOC/IeJI0BATEILHOCTE
ay, € ly. TIpu My = () u3 (45) ¢ yaerom jleMMbl 1 0JIHO3HAYHO HAXOJUM

_¥n

0 = Ban"3, By € lo. (46)

fn

IIpeamnosarast Tenepb, 9ro GyHKIM f He U3BECTHA, BOCCTAHOBUM €€ 110 (hopMyJie
[eS)
f@) = fusinna,
n=1

e uncia f, onpejessitorcs coorromernsMu (46). Ilpu srom nocrpoennast dyukiust f Gyer,
OYEBU/IHO, YJOBJIETBOPATH TpeGOBaHUAM ONpejeaeHus obpartHoii samaun 2. Ecom My # 0,
TO JIJIsl BO3MOYKHOCTH BOCCTaHOBJIEHHsT (PYyHKIUU f, OYEBUIHO, HEOOXOJUMO U JIOCTATOTHO,
qT0obbl pu N € My BBIIOJIHSINCH paBeHCTBa ¥, = 0. B srom ciaywae f, = 0, n € My
uf, = K—Z,n ¢ My. Takum obpasom jiokazaHa IepBasi 4acThb TeopeMbl. Bropast acts (mpu
ro = const # () jl0Ka3bIBAETCH AHAJIOTUYHO. [>

3. zBecTHO JUIIIb cpegHee 3HavYeHnue 3aBucdIilnero
OT BpeMeéHM COMHO2KHUTeEJIAd NMCTOYHUKA

3.1. Ob6parnas 3agada 3. B sToMm pasjiesie BHOBb paccMoTpuM 3ajady suja (1)—(3)
¢ flz,t) = f(z) € C4[0,7]), F)(0) = fPR)(x) =0, k = 0,1, u dbynxuueii r xmacca (A),
YJIOBJIeTBOpsTIONIeil JonoHuTebHOMY yenosmo rg € C2([0,7]). Bygaem cumrtath, uTo byHK-
st T M3BECTHA, IPUYEM, CyIecTByeT Takas Touka to € (0,7, aro |ro(to)| > |ro(0)] (Taxxke
HETPY/IHO PACCMOTPETh Crydail ro(t) = const — cMm. paszesn 2), a GyHKIMA [ U 1| HEU3BECTHBDI.
[Iycrs Ay, = Ay (to), n € N, — nabop uncest, BBIYACIEHHBIX B cOOTBeTCTBHE ¢ bopmysioit (37).
Panun kparkocru GyjieM cauTaTh, 9TO MHOXKECTBO My HOMEPOB n, npu KOoTopbix A, (tg) = 0,
nycro. Ilycrs 3amana B () HeNpepbIBHAS 27T-IepUOAMIECcKast ¢ HyJIEBBIM CPEIHUM 10 BTOPOI T1e-
pemenHoit dyukiwst x (¢, 7), Jist KOTOPOii OIPe/IeJIeHbI TPOU3BOIHBIE %, k=0,1,2,3, upu-
najyiexkamue C(Q), a Takyke DyHKIUA P € C7([O,I]), Y@ (0) = @) (1) =0, j =0,1,2,3,
U IycTh cymecTByeT Touka g € (0,7), B Koropoii f(zg) # 0, rue

f(m) = gfnsinnu’c, f~’n = f—: (47)
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Kak u B nmpepiynux myHKTax pacemorpuM dyuknuu o (t), ¢1(t), p2(t), onpenensiornu-
ecst ciepyromum obpasom. Pyukuust ¢o(t) sBiasercs pemenneM 3a1aan Ko

() = Flao)ro(t) + Of K (1, $)rols) ds:
©0(0) = ¢(0) =0,

rie
o

K(t,s) = — Z nfpsinn(t — s)sinnao.

n=1

OyHKIWU @1, Y2 YIOBIETBOPSIOT yejoBusiM 1.1.2 ¢ 3ameHoit f(x,t) Ha f(:c), T. €.

sin nmo

anp()t 0,0) sin nt

n=1

sin nxg

oo oo
wa(t) = — Z frnpo(0,0) cos nt sin nzg + Z Fnp6:(0,0) sin nt
n=1 n=1
O6parHas 3a7a9a 3 COCTOUT B HAXOXKJEHUM TaKUX (DYHKIWMH f U T, yIOBIETBOPSIIOIIIX
yKa3aHHbIM B HAdaJjle 9TOrO IIYHKTA YCJIOBUSIM, UTO Jyisl pelneHus Uy (z,t) 3amadu (1)—(3)
Oy/1yT BBIMOJIHEHBI COOTHOIIEHMSI

= o(w™?), (48)
c(o.1)

ol ) = [o0) + L) + 5 a(0) + x(t.00)

Huw(xvto) - w(x)HC([O,ﬂ']) = 0(1)7 W — 0. (49)
W3 pesynbraTroB pasaeios 1, 2 BLITEKaeT CIeLyIoInas TEOPEMA.

Teopema 5. Ilycrs ¢yukmuu ro(t), po(t), ¥(x), x(t,7) u Toukn x¢,ty yjaoBIETBOPDS-
10T yKa3aHHBIM B 9TOM IYHKTe ycsjaoBusM. Torya obpaTHasi 3a/jada 3 OJHO3HAYHO pa3pe-
mmuMa, T. e. CyIeCTByeT eJuHCTBeHHasi (B ykasaHHbIX B 1.3.1 Kiaccax) mapa Gysknuii f
" 71, IpH KOTOPBIX penienne u,(zr,t) 3agaun (1)—(3) mpu f(x,t) = f(x) yzosrerBopsier
yeaoBusiv (48) u (49). Ilpu srom dymknus f(x) = f(m) Bbraucsiercss 1o gopmyie (47),

2
ari(t,m) = (f(z0) " = x(t, 7).
4. He uzBecTHbI 062 COMHOYXKUTEJISI UCTOYHUKA

4.1. Obparnas 3amaua 4. Pacemorpum 3asaay (1)—(3), B koropoii dyukmun f(x,t) =
f(z) u r(t,7) me nm3secrusr. Oxmaxko ussecrno, uro r(t,7) — dyuxnus knacca (A) un jo-
nommurensio o € C%([0,7)), a f(z) = 25:1 fosinnzr — byHkIwA ¢ 3a1aHHBIM YuCTIOM N
rapMOHVK C HEM3BECTHBIMH aMILIUTyJaMu fn. IlycTh, Kpome Toro, 3agansl Touku tg € (0,7),

€ (0,m),j=0,...,N—1,ne ; # x}, upu i # k, a Takxke Gynxuun po(t), x(t,7) n o;(t),
YJIOBJIETBOPSIIOIINE CJIEJLYIONIUM YCJIOBUSIM: (0o M Y — T€ 2Ke, 94TO B 1.1.2) U JIONOJHUTEIHHO

Yo € 04([0’T)7
aj € C*([to — 0,tg + 6]) mpu mekoTopom § > 0, (tg — 6,19 +6) € (0,7), j=1,...,N —1.
Brenem eme dpynxmmn:

sinnx

an,oOt (0,0) sinnt

n=1

(50)
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N N .
pa(t) = — Z fnpo(0,0) cos nt sin nx + Z FnpG:(0,0) sin ntos nwj (51)
n
n=1 n=1

B KOTOPBIX (urypupyer noka zemspecraasi Gpyuxmums f(x).

Obparnast 3ajada 4 cocTonT B oupesesnennu Takux dyuxmumit f(z) u r(t,7), yaosierso-
PSIOIINX YKA3aHHBIM B HadaJle 9TOTO IyHKTA YCJIOBHSIM, IIPH KOTOPBIX Jisl PEIIeHusT Uy, (x, 1)
3asiaqn (1)—(3) BBINOIHEHBI ACHMITOTHYECKHE (DOPMYJIBI

=ow™?), w—oo (52
c((o,1))

uw(CCO’t) - |:300(t) + 5801(75) + %(@2@) + X(t’Wt)):|

ot (@.8) = Ol eresanssy = 0L 4= Lo s N = 1, w = ox. (53)

[Ipexkae geM M3JI02KUTH OCHOBHON pPe3y/IbTaT JTaHHOTO Iaparpada BBeIeM psili 0603Hade-
HUit U cpOPMYIUPyEM HEKOTOPbBIE JOMOJHUTEIbHBIC yCjIoBusd. PaccMoTpuM cucrteMmy ypaBHe-
HU

N
> Upsinnxg = @o(to);
n=1

N (54)
> Uy sinnx; = aj(ty), j=1,...,N—1,
n=1
. N,N—1
OTHOCHTEJIBHO HEHM3BECTHBIX n, n = 1,...,N. Ilockombky marpuma A = (sinnz;), =0

HEBBIPOXKJIeHa, TO u3 (54) ogHo3HavIHO HaiijgeM BeKTop-pyHKImo ¥ = 1(po(to), a(ty))**. Hop-
mMupyeM uckomyto byHkiuio 7o(t) yeaosuem 1o(tp) = 1. Paccmorpum Teneps cucremy

N N
S fusinnao = 52 % sinnan + (10
Zl [nsinnz; = Zl n2y, sinnz; + ai(to), j=1,...,N—1,
n—= n=
OTHOCHTEIBHO HEU3BECTHBIX fpn, n = 1,..., N, 13 KOTOPOil OHO3HAYHO HaHIEeM BEKTOD
f = F@(vo(to), a(to)), vo(to), @ (to)) = f(wo, a,to). (56)

By,[(eM npeamnoJjiararb, 9TO BBIIIOJIHEHO COOTHOIIEHUE

N
Z fnsinnxg # 0. (57)
n=1
Paccmorpum reneps ypasaenue Bosbreppa BTOporo poja
t
Faotlt) + [ Kts)is)ds =utt), e C((0.1]), 59)
0
rie K(t,s) = — ZnN:1 nfpsinn(t — s)sinnxg, f(x) = ZnN:1 fnsinnz, f,, omnpenenenst

B (56). Ero eauncreennoe B npocrpancree C([0,7]) pemenue [(t) 0603HAYMM CHMBOJIOM
S(@Oﬂ%%a#@))'

**3aBucumoctb (byHKIuit or To4eK xj, j = 0,..., N — 1, MBI 3/leCb U HUXKe JUIsl YIIPOIIEHNs 3aIlCH He
oTMeYaeM.
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Teopema 6. /[l Jiroboro nabopa ¢ynknuit ¢g, x, oj, j = 1,...,N — 1, u Touex o,
i, k=0,...,N — 1, yr1oB/IeTBOpSIONIUX yKa3aHHBIM BBIIIIe YCJIOBHSIM, ObOpaTHasl 3ajada 4
OTHO3HAYHO PAa3perIuMa TOrJa H TOJBKO TOIJA, KOIJA BBIIOJIHEHbBI CJCIAVIOIIHEe YCIOBUS CO-
TVIACOBAHMSI:

N t

smn t — s
E smn:c]fn ©0, @, to) / S(a,to,sog(S))dS = O‘j(t)’
s J (59)

j=1,....,N —1, tE(to—(s,t0+5).

BAMEYAHUE. [Ipu Beinosaenun ycsosuii (59) st Haxoxkaenust dyuknun f(x) Tpebyercs
peLIuTh JBEe CUCTEMbl JIMHEHHBIX YPaBHEHUN C €IMHOI HEBBIPOXKJICHHOU OCHOBHON MaTpPUIIEH;
JUIst HaxOxKIeHust ro(t) — peurnts ypasaenue Bosbsreppa Broporo poga (58) ¢ u(t) = ¢f(t), a

1 a2
dbymxunst 71 (8, 7) = (f(20)) ™! S x(t, 7).

< JTOKABATEJIBCTBO TEOPEMBI 6. [Ipemmosioxkum, aro napa dysxmii (f,r) sBisercs
pertenrem obpaTHoii 3ajaun. Kak u npu jioka3arenbecTBe TeopeMbl 2 MPEJCTABUM pellleHne
uy(x,t) B Buge (8)—(13). Takum obpasom B cuiay TeopeMm 1 u 3, a Takxke coorHorrennii (52),
(53) mostyunm cucremy

[uo + w ™ uy + w2 [ug + v2]lo—zy = 0 + 201 + z 2 + X] + 0o(w™3); (60)
’U,ng;:szaj, j=1,...,N—1.
[IpupasuuBas B epsoM ypasuennu (60) xkosdbdurmentsr npn w’, 1 yYuTHBas IpeICTaBTC-
uue (37) dyHkuuu ug, IPUJET K CUCTEME

N
Z ann(t) sinnzy = SOO(t);
21 ann(t) SiIlTLSCj = Oéj(t), j=1,....N—1,te [to —0,tg + 5]

[Tonarast B ypaBHeHusix mocsueueii cucremsl t = to, fn\y(to) = ¥n, upugem x cucreme (54).
Kax 6p1710 0oTMeU€eHO BBIIE, BEKTOP 1) HAXOIUTCST OTCIONA oaHO3HaYHO. [Ipomuddepeniinpopan
ypaBuenust (61) aBaxk/pl 10 ¢ 1 BHOBb mojcrasiss t = to, fnA,(tg) = ¥y, monyunm cucre-
My (55), oTkya HaxomuMm BekTop f. Bonpoc o maxoxaenun dbyHKmu r npu ussectHoit f(x)
uccsiegosan B reopeme 2. Takum obpasom, naxoxenue dyukimu ro(t) = S(po, @, to, ¢ (t))
CBEJIEHO K DeIlleHnto ypasHenusi Bosbreppa Broporo poja suzga (58); a takxke 7 (t,7) =
(f (xo))*laa—fgx(tj). V3 npoBeIeHHBIX PaCCyzKJICHHN CJIeyeT, YTO eCau oOpaTHas 3agada 4
paspelnMa, TO OHa pas3peniuMa OJHO3HAYHO U B cuily TpeboBanus (53) yciaoBue coryiacoBa-
unst (59) BBIIOIHEHO.

[Tycrs Tenepb usBectHO, uTo yesosue (59) pbimosneno. Oupenenum f(x) u r(t, 7) dop-
MyJIaM#, KOTOPbIE YCTAHOBJIEHBI B HEPBOil 4acTH J0KA3aTeILCTBA TeopeMbl. Torma s HuX
cripaBe BBl Teopema 1 u pemenne uy, 3a1a4u (1)—(3) npexcrasumo B Buje (8)—(13), rue

N t
t_
uo(x,t) = falpo, o, to Slnnx/smn ) S(po, a,to, o (s)) ds,
n=1 0
N nx
t) ,a,t 0,0 sinnt,
) = 3" e ) 0.0

n=1
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N N :
. . S nx
ug(,t) = = fulo, @, 0)po(0,0) cos ntsinna + > fu(go, o, to)ppy sin nt ;
n=1 n=1 n
N
va(,t) = Z fn(0, a;to) sinnwpo(t, 7).
n=1

[TokaxkeM, uro Jjyist byHKIUY U, Oy/yT BbIIOIHEHBI yeiaous (52), (53). dus sroro, B cuiy
TeopeMbl 1, J0CTATOUHO JIOKA3aTh PABEHCTBA:

uo(@o,t) = @o(t), ui(zo,t) = ¢1(t), waz(wo,t) = pal(t),
va(o,t,7) = x(t,7), wol(xj,t) = o(t).
CrpaBeyInBOCTD HEPBOro U3 HUX HAMM YCTAHOBJICHA B XOJE IPeAbLAyIIell 4acTh 10Ka3aTe  b-
CTBa JAHHON TeopeMbl. BTropoe m TpeThbe paBeHCTBa BBLIIOJHSIOTCH COIJIACHO HMPEICTABICHH-
sam (50), (51) dyukuuit @1, @2 u Teopembr 1. HerBepToe paBeHCTBO, OYEBUIHO, TAKIKE CIIPa-
Be umBo. [locsiesiHee BbITeKaeT u3 yciaosust coryacoBanus (59). Teopema 6 jnokasana. >
4.2. TTpuMEP. Pacemorpum obparnyio 3agady (1)—(3) B cayuae N = 2. B kauecrse uc-
XOJIHBIX JIAHHBIX BO3bMEM CJICIYIONIHE:
T T
t0=1, .%'():5, 1‘126,
wo(t) =sint —t,

1 3 1 3
ay(t) = §sint - \{—(:sin% — 575—1— %t,

x(t,T) = cosT.

[TpoBepum JjIst TUX JIAHHBIX CIPaBEUIMBOCTE yesoBuii Teopembl 6 (59). Cucrema (54) B
JIAHHOM CJIyuae HPUHUMACT BH/IL

P =sinl — 1;
. V3
1 3 4sinl1—%= 51n2—4+\/§
31+ %% = 2 ;
OTKyda HaxoauMm P =sinl — 1, ¢y = —Llgin2 + %. Cucrema (55) nmeer BuJ

fi=sinl—1—sinl;

L+ Bfy=—s 423 (~Lsin2+ 1) + YBgin2,
oTkyza oupejennm fi = —1, fo = 1. Cupasegmso coornomenue (57): —sin § +sinm = —1 #
0. U3 ypasuenusi Bosibreppa BToporo poja

—7ro(t) + /sin (t — s)ro(s)ds = —sint
0

Haxo M 7o(t) = t. Tenepb MOXKHO BBIIIECATH ycjioBHe coryiacoBanus (59):
¢ ¢
Lo V3 [
—5 ssm(t—s)d8+j ssin2(t — s)ds = ay(t), te€ (tog—0d,t9+9), § > 0.
0 0

JIerko mpoBepsieTcst ero CpaBeInBOCThb. Takum o0pasoMm

f(x) = —sinz +sin2z, ro(t)=1t, ri(t,7)=cosT.
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Abstract. The initial-boundary problem for the one-dimensional wave equation with unknown rapidly

oscillated right-handside is considered in the paper. The latter is represented as a product of two functions;
the first function depends on the spatial variable and the second one depends on time and fast time variables.
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Four different cases are considered: in two cases one of the factor-functions is known and in two other cases both
factor-functions are unknown. In each of these cases, the inverse problems of recovering unknown functions from
some information about partial asymptotics of the original problem with known data are posed and solved.
This specified information consists, in general, in setting values for certain asymptotics coefficients in some
spatial and/or time points. The use of some additional conditions (overdetermination conditions) in this form
speaks of a fundamental difference between the above statements of inverse problems and the classics, where
additional conditions are imposed on exact solutions. The construction of solutions asymptotics of the original
problem with this approach act as direct problem. This approach to inverse problems with rapidly oscillated
data in time is developed by the author over the past few years.

Key words: one-dimensional wave equation, rapidly oscillating absolute term, asymptotics of solution,
inverse problem.
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Hocsawaemces T5-aemuro Cemena Camconosuya Kymamenadse

Amnnoranusi. B npsmoyronbHO# obsacTi MCcieayeTcss HeJIOKaJbHAs KpaeBasl 33Jada JJjIs OJIHOMEPHO-
ro IO MPOCTPAHCTBEHHON IepeMEeHHON HArPYKEHHOIO yPABHEHHUs TEIJIONPOBOLHOCTH JIPOOHOIO MOPSIKA
C COCPEJIOTOYEHHOI Ha I'PaHUIle TEIJIOEMKOCTBIO, BBICTYIAIOIIEr0 B KadeCTBe MaTeMaTHYeCKON MOoJesu,
BO3HUKAIOIIET0, B YACTHOCTH, B IPAKTUKE PETyINPOBAHHUS COJIEBOTO PEKUMA MOYB ¢ PPAKTAIBbHON opra-
Hu3aluel, Korja paccjoeHue BepXHero Cjos JOCTUTaeTCdA CJIMBOM CJIOS BOABI C IIOBEPXHOCTH, 3aTOILJICH-
HOI'O Ha HEKOTOpPOe BpeMs ydacTka. OCHOBHBIM METOJIOM HCCJIE/IOBAHUS SIBJISIETCS METOJ, SHEPIeTHIEeCKUX
HepaBeHCTB. [Ipm mpenmosioxkeHnn CyIecTBOBaHUsI PETYJISPHOrO perreHnsi nuddepeHmaIbHoi 3a1aau
noJIydeHa allpuopHas OlleHKa, OTKY/la CJIeAYyIOT €JIMHCTBEHHOCTb M HellpepbIBHAA 3aBUCUMOCTDH DeIleHUsd
OT BXOJHBIX JAHHBIX 33/1a9i. Ha paBHOMEDHOIT ceTKe B COOTBeTCTBUE JudpepeHINaTbHON 3a/1a9e CTABUT-
Cs1 PA3HOCTHASI CXeMa BTOPOTO MOPSIKA AIIPOKCUMAIINH IO TapamMeTpaM ceTku. [ljis penrennst pa3HOCTHON
3a/[a4n MOJIyYeHa alpropHas OIlEHKa B PA3HOCTHON (OpMe, U3 Yero CJIEAYIOT €INHCTBEHHOCTb U yCTOM-
YUBOCTH PEIIEHUs MO0 MIPaBOi YaCTU M HAYaJIbHBIM JIAHHBIM. B cuity JimHeiiHOCTH paccMaTpuBaeMon 3a/1a-
91 TOJIyYeHHOE HEPABEHCTBO IMTO3BOJISET YTBEPK/IATH CXOMAMMOCTDH IPHUOJIMKEHHOTO PEIIeHNS K TOYHOMY
(B IPEIIOIOKEHNN CYIECTBOBAHUS TIOCAEIHErO B KJIaCCe JOCTATOYHO IIAIKUX (DYHKIWII) CO CKOPOCTHIO,
PaBHO# MOPSIJIKY MOTPEITHOCTH alpokcumanuu. 1IpoBeieHbl Yuc/IeHHbIE SKCIEPUMEHTDI, UJITIOCTPUPYIO-
IIye MoJIydYeHHble TeOpeTUYeCKue pe3yJIbTaThl.

KuiroueBblie cjioBa: ypaBHEHHE TellJIONPOBOJHOCTH, ApobHas npoussognas KaryTo, cocpegoTouenHas
TEIJIOEMKOCTh, PA3HOCTHBIE CXEMbI, YCTOMYNBOCTD, CXOJIUMOCTb.
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BBenenue

B HaCTOHH.[efI pa60Te paccMaTpUuBaecTCA HEJIOKaJbHad KpaeBagd 3aJa49a IJId Hal'PYy2KEHHOI'O
YpaBHEHUSA TEIJIOIIPOBOHOCTHU ﬂpO6HOFO Iopd/JKa C HECTaHIaPTHBIMU KPa€BbIMU YCJIOBUAMU,
Korga Ha I'pPaHUIE ITOMEIIaeTCA COCPEAOTOYCHHAA TEIIJIOEMKOCTDH BEJINYHMHBI CO u IIPOUCXOJIUT

#ccnenoBanue 9aCTUYHO BLIIOTHEHO BTOPLIM COABTOPOM ITpH (bUHAHCOBOH Homep:kKe Poccuiickoro dhon-
na dyumamentanbubix uccaenopannit u 'OEH Kuras B pamkax mayunoro mpoekta Ne 20-51-53007.
(© 2020 Bemrokos M. X., Bemrokosa 3. B., Xymnamos M. 3.
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TerI00OMeH ¢ BHemmHeil cpenoil o 3akony Heiorona |1, ¢. 396]. Takue ycsioBusi BO3HUKAIOT
B CJIydYae, KOTJ/la PacCMAaTPUBAETCS TEJO C OOJIBIION TElIONpPOBOIHOCTHIO, BCJIEICTBUE UErO
TeMIIepaTypy MO BceMy 0ObeMy 3TOro Teja MOXKHO CYMTATh IOCTOsSIHHOM (cM. [2, c. 186]),
a TakKe IIPU PeIIeHuu 3a7a49u 00 yCTaHOBJEHUU TEMIIEPATypPbl B OIPAHMYEHHON Cpejie Ipu
HAJIMIMK HAIPeBaTeJIsi, TPAKTYEMOI'0 KakK COCpeIoToueHHast TerioeMKocTsb [3]. Torma kpaesoe
ycaoBue, Hanpumep, npu & = 0, (BbIpazkarolee ypaBHEHHE TEIIOBOTO bajanca) Oy1er uMerh
BUJT

ou ou
COE —k%—h(u—uo), Cp = const > 0,

rje up — TeMIlepaTypa BHeIIHeil cpe/ibl.

YenoBua TaKOro polla BO3HUKAIOT TaKXKe B IIPAKTUKE PeryJIMPOBaHHUSA COJICBOI'O DEXKUMA
OB, KOTJIa PACCOJICHNE BEPXHEro CJIOA JJOCTUTaeTCsl CJIMBOM CJIOS BOJIBI C IIOBEPXHOCTH, 3aTOII-
JIEHHOT'O Ha HEKOTOpoe BpeMs ydacTka (cM. [4, c. 233|). Ecin Ha 1OBepXHOCTH HOJIST NMeeTCst
CJIOI BOZBI IIOCTOSIHHON TOJIIUHBL hi, TO Ha BepxHell I'DaHUIE CJIeJyeT 3aJaTh yCJIOBHUE

h% =D (+)

re ¢ — KOHIEHTPAIUs COJIM B MMOUYBEHHOM pacTBope, DD — koadduriment guddy3uBHOCTH.
s onmcanust BU2KEHUS TIPUMECH B TIOTOKE OJIHOPOIHON »KUJIKOCTH HCIIOJB3YeTcs Jud-

depennmanbroe ypasaenue apobnoro mnopsika [5]. st onpenesenus mesrecoobpasHocTu pe-

2KMMa CMEHBI BOJIBI MOXKET IMOTPEOOBATHCS PeIlieHIe KPACBOii 3a/1adu ¢ yCJAOBUSIMU Ha BEPXHEH

IpaHuIle TOJIM, oTandatonieiics or (). Tak Kak Mmo4uBy ciiejyerT paccMaTpUBaTh Kak Cpe-

ny dpakTaabHyIo, TO IPU HAIMCAHUNA I'PAHUYHBIX YCJIOBHUIl €CTh CMBIC/I TaKKe HCIIOJH30BATh

KOHIIEMIUIO ppaKTaIa 5

U

B nacrosiiee BpeMst CTaI0 OYEBUIHBIM, 9TO NIPU PEIIEHU MHOIMX 3aJ1a49 B MeXaHuke, pu-
3UKe, OMOJIOTUH YaCTO BCTPEYAIOTCS CPEJIBI M CUCTEMBI, KOTOPBIE XOPOIIIO HHTEPIPETUPYIOTCST
Kak (ppakTasbl, IPUMEPAMU TOCIEIHUX MOTYT CIAYYKUTh CUILHO MOPUCTBIE CPEbI, KAKOBBIM,
HAITPUMED, SIBJISIETCS MOYBOTPYHT. Pelienne pasindHbIX 3a7a4 JJIsT TAKUX CPeJT TPUBOJIAT K
KpaeBbIM 3aJa4aM Jjist JuddepeHnnaabHbIX YpaBHeHHUH ¢ 1pobHoit mpousBogHoii. Jduddepen-
[UAJbHBIE YPABHEHUSI C 9aCTHBIMU [TPOU3BOIHBIME JIPOOHOIO MOPSIIKA ABJIAIOTCS 0600IIeHnEM
yPaBHEHUH ¢ YACTHBIMU TTPOU3BOIHBIMU MEJIOUNUCTIEHHOTO MOPSIIKA M BBISBIBAIOT GOJIBIMON TEO-
pernueckuii u npakrudeckuii uarepec [6-10].

YuceHHBIM MeTOaM PEIeHnsT JIOKATHHBIX U HEJOKATBHBIX KPAEBbIX 3aJ1a4 JIJIsT Pa3/Ind-
HBIX ypaBHEHUIT IPOOHOIO MOPsJIKa HOCBsieHbl paborsl [11-19]|. B paborax [11-13] mosyuensr
PEe3yJIbTAThI, TIO3BOJISIONINE, KaK M B KJIACCHIECKOM ciaydae (o = 1), IpUMEHSITh MeTOJ1 SHep-
rEeTUIECKUX HEPABEHCTB JIJIsl HAXOXKICHUS allPUOPHBIX OIEHOK KPAEBbIX 38184 JJI Y PABHEHUSI
JIpoBGHOTO TOpsiiKa B indbhepeHIraabHON U pa3HOCTHON TPaKTOBKAX.

1. ITocTrarnoBka 3aga4yu 1 anpuopHas oneHka B AuddepeHiuaibHoii popme

B zamkmyToMm mpamoyroibauke Qp = {(x,t) : 0 < z < I, 0 < t < T} paccmorpum
HEJIOKAJIbHYIO KPAeBYIO 3a/1ady

Igpu = % (k:(:c) %) + r(z) Oudzr — q(z, t)u(zo, t) + f(z,t), 0<z<l, 0<t<T, (1)

k(0)ug (0,8) = i1 (H)u(0, 1) + Bra(t)0&u(0,t) — pa(t), 0<t<T, 2)
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kOl t) = Bor (L, 6) + B (DOGu(l, ) — palt), 0 LT, 3)
u(z,0) = up(zr), 0<z <], (4)
rie
0 <co<k(r), Pa(t),Balt) <ec, 5)
|611(t)7 /821(t)7 7“(1‘), q(xvt)v kx(x)v rx(x) < e,
o« 1 / ur(z,7) .
e = I'l-a) 0/ (t—7) d

— apobHas mpou3BoaHast B cMmbicyie Kamyro mopsiaka «, 0 < o < 1, ¢; = const > 0,7 =0,1, 2.
Hanee npeonaraercsi, aro nuddepenimaibaas 3aa4a (1)—(4) numeer euHCTBEHHOE pe-
meHne, o0J1a aolee Hy>KHBIMHU 110 X0y W3JIOXKEHUST ITPOM3BOIHBIMHU.
B pabore Gymem wucnosnb3oBarh obosuadenus M; = const > 0, ¢ = 1,2,..., KOTOpBIE
3aBUCSAT TOJIBKO OT BXOJHBIX JAHHBIX PACCMATPHUBAEMON 33 a4W.

Teopema 1. Ecin
k(z) € CL[0,1], r(z)eC[0,1], q(zt),f(z,t) € C(@T),
u(z,t) € Cz’O(QT) noto (@T), dgu(x,t) € C(@T)

u BbmosHenbsl yeaosust (5), rorya Jurst pemenns 3agadn (1)—(4) copasegmsa anpropHas
OIlCHKA

laligo + Do (Iluells + 195ll5) < 2 (Do (115 + #2®) +130) + a0 (@) 330,

ryre M =const >0, 3aBucsiiee ToJbKO 0T BXOAHBIX JaHHbIX (1)—(4),

t

1 udT
D% =
i | T
0

— apobubrit uarerpas Pumana — JIuysumrst nopsijika o, 0 < o < 1.

< st mostydeHust anpuopHoii onenku pemenns 3agadn (1)—(4) B auddepenmaabHOit
dbopme ymuokum ypasuenne (1) ckassapuo va U = u + Ofu:

(6&71’7 U) = ((kum)z 9 U) + (Tuxv U) - (qu(x07 t)v U) + (fv U) ) (6)

rie
[

(a,b) = / abdz, (a,a) = |jal,
0

a, b — 3agannsie Ha [0,[] bynkumm.
ITpeoGpasyem ciaraemble, Bxojsiue B Tox1ecTBo (6), mob3ysich nepaserncrsoM Ko ¢ €
u jgemmoit 1 u3 [11]:

2

1
(060.0) = (O, + ) = (L) + (1. @)?) > £ 0 Jul + ||

((k‘uz)x, U) = ((k‘uz)x,u + 882u) = Uk:ux‘é — (k‘uz,uz + 8821%)
(8)

= Uk~ (k.02) — (b ws0s) < Uk — colfus 2 5 o6 VEw |2
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(rug, U) = (rux,u + a&u) = (rug,u) + (rux,a&u) <e H@&uHE + Mf(||u\|g + ||ux\|g), (9)
—(qu(o, 1), U) = —(qu(zo, t),u + d5,u) = —(qu(zo, t),u) — (qu(xo,t), Og;u)

1 (10)
< L q)? + 2 05l + Msu2(ao. 1) < < 9]+ M5 (ulf + e 3.
(f,U) = (f,u+361tu) = (f,w) + (£, 86u) < el|Obullg + M IAIG + ullf. (1)
Yuursisast npeobpasosanust (7)—(11), n3 (6) naxomum
1 1
5 O5ullullg + 196:ullg + eollua I + 5 06| VE wellg 12)
< Ukt + & |06+ ME (lulls + e 18) + 2451 1
Buibupast € = 1, us (12) naxoum
1 1 1
LGl + L 082+ ol + L 8 Ve "

< Ukumﬁ) + M;5 (Hqu + HumHg) + M6HfH(2).
Ouennm 1epBoe citaraemoe B npasoil gactu (13), Torja mosydnm
Ukul“lo = (u(lvt) + 6&“(1775))( ( ) - 621( ) ( ) - 622(t)8gtu(lvt))
+ (u(0,t) + 0gu(0,t)) (1 (t) — Br1w(0,t) — Br2(£)I5u(0,1)) = pa(t)u(l, t) + pa(t)O5u(l, t)
— Bar ()u (1, 1) — Bar (B)u(l, 1)3G,u(l, ) — Baa(t)u(l, )O5u(l, t) — Baa(t) (Fgpu(l, 1))
+ i (£)u(0, 1) + pn (£)95,u(0, ) — Bu1 (t)u®(0,t) — Br1u(0,1)86u(0,t)
— Bra(t)u(0, 1)5u(0, 1) — Brz (95,u(0,1))* < MW (uf + p3) + e1 (Oyu(l, 1))?
+e9 (D5u(0,8))% + Mg = (JJull§ + [[uzlIF) — Baa(8) (36yull, 1)* = Pra(t) (36,u(0,))*
Buibupast £1 = [B22(t), €2 = S12(t), u3 mocseanero HaxoUM
Uz | < Mo (||uld + [lua3) + Mo (123 + 43) - (14)
YunteBas (14), u3 (13) naxonnm
5 (1l + IR )+ ol + "
< My (Il + [[VEwal2) + Mas (1713 + i3 0) + (1))

—
IIpumensist kK 0benM JacTsM HepaBeHCTBa (15) omeparop apobHoro maTerpupoBanus Dg,”,
[OJIy YaeM

el 0 + Do (uaalg + 195020l8) < Ms Doy [ 0.

(16)
+ My (Dg (1B + 138) + 130) + o () g )
re [[ullfyy o, = ullg + lluell3.
Ha ocuosamnuu [11, stemma 2 | u3 (16) HAXOAUM AIPHOPHYIO OIEHKY
2 _
ol 0.0 + Dor” (s I§ + 106 li3) -
1

< M (D (171 + i3(0) + 30) + [uo@) 2500, -

rae M = const > 0, 3aBucsiIee TOILKO OT BXOJHBIX JAHHBIX (1)—(4).
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U3 onenkn (17) cieiyior eJUHCTBEHHOCTh U YCTONIMBOCTD PEIICHN 110 HAYAJILHBIM JIaH-
HBIM ¥ TIPABOfi YacTH B CMbIC/Te HOPMBI ||[u|3 = HuH 100+ Dot” (Jluzll} + 105.ul3) - >

2. YcTONYUBOCTh U CXOAMMOCTHb PA3HOCTHON CXEeMBbI

Ha paBroMepHOIt ceTke W, auddepennmanbHoii 3a1ade (1)—(4) mocraBuM B COOTBETCTBHE

pasHOCTHYTO cxemy Topsika armpoxcnmarn O(h? + 72)

(o)

(e
20

(o

%oalyx,g = ﬁnyc()a) + 0.5hdy (yf;”:c;) + yfg’ll%) + BuAS‘t%yo — [u,

(o) (o)

Sy = si(ayl), +biay?) + biayl?) — d (0 a Ay )+l (18)

tew,, (19)

—XNANYz N = 521?/]\/ + 0.5hdy (?Jz(o )$ YT ) + 522A0t]+ayN fio, t€wWr, (20)

y(z,0) = up(x), = € wp, (21)
rie .
Bra = P2 +0.5h,  fi1(tj+o) = p1(tj+e) + 0.5hep,
Baa = Bas(tjte) + 0.5k, fia(tjte) = pa(tjre) + 0.5k,
cor(wy
ai = k(z;i05), b = kéxz))’ o = f(@i, tjt+s),
Y=oyt r (o), & = d@itise), o =o',
" = (+0) = =1+0) I21, o=1-3,
1 1
b{®) = s+ (=140 ] = [I+ o) " +(~140)"], 1>1,
-«
upu j = 0, céa’g) aéa U),
(a0)+b(a0) 8:07
mpn j >0, ) =S al® 4300 ) 1<s <1,
ga ,0) b(a 0) s =3,
1l -« _ o - To — T

cg‘l"’) > 5 (s+0)"*>0, Ty = %, x;g = %, Tig L T K Tig+1,
PUR B - R 0.5h|r| N Peii AQ rl-o v (a o)

= o B =3 pasmocrioe “mcio Peftnonbaca, Ay Y = Fa=ay 2is=0Cj_s Yi —
JUCKPETHBIN aHaJjor ApobHoi npoussoanoit KamyTo mopsaka «, 0 < o < 1, obecrieqnBaroninii

nopsiiok Tounoctu O(737%) [12].
BBe/ieM CKaJIsipHBIE TIPOU3BE/ICHUs] U HOPMY:

N .
0.5h =0,N
v] = E uvih, h= ’ Z T
P h, 1#0, N,

N
v] = Zuivih, [u,u] = [1,u*] = Hu”i
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[Tepenummem (18)—(21) B omeparopHoii dhopme

6oy = Mty + @, (22)
y(z,0) = up(x), x € wp, (23)
rie
K(thra)y(U)
Ay = se(ay®), +bmay® + by — d(y O 4y at), =1, N1,
o 2
Ay = =7 (%0a1y$ ) — Buys” — 0.5hdy (yf )96 + yz(oﬂ%) B2y, v,
g 2 o o
A+y( ) — E ( — %NaNy;J)V — 521?/](\[) _ 0.5th( ( ):C —|— yl(o-z-lx ) ﬁ22A0tJ+UyN)’
1
% e —
© = @i, i=1,...,N—1, 1+ 2500
_ 2 . 1
1 + ko 50
9 .
+_ 2 . j .
ot = (Ba(tjo) + 0.5hey ), i =N, e — 015h >0
1 + |7’N‘
kn—_o0.5

Teopema 2. IIycts BboaHeHB yeaosus (5), TOrga CymecTByeT TAKOE Ty, 9TO €CIH T < T
’ 0, 0,
TO JIs1 penteHnst pa3HocTHOMH 3aja4un (18)—(21) cupaBenBa anpuopHas OIeHKa

2 112
7 g0 < M (1) g 00 + max (11715 + 1t +43)). (24)
ryre M = const > 0, He 3aBucsmast or h u T, Hy”f@(o’l) = |[Y]13 + |[yz] 3.

< Ymuoxnm (22) ckamsipro Ha § = y(@) + A, Y
(AG v 9] = [Atire)y' 5] + [®,7]. (25)
Ouenum cymMmbl, BXoJgmue B (25), ¢ yuerom |12, semma 1]:

[Agtj+ay7g:| = [Agtj+ay ( )+ Aot]+g :|

= [ Otj+ay’y( ):| + [1’( Otj+ay)2:| 2 5 Ot]'+g‘ ‘0 + H: Otj+a :HO’
[A(ti40)y @, 9] = (Ay@), ) + 0.5hg0A "y + 0.5hgn Aty
= (%(aygﬂ)x, _) (biaya(ﬁ L)+ (01 a9 ) — (d(n i, +yah). ) 27

+ yo%omym 0 5111/ %NaNygj)vgN — 0.5hdp (yfg)w + yfo}rlxm)yo

— By g — 0.5hdy (yl(o )xi_o + yl(gllxzz)@]v — Yob12AGt,, . Yo — UnB22AG,, YN
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[Tpeobpasyem ciaraembie B mpaBoit dactu (27):

N

(%(ayg’))x,g) = g%aygj) 0 (a?/g(zo), (%3?)@] = @N%NGN?J;J])V - ﬂo%oaly;(;g

— (a0 + VG5 = gvsenany Tl — Gorwaryy — (ayl”, sy )]
(o

— () ey ] — (gl e DY) — (gl 5D

£ o o 1
= gooany 3 + (88, 01lf + 35 (|15 +1OI) - 5 (0 67)7)

1 21 o -~ @) - (0) 2
~ o i) (@ A ve] < yN%NaNyJN — Jox0a1y, o + € [ [AG,, ][

M7 (| + () 2) - o] 2~ M55, | [V
(b=ay, g) + (bTa Dyl ,ﬂ) (b~ay’,y)
+ (b_ayé )7 Agtj+ay) (b+a( )y;U)’ y( )) (b+a(+1)yé )7 Agtj+ay)
<e|[a8,,,9ll0 + Mz (|0 + 1[711)
—(d(y x7, + v 127,).8) — 0.5hdo (v 7, +yio) 27 )0
—0.5hdy (?/z(o )9% T ?/z(oJ)rl%)yN ~ HoPr128%;, Yo — UnP22 Ay, YN — Bruyy” 5o

Agtj+o yx] yN%NaNy:(E ])V

07

— By i = —[d(ul w + yf;’llwi)) v = [ + i) A5, 0]
— B ()" = By A Abt; Y0 — B (u)* = By A Oty o YN — Broyi )Ag’fﬂf’yo
- 512(A0tj+ayo) - 522?/1\/ Ay, YN — B22 (A&]MyN)Z < <1l [AG, ., ¥ |3
M (B4 1) + 2 B0l + 20(2 )

— P12 (Aomg yo) — B22 (AotH(,yN) .

YunteiBast npeobpaszosanust (28)—(30), u3 (27) moryunm
[K(tj+g)y(‘7),§] < 81‘ [Af')‘thrUy] |§ + &2 (AgthrayO)Q +és (AgthroyN)z
—512(A8tj+0y0)2 —ﬁ22(A8‘t]-+(,yN)2 M51,52,53<H (a)Hg + [yé")ﬂf))
= M| [57][5 = Ms A, | [Vasusl g

[®, 9] = (¢,7) + 0.5h¢ G0 + 0.5h™ G = (9, §) + o1 + 0.5h¢p0)
+yn(p2 + 0.5hoN) = (¢, 9) + Yop1 + 0.5hgoyo + ynpz + 0.5hoNyN

= [, 7] + o + p2dn = [0,y + [0, A8 y] + ways” + mAg,, o

+ M2y§\7)

+ MRS (2 4 pid) _,_MSO [y ”(2) + | [yég)] ‘5) + M&H‘PH@.

[Ipuanmas Bo BHEMaHne npeobpasosanus (26)—(32), uz (25) Haxomqum

1
5 Ay 12+ 1186, 2 + MG, | Vsl |2+ Ml 7]

2
+ ﬁlz(AS‘tHU?/o) + 522(A0t]+0yN)2 2e1][ [AG,., Y ‘0 + 252(A8‘t]+gyo)2

)

+ MQA&HG yN €1| AOtJJrcr |(2) + €2 (Agtj+ay0)2 + €3 (Agtﬁcf yN)2

+2e3(A8,, un)? + M= ([ 3+ ] [5) + M3 (13 + 3) + M3l

(29)

(31)

(33)
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Buibupasi €1 = %, €9 = BTlf

A5, (|61 + | [Vazus] o) + |51 + 145,416

, €3 = 22, m3 (33) nomydaem

! (34)
< s (I7)F + | [VarZ] o) + Mus (10113 + i + ).
[Tepenuimenm (34) B spyroii dhopme:
881, (|11 + [ [vaaeuel ) < My (Il 1 + | [vara™ 1) )

gy ([v71]o + | [V ) + Mis (|1l +ut + 1)

Ha ocnosanun |13, semma 7| n3 (35) mosrydaeM anmpropHYIO OIeHKY (24). >

U3 (24) cie/ty1oT e JUHCTBEHHOCTD W YCTOWIMBOCTD pertenus 3a1aqn (18)—(21) mo nagass-
HBIM JIAHHBIM U IPABOIl YacTH.

IIycts u x,t — pemtenne 3agaan (1)—(4), y(x;,t; — pemeHI/Ie Pa3HOCTHOHN 3aja-
y Y yz
18)- JIsT OHGHKI/I TOYHOCTH Pa3HOCTHOHN cxembl (18)— aCCMOTPHUM Pa3HOCTH
n ( p P pUM p
z] =y — u , tie u! = u(x;,t;). Torma, moncrabisis y = z + u B coorHomenns (18)—(21),

roJiydaeM 3ajady i (pyHKIUN 2

Oty p0? = i (a2 )) + bia; 2 )+bal+1z( ) (D —i—zl(g}rlxzo) +0 (36)

ZO

%0a129(000) = 511,2(()0) + 0.5hd, (zi(a)xi_o + zz(g}rlx;;) + ﬁ~12A8‘t],+0 20— 1, tE€w,, (37)
—xNaNZ é = 521ZN +0. 5th( (o )x + zl(gJ)rlxlo) + By A Oy pp 2N — P2, tE€Wr,  (38)
2(x,0) =0, z € wp, (39)

riie U = O(h?+12), iy = O(h? +72%), i)y = O(h? + 7%) — norpenHocTH anMpoKcHMAaIuu jiuc-
dbepennmasbnoit 3agaun (1)-(4) pasnocruoit cxemoii (18)—(21) B kitacce permennu u = u(x,t)
sajgaan (1)-(4).

[Tpumensist anpuopHyto orenky (24) k pemennto 3agaun (36)—(39), mosyuaem

|[#7*] ‘?/[/21(0,1) S M max. (‘ (w70l +v]* + 14 2) ) (40)

rme M = const > 0, He 3aBucamas or h u 7.
U3 anpuopnoii orenku (40) cie/yer cXOAUMOCTD PEIIeHns] PasHOCTHON 3a1aqu (18)—(21)

K penrennto mudbdepennuanbhoi 3ataun (1)—(4) B cmbicie Hopmbr |[27 71 |2 Ha KaXKI0M

W1(0,0)
CJI0e TaK, 9TO CYIIECTBYET TAKOE T(, YTO IPU T < T(p CIPABE/JINBA OIECHKA
ES R ES | 2
[y u HWQOl) M (h? +77).
SAMEYAHUE. [Tosydennbie B JaHHO# paboTe pe3y/IbTaThl ClIpaBe/JIUBbl U B CJIy4ae, KOrjaa
ypasuenue (1) umeer Bu:

0 ou o <&
a = — —_— — <
A5 - (k:(x,t) ax) + r(z,t) o ;1 gs(w, ulzs, t) + f(z,t), 0<z<l, 0<t<T,

ec/i TOTPebOBATH BBINOJHEHNs YCJIOBUS |¢s| < Co.
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Tabauna 1

I3MeHeHMe HOrPENTHOCTH U IIOPsIAKa CXOAUMOCTH B HOpMax |[-]lo i || - ||c(w,,,) IPH yMeHbIIeHHN
pa3mepa ceTKu npu pas3iandubix 3uadenusx « = 0.01,0.5,0.99, zo = 0.1,0.5,0.9 va t = 1, xorma h = 7.

w o ko max [[Fll, OCsIDe lzlew, TCH | lowm,,)
0.1 0.01 1—10 0.002461288 0.004945295
% 0.000709828 1.7939 0.001370038 1.8518
% 0.000189682 1.9039 0.000358807 1.9329
8—10 0.000048964 1.9538 0.000091710 1.9680
T}O 0.000012434 1.9774 0.000023177 1.9844
0.50 1—10 0.002410158 0.004896138
% 0.000695374 1.7933 0.001357438 1.8508
% 0.000185902 1.9032 0.000355618 1.9325
8—10 0.000048000 1.9534 0.000090909 1.9678
T}o 0.000012191 1.9772 0.000022976 1.9843
0.99 1—10 0.002348582 0.004835296
% 0.000677813 1.7928 0.001341856 1.8494
% 0.000181299 1.9025 0.000351677 1.9319
8—10 0.000046825 1.9530 0.000089918 1.9676
T}O 0.000011895 1.9770 0.000022727 1.9842
0.5 0.01 1—10 0.005818396 0.011982345
% 0.001450348 2.0042 0.003006671 1.9947
% 0.000358978 2.0144 0.000748225 2.0066
8—10 0.000088729 2.0164 0.000185823 2.0095
T}O 0.000021955 2.0149 0.000046162 2.0091
0.50 1—10 0.005817273 0.011985970
% 0.001450169 2.0041 0.003007649 1.9946
% 0.000358970 2.0143 0.000748501 2.0066
8—10 0.000088736 2.0163 0.000185900 2.0095
T}O 0.000021958 2.0148 0.000046184 2.0091
0.99 1—10 0.005795148 0.011971269
% 0.001444472 2.0043 0.003003788 1.9947
% 0.000357554 2.0143 0.000747532 2.0066
8—10 0.000088388 2.0162 0.000185661 2.0095
T}O 0.000021873 2.0147 0.000046125 2.0091
0.9 0.01 1—10 0.007597214 0.015083738
% 0.001892530 2.0052 0.003776815 1.9978
% 0.000472130 2.0031 0.000943657 2.0008
8—10 0.000117779 2.0031 0.000235615 2.0018
T}O 0.000029375 2.0034 0.000058814 2.0022
0.50 1—10 0.007645309 0.015135554
% 0.001904477 2.0052 0.003789580 1.9978
% 0.000475108 2.0031 0.000946830 2.0009
8—10 0.000118524 2.0031 0.000236407 2.0018
T}O 0.000029562 2.0034 0.000059012 2.0022
0.99 1—10 0.007667485 0.015167028
% 0.001909692 2.0054 0.003797057 1.9980
% 0.000476377 2.0032 0.000948656 2.0009
8—10 0.000118837 2.0031 0.000236860 2.0019
L 0.000029640 2.0034 0.000059125 2.0022
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3akJ/royeHmue

B nammoit pabore ucciaemayercss HeJOKaJIbHasT KpaeBas 3a/ada B IPIMOYTOJbHON 00acTh
JIJIsT OMHOMEPHOTO HATPY2KEHHOI'O YPaBHEHUS TEILIOIPOBOIHOCTUA JAPOOHOTO MOPSIKA C COCpe-
JIOTOYEHHON Ha I'PaHUIE TEIIOeMKOCTBhI0. OCHOBHOHM pe3yiabrar paboThl 3aKJ/II0YAETCA B JI0-
Ka3aTeJbCTBE allPUOPHBIX OIEHOK JIJIsSI PEIeHnsT 3a0a49n Kak B anddepeHImaabHoM, TaK 1 B
paszHocTHOM BHjIE. [loydeHHble HEpaBEHCTBA O3HAYAIOT YCTOWYINBOCTD PEIIEHUsT OTHOCUTE b
HO BXOJHBIX JIAHHBIX. B cuty IMHEHOCTH paccMaTPUBAEMbBIX 3a/1a49 9TH HEPABEHCTBA IIO3BOJIS-
0T yTBEPXK/IATh CXOJAUMOCTD PUOJIMKEHHOIO PEIeHNs] K TOYHOMY (B IIPE/IIIOIOKEHNH CYIIe-
CTBOBaHMsI MOCJEHEIO B KJlacce JOCTATOYHO TIaJKuX (YHKIHA) CO CKOPOCTHIO O(h2 + 7'2).
IIpoBenenbl YnCIEHHDIE SKCIEPUMEHTHI, ULIIOCTPUPYIONINE MOy IeHHBIE TEOPETUIECKUE pPe-
3yJILTATHI.

PeSyJII)TaTI)I YU CJIEHHOI'O 3KCIIepuMeHTa

Koaddurmenrsr ypasuenus (1) nombuparorcs ciieayronmmM o6pa3oM:

k(x,t) =e", r(x,t)=(xr—05)e", q(x,t)=e""

6t3fa
f(CC,t) = em m — 2t362m+t — (m — 0.5)€2x+tt3 + €x0+m_tt3, l = 1, T =1.
—
Bi1=05e", Bia=el, o =€t Pag=eT,

51, 4 6t77° s oyt aipr O °
— 0.5t =2 B

i CteTu_ay M SRR 7y

Tounbim permennem 3ajaun (1)—(4) sBasercs GyHKIUs

u(z,t) = t3e”.

B rabsmure 1 npu pasiamunbix 3HadeHusx mapamerpos o = 0.01,0.5,0.99, g = 0.1,0.5,0.9
U YMEHBIIIEHUN Pa3Mepa CeTKHU IPUBEJICHBI MAKCUMAJIbHOE 3HAYEHHE MOIPENTHOCTH (2 = Y —u)

u nopsiziok cxoumoctu (I1C) B mopmax |[+]]o u || - HC(u—,hT), rie HyHC(th) = MaX(y, t )ewy, lyl,

korga h = 7. [lorpeniHocTs yMeHbITaeTcs B COOTBETCTBHE C TIOps KoM armporcuMarn O(h2+
72). TIopsiIOK CXOIMMOCTH OTIPE/Ie/IIeTCsT TIo cieytommeit hopmye:

|[z1]lo

I1C =logn, 71—
ny |[22]lo

)

rIe z; — 9TO MOI'PEITHOCTD, COOTBETCTBYIOMIA h;.
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FINITE-DIFFERENCE METHOD FOR SOLVING OF A NONLOCAL
BOUNDARY VALUE PROBLEM FOR A LOADED THERMAL
CONDUCTIVITY EQUATION OF THE FRACTIONAL ORDER
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Abstract. We study a nonlocal boundary value problem in a rectangular area for a one-dimensional
in a spatial variable of the loaded heat fractional conductivity equation with a heat capacity concentrated
at the boundary. The problem is considered as a mathematical model, arising, in particular, in the practice
of regulating the salt regime of soils with a fractal organization, when the lamination of the upper layer is
achieved by drain layer of the water from the surface of an area flooded for some time. The main research
method is the method of energy inequalities. An a priori estimate is obtained by the assumption of the existence
of a regular solution to the differential problem, which implies the uniqueness and continuous dependence
of the solution from the input data of the problem. A difference scheme of the second order of approximation
by the grid parameters is put on a uniform grid by correspondence with the differential problem. Under the
assumptions of the existence of a regular solution to the differential problem, an a priori estimate is obtained,
which implies the uniqueness and continuous dependence of the solution on the right side and the initial
data. By virtue of the linearity of the problem under consideration, the received inequality allows us to assert
the convergence of the approximate solution to the exact one (assuming that the latter exists in the class
of sufficiently smooth functions) with a rate equal to the order of the approximation error. The numerical
experiments are carried out to illustrate the recieved theoretical results.

Key words: heat equation, fractional Caputo derivative, lumped heat capacity, difference schemes,
stability, convergence.
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PEHIEHNSA CUCTEMBI KAPJIEMAHA YEPE3 PASJIOZKEHUE ITEHJ/IEBE
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Hocsawaemces T5-aemuro Ceména Camconosuvwa Kymamenadse

Amunoramusi. PaccMarpuBaercss oqHOMEpPHasl JUCKPETHAsI KMHETUYECKasi cucreMa ypasHennii Kapiaema-
na. Cucrema Kapiiemana siBIsieTCsi KHHETHYECKMM ypaBHEHMEM DBoJsibIiMaHa U JJIs Hee He COXPAHSIETCs
MMIIYJIbC U dHeprusi. JlaHHasi CuCTeMa ONUCHLIBAET OJHOATOMHBIA pa3perKeHHBIH Ia3, COCTOSINUI U3 JBYX
rpymnn Jactui. JlaHHbIe TPYIIbI YaCTUIL ABUTAIOTCA BAOJb IPSIMO, B IPOTUBOIIOIOKHBIX HAIIPABJIEHUIX
C €IMHUYHOM CKOPOCTHIO. BaanmoieiicTBre 9acTUIl MPOUCXOIUT BHYTPU OJHON IPYIIIBI, T. €. CAMU C CODOI,
MeHsIsI HalpaBJeHue IBMXKeHNsA. B mociaemnee BpeMsi 0cob60e BHUMAHUE YAEISETCS IMOCTPOSHUIO TOYHBIX
pellennii HEeMHTErPUPYEMBIX YPABHEHMI B YACTHBIX IPOM3BOJAHBIX C MCIOJIL30BAHUEM YCEYEHHOTO PSIIa
Tlennese. [Ipumensis paznoxkenue [leHieBe K HEMHTErpUPYEMbIM YPABHEHUSIM B YaCTHBIX MTPOU3BOJIHBIX,
[IOJIy 9aIOT YCJIOBUS B PE30OHAHCE, KOTOPBIE JOJIZKHBI BBIIIOJIHATHCA. PellleHne CUCTEMbI NIIETCs C IIOMOIIBIO
ycedeHHOro pasioxkenns llennese. /lannas cucrema He yaoBiaeTBopsieT TecTy l[lennese. DTO IpUBOIUT
K HEKOTOPBIM OIPpaHUYEHUsIM Ha MHOroobpasue OCOOEHHOCTEHN, OJHUM W3 KOTOPBIX SIBJISIETCS JIBYMEPHOE
ypaBHeHne Beiitmena. 3Has HessBHOe perneHue ypaBHeHusi beifiTMeHa, MOXKHO HANTH HOBbIE YaCTHBIE Pe-
meHnst camoii cucreMmbl Kapsemana. Takske OTIe/IbHO pelIeHHe CTPOUTCS C IOMOIIBIO aH3aIa MaCIITa-
OMpPOBaHMSI, KOTOPOE ITO3BOJISIET CBECTH 3324y K HAXOXKJIEHUIO PEIIEHUIl COOTBETCTBYIOIIErO YPaBHEHUS
Pukkarn.

KuaroueBrle cjioBa: cucTeMa ypaBHEHMII B YaCTHBIX TPOM3BOAHBIX Kapiaemana, passioxkenue [lensese,
ypaBHenue BeiiTMmena.

Mathematical Subject Classification (2010): 35A24, 35Q20, 35C99.

Oo6paser; utupoBauus: Jlyxuosckuii C. A. Pemenns cucrembr Kapiaemana vepes pazioxenue [lensre-
Be // Bmagukask. mar. xKypu.—2020.—T. 22, ot 4.—C. 58-67. DOI: 10.46698 /s8185-4696-7282-p.

1. BBenenue

OCHOBHBIMI/I JAUCKPETHBIMU KMHECTUYICCKUMU CUCTEeMaMU, OIIMCBIBAIOIINMUA Pa3JIMIHBIC IIPDO-

IIECChI B I'a3¢ ME2K1y I'pylIIaMi 9aCTUIl, ABJIAIOTCA MOJE/IN TUIla KapﬂeMaHa, FO,ILyHOBa — CyJI—

taHrasuHa, bpojysiia |1, 2, 3-5|. UcciieioBatne acuMITOTHYECKOI yCTORUINBOCTH COCTOSTHMUI

PaBHOBECHUA KMHETUICCKHUX CUCTEM B BECOBOM IIPOCTPAHCTBE L27’Y JJId IIePpUOANICCKUX HavdaIb-

HBIX JIAHHBIX U3y4asoch B paborax [3—6]. 3/ech perienne MCKAIOCh JIUIs MAJbIX BO3MYIIEHUIT

COCTOAHNA PaBHOBECHU. Bouee TOTrO, JOKa3aHa 3IKCIIOHEHIMAJIbHadA CKOPOCTb CTa6I/LHI/13aHI/H/I

K COCTOSIHUIO paBHOBecus. JIuTepaTrypa, MOCBSIEHHAsT HAXOXKICHUIO PEIICHUN B BUJIE COJIM-

TOHOB, mpuBesieHa B |7-9|, crarmmonapusix permennii B [10, 11|. B crarpe [1| 6putn naiigens:

peIlleHnsT ¢ TIOMOIIBIO ycedeHHbIX psiyioB llensese myist momenteit I'omynoa — CysranrasuHa

u bpojgysmta. B gannoit pabore 6yayT HOCTPOEHBI HOBBIE PEIICHNUS aHAJOTMIHBIM CIIOCOOOM
JIJIsT OMHOMepHOU crucTteMbl Kapiemana.

(© 2020 Hyxmosckuii C. A.
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2. Pemenue cucrembr Kapiemana

Paccmorpum ojiHoMepHyto cucremy ypasaennii Kapiemana [2, 12-14]:

1
atu—l—axu:g(wQ—uQ), reR, t>0, (1)
1
Ow — Oz w = —g(w2 —u?). (2)

ITposepsiem Ha Tect Ilensnese [15]. Umem perenne B Buje

R :
u(x,t) = m jzouj(x’t)@](x’t)’

- ,
w(z,t) = W jgowj(x,t)d(x,t).

Hns j = 0 umeem

[oncrasnsiem (3)—(4) B cucremy ypasrennii (1)—(2):

_ e _ e 1 _ _
Uo,t¥ P —ppP 1<Ptuo+u0,a:<P P —pp? l%:uo = g(“’?ﬂp 2p —U(2)<P 2p)7

1

P g — wo e P+ B P ppwg = —g(wgw‘% - u3¢_2p)-

wo,t‘P_B — By
Orcrona naxonum, aro p = 1, f = 1. B arom caydae nmeem

1 1
—PrUg — Pz o = g(wg - U%)’ —Piwo + Prwo = —g(wg - U3)~

Orcrona

(oo =) (et e) 0y (P en)(orton)®

ug(x,t) = —¢
(1) 41z 410z

Hamee Haxoaum pe3oHaHCHI. [loacTaBasieM COOTHOIIEHMsT
£ = -1 -1 ) — -1 1
u(z,t) =uop tuj’ ", w(,t) =wep T +wjp

B cucremy (1)—(2), B urore nmeem

a0 () = (V7L e ) ()= (0,

rie fj—1,¢j—1 3aBUCAT OT QYHKIUIL Uy, Wy, . . ., Uj_1,W;j_1, . g npoussonbHocT dbyHKImit
Uj, Wj HEOOXOMMO, YTOOLI ONpe/IeIUTeIb MATPUIILI paBHscs Hymo. Torja

det Q(7) = (7 + D — (s + wz)(pr — ¢z) = 0.
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Orcrona nosryyaeM jiBa pesonanca j = —1, 1. danee ucxonst u3 Toro, uro j = 1 — pe3oHaHC,
TO WITEM PEIeHNe B BU/IE

u(z,t) = @ + oy (2, 8), (6)
w(z,t) = wo(2,t) + wi(x,t). (7)

Ioxcrasiasem (6)—(7) B (1)—(2):

1
1 2 1 2
UotP @ TPy T UL T U T — @ T PrUg ULy = gf(uo, wo, U1, W1 ),

nMeeT TaKOil Ke BT

1
-1 —2 -1 —2
WP T — @ Tprwe + Wi — W P TPrwe — Wiz = —gf(uo,wo,ul,wl),
rie
I(ug, wo, ur, w1) = — — —5 +2—wy — 2—ug +wj — uj.
¥ ' ¥ ¥

Tenepb I'PyHnIupyeM cjaaracMble IIPpU OIMHAKOBBIX CTECIICHAX ©. HonyqaeM JJIdd HUX YPaBHEHU A

-1 2 2 0 VA
© Ut + Uo g €w0w1+ guoul +o (U +uig 6(“’1 uy)

_ 1
+p2 ( — PrUQ — PpUY — g(w(Q) - U(Q))) =0,

_ 2 2 1
! <w0,t — wo,z + Zwowr — gumu) + ¢° (wl,t — Wiz + g(w% — U%)>
—2 1 2 2
+p — prwo + pLwo + g(wo —ug) | =0.

IIpupaBHUBas 4aeHBI TPU OAUHAKOBLIX CTENEHAX (0, MOJYIUM CIEAYIONIYIO CUCTEMY YpaBHe-
HUN

1 1
2 9 2 9
—PLUy — PgUp — g(wo - Uo) =0, —pwo + @zwo + g(wo - “0) =0,
Ug,t + Up,e — g(wouh —upu1) =0, wos — woz + g(wouﬂ —upug) =0,
L9 5 L, 9 9
Ul + ULy — g(w1 - ul) =0, wi—wiet+ g(wl - ul) =0.
HepBbIe ypaBHeHHﬂ CUCTEMBI ﬂaeT HaM y}Ke N3BECTHBIE BeﬂyH_H/Ie YJIEHBbI pa3J‘[O)KeHI/IH7 KOTOpre

onpeiensitorest mo dopmyiie (5).
Hac unrepecyer BhInoJiHeHNE ypaBHEHUN Ipu pe3oHamnce j = 1:

2
ug,t + Ug,e = g(wowl —upu1), Wot— Woy = —g(wowl — upuy).

CKJIa,ILbIBaeM YpaBHEHU A

2
Uot + Uox = g(wowl — upu), (8)

U0t + Uor = —(Wor — Woz)- 9)
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OuesnHo, uro ypasHenue (9) He yuoierBopsiercs. IlojcTrapisist Haii/JleHHbIE TVIABHbBIE YJICHBI
passoxkenus (5) B (9), nosydaem:

et P2 — 205010t + P2put = 0. (10)

Ypasuenue (10) mnpejcrasisier coboit jJBymMepHoe ypasHenue bBeiirmena [16]. Tecr Ilennese
6y/1eT BBIIOJIHEH TOJILKO B TOM CJIydae, ecjid ¢ yJaoBiaeTBopsieT ypasaenuio (10). Do sBisiercs
orpaHMYeHnEM Ha JaHHyo GyHKIUIO. [TocKombKy 1] = wy = 0 ABIAIOTCA YACTHBIM PENIeHueM
cucreMmbl (1)—(2), mosyunm ypaBHeHHe Jisi HAXOXKIeHUst (DYHKIUU

— P2 (put + Put) + P2 0u(—201 — Put + Puz) + 05 (Put + Prz)
+ o2 (— P + Pt + 202) = 0. (11)

O61iee perenne jiByMepHOro ypaprenusi Beiirmena (10) 3anuceiBaercst B Buje

flp) =z +g(p)t, (12)

rjie f, g SIBJISTFOTCST TVIQJIKUMU [TPOU3BOJIbHBIME (DYHKITHSIMIE.

Jlemma. [list iByxckopocrroii mogesn (1)—(2) yceuennoe pasmoxkenne IlensieBe

_ up(w,t) wlrf) — wo(z,t)
u(z,t) = % (z,t) — (13)

J1e ug, wo 3agabl popmynamu (5), gaer ycaopus Ha dyaknuio ¢ (10) u (11) co caexyrommmu
PeIeHusIMHA
T+ k‘ot — C

t) =
o(x,t) ~

rae ko € R\{O,:l:l}, c1 € R\ {0}, co €R;
pla,t) = Flx£1),
F — npomnsBosibHas obparumast (pyHKIIHS;

o0 =5 (55— * B)

c1—t
e {A,c1} € R\ {0} u {c2, B} € R.
< Huddbpennupyem HesiHoe pererne (12) n noxcrasiasiem B (11):
of 9 0 9%g
—e(g? - 1)((1 +3¢2) 8L 02 (1 4 31¢?) (%) — gl — 1)(—f — 2 )) N
12 (3 - 152)’ a
9"\ 9 9
Orcrona cobupaeM ciaraeMble IPU OJMHAKOBLIX CTEIeHSX NpH i:

0% f
o

2y9f 0
dy
0%g

(1+3¢%) a—g—g(g2 =0,
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Cay4yan 1. Pacemorpum tpu g = £1. Torma

Pt = :l:(Pa:-

Orciona cormacuo (12) monywaem p(z,t) = F(z £1t), rne F' — obparumas dyukius. Perenne
cucrembl Kapsiemana npu g = 1 umeer Buj

u(z,t) =0, w(z,t)=0.

Cucrema (1)—(2) upu g = —1 TakKe MMeeT HyJIEBOE DEIeHHe.

Cnyuan 2. Ilycrs g = ko, ko ¢ {0,£1}. Torga mosyuaem ypaBuenue

0% f
8—<p2:0:>f(¢):q(p+62'
T+ kot — ¢
c1p +ca = x + kot = p(x,t) :%.
1

[Mosyuaem permenne cucrembl (1)—(2) B coemytomen Bu/ie

e (ko —1)*(ko +1)
4]€0($ + kot — 62) ’

w(z, t) = (ko = 1) (ko +1)?

t) = = .
’LL(-TJ, ) E4k‘0($ + kot — 62)

Cavuait 3. Iyers ¢'(¢) # 0. Torga cucreMmy MOXKHO NEPENUCATH B BUJIE

" !
dg 2 0%g
—(1+3¢%)( == ?-1)—==0. 15
1+ 9)(&0) 90’ =1 g5 (15)
Orcrona unrerpupyst (14), nmeem
f(go):clg(go)+02, C1,C2 GR, C1 #0
Ucnonb3yst permenne ypaBHenusi beiirmena (12), MOXKHO BbIpasuTh (byHKIHUIO ¢:
r — C9
t) = . 16
g9(z,1) po— (16)
Boutee Toro, u3 ypasuenusi (15) nosydaem, 4to
d 1-¢%)?
dg _ ,0-97)" AeR)\ {0}, (17)

de g

Pemtenne (17) ¢ yuerom (16) 3ammcbiBaeTcst B Bje

1 1
”‘(ﬁ) -

rie B € R — nocrosinnast unrerpuposanus. Takum obpasom, perrenne cucreMsl Kapiema-
Ha (1)—(2) ¢ momomipsio (5), (13) u (18) nmeer Bux

(c1 —co—t+x)e
G(x,t) ’

(c1 +eca—t—2x)e
G(z,t) ’

u(x,t) = — w(z,t) = —
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e
G(z,t) = 2((1 + 2B)c + % — 2¢1(t + 2Bt) — 2B(c3 — t* — 2co1 + x2)) >

Ilpennoxxkenue. Perenue JBYXCKOPOCTHOH MOJEIH MOXKET ObITH IPEJCTABICHO B BHJE
U((I,',t) = U()Hl(@), ’U)("I,',t) = wOHQ((p)’

e
Hl(gO)ZHQ(gO)-f—b, b € R,

a Hy ynosierBopsier ypapaenuio Pukkatn

dHo 5  b(g—1)? b (g —1)2
— =-—-H H . 19
Buaech ug, wo 3amanb1 B (5), GyHKnus @ yposaersopsier ypapaennsim (10) m (11).
< Umem perrenne B ciie/ly1ommeM BH/ie
0 wo
P ¥
IMocse mogcranosku (20) B (1)—(2), mosyunm ycioBus Jiisd HaXoxAeHust QyHKui f1, fo
prpa(dofi — 4 +2f7 +2f3) — W (ff = f3) — V2 (ff = f3) =0,
pipa(dpfy —Afo + 201 + 203) — G (f7 = f3) — 92 (ff = f3) = 0.
Caenaem nojcranoBky fi(p) = Hi(@)p, i =1,2:
prpa(AH| + 2HY + 2H3) — i (HY — H3) — 3 (H} — H3) =0,
prpa(4H, + 2H7 + 2H3) — ¢} (H} — H3) — 3 (H} — H3) = 0.
Berauraem oJiHO U3 JIpyroro
dpppr(H1 — Hy) =0, (21)
prpa(4H, + 2H7 + 2H3) — ¢} (H} — H3) — 3 (H} — H3) = 0. (22)
U3 nepsoro ypasaenust (21) ciemyer, 4to
Hy=Hy+b, beR. (23)

[Mogcrasisiem (23) B (22). Iloce HEKOTOPBIX peobpa3oBaHuii MOIYIMM ypaBHeHHe Pukkarn

dH —4gb 4+ 2¢%b+ 2b —2gb% 4 ¢*b? + b?
22— _HI+ g g Hy+ —2 19 >
dp 4g 4g
B,ILGCI: BOCHOJH)SOBaJH/ICI), qTo
Pt~ gp)
P

Pacemorpum npumepsl, Korjga ypaBHenne PUKKATH JaeT pa3judHbIE PEIIeHUs JJisT CHCTEeMbI
Kapnemana.
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ITpumMeP 1. llycts g =3, b =1, ¢p = x + 3t upu ¢ = 1, co = 0. B srom cirydyae numeem
ypaBHenune Puxkkaru

dHy 2 1
——= = —H3+~Hy+ 7
dy 2Ty Ty
KOTOpOE MMeeT pelIeHue
4o
3es —etd
Hy(p) = —F—F0—
3(eT + e4A)
rne A — nocrognnas uHTerpupoBanusg. OKOHYATEILHO IIOJydaeM pelleHHe Haleil cucre-
Mol (1)—(2):
4(x+3t)
4e e s —et

_— +1 ,
3 3(64(13;30 I 6414)

4(x+3t)
(36 3 —e4A)

4(z+3t)
e 3  +eid

u(z,t) = uo(Ha(p) +1) = —

8
w(z,t) = woHa(p) = 9

ITpuMEP 2. Ilpu g(¢) = 1 ypasuenue (19) npunumaer B

H.
u:—HZ?.
de
Orcrona .
Hylp)=———— (C, €R.
2(¢) Fat+tt)+0p !

Pemtenne cucremsr (1)—(2), Tak:ke Kak U BBIIIE, IMEET BUJL
u(z,t) =0, w(z,t)=0.

ITpu g(¢) = —1 noxyvyam HyseBOE peIleHHE.

ITPUMEP 3. Paccmorpum ocrapmmiicst cayvait npu ¢'(¢) # 0. CuenaeM nojacTaHOBKY
Hy(p) = Ha(g), nconbsys (18). Takrke BOCIOIB3yeMCs T€M, UTO

dHy  dH, dg
dp  dg do’

TOF,ZL& YpaBHEHUE Pukkarn nmepenumieTrcda B BUJIC

dﬁ? g 739 b - b2
= — H5 + Hy4+ ——.
dg — Alg-12(g+1)° 2 T 24(g+1)> " 4A(g+ 1)
[Tonoxkum b = 0. B aTom cirydae perieHne umeer BU/T
~ 2A(g* — 1)
H =— Cy e R
Permenne cucremnr Kapiemana npuaumaer popmy
g -~ g ~

u(z,t) = —

Hs(g).

H2(9)7 w(x,t) =

4A(c1 —ca —t+ ) 4A(c1 +co —t —x)
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Abstract. The one-dimensional discrete kinetic system of Carleman equations is considered. This system
describes a monatomic rarefied gas consisting of two groups of particles. These groups of particles move along
a straight line, in opposite directions at a unit speed. Particles interact within one group, i. e. themselves,
changing direction. Recently, special attention has been paid to the construction of exact solutions of non-
integrable partial differential equations using the truncated Painlevé series. Applying the Painlevé expansion
to non-integrable partial differential equations, we obtain the conditions in resonance that must be satisfied.
Solution of the system is sought using the truncated Painlevé expansion. This system does not satisfy the
Painlevé test. It leads to the singularity manifold constraints, one of which is the Bateman equation. Knowing
the implicit solution of the Bateman equation, one can find new particular solutions of the Carleman system.
Also, the solution is constructed using the rescaling ansatz, which allows us to reduce the problem to finding
solutions to the corresponding Riccati equation.
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1. Introduction

In recent years, the cardinal functions have been finding an important role in nu-
merical analysis [1]. Both mathematicians and physicists have devoted considerable
effort to find robust and stable analytical and numerical methods for solving stochastic
differential equations, Adomian method [2]|, implicit Taylor methods [3, 4] and recently
the operational matrices ofintegration for orthogonal polynomials Legendre wavelets,
Chebyshev polynomials, etc. [5-20]. Several analytical and numerical methods have been
proposed for solving various types of stochastic problems with the classical Brownian
motion [10, 12, 14, 21-23|. Noting that finding the exact solutions for most of these equations
is hard, therefore, we have to apply approximate numerical methods to obtain numerical
solutions. This motivates our interest to propose an efficient and accurate computational
method for solving stochastic integral equations. In [24] M. H. Heydari & al. used Chebyshev
cardinal wavelets and their application in solving nonlinear stochastic differential equations
with fractional Brownian motion. M. H. Heydari obtained a new method based on the Cheby-
shev cardinal functions for variable-order fractional optimal control problems [25]. An effective

(© 2020 Zeghdane, R.
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direct method to determine the numerical solution of Volterra—Fredholm integro-differential
equations based on Chebyshev cardinal functions and deterministic operational matrices was
also found in [26]. The aim of this paper is to use cardinal Chebyshev functions to solve
nonlinear stochastic integral equations:

¢

X(t) = Xo +/k:1(t,s) [X(s)]pds+/k2(t, s)[X(s)]"dB(s), (1)
0 0

under the initial condition X (0) = Xy, where X(¢) is an unknown process, the function
ki(t,s), ka(t,s) are defined on the square 0 < ¢, s < 1, X is a random variable, B(s) is a
Brownian motion and p,q € N. After, we apply cardinal Chebyshev functions to SDE in the
following general form

t

¢
X(t)=Xo+ /a(s,X(s)) ds + / b(s, X(s))dB(s), (2)
0 0

where a(s, X(s,w)), b(s, X (s,w)) for s,t € [0,1] are known stochastic processes defined on
the same filtered probability space (Q2,.%,.%;, P) with natural filtration .%;, Xy is the known
random variable with F|Xg|? < 400 and X (t) is unknown stochastic process which should be
computed. The second integral in (2) is the It6 integral. Furthermore, all Lebesgue’s and It
integrals in (1) and (2) are well defined. The organization of this paper is as follows. In the se-
cond section, we give some preliminaries of stochastic calculus. We introduce Chebyshev
cardinal functions and operational matrix of integration in Section 3. In Sections 4 and 5
we describe the numerical procedure of the numerical solution of the proposed problem.
Convergence analysis of the method will be investigated in Section 6. To show the effectness of
the numerical technique, some numerical examples are illustrated in Section 7. Finally, a brief
conclusion is drawn on Section 8.

2. Preliminaries

DEFINITION 1. Let ¥ = ¥/(S,T) be the class of functions g(t,w) : [0,00) — R such that:
1) the function g(t,w) be & x .# measurable, where 4 is the Borel o-algebra of RT;
2) the function g(t,w) is F-adapted (measurable);
3) E[ 592(t,w)dt] < 0.

Lemma 1 (It6 isometry). For each X (t,w) € ¥ (S,T), we have

E(/tX(s,w) dB(s)>2 = E(/tXQ(s,w) d.s>.
0

0

Lemma 2 (the Gronwall inequality). Let «, S : [tg,T] —> R be integrable with
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3. Chebyshev Cardinal Functions

In this section, to construct the so called Chebyshev cardinal functions for the set
of orthogonal Chebyshev polynomials T (z), we will use the Taylor expansion of Tny1(x)
in neighborhood the j-th root of T1(z), which gives

Top1(2) = Tnga(25) + T o — 5) + o(x — ;).

Since the first term in the right hand side vanishes, we can define the cardinal function
of degree N in [—1, 1] as follows [1, 27]

_ Tny1()
Tnt1,2(25) (v — 25)

Cj(x) x € [—1,1], (5)

where the subscript « denotes x differentiation and x; are the zeros of Tyy1(x) defined by

(25 — 1) ,
IEJ':COS(W y jzl,,N+1, (6)

with the kronecker property

1, if j=4i,

Cylwi) = 05 = {0 if j#i

3.1. Function approximation. To obtain cardinal functions in the interval [0, 1], we

change the variable t = ‘TT“, then the shifted Chebyshev cardinal functions are defined on

the interval [0, 1] as follows:
City=Cy(2t—-1), i=1,...,N+1. (7)

REMARK 1. The shifted Chebyshev cardinal functions are orthogonal with respect to

the weight function w*(t) = w(2¢t — 1) on [0, 1], where w(t) = 11_t2 and we have

1

(Ci(t),C5 (1)) = /C;‘(t)c;‘(t)w*(t) dt = 5

y m 5z‘j- (8)

Theorem 1. Any function g(t) mean square integrable on [0, 1] can expanded by element
of shifted cardinal Chebyshev function as follow

N+1
g(t) = > u;Ci(t) = UT®n (1), (9)
j=1
where +1
T

are the shifted points of z;,

U= (u1,u2,...,uns1)
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QIf g(t) = S04 uCx(t), then
N+1 N+1

= Z ujC]*(tl) = Z ujéﬁ.
i=1 i=1

Then u; = g(t;). >

Theorem 2. Any function ¢(t,s) mean square integrable on [0,1]x[0,1] can be approxi-
mated by cardinal functions as follow

Nt
Z (ti55)CF()C () = n(t)T K 1@ (s), (10)

I M+

where K1 ; j) = g(ti,s;) and tj, s; are the corresponding shifted points of x;.
<1 The proof proceeds in a similar way as the proof of Theorem 1. >

3.2. Deterministic and stochastic operational matrices. Let
* * * T
(I)N(t) = (017027'-- 7CN+1) .
Lemma 3. We have

/@N(s) ds = P7'QoN (1), (11)
0

where the (N + 1) x (N + 1) matrix P is called the transform matrix (or Vandermonde’s
matrix) and is given by

tl t2 t]\/'+1
2
1 | | iy 8t
ity ... tyg oo
t2 t2 t2 N-1
N-—-1 N—-1 -
p— 1 2 N+1 and Q= |4 ty N1
PR PR PR N—l N—l N_l
N-1 N-1 N-1 N
ty iy tN+1 ﬁ ﬂ INt1
tN tN tN N N N
1 2 cee N+1 AN+ $N+1 AR
1 2 N+1
N+1 N+1 N+1

< Let ;(t) =t~ for i = 1,... N + 1, by expanding v;(¢) in (N + 1) terms of the shifted
Chebyshev cardinal functions, we obtain

N+1
Yilt) = ilt))Ci (1), i=1,2,... N+1.
j=1
Then
() Ci ()
alt) | _p | G| 2 gy,

by (t) Ciyoa (1)
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Since the matrix P is invertible, ®y(t) = P~1Wx(t), where
Y1(t)
Un(t) = v2lt)
Yn41(t)
Hence
t t t 5
/@N(s) ds = /P_llllN(s) ds = P_l/\I’N(S) ds =P~ ! 7
0 0 0 tN+1
N+1

Now, let g;(t) = t—;, i=1,2,...,N+ 1, we have g;(t) = Z;V:ﬁl gi(tj)C]*(t) = Q®Px(t). Then

/@N(s) ds = P1QBN (1),
0

Lemma 4. Assume ®n(t) = (C],C5,. .. ,C'J*V_H)T and U = (uyg,us,...,uny1)’ . Then

On (1)L (U = Udn (), (12)
where U = diag[uy, ug, ..., un+1]-
<1 We have
Ci)Ci(t)  CrmCs(t) ... CTOCK (1) up
@N(t)fb%(t)U ~ C3(t)CT (1) C3()C3() ... C3(1)Cx 11 () U2

Cr@CT() CH g ()C3() ... CR i (0)CR ()
and expanding C;(t)Cj(t), i,j = 1,2,...,N + 1, by the elements of Chebyshev cardinal

functions, we get

N+1 N+1
Ci()Cj(t) = > Ci(tr)Ci(tr)Cr(t) = > GirdjuCi(t).
k=1 k=1
From this we conclude
symelpu~| 0 O 0 o _ Gy,
0 0 e C;;Jrl(t) UN+1

Lemma 5 [26]. If we consider X (t) ~ UT®x(t), then for every p € N, we have

(X)) = UTon(t) ~UT(U)" ' Dn(t),

or
(X (t)]" = [uf, b, ... Juby 1 | PN (1),

where U = diag(uy,ug, ..., un+1)-
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3.3. Stochastic operational matrices of integration. In this subsection, we give

stochastic operational matrix of integration with respect to Brownian motion we have

t

/t ~(s)dB(s) /P "Wy (s)dB(s ):P—l/\p (s)dB(s)
0

t t t
/dB /sdB /sNdB
0 0 0

we apply [t6 formula, we get

[ az) 0

bftsdB(s) ({B(s)ds

j82 dB(S) - B(t)\IIN(t) - QOJSB(S) ds = AN(t) = (ai)izo,...,Na
0 ..

hofSNdB(S) NOfsN_lB(S)dS

where

t
a; :tiB(t)—i/silB(s)ds, i=20,...,N.
0

For the integral fg s'"1B(s) ds, we can use Simpson rule as follow

t

[ 516 %(oi—lB(0)+4<§>i_lB<%> +tf—1B<t>), =12

0

a; = £ B() —ié <4<%>i_13<§) +ti—1B(t)) - (<1 - %)B(t) - = ;_2B<g)>ti,

i=1,2,...,

SO

a; = B(t) for i=0.
Also we approximate B(t) and B(%) for 0 < ¢t < 1 by B(0.5) and B(0.25), then we obtain
2

P_lAN(t)
B(0.5) 0 0 ... 0
0  2B(0.5)—%B(0.25) 0 ... 0
=P .. t2

(1—%)3(0.5)'” B(0.25) i

32N2
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Then
P 'AN(t) = PTAUN(t) = P APON(L) = PoON (1), (15)
where
B(0.5) 0 0 ... 0
a—| 0 2B(0.5) —2B(0.25) 0 ... 0

(1—&)B(0.5) — 358— B(0.25)

and P, = P~1A P is (N + 1) x (N + 1) stochastic operational matrix. Finally,

/ Oy () dB(t) ~ Pdy (). (16)
0

4. Numerical Method for Solving Stochastic Integral Equation (1)

In section, we describe numerical technique for solving stochastic integral equation (1),
first we approximate the functions k;(¢,s), k2(t,s) and X(¢) by elements of the basis C},
1=1,2,...,N + 1, as follow

X))~ UTdN(t), ki(t,s) ~ N TK 1PN (s), ko(t,s) ~ L (1) Ka®n(s).  (17)
Then, we approximate the integrals fg k1(t,s)[X (s)]Pds and fg ka(t, s)[X (s)]?7dB(s), we obtain

/ ki (t,s)[X (s)|Pds ~ / On(t)T K1 DN (s)PN(s) Upds ~ O (1) Ky / D (s)Pn(s) Upds
0 0 0
(18)

t
~ oy ()T KU, / Dn(s)ds| ~ dn(t) K U,P71QON (1),
0

where (719 = diag(uf,ub,...,u}y, ) and U, are the coefficients of XP(t) in the basis ®n(t).
Let U, be the coefficients of X9(t) in the basis ®n(t). Then we have

/kg(t, s)[X(s)]"dB(s) ~ /@N(t)TKQCI)N(s)CI)N(s)TUq dB(s)
0 0

t t (19)
~ @N(t)TKg/be(s)fI)N(s)TUq dB(s) ~ on(t)T KU, /@N(s) dB(s)
0 0
~ &y (1) KyU, P,®y(t).
We replace equations (17), (18) and (19) in equation (1), we get
UT®N(t) — Xo — On(0)T K\ U,P71Q® N () — B (1) KoU, Po® () = 0. (20)

To solve equation (20), we have three methods.



New Numerical Method for Solving Nonlinear Stochastic Integral Equations 75

1. First, by collacting equation (20) in (N 4 1) points ¢;, j = 1,2,..., N +1, shifted points
of z;, we obtain

UT®n(t)) — Xo — O ()T KU, PTIQON(t;) — B (t;) T Koy Pe® (L) = 0, @)
j=1,2,...,N+1.

We have &y (t;) = ej»v , where eé-v denotes the column of ordre j of identity matrix I of order
N + 1. Then we obtain a nonlinear system included N + 1 unknowns (uq,us, ... ,uN+1)T
and IV + 1 equations, Newton method can be used to obtain accurate solution of nonlinear
systems.

2. Here, we approximate @N(tj)TKlﬁprqu)N(tj) and (I)N(tj)TKzﬁqPS(I)N(tj) as follow

Lemma 6. We have
Oy (t) K\ U, P QO (t) ~ My (L), (22)

Oy (1) KoU, Po®n(t) = Ma® (1), (23)
where My and My are (N + 1) row vectors including elements equal to the diagonal entries
of KlUprlQ and KU, Py respectibely.

< It is easy to proof identity (22) and (23). >
We replace (22) and (23) in equation (20), we get

UT®n(t) — Xo — M1 ®n(t) — May®n(t) = 0. (24)
Hence
[UT — Ay — My — M| ®n(t) =0, (25)
where Ag is (N + 1) row vector including elements equal to Xy. The obtained system (25) is
a nonlinear system with N + 1 unknowns (uy,us,...,un11)".

3. We can use orthogonality condition.

5. Solving Stochastic Integral Equation (2)
We approximate equation (2) as follows:
() = alt, X)), =(t) = bt, X(1), t€[0,1] (26)

By using equation (2) and (26), we have

z1(t) = a(t, Xo+ ftzl(s) ds + j@(s)dB(s)),
0 0 (27)

z9(t) = b<t, Xo + Oftzl(s) ds + ({tzg(s)dB(s))

By expanding z;(t) and z3(t) by elements of cardinal functions, we get

21(t) = Ul ®n(t), 2(t) =Ui on (). (28)
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By substituting equation (28) in (27), we obtain

z1(t) = a<t, XO—I—OftUlTQJN(S) d8+0ftU2T‘I>N(5)dB(S)),

(29)
¢ ¢
Zg(t) = b(t, Xo + fUlT‘I)N(S) ds + fUéT(I)N(S) dB(S)),
0 0
which is equivalent to
Zl(t)—CL(t X0+U1 f(I)N dS+U2 f(I)N dB( ))
(30)
z9(t) = b<t Xo+ UL f@N s)ds+ UL f@N )dB(s ))
By using equation (11) and (16), we get
Ul'®n(t) = a(t, Xo+ U P71QON(t) + U P@n (1)), (31)
UF®n(t) =b(t, Xo+ U{ PLQON(t) + U P.On(1)).
We collocate (29) at shifted points t;, j = 1,2,... N + 1, and we arrive at
Ul'el = a(tj, Xo+U{ P~'Qe} + UJ Peel), (32)
Ug el =b(tj, Xo+ U P7'QeY + U Pel),

where e denotes the column of ordre j of identity matrix I of order N + 1. The system (32)
can be solved for the unknown U; and U with Matlab software packages or by the Newton’s
iterative method. By determining U; and Us, we can determine the approximate solution
of X (t) as follow

Xn(x) = Xo + U P71QON(t) + Uy Pi®n(t). (33)

6. Convergence Analysis

In this section, we investigate the convergence and error analysis of the proposed method
in the Sobolev space.

DEFINITION 2 [28|. The Sobolev space H"'(a,b) is defined as follow:
H(a,b) = {u € L2 (a,b), uYV(t) € L% (a,b), j =0,1,...,m}, (34)

where w be a weight function and m > 0 be an integer.

REMARK 2. The Sobolev space H})'(a,b) is endowed with the following weighted inner
product

m b
(u(),0(t)) 0 = D / w9 v w(t) dt. (35)
=17

The space H'(a,b) is a Hilbert space with the following norm

[ e = (ZHu Hmab)- )
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Lemma 7 [28]. Let

N+1
1

we H'(-1,1), w(t)= ——— and Iyu= Z u;Cj(t)

1—=x )

be the Chebyshev interpolant of u(t) Then, the truncated error u — Inu satisfies

m

2
[ IN’U’HL%)(—Ll) S CmN_m< Z Hu(]) HL%(—M)) ’ (37)

j=min(m,N)

where ém is a positive constant independent of N and dependent on m. Moreover, in the
maximum norm, it yields

~

Hu - INUHngo(fl,l) S OnN

=

m( 3 Hu@‘wwwl,n) , @)

j=min(m,N)

where C,, is a positive constant independent of N and dependent on m, and ||lu||pee(—1,1) =
sup_ << |u(t)].
Theorem 3. Let

N+1
ue€ H}%(0,1), w*(t) =w(2t —1) and Iyu= Z u;C3 (1), uj = u(t;)
j=1

be the Chebyshev interpolant of u(t). Then, the truncated error u — Iyu satisfies

m

N 1\% " 3
* —
H“ - INU’HL?U*(O,I) S CuNTT Z (5) H“j HL?U*(O,l) J (39)
j=min(m,N)
where ém is a positive constant independent of N and dependent on m. Moreover, in the
maximum norm, it yields

R L m 1 27 ) %
) (D SN ) " PP I

j=min(m,N)

where C,, is a positive constant independent of N and dependent on m, and |lu| e 0,1y =
SUPogi<1 u(t)].

< The proof proceeds in a same manner as the one of Theorem (5.4) in [24]. >

Theorem 4. Suppose X (t) € H]J'(0,1) and X (z) be the exact and approximate solutions
of equation (2), respectively, furthermore, we suppose that

(H1) |a(t,X1(t)) — a(t, Xa2(t))| + |b(t, X1(t)) — b(t, X2(t))| < L|X; — Xo| (Lipschitz
condition).

(H2) |a(t, X (t))| + |b(t, X (t))| < L(1 + |X|) (Linear growth condition), where t € [0, 1],
X1,X5 € R and L; are positive constants for i = 1, 2.

(H3) E|Xo|? < o0.
Then X, (t) converges to X (t) in L?.
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< Let en(t) = X(t) — Xn(t) be an error function of approximate solution Xy (¢) to
the exact solution X (t),

t t

X(t) - Xn(t) = / (21(s) — 21(s)) ds + / (22(s) — 22(s)) dB(s), (41)

a a

where z;(t), i = 1,2, are given by z;1(t) = a(t, X (t)), z2(t) = b(t, X (t)), also z;(t), i = 1,2, is
approximated form of z;(t) by schifted cardinal Chebyshev function

Elen(t)|? <2E

/ (z1(s) — 21(s)) ds
0

by the Schwartz inequality and Itd isometry, we get

E‘eN(m2 < 2E</|z1(3) —21(3)|2d3> +2E(/‘ZQ($) —22(3)|2d$>,
0 0

consequently,

2E</|z1(3)—21(3)|2d3> <4E</‘z1(3)—z{\7(3)|2ds> +4E</‘z{v(s)—21(3)|2ds>,
0 0 0

2E</|z2(s)—z2(5)|2d5> <4E</|z2(s)—zév(5)|2d5> +4E</|z§v(s)—z2(5)|2ds>.
0 0

0
By using Theorem 3, there exists a;(m, N), j = 1,2, such that

E||2N(s) = z(9)||” < (a;(m,N))?, =12,

where

N

a;(m,N) = émN—m<

> (5) e

; . i=1,2.
£2,(0,1)
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Then
B Jen(t))” <41 (m, N) + as(m, N))*+ 4</E l21(s) — 2 (s)| ds +/E 2 (s) — zg(s)|2ds>.
By using Lipschitz condition, we get

B Jea(t)]” < 4(a1(m, N) + as(m, N))* + 8L/E len(s)| ds, (42)

hence by Gronwall inequality we obtain Eley(t)|*> — 0, as N — co. >

REMARK 3. We can see that if m is sufficiently large than the error in Lemma (7)
is sufficiently small.

7. Numerical Examples

To demonstrate the accuracy and effectiveness of the method proposed herein, we have
applied it to several examples. These examples are solved in different references, so the
numerical results obtained here can be compared with those of other numerical methods. In
order to analyze the error of the method we introduce the absolute error, with M simulations

en(t) = |X(t) — Xn(t)].

ExaMPLE 1. Consider the deterministic Volterra integral equation of the kind as fol-
lows [29]:

t
1
_1_5( — 8exp(2t) + 6sin(t) + 3 cos(t) + Hexp(— / exp(s —t) + sin(t — s) X (s)) ds,
0

where the exact solution is X (¢) = exp(2t). The numerical results are summarized in Table 1.

Table 1. The absolute errors obtained by the proposed method
with different values of N for Example 1

t N =4 N =10 N =15
8.1011 E-3 6.4010 E-9 8.3377 E-14
0.2 5.3252 E-3 6.6734 E-9 2.5157 E—-13
0.4 98748 E-3 1.0813 E-9 3.5527 E—15
0.6 1.0258 E-3 8.5579 E-9 2.0872 E—14
0.8 1.5953 E-2 4.6935 E-9 1.4264 E—12
1 7.2225 E-2 1.1335 E-7 3.9968 E—13

ExaMPLE 2. Consider the deterministic Volterra integral equation of the second kind as
follows:

t
X(t) = cos(t /t—s cos(t — )X (s)ds,
0

where the exact solution is X(t) = %(2cosV/3t + 1). The numerical results are shown in
Fig. 1-2.
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Fig. 2. The graphs of exact and approximate solutions for N = 2 for Example 2.
The proposed method, can be also applied to nonlinear deterministic Fredhoml integral
equations.

EXAMPLE 3. Consider the Fredholm integral equation of the second kind [30]

X(t) = exp (275 + (é)) 4 /16xp (275 - (§>S>X(s) ds,
0

with the exact solution X (¢) = exp(2t). The computational results are compared with that
obtained in [30] and are illustrated in Table 2.

(43)

Table 2. The absolute errors obtained by the proposed method
with different values of N for Example 3

¢ N=5 N=6 N=10 m=064[30] m = 128 [30]
0 1.0589 E—4 7.6683 B—6 6.2495 E—11 5.6999 E—5  4.0000 E—5
02 83927 E—5 7.8574 E—6 4.6068 E—11 1.2000 E—4  1.9999 E—5
04 41799 E-5 83148 E—6 5.3258 E—11 9.9992 E-5  3.0000 E—5
0.6 44243 E—5 87391 E—6 5.5025 E—11 4.5999 E—4  4.9999 E—5
0.8 99533 E—5 9.1235 E—6 5.0805 E—11 7.5999 E—4 2.9999 E — 5
1 14078 E—4 98403 E—6 7.3655 E—11 3.5000 E—4  4.9999 E—5

EXAMPLE 4. Consider the deterministic Riccati differential equation

u'(t) +u?(t) —1=0, wu(0)=0. (44)
exp(2t)—1
exp(2t)+1°

given in Table 3, and are compared with the results obtained in [31].

The exact solution is given by u(t) = The numerical results of this example are
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Table 3. The absolute errors obtained by the proposed method
with two values of N for Example 4
t = 6 (Present method) N =12 (Present method) m =12 [31]
0.1 1.2775 E—6 1.6259 E—-11 1.11 E-10
0.2 2.6439 E—6 2.5123 E—-12 2.04 E-10
0.3 1.3688 E—7 2.3986 E—11 2.10 E-12
0.4 2.8560 E—6 2.2805 E—11 2.23 E-10
0.5 7.3035 E—-7 1.3141 E—-11 4.03 E-10
0.6 2.39994 E—6 2.3181 E—-13 1.79 E—10
0.7 9.8334 E-7 1.1980 E—-11 8.59 E—11
0.8 2.5757 E—6 1.4748 E—11 2.70 E-10
0.9 2.8394 E-7 5.0553 E—12 1.89 E—10
1.0 2.6817 E—6 2.3652 E—11 2.66 E—11
EXAMPLE 5. Let us consider the problem
¢ ¢
X(t) = Xo + /a cos(X (s)) sin®(X (s)) ds — / ))dB(s), € [0,1]. (45)
0 0
The exact solution is X (t) = arccot(aB(s) + cot(Xp)). The computed errors for N = 5,

a=1/8 and Xy =7/32, Xg =0.1, Xg = 0.01, Xy = 1 are summarized in Table 4.

Table 4. The absolute errors obtained by the proposed method
with different values of Xy for Example 5

t X0=0.01 X0=m/32 X0=0.1 X0=1

0 82145 E-6 4.0132 E—4 8.3099 E—4 6.2593 E-2
0.1 7.7400 E-6 6.8875 E—4 7.8514 E—4 5.9772 E-2
0.2 1.0725 E—6 8.6983 E—4 1.1750 E—4 1.1500 E—2
0.3 4.6979 E-7 4.2429 E—-4 4.6663 E—4 3.2472 E-2
0.4 4.2535 E—6 9.1225 E-5 3.0996 E-5 1.2364 E—3
0.5 7.6467 E—6 1.3240 E—4 7.8170 E-4 6.1292 E-2
0.6 3.0515 E-6 1.2116 E—4 3.2278 E—4 2.8464 E-2
0.7 6.1677 E-6 3.2922 E—-4 6.1092 E—-4 4.1968 E—2
0.8 1.5208 E-6 6.1442 E—-4 1.3615 E—-4 4.9793 E-3
0.9 3.2037 E-6 9.8149 E—4 3.0564 E—4 1.7478 E—2

EXAMPLE 6 (Stochastic Lotka—Volterra model). Lotka—Volterra model also known as the
predator-prey equations, in deterministic subclasses, are well-known and have been an active
area of research concerning ecological population modeling [32]. The logistic model is often
represented as follow:

dX (t)
dY (1)

= X(t) (b1 — anX(t) — ang(t))dt + UlX(t)dBl (t),
= Y(t) (b2 — CLQlX(t) — CLQQY(t))dt + O'QY(t)dBl (t),
with initial conditions X (0)

= Xo, Y(0) = Yy, where ai1, ai2, azi, az, bi, by, 01 and o9

are parameters. The application of the proposed method, gives the corresponding nonlinear

system
UT
VT

= X'+ 06 U0TP1Q

— a11ﬁ2TP—1Q

—apUTVP1Q + o, UT PP,
=Yy + VTP Q- anVIUP'Q — apnVy P71Q + 0o VT PP,
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where
Xt =UTQn(t), Y(t)=VTQn(t), X*(t)=Us@Qn(t), Y>(t)=V5Qn(1),

V= diag[vl,vg, . ,UN+1], U= diag[ul,ug, . ,uN+1],

o= (02 0d . %)’ O = (il i),
with U = (uy,u2,...,un+1), V = (v1,v2,...,un+1). In this example, we take X (0) = 0.5,
Y(O) = 1 and b1 = 20, BQ = —30, ail = agy = 0, alp = ag1 = 25 and g1 = 09 = 1. We
take M = 80 simulations for N = 8 and M = 30 for N = 5, we compute the means of X ()
and Y'(t). The numerical results are shown in Fig. 3-4.

o

g —+— Approximate Xt} A
S 4L ©+ Approximate Y(t) /2'" \‘\\ 4
§ // Ay
N

g 3L //* N =
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= < — +A
3 2r //“ . e \ 1
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*g' '«/ T \\ 4
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Fig. 3. Approximate solutions for M = 80 and N = 8 for Example 6.
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Fig. 4. Approximate solutions for M = 30 and N = 5 for Example 6.

ExAMPLE 7. Consider the following nonlinear stochastic It6 integral equation

t

Xt)=1+ /X(t)(g% - X2(t)> dt + /0.25X(t) dB(t), te€l0,1], (46)
0 0

with the exact solution
exp(0.25B(t))

X(t) = t
\/1 + 2 [exp(0.5B(s)) ds
0

: (47)

where X () is a stochastic process defined on the probability space (€2,.#, P). The numerical
results with M = 150 simulations are shown in Table 5 and are compared with the results
obtained in [10].
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Table 5. The absolute errors obtained by the proposed method
with different values of N for Example 7

t N=4 N =38 N=10 N=4[10] N=8][10] N =10 [10]
0 1.6360 E—3 4.0901 E—2 14337 E—1 817 E—2 276 B—2  9.29 B2
0.1 3.4591 E—2 7.6948 E—2 82714 E—2 529E-2 251 E-2  6.31 E-2
0.2 11814 E—1 69798 E—2 1.3960 E—3 289 E—2 259E—2  3.86 E—2
0.3 9468 E—2 24183 E-2 1.7747TE—2 67E-3  3.06 E—2  1.65 E—2
04 75338 E—2 9.7591 E-3 84280 E—3 159E-2 384E—2  43E-3
0.5 7.7120 E=2 6.4695 E—3 59106 E—2 4.12 E—2 487 E—2  2.41 E-2
0.6 6.1632 E—2 9.0339 E-3 12380 E—2 7.25E—2 6.08 E—2  4.31 E-2
0.7 54542 E—2 1.0809 E—-1 48138 E—2 1141 E—1 742E-2  6.12 E-2
0.8 6.9447 E—2 6.1975 E—2 48274 E—2 1714 E—1 889E—2  7.87 E-2
0.9 6.6438 E—2 23192 E—2 88528 E—2 2512 E—1 1.055 E—1  9.55 E—2

EXAMPLE 8 (the basic Black-Scholes model). Consider the following linear stochastic

equation

AX (1) = AX (t)dt + pX (£)dW (¢),

X(0) = Xo,

t €10,1],

where the exact solution is given by

X(t) = exp (()\ - %;ﬁ)t 4 uW(t)).

(48)

The results obtained for A = —10, u = 1, N = 5 and M = 100 simulations of this example
are given in Table 6 and in Fig. 5-6.

Table 6. Computed errors for Example 8

t Xo = 0.001 Xo=0.01 Xo=1
6.0012 E-5 2.1938 E—3 1.2309 E—1

0.1 7.1472 E—4 2.5322 E—-3 9.5855 E—2

0.2 8.3066 E—4 1.5726 E—3 2.8627 E—2

0.3 7.0929 E—4 6.0209 E—4 4.0362 E—2

0.4 4.8256 E—4 4.1796 E—4 1.8396 E—2

0.5 23794 E—4 3.8518 E—4 2.7327 E—-2

0.6 5.5484 E—5 4.4513 E—4 3.7373 E—2

0.7 2.6947 E-5 5.3577 E—4 2.9311 E-2

0.8 1.8354 E—-6 5.6066 E—4 5.1787 E—3

0.9 8.6807 E—5 5.4154 E—4 2.0294 E—2

-3
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Fig. 5. Exact and approximate solutions for Xy = 0.01 for Example 8.
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Fig. 6. Exact and approximate solutions for Xy, = 0.001 for Example 8.

8. Conclusion

Some stochastic differential equations can be written as stochastic Volterra integral
equations. There are many stochastic integral equations which can not be solved analytically.
In recent decade, many researcher are trying to develop the numerical methods for solving
stochastic integral equations. In this paper, we introduced the cardinal Chebyshev functions,
then the deterministic and stochastic operational matrices of these orthogonal functions have
been obtained. These matrices can be also used to solve linear and nonlinear differential
equations. These cardinal functions was used and applied for solving linear and nonlinear
Volterra integral equations. The convergence and error analysis of the proposed method were
investigated. Finally, several examples were included to demonstrate the applicability of the
presented approach, the method of Chebyshev cardinal functions proposed in this paper can
be further expanded to solve systems of stochastic integro-and integral equations for futur
studies.

Acknowledgments. The author wish to express their gratitude to the Editor and referees for
their helpful comments, suggestions and careful reading of the paper which have helped to improve
the quality of the paper.
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Awnunoranusi. [lenb craTbu — MpUMEHUTH KapAuHAJIbHBIE (DYHKIMNA UeObIeBa K YUCJIEHHOMY PEIIEHUIO
CTOXaCTUYECKUX MHTErPajbHbIX ypaBHeHuil Bosbreppa. MeTo ocHOBaH Ha Pa3JIOXKEHUM UCKOMOI'O IIPU-
OJIMZKEHHOTO PEIeHNsI 10 KapIUHAJbHBIM (yHKIusaMu debbimesa. st ymoMsHyTHIX 6a3UCHBIX (DYHK-
il BBIBOJIUTCST HOBasl ONEpaIlMOHHAsT MATPHUIIA NHTErPUPOBaHusi. TouHee, MCKOMOE peIlleHne pa3jIaraerTcst
B TEpMHUHAX KapIUHAJBHBIX (DYyHKIMI HebbIeBa ¢ Hen3BeCTHbIMEU Kodddunuenramu. [logcrapisis yka-
3aHHOE DA3JIOXKEHUE B UCXOAHYIO 33/1a4dy, OlEPAIOHHAs] MATPHIA CBOIUT CTOXACTUYIECKOE MHTErPAJIHLHOE
ypaBHEHME K CHCTeMe aJirebpandecKux ypaBHeHwmil. VlcciiefoBaHBI CXOAMMOCTH W OIEHKA ITOTPEITHOCTH
B npocrpancTBe CobosieBa. MeTos 1oIBEPrHy T YMCJIEHHOI OIEHKE IIyTeM PEIIeHUs] TeCTOBbIX 3a/1ad, B3si-
TBIX U3 JIATEPATYPHI, C MIOMOIIBI0 KOTOPBIX JEMOHCTPUPYETCS BBIYUCIUTEbHAST 3(PMEKTUBHOCTh METOJIA.
C BBIYUCJIUTEILHON TOYKM 3PEHUsI PEIIeHne, TOJyYEeHHOe STUM METO/IOM, OTJIMYHO COIVIACYETCS C Perlle-
HUSIMU, TOJYYEHHBIMH B JPYyTruX paborax, u ero 3QMEKTUBHO HCIIO/IB30BATH MPU PEIICHUN PA3JIMIHBIX
3a/1ad.
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Hocsawaemces T5-aemuro npogeccopa C. C. Kymamenradse

Awnnoranusi. Vccnemyercss cTpyKTypa 3JIEMEHTAPHBIX CeTell HaJl KBaJpaTudHbIMU mnojsmu. Cucrema
o = (045), 1 < 4,7 < n, aAUTUBHBIX NOAIPYII KoJbla R HasbBaercst cerbio (KOBPOM) HaJl KOJIbIOM R
MIOPSIJIKA N, €CJIN 040 C 05 IPU BCEX 3HAYEHUSAX WHJEKCOB i, 1, j. CeTb, paccmaTpuBaemasi 6e3 JuaroHa-
JIM, HA3bIBAETCS SJIEMEHTAPHOI CEThIO (3JIEMEHTAPHBIN KOBEP). DJleMeHTapHast CeTb 0 = (0j) HA3bIBAETCS
HEIPUBOAUMOM, €C/U BCE aIIUTUBHBIC IIOAIPYIIILL 0 OTAMdHbl oT myist. Ilyers K = Q(vd) — xBaapa-
THIHOE ToJ1e, D — KOJIBIO IEJNbIX KBaJAPATHIHOro mnous K, o = (0;;) — HEeNpuBOAMMAasl dJIeMEHTAPHAS
ceTh nopsifika n > 3 Haxg K, npuuem o;; — D-monymu. Eciu nesoe d npuHMMaeT OIHO U3 CJIELYIONINX
sHavenwuit (22 moust): —1, —2, —3, =7, —11, —19, 2, 3,5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73, To nJst
HEKOTOPOIr'o IMPOMEXKYTOIHOro moKo bia P, D C P C K, ceTb 0 compsi>KeHa JUAroOHAJbHOW MaTpHUIlei
u3 D(n, K) ¢ s1eMeHTapHOl CeThIO UIeasI0B Kolblua P.

KuaroueBrbie ciioBa: ceTb, KOBED, dJIEMEHTApHAsl CETh, 3aMKHyTas CETb, I0JI€ aIredOpamvdecKux UnCel,
KBJIPATUIHOE TIOJIE.
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Uccneayercst crpyKTypa 9/EMEHTAPHBIX ceTell HaJl KBaJpaTudHbIMU moJjisiMu. Cucrema
o = (045), 1 < 4,j < n, aUUTUBHBIX NOAIPYII KOJbIa R HA3BIBAETC CETHIO (KOBPOM)
HaJ nojgeM K mopsika m, ecam 04.0,; C 0y OPU BCeX 3HAUCHUAX HHJEKCOB i, 1, j. CeTs,
paccmaTpuBaeMasi 6e3 JaroHasM, Ha3bIBAETCs JIEMEHTAPHOIN CeThio (3JIeMEHTapHBIH KOBED).
DileMeHTapHast ceTh 0 = (0;j) HA3BIBAETCS HENMPUBOANMOIL, €CJIH BCE aJIUTUBHBIE HOAIDPYI-
0bl 0;; OTIMYHLI OT Hynsd. Ilyers K = @(\/E) — KBaJIpaTU4IHOE 10Jie, [ — KOJIBIIO IEJIBbIX
nosst K, 0 = (0;;) — HenmpuBOAMMAsI dJIEMEHTAPHAS CeTh IopsKa n > 3 Haj K, npudeM o —
D-momynu. /Iyt HEKOTOPOTO KJjiacca KBaJIPATUIHBIX IOJICH Q(\/E) (/11 HEKOTOPOTO KJ1acca
HEJIBIX 9ucesl d) JIOKA3aHO, YTO C TOYHOCTBIO JI0 CONPSIZKEeHHsI (SJEMEHTApPHON CETH) JHaro-
HaJbHON Marpureii uz D(n, K) Bce 04 gBIsOTCS neagaMu (bUKCHPOBAHHOIO HPOMEZKYTOU-
Horo nojyikosbiia P, D C P C K. B 3ak/II0o4eHUEe CTPOUTCS HEJIOMOJIHAEMAasi CUMMETPHYECKas
9JIEMEHTapHAsI CeTb HAJl KBaIPATUIHBIM IIOJIEM.

© 2020 Koitbaes B. A.
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1. KBagparudnbie noJisg. KoJbIlo IejIbIX KBaAPATUIHOTO IT0JIs

KBasipaTuvaHbIM 110J1eM MBI HA3BIBAEM PACIIUPEHUE TOJIST PAIHOHATLHBIX duces Q Bropoii
crenenu. Bcesikoe KBajpaTWdHOE I10JI€ MMEET BUJL Q(\/E), e d # 1 — HekoTopoe Teoe
panmoHaIbHOE YucsI0, cBoOOHOE OT KBaaparos |1, ri. II, §7, m. 1.

Hucno a nosst anrebpandeckux 4nces K (KOHEYHOE pacIIMpEHUe IOJIs PAIMOHATBHBIX
YHCesT) HA3bIBAETCsI IIEJIBIM AJIredpanvecKuM GHUCJIOM, €CJIH ¢ sIBJISIeTCsl KOPHEM yHUTApHO-
ro (craprmii koadduimenT MHOrOUYIeHa paBeH 1) MHOrOYIEHA C IEIBIME PAIMOHATIBHBIMU
kodbdurmenTamu. MHOKECTBO BCEX IEJIBbIX aJaredpamdecKux duces mojisg K sBisercs moj-
KOJIBIIOM TI0Jisi K, KOTOpoe Ha3bIBaeTcsi KOJIbIOM Tenbix mois K (em. [1, anrebpamdaeckoe
nonosmenne, §4] u [2, wr. 5]). Koubuo nensix D nosst anrebpandeckux dnces K coBnajaer ¢
MakKCHMaJIbHBIM mopsikoM mosist K |1, rur. 11, § 2, Teopema 6.

IIpennoxenue 1 |1, . 11, §7, reopema 1|. Ilycrs d # 1 — nesoe panupoHaibHOE 9HCIO,
cBoboiHOE 0T KBajparoB. Koo nesbix (MakcuMasibHbIH 1mopsiiok) D KpajparuaHoro noss
Q(\/a) COBHAJIAET C KOJIBI[OM

D=7[0)=7Z+70 ={x+yb: z,y €L},

e = /dopud = 2,3 (mod4) nf = 1+_2«/& upu d = 1 (mod 4). JIuckpuMuHAHT 110151 Q(\/&)
paseH 4d B mepBoM ciiydae u d BO BTOPOM.

ITpengoxkenne 2 [1, r. 111, §2|. 1) Koubno nesabix D MHEMOro KBaJpaTHIHOIO IIOJIS
Q(\/E ), d < 0, sIBIIsIETCS] €BKIMIAOBBIM TOLJA H TOJIBKO Torsa, Korja (5 moueii)

de{-1,-2, -3, -7, —11}.

2) Kousbro nesbix D BelrecTBeHHOrO KBaJPaTHIHOIO I10JIS Q(\/&), d > 0, siBiIsIETCST €B-
KJIJIOBBIM TOTJIa H TOJIBKO Torja, Korja (16 mose)

de {2 3,5,6,7, 11, 13,17, 19, 21, 29, 33, 37, 41, 57, 73}.

2. SHeMeHTapHI)Ie CceTu Had KBaJAPAaTUIHbIMU ITOJIAMMU

B sToM pasjiesie Mbl Jaj MM OlUCAHNE dJIEMEHTAPHBIX CeTell Hal HEKOTOPBIM KJIACCOM KBaJI-
PaTUYHBIX ITOJICH.

Cucrema o = (045), 1 < 4,j < n, aJUIITUBHBIX IOAIPYII KoJbIla R HasbIBaeTCH CEmMbIo
(xospom) |3, 4] maz momem K mnopsiika n, ecian 040p; C 0 IPH BCEX 3HAYEHNSIX HHIEKCOB
i, r, j. Cerb, paccMarpuBaeMasi 6€3 JaroHAJIM, HA3BIBACTCS JIEMEHTAPHOI CeThIO (dJIeMeH-
TapHbIil KoBep) (3, 4|. Diementapuas cerb 0 = (0;),1 < i # j < n, Ha3BIBaETCA JonoaHAe-
MOT, eI JIJIs HEKOTOPBIX aJJIMTUBHBIX MOATPYII (TOYHEe, MOJIKOJIEN) 0;; KoJbiia R tabauia
(c nmaronassio) o = (0y5), 1 < 4,7 < n, aBigercs (MOIHOI) ceThio. XOPOIIO U3BECTHO (CM., Ha-
npuMep, [3]), 4To s1eMeHTapHas CeTh 0 = (0;;) SBJISAETCS IONMOIHAEMON TOIJIa U TOJIBKO TOTJIA,
Korja 000 C 0 J/s JIOObIX © £7.

ITosHy0 Ml S/1eMEHTAPHYIO CeTh 0 = (0j) MBI HA3bIBAEM HENPUS0OUMOT, €CIIH BCE aJI-
THBHBIE IIOATPYIIIBI 0j; OTJIHIHBI OT HYJIS.

Haszosem ssnementapuyio cetb o samxnymot (donycmumot) (|5; 6, Bompoc 15.46|), ecan
sJleMeHTapHast Tpynna F(0) He COIepKUT HOBBIX 3JIeMEHTAPHBIX TPAHCBEKIM. 3aMKHY THIMU
SIBJISIIOTCSL, HATIPUMED, JIOTOJIHSIEMbIe JIeMEHTapHble ceTu (CM., Harnpumep, |3]).
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,Ha,ILI/IM B HavdaJl€ OIIMCaHUE ITPOMEXKYTOIHDBIX KOJICIT, 3aK/JIIOYEHHBIX ME2K/1y 00J1aCTBIO IJIaB-
HbIX 1JeaJiOB U ero 1oJjeM 4JacCTHBIX. CJIG,[LyIOH_[aSI JIEMMa XOPOIIIO U3BECTHa.

Jlemma 1. Ilycte R — obuacth riaBHbIX maeasoB, K — moje gacTHbIx KoJbia R. Ecian
S — MyJIBTHIIJIHKATHBHOE TIOJMHOYKECTBO, IOPOXKIEHHOE TIOMHOXKECTBOM MPOCTHIX KOJIbIa R,
10 ST'R rmaxske sBisercs KouabnoM riasubix mieatos 1 R C ST'R C K. C gpyroii cTopoHsr,
BCsikoe IpoMexKyTodHoe 1ojkogbiio P, R C P C K, aBjiseTcss KOJIBIIOM TI'JIAaBHBIX HJI€AJIOB H
umeer By P = ST'R s HeKoTOpOro MysbTHILIHKATHBHOIO IojMHOMKecTBa S C R.

IIpenyoxenne 3 |7, reopema 2|. Ilycrs 0 = (045) — HenpuBojuMast sJ1€MEHTapDHAs CETh
nopspika no > 3 Haj mojeM dacTHbiX K KoJsibra ryIaBHBIX HjeaoB R, mpmaem jijist Jii0ObIX
i, j, © # J, IOATPYNIIEl 045 ABasAioTCs R-Moxynamm. Torma s HEKOTOPOroO MPOMEKYTOIHO-
ro nogkosbiia P, R C P C K, cerb o conpsizkeHa jguaronasbHoli mMarpuneii u3 D(n, K) ¢
s/IeMEeHTapHOI ceTbio T = (;;) mieanoB Kosbla P, rjge mj = q;; P, ansa Hekoropeix q;; € P.
B gacrHocTH, 3/1€eMeHTaApHAST CETh O SIBJISIETCST 3aMKHY TOH.

DileMeHTapHAsA CeTh T = (7;;) U3 HPEJJIOKEH sl HAIVIAIHO IIPEJICTABIIAETCs Tab el

*  qi2P q3P ... q.P
P *  q3P ... qnP

7= (mj)=| P ¢nP * . gmP . (1)
P anP qngp e *

Teopema 1. Ilyctp K = Q(\/E) — KBaJjparudHoe moje, D — kojbio reabrx mois K.
Ilycrp, nanee, o = (0;;) — HEIPHBOAHUMAs dJIEMEHTaPHAs CeTh HOpsjiKa 1 > 3 HaJ mojem I,
npmdeM JIs TOObIX © # j, IOATPYHIIEI 0 ABIsgioTcs D-Mmonymavn. Ecn riesoe d npunuMaeT
OJIHO U3 CJIeJIYIOIINX 3HavYeHnii (22 moJis):

-1, -2, =3, =7, —11, -19, 2, 3, 5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73,

TO JIJIsI HEKOTOPOro 1npomexkyTodnoro mnogkosbina P, D C P C K, cerb o conpsixkena Jiua-
ronaybHoOl Marpuieii u3 D(n, K) c anemenrtaproii cerbio m = (m;;) ujeasios Kouibia P, rie
mij = qij P, s mHexkoroppix ¢;; € P (cm. (1)). B gacrHOCTH, 9/1€EMEHTapHAs CETh O SIBIISIETCS
3aMKHYTOH.

JokazaTebcTBO TeOpeMbl BBITEKAET U3 IIPeJJIoXKeHuii 2, 3 u jeMMbl 1 (IIpr 9TOM HYZKHO
3aMETHTb, UTO BCSKAsl €BKJIMIOBA 00JIACTH SIBJISIETCs 0OJIACTBIO [VIABHBIX UJIEAJIOB).

SAMEYAHUE. KoJbIO IMeIbIX MHAMOI'O KBaJIPATHIHOI'O IIOJIST @(\/—19) sABJIsTeTcsT obJia-
CTHIO IVIABHBIX WJICAJIOB, HO He sIBJISIETCs] €BKJIMJIOBBIM |8].

3. IlocTpoeHue HeIOMOJHSIEMOI IJIEMEHTAPHOI CeTU Ha[ KBaJPATUIYHBIM IT0JIEM

Pesynbprarsr sToro naparpada 1mokasblBalOT CYIIECTBEHHOE OTJIMYHME CTPOEHUS 3JIEMEHTAP-
HBIX cerTeil HaJ| mojieM panuoHabHbIX uncesa Q [7] or crpoenus sjaemeHTapHBIX ceTeil Hajl
KBa/IPaTUYHBIMU IOJISIMHU.

[Tycrs d = 2,3 (mod 4). B nosie Q[\/&] PACCMOTPUM KOJIBIIO TeJIbiX D = Z[\/E]
[Tomoxxmm

t=m(1+vd), A=t'D, meZ m=>3, B=IZLt+A=17t+t'D.
Bamerum, uro A C B u

2 =m?((1+d)+2vd), t3=m3((1+3d)+ (3+d)Vd).
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Ilpennoxkenue 4. Tabsuia

* B A ... A

B * A A
T =

A A A ... x

ABJISICTCA HEJIOINOJIHACMOH 3JIECMEHTAPHOH CETBIO.

< Jeitcreurenno, Tak Kak A = t*D — uyean konbia D = Z[\/&], To A2 C A, AB C A,
a oTOMYy TabJInIa T SBJSIETCS dJIeMEHTapHOM ceTbio. [yt Toro, 9Tobbl OKa3aTh, YTO 3Jie-
MEHTApHAS CeTh T ABJAETCS HEJOTOMHAEMOM, HaM JI0CTATOTHO MoKazaTh (cM. §2), uro B3 He
conepzkuTcs B noarpymie B. Ilokaxenm, 4aro 3 me comepxkurcs B B = Zt 4+ t*D. JeiicTu-
TesbHO, ecant t3 € B, 1o t2 € Z + t3D, a noromy st HEKOTOPEIX @ € Z u x + yv/d € D bl
uMeeM (CM. BbIme 3Hadenue t2 u t3)

m?((1+d) +2vVd) = a+m?[(1 +3d) + (3+ d)Vd] (z + yVd)
= 2=m(y(1+3d) + z(3 + d)) € mZ.

Onnako nocjieHee HEBO3MOXKHO TaK Kak m = 3. >
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Hocsauwaemen npogeccopy

Kymamenadsze Cemeny Camcorosuny

no cayuaro 75-semmezo 10bunes

Awnnorauus. Ilycrs E u F — 6anaxosbl pemerka, a Zo(°E, F) n 2} (°E, F') 0603Ha9a10T COOTBETCTBEHHO

IIPOCTPAHCTBA HENIPEPBIBHBIX U PEryIsAPHBIX OPTOTOHAJIBHO aJJIUTUBHBIX S-O/ITHOPOJHBIX ITOJJMHOMOB, Jeii-
CTBYIOIUX MEXy OaHaxoBbiMu pemrerkaMu I u F'. OCHOBHBIE pe3y/IbTATHI CTATHY TAKOBBHI.

Teopema 3.4. Ilycrs s € N and (E, || - ||) — nopsiikoBo o-nosnas s-Bbliryk/iast 6aHaxoBa pernerka. Pap-
HocuibHBI caenyomue yreepxkaenns: (1) Po(°E,F) = ] (°E, F) aas moboro AM-npocrpaucrsa F;
(2) P.(°E,c0) = P5(°E,F) g soboro AM-npocrpancrea F; (3) P.(°E,co) = ZP5(°E,co);

(4) Po(°E,co) = P5(°E, co); (5) E auckperHa H IIOPSIKOBO HENPEPLIBHA.

Teopema 4.3. Ilyctp E u F' — 6anaxoBbl pemerku, npudeM E S-BbIIIYKJIa JIJISI HEKOTOPOI'O HATYPAJIBHOI'O
s € N. Tora paBHOCHIBHEI cienyromue yreepxkaennsi: (1) &2 (°E, F') — BeKTOpHas peleTKa u peryJisipHast
Hopma. || -||» on P25 (°E, F') Ha Heit nopsigkoso HerpepsiBha. (2) Kaxx bl 10JI0XKATEIbHBI S-0JHOPOAHBIH
OpTOrOHaJIbHO aiuTHBHBIH nojmaoM u3 E B F sapisercs L- u M-ciabo KOMIIAKTHBIM.

Teopema 4.6. Ilycte E u F — 6anaxoBbl perierku, npudem F objamgaer MOJ0XKUTETBHBIM CBOHCTBOM
Illypa, a E s-Bbiiykia aus nekoroporo s € N. Torma pasuocuibabl yreepaxaenus: (1) (2] (°E, F), || - ||-)
sapasiercss KB-npocrpaucrsoM. (2) Peryisipuas vopma || - ||» npocrpancrsa ;) (°E, F') nopsakoso Henpe-
pbieHA. (3) E He comep>kuT noJpemerok, n30MopgHbIx 1°.

Kuarouessbie ciioBa: 6anaxosa pemerka, AM-npocrpancrso, K B-ipocTpaHCTBO, OIHOPOIHBINA TOJMHOM,
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1. BBenenue

B mmociieanee JIeCATHJIETHE 3HAYUTE/IbHO BO3POC MHTEPEC K HCCJIACIOBAHUIO ITOPAIKOBBIX

CBOMCTB ITOJTMHOMOB B DECKOHEUHOMEDHBIX (PYHKIIMOHAJIBHBIX PEIeTKaX. JTO CBSI3aHO C TEM,

9YTO MHOI'€ BazKHbI€ CBOICTBa IIOJIMHOMOB 3aBHUCAT OT €CTECTBEHHOI'O OTHOIIEHMUSI IIopdIKa

B IIPOCTPAHCTBAaX, B KOTOPBIX OHU JieiicTBYIOT. Kpome TOro kjacchl MOJMHOMOB MeEXKIy Oa-

HaXOBBIMH pPEIIETKaMU, BbIJC/IAEMbIC KOM6I/IHI/IpOBaHHI>IMI/I METPUYICCKUMU N IOPAJKOBBIMU

CBOMCTBAMU, UMEIOT DOraTyio CTPYKTYPY U UHTEPECHBbIC B3AMMOCBSI3H.

(© 2020 Kycpaesa 3. A., Cuykaes C. H.
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B 10 BpeMsi Kak ajrebpandeckue U JTUHEHHO-TOIIOJOTUIECKHE CBOWMCTBA TIOJIMHOMOB, KaK
U B3aMMOCBA3H C eOMeTpHUell GaHaXOBLIX MPOCTPAHCTB, UMEIOT JABHIOK MCTOPUIO M XOPOIIO
OCBEIIEeHBI B inTeparpype (M., Hanpumep, [1]), u3yuenne nopsiIKOBBIX CBOHCTBO IIOJIMHOMOB B
BEKTOPHBIX 1 6QHAXOBBIX PElIeTKax HAYaTO CPABHUTEILHO HEJABHO: B KAYECTBE JBYX CTAPTO-
BBIX TOYEK MOXKHO yKazarh paborbl Canjgapecana |2| u I'pexy u Psna [3] (M. Takke nepsbie
Tpu juccepraiyu Ha 3Ty Temy |4-6]). Ilocsenyromiee passurne orpazkeHo B ucrouHukax [7—13|;
CM. TAKK€ YKA3aHHYIO B HUX JIATEPATYPY.

TpaJuIMOHHOMN JIJIsT TEOPUU JIMHEHHBIX PEry/IsPHBIX OlEePaTOPOB B OAHAXOBBIX PEIIeTKAX
ABJISIETCA MPODJIeMa; KaK BJIUSIOT Ha CTPOCHUE TOTO MJIM MHOTO KJIACCA JIMHEHHBIX OepaTOpOB
CBOiicTBa HAHAXOBBIX PEIETOK, B KOTOPBIX JIEiCTBYIOT paccMaTpuBaeMble oreparopst |14, 15].
B nacrosmeit pabore paccMOTPEHBI JiBa BOIPOCA B KJIACCE OPTOrOHAJIBHO aJIMTUBHBIX OJHO-
POJIHBIX TIOJIMHOMOB: TIPU KAKUX YCJIOBHUSIX KayK/IbIli OrPAHUYEHHBIN 110 HOPME TIOJIMHOM sIBJIsi-
eTCsl PEryJIAPHBIM U ABJISIETCS JIM PEryJIsspHas HOpMa Ha IIPOCTPAHCTBE BCEX TAKMX ITOJUHOMOB
HOPSIJIKOBO HEPIEPLIBHOM !

CrpykTypa paboTbl TakoBa. [ljist KaxKoif paBHOMEDHO IIOJIHON BEKTOpHOI pemrerku F
U (PUKCUPOBAHHOTO HATYPAJBHOIO YUC/A S CYIIECTBYET S-OJHOPOJHBIH KAHOHUMECKUT NOAU-
nom, peficTByomuit u3 £ B s-BornyTusanuio E,) pemerkn E, raxoff, 1To mupokunii kiacc
OpPTOrOHAJILHO AJIUTHBHBIX MOJMHOMOB JIOIyCKAET IMPEJICTABICHAE B BHJE KOMIIOZHUIIUA Ka-
HOHIECKOTO NOJIMHOMA C JIMHEHHBIM ONePaTOpOM, onpejieienHoM Ha Fy). DToT pesysbrar
BMeCTe ¢ HEOOXOIMMBIMU JIJIsSl JAJLHEHIIIEro ONpeIe/IeHuAMI U 0003HAYCHUSIMU [TPUBOJINTCS
BO BTOpOM Iaparpade. B Tperbem naparpade obCyKaaeTcst BOIPOC O TOM, KOIJA KayK bl
OrpaHMYEHHDIH 110 HOPME OPTOrOHAILHO AJIUTHBHBIA OJHOPOIHBIN MOJUHOM SBJISICTCS PEry-
JsipHbIM. [ToKazaHo, 4To JimHeapu3aIys ¢ HOMOIIHIO KAHOHUIECKOrO TTIOJIMHOMA [TO3BOJISIeT T1e-
PEHOCUTDH Ha OPTOTOHAJIBLHO aJIATHBHBIC MOJUHOMBI PEYIbTATHI, HOJIYUYCeHHbIE /15 JTMHEHHDIX
ornepaTopoB. B derBepToM maparpade yKasaHbl yCIOBUsI, IPU KOTOPBIX PEryJsipHasi HOpMa
B IIPOCTPAHCTBE PErYJIAPHBIX OPTOrOHAJIBHO a IMTUBHBLIX OJHOPOHBIX ITOJUHOMOB SIBJISIETCS
HOPSIJIKOBO HENPEPBIBHOIA.

Banazosa pewemka E — sro 6anaxoso mnpocrapucrso (E, || - ||), sBisonieecs: ogaoBpe-
MEHHO BEKTODHOI1 peIeTkoii ¢ MOHOTOHHON HOPMOIi, T.e. jyist x,y € F HepaBeHcTso || < |y|
sietuer ||z|| < ||ly||, me |x| = xV(—x) = sup{x, —x}. Hopmy B 6amaxosoii pemerke F (a Takxke
caMy GaHAXOBY DEINETKY) HA3BIBAIOT NOPAJKOG0 HENPEPuieHol, eCIIU JIJIs BCAKOH yObIBatoIIeit
cetu (x,) B F u3 inf, z, = 0 creayer lim, ||z,|| = 0. BanaxoBo jBoiicrBeHnoe mpocrpan-
crBo E’, cnabxKeHHOE JBOMCTBEHHON HOPMOIl U JBOMCTBEHHBLIM HOPSIIKOM, TaK¥Ke SBJIAeTCS
HaHaxoBoil pemerkoil. VCIoib3yroTest cranjapTHble 0003HAYEHUsT ¥ TEPMUHOJIOTUSI TEOPUN
HaHaxXoBBIX perierok u3 KHur Asmnpantuca u Bépkunmio [16] u Meitep-Hubepra [17], a rak-
’Ke Teopuu mojumHOMOB u3 Kuuru Jlaitauna [1]. Beroay B Tekcre := o3HauaeT «paBHsIETCs 1O
ompeaeneuuioy, a N u R 0603HaIAI0T COOTBETCTBEHHO MHOXKECTBA HATYPAJIbHBIX U JIEHCTBU-
TEJILHBIX YUCET.
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2. lIpenBapurejbHbI€ CBe/IeHUS

B sToMm maparpade cobpaHbl HEOOXOAMMBIE JIJIsST JAJHLHEHIIEro CBeIeHNsI 00 OTHOPOIHBIX
[IOJIMHOMAX U CTEIeHH DAHAXOBOH PEIeTKH.

ONPEAEJIEHUE 2.1. BosbMeMm HaTypasbHe dncio s € N u BeKTOpHBIE TpocTpaHcTBa F
u F. Oro6paxenue P : E — F Ha3bBaOT 00HOPOOHbLM NOAUHOMOM cmeneny s (Wi $-00-
HOPOOHBLM NOAUHOMOM), €CITH CYIIECTBYeT S-JIUHEHHbI onepaTop ¢ : E® — F Takoii, 4to
P=gpolAy e Ay : E — E% — duzonarvroe omobpasicenue Ag : x — (x,...,x) € E5. Cy-
MECTBYET €IMHCTBEHHBI CHMMETPUIHBIN S-JTMHEHHBIN omepaTop , jist KoToporo P = g o Ag;
nocietHmit oboznauaercs cumposiom P, Tak uro P(x) = P(z,...,z) aisa seex x € E.
Hanomunwm, 4aro s-imHeitnblii omeparop ¢ : E° — F cuvmmerpudeH, ecan o(zq,...,Ts) =
O(Te(1)s - -+ s To(s)) I TOOOI MEPECTAHOBKH 0 MHOXKECTBa MHJIEKCOB {1,...,n}.

HermnpepbIBHOCTD $-0/HOPOJIHOTO TOJIMHOMA P MKy HOPMUPOBAHHBIMU ITPOCTPAHCTBAMUI
E u F paBHOCWIbHA €ro OrpaHMYeHHOCTH (Ha eJMHHYHOM Inape). Hopma orpaHmveHHOro
nosimaOMa P onipeiestsiercst popMyJIoit

1Pl = sup {[[P(2)] : [lzll = 1} = inf {C' > 0: ||P(2)]| < Cllz|*, = € EY, (1)

cienosaresnsio, |P(z)|| < ||P||||lz]|® (x € E). Bexroproe HpoCTpaHCTBO BCEX HEHPEPHIB-
HBIX S-OJIHOPOJHBIX mosjmuHOMOB 3 E B F, cHabxkenHoe HOpMmoii (1), o6o3Ha4YaeTcsi CUMBO-
aom Z(°E,F). Ilpn s = 1 nosyvaeMm IPOCTPANCTBO JHHEHHLIX HENPEPBIBHLIX OIEPATOPOB
L (B, F):= Z(E,F).

ONPEAEJEHUE 2.2. OmHOpOJHBIH mosmHOM P u3 BEKTOpPHOU perieTku F B BEKTOP-
HOE IIPOCTOPAHCTBO Y HA3BIBAIOT OPMO2OHAALHO addumuervim, ecian |z| A ly| = 0 Bieder
P(z+y) = P(z)+ P(y) nns Beex x,y € E. B ciayuae, korja Y — Takke BEKTOPHAs PEIIETKa,
P HasbBaioT noaoscumesvnvim, ecia P(xy, ..., x,) > 0 a1 Beex x1,...,x, € Ey, u op-
mopezyaapHbiM, ecii P pe/icTaBuM B BHJIe PA3HOCTH JIBYX IOJOKHTEIBLHBIX OPTOrOHATIBHO
AJJINTHBHBIX OJTHOPOJIHBIX HOJIMHOMOB.

O6oznaunmM uepe3s F,(°E, F') npocTpaHCTBO HENPEPBIBHBIX OPTOIOHAIBHO aJI/IUTUBHBIX
S-OJTHOPOJIHBIX ITOJIMHOMOB, JEHCTBYIONMX MeXK/y BeKTOpHbIME pemerkamu E u F. Ilycrs
P! (°E, F) — wacrb Z,(°E, F'), cocrosiiasi u3 peryjsipHbix noauHoMoB. OTHOIIEHNE TI0psi/IKa,
B 7! (°E, F') BBOIUTCs, KaK OOBIMHO, C IIOMOIIBIO KOHYCA IIOJIOXKUTEIBHBIX TOJHHOMOB: P < @)
TOrJIa U TOJBKO Torja, korga 0 < @ — P. Peeyaapnuaa nopma || - ||, na P, (°E, F') BBopuTcs
dopmyitoit

|P|, == inf {||Q| : £P < Q € ZL(°E, F)}. (2)

st noyozkuresbaoro nojuuoMa @ € " (°E, F') uMeeT MeCTO PaBEHCTBO

1Rl = QI =sup {[|Q(x)[| : 0 <= € B, [lz]| <1}. (3)

Bozbmem 6anaxoBy perterky E u Bemecrsertroe uncsio ) < p < oo. Vcnosb3ys oiHOpoiHOE
bYHKIIMOHAIBHOE UCYUCJIEHAE, MOXKHO OIPEJICJINTh HOBYIO CTPYKTYPY BEKTOPHON DPEIeTKH
Ha F, coxpaHuB TOT 2Ke MOPSAIOK U OIPEIEJIUB HOBbIE OIEPAINY BEKTOPHOI'O IIPOCTPAHCTBA.

ONPEJIEJIEHUE 2.3. BeejeMm ciioxkenue & 1 yMHOXKEHUE Ha CKaJIsIpbl ® B OaHAXOBOIi pe-
merke F dopmynamu x @y = (P + yp)l/p uA®z = \/Px e z,y € Eu )\ € R. Torja
Eqgy:= (E,®,®,<) — Bekropnas pemerka. O603HAIM CHMBOJIOM (), TO?KJIECTBEHHOE 0TOOPa-
xkenne Ha (E, <), paccmarpuBaeMoe Kak oneparop u3 E Ha E (). Onpenemm taxxke dyHKIHIO
I ) : Epy — R dopmynoit ||ty (z)](p) = [|7||P (z € E). Bexropuyto pemterky E(,) Bmecte ¢
KBa3HHOPMOTi || - ||(,) HasBIBAIOT p-60enymusayued pemerkn E (cM. kaury Jlunjenmrpayca u

Hadbpupn [18]).
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Eciu s € N, o npunatet Takzxke obosnavenus B¢ = iy u 2°¢ 1= ts(z) (cm. Bynabuap u
Byckec [19]). IIpu sToM cymecTByer eJMHCTBEHHOE CHMMETPUYIHOE S-JIMHEfiHOe 0TOOpazkeHne
©®s : B* — E%° makoe, uro O4(z, ..., x) = ts(z) mus Beex x € E4. COOTBETCTBYIONIHIA $-0THO-
ponHbIil osimHOM U3 E B E°® Ha3BIBAIOT KAHOHUYECKUM NOAUHOMOM OAHAXOBOI pernerku F
1 0603HAYAIOT CHMBOJIOM Jg, Ojpo6HOCTH cM. B [20)].

B cremyomem mpeioxkeHnn cobpaHbl OCHOBHBIE (akThl 06 orepaTope iy, [20].

IIpennoxenne 2.1. Henmneiinoe orobpaxkenne iy : B — E,) obnajaer cpoiicTsamu:

(1) tp — mopsroBBIiT H3OMOPDH3M 1 roMeoMopdusM MexTy B i E,);

(2) tp HETETHO U COXpaHsIET MOAYIb: Ly(—x) = —ip(x)  |tp(x)| = tp(|2|) st Beex x € E;

(3) tp opTOrOHAJIBHO AJIUTHBEH H COXPAHsIET AH3BIOHKTHOCTE: Ly(T +Y) = tp(x) + tp(2) 1
x Ly Breger vp(z) L 1p(x) mrst Beex x,y € E;

(4) tp((a® + yp)l/p) = 1,(2) B 1p(y) 1 1y(\/Px) = X ® 1(2) j1st Beex 2,y € E m A € R;

(5) (Ep))(q) = (Eq))(p) = Egp) H Lp© tqg = Lq O lp = Lgp, B YACTHOCTH, 1y /s = s

(6) ecim p € N, 10 j(z) = 1p(x 1) + (=1)Pey(z™) a1st Beex z € E.

<1 Bee yTBeprkieHus CIIE/TYIOT HEIOCPEICTBEHHO U3 OIPE/ICTCHIST Ly, 1 KOHCTPYKIH E(p). D>

Boobie rosops, || - ||,y He sBiseTcs HOpMOit, TaK KaK BMECTO HEPABEHCTBA TPEYTOJIbHHN-

Ka Bormosmsercs [z @ yllp) < 2\1—1/19\(”33”(1?) + Iyl (py). 106 rapanTHpOBATL HEPABEHCTBO
TPEeyTOJILHAKA, HY?KHO JIONOJHUTEIHHOE MPE/IIOJIOKEHIEe O BBITYKJI0CTH .

ONPEIOEJEHUE 2.4. BanaxoBy pemerky FE HaspBaoT p-gunykaot, 0 < p < 00, ecin
cytmecTByer mocrostaaasi C' Takasi, ITo
1

m m
DolalP | < Do llal” ] (4)
k=1 k=1

Jyist J1I060ro KoHewHoro nabopa {zi,..., Ty} in £ [18].

Jlemma 2.1. Ilycrs 0 < p, ¢ < oo. Boruyruzanus E(,) 6anaxopoii pemerku E Gyzger
q-BBIIYKJIOI B TOM H TOJIBKO B TOM CJIy4ae, Korja E (pq)-emiykna. B wacrmocrn, E,) —
baHaxoBa peIleTKa JIHIIb B TOM cJay4dae, Korja E r-eirykira maiast HeKoToporo p < r < 00.

< Cwm. |20, crencrBue 3.12]. >

[Ipu 1O0BOJIBHO OOMIUX YCJOBHUAX JJIsSt S-OJIHOPOJIHOIO OPTOTNOHAJIBHO aJJIMTUBHOIO IOJIH-
Homa P : E — F cylnmecTByeT eIMHCTBEHHBIN JuHeiHbIH omeparop 1T : E*® — Y Takoii,
9TO

P(z) =T(2*®), z€E. (5)

Teopema 2.1. Ilyctb E — 6anaxoBa perrerka, Y — BEKTOPHOE IIPOCTPAHCTBO H
P: EF —Y — oproronajibHO aIATHBHBIH S-04HOPOAHBIH rtosimHOM. Torga P gonyckaer mnper-
crapjienne (5) B KaXKJIOM U3 CJEJYIOIUX CJIyIaeB:

(1) Y — mopmupoBarnHoe npoctpancTBo u P HenpepbiBeH 110 HOpME;

(2) Y — nopmupoBanHas pemierka u P peryssipen.

Bosiee Toro, orobpaxkenne T +— T o j)s OCyIIECTBISET COOTBETCTBEHHO H30METPHYECKHIT
nzoMopusM HopmupoBaHHBIX 1poctpaHcTs L (E°)Y) u P,(°E,Y) u nopsyikoBblii u
H30METPHYECKHIT H30MOPGH3M yIOPSJIO9€HHBIX HOPMUPOBaHHBIX mpocrpancTB L7 (E*©)Y)
u PLEE,Y).

< Cwm. Teopemy 2.10 u cinencrsus 2.11 u 2.12 B [20]. >

SAMEYAHUE 2.1. Teopema 2.1 JIe2KUT B OCHOBE MEMOJG NMUHEAPU3AUUY U3YIEHUST OPTOTO-
HAJIBHO &JJIUTUBHBIX [TOJTMHOMOB. B HanGosee obriem Bujie oHa mpeioxkena B [13| u yrounena
B |7|. IIpumepsl npumeHeHusi MeTo/la paccMoTpensbl B [4, 20, 21].
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3. XapakTrepusanuus ANCKPETHBIX
MOPSIAKOBO HENPEPHIBHBIX 0AHAXOBBIX PEIITETOK

JuckpeTHble MOPsiIKOBO HEIlIPEPbIBHBIE ODAHAXOBBI PEIIETKH UI'PAIOT BaXKHYIO POJIb B pas3-
JITIHBIX BOIIPOCAX TEOPHHU OIEPaTOpoB (cM., Hampumep, |14] u [15]). Yo |22, reopema 1| masn
BHYTDPEHHEe OIIMCAHKE STOr0 KJIACCa IIPOCTPAHCTB KaK KJacca 6aHAXOBBIX PEIIeTOK ¢ KOMIIAKT-
HBIMHI 110 HOpMe IOPsIIKOBBIME HMHTepBajamu, a Ban Poit 23, Teopema 10.2| ycranosui, 1to
fanaxoBa perierka F JIMCKpeTHA U MOPSKOBO HEIPEPBIBHA TOIJA U TOJBKO TOIJIA, KOTJA JIIst
70601t GanaxoBoil pererkn F' yropsijiodeHHOe IPOCTPAHCTBO PEry/IsSPHBIX OlepaTropos n3 E
B F' siBiisieTcst BeKTOPHOIT perieTkoil. BHyk [24] mostyumr g1pyryio xapakTepusaryo JIMCKpeT-
HBIX IOPSJIKOBO HENPEPBIBHBIX OAHAXOBBIX PEIIETOK, JIs (POPMYJINPOBKU KOTOPOH HYZKHBI
caiestytomue obosuadenns. Pasencrso 2, (°E, F') = &) (°E, F') o3nadaet, 9T0 KarK/blil Helpe-
PBIBHBIH OPTONOHAJILHO &JITUBHBIN S-0iHOPO/HBIN 1osmHOM u3 E B F' perynsipen. Ecom e,
csepx Toro, ||P| = ||P||, mus Bcex P € Z,(°E, F), o 6ynem mncars Z,(°E, F) = 2} (°E, F).
[pu s = 1 npuaaTe oboznavenus: (B, F):= Z,(\E,F) n X" (E,F):= 27('E, F).

Teopema 3.1. /[y nopsigkoBo o-moJjiHOH OanaxoBoii pereTku F paBHOCHJIBHBI yTBED-
K JICHHUST:

(1) FE guckperHa u 1OpsiIKOBO HENPEPLIBHA;

(2) X(E,CQ) = XT(E,CO);

(3) L(E,co) =L (E, ).

st roro 9To6bl MOTyYNTH BApUAHT ITOI TEOPEMBI JIsi OPTOrOHATIBHO & INTHBHBIX I10-
JIMHOMOB, HaM NOTPeBYIOTCsI JiBa BCIIOMOTaTeNbHbBIX Pe3yJIbTaTa.

Jlemma 3.1. s-Bbimykiast banaxoBa permerka E jguckperna (mopsikoBo HelpepbIBHA, 00-
saJiaer cpoiicrsoM Jlesn wim @ary) TOI/Ia U TOJBKO TOIJIA, KOIJIa TAKOBOI sIBJISIeTCs] 6aHAXOBA
pemterka Eg).

<1 /lokazaTeabCTBO CJle/lyeT HEeITOCPEACTBEHHO 13 onpeesenuit u jjemmbl 2.1. Hyxuo jumb
3aMeTUTh, YTO B cuity npejoxkenust 2.1 (1) orobpazkenusi s u Ls_l COXPAHSIOT JTUCKPETHBIE
QJIEMEHTDI, IIOPAJAKOBO OI'paHMYCeHHbIC MHO2KECTBa, TOYHBIC I'DaHUIIbI, MOHOTOHHBLIE IIOCJIE/I0-
BATEJIbHOCTH U HAIPABJICHHHBIC CETHU, & BBUJLY S-OJHOPOJHOCTH Ly (mpeoxkenue 2.1 (4)), co-

XPaHAIOT TaKKe W OIPAHMYCHHOCTDH 110 HOpMeE. [>

Teopema 3.2. Ilycts E — 6anaxoa pererka, aty(FE) — MHOKECTBO JHCKPETHBIX dJIe-
MeHTOB eauanHOl HOpMbl B B, a F — AM-npocrpancrso. Ecin mbeiinast obosouka aty(E)
mwiorHa B E, o Z,(°E, F) = Z)(°E, F).

< Hnst s = 1 aror dakr yeranosusn Xyn FOub Cron [25, reopema 2.2]. B obuiem cirydae pa-
Goraror aHajgorndHele coobpazkenust. Ilycrs A:= ati(FE) u suneiinas obosouka Ep:= Lin(A)
wiorna B E. Torma Ey — noxpperierka B E u orobpazkenne P — Py := P|g, upencrasisi-
er coboil M30METPUIECKHi pemteTounblii n3oMopdusmom u3 Z,(°E, F) na Z,(°Ey, F'), Tak
Kak KaxKJplii noimHom u3 ,(°Ep, F') momyckaer eIMHCTBEHHOE NPOJIOJKeHne Ha Bce E ¢
coxpaHeHneM HOpPMBI. 3amerum, aTo A — 6asuc amenst mpocrpancTBa Fy M TPOM3BOILHBIH
z € Ey Moxker GbITb IPEJACTABICH B BHJE T = » p_ Apag, tie n € N, Aj,...,\, € Ru
A(z):=A{a1,...,a,} C A. Takum obpazom, nosmaom P € P, (E, F') 0JHO3HAYHO OIpeIe/IsieT-
Cs1 CBOMMY 3HAYEHUSIME Ha rojiperetke Ey, npuaenm myist @ € Ey umeem Po(x) = Y 1 4 A P(ay)
B CHJIy OPTOTOHAJLHOW &JJIUTUBHOCTH W S-opHopogunoctu P. Femm zq,...,xs € Ep, TO
Tj =y 5 4 \jk@j JUIs BCeX j = 1,..., S, Tak Kak, J00ABJIsIsl B CyMMY HyJIEBBIE UJICHBI, MOZKHO
cuntare A(x;) = A(z;). Ucnons3yst opTOCHMMETPHYIHOCTD P, BHIBOINM

Po(xl, e ,xs) = Z)\lk e )\skP(ak).
k=1
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Orcrona BujHo, uro P > 0 B TOM M TOJBLKO B TOM ciaydae, Korga Py > 0, B To Bpems
Kak 1ocsiejiHee o3Havaer, 4to P(a) = Py(a) > 0 mius Becex a € A. Oupejesnm mOJMHOM
Qo : Ey = F dopmymnoit Qo(z) = Y 54 A\j|P(ax)|. Kak Buano, Qp Gymer S-0JHOPOIHBIM
IIOJINHOMOM, IIOPOXKJIAIOIIUNA S-JIMHEUHBINA, IIOJIW/IMHEHHBII ollepaTop KOTOPOI'O UMeEeT BUJL
Qo(z1,...,Ts) = Y pe1 Ak - Ask| P(ag)|. Tax kak pasiudHble aq, . . . , @y, TOIAPHO U3 HIOHKT-

HBI, TO
‘.%" = Z \)\klak = ngn()\k))\kak = \/ Zak)\k.ak. .
k=1 k=1

ene{—1,1} | k=1

Teneps, npuHUMast BO BHUMaHUE, U9T0 I siBjisiercst AM-TIpocTpaHCTBOM, IPUXOJIAM K OIEHKAM

Q@) < [ Y- P@ol| ={ D exdiPlax)
k=1

ene{—1,1} k=1

n
Vo P D eedwan ||| < P
k=1

EkE{—l,l}

B cuity ckasaHHOrO BbIllle CYIIECTBYET €MHCTBEHHBIN nosmaoM @ € P,(°E, F') Takoil, 410
Q(z) = Qo(x) anst Beex x = Y p_ Apay € Ep, npuuem Q > +P, tak kak Q(a) > +P(a)
s Beex a € A. Cremoarensho, @ € Z"(°E,F) u ||P||, < |Q]. C mpyroit cropousi,
QI = [|Qoll < |P[], mosromy || Pl = [[P]|.

Teopema 3.3. Ilycts s € N u (E,|| - ||) — mopsiakoBo o-mosinast s-BblIyKiasi 6aHaxoBa
pelnieTka. PaBHOCH/IBHBI CJIEIIYIOIHE YTBEPHKICHUSI:
(1) Z,(°E, F) = P} (°E, F) jurst aroboro AM-npoctpancrsa F';
(2) 2 (SE F) = Z!(°E, F) gz oboro AM-nipocrparcrsa F;
(3) Zo(°E,co) = Z5(°E, co);
4) 2 (E ) = Z5(°E, co);
(5) E juckperHa u MOPsiJIKOBO HEIPEPbIBHA.

< Wmmmukammm (1) = (2) = (3) oueBmmusl. 3amerum, 4uro E°® — Ganaxo-
Ba pemerka B cuiy Jjiemmbl 2.1. Ecim Z2,(°FE, ) = P25 (°E, ¢p), 10 1o reopeme 2.1 mme-
eMm Z(E°© cy) = L7 (E*°, ¢p), cnepoBarenbruo, L (E°° cy) = L7 (E*°,cp) u, Kpome TOro,
E*® nuckperHa W MOPsiIKBO HenpepbiBHA BBUY Teopembl 3.1. [ToBTOpHOE npuMeHeHUe Teo-
pembr 2.1 naer Z,(°E,cy) = Z5(°E,c¢p), a Ha ocHOBaHmu JieMMbl 3.1 3akiodaem, 9ro E
JIICKPEeTHa M TIOPSJIKOBO HempepbiBHa. Takum obpasom, (3) = (4) = (5). OcraBmasics
mviumkaiys (5) = (1) ciemyer n3 Teopemsr 3.2. >

BAMEYAHUE 3.1. Unmmumkarmio (5) = (1) B Teopeme 3.3 MOKHO BBIBECTH U3 TeOpeMBI 2.1
He obparnasick K Teopeme 3.2. OjiHaKo, TeopeMa 3.2 MMeeT CaMOCTOSITEIIbHBIN HHTEpeC, TaK Kak
OHA YTBEPIKJIAET CIIPABE/INBOCTD 9TOI MMITMJIKAIUN IIPH GoJiee CJIabbIX MPE/IIOI0KEHNSIX.
Hawm nemnsBecTHo, BepHO jin obpaliieHne TeopeMbl 3.2.

PaccmoTpum erme j1Ba pe3yJibraTa O PEryJIsiDHOCTH OIDAHMYEHHBIX II0 HOPME IIOJIMHO-
MOB, XOPOIIIO W3BECTHLIX B JIMHEHHOM cjydae. Besikoe muckperHoe A L-TTpOoCTPaHCTBO M30-
MeTpideckn u permeroano uzomopduo [H(T) s HekoToporo Herycroro mMuokectsa . B To
JKe BpeMsl, JUCKpeTHOe AL-TpoCTpaHCTBO SIBASIETCST €IUHCTBEHHON C TOYHOCTHIO O pe-
MIETOYHOTr0 m3oMopdusMa OaHaxoBoil perieTku F, 1jig KOTOPO#l BBINOJIHAETCS PABEHCTBO
Z(E,F)=%"(E,F) |15, reopema 2.4].

Teopema 3.4. s 6banaxoBoii perierkn F paBHOCHJIBHBI CJCIYIONIUE Y TBEPAKICHUSI:

(1) E pemnterouno uzomopgpua I°(I') mmss Hekoroporo merycroro muoxkecrsa I';
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(2) Z,(°E,F) = &) (°E, F') qs roboii banaxoBoii penretkn F;
(3) Z,(°E, F) — BekTopHasi pelnierka s Jitoboii banaxopoii perrerkn F'.

< IIpu s = 1 Tpebyemoe — 310 Teopema 2.4 u3 [15]. Obuwmit ciydail Jerko BHIBOIUTCS 110
U3JI0KEHHOMY 00pa3Ily ¢ MCIob30oBanneM Teopembl 2.1. HyKHo TOTBKO 3aMETUTD, UTO €CIIH
E pemerouno uzomopdna [*(I") myst HekoToporo Hemycroro muoxkecrsa I', o E€ pererouno
uzomopcua [1(T). >

Hamomuum, uro AL®-npocmparncmeom HasbiBatorT GanaxoBy perierky (E,|| - ||), HopMma
KOTOpOIi yJioBeTBOpsieT paseHcTBY || + y||* = [|2||® + ||y[|* mrs moboit mapbl AM3BLIOHKTHBIX
3JIeMEHTOB I,y € L.

Teopema 3.5. /[is 6anaxoBoii penierku F' paBHOCHIBHDBI CJEIYIOIIHE YTPBEPHK ICHHSI:

(1) F obaagaer cpoiicrBom Jlepu;

(2) Z,(°E, F) = &} (°E, F') auist siio6oii banaxopoii pererku E, m3oMopgHOi HEKOTOPOMY
AL®-npocTpaHCTBY;

(3) Z,(°E, F) siBaisiercsi pernieTkoii st jit060ii 6anaxopoii perierku B, nzomopgHoii HeKo-
ropomy ALP-npocrpancrsy.

< Ipu s = 1 Tpebyemoe — s10 Teopema 2.8 u3 [15]. dasnee paborator Te xKe coobparkeHusl,
9TO U BBIIIE. [>

4. IlopsaakoBasi HEITPEPBHIBHOCTH PETYJISTPHOI HOPMBI

B pabore tpex asropos Lzbr Jlu Yen, u ®su u Txun Cu Yen [26, Teopembr 2 u 4]
HaiiIeHbl HEOOXOIMMbIE U JIOCTATOYHBIE YCJIOBUS, IPA KOTOPBLIX MPOCTPAHCTBO JIMHEHHBIX pe-
I'YJIIPHBIX OIEPATOPOB MEXKJly OAHAXOBBLIMH PENICTKAMU SIBJISETCS MOPSJIKOBO HENPEPBLIBHOM
penterkoii min ke KB-npoctpancTtsoM. B gannoM maparpade NpuBOASTCS aHAJIOTUIHbBIE Pe-
3yJBTATBI JJIS MPOCTPAHCTBA PErYJISIPHBIX OPTOTOHAJIBHO A/ IUTUBHBIX OJHOPOIHBIX ITOJUHO-
MoB. [IpeBapuTe/bHO BBEJIEM HECKOJIBKO OIPEICTCHHI.

OnPEAEJNEHUE 4.1. [Tomuaom P : E — F mHazbBawoT M-caabo KoMNnaxmoviHm, eCiid
|P(xy)]| — O mist KaxKkI0it JU3BIOHKTHON MocsiegoBaTeabHocu (Zy)neN B B, n L-caab0 xom-
naxmuowm, ecimn P(Bg) — L-c1abo kommakTHOe MHOXKeCTBO B I, Te. ||y,|| — 0 mast soGoit
JIU3BIOHKTHON [OC/IEI0BATEILHOCTH (Y )neN, COJepKaleiics B COMMIHOI 060I0UKe MHOKE-
crBa P(Bg). 3necs Bx o6o3HauaeT eMHAYHBII 11ap 6aHaXxoBa HPOCTPAHCTBA X, a COJM/IHAST
obosouka sol(A) muoxkecrBa A onpenesnsiercst popmysioit sol(A):= J{[—|z|, |z|] : x € A}.

Kak Bugno, npu s = 1 moayuaem onpenenenuss L- m M-ciabo KOMIAKTHBIX JIMHEHHBIX
oneparopos |17, onpeznenenns 3.6.1 u 3.6.9]. Tenepsb cdopmysupyem Teopemy 0 HOPsIIKOBOIA
HEIPEPBIBHOCTH PEryJISIPHOAl HOPMBI B IPOCTPAHCTBE JIMHEHHBIX PETY/ISHBIX OlEPaTOPOB.

Teopema 4.1. /[y1s1 maper 6anaxoBbix peretok E u F' paBHOCHIBHDBI CJICIYIOIIHE YCIOBUS:

(1) " (E, F) — BeKTOpHAasI pellieTKa U peryjsipHasi HopMa || - ||, Ha Heil mopsiikoBo Hempe-
DBIBHA;

(2) kakprii mosioxkuresnpHbli oneparop u3 E B F sapisercss L- u M-ci1abo KOMIIAKTHBIM.

<1 DTOT pe3ysbTaT yCTaHOBJEH B [27, Teopema 2|. >

Teopema 4.2. Ilycts E u F' — 6anaxoBbl perierku, npadeM E s-BoIllyKJI1a JI/IsT HEKOTOPOI'O
narypasbaoro s € N. Torja paBHOCHJIbHBI CJACAYIOHIUE Y TBEPKICHHSI:

(1) ! (°E, F') — BekTOopHasl penieTka u peryisipHasi HopMa || ||, Ha Heil opsiikoBo Herpe-
DbIBHA;

(2) KasKABIH TTOJIOXKUTEJIbHBIH S-OJHOPOIHBIH OPTOrOHAJIBHO A IHTHBHBIN IOJHHOM n3 F
B F sBisercs L- u M-c1ab0 KOMITAKTHBIM.
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< B cuny teopemnr 2.1 orobpaxkenne T +— P = T o j ocymiecTB/isieT COXPaHSIONINNA pe-
IYJIAPHYIO HOPMY HOPSIKOBBI N30MOP(U3M YIIOPSIOYEHHBIX HOPMUPOBAHHBIX MPOCTPAHCTB
LT (E*°,F) u Z)(°E, F). CienoBaTebHO, 9TH IPOCTPAHCTBA OJHOBPEMEHHO SIBJISIIOTCS NJIH
HEeT BEKTOPHBLIMU PElIeTKaMH, a TaKyKe PEeryJsipHble HOPMbI B HUX OJHOBPEMEHHO Oy/yT WK
HeT TIOPsJIKOBO HenpepbiBHbIMU. OTcioga BuHO, 9T0 yTBepKaenus 4.2 (1) u 4.1 (1) pasho-
CUJIBHBI TIPH yCJI0BHU S-BblyKaoctu E. [ajee, mocienoBaresibHOCTD (T, )neN AU3bHIOHKTHA U
cojlep:KuTCsi B B TOr/ia 1 TOJILKO TOIJIA, KOIJia HOCIe0BATENBbHOCTD (Yn )neN, TIE Yn = Ls(Zy),
JIM3BIOHKTHA U cojiepKuTcsd B Bpso. Tak kak npu stom P(x,) = T(yy), o P u T oxHOBpe-
MeHHO OyjyT miau HerT M-ciabo KOMIAKTHBIMU. AHAJOIMYIHOE YTBEPXKIEHHE OTHOCUTEHHO
L-caboit kommakTHOCTH O4eBuHO, Tak Kak P(Bp) = T(Bpgso). Takum obpasom, yTsep-
xkyenns 4.2 (2) u 4.1 (2) paBHOCHIBHBI (TaK»Ke NIPH YCJIOBUU S-BbIIyKjocTH E) u TpeGyemoe
BBITEKaeT u3 Teopemsbl 4.1. >

Teopema 4.3. Ilycts E u F' — 6anaxoBbl perierku, npadeM E s-BoIlIyKJIa JJist HEKOTOPOI'O
s € N. Torra paBHOCHIBHBI CJICIYIONIAE VTBEPIK ICHUS:

(1) &L (°E, F) sasercss K B-npoctpancTBoM;

(2) F — K B-npoctpatcrBo u peryisipHasi Hopma Ha ) (°E, F') 1OpsyIKOBO HEIIPephIBHA;

(3) F — K B-mpocTpaHCTBO H KaXKJIbIi MOJIO}KHTEJIBHbI S-OJHOPOIHBIH OPTOMOHAJIBHO
ayumaTuBHBIN 1oymmaoM u3 E B F apirsiercss M -ci1abo KOMITAKTHBIM.

<1 31eck paboTaloT Te ke COOOparkeHHsl, UTO U IIPU JOoKa3aTeabcTBe TeopeMbl 4.2. Hyx-
HO TOJIBKO COCJaThcsd Ha [27, Teopembl 4| u npnaaTh Bo BHuManue, uro ) (°E,F) Gyner
KB-nipocTpaHCTBOM TOIIa U TOJIBKO TOIMA, KOIJIA TAKOBBIM SIBJISIETCS YIIOPSIIOYEHHOEe HOPMU-
posannoe npocrpanctso £ (E*©, F). >

ONPEAEJEHUE 4.2. ToBopsit, uro OanaxoBa pemnieTka F 00JIaJIa€T N0A0AHCUMENDHIM
ceoticmeom Illypa, eciu jr0bast OC/IEI0BATEILHOCTD TOJIOXKUTE/ILHBIX 971eMeHTOB B F, ciabo
CXOJIATIASICA K HYJIIO, CXOIUTCHA K HYJIIO 110 HOPME.

Teopewma 4.4. I[Iycrs E u F' — 6aHaxoBbl perieTku, npuieM F obiagaer moI0KATE/IbHBIM
cpoiicteom Illypa, a E s-Bblitykia jiist Hekoroporo s € N. Torja paBHOCHIbHBI Y TBEPXKICHUST:

(1) (ZL(°E, F),| - ||r) sBastercss KB-npocTpancTBoM;

(2) perymsipuast HopMma || - ||, npoctpancrea ) (°E, F') 110psiJIKOBO HElPEPbIBHA;

(3) E He cosepKuT 1mojperieTok, n30MopgHbIX 1°.

< Mmnmkanus (1) = (2) oueBnana. ITo Teopeme 2.1 yreeprkienue (2) paBHOCHIBHO
HOPSIIKOBOI HEITPEPBIBHOCTH PEryJISipHOiT HOpMBI ipocTpancTBa £ (E*®, F). Yen ycraHoBuI
B [27, Teopema 3.3|, uTO mOC/EHEE PABHOCHIBHO HOPsIKOBOI HemnpepbiHOCTH (E*®) . B TO
JKe BpeMsl, IOPsIKOBasl HEIPEPBIBHOCTH COINPsi)KeHHOro npocrpancrsa (E°) paBHocnmibHa
ToMy, uT0 E* He COlepKHUT MOIPEIeToK, pemeTodno u3omopdubx [ [17, Teopema 2.4.14].
[Tocaeaee o3Havaer, uro F He COJIEPKUT HOJPEIIETOK, pereTodHo nzoMopdubix [ [21]. Ta-
KM 00pazoM, yreepxKenus (2) u (3) paBHOCHIbHBL. UTOOBI yOEUTHCS B CIIPABEJINBOCTH
ocrasreficss nmiumkanuu (3) = (1), g0ocTaTouHO NPUMEHUTH K GaHAXOBBIM pererkam E5
u F' reopemy 13 u3 [26], yreepxknatontyio, aro eciim F' 061a1aeT MOI0KATETLHBIM CBORCTBOM
Iypa, To £ (E*®, F) 6yner K B-upocTpaHCTBOM TOIVIA U TOJBKO TOI/A, KOIJIA COIPSIKEHHAST
bamaxosa perierka (E°?) mopsiikoBo HelpepbIBHA. [>

OnpPEAEJEHUE 4.3. Ilycts 1 < oo. [oBopsiT, uro HOpMa GanaxoBoil penietku E p-cy-
nepaddumuena win p-cybadoumuena, ecim, coorsercrsento, (||z||P + [|ly|[?)V/? < ||z + y|| wim
lz + yll < (J|z||P + ||y||?)/P mns mobex gusboskTabX 7,y € Ey (oM. [17, p. 138] mm [28,
oupesesierne 7.7]). TouHyro HUKHIOIO (BEpXHIOI) I'DaHUIly 4ucea p > 1, Jyisi KOTOpbIX F
JIOIYCKAET SKBUBAJIEHTHYIO D-CYIEPAIUTUBHYIO (P-CyOa/UINTUBHYI0) HOPMY, HA3BIBAIOT COOT-



100 Kycpaesa 3. A., Cuykaes C. H.

BECTBEHHO @epITHuM undexcom (Huotcnum undexcom) E n obosnadator cumsosiom d(E) (cum-
BosioM t(E)) [28, onpezesnenne 8.7).

UsBecrro, uro 1 < d(F) < t(F) < oo mist o60it 6anaxoBoii pemerku E; econ t(F) < 00,
to E nopsakoso HenpepbiBHa, a eci d(FE) > 1, to E' nopsikoBo HeprpepbiBHa, cM. |28,
npenoxkenne 8.11|, a Takxke [29|. B ynomsinyroit Beiie pabore [26] ycramnosieno, ato ecsn
d(E) > t(F), ro (Z"(E,F),| - |lr) asaserca KB-upocrpancTBoM. UT06bI MOIydTH aHAIO-
IUYHBINA pe3ysbTaT sl IPOCTPAHCTBA PEryJIsSiPHBIX OPTOrOHAIBHO aJIATUBHBIX OJHOPOJIHBIX
[OJIMHOMOB, HEOOXOJMM CJIE/IYIOIIUii BCIIOMOTaTe IbHbI (hakT.

JlemmMma 4.1. Ilycre s € N u p € R. /1 nponsBosibHOI banaxoBoit pererku E Boimosrms-
forest paperctsa s - d(E) = d(E*®) u s - t(F) = t(E*°).

< Ecim 1 < p < 00, T0O 151 /1100011 APBI U3 BIOHKTPLIX 9JIEMEHTOB T,y € E paBHOCHIIb-
unt mepazencra. [|is(2) + ts(y)| < (ls(@)IP + Nes(@)IP)7P 1 flo +yl* < (2] + [ly]P)"/?
BBHJLy OPTOIOHAJIBHON &/JINTUBHOCTH s U paBeHCTBa ||is(z)]| = ||z||®. Orcioma BbiTekaer
s-t(E) = t(E°®). AHAJIOrHYHO BBIBOJUTCSI BTOPOE PABEHCTBO. [>

Teopema 4.5. Ilycte E u F — banaxosbr pemerku, npudeMm F s-pomrykia. Ecom
d(E) > t(F), ro ynopstiouennoe HopmupoBanHoe npocrpanctso () (°E,F),|| - ||») saBiser-
cs1 KB-nipoctpancTBoM.

< Jluneitusrit ciyuait s = 1 obocuoBan B |26, Teopema 14|. O6muii ciayvaii cBOAUTCS K JIvi-
HEfHOMY ¢ HOMOIIBI0 TeopeMbl 2.1: eciu d(E5®) > t(F*°), ro (L7 (E*®, F),| - ||») 6yner KB-
npocTpaHcTBoM. B wactHOCTH, 1ipH 9THX yesoBusx F Gyner KB-npocTpaHcTBOM (CM. JoKa3a-
TesibeTBO TeopeMbl 14 B [26]). B To ke Bpewmsi, HepaBencTBa d(E*®) > t(F*®) u d(E) > t(F)
paBHOCH/IbHBI BBy JleMMbl 4.1. CrenoBaresbho, d(E) > t(F') Bieder, uyro 6aHaxoBa perer-
ka (L7(E*°,F),| - |lr), a Tak:Ke M3BOMETPUTECKH U IOPSJIKOBO M30MOpdHas eil Hamaxosa
pemerka () (°E, F),|| - ||») sBasercs KB-npocrpancrsoM. >

BaarogapHocTb. ABTOpPBI BBIpaykaloT OJIArofapHOCTb AHOHUMHOMY PEIEH3€HTY, 3aMedYaHue W
IIpEeIJIOYKEHNST KOTOPOT'O TO3BOJIUIINA YCTPAHUTE P/l HETOTHOCTEN U OIEIATOK.
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Abstract. Let E and F be Banach lattices and let Z,(°E, F) stand for the space of all norm bounded

orthogonally additive s-homogeneous polynomial from E to F. Denote by 22 (°E, F) the part of Z,(°E, F')
consisting of the differences of positive polynomials. The main results of the paper read as follows.
Theorem 3.4. Let s € N and (E, || - ||) is a 0-Dedekind complete s-convex Banach lattice. The following are
equivalent: (1) 2,(°E, F) = &} (°E, F) for every AM-space F. (2) 2,(°E,co) = P} (°E, F) for every AM-
space F. (3) P.(°E,co) = P, (°E, o). (4) Zo(°E, c0) = P4 (°E, o). (5) E is atomic and order continuous.
Theorem 4.3. For a pair of Banach lattices E and F' the following are equivalent: (1) &5 (°E, F) is a vector
lattice and the regular norm || - ||, on &} (°E, F) is order continuous. (2) Each positive orthogonally additive
s-homogeneous polynomial from E to F is L- and M-weakly compact.
Theorem 4.6. Let E and F' be Banach lattices. Assume that F' has the positive Schur property and E is
s-convex for some s € N. Then the following are equivalent: (1) (2;(°E, F),|| - ||l») is a KB-space. (2) The
regular norm || - ||, on Z;(°E, F) is order continuous. (3) E does not contain any sulattice lattice isomorphc
to l°.

Key words: Banach lattice, AM-space, K B-space, homogeneous polynomial, orthogonal additivity,
regular norm, order continuity.

Mathematical Subject Classification (2010): 46A16, 46B42, 46G25, 47TH60, 47L22.

For citation: Kusraeva, Z. A. and Siukaev, S. N. Some Properties of Orthogonally Additive Homogeneous
Polynomials on Banach Lattices, Viadikavkaz Math. J., 2020, vol. 22, no. 4, pp. 92-103 (in Russian). DOIL:
10.46698 /d4799-1202-6732-b.

References

1. Dineen, S. Complexr Analysis on Infinite Dimensional Spaces, Berlin, Springer, 1999.

2. Sundaresan, K. Geometry of Spaces of Homogeneous Polynomials on Banach Lattices, Applied Geometry
and Discrete Mathematics, DIMACS Ser. Discrete Math. Theoret. Comput. Sci., Providence, R.1.,
Amer. Math. Soc., 1991, pp. 571-586.

3. Grecu, B. C. and Ryan, R. A. Polynomials on Banach Spaces with Unconditional Bases, Proceedings
of the American Mathematical Society, 2005, vol. 133, no. 4, pp. 1083-1091. DOI: 10.1090/S0002-9939-
04-07738-X.

4. Kusraeva, Z. A. Orthogonally Additive Polynomials on Vector Lattices, Thesis, Sobolev Institute of
Mathematics of the Siberian Branch of RAS, Novosibirsk, 2013.

5. Linares, P. Orthogonal Additive Polynomials and Applications Thesis, Departamento de Analisis Ma-
tematico, Universidad Complutense de Madrid, 2009.

6. Loane, J. Polynomials on Riesz Spaces, Thesis, Department of Mathematics National Univercity of
Ireland, Galway, 2007.

7. Ben Amor, F. Orthogonally Additive Homogenous Polynomials on Vector Lattices, Communications in
Algebra , 2015, vol. 43, no. 3, pp. 1118-1134. DOI: 10.1080/00927872.2013.865038.

8. Benyamini, Y., Lassalle, S. and Llavona, J. G. Homogeneous Orthogonally Additive Polynomials on
Banach Lattices, Bulletin of the London Mathematical Society, 2006, vol. 38, no. 3, pp. 459-469. DOI:
10.1112/s0024609306018364.



Hekoropbrie cBoticTBa 1OJTHHOMOB B OAHAXOBBIX DEITETKAaX 103

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

Bu, Q. and Buskes, G. Polynomials on Banach Lattices and Positive Tensor Products,
Journal of Mathematical Analysis and Applications, 2012, vol. 388, no. 2, pp. 845-862. DOI:
10.1016/j.jmaa.2011.10.001.

Cruickshank, J., Loane, J. and Ryan, R. A. Positive Polynomials on Riesz Spaces, Positivity, 2017,
vol. 21, no. 3, pp. 885-895. DOI: 10.1007/s11117-016-0439-8.

Ibort, A., Linares, P. and Llavona, J. G. A Representation Theorem for Orthogonally Additive
Polynomials on Riesz Spaces, Revista Matematica Complutense, 2012, vol. 25, no. 1, pp. 21-30. DOI:
10.1007/s13163-010-0053-4.

Kusraev, A G. and Kusraeva, Z. A. Monomial Decomposition of Homogeneous Polynomials in Vector
Lattices, Advances in Operator Theory, 2019, vol. 4, no. 2, pp. 428-446. DOI: 10.15352/a0t.1807-1394.
Kusraeva, Z. A. Representation of Orthogonally Additive Polynomials, Siberian Mathematical Journal,
2011, vol. 52, no. 2, pp. 248-255. DOI: 10.1134/S003744661102008X.

Abramovich, Y. A. and Aliprantis, C. D. Positive Operators, Handbook of the Geometry of Banach
Spaces, vol. 1, eds. W. B. Johnson and J. Lindenstrauss, Elsevier, 2001, pp. 85—122.

Wickstead, A. W. Regular Operators Between Banach Lattices, Positivity, Trends in Mathematics,
Basel, Birkh&user, 2007, pp. 255-279. DOI: 10.1007/978-3-7643-8478-4 9.

Aliprantis, C. D. and Burkinshaw, O. Positive Operators, London etc., Academic Press Inc., 1985,
xvi+-367 p.

Meyer-Nieberg, P. Banach Lattices, Berlin etc., Springer-Verlag, 1991.

Lindenstrauss, J. and Tzafriri L. Classical Banach Spaces, vol. 2, Function Spaces, Berlin etc., Springer-
Verlag, 1979, 243 p.

Boulabiar, K. and Buskes, G. Vector Lattice Powers: f-Algebras and Functional Calculus,
Communications in Algebra , 2006, vol. 34, no. 4, pp. 1435-1442. DOI: 10.1080/00927870500454885.
Kusraeva, Z. A. Powers of Quasi-Banach Lattices and Orthogonally Additive Polynomials,
Journal of Mathematical Analysis and Applications, 2018, vol. 458, no. 1, pp. 767-780. DOI:
10.1016/j.jmaa.2017.09.019.

Kusraeva, Z. A. On Compact Domination of Homogeneous Orthogonally Additive Polynomials, Siberian
Mathematical Journal, 2016, vol. 57, no. 3, pp. 519-524. DOI: 10.1134/S0037446616030137.

Walsh, B. On Characterising Kothe Sequence Spaces as Vector Lattices, Mathematische Annalen, 1968,
vol. 175, pp. 253-256. DOI: 10.1007/BF02063211.

Van Rooij, A. C. M. When do the Regular Operators Between Two Riesz Spaces Form a Riesz Space?
Technical Report 8410, Nijmegen, Catholic University, 1984.

Wnuk, W. Characterization of Discrete Banach Lattices with Order Continuous Norms, Proceedings
of the American Mathematical Society, 1988, vol. 104, no. 1, pp. 197-200. DOI: 10.1090,/S0002-9939-
1988-0958066-0.

Hong-Yun Xiong. On Whether or Not Z(E,F) = £"(E,F) for Some Classical Banach Lattices E
and F, Indagationes Mathematicae (Proceedings), 1984, vol. 87, no. 3, pp. 267-282. DOI: 10.1016,/1385-
7258(84)90027-1.

Zi li Chen, Ying Feng and Jin Xi Chen. The Order Continuity of the Regular Norm on Regular
Operator Spaces, Abstract and Applied Analysis, 2013, vol. 2013, article ID 183786, 6 p. DOI:
10.1155/2013/183786.

Chen, Z. L. On the Order Continuity of the Regular Norm, Proceedings Positivity IV — Theory and
Applications, Dresden, 2006, pp. 45-51.

Schwarz, H.-V. Banach Lattices and Operators, Leipzig, Teubner, 1984.

Dodds, P. G. and Fremlin, D. H. Compact Operators in Banach Lattices, Israel Journal of Mathematics,
1979, vol. 34, no. 4, pp. 287-320. DOI: 10.1007/BF02760610.

Received May 13, 2020

ZALINA A. KUSRAEVA

Regional Mathematical Center of Southern Federal University,
105/42 Bolshaya Sadovaya St., Rostov-on-Don 344006, Russia,
Leading Researcher

Southern Mathematical Institute VSC RAS,

22 Markus St., Vladikavkaz 362027, Russia,

Leading Researcher

E-mail: zali13@mail.ru

SERGEI N. SIUKAEV
North-Ossetian State University after K. L. Khetagurov,
44 Vatutina St., Vladikavkaz 362025, Russia, University Lecturer



Vladikavkaz Mathematical Journal
2020, Volume 22, Issue 4, P. 104-118

VK 517.968
DOI 10.46698 /¢3825-5071-7579-i

GRAND MORREY TYPE SPACES#

S. G. Samko!'2 and S. M. Umarkhadzhiev??3

! University of Algarve, Faro 8005-139, Portugal;
2Kh. Ibragimov Complex Institute of the Russian Academy of Sciences,
21 a Staropromyslovskoe Hwy, Grozny 364051, Russia;
3 Academy of Sciences of Chechen Republic, 13 Esambaev Av., Grosny 364024, Russia

E-mail: ssamko@ualg.pt, umsalaudin@gmail.com

Dedicated to the 75-th anniversary of Professor S. S. Kutateladze

Abstract. The so called grand spaces nowadays are one of the main objects in the theory of function
spaces. Grand Lebesgue spaces were introduced by T. Iwaniec and C. Sbordone in the case of sets 2 with
finite measure |Q| < oo, and by the authors in the case |Q2] = co. The latter is based on introduction of the
notion of grandizer. The idea of “grandization” was also applied in the context of Morrey spaces. In this
paper we develop the idea of grandization to more general Morrey spaces LP?*(R™), known as Morrey
type spaces. We introduce grand Morrey type spaces, which include mixed and partial grand versions of
such spaces. The mixed grand space is defined by the norm

oo p—e

sggw(a&:gg 0/w(r)"_‘sb(r)g _/ |F@) [P aly)? dy ar

with the use of two grandizers a and b. In the case of grand spaces, partial with respect to the exponent g,
we study the boundedness of some integral operators. The class of these operators contains, in particular,
multidimensional versions of Hardy type and Hilbert operators.

Key words: Morrey type space, grand space, grand Morrey type space, grandizer, partial grandization,
mixed grandization, homogeneous kernel, Hardy type operator, Hilbert operator.
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1. Introduction

Last decades there were widely investigated the so called grand Lebesgue spaces,

introduced in [1]; see for instance, [2-5] and references therein, where such spaces and operators
on them were studied in the case of finite measure underlying set. An approach to grand
Lebesgue spaces on sets of infinite measure was suggested and developed in [6-10].

#The research of S. Samko was supported by Russian Foundation for Basic Research under the

grant 19-01-00223 and TUBITAK and Russian Foundation for Basic research under the grant20-51-46003.
The research of S. Umarkhadzhiev was supported by TUBITAK and Russian Foundation for Basic Research
under the grant 20-51-46003.
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That idea of “grandization” was also applied in the context of Morrey spaces defined by
the norm

e (N L) | 0

B(z,r) L°°(0, diam Q)

we refer for instance to [11-14], see also references therein.

Our goal is to extend the notion of grandization to the spaces LP®™(R™), with the
norm of the type (1), where L*-norm is replaced by Li-norm, 1 < ¢ < oo, see precise
definitions in Section 2. Such spaces are usually referred to as Morrey type spaces. These
spaces were introduced and studied in [15] and [16]. In the case w(r) = r=*, A > 0, these
space first appeared, though as an episode, in [17, p. 44|. For further studies of operators
on LP%*(R™)-spaces we refer, for instance, to [18, 19| and references therein, see also the
surveying papers |20, 21| and [22].

We study various approaches to the grandization of Morrey type spaces, with respect to
the exponents p and ¢. This includes partial grandization and mixed grandization. To this end,
we deal with “grandizers” a(y) and b(r) in the corresponding variables, see Definitions 3.1,
3.2, 3.3.

We find conditions on the grandizers a and b, which ensure embedding of Morrey type
spaces into the introduced grand Morrey type spaces.

In the case of partial grandization with respect the exponent ¢, we study, in grand
Morrey type spaces, the boundedness of a certain class of integral operators K with a kernel
homogeneous of degree —n. This class includes, in particular, multidimensional versions of
Hardy type and Hilbert operators. Within the frameworks of generalized Morrey spaces,
corresponding to the case ¢ = oo, a more general class of operators with homogeneous kernel
was studied in [23].

We first study such operators in Morrey type spaces (not grand ones) and obtain sufficient
conditions and also some necessary conditions for their boundedness. In fact, we obtain
a result stronger than just boundedness: we estimate the norms ||K f||zp.q.w®n) via similar
one-dimensional norms of spherical means of f. Then we apply the obtained results on the
boundedness to grand Morrey type spaces.

In application to the Hardy operators with power weights, the obtained conditions have
a form of criterion when w(r) = r=*, A > 0.

The paper is organized as follows. Section 2 contains necessary definitions. In Section 3.1
we discuss varions ways of grandization of Morrey type spaces LP2*(R™). In Section 3.2 we
provide conditions on grandizers ensuring embedding of Morrey type spaces into grand Morrey
type spaces. In Section 4.1 we study the operators K in the Morrey type spaces LP¢"(R"),

and in Section 4.2 in grand Morrey type spaces le)’q)’w(]R”), both with application to the
Hardy and Hilbert type operators.

2. Preliminaries

Following the known definitions, we introduce the spaces LP>¢"(R™), defined by the norm

Q=

r ' dr
HfHLp,q,w(Rn) = igg O/U)(T)q / ffdy | — | (2)

r
lz—yl<r
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where E is an arbitrary set in R", ECR", 1 <p < o0, 1< ¢ <oo, we QRy),

i q
Q(Ry):= {w : w is a weight and /@

dr < oo for some t > 0}.
t

In the cases E = {0} and £ = R™ we have the local and global Morrey type spaces,
respectively. We do not indicate dependence of the space on the choice of the set E, since it
is unessential for our consideration. Only in Section 4 we choose E = {0}.

In the special case w(r) = r~*, A > 0, we also use the notation

K 7A L bh- 5
LPOAR™):= LPOY(R™)|

without danger of confusion of notation.
For a function w(r) defined on Ry, we will use the notation

t
w*(t) ;== sup witr)
reRy w(/r)
Observe that w, (1) = w%(t) Obviously w*(r) = w,(r) = w(r), when w(r) = r=*, A € R.
However, in the case of piece-wise power function

t
and wy(t) ;= inf wl r)’ t>0.

zeRy w(r)

7“*’\, r <1,

_ A A=y
wa~(r)=r""(1+r ~
where A,y € R, we have a gap between w* and w,:

. rfmax{/\,'y}’ r< 17 Tfrnin{/\,'y}7 r< 1’
w,\,»y(T) = {7“ min{)\,w}’ r>1, and (wkﬁ)*(r) = — max{)\ﬁ}7 r>1, (3)

see e. g. |24, p. 715 |.

3. Grand Morrey Type Spaces

3.1. Grandization of Morrey type spaces. Everywhere in the sequel, a = a(y) and
b = b(r) are weights on R™ and R, respectively.

DEFINITION 3.1. Let
l<p<oo, 1<g<oo, weQRy) (4)

and
p e L>®(Ry,,), ¢(e,0) >0 for (¢,0) € Ry, and lim  p(e,0) =0,
(e,6)—(0,0)
where R, :={(,0) eR2 : 0<e<p—-1,0<d<q—1}.

We define the mixed grand Morrey type space L’;?l’f)’w(R”) as the space of functions with
the finite norm

q
o] p—

[ — =
HfHLP)I;‘”’w(Rn)::( (Ss)u% ©(e,9) Sug /w(r)q5b(r)q /|f(y)|p “a(y)rdy —
@ £,0)ERp 4 re
|lz—y|<r

We also say that Lg)éq)’w(R”) is the mized gandization of the space LP¢"(R™).
Note that mixed coordinate-wise grandization of mixed Lebesgue spaces was studied
in [25].
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DEFINITION 3.2. We define partial grandizations Lg)’q’w(R”), l<p<oo 1<qg< o,

and Li’Q)’w(Rn), 1<p<oo, 1< q< oo, of the space LP¢™(R™) as the spaces of functions
with the finite norm

q 1
q

%) p—e
_ e d
Igeyi= e e mp | [t | [ @l awrar | S
0 lz—y|<r

where ¢ € L>(0,p — 1), ¢(e) > 0 and lim._,¢ ¢(e) = 0, and

0 p

_ L)
17 gmon gy = | 50 0(0) sup [ty | /| fwlay|
r—y|<r

where ¢ € L*>(0,q — 1), ¢(6) > 0 and lims_,¢ ¢(d) = 0, respectively.
Definitions 3.1 and 3.2 may be generalized in the following direction. Let U C R, , be an
arbitrary measurable set of points in R, 4, such that (0,0) is a limiting point for U.
DEFINITION 3.3. Let 1 < p < 00,1 < ¢ < o0, p € L®(U), p(e,0) > 0 for (¢,0) € U and
limgrs(c,6)(0,0) P(€,0) = 0. We define the U-grandization ULZ?I’)q)’w(R”) of the Morrey type
space as the space of functions with finite norm

q—394
00 p—e

HfHULP)’Q)vw(Rn) = Sup 90(6’6)Sup /w(r)q6b(r)
“P (e.0)eU 2€E

q—9o

/ ) )iy | <

r

Q[

|lz—y|<r

Under the choice U = R, , we have the mixed grand Morrey type space introduced in
Definition 3.1. Partial grandization from Definition 3.2 formally correspond to the case where
U={(,0):0<e<p—-1,0=0}and U ={(¢,9) :e=0,0< 6 < qg—1}.

In the sequel we use the notation

o] p—e

i 0)= /w(r)q—%(r)% / W al)rdy |
0 |z—y|<r

for brevity, assuming that p, ¢, w, a and b are fixed. In case of partial grandization we have
N(f;e,0) and N(f;0,0) for b =1 and a = 1, respectively.

Lemma 3.1. 1. Let (9,00) € Usys, = {(£,6) €U : 0 <& < 0,0 <8 <}, a € LL(RY)
andbe L! (RJ” %), then

sup p(g,0)N(f;6,0) <C  sup  o(g,6) N(f;¢,9),

(e,0)eU (,0)€U¢q,59

where C' = C(eo, b, ||all 1 &n), \|b\|L1(R+,%))-

II. In the case of partial grandization with respect to the variable r, similarly

sup  ©(0) N(f;0,8) < C sup ¢(6)N(f;0,9),

0<d<g—1 0<6<do

where C' = C(dp, ”b”Ll(R+,%))~
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<1 We have to estimate

sup o(g,0) N(f;e,0) = max {51,512,52},

(Evé)eU\UEO,éo
where
Sl = Sup SO(&‘,(S) m(f,g,(;), SQ = Sllp 90(656) m(fas)é))
(e,6)€tn (g,0)€U2
Sip:= sup (c,0)N(f;,8), Up:={(,0) €U:¢e<ep, 6>0d},
(E,5)€U12

Up:={(e,0) €U :e>e0,6 <}, Ua:={(,6) €U :¢e>e9,0>6}
For 512, we apply the Holder 1nequahtleb in the variables y and r with the expends Z==2

p—¢€

S1o < sup (e, 0)|a HLl(ER"p i Hb” qdio)
(€,0)€U12
} F\TS
o| [t / sl o ay| &
0 lz—yl<r
1
e p—eo =5
oo D) el ®) HbHLl(R ar)
< sup @(875) m(€75)'
sup (g, 9) (£,6)€Us4.5,
(E,é)eUao,éo

Estimation of S; and S5 is easier via similar use of the Holder inequality in one variable
only. We omit details. >

3.2. Embedding of Morrey type spaces into grand Morrey type spaces.
Lemma 3.2. If

g 41
Co:= sup ¢(g,0) sup/b(r)A(x,r)p el — < oo, (5)
(e,0)eU zeE
0
where A(xz,r) := f\xnyT a(y)dy, then
LPOP(RY) < ULz?éq),w(Rn) and HfHULp)I,)q),w(Rn) < Coll fll zoaiw mny.- (6)

< It suffices to apply the Holder inequalities with the exponents —£- p
and outer integrals in the definition of the norm in Definition 3.3. >

Theorem 3.1. The conditions a € L'(R") and b € L'(Ry, %) are sufficient for the
embedding (6) for any choice of the set U. The condition b € L'(Ry, %) is sufficient for
embedding of LP*%*(R™) into the partial grand space Lg’Q)’w(R").

< It is easy to see that the change of a(y) by Aa(y), A = const > 0, keeps the grand
space (up to equivalents of norms). Consequently, we may assume that [la[/z1gny = 1. Then
A(r) < 1 and the statement follows from (5).

The embedding into the partial grand space follows from Lemma 3.1. >

and —% in the inner
€ q—0
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REMARK 3.1. Note that the condition (5) does not assume that a€ L'(R"), be L (R, &)
In particular, in the case of “partial” grandization in the direction § = ¢, the embedding (6)
holds, if b(r)A(r)4/? € L' (R, &)

By AC)oc(Ry) we denote the class of functions ¢ : Ry — R, absolutely continuous on
every interval [0, N], N > 0.

In Theorem 3.2 we impose the condition

0
on the grandizer b

Lemma 3.3. Let ¢(d) < ¢0'/9. Grandizer b of the form

b ",
(r) - (1 + T)V T,O’(r)7
where .
In"—, r<l1,
Uro(r) = r

n%r, r>=1,
satisfies the condition (7) if 0 < p < v < oo and 7,0 € R

< Let first 7 = 0 = 0. We have

T

Wi T T ()
/ O/l—i-r F F

1 c
~ & 8)
vd ’ (
r(2) 0
so that (7) is satisfied
In the case of the presence of the logarithmic factor ¢, ,(r), it suffices to observe that
l: »(r) is dominated by a +r)”2 with arbitrarily small exponents 71 > 75 > 0 and the estimate
by 5 in (8) does not depend on p and v, provided 0 < p < v. >
Theorem 3.2. Let 1 <
assumptions:

p < oo and 1 < g < oo. Let the grandizer b satisfy the conditi-
(7). The embedding LP*%*(R™) C L}’ D “(R™) is strict if w(r) satisfies one of the following
1) w is decreasing, lim,_,ow(r)

ii

00 and 2 € ACioc(R4);
) there exist numbers 11 and v9, 0 < vy < 1y
and w(r)r? is almost decreasing

0o, such that w(r)r* is almost increasing
The corresponding counterexample is f(x)

2) = fol|]), where

1—n d 1 %
0= (7 5 o)
for the case i) and

n
in the case ii).
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T

/|f0(|y|)|”dy=0/d%[ . }dp,

w(p)?
ly|<r 0
By the absolute continuity of % we obtain that

c=]5""Y.

3=

/\hmm%w ek

ly|<r
Therefore,

(0.0 = v | [
0

from which it follows that f € L™ (R"), but f ¢ LPow(R™),
The case ii). In this case we have

by —c [ o
/\ﬂwMM—C!?Mmﬁ
y|<r

From the assumptions in 4i) it is easy to obtain that

r
C1

</ dp_ o @
w(r)pr =

pw(p)P = w(r)?:
0

From the equivalence (9) we obtain that

1

q—398
dr

Qe

r

(0.0~ | 12
0

)

which completes the proof. >

4. Operators with Homogenous Kernel

In this section we choose E = {0} in the definition of the space L\ (R").
We consider integral operators

Kﬂ@z/%WMWﬂww
J

where the kernel is homogeneous of degree —n, i. e.

H (el tlyl) = 7" (|2l [yl)-
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4.1. Operator K in Morrey type spaces. In the sequel we use the notation
ILf(z) :== f(tx), ze€R" t>0.

It is not hard to check that

1 *

Wy (7 w

*gt) [ flzpaw@ny < T f | Lowaiw @ny <

tr t

If w(r) = r=*, then w*(t) = w.(t) =t~ and ||IL]| p.g.0 gn) = tA=n/p,
In the theorem below we also use the notation

*(n):=|S" s:’ s)| w* —1 s
) |S 1|O/ 1‘%(1, )‘ (S>d
= |S" Oos;’ S)| wy —1 ds
) |S 1‘0/ 1|%(1, )‘ (s)

where |S"~!| should be replaced by 1 in the one-dimensional case of R .

The following one-dimensional theorem is an immediate consequence of (10).

Theorem 4.1. Let 1 <p < 00,1 < g < oo and w € Q4(Ry). The condition »*(1) < oo
is sufficient for the boundedness of the operator

—~

=

)

£l Loae (m)- (10)

3|3

and

/Ji/xy y)dy, xRy,

where J (tx,ty) =t~ 1 (z,y), t > 0, in the space LP%*(R,) and
|K fllpawmy) < 2" (D[ fllzraw ®,)- (11)
<1 We have

T) = /%(1,y)f(wy) dy.

Then by the Minkowsky inequality we obtain

o0
1K fll ooz, ) < / K(L )|y | nae e, ) dy,
0

whence (11) follows by (10). >

For the multi-dimensional case, in the next theorem we provide a statement stronger
than just the boundedness in the space LP¢"(R™). More precisely, we estimate the norm
| K f |l p.aw (mny Via one-dimensional norms of spherical means of f.

Theorem 4.2. Let 1 <p < 00,1 < g <ooandw € Qy(Ry). If 2*(n) < oo, n > 1, then

q
00 T P q

1K sy < |57 o) | [ 22 fonpopar ) ar| o a2)

0 0
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where

@(t):ﬁ / f(to) do
Snfl

<1 Note that K f is a radial function for any f. It is easily seen that for any radial function
g(x) = G(|x|) one has

l9llzeseqer) = 15" Goll oo, (13)

where G, (p) = p"=D/PG(p).
Furthermore, passing to polar coordinates we have

=[S 1\/75 7 (|z], ) @,(t) dt,

where

Q,(t) = % / f(to) do.

Then by (13) we have

1K Fllrageny = 5" 7 [ Ea®y ] o

where

n=1 n-1
:/Jiﬁ(p,t)@p(t) dt, Hi(p,t)=p 7 t 7 H(pt).

The kernel Ki(p,t) is homogeneous of degree —1, i. e. Ki(sp,st) = s 'Ki(p,t), s > 0.
Therefore, we can apply Theorem 4.1 and obtain (12) after easy calculation. >

REMARK 4.1. The estimate (12) is stronger than the boundedness in LP%*(R™). Indeed,

g

00 T P q

/@ /t“\cb(t)\pdt dr <|5"71|7%HfHLP»w(R") (14)

0 0

by Jensen inequality

p
1 1
51| / f(po)do <W / | f(po)|? do.
Snfl Snfl

Clearly, the left-hand side in (14) may be finite when the right-hand side is infinite (e. g. when
f(.’L') = fl(p)fQ(J)v T = po, ’J’ =1, with f2 € Ll(Snil% but f2 ¢ Lp(Snil))'

In the necessity part of Theorem 4.3 we shall use the following minimizing sequence

£
1
folwy = ) e w):{“ r<boso

|z w(lz]) e, >l
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Lemma 4.1. Let w satisfy the condition that r°w(r) is almost decreasing for some § > 0.
Then

for all € € [0,ep], where 0 < g9 < § and ¢ = ¢(gg) does not depend on «.
<1 The proof is straightforward. >
Theorem 4.3. Let 1 <p < o0, 1 < ¢ < oo and w € Qu(Ry). If *(n) < oo, then

1K fll Loy < 3" ()| f || Losaw (my-

If #(|z], ly]) > 0 and w satisfies the assumption of Lemma 4.1, then the condition s, (n) < co
is necessary for such a boundedness; in particular, when w(r) = 7=, X\ > 0, the operator K
is bounded if and only if

o
/tﬁ“‘le(l,t) dt < co.
0
< Sufficiency of the condition s*(n) < oo follows from Theorem 4.2 by Remark 4.1.
To prove the necessity, we choose f(x) = f-(z). By using Lemma 4.1, it is easy to check
that f.(z) € LP2*(R™) for all € € (0,&p).
We have

pe (|| - |yl) dy

1 / A (1, ]yl)

7 . lyl7w(l2] - y])

Kf.(x) = / H (L)) £-(lely) dy =
RTL

R

wi([y|)pe (2] - [y]) dy.

1 /Ji/(l, lyl)
[P w((zl) S lyl7

It is easy to check that pc(rp) = pe(r)pe(p), so that

K fe(x) 2 si(n,e) fe(),

where
#(1,
stm,e) = [ 0wy (o
FAN e
/ 1 7 1
= |51 /ﬂﬁﬂ_l%(l,p)w* <—> dp + /pﬁ_e_lﬂ/(l,p)w* (—> dp
0 P 1 P
Hence

K| = 2.(n, ).

It remains to apply Fatou theorem when passin to the limit as ¢ — 0. >
In the corollary below we consider the Hardy operators

@) = o [ %dy and A5 = o [ ,jffi)ﬁd

ly|<|z| ly[>|z|
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2) = / f(y) dy
=™ + [y
Rn
as examples of the operator K.

Corollary 4.1. The operators H® and 7 are bounded in the space LP4MR™),
1<p<oo, 1K q<oo A > 0, if and only if a < p, +Xand 8 > A\ — %, respectively,

Sn 1
and ||[H®| = m L and ||| = %jw,g.

The operator H is bounded in the space LP4MR"), 1 < ¢ < oo, A > 0, if and only if

1<p<y and
gl TN DY
= e (24 2)r(3-2).
n p n p n

<1 In the case of the operator H* we have

and the Hilbert type operator

t*, t<1,
H(1,t) =
0, t>1,
so that »*(n) = s.(n) = ﬂ‘ﬁ_n/:L Arguments for 7#° are similar.
P

For the operator H we have

% 4a-1

%*( ‘Sn 1‘/ 1—|—t" ’

where it remains to pass the Beta function via the change # —t. >

4.2. Operator K in grand Morrey type spaces.
Lemma 4.2. Let fo(r) = ——~+—r and K(|z|,|y|) = 0. Then

HREIE))

<1 We have
dy \S” 1’ . dp
Kf (.’IJ) = e%/(‘xlv ‘y’) T pp c%/(l’p)i
0 RZ ly|?w(|y|) ]w\ ) w(plz))
|Sn—1| 00 . | w(t)
—n p’ , f : .

Theorem 4.4. Let 1 <p <00, 1 < g <ooandw € Q(Ry). If

gm0 [ ol () (D] a0
0

for some &g € (0,q — 1), then the operator K is bounded in the grand space le)’q)’w(]R”).
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<1 By Lemma 3.1 we take

11l o ey = p(0) 1 Lra=s.05 mys
by (R?) (

sup
0<6<do
where ws(r) = w(r)[b(r)]*/9@=%) . By using Theorem 4.2 and Remark 4.1, we get

< —Sws (Y
HEF Nl o ey < 053560¢(5)C(5)Hf\|m 505 (R

where

c(6) = |9 7;5?‘1 |2 (1,1)| w} G) dt. >
0

Corollary 4.2. Let assumptions of Theorem 4.4 be satisfied and, b(r) = r*(1 + r)~",
0 < p < v. If there exists g > 0 such that

1 00
n_ o noy e 1
Key = /tp’ ol |2 (1,t)| w* G) dt+/tp’+€0 ! |2 (1,t)| w* <¥) dt < oo, (16)
0

1
then the operator K is bounded in the grand space ng’Q)'w(R") and

||KfHL§»Q),w(Rn) < ’if-:onHLg»Q)»w(Rn)-

< For b(r) =r#(1 4 r)~", by (3) we have

b* 1 — t_/J/’ t < 1’
13 R > 1.
Then it is easy to see that (16) implies (15). >
Theorem 4.5. The Hardy operators H* and P are bounded in the grand space

Lg’Q)”\(]R”), 1<p<oo,1<q<oo, A>0, with the grandizer b(r) = ﬁ, 0<p<v,

if o < z% +Xand 8 > A — %, respectively. If p(d) < ¢61/4, then these conditions are also
necessary for such a boundedness.

<1 For the operator H* we have
1
Koy = /t?“‘”ol dt,
0

which is finite under the choice gy € (0, z% + A — ). This ensures the boundedness of H* when
a< S+
Similarly, the sufficiency of the condition 8 > A — % for the boundedness of 77 is checked.

To prove the necessary, we choose f = fo(z) =: W, so that

/ o) dy = exr®

ly|<r
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and then

) p 74;{16
us _wvs dt
HfOHLp,q),A(Rn) = sup ¢(0) /t a(14+t) ¢« —
b 0<d<g—1 / t

1

=

= sup ¢(d) [B (—Hé, —V6 — —Hé)} ! <c sup @(f) < o0.
0<d<q—1 q 4 q 0<6<q—1 §4q

Thus fy € ng’Q)’/\(R"). On the other hand, direct colculation shows that

Hafo(x) = cfo(ac)7 c= |Sn1|/t:’+’\a1 dt,
0

which implies that fooo /P A==l must be finite.
The case of the operator /#” is analogously treated. >
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I'PAH/I-ITPOCTPAHCTBA TUITA MOPPU

Camko C. "2, Ymapxaykues C. M.23
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AnnoTranms. Tak HasbIBaeMble I'DaH/I-IPOCTPAHCTBA B HACTOSIIEE BpeMsl sIBJIAIOTCS OJIHUM M3 OCHOBHBIX
00BeKTOB B Teopuu (PYHKIIMOHAILHBIX IIPOCTPaHCTB. ['pana-mpocTpancTia Jlebera ObLIM BBeJIeHBI B paboTax
T. Iwaniec u C. Sbordone B ciyuae muOXKeCTB §) KOHEIHOI Mephl || < 00, u aBrOopaMu B ciaydae |2 = oo.
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Ilocnennee ocHoBaHO Ha BBeIEHMU IOHATHS IpaHiu3aropa. nes «rpanamsannns Oblla TakKe NPUMEHEHA
B KOHTeKCTe npocrpancTB Moppu. B aToit crarbe MBI pasBuBaeM HJI€I0 MpaHaM3anMK 710 Oojee OOIUX IIPO-
crpancts Moppu LP*®%(R™), usBecTHBIX KaK MpocTpaHcTBa Tumia Moppu. Mbl BBOIUM TpaH-IPOCTPAHCTBA
Tura MoppH, 9TO BKJIIOYAET CMEIIaHHbIE M YaCTHbIE IPAH/| BEPCHH TaKUX IpocTpaHcTB. CMelanHoe IpaHi-
IIPOCTPAHCTBO OIIpeJe/IseTCsl HOPMOIt

oo p—e

supo(ed)sup | [wr)=ue)t | [ @l Cawiay | T
lz—y|<r

C HUCIOJIb30BAHUEM JBYX T'DAHAM3aTOPOB a u b. B ciydae rpanj-ipocTpaHCTB, YACTHBIX OTHOCHTEJIHLHO I0-
KasaTesisi ¢, Mbl M3y9aeM OMPAHUYEHHOCTh HEKOTOPBIX MHTErPAJBHBIX OmepaTopoB. Kiacc 3Tux omeparopos
COJIEPXKUT, B 9aCTHOCTH, MHOTOMEPHBIE BEPCUU OIIEPATOPOB THUIIA Xapu U oneparopoB ['mianbepra.

KioueBble cjioBa: npocTpaHcTBo THia MoppH, rpaH-IpoCTPaHCTBO, MPaH-IIPOCTPAHCTBO Thia Mop-
p¥, IpaHIn3aTOp, YaCTHAs IPaHIU3aIlsl, CMEIIaHHAsT TPAHU3AIMsI, OJJHOPO/IHOE sIJIPO, OIEPaTOp TUIIA XapIu,
oneparop ['mabbepra.

Mathematical Subject Classification (2010): 46E30, 42B35.

O6pasern; nuruposanusi: Samko, S. G. and Umarkhadzhiev, S. M. Grand Morrey Type Spaces // Baa-
JuKaBK. Mar. xxypH.—2020.—T. 22, Ne 4.—C. 104-118 (in English). DOI: 10.46698/c3825-5071-7579-i.
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O JPOBHOM MHTEI'POJINOOEPEHIIPOBAHNN AJJTAMAPA
1 TUITA AJJAMAPA T10 HAIIPABJIEHIIO B BECOBBIX
IMPOCTPAHCTBAX JIEBET'A CO CMEIIIAHHOI HOPMOI
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Hoceswaemen 75-aremuto co ona poostcderus
npogeccopa C. C. Kymamenadse

Awnunorausi. B pabore npuBOAsTCS OMpeeeHUs] U PA3/IMIHble BCIOMOraTe/bHbIE CBOMCTBA JIPOOHBIX
uHTErpasioB Anamapa u tumna Ajgamapa IO HAIPaBJIEHUIO, APOOHBIX MpOou3BOAHBIX Mapmio — Amamapa
u tTuna Mapimo — Aznamapa mo HanpasiaeHuio. Beegena mogudukannss ApoOHBIX MHTErPaJIoB AmaMapa u
Tuna AjgaMapa 1Mo HAIPABIEHUIO C SAPOM, YJIyYIIeHHBIM Ha OECKOHEYHOCTH. B cTraThe paccMaTpuBaroTCst
OIEPATOPHI «THUIA CBEPTKU», NHBAPUAHTHBIE OTHOCUTEIFHO PACTSI?KEHUs B BECOBBIX TPOCTPAHCTBAxX Jlebera
co cMerraHHoN HOpMO#i. JlokaszaHa OrpaHUYEeHHOCTb U MOJIyIPYIIIOBBIE CBOMCTBA JIPOGHONO MHTErPUPOBA-
Hus o Ajamapy u Tuna Ajgamapa MO HAIIPABJIEHUIO B BECOBBIX MPOCTpaHCTBax Jlebera co cMeImaHHON
HOpMOii. B pabore paccMOTpeHbl KOMIIO3UIINA APOOHOro mHTerpasia mo Amamapy u tumna Amxamapa n gpoo-
HOI mpousBoaHoit Maprio — Amamapa u tuna Mapmo — Ajamapa 110 HAIIPABJIEHUIO, TaKXKe IIOJIYYE€HO
WHTErpaJibHOE MPEJICTaB/IEHNE YCEUEeHHBIX IPOOHBIX MPou3BoAHbIX Mapimo — Ajnamapa u tumna Mapiro —
A amapa 1o Hanpasienuio. /Jlokazanbl TeopeMbl oOparienus IpoOHbIX MHTErpasioB Amamapa u tuna Aja-
Mapa 10 HAIIPABJIEHUIO HA (DYHKIINAX U3 BECOBBIX IPOCTPAHCTB Jlebera co cmemannoit nopmoit. Jlokazana
TeopeMa, O CBSI3U MeXK Ty OOBIKHOBEHHBIMU U YCEYEHHBIMU JPOOHBIMU MTPOU3BOAHBIMU Mapiio — A mamapa
u tuna Mapio — Ajjamapa 110 HaIpaBJIEHUIO.

KiroueBblie cioBa: apobubiii mHTErpan Ajgamapa, JpobHast Tpon3BoaHas Ajamapa, npocrpascTso Jle-
Gera CoO CMEIIAHHON HOPMOIi, OIlepaTop PacTsKeHus, ApobHas npousBogHas Mapimo — Ajamapa mo Ha-
[paBJICHUIO, JIpOOHAasl pou3BoaHas Tuna Mapiio — Ajamapa 110 HalpaBJIEHUIO.

Mathematical Subject Classification (2010): 26A33, 41A35, 46E30.

O6paser; nurupoBanusi: SAxmmboes M. Y. O npobaom murerpoguddepennnpoBannn Agamapa 1 THIIA
Anamapa 110 HAIIPABJIEHUIO B BECOBBIX IpocTpancTBax Jlebera co cmermannoil HopMoii // Binaaukask. Mar.

xKypH.—2020.—T. 22, Bem. 4.—C. 119-134. DOI: 10.46698 /t4957-0399-9092-y.

1. BeeneHue

K. Anamapowm (J. Hadamard [1]) 6buta BBeieHa KOHCTPYKIHs JIpo6HOrO nHTErpoudde-

- a
PEHITUPOBAHMUSI, SIBJSIIONIASICST POOHON CTEIEHBIO (x%) , IPUCIIOCOOJIEHHAST K TTOJIyOCH U UH-

BapunaHTHadA OTHOCUTEJIbHO PACTA?KECHUA.

B nammoit paboTe n3yueHbl Ka4eCTBEHHbIE CBONCTBA APOOHBIX MHTEI'PAJIOB U ITPOU3BOIHBIX

Anamapa, Tuna Amamapa u tumna Mapimo — A mamapa Mo HalpaBJIEHUIO B BECOBBIX MTPOCTPAH-

crBax Jlebera co cMmernaHHO HOPMOIi.

© 2020 fxmmboes M. V.
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[Tpocrpancrsa Jlebera co cMenanHol HOPMOI OBLIM BBEJEHBI M U3yYeHBI B pabore [2].
Wsy1eHnio orpaHnIeHHOCTH OIIEPATOPOB B IIpocTpaHcTBax Jlebera co cMeranHoi HOPMOIi 11o-
cBsIeHbl paborsl |3, 4]. Psix cBoiicrs eMmemanubix npocrpancTs Jlebera Moxkuo Haiitu B [5].

YacTHble u cMeIaHHbIe JIPOOHBIE POU3BOIHBIE MapIiio B ciIydae JIBYX EPeMEeHHBIX COep-
karcst yxke B pabore A. Marchaud [6]. [Ipo6Hbie mHTErpasibl U MPOM3BO/HbIE 110 HATIPABJICHUIO
dbyHKImit MHOTUX TIepeMeHHBIX Biiepsble BBesenbl V. A. KunpusiHoseiM |7]. B paborax |7, 8]
U3YUYeHbl pa3JIMuHble CBOICTBA JPOOHBIX MIPOM3BOJHBIX 0 HalpapieHuoo. B pabore 9| usy-
YeHbl Kav9eCTBEHHbIE CBOICTBa oreparopa JapobHoro jguddepeHnupoBanust B cMbicie Kumpu-
STHOBA.

B crarbsix [10-16] 6610 paccMOTPEHBI OIiepaTopbl OTHOMEPHOTO JIpOOGHOTr0 nHTErpodde-
pennupoBanus Ajgamapa u Tuna Ajgamapa. Psiji ¢cBOiicTB ApoOHOro MHTErpupoBaHus 1Mo Aja-
Mapy MOXKHO HaiiTu B kuure [17].

B nanHoit pabore mM3ydeHbI CBOMCTBa OIEPATOPOB «THUIIA CBEPTKU»: WHBAPHMAHTHOCTH OT-
HOCUTEJILHO PACTS?KEHUsI B BECOBBIX CMEIIAHHBIX ITpocTpancTBax Jlebera. VccenoBanbl cBoii-
CTBa OIEPATOPOB JIPOOHOIO MHTErpUpOBaHuUs U juddepeHmpoBanust Ajtamapa u Tuna Aja-
Mapa 110 HarpasJiennio Ha R’} . [laHbl yc10Busi orpaHI9eHHOCTH OIlePaTopa, JIPOOHOr0 HHTEI PH-
poBaHusi Atamapa u Tuma AjjaMapa o HAIPABJIEHUIO B BECOBOM IIPOCTPAHCTBE CYyMMUPYEMBIX
dyuknmii Ha R’} paccMOTpeHbl KOMITO3UIINN JIPOOHOTO MHTerpaJja Tuia AjmamMapa u JpoOHOM
mpon3BOIHON TuTa Mapiimo — A jamapa 1o HalpaBIeHUIO U MOy YeHO HHTErpaIbHOe MPeICTaB-
JIEHUE yCEeUEHHBIX IPOOHBIX Mpou3BOaHbIX Mapiino — Amamapa u tura Mapmo — Aamapa 1o
HarpapieHno. Ha ocHaBaHUM MHTErpaJIbHBIX IIPEJICTABICHU, JJOKA3aHBI TEOPEMBI ODpAICHUS
JpOOHBIX HHTErpasioB Ajjamapa u Tuna AjaMapa 1Mo HAIPABJIEHUIO B BECOBBIX IIPOCTPAHCTBAX
Jlebera co cMmerannoit Hopmoit. Kpome Toro, moka3anbl CBS3M MEXKY OOBIKHOBEHHBIMU U yCe-
YEeHHBIMU JPOOHBIME ITPOU3BOIHBIMEU THITa, Mapiimo — Ajjamapa 1o HalpaBJIeHHO.

Teopust npobrOTO MU dQepentnpoBanus B cMmbicie Agamapa u Maprimo — A namapa pasBu-
BaEeTCsT TaKXKe B MPUJIOXKEHUSIX K PENIeHUI0 HHTErPo-audhepeHIIna HbIX YPaBHEHUN B OOBIK-
HOBEHHBIX M YaCTHBIX ITPOU3BOJIHBIX, NHTErPO-/nddepenaibHble OMepaTopbl KOTOPBIX IIPUHY-
MalOT HelleJible BEIeCTBEHHBbIE U KOMIIJIEKCHbIE 3HAYEHUsI, 3aBUCAT OT BPEMEHU WJIU JPYTHUX
aprymeHnToB (cum., Hanpumep, |18, 19]).

PaccmoTpenune Befiercss B paMKaX IPOCTpancTs Lpy = Ly~ ( n, d%), OIIPEIEIISIEMBIX CMe-
[MAHHOW HOPMOIA

p2 Pn 1

o0 o d P1 Pr—1 d Pn

_~odxq n—bo €T "

If: Los|) = / / f @) 2y I T
0

T TIn
0

Pabora umeer ciejyroniyto crpyKTypy. B pasienax 2 u 3 npuBojsTCs ONpeJieieHus U pa3-
JINYHBIE BCIIOMOraTe/bHbIe cBoiicTBa AnaMapa, Tuna AgaMapa u tuna Mapino — Anamapa 1o
HaIlpaBJICHUIO, a B pasjieie 4 — BecIoMorare/bHbIe JIEMMbI Jls IIPOCTPaHCTB Ly ~. B pasme-
gax 5, 6 u 7 comepKarcs H0Ka3aTe/IbCTBAa OCHOBHBIX PE3Y/JILTATOB: B pasiese b JOKa3bIBaeT-
Cs1 OIPAHUYEHHOCTL APOOHOrO MHTErPUPOBAHUA AjmaMapa U TUIa AjgaMapa IO HAIIPaBJIECHUIO
B IIPOCTPpaHCTBaX CO CMEIIaHHBIMU HOpMaMM; B pa3/ieJjie 6 IIOJTy9€HbI MHTETPaJIbHBIE IIPDEJICTaB-
JIEHUsI YCEYEeHHDBIX ApOOHBIX Hpou3Bomubix Mapimo — Axamapa u tuna Mapmo — Anamapa
10 HAIIPABJIEHUIO B BECOBBIX CMEIIAHHBIX IIPOCTpaHCcTBax Jlebera, a B pasese 7 JOKa3bIBAIOT-
cs1 TeopeMbl ODpallleHnsl APOOHBIX MHTerpajoB Ajgamapa U Tuma Ajgamapa 10 HAIIPABJICHUIO
or dbynkuuit u3 Ly ~.

Ob6ozuauenusi. N — MHOXKECTBO HATYPAJbHBIX YHCETI, R — MHOXKECTBO BEIECTBEHHBIX
qnces;, C — MHOXKeCTBO KOMILJIEKCHBIX 1nces; R — n-MepHOe eBKJINIOBO IIPOCTPAHCTBO TO-
qek T = (T1,...,%pn), R™ — komnaxrudukarmus R" ¢ oHOl GECKOHETHO Y/IAJICHHOH TOU-
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koit, R = {x € R";21 >0, ...,2, > 0}; E — equununsiii oneparop; (IL,f) (x) = f(xz o p),
x,p € R}, — oneparop pactsizkenusi. BsejieM KoHeUHYI0 Pa3HOCTh € MCHOJIb30BAHUEM Ollepa-
TOPA PACTSIZKEHHsI

l
=3 (-1 (ﬁg) far?) =(E—-1,)'f, 1€N, 7R, (1)

k=0

(2) — OuHOMUAJIbHBIE KOI(DDUITUEHTHI. YCIOBUMCS, UTO 3anuch 1 < p < oo up =00, rae p =
(p1y--+sDn), 30 = (00,...,00), o3Hagaer, uro 1 < p; < 00, p; = 00, i = 1,...,n. OcHOBHBIE
o n dz
Pe3yJIbTaThl JaHHOI paboThl He Oy Iy T KacaThCsl CMENIaAHHBIX IPOCTPAHCTB Ly ~ (R T, ?) , KOTJ1a
dr _ dzi dzy

OJIHA YACTb P;, ¢ = 1,...,n, KOHEUHa, & JIpyras JacTh OecKoHeuHa, <F = R
n

C5 (R}) = {fﬁ I1f; C51l = max |27 f (z)] < oo, |lim e f(z) = lim 277 f(a )}’

z|—0 |z|—o0

’)/Z‘ZO,’i:l,...,n.

o) ={r rec®)(5se0 = m s 70 =16},

|z|—o00

IIycts w = (wl,.. ,Wp), TOrIA pY = (pfl,--.,p‘;j"), zop? = (xp{t, ..., Tpptn), zotY =

(1t zptn), pi > 0,1=1,.
u®, u > 0,
(u)i:{o w<0
Yis pi:OO,Z'Zl,...,n.

Bynem ucnosbzoars RN (a,l) = fooo t—i-a (1 — e_t)l dt — HOPMUPOBOYHBIE TTOCTOSTHHBIE, W3-
BecTHbIE B Teopun Jpobuoro judddepennuposanus; Cgy (R’_f_) — KJiacc OeckoHedIHO-Tud-
dbepennupyembix  GUHATHBIX (DYHKIHUI ¢ HOcHTEIeM BHe Hadaida koopauHatr; [ (a,z) =
[ e ttoldt, a,x € R, — nenosnmas ramma-yHKIust
€T ) ) ) )

ImI' (a,z) =T (), lim I'(a,z)=0. (2)

xz—0 T—00

2. JIpobubie nHTerpasibl Ajgamapa u Tuina Agamapa mo HanpaBJIEHUIO

JpobrbiMu nHTerpasiamMu Ajamapa u Tuna Ajgamapa Mopsiiaka o, o € R}‘_, 10 HAITPaBJIE-
1o w, w € R}, naspiBaeM KOHCTPYKIUK

1
d
(JS) / g (o) “@ (3)
3
0
1 ”
o a—1 Inw) %S
(I.06) (@) = g [ €t g (o) B, ()
0
rae xofMY = (21£M%1, ., 2, M) 1 BexTOp w = (w1, ..., w,) HOAUMHEH ycioBHO (In wi )2+

+ (nw,)*=1.
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Oneparopet (3), (4) xkomMmmyTHDPYIOT ¢ onepatopom pactsukenus I, J5 = JJ,, 11,J5 , =
Jﬁy MHP U cBsI3aHBI ¢ oneparopoM Pumana — Jluysumis I paBeHcTBaMH

(J50) (@) = (QT'IQ9) (1), (JEu9) (2) = (MopuoQ ' I} QM) ().
rie v = lnw = (Inwi,...,Inw,), (Qp)(z) = ¢(e%) = p(e™,...,e™), (Q71¢) (z) =
e(lnz) = eo(nz,...,Inz,), (Muwe)(x) = =4 .. “"go(:cl,...,xn), (M_p) () =
o M e Mo (2, L ) (om. |17, ¢ 251] | (10, c. 11] .

Omneparopsr J , n Jg 00/1a/1a10T HOJTYTPYIIIIOBBIM CBOACTBOM:
IS I = I35 e (>0, 8>0), (5)

JSIbp = Jﬁ*% (@>0, 8>0). (6)

Beenem wmomumdukanuio IpoOHOrO MHTerpaa Tula Ajnamapa IO HAIpPaBICHUIO C sIl-
POM, «yJIydIlleHHBIM» Ha OeckoHeuHocTH. Momudukariust JpoOHOro HHTerpaJa Tuia Amamapa
0 HanpaBJIeHnio w, w € R nmeer Bu

(2t0) @) = [ (ALk) (e (zo ) T, ™)

0

RIOE F; lo(_l)k ( Ii > (i)“ (m ?)il (AL_iKk},) (1) € Ly (RY).

k= 7k
OueBniHO, 9TO
Idto=AI%p, I3 o=ALIS o
Ha JJOCTATOYHO XOpoImnX (MyHKIUAX ¢(x), T. €. onepaTopbl (7)—(8) mosrywaoTcst HpUMEHEHIEM

onpe/iesenns B (1) pa3HOCTHBIX OLIEPATOPOB A C «MYJIbTUILINKATUBHBIM» IIAroM K OIEePaTo-
pam JGo n J3 0. OHn NMEOT TO IPEnMyHIECTBO 110 CPaBHEHUIO ¢ J5p, 4o npu | > a > 0

u J§ M(p, OHHM OrpaHMYeHbl B IpocTpaHcTse Lj (RQL_, ‘i—“”) mpu Bcex 1 < p; < oo, 3 > 0,

i=1,...,n (1. e. BrItOUas ciay4vaii yv; = 0, 1—1 Sm).

3. IIpobnoe auddepenuuposanue Mapiiro — Agamapa
n Tuna Mapino — AgaMapa mo HamnpaBJICHIIO

o6Hoi mpomsBogHoil Mapmo — Axamapa mopsika o (o € RY) mo mampasienmio
P p p p p + p
w=(w1,...,wn), w € R HAZOBEM CJIe/IyIOIIEE BHIPAYKEHHE:

; —1l-«a
0@ =g [ (01) G @ % 15 a0
0

IIOCTPOEHHOE C IIOMOIIBIO KOHEYHOIT Pa3HoCTu, B34ATON BJOJIb HalIpaBJICHUA.
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Jpobubie nmpousBoanbie Mapio — Agamapa DS f cBsi3aHbl ¢ JPOOHBIM TPU3BOIHBIM Map-
o D¢ f pasencream D2 f = Q7 'DYQf, rie v = Inw.

Jlpobuble npousBoanbie Tua Mapiio — Ajpamapa D&M f cBs3ambI ¢ oneparopom Puma-
Ha — JImyBunia I} pasencTBam

(DS,Mf) (:C) = (Mf/wQ_llv_aQM,uvf) (CC) )

e v = Inw = (Inwy,...,Inwy,), (Qf) (z) = f(e%) = f(e™,....e™), (Q7f) (x)
f(lnz) = f(lnzy,....Inz,), (Muf)(x) = o ah" [z, z) (M_pf)(x) =
o MM f (2, ), 0 < a < 1 (em. 17, ¢ 251] u [10, c. 11]).

«YcedenHoii» JIpobHOIl mpousBoaHoii Mapmo — Ajamapa u Tuna Mapmo — Ajpamapa
dyukupeii f(z), z € R7, o nanpasienno w, w € R”, HazoBeM BbIpaykeHMe

n —1l-a
(DS1-5f) (w):N(;l)/(lnD 1 (Bht) (x)%, I>a>0,
0

n —l—a
(DG 1, f) () = I‘(%—a) /t” <ln%> 1 (A;lnw > (z) % +uf(x), 0<a<l, (9)
0

e 0 < p < 1. «YceuenHoii» JapobHOIT pomsBoaHO Mapino — Amamapa u tuma Mapiio —
A amapa 110 HaIpaBJieHHIo OyJieM MOHUMATh IpeJes II0 HOpMe IIPOCTPaHCcTBa, Ly 5:

Dgf = pli}fl() Dg;lfpfa Dg,y,f = ;L)Hi Dg,,u;lfpf' (10)

4. BcnomMmoraTesibHbIE JIEMMBbI

Jlemma 1. Ilpocrpancrsa Cgy, (Rﬁ) IJIOTHO B L5 (R’}r, d%), 1<p<oo,mBCyp (R’}r),
Cs0 (RY) = {f (@) =a7g (), g(x) € C(RY), lim g(z) = lim g(x) = o} ,
|z|—0 |z|—o00

JIIST JTIOOBIX —00 < 7y; < 00, 1 =1,..., M.

< ,Z[OK&B&TQJH)CTBO JIEMMBI OCYIIECTBJILETCsI CTaHIapTHBIMU CpeACcTBaMu. [>

Jlemma 2. Ilycrb ¢ € L=, 1 <p< oo,y € R, 0 =1,...,n, To cupase/inBo HEpaBEeHCTEO:
T3 Lzl < (07 ) s Ll (11)
rae
- ngg
¥* :‘ z* —_ ‘17 ~X 3 < 007
() = [Twile). wilpl") =47 bi=e (12)
i=1 Pi s pi=00, 1 =1,...,n.

Kpowme Toro, omeparop pacTsKeHHsT allPOKCHMHPYET €IUHHIHBIH olleparop B IPOCTPAH-
crBe Lp~:
lim [[lyp — ¢; L5 = 0. (13)

p—1—
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< PasencrBo (11) ycramaBimBaeTcsi O4YEBHIHBIME 3aMeHAMH IlepeMeHHbIX. Jlokaskem
yreepxenne (13). Vmeem

o — 3 Lzl = H [1 - (@Z)(pv))_l]ﬂpso + (@ (7)) e — Lm( :

rae ¢ (p7) — dynkuus (12). Hcnonssys o6obuientoe HepasencTso Munkosckoro (cm. |5,
c. 22|), nomayanm

M — 5 Lpsll < H [1 - (w(/ﬁ*))*l]ﬂp@; LmH + H W (7)) oy — LmH :
B cuy (11) nmeem
M — @5 Lyl < [1 = v (o7 )| lls Lyl + Mg — g: Lol (14)
dx

rie g(z) == 2 7Pp(z), g(z) € Ly (R?, L) upu 1 < p < co u g(z) € C(R?) npu p = =.

x
Yreepxkaenne (13) crenyer u3 nepaserncrsa (14). >

Chenyromme JIeMMbl OTHOCSTCST K OIEPATOPAM <«THIIA CBEPTKU», MHBAPUAHTHBIM OTHOCH-
TeJIbHO PACTsZKeHUsl B nIpocTpancTsax Lp~. IMenno, paccMoTpuM onepaTopbl BUJIa

(Boe) (@)= [ k@) o (wop)d,
(Bug) (z) = / 0 (1) (w0 12) dr. (15)
0

Jlemma 3. Ilycrs ¢ € L5, 1 <p; < oo,y €R,i=1,...,n. Ecm

n

W)= [ IROIT] (7 de < .

i=1
To oneparop B, orpanuien B npocrpaHcTse Ly, n

| Bow; Lozl < k(p) | L5l - (16)

< Tak kak (By) (x) = [Tk (t) (L) (x) dt, npumenus 06o6mennoe nepasencTso Mun-
KOBCKOI'0, IIOJLy 1iM

1By; Ly | = / k()] || (Wye0) (2) s Lo | dt.

B cuiy pasencrsa (11) moaygaem (16). >

).

Cnencreue 1. Ilyctb Lpx, 1 < D < oo, 7 € R, i = 1,...,n. Ecm d(w) :=
I la(t))] t7wdt < oo, re ¥* ow = Y., Yiw;, To omeparop B, orpammueH B mpocTpam-
cree L, n

| Buw; Lzl < d(w) [[; Lp7ll -

CaencrBue 2. IIycrs B (15) a(t) = 0 upu t > 1. Torua oneparop (15) orpanuden B 1po-
crpanctse Lpy npn Bcex 1 <p; < 00,7 20, w; 20,1=1,...,n, ecimn fol la (t)] dt < 400.
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JIemma 4. Ilycrs k (t) € Ly (R), ki (y;) = 0 npr t < 0. Torza
1Bo; Lyl < [1k; L1 (R)]| [l; Ly
mpu 0 < p;<1l,i=1,...,n

,HOK&S&TGJH)CTBO JEMMBI 4 BBITEKAET U3 JIEMMBI 3.

Jlemma 5. Ilycrs k(t) € L1 (R), k(t) =0 npu t <0 u [° k(t)dt = 1. Torsa
Jim 1By — @5 Lysll = 0 (17)

grTBeex 1 <p; <00, v 20,0<p; <1, e=1,...,n
< IIpexxge Bcero ormerum, uto Byp € Ly~ g ¢ € Ly~ upu 0 < p; < 1,0 =1,...,n,
o0
corjiacHo jieMMe 4. 3aMeTuM, 9To, TaK Kak fO k(t)dt =1, To

o0

(Bpp) () = ¢ (2) = /k‘ (1) [(Tye ) () — o (x) ] dt.
0

Ucnionbays 060011IeHHOE HEPABEHCTBO MUHKOBCKOT'O, TIOJIyYUM OIEHKY
1Bop — 3 Lpall < / |k ()] [| (M) (2) — ¢ (@) s Ly dt. (18)

[Mockombry 0 < p; < 1,7 =1,...,n, 10 B (18) BO3MOXKEH IPEJEILHBII IEPEXO/] TI0J] 3HAKOM
WHTErpaJia Ha OCHOBAHUM MaXXOpaHTHON Teopembl Jlebera. [Ipumenenue mociaeaueii 06ocHOBaA-
HO yTBepxKaenusamu (11), (13) zemmer 2. >

5. O6 orpaHUYEHHOCTHU JIPOOHOTO MHTEIrPUPOBAHUSA
no Agamapy u tuna Anamapa B IPOCTPaHCTBe Lj~

Teopema 1. IIycts v; € R, 1 < p; <00, a; >0m pp € C. Ecoim Rep+ >0 v Inw; > 0,
ro oneparop Jgy , orpanuieH B Lp 5 u

195 .05 Loz || < Qulles Lyl (19)

rae Q, = <Re,u+z:Z 1 lnwz) .

< Cuagajia paccmorpum ciaydait 1 < p < 0. C nomorIipio 0000IIEHHOTO HEPABEHCTBA
MuHKOBCKOTO, TI0/IyYaeM

o
d

72,5 < [ Ve @ [l (w0 ) s Zas | 2.

0

ITocse moscranoBrku 7; = xiyln”i 1=1,...,n, nmeem
1 n

ut L nw; d
|75 w5 Lz | < /y s ny| @ IIsO;LmH;y

0

(20)

M+Z € e -
/ >€ Le |lg; Lpy || < <H+Z 1an> o5 Lpz || -

B ciyuae p = o0 B (20) 3amenu™ p;, i = 1,...,n #a 1. Torma noxyunm (19). >
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Teopema 2. 1) IIycre v; € R, 1 < p; <00, 04 >0,i=1,...,n. Ecam Y ;" v Inw; > 0,
TO oneparop JJ orpanndeH B Ly~ n

17503 Losll < Qo lls Lol
rre Qo = (37, 7 Inwi) ™.
2) Hycrp 1 < p; < 00,1 < ¢ <00,0<; <1,i=1,...,n. Oneparop JS¢ apobro-
ro MHTerpHpOBaHUs orpanmdeH n3 Ly (R’_ﬁ, d%) B Ly (RQL_, d—“”) TOr/Ia U TOJIBKO TOIJ[A, KOIJia

x
. 1 . — _Pi -
L<pi<g @i =105 t=1...,n

< IlepBoe yTBep:KieHUe BEITeKaeT u3 TeopeMbl 1. [lasee, oneparop J5¢ cBs3aH c onepa-
topoM Pumana — JIuysumnia IS¢ paBeHCTBOM

IS = Q7 IIQep, (21)
rie (Qp) () = ¢ (e®) = p (e™,...,e"), v = Inw. B cuny (21) BrOpoe yTBepK/IeHHE TEOPEMBI
cJie/lyeT U3 U3BeCTHOH Teopembl Xapau — JIuTTiByma 11 0OBIMHOrO JIPOOHOr0 UHTEIPUPOBA-
must o R™ (em. [17, c. 345]). >

Teopema 3. Omneparops! Ji’fm " Jgi orpaHm4eHbl B IpocTpaHcTBe Ly~ 1pu Beex
1<p; <0, =1,...,n,

il . .
“Jg,u,7¢7 Lﬁﬁ” <c (7_7 :U') H‘Pﬂ LﬁﬁH )
re 0 <c(r,p) <lompuRep+> 0 vilnw, >20,0<7<1,1>a>0,
e .
[ 75203 Loz || < e1 (1) s Lyl

rne0<c (7)<l mpud .t vilnw 20,0<7<1,1>a>0.

< JlokazaTebCTBO 3TOM TEOPEMbI BBITEKAET U3 CJIEACTBUS 2 JeMMBI 3. [>

Teopema 4. [Iyctb a >0, >0, 1 <p; <00, €R,i=1,...,n, upeC.

1) Ecim Rep > —>"  ~f1lnw,;, 1o omeparop Ji, obmajaer HoJyrpynnoBbIM CBO-
croM (5) B mpocrpancTse Ly .

2) Ecm Y ;v 1Inw; > 0, to omeparop JS obmazaer noyrpynnossiv csoiicrsom (6)
B npocTpaHcTBe Ly .

< Crauasa paBeHCTBO (5) JOKaXKeM Jisl «JIOCTaTOYHO Xopoiuxy» dbyHkmil ¢. ITomenss
MOPSIJIOK MHTErpupoBanus 1o dpopmyste Jdupuxiie, mpugeM K paBeHCTBY

1 1
1 1 dé 1 _ 1 dr
Jo Jﬁ - - Bl a-1% -+ ) 8—1 nw) 47
() @) = s [ € mel™™ Fprs [ e o (o (er)) 2
0 0
1 1
1 du wlPtde
=——  [u* me) == [ ng* tn-| =
rar | 0 (o) et
0 U
Buyrpennuit unrerpaJt jierko BeITUCISIETC TOCTe 3aMeHbl In€ = InwIn y:
1 e
1 _ du _ 1 dy
JonB — 1] a+p—1 Inw _/1 0411_1 B—-1 %Y
(T2, 78,0)() 7F(a)r(ﬁ)0/“ ™ (o) & im0 S

1

1 du
_ n a+p6—1 Inw _ a+f
e R G b
0

Orcrona nostygaeM paBeHCTBO (5) JJIsT «IOCTATOYHO XOPOIIUX» (DYHKIHH .
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Ecim Rep > — 37" | 7F Inw;, To B cuy Teopemsl 1 oneparopst JS

o qu u qu orpa-

HIYeHbI B Ly 5, 1 paBeHCTBO (5) BepHO ist @ € Ly ~.
Korga p = 0, u3 Teopembl 4 1 TeoOpeMbl 2 MOJTyIaeM MOy IPYIIIOBOE CBOMCTBO ONEPaTOPOB
JIpobHOro mHTerpupoBanus Ajamapa (3). >

6. nrerpasbHOE TpeEJICTABJIEHNE YCEYEHHBIX JPOOHBIX MMPOU3BOIHBIX
Mapimo — Agamapa u Tunna Mapmio — Agamapa mo HanpaBJIEeHUIO
Berony nuxke Bektop P = (p1,. .., Pp) JUO0 MMeEET BCe KOHEUHBIE KOMIIOHEHTHI p; (P < 00),

b0 Bce OECKOHEUHDbIE P = 00 (oo7 ee,00).

Jlemma 6. Ilycrs f(x) = (JS, )()QOELPV,F,ZIGO<OZ<1,U, 0,1 < p; < oo,
Yi,lnw; € Ry¢=1,....n, u+ ZZ 1p tlnw; > 0um 0 < p < 1. Torga ycedennast ApoOHAasT

IIPOU3BO/IHAS THIIA Mapmo — Anamapa D® f mo HampapjeHHIO W, HMEET CJEIYIONIEE

w,u;1—p
HnHTerpaJibHOe€ IIpe/icraBJeHue:

oo
Dg,u;lfpf = /Kcty, (t’p) ¥ (:C 0 ptlnw) dta (22)
0
e

K, (tp) = Smﬂo‘”—m [(af( ~ a,pln %) T - a)> (Mm%)a (B2 — (- 12| (23)

t

IIpu sTom stpo K, Ot " (t,p)e Ly (R}r) SABJISACTCST YCPEAHSIONUM

_ +
/ (t,p)dt =1, K1, (tp) >0, (24)

apu t > 0.
QU3 (8) mpu 0 <t < 1,1 =1 nmeem

f(z)— f(x o tl““) = <ln %)aﬁ{ 7t”yyo‘_1<p(x o tylnw) dy
0

TTosTomy

rie z otV = (gygyner g, gyinen)

1|yt 0<y<l,
o0 - s

T T(a) |ty — Dy - 10, s 1
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Ussecrro, aro kf ,(y,t) € Li(RY) m fi° ke, (y,t)dy = 0 (em. [12]). U3 (25) momytaem
o

p
dt i
Da,u,l p — / 121 A—p (—)t,u(yv t)gO(fI,' 0 tyl w) dy + Maf(x)
1 @) In n ti-
0

Samenbl ln% = ¢ u y& =7 jamor

o0 d o
Dol =y [ €8 [Hin (o) elaoe a4 @) 20
1 0

n

o=

[TepecranoBKa TOpsi/IKa UHTEIPUPOBAHKsI B IIpaBoii YacTu B (26) NPUBOJAUT K PABEHCTBY

o _ o —Tlhw dr L+ -z a
Dw,,u,;lfpf_ m/gp(moe >? / e s ka,,u, <8,6 S)dS—f—,U, f(SC)
0 0

9T0 coBHajaer ¢ (22).

Vreepaaenust (23)-(24) pmst bynkuun K (t, p) mssecrnr (em. [12]). Ocraercs oboc-
Hosath Jeiicteust B (27). s ¢ € CFo(RY) onm odeBmHbl U, cieoBaTeIbo, JUIs TaKuX
dbyuknmit ToxkecTBo (22) nokasano. B cmry memmbr 4 u Teopemsl 1 oneparop D il Jw’w
crosiiuii B JIeBoit yacTu ToXKIecTBa (22), orpaHuden B Lpy 1pu pn+ Y ZInw; > 0. Orpa-
HUYEH U OllepaTop B IPABOI YacTH B CUILy TOii ke jsleMMbl 4. [Tosromy Ha ocHOBaHUM JieMMBbI 1
TOXKJIECTBO (22) pACIPOCTPAHSIETCs C C5o (R’}r) Ha Bce byHKIMN ¢ € Lp=, 1 < p; < 00,
i=1,.. n,u—l—zllplnwz>0>

Jlemma 7. Ilycrs f(x) = (JS9)(z), ¢ € Lpx, rgea > 0,1 < p; < o0, v, lnw; €R,
i=1...,n, > vilnw, >0mm 0<a<l,1<p < ,’yZ—Oizl,...,n,HO<p<1.

Torﬂa ycequHaﬂ JIpobHast rpousBojHasi Mapimo — A;[aMapa D%, _ f mo HampaBjeHHIO w

w,1—p
numeer cje/lyrllnee nHTerpajibHoOe 1IPpEJCTaBJICHUE:

(DS 1-,f) (x) = /Kﬁa(y)@(wwyl““’) dy, (28)
0
e l
S0y ) -me
Klfa(y) = N(a, ) T(1+ )y €L (R}F) (29)
/Kﬁa(y)dy =1, [>a>0. (30)
0

< ,Z[OKaBaTeJH)CTBO JIEMMBI 7 aHaJIOTUIHO JI0Ka3aTEC/JIbCTBY JIEMMBbI 6. >
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3AMEYAHUE. MOXHO ITOKa3aTh, 9TO yTBEPXKIEHNE JIEMMbI CIIpaBeuBoO U 1npu y; = 0,
pi=14i=1,...,n,0 < a < 1, oqaako 310 noTpedyeT MHOr0 0OOCHOBAHUSI (CM. JIOKA3ATEIb-
CTBO JIEMMBI 8).

Jlemma 8. Ilycrs f € LF,X7 1<r; <00, \; 20,i=1,...,n, TakoBa, 9T0 ee pa3HOCTb
(AZT f) (z) mopsiaka 1,1 > «, npejcraBuMa MOJUGHITIPOBAHHBIM a1aMapPABCKUM JIPOOHBIM HH-
rerpaom (7) 1o HanpasieHmnto OT (DyHKIUN U3 Ly :

(ALf) (@) = gL 7N ) () (wotM)% (31)
0

mel>a>0,0<7<1,p€lps 1<p <o0,v=20,1=1....,nu0<p<1 To-
ra ycedwennas JjpobHas npoussoinas D |, f 1o nanpasiennio w, JJonycKaeT HHTErPaIbHOe
npejicrapienne (28) npu Beex 1 < p; < 00, y; = 0,4 =1,...,n, u HHTErpaIbHOE IPEICTABIIE-
HUe

(DS, f) (z / w 0 p““”) dt — ¢ (0) (32)

mopu Bcex p; =00, v, =0,1=1,...,n

< Taxk kak pu v; > 0, ¢ = 1,...,n, yTBepKIAeHUS JeMMbl 8 0OOCHOBAHBI IIPU JIOKA3A-
TeJILCTBE JIeMMBI 6, TO paccmaTrpuBaeM ciaydait v; = 0, ¢ = 1,...,n, HO npu JoObIX o > 0,
1<p; <0, 1=1,...,n. Hyxmno 060CHOBATDL CJie/IyIOINIee PABEHCTBO:

o0

/ % kzzra (g) gp(m o e_Tlnw> dr = /go(x o e_Tln“’> dr / k‘;fa <%> %

Inl 0 0 Inl
p p

Ono HecaokHO 0b60cHOBBIBaeTCst TeopeMoil Oyounu pu 1 < p; < o0, v =0,1=1,...,n
HeiictBuTe/ibHO, TOKaxkeM, uto npu 1 < p; < 0o, 7, = 0,4 = 1,...,n cxomurcs (mmouTu st

[} S 52

7‘@(:6 o efﬂn”) ‘dT i
0 Inl

11 BeeX ¢ € Ly, 1 < D < oo. Orcrofia 3aMeHbI % =sut=tln ;_1) MIPUBOIAT K HEOOXOIUMOCTH

JIOKa3aTh CXOAMMOCTH HHTerpajia
oo
J = /‘gp(moptln‘JJ)‘K*(t) dt, (33)
0

e K*(t) = & fo ‘k )| ds. Tak xak kfa(s) e Ly (R}r), To K* (1) < § upu t — +o0. [aree,
ouesntao, uTo K* (1) < ct® lupun t — 0 u uro K* (t) menpepwisra mpu 0 < t < oo. Torma
3 (33) nmeem

1

Jéc/‘go(:cop tlnw)

0

dt
t

ta 1dt+6/‘g0 zop tlnw)‘



130 Sxmmboes M. V.

U ocTaercs cocjarbcsd Ha tTeopeMmy FOHra i OpPOCTPAHCTBE €O CMEIIAHHON HOPMOM
(em. [5, c. 25]).

Ocraercst obocHOBaTh ciy4ait p; = o0, ¢ = 1,...,n, korma ¢ € C (Ri) B stom ciryuae,
9TOOBI IIPEOIOJIETh TPYAHOCTH, CBSI3aHHBIE CO BTOPBIM CJIaraeéMbIM, T. €. t > 1, pacCMOTpUM
«JIByCTOPOHHEE» ycedeHne IpoOHOI mpou3BogHOil Mapimo — Ajmamapa 10 HaIlpaBJIeHHIO W,
T. €.

=gy () G ae

rie 0 < e < p < 1, n 3arem ycrpemnm £ — 0. Coracuo (31) n (34) nmeem

p oo

(D21 pef) (@) = N(;l) / <1n%>_1%/klfa () ¢ (xotylnw) dy.
0

3aMeHbI ln% = ¢ n y& = 7 gaoT

(D pef) @) = 57 ; 7<p(xoe—“nw) ar [ kfa(%)g (35)
0 1

3/ech mepecTaHOBKa MOPsi/IKa MHTErPHPOBAHNUS JIEPKO 0O0CHOBBIBaeTCs 3a cder £ > 0 (¢ yue-

1
ToM TOrO, uTO [P ()| < ¢ m flln N ‘kfa(%)‘dT < 00). U3 (35) nmeem

1 22
npf

@ r —7lnw 1 T 1 T
Papef) @)= [otroe ™) |SURE (<) + ek ()| o

0

Taxum obpasom,
( S’l_p’ef) (x) = /Kl‘fa (t) @(m o ptln“’) dt — /Klfa (t) @(m o 5““”) dt. (36)
0 0

Tak kak ¢ € C (R’_}_) u K l+ L, () € Ly (R}k)v TO BO BTOPDOM CJIaraeMOM BO3MOZKEH IpeJebHbII
nepexoy npu € — 0 noj 3HakoMm uHTerpasia. B cuiay (30) m (36) mosydaem mHTErpasbHOE
npescrasienue (32). >

Paccvorpum dyukimio

o0
«
A(p) == [ p~KF (¢, p)dt = [ —L c
(p) /p ap (t:p) e +F(1—a)
0
1 @ 1
X[F<—a,,uln—)( K > —F(—a,(,u—c)ln—)], (37)
p)\n—c p
rne K, (t,p) — dymxmua (23), 0 < a < 1,0 < p <1, p>0c:= - ?le)flnwi,

Yi,Inw; € R,y > c.

JIemma 9. Ilycts 0 < a < 1, p >0, c€ R, p > cu0 < p < 1. Torna A(p)-dyurmms
obJtasiaeT CJACIYIONUMHI CBOHCTBaAMH:
1) A(p)-dyukmus monoronHo y6biBaer npu ¢ < 0 © MOHOTOHHO Bo3pacTtaer npu ¢ > 0.
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(0%
2) Cupasenmso pasercrso lim, ,1_g A (p) =1, lim, 040 A (p) = ( - ) )

[e% (0%
3) CupaeinBo HepaBeHCTBO (uﬁc> <A(p)<1l,mpnc<0,1<Ap) < (uﬁc> npu
0<e<p.
< Haitnem npousBosmyio

0= i e O )

Orcrona BoiTekaer yreepxkaenue 1), 1. e. A’ (p) < 0 npu ¢ < 0, A’ (p) > 0 npu ¢ > 0.
B cuity cBoiictBa (2) HemnosHON raMMa-dyHKIUK TOJIYYUM yTBepKIeHne 2):

i, Ale) = (MTC)QJF?(Fl(—_Z)) [(uliC)a_l] =b A= <u60)a’

YTBeprkienne 3) BHITEKAET U3 yTBEPXKJIEHUs 2) U B CHIy CBoiicTBa (2) HermosHoil raMma-
dyuKINn. >

7. Ob6paiienue ApOOGHBIX MHTErPaJIOB II0 HAllPaBJIEHWIO OT (byHKIuUA u3 Ly~

Teopema 5. Ilycrs f = J5 ,p, 0 € Lz, r1e 0 < a <1, p>0,1 < p; <00, 7, Inw; €R,

i:1,...,n,M+Z?:1;—ilnwi>01/10<p<1. Torna

(D5 f) (@) = Tim (DG, f) () = ¢ (), (38)

p—1-0

jte npeJjies MoOHUMaeTcs Kak B Ly .

< CXOommMOCTDb TI0 HOPME CJIeAyeT U3 JIeMMbI 6 U JIeMMBbI 5. [>

Teopema 6. Ilycro f = JJp, ¢ € Ly, rnea > 0,1 <p; < oo, y,Inw; eR,i=1,...,n,
S vlw>0mm0<a<l,1<p <2 4=04i=1...,nu10<p<1l. Toraa

(D5F) (2) = I (D1, f) () = (@),

e mpeJies1 MOHUMaeTcs Kak B L5, Tak W ITOYTH BCIOJLY.

<1 CXOmMMOCTh TIO HOPME CJIeyeT U3 JIeMMbI 7 1 jieMMbl 5. JloKa3aTebCcTBO CXOINMOCTH
nouru Beoay mosydnm u3 [20, Teopema 2, c. 77-78|. Ilpu sTom yunTbhiBaem paseHcTBO (29)
U CBOICTBO siyipa ‘Kf;l )] < (Ht)% upu t > 1 (em. [17, ¢. 379]), Tak uro s7pO Klfa (t)
UMeeT MOHOTOHHYIO CYMMUPYEMYIO MaKOPaHTy. [>

Teopema 7. Ilycrs (Ale) (x) = Jﬁ’i(p, pe€Llpy, el>a>00<7<1,1<p < oo,
Yilnw, eR, i =1,...,n, > " ;7 Inw; >0u0 < p<1. Toraa

(D5F) (2) = M (D1 f) () = ¢ (),
rje 1npeaej IOHNMaeTCda KakK B Lﬁﬁ, TaK W IIOYTH BCIOLY.

< /lokazaTeJbCTBO TEOPEMBI CXOJUMOCTH II0 HOPME CJEJIYyeT U3 JIEMMBI 8 U JIEMMBI 5.
JlokazaTe/IbCTBO CXOAUMOCTHU MOYTH BCIOJy — KakK B Teopeme 6. [>

U3 silemmbl 6 TeOpeMbl 5 BbITEKaeT CBsI3b MeXKJy HOPMaMM JIPOOHBIX POU3BOJHBIX IO Ha-
npassennio w (9) u (10) B mpocrpatcTs Ly .
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Teopema 8. Iycrnf(x) = (J2,0)(x), ¢ € Lpy, e 0 < o < 1,1 <P < o0, p > 0,
c::—Z?:lzflnwi, ceR, u>cu0<p<1. Torma

1, c <0,
s M: «
(L) , c> 0.

pu—c

HD&% 1-pf Lys|| < M HDg,yf; Ly 5]

(39)

< Ucnonbsys (22), npumensis 06001eHHOe HepaBeHCTBO MUHKOBCKOTO n yunThiBas (38),
nuMeeM

)

o0
D15 L] < / Lo (ta/’”H@ (“Ptlnw?%ﬁ) H dt < A(p) ||DS . f; Ly
0

riae A(p) — dyuakuus (37). B cuty gemmbr 9 Boitekaer (39). >

Cnencreue 3. Ilycrs f(xt) = (JS¢)(2), ¢ € Lpy, e 0 < o < 1,1 < p < o0,
c::—Z?:lg—:lnwi,cGR,c<OHO<p<1. Tora

DS, 1-pf3 Lps|| < IDSF; Lyl -

BuiaromapHaocTts. ABTop BhIpaxkaer Ojarogapuocts C. M. Ymapxa pKueBy 3a 10Jie3H0e 00Cy K-
JIEHUE Pe3yJIbTaTOB PabOTHI.
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Abstract. The paper presents definitions and various auxiliary properties of Hadamard and Hadamard-
type directional fractional integrals, Marchaud—-Hadamard and Marchaud-Hadamard-type directional
fractional derivatives. A relation is established between Hadamard and Hadamard-type directional fractional
integrals and Marchaud—Hadamard and Marchaud-Hadamard-type directional fractional derivatives with
the directional Riemann-Liouville operator. A modification of Hadamard and Hadamard-type directional
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and semigroup properties of Hadamard and Hadamard-type directional fractional integration in weighted
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integral and Marchaud—Hadamard and Marchaud—Hadamard-type directional fractional derivative are also
considered and integral representation of Marchaud-Hadamard and Marchaud-Hadamard-type truncated
directional fractional derivatives is obtained. Inversion theorems are proved for Hadamard and Hadamard-
type directional fractional integrals on weighted Lebesgue spaces with mixed norm. A relationship between
ordinary and truncated Marchaud—Hadamard and Marchaud—Hadamard-type directional fractional derivatives
is also revealed.
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ITPABUJIA OJId ABTOPOB

OO01ue moJIoXKeHus

1. Tlepuonmdeckoe u3manne «BianukaBKa3cKuii MaTeMaTUYECKUI KypHAJIy» MyOJIUKyeT
OPUTMHAJ/IbHBIE HAyYHBbIE CTATBU OTEYECTBEHHBLIX U 3apYOEXKHBLIX ABTOPOB, COACPXKAIIME HO-
Bble MaTEMaTUIECKUE PE3YJIbTATHI 10 (DYHKIMOHAJIHLHOMY U KOMILJIEKCHOMY aHaJIU3y, ajareope,
reomerpun, JuddepeHnuaabHbIM ypaBHEHUIM 1 MaTeMaTudeckoit ¢pusuke. [1o 3akasy pemgax-
[IMOHHOM KOJIJIETUN 2Ky PHAJI TAKXKe IyOIuKyeT 0030pHbIe cTarbu. 2K ypHa  IpeHasHadeH J1ist
HAYYHBIX PAOOTHUKOB, IPEIOJIaBaTe/eli, ACIUPAHTOB U CTYIAEHTOB crapmux Kypcos. [lepuo-
JUYIHOCTb — YeThIPE BBINYCKa B I'oj. «BjajnkaBka3ckuii MaTeMaTUIeCKuil KypHaay My0/Iu-
KyeT CTaTbU HA PYCCKOM U AHIVIUHCKOM $I3bIKax, 00beMOM, KaK IPaBUJIO, He Hojiee 2 yCJIILJL.
(17 crpanun, popmara A4). PaGorbl, npeBbIIaonme 2 ye/I.I.JI., IPUHUMAIOTCS K 11y O TMKaIun
o creruajibHoMy pertiennio Pejkosernn xkypaasa. Cpok paccMOTpeHust cTaTeil 0ObIMHO He
npeBbIiaeT 8 mecsneB. [Ipu moArorosBke crareil [Jist yCKOpEeHUs WX PACCMOTPEHUst U IryOJim-
KaIlUU CJIeIyeT CODJIIO/IATh MPABUJIA JIJIsi aBTOPOB.

2. K nyonukanuu 8 BM?K npunnmarorcst crarbu, copepKaliiie HOBble Pe3yJIbTaThl B 00/1a-
CTU MaTEMaTUKU U CTaThbu 0030pHOr0 Xapakrepa. CraTbu, paHee OIyOJIMKOBAHHBIE, & TAKKE
IPUHATHIE K OIMyOJUKOBAHUIO B APYIUX KYpPHAJIAX, PEIKOJIETHell He PacCMaTpUBaioTCs. Pe-
3yJIBTATBI MHBIX aBTOPOB, MCIIOJIb30BAHHDLIE B CTATHE, CJIEIyeT HMOJIKHBIM 00pPa30M OTPA3UTDH
B cchlIKaxX. Hampapiisist cTaTbio B 2KypHAJI, ABTOPBI T€M CAMBIM ITOJITBEPKJIAIOT, ITO JIJIsi HEee
BBITIOJIHEHBI YKA3aHHbIE TPEOOBAHUSI.

3. Hanpapiisist cTaThio B YKypHAJI, KaXKJ[bIil 13 aBTOPOB HOJTBEPK/IACT, YTO CTATbS COOTBET-
CTBYET HAWBBICIIUM CTAHIAPTAM ITyOJIMKAIIMOHHON STUKH JJIsi aBTOPOB U COABTOPOB, pa3pado-
ranusiM COPE (Committee on Publication Ethics), cm. http://publicationethics.org/about.

4. Bce marepuaJibl, TOCTYIUBIINE JJsI IIyOJUKAIIUN B XKypHAJIE, HOJIEKAT PErucTPAIUN
€ yKa3aHUEM JIaThl [OCTYILUIEHUs] PYKOIIUCU B PEJIAKINIO »KypHasa. Perienne o mybsukanuu,
OTKa3e B IyOJUKAIIMU WU HAIIPABJIEHUN PYKOIHMCH ABTOPY JJis JOPADOTKU JOJI2KHO ObITH
[PUHSITO IVIABHBIM PEJIAKTOPOM 1 COOOITIEHO aBTOPY He O3/Hee 4 MECHIEB CO JHS TOCTYIICHUS
pykomucu B pefaknuio kypHaja. [logpobuee cMm. B pazzesne Pernenzuposanue.

5. IllpunsTeie k nyoaukanuu B BM2K crarbu npoxomaT pegakiinoHHYIO TOATOTOBKY, ITOCTIe
Yero OKoH4YaTebHbIN MakeT cratbu B hopmare PDF narnpasisiercs aBTropy Ha KOPPEKTYDY.

6. YciioBueM myOIMKAIAN CTATEH, IPUHATHIX K IEYATH, SIBJISIETCS HMOIIINCAHUEM aBTOPAMHI
JIOTOBOPA O mepejade aBTOPCKUX MpaB. BJlaHK J0roBopa MOXKHO CKA4YaTh I10 CCBHIIKE.

7. IonHoTeKkCTOBBIE Bepcuu cTaTel, MyO/JIMKyeMbIX B KypHaJe, pa3Memniaorcsa B urepue-
Te B CBOOOJIHOM JIOCTYIIe Ha OUIHAILHOM caiite XKypHasa http: //www.vlmj.ru, a Takzke Ha
caiitax Hayunoit ssrekrpornoit 6ubsmorekun eLIBRARY.RU, O6mepoccuiickoro maremarmde-
ckoro noprajia Math-Net.Ru u Hay4unoit snexkrponnoit oubsmoreku «KubepJlenunkay.

8. Ilybsiukaruu B »KypHaJie JJisi aBTOPOB OECILIaTHDI.

HOI[I‘OTOBKa n mnmpeacraBJieHNEe PYKOIIMCU CTaTbMU

1. Bce MmaTepuraibl IpeoCTaBISIIOTCS B PEIAKIIAIO B 9JIEKTPOHHOM BHJIE. PyKoIMch J0/KHA
OBITH TIATE/IBHO BhIBEPEHA. Bee cTpaHuIlbl PyKOIUCH, BKJIOYasT PUCYHKH, TAOIUIBI U CIIUCOK
JINTEPATYPBI, CJEIyeT IPOHYMEPOBATD.

2. Pabora moKHa OBITH MOATOTOBIEHA HAa KOMIIBIOTEpE B M3JaTesbcKoil cucteme LaTeX.
MarmmHonucHbIe PyKOIMCH U PYKOIIMCH, HaOpaHHbIe Ha KOMIIBIOTEPE B CHCTEMAaX, OTJMIHBIX
or TeX, ne paccmarpupatorcs. Paiisbl crarbu *.tex u *.ps (*.pdf) BeicBUIAIOTCS B ajpec
PeIaKIUN 10 3JIEKTPOHHOI mouTre rio@smath.ru.
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3. B Tekcre crarbu ykasbiBaercs unieke YK, nazBanue paboThl, 3aTeM CJIEIYIOT HHUIIH-
asbl U (paMUIMU aBTOPOB, IPUBOJSITCS AHHOTAIMN HA PYCCKOM U aHIVIMACKOM s3bIKax (00be-
MoM He Meree 200 ¢JI0B, JIOCTATOYHYTO JJisi IOHUMAHUSI COJIEPYKAHNST CTATBH ), JAIOTCS CIHCKH
KJIIOUEBBIX CJIOB HA PYCCKOM U AHIVIMICKOM $3BIKaX, a TaKxKe Kojbl corsiacHo Mathematics
Subjects Classifications (2010). dasee B daiine npusoggarcs nmosnocrbio amuiust, Nmst, Or-
YeCTBO KaKJIOI'O aBTOPA, JIOJKHOCTH, ITOJHOE HA3BAHUE HAYYIHOTO yUPEXKJICHUS, MOYTOBDIH
aJpec ¢ MHIACKCOM IIOYTOBOTO OTJE/ICHUs, HOMED TejiepOoHa ¢ KOJIOM TOPOJia WJIM HOMED MO-
bmwibHOTO Testedona, ajgpec snekTpornoit moursl 1 ORCID.

4. JlaToil OCTYIIEHUS CTATbU CAUTACTCH JIaTa MOCTYIIEHUS JIEKTPOHHON KOIMHU CTATHH
Ha odurmaabhbiil e-mail xkyprasia. TekcT 3/IeKTPOHHOrO cOODIIEHNS HOJI2KEH ObITh 0POPMIIEH
KaK COIPOBOJIUTEJILHOE THUChMO, U3 TEKCTa KOTOPOIO SICHO CJIEJLYET, UYTO aBTOPbI HAIIPABJISIOT
CBOIO CTaTbio BO BirajmkaBka3ckuit MaTeMaTndeckuii 2KypHasi. Heobxoninmo ykaszaTh aBTopa,
OTBETCTBEHHOIO 3a IMEPEIUCKY C PEJIaKIuei.

5. B aHHOTAIIMM HE JIOMYCKAETCs HMCIOJB30BAHUE I'POMO3JIKUX (POPMYJI, CCHUIOK HA TEKCT
paboThI MJIM CIIUCOK JIUTEPATYPHI.

6. IIpu momroroske daitsia crarbu 0co00e BHUMAHUE CJIEYET OOPATUTH HA HEXKeJIATe b
HOCTb UCIIOJIb30BaHUST HOBBIX (BBOJMMBIX ABTOPOM IIpU HAGOpE) KOMAHIHBIX MOCJIEI0BATE b
HOCTell, ocobeHHO ¢ napamerpamu. CieyeT ucob30BaTh B OCHOBHOM CTaHIAPTHBIE CPEJICTBA
makpomnakera LaTeX. Takxke kpaiite HexKeIaTeIbHO UCIOIb30BATH 03 HEOOXOIMMOCTH 3HAKH
mnpobeJa.

7. Crarbu, cozuepKalife PUCYHKH, PACCMATPUBAIOTCS TOJIBKO TOCJE COIVIACOBAHUS C Pe-
JIaKIHell TEXHUIeCKUX BOITPOCOB MOJINOTOBKY PUCYHKOB. UepHO-6ejible pUCYHKH JIOJI?KHBI ObITH
noarorosiensl B popmare EPS (Encapsulated PostScript) Takum o6pasom, arobbl obecriedn-
BaTh aJeKBATHOE BOCIIPUSITHE UX IMPHU IOCEIYIOMEM ONTHIECKOM yMEHBIIEHUN B JIBa Pasa.
[Ipu ucnosib3oBaHNM PUCYHKOB HEOOXOMMO MOJK/II0INTh nakeT epsfig. Tloanucs K pucynky
JOJIZKHA, OBITh IEHTPUPOBAHA IO/, PUCYHKOM H COCTOSTH U3 CjioBa «Puc. » ¢ mocsemyonum
HoMmepoM. Homepa prcyHKOB JIOJIZKHBI ©METh CKBO3HYIO HYMEPAIUIO 110 TEeKCTY ctarhu. [losc-
HEHUsI K PUCYHKY CJIeJIyeT IPUBOJIUTH B TEKCTE CTaThu. Tab/IMIbl COITPOBOXKIAIOTCST 0TPOPMa-
THUPOBAHHON CJIeBa HAAIUCHIO « Tabsumay ¢ nmocesyionumM nomepom. Homepa tab/iuir 101K HbBI
UMEeTh CKBO3HYIO HYMEPAIIUIO 110 TEKCTY cTarTbu. [losicHeHus K TaOuIe MPUBOJATCS B TEKCTE
cratbu. ['paduku BBIIOJHAIOTCS B BUE PUCYHKOB.

8. Crucok JinTepaTyphl JT0JXKEH COJIEPKATH TOJBKO T€ UCTOYHUKM, HA KOTOPBIE MMEIOTCS
CCBUIKH B TEKCTE PADOTHI, PACIIOJIOKEHHbBIE B MOPsiJiKe UTUpoBaHusi. CChIJIKU Ha HEOITYOIIMKO-
BaHHbBIE PAOOTHI, PE3YJILTATHI KOTOPBIX UCIOIB3YIOTCSA B JOKA3aTE/JILCTBAX, HE JOMYCKAIOTCS.
Crmcok JiuTepaTyphl Iev9aTaeTcs B KOHIIE TEKCTa CTaThu, OPOPMJIEHHBIE B COOTBETCTBUU C TP~
BWJIAMU W3JaHUsI, HA OCHOBAHUU TpeboBaHUil, mperycMoTpeHHbIx JeficTBytomumu ['OCTamu.
B Hem nomKHBI OBITH yKa3aHBL: JJI CTaTbell — aBTOp, [OJTHOE HA3BAHWE CTATBbU, YKYPHAJI,
0/l U3JIaHUsI, TOM, HOMED (BBIILYCK), CTPAHUIbI HAYa/Ia U KOHIA CTAThU; JIJIs KHUI — aBTOD,
[IOJTHOE Ha3BaHUeE, TOPOJl, U3JATEJILCTBO, IO U3daHus, obinee KojmdecTBo crpanut]. Cchlikn
HA JINTEPaTypPy B TEKCTE JIAIOTCA B KBAJIPATHBIX CKODKAX.

9. Crucok JImTepaTypbl MOJTHOCTHIO yOJUpyeTcs: HA aHIVIMICKOM S3bIKE, TPUBOJIUTCS 1101
HOCTBIO OTJIEJIbHBIM OJIOKOM B KOHIIE CTATBU, MOBTOPsisi CIIUCOK JIUTEPATYPBI K PYCCKOSI3BIU-
HOIl YaCcTH, HE3aBUCHMO OT TOIO, UMEIOTCsl WM HET B HEM WHOCTPAHHBbIE MCTOYHUKU. Kcym
B CIIMCKE €CTh CCBLJIKU Ha WHOCTPAHHBIE ITyOJIMKAIUN, OHU ITOJTHOCTHIO IOBTOPSIFOTCST B CITUCKE,
roroBsmeMcs B pomaHckoMm ajidasure. Crucok References ncrosbsyercss Mexx1yHaApOIHBIMU
6ubsmorpaduveckuvu 6azamu (Scopus, WoS u Jp.) jijis yuera IUTUPOBAHKsT aBTOPOB.

IIpumeuyanue: 60jiee MOAPOOHYIO MHMOPMAITUIO MOXKHO HaiiTu Ha OMUIMAILHOM caiiTe
)KypHasa http: //www.vlmj.ru.



BJIAJINMKABKA3CKHNII MATEMATUYECKUI >KVPHAJI

Tom 22

Breimyck 4

3aB. pepaknueit B. B. Bosposa
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