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Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà îáîáùåííûì ìíîãîîáðàçèÿì Êåíìîöó, à èìåííî èññëåäîâàíèþ èõ

ñâîéñòâ èíòåãðèðóåìîñòè. Èññëåäîâàíèå âåäåòñÿ ìåòîäîì ïðèñîåäèíåííûõ G-ñòðóêòóð, ïîýòîìó âíà-
÷àëå ïîñòðîåíî ïðîñòðàíñòâî ïðèñîåäèíåííîé G-ñòðóêòóðû ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãî-

îáðàçèé. Äàëåå îïðåäåëÿþòñÿ îáîáùåííûå ìíîãîîáðàçèÿ Êåíìîöó (êîðî÷å GK-ìíîãîîáðàçèÿ), ïðè-

âîäèòñÿ ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé òàêèõ ìíîãîîáðàçèé. Îïðåäåëåíû ïåðâîå, âòîðîå

è òðåòüå ôóíäàìåíòàëüíûå òîæäåñòâà GK-ñòðóêòóð. Ñôîðìóëèðîâàíû îïðåäåëåíèÿ ñïåöèàëüíûõ

îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó (SGK-ìíîãîîáðàçèé) I è II ðîäîâ. Â ðàáîòå èññëåäóþòñÿ GK-

ìíîãîîáðàçèÿ, ïåðâîå ôóíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðûõ âïîëíå èíòåãðèðóåìî. Ïîêàçàíî, ÷òî

ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíî-

ñòè ïåðâîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ, ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé. Ïîëó÷åíî ëîêàëü-

íîå ñòðîåíèå GK-ìíîãîîáðàçèÿ ñ çàìêíóòîé êîíòàêòíîé ôîðìîé, ïðèâåäåíû âûðàæåíèÿ ïåðâîãî è

âòîðîãî ñòðóêòóðíûõ òåíçîðîâ. Òàêæå â ðàáîòå âû÷èñëåíû êîìïîíåíòû òåíçîðà Íåéåíõåéñà GK-

ìíîãîîáðàçèÿ. Ïîñêîëüêó çàäàíèå òåíçîðà Íåéåíõåéñà ðàâíîñèëüíî çàäàíèþ ÷åòûðåõ òåíçîðîâ N (1)
,

N (2)
, N (3)

, N (4)
, òî èññëåäóåòñÿ ãåîìåòðè÷åñêèé ñìûñë îáðàùåíèÿ â íóëü ýòèõ òåíçîðîâ. Ïîëó÷åíî

ëîêàëüíîå ñòðîåíèå èíòåãðèðóåìîé è íîðìàëüíîé GK-ñòðóêòóðû. Äîêàçàíî, ÷òî õàðàêòåðèñòè÷å-

ñêèé âåêòîð GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà. Ïóñòü M � GK-ìíîãîîáðàçèå. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû: 1) GK-

ìíîãîîáðàçèå èìååò çàìêíóòóþ êîíòàêòíóþôîðìó; 2) F ab = Fab = 0; 3) N (2)(X; Y ) = 0; 4) N (3)(X) =
0; 5) M � SGK-ìíîãîîáðàçèå âòîðîãî ðîäà; 6) M � ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâå-

äåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Êëþ÷åâûå ñëîâà: îáîáùåííîå ìíîãîîáðàçèå Êåíìîöó, ìíîãîîáðàçèå Êåíìîöó, íîðìàëüíîå ìíîãî-

îáðàçèå, òåíçîð Íåéåíõåéñà, èíòåãðèðóåìàÿ ñòðóêòóðà, ïðèáëèæåííî êåëåðîâî ìíîãîîáðàçèå.

Mathematical Subject Classi�cation (2000): 58A05.

1. Ââåäåíèå

Â 1972 ã. Êåíìîöó [1] ââåë â ðàññìîòðåíèå íîâûé êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷å-

ñêèõ ñòðóêòóð, õàðàêòåðèçóåìûõ òîæäåñòâîì

rX(�)Y = h�X;Y i � �(Y )�X; X; Y 2 X (M):

c 2018 Àáó-Ñàëååì À., Ðóñòàíîâ À. Ð., Õàðèòîíîâà Ñ. Â.



Ñâîéñòâà èíòåãðèðóåìîñòè îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó 5

Ñòðóêòóðû Êåíìîöó åñòåñòâåííî âîçíèêàþò â êëàññèôèêàöèè Òàííî ñâÿçíûõ ïî÷òè

êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ãðóïïà àâòîìîðôèçìîâ êîòîðûõ èìååò ìàêñè-

ìàëüíóþ ðàçìåðíîñòü [2]. Îíè îáëàäàþò ðÿäîì èíòåðåñíûõ ñâîéñòâ. Íàïðèìåð, ñòðóê-

òóðû Êåíìîöó íîðìàëüíû è èíòåãðèðóåìû, îíè íå ÿâëÿþòñÿ íè ñàñàêèåâûìè ñòðóê-

òóðàìè, íè êîñèìïëåêòè÷åñêèìè ñòðóêòóðàìè. Èçâåñòíû ïðèìåðû ñòðóêòóð Êåíìîöó

íà íå÷åòíîìåðíûõ ïðîñòðàíñòâàõ Ëîáà÷åâñêîãî êðèâèçíû (�1). Òàêèå ñòðóêòóðû ïî-

ëó÷àþòñÿ ñ ïîìîùüþ êîíñòðóêöèè êîñîãî (warped) ïðîèçâåäåíèÿ R �f Cn â ñìûñëå

Áèøîïà è Î'Íåéëà [3] êîìïëåêñíîãî åâêëèäîâà ïðîñòðàíñòâà è âåùåñòâåííîé ïðÿìîé,

ãäå f(t) = cet. Âñÿêîå êîíôîðìíî-ïëîñêîå ìíîãîîáðàçèå Êåíìîöó, à òàêæå ëîêàëüíî-

ñèììåòðè÷åñêîå ìíîãîîáðàçèå Êåíìîöó ëîêàëüíî ýêâèâàëåíòíî ìíîãîîáðàçèþ Êåíìîöó

òàêîãî òèïà [1]. Êèðè÷åíêî Â. Ô. [4] äîêàçàë, ÷òî êëàññ ìíîãîîáðàçèé Êåíìîöó ñîâïàäàåò

ñ êëàññîì ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ïîëó÷àåìûõ èç êîñèìïëåêòè÷å-

ñêèõ ìíîãîîáðàçèé êàíîíè÷åñêèì êîíöèðêóëÿðíûì ïðåîáðàçîâàíèåì êîñèìïëåêòè÷åñêîé

ñòðóêòóðû.

Â ñâîåé äèññåðòàöèîííîé ðàáîòå [5] Óìíîâà Ñ. Â. èçó÷àëà ìíîãîîáðàçèÿ Êåíìîöó è

èõ îáîáùåíèÿ. Îíà âûäåëèëà êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ÿâëÿ-

þùèéñÿ îáîáùåíèåì ìíîãîîáðàçèé Êåíìîöó è íàçâàííûé êëàññîì îáîáùåííûõ (êîðî÷å,

GK-ìíîãîîáðàçèÿ) ìíîãîîáðàçèé Êåíìîöó. Óìíîâà Ñ. Â. âûäåëÿåò äâà ïîäêëàññà îáîá-

ùåííûõ ìíîãîîáðàçèé Êåíìîöó, íàçâàííûõ ñïåöèàëüíûìè îáîáùåííûìè ìíîãîîáðàçèÿ-

ìè Êåíìîöó (êîðîòêî, SGK-ìíîãîîáðàçèÿ) I è II ðîäà. Â ðàáîòå [5] äîêàçàíî, ÷òî îáîá-

ùåííûå ìíîãîîáðàçèÿ Êåíìîöó ïîñòîÿííîé êðèâèçíû ÿâëÿþòñÿ ìíîãîîáðàçèÿìè Êåí-

ìîöó ïîñòîÿííîé êðèâèçíû (�1). Êðîìå òîãî, äîêàçàíî, ÷òî êëàññ SGK-ìíîãîîáðàçèé

II ðîäà ñîâïàäàåò ñ êëàññîì ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ïîëó÷àåìûõ

èç òî÷íåéøèõ êîñèìïëåêòè÷åñêèõ ìíîãîîáðàçèé êàíîíè÷åñêèì ïðåîáðàçîâàíèåì òî÷íåé-

øåé êîñèìïëåêòè÷åñêîé ñòðóêòóðû, à òàêæå äàíî ëîêàëüíîå ñòðîåíèå ýòèõ ìíîãîîáðàçèé

ïîñòîÿííîé êðèâèçíû.

Â äàííîé ñòàòüå ìû èçó÷àåì ñâîéñòâà èíòåãðèðóåìîñòè îáîáùåííûõ ìíîãîîáðàçèé

Êåíìîöó. Ðàáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Âî ââåäåíèè ìû ïðèâîäèì ïðåäâà-

ðèòåëüíûå ñâåäåíèÿ, íåîáõîäèìûå â äàëüíåéøåì èçëîæåíèè, ñòðîèì ïðîñòðàíñòâî ïðè-

ñîåäèíåííîé G-ñòðóêòóðû. Â ï. 2 äàíî îïðåäåëåíèå îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó,

ïðèâåäåíà ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû, ñôîðìóëèðîâàíî îïðåäåëåíèå SGK-ìíîãîîáðàçèé I è II

ðîäîâ. Èññëåäîâàíû GK-ìíîãîîáðàçèÿ, ïåðâîå ôóíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòî-

ðûõ âïîëíå èíòåãðèðóåìî. Ïîêàçàíî, ÷òî ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà

èíòåãðàëüíûõ ïîäìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî ôóíäàìåíòàëüíîãî

ðàñïðåäåëåíèÿ îáîáùåííîãî ìíîãîîáðàçèÿ Êåíìîöó, ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé

ñòðóêòóðîé. Ïîëó÷åíî ëîêàëüíîå ñòðîåíèå GK-ìíîãîîáðàçèÿ ñ çàìêíóòîé êîíòàêòíîé

ôîðìîé, ïðèâåäåíû àíàëèòè÷åñêèå âûðàæåíèÿ ïåðâîãî è âòîðîãî ñòðóêòóðíûõ òåíçî-

ðîâ. Â ï. 3 èññëåäóþòñÿ ñâîéñòâà òåíçîðà Íåéåíõåéñà, ïîëó÷åíî ëîêàëüíîå ñòðîåíèå èí-

òåãðèðóåìîé è íîðìàëüíîé GK-ñòðóêòóðû. Äîêàçàíî, ÷òî õàðàêòåðèñòè÷åñêèé âåêòîð

GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. Òàêæå èññëåäîâàíî îáðàùåíèå â íóëü

òåíçîðîâ N (2)
, N (3)

, N (4)
. Îñíîâíûå ðåçóëüòàòû ñîñðåäîòî÷åíû â ïàðàãðàôàõ 2 è 3.

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè 2n+ 1, X (M) � C1
-ìîäóëü ãëàäêèõ

âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M . Â äàëüíåéøåì âñå ìíîãîîáðàçèÿ, òåíçîðíûå ïîëÿ

è ò. ï. îáúåêòû ïðåäïîëàãàþòñÿ ãëàäêèìè êëàññà C1
.

Îïðåäåëåíèå 1.1 [6]. Ïî÷òè êîíòàêòíîé ñòðóêòóðîé íà ìíîãîîáðàçèè M íàçûâà-

åòñÿ òðîéêà (�; �;�) òåíçîðíûõ ïîëåé íà ýòîì ìíîãîîáðàçèè, ãäå � � äèôôåðåíöèàëüíàÿ

1-ôîðìà, íàçûâàåìàÿ êîíòàêòíîé ôîðìîé ñòðóêòóðû, � � âåêòîðíîå ïîëå, íàçûâàåìîå
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õàðàêòåðèñòè÷åñêèì, � � ýíäîìîðôèçì ìîäóëÿ X (M), íàçûâàåìûé ñòðóêòóðíûì ýí-

äîìîðôèçìîì. Ïðè ýòîì

1) �(�) = 1; 2) � � � = 0; 3) �(�) = 0; 4) �2 = �id+ � 
 �: (1.1)

Åñëè, êðîìå òîãî, íà M ôèêñèðîâàíà ðèìàíîâà ñòðóêòóðà g = h�; �i òàêàÿ, ÷òî

h�X;�Y i = hX;Y i � �(X)�(Y ); X; Y 2 X (M);

òî ÷åòâåðêà (�; �;�; g = h�; �i) íàçûâàåòñÿ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé

(êîðî÷å, AC-ñòðóêòóðîé).
Ìíîãîîáðàçèå, íà êîòîðîì ôèêñèðîâàíà ïî÷òè êîíòàêòíàÿ (ìåòðè÷åñêàÿ) ñòðóêòóðà,

íàçûâàåòñÿ ïî÷òè êîíòàêòíûì (ìåòðè÷åñêèì (êîðî÷å, AC-)) ìíîãîîáðàçèåì.
Êîñîñèììåòðè÷íûé òåíçîð 
(X;Y ) = hX;�Y i, X;Y 2 X (M), íàçûâàåòñÿ ôóíäàìåí-

òàëüíîé ôîðìîé AC-ñòðóêòóðû [6].

Ïóñòü (�; �;�; g) � ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íà ìíîãîîáðàçèèM2n+1
.

Â ìîäóëå X (M) âíóòðåííèì îáðàçîì îïðåäåëåíû äâà âçàèìíî äîïîëíèòåëüíûõ ïðî-

åêòîðà m = � 
 � è l = id � m = ��2
[5, 6]. Òàêèì îáðàçîì, X (M) = L � M,

ãäå L = Im(�) = ker � � òàê íàçûâàåìîå êîíòàêòíîå ðàñïðåäåëåíèå, dim L = 2n,
M = Imm = ker(�) = L(�) � ëèíåéíàÿ îáîëî÷êà õàðàêòåðèñòè÷åñêîãî âåêòîðà (ïðè÷åì l
è m ÿâëÿþòñÿ ïðîåêòîðàìè íà ïîäìîäóëè L è M ñîîòâåòñòâåííî).

Î÷åâèäíî, ðàñïðåäåëåíèÿ L è M èíâàðèàíòíû îòíîñèòåëüíî � è âçàèìíî îðòîãîíàëü-

íû. Î÷åâèäíî òàêæå, ÷òî

~�2 = �id,



~�X; ~�Y
�

=


X;Y

�
, X;Y 2 X (M), ãäå ~� = �jL.

Ñëåäîâàòåëüíî, f~�p; gpjLg � ýðìèòîâà ñòðóêòóðà íà ïðîñòðàíñòâå Lp.

Êîìïëåêñèôèêàöèÿ X (M)C ìîäóëÿ X (M) ðàñïàäàåòñÿ â ïðÿìóþ ñóììó X (M)C =

D
p

�1
� �D�

p
�1

� �D0
� ñîáñòâåííûõ ïîäïðîñòðàíñòâ ñòðóêòóðíîãî ýíäîìîðôèçìà �, îòâå-

÷àþùèõ ñîáñòâåííûì çíà÷åíèÿì

p
�1, �

p
�1 è 0 ñîîòâåòñòâåííî. Ïðè÷åì ïðîåêòîðàìè

íà ñëàãàåìûå ýòîé ïðÿìîé ñóììû áóäóò, ñîîòâåòñòâåííî, ýíäîìîðôèçìû [6]

� = � � l = �1

2
(�2 +

p
�1�); �� = �� � l = �1

2
(��2 +

p
�1�);

m = id+ �2; � =
1

2
(id�

p
�1�); �� =

1

2
(id+

p
�1�):

Îòîáðàæåíèÿ �p : Lp ! D
p

�1
� è ��p : Lp ! D�

p
�1

� ÿâëÿþòñÿ ñîîòâåòñòâåííî

èçîìîðôèçìîì è àíòèèçîìîðôèçìîì ýðìèòîâûõ ïðîñòðàíñòâ. Ïîýòîìó ê êàæäîé òî÷-

êå p 2 M2n+1
ìîæíî ïðèñîåäèíèòü ñåìåéñòâî ðåïåðîâ ïðîñòðàíñòâà Tp(M)C âèäà

(p; �0; �1; : : : ; �n; �1̂; : : : ; �n̂), ãäå �a =
p

2�p(ea), �â =
p

2��p(ea); �0 = �p; ãäå feag � îðòî-

íîðìèðîâàííûé áàçèñ ýðìèòîâà ïðîñòðàíñòâà Lp. Òàêîé ðåïåð íàçûâàåòñÿ A-ðåïåðîì [6].

Ëåãêî âèäåòü, ÷òî ìàòðèöû êîìïîíåíò òåíçîðîâ �p è gp â A-ðåïåðå èìåþò âèä

(�j
i ) =

0
@

0 0 0
0

p
�1 In 0

0 0 �
p

�1 In

1
A ; (gij) =

0
@

1 0 0
0 0 In
0 In 0

1
A ; (1.2)

ãäå In � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n. Õîðîøî èçâåñòíî [6, 7], ÷òî ñîâîêóïíîñòü òà-

êèõ ðåïåðîâ îïðåäåëÿåò G-ñòðóêòóðó íà M ñî ñòðóêòóðíîé ãðóïïîé f1g � U(n), ïðåä-

ñòàâëåííîé ìàòðèöàìè âèäà

0
@

1 0 0
0 A 0
0 0 A

1
A
, ãäå A 2 U(n). Ýòà G-ñòðóêòóðà íàçûâàåòñÿ

ïðèñîåäèíåííîé [6, 7].
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Ïîä÷åðêíåì, ÷òî ïðîñòðàíñòâî ïðèñîåäèíåííîé G-ñòðóêòóðû ñîñòîèò èç êîìïëåêñíûõ

ðåïåðîâ, ò. å. ðåïåðîâ êîìïëåêñèôèêàöèè ñîîòâåòñòâóþùèõ êàñàòåëüíûõ ïðîñòðàíñòâ.

Ïîýòîìó, äàæå èìåÿ äåëî ñ âåùåñòâåííûìè òåíçîðàìè, ìû, ãîâîðÿ îá èõ êîìïîíåíòàõ íà

ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû, ïîäðàçóìåâàåì êîìïîíåíòû êîìïëåêñíûõ

ðàñøèðåíèé ýòèõ òåíçîðîâ. Â ñâîþ î÷åðåäü, êîìïëåêñíûé òåíçîð ÿâëÿåòñÿ êîìïëåêñíûì

ðàñøèðåíèåì âåùåñòâåííîãî òåíçîðà òîãäà è òîëüêî òîãäà, êîãäà îí èíâàðèàíòåí îòíî-

ñèòåëüíî îïåðàòîðà êîìïëåêñíîãî ñîïðÿæåíèÿ. Ñëåäóÿ îáùåïðèíÿòîé òðàäèöèè, áóäåì

íàçûâàòü òàêîé òåíçîð âåùåñòâåííûì. Â ÷àñòíîñòè, ñóììà ÷èñòîãî êîìïëåêñíîãî òåíçîðà

è êîìïëåêñíî ñîïðÿæåííîãî åìó òåíçîðà ÿâëÿåòñÿ âåùåñòâåííûì òåíçîðîì.

Íà ïðîòÿæåíèè âñåé ðàáîòû áóäåì ïîäðàçóìåâàòü, ÷òî èíäåêñû i; j; k; : : : ïðîáåãàþò
çíà÷åíèÿ îò 0 äî 2n, èíäåêñû a; d; c; d; f; g; : : : � çíà÷åíèÿ îò 1 äî n, è ïîëîæèì â = a+ n,
^̂a = a, 0̂ = 0. Ïîñêîëüêó � è g � òåíçîðû òèïîâ (1; 1) è (2; 0) ñîîòâåòñòâåííî, èõ êîìïî-
íåíòû íà ïðîñòðàíñòâå ðàññëîåíèÿ âñåõ ðåïåðîâ íàä M óäîâëåòâîðÿþò óðàâíåíèÿì

d�i
j + �k

j �
i
k � �i

k�
k
j = �i

j;k!
k; dgij � gkj�

k
i � gik�

k
j = gij;k�

k; (1.3)

ãäå f!ig, f�ijg � êîìïîíåíòû ôîðì ñìåùåíèÿ è ôîðì ðèìàíîâîé ñâÿçíîñòè r ñîîòâåò-

ñòâåííî, �i
j;k, gij;k � êîìïîíåíòû êîâàðèàíòíîãî äèôôåðåíöèàëà � è g â ýòîé ñâÿçíîñòè

ñîîòâåòñòâåííî. Áîëåå òîãî, â ñèëó îïðåäåëåíèÿ ðèìàíîâîé ñâÿçíîñòè rg = 0 è, çíà÷èò,

gij;k = 0: (1.4)

Ñ ó÷åòîì (1.2) è (1.4) ñîîòíîøåíèÿ (1.3) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû
ïåðåïèøóòñÿ â ôîðìå [6]

�a
b;i = 0; �â

b̂;i
= 0; �0

0;i = 0; �0
a = �

p
�1 �0

a;i!
i; �0

â =
p

�1 �0
â;i!

i;

�a0 =
p

�1 �a
0;i!

i; �â0 = �
p

�1 �â
0;i!

i;

�a
b̂

=

p
�1

2
�a
b̂;i
!i; �âb = �

p
�1

2
�a
b;i!

i; �0
0 = 0; �ij + �ĵ

î
= 0:

Êðîìå òîãî, çàìåòèì, ÷òî â ñèëó âåùåñòâåííîñòè ñîîòâåòñòâóþùèõ ôîðì è òåíçîðîâ

!i = !î, �ij = �î
ĵ
, �i

j;k = �î
ĵ;k̂
, ãäå t ! �t � îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ.

Ñ ó÷åòîì ýòèõ ñîîòíîøåíèé ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé ðèìàíîâîé ñâÿç-

íîñòè d!i = ��ij ^ !j ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî ìíîãîîáðàçèÿ íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû çàïèøåòñÿ â ñëåäóþùåé ôîðìå [6]:

1) d! = Cab!
a ^ !b + Cab!a ^ !b + Cba!

a ^ !b + Ca! ^ !a + Ca! ^ !a;

2) d!a = ��ab ^ !b +Bab
c!

c ^ !b +Babc!b ^ !c +Ba
b! ^ !b +Bab! ^ !b;

3) d!a = �ba ^ !b +Bab
c!c ^ !b +Babc!

b ^ !c +Ba
b! ^ !b +Bab! ^ !b;

ãäå ! = ��(�), � � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðèñîåäèíåííîé G-ñòðóêòóðû
íà ìíîãîîáðàçèå M ,

Bab
c = �

p
�1

2
�a
b̂;c

; Babc =

p
�1

2
�a

[b̂;ĉ]
; Ba

b =
p

�1�a
0;b;

Bab =
p

�1

�
�a

0;b̂
� 1

2
�a
b̂;0

�
; Bab

c =

p
�1

2
�â
b;ĉ; Babc = �

p
�1

2
�â

[b;c];

Ba
b = �

p
�1�â

0;b̂
; Bab = �

p
�1

�
�â

0;b � 1

2
�â
b;0

�
;
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Cab = �
p

�1�0
[a;b]; Cab =

p
�1�0

[â;b̂]
;

Cab = �
p

�1
�
�0
â;b + �0

b;â

�
= Ba

b �Bb
a; Ca =

p
�1�0

a;0; Ca = �
p

�1�0
â;0:

Ïðè ýòîì

Babc = Babc; Bab = Bab; �ba = ��ab :
Ââåäåì îáîçíà÷åíèÿ:

Cabc =

p
�1

2
�a
b̂;ĉ

; Cabc = �
p

�1

2
�â
b;c;

F ab =
p

�1�0
â;b̂

; Fab = �
p

�1�0
a;b:

(1.5)

Äëÿ òåíçîðíûõ êîìïîíåíò ôîðìû ðèìàíîâîé ñâÿçíîñòè èìåþò ìåñòî ñëåäóþùèå ñî-

îòíîøåíèÿ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû [6]:

1) �a
b̂

=
p

�1
2 �a

b̂;i
!i; 2) �âb = �

p
�1
2 �a

b;i!
i; 3) �a0 =

p
�1�a

0;i!
i;

4)�â0 = �
p

�1�â
0;i!

i; 5) �0
a = �

p
�1�0

a;i!
i; 6) �0

â =
p

�1�0
â;i!

i;

7) �0
0 = 0; 8) �ij + �ĵ

î
= 0; 9) �0

0;i = �ab;i = �â
b̂;i

= 0:

(1.6)

2. Îáîáùåííûå ìíîãîîáðàçèÿ Êåíìîöó

Ïóñòü (M2n+1;�; �; g = h�; �i) � ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå.

Îïðåäåëåíèå 2.1 [1]. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, õàðàêòåðèçóåìàÿ

òîæäåñòâîì

rX(�)Y = ��(Y )�X � hX;�Y i ; X; Y 2 X (M);

íàçûâàåòñÿ ñòðóêòóðîé Êåíìîöó.

Ìíîãîîáðàçèå, ñíàáæåííîå ñòðóêòóðîé Êåíìîöó, íàçûâàåòñÿ ìíîãîîáðàçèåì Êåíìî-

öó.

Ïîëîæèì â ýòîì òîæäåñòâå Y = X. Òîãäà ïîëó÷èì

rX(�)X = ��(X)�X; X 2 X (M):

Â ïîëó÷åííîì òîæäåñòâå ñäåëàåì çàìåíó X ! X + Y (ïîëÿðèçàöèÿ ïî X), òîãäà
ïîëó÷èì

rX(�)Y + rY (�)X = ��(Y )�X � �(X)�Y; X; Y 2 X (M): (2.1)

Îïðåäåëåíèå 2.2 [5]. Êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, õàðàêòå-

ðèçóåìûõ òîæäåñòâîì (2.1), íàçûâàåòñÿ îáîáùåííûìè ìíîãîîáðàçèÿìè Êåíìîöó (êîðî÷å,

GK-ìíîãîîáðàçèÿìè).

Ðàñïèñàâ òîæäåñòâî (2.1) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû, ïîëó÷èì
ñëåäóþùåå.

Ïðåäëîæåíèå 2.1. Êîìïîíåíòû êîâàðèàíòíîãî äèôôåðåíöèàëà ñòðóêòóðíîãî ýí-

äîìîðôèçìà íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû óäîâëåòâîðÿþò ñëåäóþùèì

ñîîòíîøåíèÿì:

1) �0
0;i = �a

b;0 = �â
b̂;0

= 0; 2) �0
i;0 = �i

0;0 = 0; 3) �b
0;a = ��â

0;b̂
= �

p
�1�ba;

4) �â
b;ĉ = �a

b̂;c
= 0; 5) �â

0;b + �â
b;0 = 0; 6) �a

0;b̂
+ �a

b̂;0
= 0;

7) �0
a;b + �0

b;a = 0; 8) �0
â;b̂

+ �0
b̂;â

= 0; 9) �0
a;b̂

+ �0
b̂;a

= 0;

10) �ĉ
a;b + �ĉ

b;a = 0; 11) �ĉ
^̂a;b̂

+ �ĉ
b̂;â

= 0:

(2.2)
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Ñ ó÷åòîì ïðåäëîæåíèÿ 2.1 ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé

ïðèìåò âèä [8]

1) d! = Fab!
a ^ !b + F ab!a ^ !b;

2) d!a = ��ab ^ !b + Cabc!b ^ !c � 3

2
F ab! ^ !b + �ab! ^ !b; (2.3)

3) d!a = �ba ^ !b + Cabc!
b ^ !c � 3

2
Fab! ^ !b + �ba! ^ !b;

ãäå

Cabc =

p
�1

2
�a
b̂;ĉ

; Cabc = �
p

�1

2
�â
b;c; C [abc] = Cabc; C[abc] = Cabc;

Cabc = Cabc; F ab =
p

�1�0
â;b̂

; Fab = �
p

�1�0
a;b;

F ab + F ba = 0; Fab + Fba = 0; F ab = Fab:

(2.4)

Èç (2.3) ñëåäóåò

Ïðåäëîæåíèå 2.2 [5]. Åñëè Cabc = Cabc = 0 è F ab = Fab = 0, òî GK-ìíîãîîáðàçèå

ÿâëÿåòñÿ ìíîãîîáðàçèåì Êåíìîöó.

Ïðåäëîæåíèå 2.2 äàåò ïðèìåðû GK-ìíîãîîáðàçèé.

Ñòàíäàðòíàÿ ïðîöåäóðà äèôôåðåíöèàëüíîãî ïðîäîëæåíèÿ ïåðâîé ãðóïïû ñòðóêòóð-

íûõ óðàâíåíèé GK-ìíîãîîáðàçèé ïîçâîëÿåò ïîëó÷èòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2.1. Ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû èìååò âèä

1) d! = Fab!
a ^ !b + F ab!a ^ !b;

2) d!a = ��ab ^ !b + Cabc!b ^ !c � 3

2
F ab! ^ !b + �ab! ^ !b;

3) d!a = �ba ^ !b + Cabc!
b ^ !c � 3

2
Fab! ^ !b + �ba! ^ !b;

4) d�ab = ��ac ^ �cb +

�
Aadbc � 2CadhChbc � 3

2
F adFbc

�
!c ^ !d

+

�
�1

3
�abFcd+

2

3
�acFdb+

2

3
�adFbc

�
!c^!d+

�
1

3
�abF

cd� 2

3
�cbF

da� 2

3
�dbF

ac

�
!c^!d; (2.5)

5) dCabc + Cdbc�ad + Cadc�bd + Cabd�cd = Cabcd!d � 2�
[a
d F

bc]!d � Cabc!;

6) dCabc � Cdbc�
d
a � Cadc�

d
b � Cabd�

d
c = Cabcd!

d � 2�d[aFbc]!d � Cabc!;

7) dF ab + F cb�ac + F ac�bc = �2F ab!;

8) dFab � Fcb�
c
a � Fac�

c
b = �2Fab!:

Ïðè ýòîì

Aad[bc] = A
[ad]
bc = 0; Ca[bcd] =

3

2
F a[bF cd]; FadC

dbc = 0;

è ôîðìóëû êîìïëåêñíî ñîïðÿæåííûå.

Ïðîäèôôåðåíöèðîâàâ âíåøíèì îáðàçîì óðàâíåíèÿ (2.5), ïîëó÷àåì

1) dAadbc +Ahdbc �
a
h +Aahbc �

d
h �Aadhc�

h
b �Aadbh�

h
c = Aadbch!

h +Aadhbc !h +Aadbc0!;

2) dCabcd + Chbcd�ah + Cahcd�bh + Cabhd�ch + Cabch�dh = Cabcdh!h + Cabcd0!;

3) dCabcd � Chbcd�
h
a � Cahcd�

h
b � Cabhd�

h
c � Cabch�

h
d = Cabcdh!

h + Cabcd0!:
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Ïðè ýòîì ñïðàâåäëèâû ñëåäóþùèå òîæäåñòâà:

1) Aadb[ch] = 0; 2) A
a[dh]
bc = 0;

3) Aadbc0 = �2Aadbc � 4CadhChbc + F adFbc � 2�abF
dhFhc � 2�acF

dhFhb � 2�dbF
ahFhc;

4)
�
Aagb[c � 2CagfCfb[c

�
Cjgjdh] = 0;

5)

�
Aahb[c � 3

2
F ahFb[c

�
Fjhjd] = 0;

6) CabcgCgdh = 0; 7) CabchFhd = 0;

8) 2F abFcd =
�
�adFch � �acFdh

�
F hb +

�
�bcFdh � �bdFch

�
F ha;

9) 2F abF cd = F acF db + F adF bc

è ôîðìóëû êîìïëåêñíî ñîïðÿæåííûå.

Òîæäåñòâî F adCdbc = 0 íàçîâåì ïåðâûì ôóíäàìåíòàëüíûì òîæäåñòâîì GK-ñòðóê-

òóðû; òîæäåñòâî Aadb[cCgf ]d = 2CadhChb[cCgf ]d � âòîðûì ôóíäàìåíòàëüíûì òîæäå-

ñòâîì; òîæäåñòâî Aadb[cFjdjg] = 3
2F

adFb[cFjdjg] � òðåòüèì ôóíäàìåíòàëüíûì òîæäå-

ñòâîì.

Îïðåäåëåíèå 2.3 [5]. GK-ñòðóêòóðà íàçûâàåòñÿ: ñïåöèàëüíîé îáîáùåííîé ñòðóê-

òóðîé Êåíìîöó I ðîäà (êîðîòêî, SGK-ñòðóêòóðîé I ðîäà), åñëè Cdbc = Cdbc = 0; ñïåöè-
àëüíîé îáîáùåííîé ñòðóêòóðîé Êåíìîöó II ðîäà (êîðîòêî, SGK-ñòðóêòóðîé II ðîäà),

åñëè Fad = F ad = 0.
Çàìåòèì, ÷òî èç âèäà óðàâíåíèÿ (2.5(1)) âûòåêàåò òîæäåñòâî

d�(X;Y ) + d�(�X;�Y ) = 0;

à òàêæå ðàâíîñèëüíîå åìó òîæäåñòâî d�(�X;Y ) = d�(X;�Y ) äëÿ ëþáûõ X;Y 2 X (M).
Â ñàìîì äåëå,

(d�)ab = d�(�a; �b) = �d�(��a;��b) = Fab; (d�)âb = d�(�â; �b) = d�(��â;��b) = 0;

(d�)ab̂ = d�(�a; �b̂) = d�(��a;��b̂) = 0; (d�)âb̂= d�(�â; �b̂)= �d�(��â;��b̂)=F ab;

(d�)a0 = d�(�a; �) = �d�(��a;��) = 0; (d�)â0 = d�(�â; �) = �d�(��â;��) = 0;

(d�)0a = d�(�; �a) = �d�(��;��a) = 0; (d�)(0â) = d�(�; �â) = �d�(��;��â) = 0;

(d�)00 = d�(�; �) = �d�(��;��) = 0:

Îáðàòíî, î÷åâèäíî, ÷òî âûïîëíåíèå ýòèõ ñîîòíîøåíèé âëå÷åò ñïðàâåäëèâîñòü òîæ-

äåñòâà d�(X;Y ) + d�(�X;�Y ) = 0 äëÿ ëþáûõ X;Y 2 X (M).
Ïóñòü M � GK-ìíîãîîáðàçèå, ïåðâîå ôóíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî. Äèôôåðåíöèàëüíàÿ 1-ôîðìà ! = � � ��, � � åñòåñòâåííàÿ ïðî-

åêöèÿ â ãëàâíîì ðàññëîåíèè ðåïåðîâ íàä ìíîãîîáðàçèåì M , à �� � ïîðîæäåííîå åé

óâëå÷åíèå �-ñâÿçíûõ âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M , ÿâëÿåòñÿ ôîðìîé Ïôàôôà

ïåðâîãî ôóíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ, ò. å. êîáàçèñîì êîðàñïðåäåëåíèÿ àññîöèèðî-

âàííîãî ñ ïåðâûì ôóíäàìåíòàëüíûì ðàñïðåäåëåíèåì L. Ïî êëàññè÷åñêîé òåîðåìå Ôðî-

áåíèóñà âïîëíå èíòåãðèðóåìîñòü ïåðâîãî ôóíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ ðàâíîñèëüíà

ñóùåñòâîâàíèþ ôîðìû �, ÷òî d! = � ^ !.

Òåîðåìà 2.2. GK-ìíîãîîáðàçèå, ïåðâîå ôóíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî, ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì II ðîäà.
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C Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé, åñëè

d� ^ � = 0. Òàê êàê ! = ��(�), � � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðèñîåäèíåííîé

G-ñòðóêòóðû íà ìíîãîîáðàçèè M , èç (2.5(1)) ñëåäóåò, ÷òî äëÿ òîãî ÷òîáû ïåðâîå ôóíäà-

ìåíòàëüíîå ðàñïðåäåëåíèå áûëî âïîëíå èíòåãðèðóåìî, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ñëàãàåìûå Fab!
a ^ !b ^ ! è F ab!a ^ !b ^ ! áûëè ðàâíû íóëþ. Çíà÷èò, íåîáõîäèìî, ÷òî-

áû Fab = F ab = 0. Ñîãëàñíî îïðåäåëåíèþ 2.3 GK-ñòðóêòóðà ÿâëÿåòñÿ SGK-ñòðóêòóðîé

II ðîäà. B

Ïîñêîëüêó âñÿêîå SGK-ìíîãîîáðàçèå II ðîäà ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî

òî÷íåéøå êîñèìïëåêòè÷åñêîìó ìíîãîîáðàçèþ [5], à òî÷íåéøå êîñèìïëåêòè÷åñêîå ìíîãî-

îáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà

âåùåñòâåííóþ ïðÿìóþ [6], òî ïðåäûäóùóþ òåîðåìó ìîæíî ñôîðìóëèðîâàòü â ñëåäóþùåì

âèäå.

Òåîðåìà 2.3. GK-ìíîãîîáðàçèå, ïåðâîå ôóíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî, ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî

êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Ïóñòü M � GK-ìíîãîîáðàçèå, ïåðâîå ôóíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî. Òîãäà ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé òàêîãî ìíîãîîáðàçèÿ

èìååò âèä

1) d! = 0;

2) d!a = ��ab ^ !b +Cabc!b ^ !c + �ab! ^ !b;

3) d!a = �ba ^ !b + Cabc!
b ^ !c + �ba! ^ !b:

Ïóñòü N � M � èíòåãðàëüíîå ìíîãîîáðàçèå ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî ôóí-

äàìåíòàëüíîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ M . Òîãäà íà íåì åñòåñòâåííûì îáðàçîì

èíäóöèðóåòñÿ ïî÷òè ýðìèòîâà ñòðóêòóðà (J; ~g), ãäå J = �j
L

, ~g = gj
L

. Òàê êàê ôîðìà !
ÿâëÿåòñÿ ôîðìîé Ïôàôôà ïåðâîãî ôóíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ, òî ïåðâàÿ ãðóïïà

ñòðóêòóðíûõ óðàâíåíèé ïî÷òè ýðìèòîâîé ñòðóêòóðû íà N èìååò âèä

1) d! = 0;

2) d!a = ��ab ^ !b + Cabc!b ^ !c;

3) d!a = �ba ^ !b +Cabc!
b ^ !c:

Èñïîëüçóÿ òàáëèöó ¾Îáîáùåííûå êëàññû Ãðåÿ � Õåðâåëëû¿ [6], ïîëó÷àåì, ÷òî ïî÷òè

ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ïîäìíîãîîáðàçèÿõ ìàêñèìàëüíîé

ðàçìåðíîñòè ïåðâîãî ôóíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ M , ÿâëÿåòñÿ

ïðèáëèæåííî êåëåðîâîé ñòðóêòóðîé.

Òåîðåìà 2.4. Ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ïîä-

ìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî ôóíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ

GK-ìíîãîîáðàçèÿ M , ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé ñòðóêòóðîé.

Òåîðåìà 2.5. GK-ìíîãîîáðàçèå ñ çàìêíóòîé êîíòàêòíîé ôîðìîé ÿâëÿåòñÿ SGK-

ìíîãîîáðàçèåì II ðîäà, ò. å. ìíîãîîáðàçèåì ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíûì ïðî-

èçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

C Ïîñêîëüêó ! = !0 = ��(�), ãäå � � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðè-

ñîåäèíåííîé G-ñòðóêòóðû íà ìíîãîîáðàçèè M , òî èç (2.5(1)) ñëåäóåò, ÷òî êîíòàêòíàÿ

ôîðìà GK-ìíîãîîáðàçèÿ çàìêíóòà òîãäà è òîëüêî òîãäà, êîãäà Fab = F ab = 0, ò. å.
ñîãëàñíî îïðåäåëåíèþ 2.3, òîãäà è òîëüêî òîãäà, êîãäà ìíîãîîáðàçèå ÿâëÿåòñÿ SGK-

ìíîãîîáðàçèåì II ðîäà. À çíà÷èò, ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíûì ïðîèçâåäåíèþ

ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. B
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Ðàññìîòðèì ñèñòåìû ôóíêöèé íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû:
1) C = fCijkg, ïîëîæèâ Cab̂ĉ = Cabc, C âbc = Cabc, âñå îñòàëüíûå êîìïîíåíòû � íó-

ëåâûå; 2) F = fF ijg, ïîëîæèâ F ab̂ = F ab, F âb = Fab, âñå îñòàëüíûå êîìïîíåíòû F �

íóëåâûå.

Ïî Îñíîâíîé òåîðåìå òåíçîðíîãî àíàëèçà ñ ó÷åòîì (2.5(5))�(2.5(8)) ñåìåéñòâà ôóíê-

öèé C è F îïðåäåëÿþò âåùåñòâåííûå òåíçîðíûå ïîëÿ òèïà (2; 1) è (1; 1) íà ìíîãîîá-

ðàçèè M , êîòîðûå ìû îáîçíà÷èì òåìè æå ñèìâîëàìè. Íàçîâåì ýòè òåíçîðû ïåðâûì è

âòîðûì ñòðóêòóðíûìè òåíçîðàìè GK-ñòðóêòóðû.

Òåîðåìà 2.6. Ñòðóêòóðíûå òåíçîðû GK-ñòðóêòóðû èìåþò ñëåäóþùèå âûðàæåíèÿ:

1) C(X;Y ) = �1

2
� � r�Y (�)�X = �1

2
�2 � r�Y (�)�2X;

2) (X) = � � r�2X(�)� � �2X = �� � rX(�)� � �2X = �rX� � �2X

= ��2 � r�X(�)� � �2X = �� � r�X(�)� � �2X (8X;Y 2 X (M)):

C Â [8] ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå ïåðâîãî ñòðóêòóðíîãî òåíçîðà

C(X;Y ) =
1

4

�
� � r�2Y (�)�2X � �2 � r�2Y (�)�X

	

= �1

4

�
� � r�Y (�)�X + �2 � r�Y (�)�2X

	
(8X;Y 2 X (M)):

(2.6)

Ïðîäèôôåðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî �2 = �id+�
 �, ïîëó÷èì rY (�)�X+
� � r�Y (�)X = �rY (�)X + �(X)rY �. Â ïîñëåäíåì ðàâåíñòâå ñíà÷àëà ñäåëàåì çàìåíó

X ! �X, à çàòåì íà ïîëó÷åííîå òîæäåñòâî ïîäåéñòâóåì îïåðàòîðîì �2
. Òîãäà ïîëó÷èì

� � rY (�)�X = �2 � rY (�)�2X. Â ïîëó÷åííîì òîæäåñòâå ñäåëàåì çàìåíó Y ! �Y .
Òîãäà

� � r�Y (�)�X = �2 � r�Y (�)�2X (8X;Y 2 X (M)): (2.7)

Ñ ó÷åòîì (2.7) ðàâåíñòâî (2.6) çàïèøåòñÿ â âèäå

C(X;Y ) = �1

2
� � r�Y (�)�X = �1

2
�2 � r�Y (�)�2X (8X;Y 2 X (M)):

Íàïîìíèì [6, 9], ÷òî òðåòèé, ÷åòâåðòûé è ïÿòûé ñòðóêòóðíûå òåíçîðû ïî÷òè êîí-

òàêòíîé ìåòðè÷åñêîé ñòðóêòóðû èìåþò ñëåäóþùèå àíàëèòè÷åñêèå âûðàæåíèÿ:

1) D(X) = �1

2

�
� � r�2X(�)� � �2 � r�X(�)� � 1

2
� � r�(�)�2X +

1

2
�2 � r�(�)�X

�
;

2) E(X) = �1

2

�
� � r�2X(�)� + �2 � r�X(�)�

	
;

3) F (X) =
1

2

�
� � r�2X(�)� � �2 � r�X(�)�

	
(8X 2 X (M)):

(2.8)

Ïðèìåíèâ ïðîöåäóðó âîññòàíîâëåíèÿ òîæäåñòâà [6, 7] ê ðàâåíñòâó �b
0;a = �

p
�1�ba,

ïîëó÷èì �2 � r�2X(�)� � � � r�X(�)� = �2�X äëÿ ëþáîãî X 2 X (M). Ïîäåéñòâóåì
îïåðàòîðîì � íà îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà. Òîãäà � � r�2X(�)� + �2 � r�X(�)� =
2�2X äëÿ ëþáîãî X 2 X (M).

Ïîñêîëüêó òðåòèé è ïÿòûé ñòðóêòóðíûå òåíçîðû äëÿ ëþáîãî X 2 X (M) ñâÿçàíû
ñîîòíîøåíèåì D(X) = �3

2F (X), òî

� � r�2X(�)� � �2 � r�X(�)� + � � r�(�)�2X � �2 � r�(�)�X = 0 (8X 2 X (M)):
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Â (2.1) ïîëîæèì Y = �. Òîãäà ïîëó÷èì rX(�)� + r�(�)X = ��X (8X 2 X (M)).
Â ïîñëåäíåì òîæäåñòâå ïîäñòàâèì ñíà÷àëà X ! �X, à çàòåì X ! �2X. Òîãäà

ïîëó÷èì

1) r�X(�)� + r�(�)�X = ��2X;

2) r�2X(�)� + r�(�)�2X = �X (8X 2 X (M)):
(2.9)

Íà îáå ÷àñòè ðàâåíñòâà (2.9 (1)) ïîäåéñòâóåì îïåðàòîðîì �2
, à íà îáå ÷àñòè ðàâåíñòâà

(2.9 (2)) ïîäåéñòâóåì îïåðàòîðîì �. Òîãäà ïîëó÷èì

1) �2r�X(�)� + �2r�(�)�X = �2X;

2) �r�2X(�)� + �r�(�)�2X = �2X (8X 2 X (M)):
(2.10)

Ïðîäèôôåðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî � � � = 0, ïîëó÷àåì

rX(�)(�Y ) + � � rX(�)Y = 0 (8X;Y 2 X (M)): (2.11)

Â ÷àñòíîñòè, åñëè â ïîñëåäíåì ðàâåíñòâå ïîëîæèòü Y = �, òî �frX(�)�g = 0 äëÿ

ëþáîãî X 2 X (M).
Ïðîäèôôåðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî �2 = �id+ � 
 �, ïîëó÷àåì

rX(�)�Y + � � r�X(�)Y = �rX(�)Y + �(Y )rX�:

Â ïîëó÷åííîì ðàâåíñòâå ñäåëàåì çàìåíó Y = �. Òîãäà ñ ó÷åòîì òîæäåñòâà rX(�)� = 0
äëÿ ëþáîãî X 2 X (M), ïîëó÷èì òîæäåñòâî

� � r�X(�)Y = rX� (8X 2 X (M)): (2.12)

Ñ ó÷åòîì (2.10) è (2.12) äëÿ (2.8(3)) èìååì

F (X) =
1

2

�
� � r�2X(�)� � �2 � r�X(�)�

	
=

1

2
fr�2X� � � � r�X�g

= � � r�2X(�)� � �2X = �� � rX(�)� � �2X = �rX� � �2X

= ��2 � r�X(�)� � �2X = �� � r�X(�)� � �2X (8X 2 X (M)): �

3. Ñâîéñòâà èíòåãðèðóåìîñòè GK-ìíîãîîáðàçèé

Íàïîìíèì [6], ÷òî êîìïîíåíòû òåíçîðà Íåéåíõåéñà

N�(X;Y ) =
1

4
f�2[X;Y ] + [�X;�Y ] � �[�X;Y ] � �[X;�Y ]g

íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû èìåþò ñëåäóþùèé âèä:

1) N0
ab = �

p
�1

2
�0

[a;b]; 2) N0
âb = �N0

bâ = �
p

�1

2
�0

(â;b); 3) N0
âb̂

=

p
�1

2
�0

[â;b̂]
;

4) Na
b̂0

= �Na
0b̂

=

p
�1

4
�a
b̂;0

�
p

�1

2
�a

0;b̂
; 5) Na

b̂ĉ
=

p
�1�a

[b̂;ĉ]
;

6) N â
b0 = �N â

0b =

p
�1

2
�â

0;b �
p

�1

2
�â
b;0; 7) N â

bc = �
p

�1�â
[b;c]:

Îñòàëüíûå êîìïîíåíòû ýòîãî òåíçîðà òîæäåñòâåííî ðàâíû íóëþ.
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Ñ ó÷åòîì (2.2) êîìïîíåíòû òåíçîðà Íåéåíõåéñà N�(X;Y ) GK-ñòðóêòóðû íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ïðèìóò ñëåäóþùèé âèä:

1) N0
ab = 1

2Fab; 2) N0
âb̂

= 1
2F

ab; 3) Na
b̂0

= �Na
0b̂

= 3
4F

ab;

4) Na
b̂ĉ

= 2Cabc; 5) N â
b0 = �N â

0b = 3
4Fab; 6) N â

bc = 2Cabc:
(3.1)

Îñòàëüíûå êîìïîíåíòû ýòîãî òåíçîðà òîæäåñòâåííî ðàâíû íóëþ.

Òåîðåìà 3.1. Òåíçîð Íåéåíõåéñà îïåðàòîðà � GK-ñòðóêòóðû îáëàäàåò ñâîéñòâàìè:

1) N�

�
�2X;�2Y

�
+N�(�X;�Y ) = 0;

2) N�

�
�2X;�Y

�
�N�

�
�X;�2Y

�
= 0;

3) N�(X; �) = �1

4

�
�r�X� + 2rX� + �2X

	
(8X;Y 2 X (M)):

C 1): Ïðèìåíÿÿ ïðîöåäóðó âîññòàíîâëåíèÿ òîæäåñòâà [4, 7] ê ðàâåíñòâàì N0
ab̂

= N c
ab̂

=

N ĉ
ab̂

= 0, ïîëó÷èì òîæäåñòâî N�(�2X;�2Y )+N�(�X;�Y ) = 0 äëÿ ëþáûõ X;Y 2 X (M).

2): Ñäåëàâ â ïîñëåäíåì òîæäåñòâå çàìåíó Y ! �Y , äëÿ ëþáûõ X;Y 2 X (M) ïîëó-
÷àåì òîæäåñòâî N�(�2X;�Y ) �N�(�X;�2Y ) = 0.

3): Âèä òåíçîðà Íåéåíõåéñà

N�(X;Y ) =
1

4

�
�2[X;Y ] + [�X;�Y ] � �[�X;Y ] � �[X;�Y ]

	

ñ ó÷åòîì ôîðìóëû [X;Y ] = rXY � rYX, âûðàæàþùåé îòñóòñòâèå êðó÷åíèÿ ñâÿçíîñòè,
ïðèìåò âèä

N�(X;Y ) =
1

4
fr�X(�)Y � r�Y (�)X + �rY (�)X � �rX(�)Y g (8X;Y 2 X (M)):

Îòñþäà

N�(X; �) =
1

4
fr�X(�)� + �r�(�)X � �rX(�)�g (8X 2 X (M)): (3.2)

Ïîëîæèì â (2.1) Y = �. Òîãäà rX(�)� + r�(�)X = ��X äëÿ ëþáîãî X 2 X (M).
Ñ ó÷åòîì ïîëó÷åííîãî ðàâåíñòâà ñîîòíîøåíèå (3.2) ïðèìåò âèä

N�(X; �) = �1

4

�
�r�X� + 2rX� + �2X

	
(8X 2 X (M)): �

Îïðåäåëåíèå 3.1 [6]. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçûâàåòñÿ èíòå-

ãðèðóåìîé, åñëè N� = 0.

Òåîðåìà 3.2. Èíòåãðèðóåìàÿ GK-ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó.

C Ïóñòü GK-ñòðóêòóðà ÿâëÿåòñÿ èíòåãðèðóåìîé. Òîãäà, ñîãëàñíî îïðåäåëåíèþ 3.1,

N� = 0. Ïîñëåäíåå ðàâåíñòâî ñ ó÷åòîì (3.1) ðàâíîñèëüíî ñîîòíîøåíèÿì F ab = Fab = 0;
Cabc = Cabc = 0. È ñîãëàñíî ïðåäëîæåíèþ 2.2 ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó. B

Èçâåñòíî [10], ÷òî çàäàíèå òåíçîðà Íåéåíõåéñà ðàâíîñèëüíî çàäàíèþ ÷åòûðåõ òåíçî-

ðîâ N (1)
, N (2)

, N (3)
, N (4)

, à èìåííî:

N (1)(X;Y ) = N�(X;Y ) + 2 d�(X;Y )�; N (2)(X;Y ) = (L�X�)(Y ) � (L�Y �)(X);

N (3)(X) = (L��)(X); N (4)(X) = (L��)(X) (8X;Y 2 X (M));

ãäå LX � ïðîèçâîäíàÿ Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X.
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Âû÷èñëèì êîìïîíåíòû ýòèõ òåíçîðîâ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû.

Ó÷èòûâàÿ, ÷òî ! = !0 = ��(�), ãäå � � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðè-

ñîåäèíåííîé G-ñòðóêòóðû íà ìíîãîîáðàçèå M , à òàêæå òî îáñòîÿòåëüñòâî, ÷òî íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû �a = �a = 0, �0 = 1, ñîãëàñíî (1.1(1)) íàõîäèì,
÷òî íà ýòîì ïðîñòðàíñòâå

1) (d� 
 �)aij = (d� 
 �)âij = 0; 2) (d� 
 �)0
ab = Fab;

3) (d� 
 �)0
âb̂

= F ab; 4) (d� 
 �)0
âb = (d� 
 �)0

ab̂
= 0;

5) (d� 
 �)0
0a = (d� 
 �)0

a0 = 0; 6) (d� 
 �)0
0â = (d� 
 �)0

â0 = 0;

7) (d� 
 �)0
00 = 0:

(3.3)

Ñ ó÷åòîì ñîîòíîøåíèé (3.1) è (3.3) ïîëó÷àåì, ÷òî íà ïðîñòðàíñòâå ïðèñîåäèíåííîé

G-ñòðóêòóðû, òåíçîð N (1)(X;Y ) = N�(X;Y )+2 d�(X;Y )� èìååò ñëåäóþùèå êîìïîíåíòû:

1) (N (1))0
ab = 5

2Fab; 2) (N (1))0
âb̂

= 5
2F

ab;

3) (N (1))a
b̂0

= �(N (1))a
0b̂

= 3
4F

ab; 4) (N (1))âb0 = �(N (1))â0b = 3
4Fab;

5) (N (1))a
b̂ĉ

= 2Cabc; 6) (N (1))âbc = 2Cabc;

(3.4)

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Îïðåäåëåíèå 3.2 [6, 10]. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçûâàåòñÿ íîð-

ìàëüíîé, åñëè N�(X;Y ) + 2 d�(X;Y )� = 0.

Ïîíÿòèå íîðìàëüíîñòè áûëî ââåäåíî Ñàñàêè è Õàòàêåÿìîé [11] è ÿâëÿåòñÿ îäíèì èç

íàèáîëåå ôóíäàìåíòàëüíûõ ïîíÿòèé êîíòàêòíîé ãåîìåòðèè, òåñíî ñâÿçàííûì ñ ïîíÿòèåì

èíòåãðèðóåìîñòè ñòðóêòóðû.

Òåîðåìà 3.3. Íîðìàëüíàÿ GK-ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó, à çíà÷èò,

ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíà êîñèìïëåêòè÷åñêîé ñòðóêòóðå.

C Èç îïðåäåëåíèÿ 3.2 è (3.4) ñëåäóåò, ÷òî GK-ñòðóêòóðà ÿâëÿåòñÿ íîðìàëüíîé òî-

ãäà è òîëüêî òîãäà, êîãäà F ab = Fab = 0, Cabc = Cabc = 0. Ñîãëàñíî ïðåäëîæåíèþ 2.2

GK-ñòðóêòóðà ÿâëÿåòñÿ Êåíìîöó ñòðóêòóðîé. Ïîñêîëüêó ñòðóêòóðà Êåíìîöó ïîëó÷àåò-

ñÿ èç êîñèìïëåêòè÷åñêîé êàíîíè÷åñêèì êîíöèðêóëÿðíûì ïðåîáðàçîâàíèåì, òî íîðìàëü-

íàÿ GK-ñòðóêòóðà ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíà êîñèìïëåêòè÷åñêîé ñòðóêòó-

ðå. B

Èç òåîðåì 3.2 è 3.3 ñëåäóåò

Òåîðåìà 3.4. Ïóñòü S = (�; �;�; g = h�; �i) � AC-ñòðóêòóðà. Òîãäà ñëåäóþùèå óòâåð-
æäåíèÿ ýêâèâàëåíòíû:

1) S = (�; �;�; g = h�; �i) � èíòåãðèðóåìàÿ GK-ñòðóêòóðà;

2) S = (�; �;�; g = h�; �i) � íîðìàëüíàÿ GK-ñòðóêòóðà;

3) S = (�; �;�; g = h�; �i) � ñòðóêòóðà Êåíìîöó.

Òåïåðü âû÷èñëèì êîìïîíåíòû òåíçîðà N (2)(X;Y ) = (L�X�)(Y ) � (L�Y �)(X), ãäå
LX � ïðîèçâîäíàÿ Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X.
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Îïðåäåëåíèå 3.3 [6]. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå, X � âåêòîðíîå ïîëå íà M ,

fFtg � ñîîòâåòñòâóþùàÿ åìó ëîêàëüíàÿ îäíîïàðàìåòðè÷åñêàÿ ãðóïïà äèôôåîìîðôèç-

ìîâ ìíîãîîáðàçèÿ, T � òåíçîðíîå ïîëå òèïà (r; s) íà M . Ïðîèçâîäíîé Ëè òåíçîðíîãî

ïîëÿ T â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X íàçûâàåòñÿ òåíçîðíîå ïîëå LXT íàM , â êàæ-

äîé òî÷êå p 2 M îïðåäåëÿåìîå ôîðìóëîé

(LXT )p = lim
t!0

1

t

�
(F�t)�TFt(p) � Tp

�
:

Îïåðàòîð LX : T (M) ! T (M), ñîïîñòàâëÿþùèé òåíçîðíîìó ïîëþ T 2 T (M) òåíçîð-
íîå ïîëå LXT , íàçûâàåòñÿ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ Ëè â íàïðàâëåíèè âåêòîð-

íîãî ïîëÿ X.
Îïåðàòîð äèôôåðåíöèðîâàíèÿ Ëè îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè [6]:

1) îïåðàòîð LX ÿâëÿåòñÿ äèôôåðåíöèðîâàíèåì òåíçîðíîé àëãåáðû T (M) ìíîãîîá-
ðàçèÿ, ñîõðàíÿþùèì òèï òåíçîðîâ è ïåðåñòàíîâî÷íûì ñ îïåðàòîðàìè ñâåðòêè;

2) LXf = X(f); 8 f 2 C1(M);
3) LXY = [X;Y ]; 8X;Y 2 X (M).
Çàìå÷àòåëüíûì îáñòîÿòåëüñòâîì ÿâëÿåòñÿ òî, ÷òî ïåðå÷èñëåííûå ñâîéñòâà îïåðàòîðà

äèôôåðåíöèðîâàíèÿ Ëè îäíîçíà÷íî îïðåäåëÿþò ýòîò îïåðàòîð.

Çàìå÷àíèå 3.1 [6]. Ïóñòü t � ïðîèçâîëüíûé òåíçîð òèïà (r; s) íà M . Âûðàæåíèå

LX(t)(X1; : : : ;Xr; u
1; : : : ; us), áóäó÷è ëèíåéíûì ïî àðãóìåíòàì X1; : : : ;Xr, u

1; : : : ; us, íå
ÿâëÿåòñÿ ëèíåéíûì ïî àðãóìåíòó X.

Ñ ó÷åòîì ïåðå÷èñëåííûõ ñâîéñòâ èìååì

L�X(�(Y )) = L�X

�
C

(1)
(1)� 
 Y

�
= C

(1)
(1)L�X(� 
 Y )

= C
(1)
(1)L�X(�) 
 Y + C

(1)
(1)� 
 L �X(Y ) = L�X(�) 
 Y + � 
 L�X(Y );

ò. å. L�X(�(Y )) = L�X(�) 
 Y + � 
 L�X(Y ).
Ñ ó÷åòîì òîæäåñòâà [X;Y ] = rXY � rYX è ñâîéñòâ îïåðàòîðà äèôôåðåíöèðîâàíèÿ

Ëè èç ïîëó÷åííîãî ðàâåíñòâà èìååì

L�X(�)(Y ) = L�X(�(Y )) � �(L�XY ) = (�X)(�(Y )) � �([�X;Y ])

= (�X)(�(Y )) � �(r�XY ) + �(rY (�X)) = f(�X)(�(Y )) � �(r�XY )g
+ �frY (�)X + �rYXg = r�X(�)(Y ) + �frY (�)Xg + �f�rYXg

= r�X(�)(Y ) + �frY (�)Xg;
ò. å.

L�X(�)(Y ) = r�X(�)(Y ) + �frY (�)Xg (8X;Y 2 X (M)): (3.5)

Ðàññìîòðèì õàðàêòåðèñòè÷åñêèé âåêòîð GK-ìíîãîîáðàçèÿ. Ïîñêîëüêó � ÿâëÿåòñÿ

òåíçîðîì òèïà (0; 1), òî åãî êîìïîíåíòû f�ig íà ãëàâíîì ðàññëîåíèè B(M) ðåïåðîâ íàäM
óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì óðàâíåíèÿì [6]

d�i � �k�ik = �i;j�
j; (3.6)

ãäå f�i;jg � ñèñòåìà ôóíêöèé, ñëóæàùàÿ êîìïîíåíòàìè êîâàðèàíòíîãî äèôôåðåíöèàëà

âåêòîðà � â ñâÿçíîñòè r. Ðàñïèñûâàÿ (3.6) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòó-
ðû, ñ ó÷åòîì ñîîòíîøåíèé �a = �â = 0, �0 = 1, è âèäà òåíçîðíûõ êîìïîíåíò ôîðìû

ðèìàíîâîé ñâÿçíîñòè [3]:

1) �a
b̂

=
1

2
F ab! + Cabc!c; 2) �âb =

1

2
Fab! + Cabc!

c;
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3) �a0 = �ab!
b � F ab!b; 4) �â0 = �ba!b � Fab!

b; 5) �0
a = Fab!

b � �ba!b;

6) �0
â = F ab!b � �ab!

b; 7) �0
0 = 0; 8) �ij + �î

ĵ
= 0;

ïîëó÷èì

1) �a
;b̂

= �F ab; 2) �â;b = �Fab; 3) �a;b = �ab ; 4) �â
;b̂

= �ba;

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Òåîðåìà 3.5. Õàðàêòåðèñòè÷åñêèé âåêòîð � GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì

Êèëëèíãà.

C Ïîñêîëüêó �ab + �ab = �a;b + �b̂;â = �â;b + �b;â 6= 0, ò. å. hrX�; Y i + hX;rY �i 6= 0 äëÿ

ëþáûõ X;Y 2 X (M), òî � íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. B

Àíàëîãè÷íî äëÿ êîíòàêòíîé ôîðìû GK-ìíîãîîáðàçèÿ:

1) �a;b = �Fab; 2) �â;b̂ = �F ab; 3) �a;b̂ = �ba; 4) �â;b = �ab ; (3.7)

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Òåîðåìà 3.6. Êîíòàêòíàÿ ôîðìà GK-ñòðóêòóðû íå ÿâëÿåòñÿ ôîðìîé Êèëëèíãà.

Ñîãëàñíî ñîîòíîøåíèþ (3.5) N (2)(X;Y ) ïðèìåò ñëåäóþùèé âèä:

N (2)(X;Y ) = r�X(�)(Y ) + �frY (�)Xg � r�Y (�)(X) � �frX(�)Y g; (3.8)

äëÿ ëþáûõ X;Y 2 X (M):
Èç (3.7) ñëåäóåò, ÷òî N (2)(X;Y ) = �N (2)(Y;X), çíà÷èò òåíçîð N (2)(X;Y ) êîñîñèì-

ìåòðè÷åí, ò. å. ÿâëÿåòñÿ 2-ôîðìîé.

Íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû òîæäåñòâî (3.8) ïðèìåò âèä

N
(2)
ij = �j;k�

k
i � �i;k�

k
j + �k�

k
i;j � �k�

k
j;i: (3.9)

Ñ ó÷åòîì ñîîòíîøåíèé �â = �a = 0, �0 = 1 è âèäà ìàòðèöû � íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû (1.2), èç (3.9) èìååì

1) N
(2)
ab = 4

p
�1Fab; 2) N

(2)

âb̂
= �4

p
�1F ab; (3.10)

îñòàëüíûå êîìïîíåíòû íóëåâûå.

Èç (3.10) íåïîñðåäñòâåííî ñëåäóåò ñëåäóþùàÿ

Òåîðåìà 3.7. Íà GK-ìíîãîîáðàçèè N (2)(X;Y ) = 0 òîãäà è òîëüêî òîãäà, êîãäà

F ab = Fab = 0.
Èç îïðåäåëåíèÿ 2.2 è òåîðåìû 3.7 ñëåäóåò

Òåîðåìà 3.8. GK-ìíîãîîáðàçèå ñ N (2)(X;Y ) = 0 ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì

II ðîäà.

Èñïîëüçóÿ ëîêàëüíîå ñòðîåíèå SGK-ìíîãîîáðàçèÿ II ðîäà [5], òåîðåìó 3.8 ìîæíî

ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.9. GK-ìíîãîîáðàçèå ñ N (2)(X;Y ) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêó-

ëÿðíî òî÷íåéøå êîñèìïëåêòè÷åñêîìó ìíîãîîáðàçèþ.

Ïîñêîëüêó òî÷íåéøå êîñèìïëåêòè÷åñêîå ìíîãîîáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðî-

èçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ [5], òî ïðåäû-

äóùóþ òåîðåìó ìîæíî ñôîðìóëèðîâàòü òàê:
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Òåîðåìà 3.10. GK-ìíîãîîáðàçèå ñ N (2)(X;Y ) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêó-

ëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñ-

ëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü

ãëîáàëüíûìè.

Ðàññìîòðèì òåïåðü òåíçîð

N (3)(X) = L�(�)(X) = L�(�X) � �L�X = [�;�X] � �[�;X]

= r�(�X) � r�X� � �(r�X � rX�) = r�(�)X + �r�X

� r�X� � �r�X + �rX� = r�(�)X � r�X� + �rX�:

(3.11)

Òàêèì îáðàçîì, íà GK-ìíîãîîáðàçèè

N (3)(X) = r�(�)X � r�X� + �rX� (8X 2 X (M)): (3.12)

Íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû òîæäåñòâî (3.12) ðàâíîñèëüíî ñîîò-

íîøåíèÿì

1)
�
N (3)

�a
b̂

= �3
p

�1F ab; 2)
�
N (3)

�â
b

= 3
p

�1Fab; (3.13)

îñòàëüíûå êîìïîíåíòû íóëåâûå.

Èç (3.13) è îïðåäåëåíèÿ 2.3 ñëåäóåò

Òåîðåìà 3.11. Íà GK-ìíîãîîáðàçèè N (3)(X) = 0 òîãäà è òîëüêî òîãäà, êîãäà

F ab = Fab = 0, ò. å. êîãäà ìíîãîîáðàçèå ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì II ðîäà.

Èñïîëüçóÿ ëîêàëüíîå ñòðîåíèå SGK-ìíîãîîáðàçèÿ II ðîäà [5], òåîðåìó 3.11 ìîæíî

ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.12. GK-ìíîãîîáðàçèå ñ N (3)(X) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿð-
íî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñëè

ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü ãëî-

áàëüíûìè.

È, íàêîíåö, ðàññìîòðèì òåíçîð N (4)(X) = (L��)(X) äëÿ ëþáîãî X 2 X. Èìååì

N (4)(X) = (L��)(X) = L�(�(X)) � �(L�X) = �(�(X)) � �([�;X])

= r�(�(X)) � �(r�X) + �(rX�) = r�(�)(X) + �(r�X) � �(r�X)

+ �(rX�) = r�(�)(X) + �(rX�) = r�(�)(X);

ò. å.

N (4)(X) = r�(�)(X) (8X 2 X): (3.14)

Ñ ó÷åòîì (3.7) òîæäåñòâî (3.14) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ðàâ-

íîñèëüíî ñîîòíîøåíèÿì (N (4))i = 0, ò. å. N (4)(X) = 0.
Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 3.13. Íà GK-ìíîãîîáðàçèè N (4)(X) = 0.
Ðåçóëüòàòû òåîðåì 2.5, 3.9�3.12 ìîæíî ñôîðìóëèðîâàòü â âèäå ñëåäóþùåé îñíîâíîé

òåîðåìû.

Îñíîâíàÿ òåîðåìà. Ïóñòü M � GK-ìíîãîîáðàçèå. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ

ýêâèâàëåíòíû:

1) GK-ìíîãîîáðàçèå èìååò çàìêíóòóþ êîíòàêòíóþ ôîðìó ;

2) F ab = Fab = 0;
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3) N (2)(X;Y ) = 0;
4) N (3)(X) = 0;
5) M � SGK-ìíîãîîáðàçèå II ðîäà;
6) M � ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà

ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Åñëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âû-

áðàòü ãëîáàëüíûìè.
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Abstract. The article is devoted to generalized Kenmotsu manofolds, namely the study of their

integrability properties. The study is carried out by the method of associated G-structures; therefore, the
space of the associated G-structure of almost contact metric manifolds is constructed �rst. Next, we de�ne

the generalized Kenmotsu manifolds (in short, the GK-manifolds) and give the complete group of structural
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equations of such manifolds. The �rst, second, and third fundamental identities of GK-structures are de�ned.

De�nitions of special generalized Kenmotsu manifolds (SGK-manifolds) of the I and II kinds are given.

We consider GK-manifolds the �rst fundamental distribution of which is completely integrable. It is shown that

the almost Hermitian structure induced on integral manifolds of maximal dimension of the �rst distribution of

a GK-manifold is nearly Kahler. The local structure of a GK-manifold with a closed contact form is obtained,

and the expressions of the �rst and second structural tensors are given. We also compute the components of the

Nijenhuis tensor of a GK-manifold. Since the setting of the Nijenhuis tensor is equivalent to the speci�cation

of four tensors N (1)
, N (2)

, N (3)
, N (4)

, the geometric meaning of the vanishing of these tensors is investigated.

The local structure of the integrable and normal GK-structure is obtained. It is proved that the characteristic

vector of a GK-structure is not a Killing vector. The main result is Theorem: Let M be a GK-manifold.

Then the following statements are equivalent: 1) GK-manifold has a closed contact form; 2) F ab = Fab = 0;
3) N (2)(X; Y ) = 0; 4) N (3)(X) = 0; 5) M � is a second-kind SGK manifold; 6) M is locally canonically

concircular with the product of a nearly Kahler manifold and a real line.

Key words: generalized Kenmotsu manifold, Kenmotsu manifold, normal manifold, Nijenhuis tensor,

integrable structure, nearly Kahler manifold.
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Àííîòàöèÿ. Ïîñòðîåíû íîâûå ñïåöèàëüíûå ðÿäû ïî ìîäèôèöèðîâàííûì ïîëèíîìàì Ìåéêñíåðà

M�
n;N (x) = M�

n (Nx). Ýòè ïîëèíîìû ïðè � > �1 îáðàçóþò îðòîãîíàëüíóþ ñ âåñîì �(Nx) ñèñòåìó
íà ðàâíîìåðíîé ñåòêå 
� = f0; �; 2�; : : :g, ãäå � = 1=N , N > 0. Óïîìÿíóòûå ñïåöèàëüíûå ðÿäû ïî

ïîëèíîìàì M�
n;N (x) ïîÿâèëèñü êàê åñòåñòâåííûé è àëüòåðíàòèâíûé ðÿäàì Ôóðüå � Ìåéêñíåðà àï-

ïàðàò îäíîâðåìåííîãî ïðèáëèæåíèÿ äèñêðåòíîé ôóíêöèè f , çàäàííîé íà ðàâíîìåðíîé ñåòêå 
�, è

åå êîíå÷íûõ ðàçíîñòåé ��
� f . Îñíîâíîå âíèìàíèå â íàñòîÿùåé ñòàòüå óäåëåíî èññëåäîâàíèþ àïïðîê-

ñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì óêàçàííûõ ðÿäîâ. Â ÷àñòíîñòè, ïîëó÷åíà ïîòî÷å÷íàÿ îöåíêà

äëÿ ôóíêöèè Ëåáåãà ÷àñòè÷íûõ ñóìì ñïåöèàëüíîãî ðÿäà. Ñëåäóåò îòìåòèòü, ÷òî íîâûå ñïåöèàëüíûå

ðÿäû, â îòëè÷èå îò ðÿäîâ Ôóðüå � Ìåéêñíåðà, îáëàäàþò òåì ñâîéñòâîì, ÷òî èõ ÷àñòè÷íûå ñóììû

ñîâïàäàþò ñî çíà÷åíèÿìè èñõîäíîé ôóíêöèè â òî÷êàõ 0; �; : : : ; (r � 1)�.

Êëþ÷åâûå ñëîâà: ïîëèíîìû Ìåéêñíåðà, àïïðîêñèìàòèâíûå ñâîéñòâà, ðÿä Ôóðüå, ñïåöèàëüíûå

ðÿäû, ôóíêöèÿ Ëåáåãà.

Mathematical Subject Classi�cation (2000): 41A10.

1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû íîâûå ñïåöèàëüíûå ðÿäû ïî ìîäèôèöèðîâàííûì

ïîëèíîìàì Ìåéêñíåðà M�
n;N (x) = M�

n (Nx) ñ � > �1, îðòîãîíàëüíûì íà ðàâíîìåðíîé

ñåòêå 
� = f0; �; 2�; : : :g, ãäå � = 1
N , N > 0; è èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà èõ

÷àñòè÷íûõ ñóìì. Â ÷àñòíîñòè, ïîëó÷åíà îöåíêà ñâåðõó äëÿ ôóíêöèè Ëåáåãà ÷àñòè÷íûõ

ñóìì ñïåöèàëüíîãî ðÿäà ïî ïîëèíîìàì Ìåéêñíåðà M�
n;N (x). Ñïåöèàëüíûå ðÿäû ïî ïî-

ëèíîìàì ÌåéêñíåðàM�
n;N (x) îáëàäàþò çíà÷èòåëüíî ëó÷øèìè àïïðîêñèìàòèâíûìè ñâîé-

ñòâàìè, ÷åì ðÿäû Ôóðüå ïî óêàçàííûì ïîëèíîìàì. Íàïðèìåð, íîâûå ñïåöèàëüíûå ðÿäû,

ñîîòâåòñòâóþùèå çàäàííîìó r 2 N, îáëàäàþò òåì ñâîéñòâîì, ÷òî ÷àñòè÷íûå ñóììû ýòèõ

ðÿäîâ èíòåðïîëèðóþò èñõîäíóþ ôóíêöèþ â òî÷êàõ 0; �; : : : ; (r � 1)�.
Ïðè èññëåäîâàíèè àïïðîêñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì ñïåöèàëüíîãî ðÿäà

íàì ïîíàäîáÿòñÿ íåêîòîðûå ñâîéñòâà ïîëèíîìîâ Ìåéêñíåðà M�
n;N (x), êîòîðûå ìû ïðè-

âåäåì â ñëåäóþùåì ïóíêòå.

2. Íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ Ìåéêñíåðà

Äëÿ q 6= 0 è ïðîèçâîëüíîãî � 2 R êëàññè÷åñêèå ïîëèíîìû Ìåéêñíåðà [1�3] ìîæíî

îïðåäåëèòü ñ ïîìîùüþ ðàâåíñòâà

M�
n (x) = M�

n (x; q) =

�
n+ �

n

� nX

k=0

n[k]x[k]

(�+ 1)kk!

�
1 � 1

q

�k
;

c 2018 Ãàäæèìèðçàåâ Ð. Ì.
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ãäå x[k] = x(x � 1) : : : (x � k + 1), (a)k = a(a + 1) : : : (a + k � 1). Ïðè � > �1 è 0 < q < 1
ïîëèíîìû ÌåéêñíåðàM�

n (x) îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó íà ñåòêå f0; 1; : : :g ñ âåñîì
�(x) = �(x; �; q) = qx �(x+�+1)

�(x+1) (1�q)�+1
, à, áîëåå òî÷íî, èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî:

1X

x=0

m�
n(x)m�

k (x)�(x) = �nk; 0 < q < 1; � > �1;

ãäå m�
n(x) = m�

n(x; q) = fh�n(q)g� 1
2M�

n (x), h�n(q) =
�n+�
n

�
q�n�(�+ 1):

Ïóñòü N > 0, � = 1
N , q = e��

, 
� = f0; �; 2�; : : :g. Ìíîãî÷ëåíû M�
n;N (x) = M�

n (Nx; e��)

è m�
n;N (x) = m�

n(Nx; e��) =
�
h�n(e��)

	� 1
2 M�

n;N (x) â ñëó÷àå � > �1 îáðàçóþò îðòîãîíàëü-

íóþ è îðòîíîðìèðîâàííóþ íà 
� ñèñòåìû ñ âåñîì �(Nx) = �(Nx;�; e��).
Â äàëüíåéøåì, ïðè îöåíêå ôóíêöèè Ëåáåãà, âàæíóþ ðîëü èãðàåò ñëåäóþùàÿ ôîðìóëà

Êðèñòîôôåëÿ � Äàðáó:

K
�
n;N(t; x) =

nX

k=0

m�
k;N(t)m�

k;N (x)

=
�
p

(n+ 1)(n + �+ 1)

(e�=2 � e��=2)(x� t)

�
m�
n+1;N(t)m�

n;N (x) �m�
n;N (t)m�

n+1;N (x)
�
: (1)

êîòîðóþ ìîæíî çàïèñàòü [4] òàê:

K
�
n;N (t; x) =

�n
(�n + �n�1)

m�
n;N (t)m�

n;N (x) +
�n�n�1

(�n + �n�1)

�
�
e

�
2 � e� �

2

�
1

(x� t)

�
�
m�
n;N(x)

�
m�
n+1;N (t) �m�

n�1;N (t)
�

�m�
n;N (t)

�
m�
n+1;N (x) �m�

n�1;N (x)
��
;

(2)

ãäå �n =
p

(n+ 1)(n + �+ 1). Äëÿ 0 < � 6 1, N = 1
� , � > 0, 1 6 n 6 �N , � > �1,

0 6 x < 1, s > 0, �n = 4n+ 2�+ 2 ñïðàâåäëèâû [2, 5] ñëåäóþùèå îöåíêè:

e� x
2

��m�
n;N(x� s�)

�� 6 c(�; �; s)�
� �

2
n A�n(x);

A�n(x) =

8
>>>>><
>>>>>:

��n ; 0 6 x 6
1
�n
;

�
�
2

� 1
4

n x� �
2

� 1
4 ; 1

�n
< x 6

�n
2 ;h

�n

�
�

1
3
n + jx� �nj

�i� 1
4
; �n

2 < x 6
3�n

2 ;

e� x
4 ; 3�n

2 < x < 1;

(3)

e� x
2

��m�
n+1;N (x� s�) �m�

n�1;N (x� s�)
��

6 c(�; �; s)

8
>>>>>><
>>>>>>:

�
�
2

�1
n ; 0 6 x 6

1
�n
;

�
� 3

4
n x� �

2
+ 1

4 ; 1
�n
< x 6

�n
2 ;

x� �
2 �

� 3
4

n

�
�

1
3
n + jx� �nj

� 1
4

; �n
2 < x 6

3�n
2 ;

e� x
4 ; 3�n

2 < x < 1:

(4)

Çäåñü è äàëåå c, c(�), c(�; : : : ; �) � ïîëîæèòåëüíûå ÷èñëà, çàâèñÿùèå òîëüêî îò óêàçàííûõ

ïàðàìåòðîâ, ïðè÷åì ðàçëè÷íûå â ðàçíûõ ìåñòàõ.



Àïïðîêñèìàòèâíûå ñâîéñòâà ñïåöèàëüíûõ ðÿäîâ ïî ïîëèíîìàì Ìåéêñíåðà 23

3. Íåðàâåíñòâî Ëåáåãà äëÿ ÷àñòè÷íûõ ñóìì

ñïåöèàëüíîãî ðÿäà ïî ïîëèíîìàì Ìåéêñíåðà

Â ðàáîòå [6] áûëè ââåäåíû ñïåöèàëüíûå ðÿäû ïî êëàññè÷åñêèì ïîëèíîìàì Ëàãåð-

ðà è èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà èõ ÷àñòè÷íûõ ñóìì. Â íàñòîÿùåé ðàáîòå

ìû ðàññìîòðèì ñïåöèàëüíûå ðÿäû ïî ïîëèíîìàì Ìåéêñíåðà, êîòîðûå ÿâëÿþòñÿ äèñ-

êðåòíûì àíàëîãîì âûøåóïîìÿíóòûõ ñïåöèàëüíûõ ðÿäîâ ïî ïîëèíîìàì Ëàãåððà. Íàì

ïîíàäîáÿòñÿ íåêîòîðûå îáîçíà÷åíèÿ. Ïóñòü 
 � äèñêðåòíîå ìíîæåñòâî, ñîñòîÿùåå èç

áåñêîíå÷íîãî ÷èñëà ðàçëè÷íûõ òî÷åê äåéñòâèòåëüíîé îñè, � = �(x) � íåîòðèöàòåëüíàÿ

ôóíêöèÿ, îïðåäåëåííàÿ íà ýòîì ìíîæåñòâå. ×åðåç l2;�(
) îáîçíà÷èì ïðîñòðàíñòâî ôóíê-

öèé f , çàäàííûõ íà 
 è òàêèõ, ÷òî

P
x2
 f

2(x)�(x) < 1. Ìû ðàññìîòðèì ñëó÷àé, êîãäà


 = 
� = f0; �; 2�; : : :g, � = 1
N , �(x) = �(Nx) = �(Nx;�; e��). Ïóñòü d(x) 2 l2;�(
�), òîãäà

ïðè x 2 
r;� = fr�; (r + 1)�; : : :g ìû ìîæåì îïðåäåëèòü äèñêðåòíûé àíàëîã ïîëèíîìà

Òåéëîðà ñëåäóþùåãî âèäà:

Pr�1;N (x) =

r�1X

�=0

��
�d(0)

�!
(Nx)[�]; �0

�d(x) = d(x);

�1
�d(x) = d(x + �) � d(x), ��

�d(x) = ��(�
��1
� d(x)). Ëåãêî ïðîâåðèòü, ÷òî ôóíêöèÿ

dr(x) =
d(x)�Pr�1;N (x)

N�r(Nx)[r] ïðèíàäëåæèò ïðîñòðàíñòâó l2;�N;r
(
r;�), ãäå �N;r(x) = �(N(x� r�)),

à ìîäèôèöèðîâàííûå ïîëèíîìû Ìåéêñíåðà m�
k;N;r(x) = m�

k;N(x � r�) (k = 0; 1; : : :) ïðè
� > �1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â l2;�N;r

(
r;�) ñ âåñîì �N;r(x). Ïîýòîìó ìû

ìîæåì îïðåäåëèòü êîýôôèöèåíòû Ôóðüå � Ìåéêñíåðà

d̂�r;k =
X

t2
r;�

dr(t)�N;r(t)m
�
k;N;r(t) =

X

t2
r;�

d(t) � Pr�1;N (t)

N�r(Nt)[r]
�N;r(t)m

�
k;N;r(t)

è ðÿä Ôóðüå � Ìåéêñíåðà

dr(x) =

1X

k=0

d̂�r;km
�
k;N;r(x);

êîòîðûé â ñèëó áàçèñíîñòè â l2;�N;r
(
r;�) ñèñòåìû ïîëèíîìîâ Ìåéêñíåðà m�

k;N;r(x) (k =
0; 1; : : :) ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî x 2 
r;�. Îòñþäà ñëåäóåò, ÷òî

d(x) = Pr�1;N (x) +N�r(Nx)[r]
1X

k=0

d̂�r;km
�
k;N;r(x); x 2 
�: (5)

Ñëåäóÿ [7, 8], ìû áóäåì íàçûâàòü (5) ñïåöèàëüíûì ðÿäîì ïî ïîëèíîìàì Ìåéêñíåðà äëÿ

ôóíêöèè d(x). ×àñòè÷íóþ ñóììó ðÿäà (5) îáîçíà÷èì ÷åðåç

S�n+r;N(d; x) = Pr�1;N (x) +N�r(Nx)[r]
nX

k=0

d̂�r;km
�
k;N;r(x):

Åñëè d(x) = pn+r(x) ïðåäñòàâëÿåò ñîáîé àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè n + r; òî,
î÷åâèäíî, d̂�r;k = 0 ïðè k > n + 1 è ïîýòîìó èç (5) ñëåäóåò S�n+r;N(pn+r; x) � pn+r(x);
ò. å. S�n+r;N(d; x) ÿâëÿåòñÿ ïðîåêòîðîì íà ïîäïðîñòðàíñòâî àëãåáðàè÷åñêèõ ïîëèíîìîâ

pn+r(x) ñòåïåíè íå âûøå n+r. Îáîçíà÷èì ÷åðåç qn+r(x) àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè

n+ r; äëÿ êîòîðîãî �id(0) = �iqn+r(0) (i = 0; : : : ; r � 1). Òîãäà
��d(x) � S�n+r;N(d; x)

�� =
��d(x) � qn+r(x) + qn+r(x) � S�n+r;N(d; x)

��
6 jd(x) � qn+r(x)j +

��S�n+r;N(qn+r � d; x)
�� :
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Îòñþäà äëÿ x 2 
r;�

e� x
2 x� r

2
+ 1

4

��d(x) � S�n+r;N(d; x)
��

6 e� x
2 x� r

2
+ 1

4 jd(x) � qn+r(x)j + e� x
2 x� r

2
+ 1

4

��S�n+r;N (qn+r � d; x)
�� : (6)

Òàê êàê Pr�1;N (qn+r � d; x) = 0; òî

e� x
2 x� r

2
+ 1

4

��S�n+r;N(qn+r � d; x)
��

= e� x
2 x� r

2
+ 1

4N�r(Nx)[r]

�����
nX

k=0

( \qn+r � d)�r;km
�
k;N (x� r�)

�����

6 e� x
2 x� r

2
+ 1

4 (Nx)[r]
X

t2
r;�

jqn+r(t) � d(t)j
(Nt)[r]

�N;r(t)

�����
nX

k=0

m�
k;N (t� r�)m�

k;N (x� r�)

�����

= e� x
2 x� r

2
+ 1

4 (Nx)[r]
X

t2
r;�

jqn+r(t) � d(t)j
(Nt)[r]

�N;r(t)
��K �

n;N (t � r�; x� r�)
�� :

(7)

Ïîëîæèì

Erk(d; �) = inf
qk

sup
x2
r;�

e� x
2x� r

2
+ 1

4 jd(x) � qk(x)j ; (8)

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì àëãåáðàè÷åñêèì ïîëèíîìàì qk(x) ñòåïåíè k; äëÿ êî-

òîðûõ �id(0) = �iqk(0) (i = 0; : : : ; r � 1): Òîãäà èç (6) è (7), ó÷èòûâàÿ (8), ïîëó÷àåì

e� x
2 x� r

2
+ 1

4

��d(x) � S�n+r;N (d; x)
�� 6 Ern+r(d; �)

�
1 + l�;Nn;r (x)

�
; (9)

ãäå

l�;Nn;r (x) = e� x
2 x� r

2
+ 1

4 (Nx)[r]
X

t2
r;�

e� t
2

+r�t
r
2

� 1
4 �(Nt� r + �+ 1)

(Nt)[r]�(Nt� r + 1)

�
�
1 � e����+1 ��K �

n;N (t� r�; x� r�)
�� :

Â ñâÿçè ñ íåðàâåíñòâîì (9) âîçíèêàåò çàäà÷à îá îöåíêå ôóíêöèè Ëåáåãà l�;Nn;r (x) ïðè

n 6 �N , � > 1. Â íàñòîÿùåé ðàáîòå ìû îãðàíè÷èìñÿ èññëåäîâàíèåì âåëè÷èíû l�;Nn;r (x)

íà ìíîæåñòâàõ G1 =
�
r�; 3�

�n

�
è G2 =

�
3�
�n
; �n

2

�
. À îöåíêà ôóíêöèè l�;Nn;r (x) íà ïðîìåæóò-

êå

�
�n
2 ;1

�
ÿâëÿåòñÿ îáúåêòîì èññëåäîâàíèÿ äðóãîé íàøåé ðàáîòû. Ïðè äîêàçàòåëüñòâå

ñëåäóþùåé òåîðåìû ìû âîñïîëüçóåìñÿ òåõíèêîé äîêàçàòåëüñòâà òåîðåìû 4 èç ðàáîòû [6].

Òåîðåìà 1. Ïóñòü r 2 N, r � 1
2 < � < r + 1

2 , �n = 4n + 2� + 2, � > 1, 0 < � 6 1,
� = 1=N , n 6 �N: Òîãäà èìåþò ìåñòî ñëåäóþùèå îöåíêè:

1) åñëè x 2 G1 =
�
r�; 3�

�n

�
; òî

l�;Nn;r (x) 6 c(�; �; r)

(
ln(n + 1); � = r;

1 + n��r; � 6= r;
(10)

2) åñëè x 2 G2 =
�

3�
�n
; �n

2

�
; òî

l�;Nn;r (x) 6 c(�; �; r)

�
ln(1 + nx) +

�n
x

���r
2

�
: (11)
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C Ïóñòü x 2 G1 =
�
r�; 3�

�n

�
. Òîãäà

l�;Nn;r (x) = S1 + S2; (12)

ãäå

S1 6 c(r)e� x
2 x� r

2
+ 1

4 (Nx)r
X

t2
r;� ;

r�6t6 4
�n

e� t
2 t

r
2

� 1
4 (Nt)��r�1 � e����+1 ��K �

n;N (t� r�; x� r�)
�� ;

S2 6 c(r)e� x
2 x� r

2
+ 1

4 (Nx)r

�
X

t2
r;� ;
4

�n
<t<1

e� t
2 t

r
2

� 1
4 �(Nt� r + �+ 1)

�(Nt+ 1)

�
1 � e����+1 ��K �

n;N (t� r�; x� r�)
�� :

Îöåíèì S1: Èç (1) è (3) ïîëó÷àåì

S1 6 c(�; r)x
r
2

+ 1
4 �

X

t2
r;� ;

r�6t6 4
�n

t�� r
2

� 1
4

nX

k=0

��e� x
2m�

k;N(x� r�)
����e� t

2m�
k;N(t� r�)

��

6 c(�; �; r)�x
r
2

+ 1
4

X

t2
r;� ;

r�6t6 4
�n

t�� r
2

� 1
4

nX

k=0

��k 6 c(�; �; r)�x
r
2

+ 1
4

X

t2
r;� ;

r�6t6 4
�n

t�� r
2

� 1
4 ��+1
n

6 c(�; �; r)�
�� r

2
+ 3

4
n

4
�n

+�Z

0

t�� r
2

� 1
4 dt 6 c(�; �; r)�

�� r
2

+ 3
4

n
t�� r

2
+ 3

4

�� r
2 + 3

4

�����

4
�n

+�

0

= c(�; �; r):

(13)

Ïåðåéäåì ê îöåíêå âåëè÷èíû S2: Äëÿ ýòîãî ïðåäñòàâèì åå â âèäå S2 6 S21 +S22 +S23;
ãäå

S21 = e� x
2 x

r
2

+ 1
4N r

X

t2
r;� ;
4

�n
<t<1

e� t
2 t

r
2

� 1
4 �(Nt� r + �+ 1)

�(Nt+ 1)

�
�
1 � e����+1 ��m�

n;N(x� r�)m�
n;N (t � r�)

�� ;

S22 =
�n�n�1

�n + �n�1

�

e
�
2 � e� �

2

e� x
2 x

r
2

+ 1
4N r

��m�
n+1;N (x� r�) �m�

n�1;N (x� r�)
��

�
X

t2
r;� ;

4
�n
<t<1

e� t
2 t

r
2

� 1
4 �(Nt � r + �+ 1)

�(Nt+ 1)(t � x)

�
1 � e����+1 ��m�

n;N(t � r�)
�� ;

S23 =
�n�n�1

�n + �n�1

�

e
�
2 � e� �

2

e� x
2 x

r
2

+ 1
4N r

��m�
n;N (x� r�)

��

�
X

t2
r;� ;
4

�n
<t<1

e� t
2 t

r
2

� 1
4 �(Nt� r + �+ 1)

�(Nt+ 1)(t � x)

�
1 � e����+1 ��m�

n+1;N (t� r�) �m�
n�1;N (t� r�)

�� :
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Îöåíèì âåëè÷èíó S21: Èç (3) èìååì

S21 6 c(�; �; r)x
r
2

+ 1
4 �

�
2
n

X

t2
r;�;
4

�n
<t<1

t
r
2

� 1
4 e� t

2
�(Nt� r + �+ 1)

tr�(Nt� r + 1)

�
�
1 � e����+1 ��m�

n;N (t� r�)
�� : (14)

Ïóñòü

W =
X

t2
r;� ;
4

�n
<t<1

e� t
2 t�

r
2

� 1
4 �(Nt� r + �+ 1)

�(Nt� r + 1)

�
1 � e����+1 ��m�

n;N(t � r�)
�� = W1 +W2;

ãäå

W1 =
X

t2
r;� ;
4

�n
<t6 3�n

2

e� t
2 t�

r
2

� 1
4 �(Nt� r + �+ 1)

�(Nt � r + 1)

�
1 � e����+1 ��m�

n;N (t� r�)
�� ;

W2 =
X

t2
r;� ;
3�n

2
<t<1

e� t
2 t�

r
2

� 1
4 �(Nt� r + �+ 1)

�(Nt � r + 1)

�
1 � e����+1 ��m�

n;N (t� r�)
�� :

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî ê âåëè÷èíå W1, ïîëó÷àåì

W1 6

0
BBBB@

X

t2
r;� ;
4

�n
<t6 3�n

2

�
1 � e����+1

t�r�
1
2

�(Nt� r + �+ 1)

�(Nt� r + 1)

1
CCCCA

1
2

�

0
BBBB@

X

t2
r;� ;
4

�n
<t6 3�n

2

�
1 � e����+1 e�t�(Nt� r + �+ 1)

�(Nt� r + 1)

�
m�
n;N(t � r�)

�2

1
CCCCA

1
2

6 c(�)

0
B@

3�n
2Z

0

t��r� 1
2 dt

1
CA

1
2

6 c(�; r)�
��r

2
+ 1

4
n :

(15)

W2 6 c(�; �; r)�
� �

2
n �

X

t2
r;� ;
3�n

2
<t<1

e� t
4 t�� r

2
� 1

4 6 c(�; �; r)�
� �

2
n e�n: (16)

Èç îöåíîê (15) è (16) íàõîäèì

W 6 c(�; �; r)�
��r

2
+ 1

4
n :

Èç ïîñëåäíåãî íåðàâåíñòâà è (14) èìååì

S21 6 c(�; �; r)���r
n : (17)
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Ïåðåéäåì ê îöåíêå âåëè÷èíû S22: Â ñèëó (4) è (3)

S22 6 c(�; �; r)nx
r
2

+ 1
4 �

�
2

�1
n �

� �
2

n �
X

t2
r;� ;
4

�n
<t<1

t
r
2

� 1
4 t��rA�n(t)

t� x
= S1

22 + S2
22 + S3

22;

ãäå

Si22 = c(�; �; r)nx
r
2

+ 1
4 ��1
n �

X

t2Bi

t
r
2

� 1
4 t��rA�n(t)

t� x
; i = 1; 2; 3;

B1 =

�
4

�n
;
�n
2

�
\ 
r;�; B2 =

�
�n
2
;

3�n
2

�
\ 
r;�; B3 =

�
3�n
2
;1
�

\ 
r;�:

Èç (3) ïîëó÷àåì

S1
22 6 c(�; �; r)x

r
2

+ 1
4 �

�
2

� 1
4

n �
X

t2B1

t
r
2

� 1
4 t��rt�

�
2

� 1
4

t� x

6 c(�; �; r)�
�
2

� r
2

� 1
2

n

0
BB@�
�

4

�n

��
2

� r
2

� 3
2

+

�n
2Z

4
�n

t
�
2

� r
2

� 3
2 dt

1
CCA

6
c(�; �; r)
�
2 � r

2 � 1
2

�
�
2

� r
2

� 1
2

n t
�
2

� r
2

� 1
2

�����

�n
2

4
�n

6 c(�; �; r)�
�
2

� r
2

� 1
2

n

�
4

�n

��
2

� r
2

� 1
2

= c(�; �; r); (18)

S2
22 6 c(�; �; r)x

r
2

+ 1
4 �

� 1
4

n �
X

t2B2

t
r
2

� 1
4 t��r

h
�

1
3
n + jt� �nj

i� 1
4

t� x

6 c(�; �; r)�
��r� 7

4
n

3�n
2Z

�n
2

h
�

1
3
n + jt� �nj

i� 1
4
dt 6 c(�; �; r)�

��r� 7
4

n �
3
4
n 6 c(�; �; r)���r�1

n ;

(19)

S3
22 6 c(�; �; r)x

r
2

+ 1
4 �
X

t2B3

t
r
2

� 1
4 t��re� t

4

t� x

6 c(�; �; r)�
� r

2
� 1

4
n

1Z

3�n
2

��

t�� r
2

� 5
4 e� t

4 dt 6 c(�; �; r)�
� r

2
� 1

4
n e�n: (20)

Ñîáèðàÿ îöåíêè (18)�(20), íàõîäèì

S22 6 c(�; �; r)(1 + ���r�1
n ): (21)

Îöåíèì S23:

S23 6 c(�; �; r)n�
�
2
n x

r
2

+ 1
4 �

X

t2
r;�;
4

�n
<t<1

t
r
2

� 1
4 t��r

(t� x)

� e� t
2

��m�
n+1;N (t� r�) �m�

n�1;N(t � r�)
�� 6 S1

23 + S2
23 + S3

23;



28 Ãàäæèìèðçàåâ Ð. Ì.

ãäå

Si23 = c(�; �; r)�
�
2

+1
n x

r
2

+ 1
4 �
X

t2Bi

t�� r
2

� 1
4

(t � x)
e� t

2

��m�
n+1;N (t � r�) �m�

n�1;N (t� r�)
�� :

Â ñèëó (4) ïîëó÷àåì

S1
23 6 c(�; �; r)�

�
2

� r
2

+ 3
4

n �
X

t2B1

�
� 3

4
n t�� r

2
� 1

4 t�
�
2

+ 1
4

t� x

6 c(�; �; r)�
�
2

� r
2

n

0
BB@�
�

4

�n

��
2

� r
2

�1

+

�n
2Z

4
�n

t
�
2

� r
2

�1 dt

1
CCA

6 c(�; �; r)

8
<
:

2 ln �n � 3 ln 2; � = r;

�
�
2

� r
2

n

h�
�n
2

��
2

� r
2 �

�
4
�n

��
2

� r
2

i
; � 6= r;

(22)

S2
23 6 c(�; �; r)�

�
2

� r
2

+ 3
4

n �
X

t2B2

�
� 3

4
n t�� r

2
� 1

4 t�
�
2

h
�

1
3
n + jt � �nj

i 1
4

t� x

6 c(�; �; r)�
��r� 5

4
n

3�n
2

+�Z

�n
2

��

[�
1
3
n + jt� �nj] 1

4 dt 6 c(�; �; r)�
��r� 5

4
n �

5
4
n = c(�; �; r)���r

n ;

(23)

S3
23 6 c(�; �; r)�

�
2

� r
2

+ 3
4

n �
X

t2B3

t�� r
2

� 1
4 e� t

4

t� x

6 c(�; �; r)�
�
2

� r
2

+ 3
4

n

1Z

3�n
2

��

t�� r
2

� 5
4 e� t

4 dt 6 c(�; �; r)�
�
2

� r
2

+ 3
4

n e�n: (24)

Èç îöåíîê (22)�(24) âûâîäèì

S23 6 c(�; �; r)

(
2 ln �n � 3 ln 2; � = r;

���r
n ; � 6= r:

(25)

Ñîáèðàÿ îöåíêè (17), (21) è (25), íàõîäèì

S2 6 c(�; �; r)

(
ln(n+ 1); � = r;

1 + n��r; � 6= r:
(26)

Èç (12), (13) è (26) èìååì

l�;Nn;r (x) 6 c(�; �; r)

(
ln(n+ 1); � = r;

1 + n��r; � 6= r:

Òåì ñàìûì îöåíêà (10) äîêàçàíà.
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Ïåðåéäåì ê äîêàçàòåëüñòâó îöåíêè (11). Ïóñòü x 2 G2 =
�

3�
�n
; �n

2

�
: Ââåäåì îáîçíà÷åíèÿ

D1 =

�
r�; x�

r
x

�n

�
\ 
r;�;

D2 =

�
x�

r
x

�n
; x+

r
x

�n

�
\ 
r;�;

D3 =

�
x+

r
x

�n
;1
�

\ 
r;�:

Òîãäà l�;Nn;r (x) = J1 + J2 + J3; ãäå

Ji 6 c(�; r)e� x
2x

r
2

+ 1
4 �
X

t2Di

e� t
2 t�� r

2
� 1

4

��K �
n;N (t� r�; x� r�)

�� ; i = 1; 2; 3:

Îöåíèì J2: Äëÿ ýòîãî çàìåòèì, ÷òî â ñèëó íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî

��K �
n;N (t� r�; x� r�)

�� 6
��K �

n;N(t � r�; t� r�)
�� 1

2
��K �

n;N (x� r�; x� r�)
�� 1

2 :

Äàëåå, åñëè

3�
�n

6 x 6
�n
2 , òî x�

q
x
�n

>
�
�n
; êðîìå òîãî, äëÿ t 2 D2; èìååì c1x 6 t 6 c2x:

Òîãäà
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�
n;N (t� r�; t � r�)
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2 :

Îòäåëüíî îöåíèì âåëè÷èíó je�tK �
n;N(t�r�; t�r�)j. Èñïîëüçóÿ (1), (3) è (4), ïî÷òè äîñëîâ-

íî ïîâòîðÿÿ ðàññóæäåíèÿ äîêàçàòåëüñòâà ëåììû 7.1 èç ðàáîòû [6], â êîòîðîé ïîëó÷åíà

îöåíêà ÿäðà Êðèñòîôôåëÿ � Äàðáó äëÿ ïîëèíîìîâ Ëàãåððà, ìîæíî äîêàçàòü ñëåäóþùåå

óòâåðæäåíèå.

Ëåììà 1. Ïóñòü � > �1, �n = 4n + 2� + 2, � > 1, t >
3
�n
. Òîãäà ðàâíîìåðíî

îòíîñèòåëüíî n è N òàêèõ, ÷òî 1 6 n 6 �N , èìååò ìåñòî îöåíêà

��e�t
K

�
n;N (t� r�; t � r�)

�� 6 c(�; �; r)t��� 1
2n

1
2 :

Âåðíåìñÿ ê îöåíêå âåëè÷èíû J2. Â ñèëó ëåììû 1 ìû ìîæåì çàïèñàòü

J2 6 c(�; �; r)x
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� 6 c(�; �; r):
(27)

Ïåðåéäåì ê îöåíêå âåëè÷èíû J1: Ñ ýòîé öåëüþ ïðåäñòàâèì åå â âèäå J1 6 J11 +J12 +J13;
ãäå
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J13 6 c(�; r)ne� x
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�� :

Îöåíèì âåëè÷èíó J11: Äëÿ ýòîãî çàïèøåì åå â ñëåäóþùåì âèäå:

J11 6 c(�; r)
�
J1

11 + J2
11

�
; (28)

ãäå (áóäåì ñ÷èòàòü, ÷òî J1
11 = 0, åñëè r� > �

�n
)

J1
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Èç íåðàâåíñòâ (28), (29) è (30) èìååì

J11 6 c(�; �; r)

"�
x

�n

� 1
2

+ �
� 1

2
n

#
: (31)

×òîáû îöåíèòü âåëè÷èíó J12; ïðåäñòàâèì åå â âèäå

J12 = J1
12 + J2

12; (32)

â êîòîðîì
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6 c(�; �; r)

1
3Z

�
x�n

y
��r

2
� 1

2 dy + c(�; �; r)

1�
q

1
x�n

+ �
xZ

1
3

1

1 � y
dy 6 c(�; �; r)

�
1 + ln

p
x�n

�
: (34)

Èç (32)�(34) ïîëó÷àåì

J12 6 c(�; �; r)
�

1 + ln
p
x�n

�
: (35)

Ïîâòîðÿÿ ðàññóæäåíèÿ, êîòîðûå ïðèâåëè íàñ ê îöåíêàì (33)�(35), ìîæíî ïîêàçàòü,

÷òî

J13 6 c(�; �; r)
�

1 + ln
p
x�n

�
: (36)

Èç (31), (35) è (36) èìååì

J1 6 c(�; �; r)
�

1 + ln
p
x�n

�
: (37)

Îöåíèì âåëè÷èíó J3. Äëÿ ýòîãî âîñïîëüçóåìñÿ ôîðìóëîé (2). Òîãäà

J3 6 c(�; r)(J31 + J32 + J33); (38)

ãäå
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�� :

Âåëè÷èíó J31 ïðåäñòàâèì â âèäå J31 = J1
31 + J2

31 + J3
31. Îáðàùàÿñü ê íåðàâåíñòâó (3),

ïîëó÷àåì
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Èç (39)�(41) âûâîäèì
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Ïåðåéäåì ê îöåíêå âåëè÷èíû J32, äëÿ ýòîãî ïðåäñòàâèì åå â âèäå
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Èç (43)�(45) ïîëó÷àåì îöåíêó
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Àíàëîãè÷íî îöåíèì âåëè÷èíó J33. Ñ ýòîé öåëüþ ïðåäñòàâèì åå â âèäå J33 6 J1
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Èç (47)�(49) ïîëó÷àåì
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Â ñâîþ î÷åðåäü èç (38), (42), (46) è (50) âûâîäèì îöåíêó
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Ñîáèðàÿ îöåíêè (27), (37) è (51), ìû ïîëó÷àåì ñëåäóþùåå íåðàâåíñòâî:
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Òåì ñàìûì îöåíêà (11) äîêàçàíà. B
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Abstract. We show how binary correspondences can be used for simple formalization of the notion

of problem, de�nition of the basic components of problems, their properties, and constructions.

In particular, formalization of the following notions is presented: condition, data, unknowns, and solutions

of a problem, solvability and unique solvability, inverse problem, composition and restriction of problems,

isomorphism between problems. We also consider topological problems and the related notions of stability

and correctness. A connection is indicated between the stability and continuity of a uniquely solvable to-

pological problem. The de�nition of parametrized set is given. The notions are introduced of parametrized

problem, the problem of reconstruction of an object by the values of parameters, as well as the notions of

locally free set of parameters and stability with respect to a set of parameters.

As an illustration, we consider a singularly perturbed system of ordinary di�erential equations which

describe a process in chemical kinetics and burning. Direct and inverse problems are stated for such

a system. We extend the class of problems under study by considering polynomials of arbitrary degree as

the right-hand sides of the di�erential equations. It is shown how the inverse problem of chemical kinetics

can be corrected and made more practical by means of the composition with a simple auxiliary problem

which represents the relation between functions and �nite sets of numerical characteristics being measured.

For the corrected inverse problem, formulas for the solution are presented and the conditions of unique

solvability are indicated. Within the study of solvability, a criterion is established for linear independence

of functions in terms of �nite sets of their values. With the help of the criterion, realizability is clari�ed

of the condition for unique solvability of the inverse problem of chemical kinetics.
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We continue the study started in [1, 2] which is devoted to formalization of the notion

of problem and solution of the inverse problem of chemical kinetics. In particular, we extend

the class of problems under study by considering polynomials of arbitrary degree as the right-

hand sides of the di�erential equations.

1. Formalization of the notion of problem

In this section, we employ binary correspondences for formalizing the notion of problem,

basic components of problems, their properties, and constructions: the condition of a problem,

data and unknowns, solvability and unique solvability, inverse problem, composition and rest-
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riction of problems. We also consider topological problems, the related notions of stability

and correctness, and problems with parameters.

1.1. By a problem we mean an arbitrary correspondence between the elements of two sets,

i. e., a triple P = (A;B;C), where A and B are any sets and C � A�B. The sets A, B, and C
(i. e., the set of departure, the set of destination, and the graph of the correspondence P ) are
denoted by DomP , ImP , and GrP and called the domain of data, the domain of unknowns,

and the condition of the problem P . The containment (a; b) 2 GrP is written as P (a; b) and
is treated as the condition expressing the fact that the unknown b corresponds to the data a.
Therefore, the problem P assumes the following informal interpretation:

Given data a 2 DomP , �nd unknowns b 2 ImP which meet the condition P (a; b).

The image P [X] and preimage P�1[Y ] of subsets X � DomP and Y � ImP with respect to

the correspondence P are de�ned by the traditional formulas

P [X] = fb 2 ImP : (9x 2 X) P (x; b)g;
P�1[Y ] = fa 2 DomP : (9 y 2 Y ) P (a; y)g:

1.2. A solution to a problem P for a data instance a 2 DomP is an arbitrary unknown

b 2 ImP which meets the condition P (a; b). The set of solutions to P for a is denoted by P [a].
Therefore,

P [a] = P [fag] = fb 2 ImP : P (a; b)g; a 2 DomP:

A problem P is solvable for a 2 DomP whenever P [a] 6= ?, i. e., given a, the problem P has

at least one solution. The domain of de�nition of the correspondence P

domP := fa 2 DomP : P [a] 6= ?g

is called the domain of solvability of the problem P . If domP = DomP , the problem P is

called solvable or, more precisely, everywhere solvable.

1.3. A problem P is said to be uniquely solvable for a 2 DomP if, given a, the problem P
has a unique solution, i. e., P [a] = fbg for some b 2 ImP . The corresponding solution b is
denoted by P s(a). Therefore, if P is uniquely solvable for a then

P [a] = fP s(a)g:

The set

domP s := fa 2 DomP : P is uniquely solvable for ag
is called the domain of unique solvability of the problem P , and the function

P s : domP s ! ImP; a 7! P s(a)

is called the solution function of the problem P . Obviously, domP s � domP � DomP . The
problem P is uniquely solvable on a set D � DomP if D � domP s

. The problem P is called

uniquely solvable or, more precisely, everywhere uniquely solvable if it is uniquely solvable on

DomP , i. e., domP s = DomP . In this case, the correspondence P is an everywhere de�ned

function and thus coincides with P s

.

1.4. Given a problem P = (DomP; ImP; GrP ), the inverse problem is the inverse

correspondence

P�1 :=
�

ImP; DomP; (GrP )�1
�
; where (GrP )�1 = f(b; a) : (a; b) 2 GrPg:
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Remark. If a problem P models a real physical process, consideration of the inverse

problem P�1
is motivated by the search of a relatively simple formal law which describes

the process with adequate accuracy. The data of the inverse problem are experimentally

measurable characteristics of the process, while the unknowns are, for instance, the coe�cients

of a di�erential equation describing the process under observation.

In the case when the problem P is based on a functional equation, the formal data of the

inverse problem P�1
are functions of the corresponding class, while, in practice, the role of da-

ta of the inverse problem is not played by the functions themselves but rather by some of

their characteristics which can be measured, i. e., by certain �nite sets of numbers.

The inverse problem can be suitably corrected by means of the composition (see 1.5) of the

problem P�1
and a simple auxiliary problem which represents the relation between functions

and their characteristics being measured. (An example of such correction is presented in 2.3.)

1.5. The composition of problems P and Q is the composition of the correspondences,

which is the problem

Q � P := (DomP; ImQ; GrQ � GrP )

with condition

GrQ � GrP =
�

(a; c) 2 DomP � ImQ : (9 b 2 ImP \ DomQ) P (a; b) & Q(b; c)
	
:

The composition Q � P is usually considered in the case when ImP = DomQ.

1.6. The restriction of a problem P onto subsets A � DomP and B � ImP is the problem

P
��B
A

:=
�
A; B; GrP \ (A�B)

�
:

The restrictions P jA := P
��ImP

A
and P jB := P

��B
DomP

are particular cases.

The restriction of a problem can be de�ned by means of composition with the

corresponding embedding problems. Given arbitrary sets X and Y , consider the problem

Id

Y
X := (X;Y; IYX ), where

IYX = f(z; z) : z 2 X \ Y g = f(x; y) 2 X � Y : x = yg:

Then, for every problem P and any subsets A � DomP and B � ImP , the following hold:

P jA = P � IdDomP
A ; P jB = Id

B
ImP � P; P

��B
A

= Id

B
ImP � P � IdDomP

A :

1.7. An isomorphism between problems P and Q is a pair (f; g) of bijective mappings
f : DomP ! DomQ, g : ImP ! ImQ such that

GrQ =
��
f(a); g(b)

�
: (a; b) 2 GrP

	
:

Two problems are called isomorphic if there is an isomorphism between them.

1.8. Call P a topological problem if the domain of data DomP and the domain of un-

knowns ImP are endowed with any topologies, i. e., the domains are topological spaces.

An isomorphism (f; g) between topological problems is a topological isomorphism if each of

the mappings f and g is a topological isomorphism (i. e., a homeomorphism).
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All the notions introduced here, which are related to topologies or continuity, admit

natural analogs for the case of uniformities and uniform continuity. (Metric and, in particular,

normed spaces are examples of uniform spaces.) We will not present the corresponding clari�ed

de�nitions, which are rather obvious.

1.9. A topological problem P is called stable at a point a 2 domP if the correspondence

P is upper semi-continuous at the point, i. e., for every neighborhood V of the set P [a] in
ImP , the preimage P�1[V ] is a neighborhood of the point a in domP . The problem P is

stable on a set D � domP if P is stable at each point a 2 D. The problem P is called stable

or, more precisely, everywhere stable if P is stable on domP .

In the case when a is an interior point of domP s

relative to domP (i. e., there exists an

open set G � DomP such that a 2 G\domP � domP s

), the stability of the problem P at a
is equivalent to the continuity of the function P s

at a. Analogously, if a set D is included in

the interior of domP s

relative to domP (i. e., there exists an open set G � DomP such that

D � G \ domP � domP s

), then the stability of the problem P on D is equivalent to the

continuity of the function P s

on D. In particular, the stability of a uniquely solvable problem
is equivalent to its continuity.

1.10. A topological problem P is called correct (or, more precisely, locally correct) at

a point a 2 DomP if a is an interior point of domP s

and the problem P is stable at a. In other
words, a problem is correct at a if, for data su�ciently close to a, the problem has a unique

solution, and the solution continuously depends on the data as it tends to a. A problem P
is said to be correct (or, more precisely, conditionally correct) on a set D � DomP if P is

correct at each point a 2 D. A problem P is called correct if P is correct on DomP . Therefore,
the correctness of a problem means its unique solvability and stability (or, which is the same,

continuity).

1.11. By a family (vi)i2I we traditionally mean a function de�ned on I, and the term

vi denotes the value of the function at a point i 2 I. Given an arbitrary family (Vi)i2I , the
symbol

Q
i2I Vi stands for the corresponding Cartesian product, which is the set of families

(vi)i2I such that vi 2 Vi for all i 2 I. If � : X !
Q
i2I Vi, i 2 I, and J � I, the functions

�i : X ! Vi; �J : X !
Y

j2J
Vj

are de�ned by the formulas

�i(x) := �(x)i 2 Vi; �J(x) := �(x)jJ 2
Y

j2J
Vj ; x 2 X:

1.12. A parametrization of a setX is an arbitrary injective mapping � de�ned on Dom� :=
dom� = X and acting into the Cartesian product Im� :=

Q
i2I Vi of some family (Vi)i2I .

In this case, I is called the set of parameters and denoted by Par�, the elements i 2 Par� are
called parameters, the set Im�i := Vi is called the range of the parameter i, and �i(x) 2 Im�i
is the value of the parameter i for an object x 2 X. The product

Q
j2J Vj is called the range

of the set of parameters J � Par � and denoted by Im�J .

Note that the range Im�i of a parameter i need not coincide with the set im�i = �i[X]
of the values of the parameter, i. e., the inclusion im�i � Im�i can be strict. In the case of

equality im�i = Im�i, the range of the parameter i is called exact.
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A set endowed with a parametrization is called a parametrized set. By default, the

parametrization of X is denoted by � or, more explicitely, by �X .

1.13. When considering a parametrization � of a topological space X, it is natural to
endow the set Im�J , where J � Par�, with the image of the topology of X with respect

to �J , i. e., to assume open those subsets U � Im�J whose preimage ��1
J [U ] is open in X.

In this case, � occurs a continuous mapping from X into Im� and a topological isomorphism
between X and im�.

The ranges Im�i of the parameters i 2 Par � usually have their own natural topologies

which make the mappings �i continuous. Otherwise, Im�i can be endowed with the image of
the topology of X with respect to �i or with the topology induced from Im� in which the

open subsets of Im�i are the sets of the form fui : u 2 Ug, where U is open in Im�.

The ranges of parameters are often Banach spaces. In this case, parametrized topological

spaces are close analogs of Banach bundles (see, for instance, [3]), where the domain I
of a bundle V plays the role of the set of parameters, and the stalks V (i) are the ranges

of parameters i 2 I.

1.14. A problem P is called parametrized (or a problem with parameters) if its domain

of data DomP and domain of unknowns ImP are parametrized sets. Every problem can

be regarded parametrized if we assume that non-parametrized domains X are endowed with

trivial parametrizations having single parameter: �1(x) = x for all x 2 X.

As is easily seen, the pair (�A; �B) is an isomorphism between a parametrized

problem (A;B;C) and the problem (A0; B0; C 0), where A0 = im�A, B0 = im�B , and
C 0 =

��
�A(a); �B(b)

�
: (a; b) 2 C

	
. Furthermore, if the problem (A;B;C) is topological then

so are the problem (A0; B0; C 0) and the isomorphism (�A; �B).

1.15. Let � be a parametrization of a set A, a 2 A, J � Par �, J 0 := Par�nJ . Denote by
Res

a
J(A) the problem (Im �J ; A;R

a
J ), where

RaJ = f(v; b) : v 2 Im�J ; b 2 A; �J(b) = v; �J 0(b) = �J 0(a)g;

which is the problem of reconstruction of an element of A by the values of the parameters J
on assuming �xed the values of the rest parameters. In the case J = fig, we write Resai (A)
instead of Res

a
fig(A).

Since � is injective, the problem Res

a
J(A) is uniquely solvable on the set

domRes

a
J(A) = f�J 0(b) : b 2 A; �J 0(b) = �J 0(a)g

and its solution for every v 2 domRes

a
J(A) is determined by the formula

Res

a
J(A)s(v) = ��1 (v 
 �J 0(a)) ; where (v 
 w)i =

(
vi; if i 2 J ;

wi; if i =2 J:

1.16. Let � be a parametrization of a topological space A, a 2 A, J � Par �. A set

of parameters J is locally free at the point a, if the domain of solvability domRes

a
J(A) of

the problem Res

a
J(A) is a neighborhood of the point �J(a) in the topological space Im�J .

Therefore, a locally free set of parameters realizes all su�ciently small changes of values with

the values of the rest parameters �xed. A parameter i is locally free at a if so is the set fig.
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1.17. Let P be a parametrized topological problem, a 2 domP , and let J � Par�,
where � := �domP

. The problem P is stable at the point a with respect to J , if the problem
P � ResaJ(domP ) is stable at the point �J(a). Stability of a problem at a with respect to J
is usually considered in the case when the set of parameters J is locally free at the point a.

The problem P is stable on a set D � domP with respect to J , if P is stable at each point

a 2 D with respect to J . The problem P is stable with respect to J if P is stable on domP
with respect to J . In the case J = fig, the term stability with respect to the parameter i
is used.

If the natural topology on im �J is considered and a is an interior point of domP s

relative

to domP , the stability of a uniquely solvable problem P at the point a with respect to J
is equivalent to the continuity at a of the function

v 2 �J [domR] 7! P s (Rs(v)) ; where R := Res

a
J(DomP ):

The latter, in its turn, means that the solution P s(b) continuously depends on the values

�J(b) of the parameters J as �J(b) tend to �J(a) with the equality �J 0(b) = �J 0(a) preserved.

1.18. Let P be a parametrized topological problem, i 2 Par�. The problem P is called

a �problem with small parameter i � if Im�i � R, the number 0 is a limit point of Im�i, and
a question is under consideration about any asymptotic behavior of P for the values of i close
to 0, for instance, about the stability of P with respect to i at a point a with �i(a) = 0.

2. The inverse problem of chemical kinetics

As an illustration, we consider a singularly perturbed system of ordinary di�erential

equations which arises in modeling certain processes of chemical kinetics and burning (see,

for instance, [4, 5]). Within the study of the corresponding inverse problem, a criterion will be

established for linear independence of functions in terms of �nite sets of their values (see 2.5).

2.1. Suppose that m;n 2 N, X := Rm, Y is a domain in Rn, T := R, 0 < "0 2 R. Put

E := f" 2 R : 0 6 " 6 "0g, F := C(X � Y � T � E; Rm), G := C(X � Y � T � E; Rn).

Consider the problem P with domain of data DomP = F �G�E, domain of unknowns
ImP = C1(T;X) �C1(T; Y ), and condition

P ((f; g; "); (x; y)) ,
(

_x(t) = f(x(t); y(t); t; ");

" _y(t) = g(x(t); y(t); t; ")
for all t 2 T;

where f 2 F , g 2 G, " 2 E, x 2 C1(T;X), y 2 C1(T; Y ).

Solution of the problem P is based on the method of integral manifolds (see [6�8]),

a convenient tool for studying multidimensional singularly perturbed systems of di�erential

equations which makes it possible to lower the dimension of the system under study.

In the problem P , the number " plays the role of �small parameter� thus splitting the

system into �slow� and �fast� subsystems:

_x(t) = f(x(t); y(t); t; ") and " _y(t) = g(x(t); y(t); t; "):

Solution of P in a sense reduces to solving the so called degenerate system which is obtained

from the initial system by putting the parameter " equal to zero. This is justi�ed by the

results of A. N. Tikhonov (see, for instance, [9]) on passing to a solution to the degenerate

problem as a small parameter tends to zero.
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2.2. The inverse problem to P consists in �nding the unknown functions on the right-

hand side of the system, given some data on the solution to the direct problem P . The close
connection of the initial problem with the degenerate system motivates the study of the case

" = 0. We additionally assume that the �slow surface� de�ned by the equation

g
�
x; y; t; 0

�
= 0

consists of a single sheet (with respect to the dependence of y on x) and that the function

g 2 G meets the condition of the implicit function theorem, which fact allows us to replace

the equation

g(x(t); y(t); t; 0) = 0

by the equivalent equation of the form

y(t) = h(x(t); t):

We also assume that the right-hand side f of the main di�erential equation is a polynomial

(which is natural for problems of chemical kinetics).

So, consider the partial case of the problem P in which m = n = 1, E = f0g, and the

functions f 2 F are polynomials in two variables of degree at most p 2 N:

f(x; y; t; ") =
X

(i;j)2K(p)

ij x
iyj;

where ij 2 R, (i; j) 2 K(p),

K(p) := f(i; j) : 0 6 i; j 2 Z; i+ j 6 pg :

Introduce the notation

�(p) :=
(p + 1)(p + 2)

2

for the number of elements of the set K(p) and �x an arbitrary enumeration

K(p) =
�

(i1; j1); (i2; j2); : : : ;
�
i�(p); j�(p)

�	
:

Therefore, the expression

P�(p)
k=1 k x

ikyjk
is the general form of a polynomial in two variables

x; y of degree at most p.

As a result of the above agreements, we arrive at the problem Q with domain of data

DomQ = R�(p)
, domain of unknowns ImQ = C1(R)2

, and condition

Q
�
; (x; y)

�
,

8
><
>:

_x(t) =
�(p)P
k=1

k x(t)ik y(t)jk ;

y(t) = h(x(t); t)

for all t 2 R;

where 1; 2; : : : ; �(p) 2 R, x; y 2 C1(R), h 2 C1(R2).

2.3. The formal inverse problem Q�1
, which has pairs of functions (x; y) 2 C1(R)2

as

data, is very simple and impractical. For representing the domain of data, �nite collections

of the values of functions or their derivatives are more adequate than everywhere de�ned

functions. The corresponding correction of the inverse problem is realized by composition of
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the problem Q�1
and the auxiliary problem R with domain of data DomR = (R�(p))3

, domain

of unknowns ImR = C1(R)2
, and condition

R ((�; �; �); (x; y)) ,
(
x(�1) = �1; x(�2) = �2; : : : ; x(��(p)) = ��(p);

_x(�1) = �1; _x(�2) = �2; : : : ; _x(��(p)) = ��(p);

where �; �; � 2 R�(p)
, x; y 2 C1(R).

As compared to the formal inverse Q�1
, the composition Q�1 � R is more practical and

amounts to the following problem: Given �; �; � 2 R�(p)
, �nd the coe�cients  2 R�(p)

for

which there exist functions x; y 2 C1(R) subject to the condition

8
>>>>>><
>>>>>>:

x(�1) = �1; x(�2) = �2; : : : ; x(��(p)) = ��(p);

_x(�1) = �1; _x(�2) = �2; : : : ; _x(��(p)) = ��(p);

_x(t) =
�(p)P
k=1

k x(t)ik y(t)jk
for all t 2 R;

y(t) = h
�
x(t); t

�
for all t 2 R:

2.4. The following assertion can be proven for arbitrary p 2 N in the same way as the

case p = 1 which is considered in [10, 11].

Theorem. If �; � 2 R�(p)
meet the condition

�(�; �) :=

����������

�i11 h(�1; �1)j1 �i21 h(�1; �1)j2 : : : �
i�(p)

1 h(�1; �1)j�(p)

�i12 h(�2; �2)j1 �i22 h(�2; �2)j2 : : : �
i�(p)

2 h(�2; �2)j�(p)

: : : : : : : : : : : :

�i1�(p) h(��(p); ��(p))
j1 �i2�(p) h(��(p); ��(p))

j2 : : : �
i�(p)

�(p) h(��(p); ��(p))
j�(p)

����������

6= 0;

then, given arbitrary � 2 R�(p)
, the problem Q�1 �R is uniquely solvable for the data (�; �; �),

and its solution (1; 2; : : : ; �(p)) = (Q�1�R)s(�; �; �) can be calculated by Cramer's formulas

k =
�k(�; �; �)

�(�; �)
; k = 1; 2; : : : ; �(p);

where �k(�; �; �) is the determinant of the matrix formed from the above matrix by replacing

the kth column

�
�ik1 h(�1; �1)jk ; �ik2 h(�2; �2)jk ; : : : ; �ik�(p) h(��(p); ��(p))

jk
�
with the column

� = (�1; �2; : : : ; ��(p)).

2.5. The following criterion clari�es the case in which there exist numbers �1; : : : ; ��(p)

satisfying the hypothesis of Theorem 2.4.

Theorem. Let n 2 N, let T be an arbitrary set, and let ’i : T ! R, i = 1; : : : ; n.
The family of functions ’1; : : : ; ’n is linearly independent in the vector space RT if and only

if there are points t1; : : : ; tn 2 T satisfying the condition

��������

’1(t1) ’2(t1) : : : ’n(t1)
’1(t2) ’2(t2) : : : ’n(t2)
: : : : : : : : : : : :

’1(tn) ’2(tn) : : : ’n(tn)

��������
6= 0 . (1)
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C For convenience, introduce a notation for the matrix in (1):

Mn(’1; : : : ; ’n; t1; : : : ; tn) :=

0
BB@

’1(t1) ’2(t1) : : : ’n(t1)
’1(t2) ’2(t2) : : : ’n(t2)
: : : : : : : : : : : :

’1(tn) ’2(tn) : : : ’n(tn)

1
CCA :

The case n = 1 is trivial: if f’1g is linearly independent then ’1 6= 0 and, hence, for some
point t1 2 T we have ’1(t1) 6= 0, i. e., jM1(’1; t1)j 6= 0.

Let n 2 N and assume that for every linearly independent family ’1; : : : ; ’n : T ! R

there exist points t1; : : : ; tn 2 T satisfying (1). Now consider a linearly independent family

’1; : : : ; ’n; ’n+1 : T ! R. By the induction hypothesis, there are points t1; : : : ; tn 2 T such

that the matrix

M := Mn(’1; : : : ; ’n; t1; : : : ; tn)

is invertible. We are to �nd a point t 2 T which ensures invertibility of the matrix

M(t) := Mn+1(’1; : : : ; ’n; ’n+1; t1; : : : ; tn; t):

Assume to the contrary that jM(t)j = 0 for all t 2 T . Then, for each t 2 T , there is a tuple
0 6=

�
�1(t); : : : ; �n+1(t)

�
2 Rn+1

satisfying the condition

M(t)
�
�1(t); : : : ; �n+1(t)

�
= 0

or, which is the same,

8
>>>><
>>>>:

’1(t1)�1(t) + � � � + ’n(t1)�n(t) + ’n+1(t1)�n+1(t) = 0;

’1(t2)�1(t) + � � � + ’n(t2)�n(t) + ’n+1(t2)�n+1(t) = 0;

: : : ;

’1(tn)�1(t) + � � � + ’n(tn)�n(t) + ’n+1(tn)�n+1(t) = 0;

(2)

’1(t)�1(t) + � � � + ’n(t)�n(t) + ’n+1(t)�n+1(t) = 0: (3)

The subsystem (2) is equivalent to the equality

M(�1(t); : : : ; �n(t)) + �n+1(t)(’n+1(t1); : : : ; ’n+1(tn)) = 0

which implies

(�1(t); : : : ; �n(t)) = ��n+1(t)M�1 (’n+1(t1); : : : ; ’n+1(tn)) : (4)

Due to (4), in the case �n+1(t) = 0 we would have �1(t) = � � � = �n+1(t) = 0, which
contradicts the condition (�1(t); : : : ; �n+1(t)) 6= 0. Consequently, �n+1(t) 6= 0 and

�
�1(t)

�n+1(t)
; : : : ;

�n(t)

�n+1(t)

�
= �M�1 (’n+1(t1); : : : ; ’n+1(tn)) : (5)

According to (5), the numbers �1 := �1(t)
�n+1(t) ; : : : ; �n := �n(t)

�n+1(t) do not depend on t. It remains

to observe that (3) implies

�1’1(t) + � � � + �n’n(t) + ’n+1(t) = 0 for all t 2 T

contrary to the linear independence of the family ’1; : : : ; ’n; ’n+1. B
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2.6. Theorems 2.4 and 2.5 directly imply the following condition for unique solvability of

the �corrected inverse problem� Q�1 �R.
Theorem. Let x 2 C1(R), h 2 C1(R2). If the family of functions

t 7! x(t)ik h(x(t); t)jk ; k = 1; 2; : : : ; �(p);

is linearly independent in the vector space RR
then there exist �1; : : : ; ��(p) 2 R such that,

for all �1; : : : ; ��(p) 2 R, the problem Q�1 � R is uniquely solvable for the data �1; : : : ; ��(p),

x(�1); : : : ; x(��(p)), �1; : : : ; ��(p).
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Ðîññèÿ, 630090, Íîâîñèáèðñê, óë. Ïèðîãîâà, 1
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Àííîòàöèÿ. Ïîêàçàíî, êàê áèíàðíûå ñîîòâåòñòâèÿ ìîãóò áûòü èñïîëüçîâàíû äëÿ ïðîñòîé ôîðìà-

ëèçàöèè ïîíÿòèÿ çàäà÷è, îïðåäåëåíèÿ îñíîâíûõ êîìïîíåíòîâ çàäà÷, èõ ñâîéñòâ è êîíñòðóêöèé. Â ÷àñò-

íîñòè, ïðåäëîæåíà ôîðìàëèçàöèÿ ñëåäóþùèõ ïîíÿòèé: óñëîâèå, äàííûå, èñêîìûå è ðåøåíèÿ çàäà÷è,

ðàçðåøèìîñòü è îäíîçíà÷íàÿ ðàçðåøèìîñòü, îáðàòíàÿ çàäà÷à, êîìïîçèöèÿ è îãðàíè÷åíèå çàäà÷, èçîìîð-

ôèçì ìåæäó çàäà÷àìè. Ðàññìîòðåíû òîïîëîãè÷åñêèå çàäà÷è è ñâÿçàííûå ñ íèìè ïîíÿòèÿ óñòîé÷èâîñòè

è êîððåêòíîñòè. Óêàçàíà ñâÿçü ìåæäó óñòîé÷èâîñòüþ è íåïðåðûâíîñòüþ îäíîçíà÷íî ðàçðåøèìîé òîïî-

ëîãè÷åñêîé çàäà÷è. Äàíî îïðåäåëåíèå ïàðàìåòðèçàöèè ìíîæåñòâà. Ââåäåíû ïîíÿòèÿ ïàðàìåòðèçîâàííîé

çàäà÷è, çàäà÷è âîññòàíîâëåíèÿ îáúåêòà ïî çíà÷åíèÿì ïàðàìåòðîâ, à òàêæå ïîíÿòèÿ ëîêàëüíî ñâîáîäíîãî

íàáîðà ïàðàìåòðîâ è óñòîé÷èâîñòè îòíîñèòåëüíî íàáîðà ïàðàìåòðîâ.

Â êà÷åñòâå èëëþñòðàöèè ðàññìîòðåíà ñèíãóëÿðíî âîçìóùåííàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé, îïèñûâàþùàÿ ïðîöåññ õèìè÷åñêîé êèíåòèêè è ãîðåíèÿ. Äëÿ òàêîé ñèñòåìû ñôîðìóëè-

ðîâàíû ïðÿìàÿ è îáðàòíàÿ çàäà÷à. Èçó÷àåìûé êëàññ çàäà÷ ðàñøèðåí çà ñ÷åò ðàññìîòðåíèÿ ìíîãî÷ëåíîâ

ïðîèçâîëüíîé ñòåïåíè â êà÷åñòâå ïðàâûõ ÷àñòåé äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîêàçàíî, êàê îáðàò-

íàÿ çàäà÷à õèìè÷åñêîé êèíåòèêè ìîæåò áûòü ñêîððåêòèðîâàíà è ïðèáëèæåíà ê ïðàêòèêå ïîñðåäñòâîì

êîìïîçèöèè ñ ïðîñòîé âñïîìîãàòåëüíîé çàäà÷åé, ðåàëèçóþùåé ñâÿçü ìåæäó ôóíêöèÿìè è êîíå÷íûìè

íàáîðàìè èçìåðÿåìûõ ÷èñëîâûõ õàðàêòåðèñòèê. Ïðèâåäåíû ôîðìóëû ðåøåíèÿ è óêàçàíû óñëîâèÿ îä-

íîçíà÷íîé ðàçðåøèìîñòè ñêîððåêòèðîâàííîé îáðàòíîé çàäà÷è. Â ðàìêàõ èññëåäîâàíèÿ ðàçðåøèìîñòè

ïîëó÷åí êðèòåðèé ëèíåéíîé íåçàâèñèìîñòè âåùåñòâåííûõ ôóíêöèé â òåðìèíàõ êîíå÷íûõ íàáîðîâ èõ

çíà÷åíèé. Ñ ïîìîùüþ óñòàíîâëåííîãî êðèòåðèÿ óòî÷íåíà ðåàëèçóåìîñòü óñëîâèÿ îäíîçíà÷íîé ðàçðåøè-

ìîñòè îáðàòíîé çàäà÷è õèìè÷åñêîé êèíåòèêè.

Êëþ÷åâûå ñëîâà: áèíàðíîå ñîîòâåòñòâèå, îáðàòíàÿ çàäà÷à, ðàçðåøèìîñòü, êîìïîçèöèÿ, óñòîé÷è-

âîñòü, êîððåêòíîñòü, äèôôåðåíöèàëüíîå óðàâíåíèå, õèìè÷åñêàÿ êèíåòèêà, ëèíåéíàÿ íåçàâèñèìîñòü.

Mathematical Subject Classi�cation (2000): 34A55.
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Àííîòàöèÿ. Â ïðîñòðàíñòâå öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà, ðåàëèçóþùåì ñèëüíîå ñîïðÿ-

æåííîå ê ïðîñòðàíñòâó Ôðåøå ôóíêöèé, áåñêîíå÷íî äèôôåðåíöèðóåìûõ íà âåùåñòâåííîì èíòåðâà-

ëå, ñîäåðæàùåì íà÷àëî êîîðäèíàò, èññëåäîâàíû ëèíåéíûå íåïðåðûâíûå îïåðàòîðû, ïåðåñòàíîâî÷-

íûå ñ îïåðàòîðîì Ïîììüå. Îíè çàäàþòñÿ ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì íà óïîìÿíóòîì

ïðîñòðàíñòâå öåëûõ ôóíêöèé, à çíà÷èò, ñ òî÷íîñòüþ äî ñîïðÿæåííîãî ê ïðåîáðàçîâàíèþ Ôóðüå �

Ëàïëàñà, áåñêîíå÷íî äèôôåðåíöèðóåìîé ôóíêöèåé íà èñõîäíîì èíòåðâàëå. Äàíà ïîëíàÿ õàðàêòåðè-

çàöèÿ ôóíêöèîíàëîâ, îïðåäåëÿþùèõ óêàçàííûì îáðàçîì èçîìîðôèçìû. Äîêàçàíî, ÷òî èçîìîðôèçì

çàäàåòñÿ ôóíêöèÿìè, íå ðàâíûìè 0 â íà÷àëå êîîðäèíàò (è òîëüêî èìè). Ñóùåñòâåííóþ ðîëü â äî-

êàçàòåëüñòâå ñîîòâåòñòâóþùåãî êðèòåðèÿ èãðàåò ìåòîä, èñïîëüçóþùèé òåîðèþ êîìïàêòíûõ îïåðà-

òîðîâ â áàíàõîâûõ ïðîñòðàíñòâàõ. Âûäåëåí êëàññ òåõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ íà èñõîäíîì

èíòåðâàëå ôóíêöèé, êîòîðûå çàäàþò îïåðàòîðû èç óïîìÿíóòîãî êîììóòàíòà, áëèçêèå ê èçîìîð-

ôèçìó. Òàêèå îïåðàòîðû èìåþò êîíå÷íîìåðíîå ÿäðî. Äëÿ èíòåðâàëà, îòëè÷íîãî îò âåùåñòâåííîé

ïðÿìîé, ìû îïðåäåëÿåì òàêæå êëàññ îïåðàòîðîâ èç êîììóòàíòà îïåðàòîðà Ïîììüå, íå ÿâëÿþùèõñÿ

ñþðúåêòèâíûìè. Ñîïðÿæåííûé ê ëèíåéíîìó íåïðåðûâíîìó îïåðàòîðó, ïåðåñòàíîâî÷íîìó ñ îïåðà-

òîðîì Ïîììüå, ðåàëèçóåòñÿ â ïðîñòðàíñòâå áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé êàê îïåðàòîð,

ïîëó÷åííûé ôèêñèðîâàíèåì îäíîãî ñîìíîæèòåëÿ â ïðîèçâåäåíèè Äþàìåëÿ. Ñóùåñòâåííîå îòëè÷èå

ðàññìîòðåííîé ñèòóàöèè îò èññëåäîâàâøèõñÿ ðàíåå ñîñòîèò â îòñóòñòâèè öèêëè÷åñêèõ âåêòîðîâ ó

îïåðàòîðà Ïîììüå â èñõîäíîì ïðîñòðàíñòâå öåëûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ïîììüå, öåëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà, ïðîñòðàíñòâî áåñ-

êîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé, êîììóòàíò, èçîìîðôèçì.

Mathematical Subject Classi�cation (2000): 46E10, 30D15, 47L10, 26E10.

Ââåäåíèå

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ñâîéñòâà êîììóòàíòà îïåðàòîðà Ïîììüå D0 â ïðî-

ñòðàíñòâå H
 öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà, èçîìîðôíîãî ñèëüíîìó ñîïðÿ-

æåííîìó ê ïðîñòðàíñòâó Ôðåøå E (
) ôóíêöèé, áåñêîíå÷íî äèôôåðåíöèðóåìûõ íà èí-
òåðâàëå 
 � R. Ðàíåå îïåðàòîð D0 è åãî îäíîìåðíîå âîçìóùåíèå D0;g0 èçó÷àëèñü â [1�4]

â ñ÷åòíîì èíäóêòèâíîì ïðåäåëå E âåñîâûõ ïðîñòðàíñòâ Ôðåøå öåëûõ ôóíêöèé (åñëè

g0 � 1, òî D0 = D0;g0). Â. À. Òêà÷åíêî [5, 6] èñïîëüçîâàë îïåðàòîð D0;g0 â ñëó÷àå g0 = eP ,

c 2018 Èâàíîâà Î. À.,Ìåëèõîâ Ñ. Í.



Êîììóòàíò îïåðàòîðà Ïîììüå â ïðîñòðàíñòâå öåëûõ ôóíêöèé 49

ãäå P � íåêîòîðûé ìíîãî÷ëåí (ñì. [1]). Â [5, 6] îí äåéñòâóåò â (LB)-ïðîñòðàíñòâå öåëûõ

ôóíêöèé, ðîñò êîòîðûõ îïðåäåëÿåòñÿ �-òðèãîíîìåòðè÷åñêè âûïóêëîé (� > 0) ôóíêöèåé
ñî çíà÷åíèÿìè â (�1;+1]. Ñîïðÿæåííûé ê íåìó íàçâàí â [5] îïåðàòîðîì îáîáùåííî-

ãî èíòåãðèðîâàíèÿ. Êîíñòðóêöèè ïîäîáíîãî ðîäà â (LB)-ïðîñòðàíñòâå öåëûõ ôóíêöèé

ýêñïîíåíöèàëüíîãî òèïà èñïîëüçîâàëèñü È. Ô. Êðàñè÷êîâûì-Òåðíîâñêèì [7]. Â [1] áûë

èññëåäîâàí êîììóòàíò D0;g0 â êîëüöå âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â E. Ñâîé-
ñòâà àëãåáðû, îáðàçîâàííîé ñîïðÿæåííûì E0

ê E ñ óìíîæåíèåì, îïðåäåëÿåìûì îïåðà-

òîðîì ñäâèãà äëÿ D0;g0 , èçó÷åíû â [2], öèêëè÷åñêèå âåêòîðû è ñîáñòâåííûå çàìêíóòûå

èíâàðèàíòíûå ïîäïðîñòðàíñòâà D0;g0 â E îïèñàíû â [3, 4]. Ñóùåñòâåííûì îòëè÷èåì ðàñ-

ñìàòðèâàåìîé çäåñü ñèòóàöèè îò èçó÷åííûõ ðàíåå êîíêðåòíûõ ñëó÷àåâ ÿâëÿåòñÿ íåêâàçè-

àíàëèòè÷íîñòü ïðîñòðàíñòâà E (
), èçîìîðôíîãî ñîïðÿæåííîìó ê H
 (â [3, 4] ñîïðÿæåí-

íîå ê E ðåàëèçóåòñÿ êàê íåêîòîðîå ïðîñòðàíñòâî àíàëèòè÷åñêèõ ôóíêöèé). Ñëåäñòâèåì

ýòîãî ÿâëÿåòñÿ îòñóòñòâèå öèêëè÷åñêèõ âåêòîðîâ ó îïåðàòîðà Ïîììüå â H
. Â ñèòóàöè-

ÿõ, èññëåäîâàííûõ â [3, 4], öèêëè÷åñêèìè âåêòîðàìè D0 ÿâëÿþòñÿ âñå ôóíêöèè èç E,
îòëè÷íûå îò ìíîãî÷ëåíà (ò. å. èõ ¾áîëüøå¿, ÷åì ôóíêöèé, íå ÿâëÿþùèõñÿ öèêëè÷åñêè-

ìè).

Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îïèñàíèå ëèíåéíûõ íåïðåðûâíûõ â H
 îïå-

ðàòîðîâ, ïåðåñòàíîâî÷íûõ â H
 ñ D0 è ÿâëÿþùèõñÿ èçîìîðôèçìîì H
 èëè áëèçêèõ

ê íåìó. Âñÿêèé îïåðàòîð B èç êîììóòàíòà K (D0) îïåðàòîðà D0 çàäàåòñÿ íåêîòîðûì

ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì ’ íà H
. Ñ ó÷åòîì ðåôëåêñèâíîñòè E (
) è òåî-
ðåìû Ïýëè � Âèíåðà � Øâàðöà ñîïðÿæåííîå ê H
 ìîæíî îòîæäåñòâèòü ñ E (
), è òîãäà
ýëåìåíòû K (D0) îïðåäåëÿþòñÿ (îäíîçíà÷íî) ôóíêöèÿìè èç E (
). Ïîêàçàíî, ÷òî èçîìîð-
ôèçì çàäàåòñÿ òîé è òîëüêî òîé ôóíêöèåé, êîòîðàÿ íå ðàâíà 0 â íà÷àëå êîîðäèíàò. Ïðè

ýòîì ñóùåñòâåííóþ ðîëü èãðàåò ìåòîä, èñïîëüçóþùèé òåîðèþ êîìïàêòíûõ îïåðàòîðîâ

â áàíàõîâûõ ïðîñòðàíñòâàõ. Ðàíåå â àíàëîãè÷íûõ âîïðîñàõ îí ïðèìåíÿëñÿ Â. À. Òêà-

÷åíêî [6]. Â äðóãîì êðàéíåì ñëó÷àå, êîãäà áåñêîíå÷íî äèôôåðåíöèðóåìàÿ â 
 ôóíêöèÿ

îáðàùàåòñÿ òîæäåñòâåííî â 0 â íåêîòîðîé îäíîñòîðîííåé îêðåñòíîñòè íà÷àëà êîîðäè-

íàò (è èíòåðâàë 
 ñ ñîîòâåòñòâóþùåé ñòîðîíû îãðàíè÷åí), îíà çàäàåò íåñþðúåêòèâíûé

îïåðàòîð. Êàê ïîêàçàíî â [1], ñ ïîìîùüþ îïåðàòîðà ñäâèãà äëÿ îïåðàòîðà Ïîììüå â ñî-

ïðÿæåííîì H 0

 ê ïðîñòðàíñòâó H
 ìîæíî ââåñòè àññîöèàòèâíîå è êîììóòàòèâíîå óìíî-

æåíèå. Åãî åñòåñòâåííîé ðåàëèçàöèåé â E (
) ÿâëÿåòñÿ ïðîèçâåäåíèå Äþàìåëÿ, èãðàþùåå
âàæíóþ ðîëü â ðàçëè÷íûõ âîïðîñàõ àíàëèçà (ñì., íàïðèìåð, ðàáîòû Ì. Ò. Êàðàåâà [8,

9]). Ýòî ïðîèçâåäåíèå òîæå ñóùåñòâåííî èñïîëüçóåòñÿ â äîêàçàòåëüñòâàõ.

1. Âñïîìîãàòåëüíûå ñâåäåíèÿ

Ïóñòü 
 � èíòåðâàë â R, ñîäåðæàùèé 0; (Kn)n2N � èñ÷åðïûâàþùàÿ 
 ïîñëåäîâà-

òåëüíîñòü îòðåçêîâ: Kn � intKn+1, n 2 N; 
 =
S
n2N

Kn. Ïðè ýòîì äëÿ ìíîæåñòâà

M � R ñèìâîë intM îáîçíà÷àåò âíóòðåííîñòü M â R. Áóäåì ñ÷èòàòü, ÷òî 0 2 K1. Ïóñòü

HM(x) := supy2M (xy), x 2 R, � îïîðíàÿ ôóíêöèÿ ìíîæåñòâà M � R; A(C) � ïðîñòðàí-

ñòâî öåëûõ â C ôóíêöèé.

Äàëåå äëÿ n 2 N

H
;n :=

�
f 2 A(C) : kfkn := sup

z2C

jf(z)j
(1 + jzj)n exp(HKn(Im z))

< +1
�

;

H
;n ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì ñ íîðìîé k�kn. Ïðè ýòîì H
;n � H
;n+1, n 2 N,

è ýòè âëîæåíèÿ íåïðåðûâíû. Ïîëîæèì H
 :=
S
n2N

H
;n è ñíàáäèì H
 òîïîëîãèåé èí-

äóêòèâíîãî ïðåäåëà ïðîñòðàíñòâ H
;n, n 2 N, îòíîñèòåëüíî èõ âëîæåíèé â H
.
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Ïîëîæèì e�(x) := e�i�x
, x; � 2 C. Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà X ñèìâîë

X 0
îáîçíà÷àåò òîïîëîãè÷åñêîå ñîïðÿæåííîå ê X. Ïóñòü E (
) � ïðîñòðàíñòâî Ôðåøå âñåõ

áåñêîíå÷íî äèôôåðåíöèðóåìûõ â 
 ôóíêöèé. Ïî òåîðåìå Ïýëè � Âèíåðà �Øâàðöà [10,

òåîðåìà 7.3.1] ïðåîáðàçîâàíèå Ôóðüå � Ëàïëàñà F (’)(�) := ’(e�), � 2 C, ’ 2 E (
)0
, óñòà-

íàâëèâàåò òîïîëîãè÷åñêèé èçîìîðôèçì ñèëüíîãî ñîïðÿæåííîãî ê E (
) íà H
. Îòìåòèì,

÷òî E (
) ðåôëåêñèâíî.
Ïóñòü L (H
) � ïðîñòðàíñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â H
. Îïåðà-

òîð Ïîììüå Dz, z 2 C, îïðåäåëÿåòñÿ ðàâåíñòâîì

Dz(f)(t) :=

(
f(t)�f(z)

t�z ; t 6= z;

f 0(z); t = z;

f 2 H
. Ïî [1] Dz 2 L (H
) äëÿ ëþáîãî z 2 C.

Ñëåäóÿ [11, 12], ââåäåì ñäâèãè Tz, z 2 C, äëÿ D0, ëèíåéíî è íåïðåðûâíî äåéñòâóþùèå

â H
: äëÿ f 2 H


Tz(f)(t) :=

(
tf(t)�zf(z)

t�z ; t 6= z;

f(z) + zf 0(z); t = z.

Ïóñòü K (D0) � ìíîæåñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â H
, ïåðåñòà-

íîâî÷íûõ ñ D0 â H
, ò. å. êîììóòàíò D0 â êîëüöå L (H
).

Òåîðåìà 1. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) B 2 K (D0).
(ii) Ñóùåñòâóåò ôóíêöèîíàë ’ 2 H 0


 òàêîé, ÷òî B(f)(z) = ’(Tz(f)), z 2 C, f 2 H
.

C Èç [1, òåîðåìà 15] ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû. B

Äëÿ ’ 2 H 0

 ïîëîæèì B’(f)(z) = ’(Tz(f)), z 2 C, f 2 H
.

Îïðåäåëèì áèíàðíóþ îïåðàöèþ 
 â H
 : (’ 
  )(f) := ’z( (Tz(f)), ’; 2 H 0

,

f 2 H
. Ïî [1, � 3] ïðîèçâåäåíèå ’
 êîððåêòíî îïðåäåëåíî; îíî àññîöèàòèâíî è êîììó-

òàòèâíî. Êðîìå òîãî [1, ñëåäñòâèå 18], îòîáðàæåíèå �(’) := B’ ÿâëÿåòñÿ èçîìîðôèçìîì
àëãåáð (H 0


;
) è K (D0) (â ïîñëåäíåé ââîäèòñÿ îáû÷íîå îïåðàòîðíîå óìíîæåíèå).

2. Îñíîâíîé ðåçóëüòàò

Êàê îáû÷íî, D(R) � ïðîñòðàíñòâî âñåõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ â R ôóíêöèé

ñ êîìïàêòíûì íîñèòåëåì. Äëÿ îáîáùåííîé ôóíêöèè u 2 D0(R) ñèìâîë supp(u) îáîçíà-
÷àåò íîñèòåëü u. Îòìåòèì ñâîéñòâî ðàâíîìåðíîé îãðàíè÷åííîñòè íîñèòåëåé îáîáùåííûõ

ôóíêöèé F�1(Tz(f)), z 2 C, äëÿ ôèêñèðîâàííîé ôóíêöèè f 2 H
.

Ëåììà 1. Äëÿ ëþáûõ m 2 N f 2 H
;m; z 2 C; íîñèòåëè F�1(D0(f)) è F�1(Tz(f))
ñîäåðæàòñÿ â Km.

C Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà ìîäóëÿ, ïîëó÷àåì, ÷òî kD0(f)km < +1 è

sup
t2C

jTz(f)(t)j
(1 + jtj)m+1 exp(HKm(Im t))

< +1:

Ïî òåîðåìå Ïýëè � Âèíåðà � Øâàðöà supp (F�1(D0(f))) � Km è supp (F�1(Tz(f))) �
Km. B

Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà X, ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà

A : X ! X ýëåìåíò x 2 X íàçûâàåòñÿ öèêëè÷åñêèì âåêòîðîì A â X, åñëè ñèñòåìà

fAn(x) : n > 0g ïîëíà â X, ò. e. åå ëèíåéíàÿ îáîëî÷êà ïëîòíà â X.
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Ñëåäñòâèå 1. Îïåðàòîð D0 íå èìååò â H
 íè îäíîãî öèêëè÷åñêîãî âåêòîðà.

C Çàôèêñèðóåì f 2 H
;m. Ïî ëåììå 1 íîñèòåëü êàæäîé îáîáùåííîé ôóíêöèè

F�1(Dn
0 (f)), n > 0, ñîäåðæèòñÿ â Km. Âîçüìåì íåíóëåâóþ ôóíêöèþ h 2 D(R) òàêóþ,

÷òî (supp(h)) \ Km = ? è supp(h) � 
. Òîãäà F�1(Dn
0 (f))(h) = 0 äëÿ ëþáîãî n > 0.

Çíà÷èò, ìíîæåñòâî

�
F�1(Dn

0 (f)) : n > 0
	
íå ÿâëÿåòñÿ ïîëíûì â ñèëüíîì ñîïðÿæåííîì

ê E (
), ñëåäîâàòåëüíî, ìíîæåñòâî fDn
0 (f) : n > 0g íå ÿâëÿåòñÿ ïîëíûì â H
. B

Ýòîò ôàêò ïðèíöèïèàëüíî îòëè÷àåò ðàññìàòðèâàåìóþ çäåñü ñèòóàöèþ îò èçó÷åííûõ

ðàíåå. Îí âëå÷åò òàêæå, ÷òî ñåìåéñòâî ñîáñòâåííûõ çàìêíóòûõ D0-èíâàðèàíòíûõ ïîä-

ïðîñòðàíñòâ H
 î÷åíü øèðîêîå.

Ïóñòü S(R) � ïðîñòðàíñòâî Øâàðöà âñåõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé

h : R ! C òàêèõ, ÷òî limt!1(jtjkjf (k)(t)j) = 0 äëÿ ëþáîãî k 2 N. Ñèìâîëîì FS îáî-

çíà÷èì ïðåîáðàçîâàíèå Ôóðüå, äåéñòâóþùåå â ïðîñòðàíñòâå S0(R) îáîáùåííûõ ôóíêöèé
ìåäëåííîãî ðîñòà íà R.

Äëÿ h 2 S(R) ââåäåì ôóíêöèþ k(h)(z) :=
R +1

�1
h(t)
t�z dt, z 2 CnR.

Ëåììà 2. Ïóñòü h 2 S(R) è A :=
R +1

�1 h(t) dt. Òîãäà limz!1;
z2CnR

(zk(h)(z)) = �A.
Ýòî óòâåðæäåíèå ñîäåðæèòñÿ â [13, ãë. 4, � 71]. Ïîñêîëüêó ôóíêöèè h è h1(t) := th(t)

ïðèíàäëåæàò S(R), òî íàéäåòñÿ C > 0 òàêîå, ÷òî äëÿ ëþáûõ t1; t2 2 R, äëÿ êîòîðûõ

jt1j; jt2j > 1, âûïîëíÿþòñÿ íåðàâåíñòâà jh(t1) � h(t2)j 6 C
�� 1
t1

� 1
t2

��
è jh1(t1) � h1(t2)j 6

C
�� 1
t1

� 1
t2

��
(ò. å. â òåðìèíîëîãèè [13] h è h1 óäîâëåòâîðÿþò óñëîâèþ H âáëèçè 1). Êðî-

ìå òîãî, ñóùåñòâóþò ïðåäåëû lim z!1;
Im z>0

k(h1)(z) è lim z!1;
Im z<0

k(h1)(z), ðàâíûå 0. Ïîýòîìó

limz!1;
z2CnR

(zk(h)(z)) = �A ïî [13, ñ. 260].

Çàìå÷àíèå 1. (i) Ïðåîáðàçîâàíèå

fF : ’ 7! (’(e�); � 2 
) ÿâëÿåòñÿ òîïîëîãè÷å-

ñêèì èçîìîðôèçìîì ñèëüíîãî ñîïðÿæåííîãî ê H
 íà E (
). Ïðè ýòîì fF � îòîáðàæåíèå,

ñîïðÿæåííîå ê F : E (
)0 ! H
 îòíîñèòåëüíî äóàëüíûõ ïàð (E (
)0;E (
)) è (H
;H
0

).

Ïîëàãàåì b’ := fF (’), ’ 2 H 0

. Äëÿ ëþáûõ ’ 2 H 0


, n > 0; ñïðàâåäëèâî ðàâåíñòâî

b’(n)(0) = ’t(t
n).

(ii) Îïåðàöèÿ 
 ïîñðåäñòâîì

fF : H 0

 ! E (
) èíäóöèðóåò â E (
) ïðîèçâåäåíèå Äþà-

ìåëÿ, ò. å.

\’
  = b’ � b , ãäå

(g � h)(t) =
d

dt

 tZ

0

g(t � �)h(�) d�

!
= g(0)h(t) +

tZ

0

g0(t � �)h(�) d�; g; h 2 E (
):

(iii) Áèëèíåéíàÿ ôîðìà hf; hi := fF�1(h)(f), f 2 H
, h 2 E (
), çàäàåò äâîéñòâåííîñòü
ìåæäó H
 è E (
). Ïðè ýòîì hf; hi = F�1(f)(h).

Ñîïðÿæåííûì ê îïåðàòîðó B’ : H
 ! H
, ’ 2 H 0

, îòíîñèòåëüíî ýòîé äâîéñòâåííî-

ñòè ÿâëÿåòñÿ îïåðàòîð Ab’ : E (
) ! E (
), Ab’(h) = b’ � h.
Âûÿñíèì äàëåå, ïðè êàêèõ óñëîâèÿõ B’ ÿâëÿåòñÿ èçîìîðôèçìîì H
. Âíà÷àëå îõà-

ðàêòåðèçóåì èíúåêòèâíûå îïåðàòîðû B’.

Ëåììà 3. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) B’ èíúåêòèâåí â H
.

(ii) b’(0) 6= 0.

C (i))(ii): Åñëè b’(0) = 0, òî B’(1) = 0 (ñòîÿùàÿ â ñêîáêàõ ôóíêöèÿ òîæäåñòâåííî

ðàâíà 1). Ïîýòîìó îïåðàòîð B’ íå ÿâëÿåòñÿ èíúåêòèâíûì.
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(ii))(i): Ïóñòü f 2 KerB’. Òîãäà ’(Tz(f)) = 0 äëÿ ëþáîãî z 2 C. Ñëåäîâàòåëüíî,

fF�1(b’)(Tz(f)) = 0 è F�1(Tz(f))(b’) = 0 äëÿ ëþáîãî z 2 C. Ïî ëåììå 1 ñóùåñòâóåò

m 2 N, äëÿ êîòîðîãî íîñèòåëè âñåõ îáîáùåííûõ ôóíêöèé F�1(Tz(f)), z 2 C, ñîäåðæàòñÿ

â Km. Âîçüìåì ôóíêöèþ � 2 D(R) òàêóþ, ÷òî � ðàâíà 1 â Km+1 è supp(�) � 
. Òîãäà
F�1(Tz(f)) (�b’) = 0, z 2 C. Òàêèì îáðàçîì,

F
�1
S (�b’) (Tz(f) j

R
) = 0; z 2 C:

Ôóíêöèÿ g := F
�1
S (�b’) ïðèíàäëåæèò S(R) (ïðè ýòîì S(R) îòîæäåñòâëÿåòñÿ ñòàíäàðò-

íûì îáðàçîì ñ ïîäïðîñòðàíñòâîì S0(R)). Çíà÷èò,

+1Z

�1

tf(t)g(t)

t� z
dt = zf(z)

+1Z

�1

g(t)

t� z
dt; z 2 CnR:

Ïîëîæèì

�(z) :=

+1Z

�1

tf(t)g(t)

t� z
dt; �(z) :=

+1Z

�1

g(t)

t� z
dt; z 2 CnR:

Ïî ëåììå 2

lim
z!1;z2CnR

(z�(z)) = �
+1Z

�1

g(t)dt = ��(0)b’(0) 6= 0

(ôóíêöèÿ tf(t)g(t), t 2 R, ïðèíàäëåæèò S(R)). Ïîñêîëüêó limz!1;
z2CnR

�(z) = 0, òî

limz!1 f(z) = 0 è, ñëåäîâàòåëüíî, f = 0. Çíà÷èò, KerB’ = f0g. B
Ââåäåì ôóíêöèîíàëû �0;n 2 H 0


, n > 0 : �0;n(f) := in

n!f
(n)(0); f 2 H
. Çàìåòèì, ÷òî

b�0;n(x) = 1
n!x

n
, x 2 
, è �(�0;n) = B�0;n = Dn

0 [1, ëåììà 7] (îòîáðàæåíèå � : H 0

 ! K (D0)

ââåäåíî â � 1).

Ëåììà 4. Ïóñòü ’ 2 H 0

 è b’(j)(0) = 0, 0 6 j 6 n � 1, äëÿ íåêîòîðîãî n 2 N. Òîãäà

ñóùåñòâóåò  2 H 0

 òàêîå, ÷òî ’ = �0;n 
  . Åñëè b’(n)(0) 6= 0, òî b (0) 6= 0.

C Ïîëîæèì  := fF�1(b’(n)) è h := b’. Òîãäà

h(t) =
1

n!

d

dt

 tZ

0

(t� �)nh(n)(�) d�

!
; t 2 
;

ò. å.

b�0;n � h(n) = h. Îòñþäà ñëåäóåò ðàâåíñòâî ’ = �0;n 
 fF�1(h(n)). B

Ââåäåì äóàëüíûå ïðåäíîðìû â H 0

: k’k�

n := sup f2H
;
kfkn61

j’(f)j, n 2 N, ’ 2 H 0

.

Òåîðåìà 2. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) B’ 2 K (D0;g0) � èçîìîðôèçì H
.

(ii) b’(0) 6= 0.

C (ii))(i): Èñïîëüçóåì ìåòîä äîêàçàòåëüñòâà Â. À. Òêà÷åíêî [6, òåîðåìà 2]. Ïîñêîëüêó

äëÿ f 2 H
, t 6= z
tf(t) � zf(z)

t� z
= f(z) + t

f(t) � f(z)

t� z
;

òî

B’(f) = b’(0)f +B(f); B(f)(z) := ’t(tDz(f)(t)); z 2 C; f 2 H
: (1)
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Ïîêàæåì, ÷òî B � ëèíåéíûé íåïðåðûâíûé îïåðàòîð â H
 òàêîé, ÷òî äëÿ ëþáîãî

n 2 N ñóæåíèå B íà H
;n � êîìïàêòíûé îïåðàòîð â H
;n. Çàôèêñèðóåì n 2 N. Ïîëîæèì

Sn = ff 2 H
;n : kfkn 6 1g. Äëÿ ëþáîé ôóíêöèè f 2 Sn

j’t(tDz(f)(t))j 6 k’k�
n+1 sup

t2C

jtjjDz(f)(t)j
(1 + jtj)n+1 exp(HKn+1(Im t))

: (2)

Çàôèêñèðóåì " > 0. Åñëè z 2 C, jt� zj > 1
" , òî äëÿ ëþáîé ôóíêöèè f 2 Sn

jtjjDz(f)(t)j
(1 + jtj)n+1 exp(HKn+1(Im t))

=
jtjjf(t) � f(z)j

jt� zj(1 + jtj)n+1 exp(HKn+1(Im t))

6 "

� jtj
1 + jtj + (1 + jzj)n exp(HKn(Im z))

�
6 2"(1 + jzj)n exp(HKn(Im z)):

(3)

Åñëè æå jt � zj 6 1
" äëÿ z 2 C, òî äëÿ ëþáîé ôóíêöèè f 2 Sn ïî ïðèíöèïó ìàêñèìóìà

ìîäóëÿ íàéäåòñÿ w 2 C òàêîå, ÷òî jw � zj = 1
" è âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:

jtjjDz(f)(t)j
(1 + jtj)n+1 exp(HKn+1(Im t))

6 "
1

(1 + jtj)n exp(HKn+1(Im t))

�((1 + jwj)n exp(HKn(Imw)) + (1 + jzj)n exp(HKn(Im z)))

6 "

��
1 + (2=") + jtj

1 + jtj

�n
exp

�
2Cn
"

�
+ (1 + jzj)n exp(HKn(Im z))

�

6 "

��
1 +

2

"

�n
exp

�
2Cn
"

�
+ (1 + jzj)n exp(HKn(Im z))

�
;

(4)

ãäå Cn := maxj�j=1HKn(Im �) < +1. Èç (2)�(4) ñëåäóåò, ÷òî

lim
z!1

sup
f2Sn

jB(f)(z)j
(1 + jzj)n exp(HKn(Im z))

= 0:

Ïîñëåäíåå âëå÷åò îòíîñèòåëüíóþ êîìïàêòíîñòü B(Sn) â H
;n. Ïî ëåììå 3 îïåðàòîð B’
èíúåêòèâåí. Ïîñêîëüêó b’(0) 6= 0, òî âñëåäñòâèå (1) îí ÿâëÿåòñÿ èçîìîðôèçìîì êàæäîãî

ïðîñòðàíñòâà H
;n, n 2 N. Îòñþäà ñëåäóåò, ÷òî B’ � èçîìîðôèçì H
.

(i))(ii): Åñëè b’(0) = 0, òî ïî ëåììå 3 B’ íå ÿâëÿåòñÿ èíúåêòèâíûì. B

Ñëåäñòâèå 2. Ïóñòü ’ 2 H 0

 è b’(j)(0) = 0, 0 6 j 6 n� 1, b’(n)(0) 6= 0 äëÿ íåêîòîðîãî

n 2 N. Òîãäà ñóùåñòâóåò  2 H 0

, äëÿ êîòîðîãî B’ = Dn

0B è B � òîïîëîãè÷åñêèé

èçîìîðôèçì H
. Êðîìå òîãî, B’ : H
 ! H
 èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé

îáðàòíûé.

C Ïî ëåììå 4 ñóùåñòâóåò  2 H 0

 òàêîå, ÷òî ’ = �0;n 
  è

b (n)(0) 6= 0. Òîãäà
B’ = B�0;nB = Dn

0B = B D
n
0 . Ïî òåîðåìå 2 B � èçîìîðôèçì H
. Ïîñêîëüêó îïå-

ðàòîð Dn
0 : H
 ! H
 ñþðúåêòèâåí, ÿäðî KerB’ = KerDn

0 n-ìåðíî (à çíà÷èò, òîïî-

ëîãè÷åñêè äîïîëíèìî â H
), òî B’ : H
 ! H
 èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé

îáðàòíûé. B

Îáðàòèìñÿ òåïåðü ê äðóãîé êðàéíåé ñèòóàöèè, êîãäà ôóíêöèÿ b’ ÿâëÿåòñÿ ¾î÷åíü¿

ïëîñêîé â íà÷àëå êîîðäèíàò, ò. å. îíà ðàâíà 0 â íåêîòîðîé îäíîñòîðîííåé îêðåñòíîñòè

íà÷àëà êîîðäèíàò.

Çàìå÷àíèå 2. Ðàññìîòðèì ñëó÷àé, êîãäà èíòåðâàë 
 îòëè÷åí îò ïðÿìîé R. Òîãäà


 = (!�; !+), ãäå õîòÿ áû îäíî èç !�
, !+

êîíå÷íî. Ïóñòü, íàïðèìåð, !+ 2 (0;+1).
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Ïðåäïîëîæèì, ÷òî b’ = 0 â íåêîòîðîé ïðàâîñòîðîííåé îêðåñòíîñòè íà÷àëà êîîðäèíàò.

Òîãäà íàéäåòñÿ íåíóëåâàÿ ôóíêöèÿ h 2 E (
) òàêàÿ, ÷òî h = 0 â (!+; !0] äëÿ íåêîòîðîãî
!0 2 (0; !+) è

R t
0 b’(t � �)h(�) d� = 0 äëÿ ëþáîãî t 2 
. Çíà÷èò, Ab’(h) = b’ � h = 0.

Îïåðàòîð Ab’ : E (
) ! E (
) ÿâëÿåòñÿ ñîïðÿæåííûì ê B’ : H
 ! H
 (îòíîñèòåëüíî

äóàëüíîé ïàðû (H
;E (
))). Òàê êàê Ab’ íåèíúåêòèâåí, òî ïî [14, ãë. 8, � 8.6] ImB’ íå

ÿâëÿåòñÿ ïëîòíûì â H
 è, òåì áîëåå, B’ : H
 ! H
 íåñþðúåêòèâåí.

Àíàëîãè÷íî, åñëè !�
êîíå÷íî è b’ = 0 â íåêîòîðîé ëåâîñòîðîííåé îêðåñòíîñòè íà÷àëà,

òî îïåðàòîð B’ : H
 ! H
 íåñþðúåêòèâåí, ïðè÷åì åãî îáðàç äàæå íå ïëîòåí â H
.

Ïðèâåäåííûå ðàññóæäåíèÿ èìåþò íåïîñðåäñòâåííîå îòíîøåíèå ê òåîðåìå Òèò÷ìàðøà

î ñâåðòêå [15]. Åå äîêàçàòåëüñòâî ñ èñïîëüçîâàíèåì òîëüêî òåîðèè ôóíêöèé âåùåñòâåí-

íîãî ïåðåìåííîãî äàíî â [16, ãë. II], â [17] îíî ïðîâåäåíî ìåòîäàìè ôóíêöèîíàëüíîãî

àíàëèçà. Î äåëèòåëÿõ íóëÿ ñâåðòêè Äþàìåëÿ ðå÷ü èäåò â ìîíîãðàôèè È. Äèìîâñêîãî

[18, � 1.1].
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Abstract. In the space of entire functions of exponential type representing a strong dual to a Frechet

space of in�nitely di�erentiable functions on a real interval containing the origin, linear continuous operators

commuting with the Pommiez operator are investigated. They are given by a continuous linear functional on

this space of entire functions and hence, up to the adjoint of the Fourier�Laplace transform, by an in�nite

di�erentiable function on the initial interval. A complete characterization of linear continuous functionals

de�ning isomorphisms by virtue of the indicated correspondence is given. It is proved that isomorphisms are

determined by functions that do not vanish at the origin (and only by them). An essential role in proving the

corresponding criterion is played by a method exploiting the theory of compact operators in Banach spaces.

The class of those functions in�nitely di�erentiable on the considered interval that de�ne the operators from the

mentioned commutant close to isomorphisms is distinguished. Such operators have �nite-dimensional kernels.

For an interval other than a straight real line, we also de�ne the class of operators from the commutant of the

Pommiez operator that are not surjective. The adjoint of a continuous linear operator that commutes with

Pommiez operators is realized in the space of in�nitely di�erentiable functions as an operator obtained by

�xing one factor in the Duhamel product. The essential di�erence of the situation under consideration from

the previously studied one is the absence of cyclic vectors of the Pommiez operator in the considered space of

entire functions.

Key words: Pommiez operator, entire function of exponential type, space of in�nitely di�erentiable

functions, commutant, isomorphism.

Mathematical Subject Classi�cation (2000): 46E10, 30D15, 47L10, 26E10.

References

1. Ivanova O. A., Melikhov S. N. On Operators Commuting with a Pommiez type Operator in Weighted

Spaces of Entire Functions, St. Petersburg Math. J., 2017, vol. 28, no. 2, pp. 209�224. DOI:

10.1090/spmj/1447.

2. Ivanova O. A., Melikhov S. N. On an Algebra of Analytic Functionals Connected with a Pommiez

Operator, Vladikavkazskij matematicheskij zhurnal [Vladikavkaz Math. J.], 2016, vol. 18, no. 4, pp.

34�40 (in Russian). DOI 10.23671/VNC.2016.4.5989.

3. Ivanova O. A., Melikhov S. N. On Invarint Subspaces of the Pommiez Operator in Spaces of Entire

Functions of Exponential Type, Complex Analysis, Itogi Nauki i Tekhniki. Ser. Sovrem. Mat. Pril.

Temat. Obz., vol. 142, Moscow, VINITI, 2017, pp. 111�120 (in Russian).

4. Ivanova O. A., Melikhov S. N. On the Completeness of Orbits of a Pommiez Operator in Weighted

(LF)-Spaces of Entire Functions, Complex Analysis and Operator Theory, 2017, vol. 11, pp. 1407�1424.

DOI: 10.1007/s11785-016-0617-5.

5. Tkachenko V. A. Invariant Subspaces and Unicellularity of Operators of Generalized Integration

in Spaces of Analytic Functionals, Math. Notes, 1977, vol. 22, no. 2, pp. 613�618. DOI:

10.1007/BF01142725.

6. Tkachenko V. A. Operators that Commute with Generalized Integration in Spaces of Analytic

Functionals, Math. Notes, 1979, vol. 25, no. 2, pp. 141�146. DOI: 10.1007/BF01780970.



56 Èâàíîâà Î. À.,Ìåëèõîâ Ñ. Í.

7. Krasichkov-Ternovskii I. F. Invariant Subspaces of Analytic Functions. III. On the

Extension of Spectral Synthesis, Math. USSR-Sbornik, 1972, vol. 17, pp. 327�348. DOI:

10.1070/SM1972v017n03ABEH001508.

8. Karaev M. T. Invariant Subspaces, Cyclic Vectors, Commutant and Extended Eigenvectors of Some

Convolution Operators. Methods Funct. Anal. Topology, 2005, vol. 11, no. 1, pp. 48�59.

9. Karaev M. T. Duhamel Algebras and Applications, Functional Analysis and its Applications, 2018,

vol. 52, no. 1, pp. 1�8. DOI: doi.org/10.4213/faa3481.

10. H�ormander L. The Analysis of Linear Partial Di�erential Operators. Vol. I: Distribution Theory and

Fourier Analysis, Springer, 1983, 391 p.

11. Binderman Z. Functional Shifts Induced by Right Invertible Operators, Math. Nachr., 1992, vol. 157,

pp. 211�224. DOI: 10.1002/mana.19921570117.

12. Dimovski I. N., Hristov V. Z. Commutants of the Pommiez Operator, Int. J. Math. and Math. Science,

2005, no. 8, pp. 1239�1251.

13. Muskheleshvili N. I. Nekotorye osnovnye zadachi matematicheskoi teorii uprugosti [Some Basic

Problems of the Mathematical Elasticity Theory], Moscow, GRFML, 1966, 708 p. (in Russian).

14. Edvards R. E. Functional Analysis. Theory and Applications. N.Y., Holt, Rinehart and Winston, 1965,

791 p.

15. Titchmarsh E. C. The Zeros of Certain Integral Function, Proc. London Math. Soc., 1926, vol. 25,

pp. 283�302.

16. Mikusi�nski J. Operational Calculus, N.Y., Pergamon Press, 1959, 495 p.

17. Kalish G. K. A Functional Analysis Proof of Titchmarsh's Theorem on Convolution, J. Math Anal.

Appl., 1962, vol. 5, pp. 176�183.

18. Dimovski I. Convolutional Calculus, London, Kluwer, 1990, 184 p.

Received April 24, 2018



Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë

2018, Òîì 20, Âûïóñê 3, Ñ. 57�68

ÓÄÊ 517.955

DOI 10.23671/VNC.2018.3.17991

ÐÅØÅÍÈÅ ÇÀÄÀ×È ÊÎØÈ ÄËß ×ÅÒÛÐÅÕÌÅÐÍÎÃÎ

ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß Ñ ÎÏÅÐÀÒÎÐÎÌ ÁÅÑÑÅËß

Ø. Ò. Êàðèìîâ

1
, À. Ê. Óðèíîâ

1

1
Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Óçáåêèñòàí, 150100, Ôåðãàíà, óë. Ìóðàááèéëàð, 19

E-mail:shaxkarimov@gmail.com, urinovak@mail.ru

Àííîòàöèÿ. Èññëåäîâàíà âèäîèçìåíåííàÿ çàäà÷à Êîøè äëÿ ÷åòûðåõìåðíîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà ãèïåðáîëè÷åñêîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì è ñ îïåðàòîðîì Áåññåëÿ. Â óðàâíåíèè

ïî âñåì ïåðåìåííûì ó÷àñòâóåò ñèíãóëÿðíûé äèôôåðåíöèàëüíûé îïåðàòîð Áåññåëÿ. Äëÿ ðåøåíèÿ

ñôîðìóëèðîâàííîé çàäà÷è, ïðèìåíåí îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà äðîáíîãî ïîðÿäêà.

Äîêàçàíà ôîðìóëà âû÷èñëåíèÿ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà îò îáîáùåííîãî îïåðàòîðà Ýðäåéè �

Êîáåðà, êîòîðàÿ ïðèìåíÿåòñÿ ïðè èññëåäîâàíèè ñôîðìóëèðîâàííîé çàäà÷è. Ðàññìàòðèâàåòñÿ òàêæå

êîíôëþýíòíàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ ÷åòûðåõ ïåðåìåííûõ îáîáùàþùàÿ ôóíêöèþ Ãóìáåð-

òà è äîêàçûâàåòñÿ íåêîòîðûå åå ñâîéñòâà. Ïðèíèìàÿ âî âíèìàíèå äîêàçàííûå ñâîéñòâà îïåðàòîðà

Ýðäåéè � Êîáåðà è êîíôëþýíòíîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè, ðåøåíèå âèäîèçìåíåííîé çàäà-

÷è Êîøè ïðåäñòàâëåíî â êîìïàêòíîé èíòåãðàëüíîé ôîðìå, êîòîðàÿ îáîáùàåò ôîðìóëó Êèðõãîôà.

Ïîëó÷åííàÿ ôîðìóëà ïîçâîëÿåò íåïîñðåäñòâåííî óñìîòðåòü õàðàêòåð çàâèñèìîñòè ðåøåíèÿ îò íà-

÷àëüíûõ ôóíêöèé è â ÷àñòíîñòè, óñòàíîâèòü óñëîâèÿ ãëàäêîñòè êëàññè÷åñêîãî ðåøåíèÿ. Â ðàáîòå

òàêæå ñîäåðæèòñÿ êðàòêîå èñòîðè÷åñêîå âñòóïëåíèå â äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ îïåðàòîðàìè

Áåññåëÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à Êîøè, äèôôåðåíöèàëüíûé îïåðàòîð Áåññåëÿ, îáîáùåííûé îïåðàòîð Ýð-

äåéè � Êîáåðà äðîáíîãî ïîðÿäêà.

Mathematical Subject Classi�cation (2000): 35L15.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ïóñòü x = (x1; x2; : : : ; xn) � òî÷êà n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà Rn; 
 = f(x; t) :
x 2 Rn; t 2 R; xk > t > 0; k = 1; : : : ; n g, Rn+ = fx 2 Rn : xk > 0; k = 1; : : : ; n g.
Ðàññìîòðèì âèäîèçìåíåííóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

L��;�(u) � @2u

@t2
+

2�

t

@u

@t
�

nX

k=1

�
@2u

@x2
k

+
2�k
xk

@u

@xk

�
+ �2u = 0; (x; t) 2 
; (1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(x; 0) = f(x); lim
t!+0

t2�ut(x; t) = g(x); x 2 R
n
+; (2)

ãäå f(x) è g(x) � çàäàííûå íåïðåðûâíûå ôóíêöèè, à �k; �; � 2 R, ïðè÷åì 0 < �k < 1,
k = 1; : : : ; n, 0 < � < 1

2 .
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Óðàâíåíèå (1) ïðè ðàçëè÷íûõ çíà÷åíèÿõ n, �, � è �k, k = 1; : : : ; n, âîçíèêàåò âî ìíîãèõ
êëàññè÷åñêèõ çàäà÷àõ ãåîìåòðèè, ïðèêëàäíîé ìàòåìàòèêè è ôèçèêè, êîòîðûå èçó÷àþò-

ñÿ â òå÷åíèå áîëåå ÷åì äâóõ ñòîëåòèé ñî âðåìåí Ýéëåðà. Äèôôåðåíöèàëüíîå óðàâíåíèå

ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè ïðè ìëàäøèõ ÷ëåíàõ âïåðâûå ðàññìîòðåíî Ýéëåðîì

â ðàáîòå [1] â ñâÿçè ñ èçó÷åíèåì äâèæåíèÿ âîçäóõà â òðóáàõ ðàçíîãî ñå÷åíèÿ è êîëåáàíèé

ñòðóí ïåðåìåííîé òîëùèíû, êîòîðîå çàìåíîé ïåðåìåííûõ ñâîäèòñÿ ê óðàâíåíèþ (1) ïðè

n = 1, � 6= 0, �1 6= 0, � = 0. Îáùåå ðåøåíèå àíàëîãè÷íîãî óðàâíåíèÿ, ðàññìîòðåííîå

Ýéëåðîì, ïðè n = 1, �1 = �, � = 0 íàøåë Á. Ðèìàí [2], ïîñòðîèâøèé ðåøåíèå çàäà÷è Êî-
øè ñ ïîìîùüþ âñïîìîãàòåëüíîé ôóíêöèè è ìåòîäîì, êîòîðûé âïîñëåäñòâèè áûë íàçâàí

åãî èìåíåì. Óðàâíåíèå (1) ïðè n = 1, � 6= 0, �1 = 0, � = 0 ïîçæå ðàññìàòðèâàë Ïóàñ-

ñîí [3], íàéäÿ äëÿ íåãî ãèïåðáîëè÷åñêèé àíàëîã ïðåäñòàâëåíèÿ ðåøåíèé, íàçûâàåìûé

ïðåäñòàâëåíèåì Ïóàññîíà. Â ýòîé ðàáîòå îí òàêæå ðàññìîòðåë óðàâíåíèå (1) ïðè n = 3,
� = 1, �k = 0, k = 1; 2; 3, � = 0. Çíà÷èòåëüíî ïîçæå óðàâíåíèå (1) ïðè n = 1, �1 = 0,
� = 0 è 0 < � < 1=2 âñòðå÷àëîñü ïðè èññëåäîâàíèè âîïðîñîâ êðèâèçíû ïîâåðõíîñòåé

â ìîíîãðàôèè Ã. Äàðáó [4], ãäå îíî íàçâàíî óðàâíåíèåì Ýéëåðà � Ïóàññîíà. Ïîýòîìó

âïîñëåäñòâèè ìíîãèå àâòîðû ñòàëè íàçûâàòü óðàâíåíèÿ âèäà (1) è èõ ýëëèïòè÷åñêèå

àíàëîãè óðàâíåíèÿìè Ýéëåðà � Ïóàññîíà � Äàðáó.

Âàæíûé ÷àñòíûé ñëó÷àé óðàâíåíèÿ (1) ïðè n = 1, � = 1=6, �1 = 0, � = 0 ÿâëÿåò-

ñÿ îñíîâíûì îáúåêòîì èññëåäîâàíèÿ ðàáîòû [5]. Ïîëó÷åííûå çäåñü ðåçóëüòàòû ñûãðàëè

êëþ÷åâóþ ðîëü ïðè èçó÷åíèè êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî ýëëèïòèêî-

ãèïåðáîëè÷åñêîãî òèïà yuxx + uyy = 0, íàçâàííîãî âïîñëåäñòâèè óðàâíåíèåì Òðèêîìè.

Â ñâÿçè ñ ýòèì èññëåäîâàíèþ ðàçíûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ïðè n = 1 ïîñâÿùåíî î÷åíü
ìíîãî ðàáîò. Êðîìå òîãî, òåîðèÿ óðàâíåíèé, ïî îäíîé èç ïåðåìåííûõ êîòîðîé äåéñòâóåò

ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ

B(x)
� = x�2��1 d

dx
x2�+1 d

dx
=

d2

dx2
+

2� + 1

x

d

dx
; (3)

òåñíî ñâÿçàíà ñ òåîðèåé âûðîæäàþùèõñÿ óðàâíåíèé. Çíà÷èòåëüíûå ðåçóëüòàòû ïî èñ-

ñëåäîâàíèþ âûðîæäàþùèõñÿ äèôôåðåíöèàëüíûõ óðàâíåíèé è óðàâíåíèé ñìåøàííîãî

òèïà ïîëó÷åíû â ðàáîòàõ Ô. Òðèêîìè, Ñ. Ãåëëåðñòåäòà, Ô. È. Ôðàíêëÿ, Ì. Â. Êåë-

äûøà, Ê. È. Áàáåíêî, À. Â. Áèöàäçå, Î. À. Îëåéíèêà, Â. À. Èëüèíà, Å. È. Ìîèñååâà,

È. À. Êèïðèÿíîâà, Ì. Ì. Ñìèðíîâà, À. Ì. Íàõóøåâà, Â. È. Æåãàëîâà, Ñ. Ï. Ïóëüêèíà,

Â. Ô. Âîëêîäàâîâà, Ê. Á. Ñàáèòîâà, À. È. Êîæàíîâà, Ò. Ø. Êàëüìåíîâà, Ì. Ñ. Ñàëîõèò-

äèíîâà, Ò. Ä. Äæóðàåâà, Í. Ð. Ðàäæàáîâà è èõ ó÷åíèêîâ è ïîñëåäîâàòåëåé. Áîëåå ïîäðîá-

íóþ èíôîðìàöèþ îá ýòîì íàïðàâëåíèè ìîæíî íàéòè â ìîíîãðàôèÿõ À. Â. Áèöàäçå [6],

Ì. Ì. Ñìèðíîâà [7], À. Ì. Íàõóøåâà [8], Ð. Êýððîëà è Ð. Øîóîëòåðà [9], Ì. Ñ. Ñàëîõèò-

äèíîâà è Ì. Ìèðñàáóðîâà [10] è äð.

Óðàâíåíèå (1) â ñëó÷àå, êîãäà ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ (3) äåéñòâóåò ïî âðå-

ìåííîé ïåðåìåííîé (n > 1, � 6= 0, �k = 0, k = 1; : : : ; n, � = 0), èññëåäîâàíî ê íàñòîÿùåìó
âðåìåíè äîñòàòî÷íî ïîëíî. Ñþäà òàêæå ñëåäóåò îòíåñòè âñå ðàáîòû, ñâÿçàííûå ñ èçó-

÷åíèåì ïðèíöèïà Ãþéãåíñà äëÿ óðàâíåíèÿ Ýéëåðà � Ïóàññîíà � Äàðáó. Îáçîð ýòèõ

èññëåäîâàíèé ìîæíî íàéòè â ðàáîòàõ À. Âåéíøòåéíà [11], Þíãà [12], È. À. Êèïðèÿíîâà

è Ë. À. Èâàíîâà [13], Ñ. À. Òåðñåíîâà [14], Ñ. À. Àëäàøåâà [15] è äð.

Çàäà÷à Êîøè äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ (3)

äåéñòâóåò ïî íåñêîëüêèì èëè âñåì ïåðåìåííûì, èññëåäîâàíà ìàëî. Èìååòñÿ ðÿä ðåçóëü-

òàòîâ, ñâÿçàííûõ â îñíîâíîì ñ èçó÷åíèåì íàëè÷èÿ ïðèíöèïà Ãþéãåíñà (ñì. [16�18]).

Â äàííîé ðàáîòå äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðèìåíåí îáîáùåííûé îïåðàòîð

èíòåãðèðîâàíèÿ äðîáíîãî ïîðÿäêà Ýðäåéè � Êîáåðà [19]. Ïðèìåíåíèå ýòîãî îïåðàòîðà
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ïîçâîëÿåò ñâîäèòü óðàâíåíèÿ ñî ñïåêòðàëüíûì ïàðàìåòðîì è ñ ñèíãóëÿðíûì îïåðàòîðîì

Áåññåëÿ, êîòîðûé äåéñòâóåò ïî îäíîé èëè íåñêîëüêèì ïåðåìåííûì, ê íåñèíãóëÿðíûì

óðàâíåíèÿì áåç ñïåêòðàëüíîãî ïàðàìåòðà.

Â ðàáîòå [20] ïðè n > 2, � 6= 0, �k = 0, k = 1; : : : ; n; è ðàçëè÷íûõ çíà÷åíèÿõ ïàðà-

ìåòðà � ïîëó÷åíû ÿâíûå ôîðìóëû ðåøåíèÿ âèäîèçìåíåííîé çàäà÷è Êîøè ñ ïðèìåíåíè-

åì îäíîìåðíîãî îáîáùåííîãî îïåðàòîðà Ýðäåéè � Êîáåðà äðîáíîãî ïîðÿäêà. Â ðàáîòàõ

[21, 22] ïðè n = 1; 2, 0 < � < 1=2, � 6= 0 è �k 6= 0, k = 1; 2; ïîñòðîåíû ÿâíûå ôîðìóëû

ðåøåíèÿ çàäà÷è Êîøè (1), (2) ñ ïðèìåíåíèåì ìíîãîìåðíîãî îïåðàòîðà Ýðäåéè � Êîáåðà,

êîòîðûå ââåäåíû è èññëåäîâàíû â ðàáîòå [23]. Çäåñü òàêæå èññëåäîâàíà çàäà÷à Êîøè (1),

(2) ïðè n = 3, �k 6= 0, k = 1; 2; 3; � = 0, � = 0. Â íàñòîÿùåé ðàáîòå ïðè n = 3; èñïîëüçóÿ
îáîáùåííûé îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ Ýðäåéè � Êîáåðà, ïîñòðîåíî â ÿâíîì

âèäå ðåøåíèå çàäà÷è Êîøè (1), (2), êîãäà â óðàâíåíèè (1) ïî âñåì ïåðåìåííûì äåéñòâóåò

ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ, ò. å. ïðè �k 6= 0, k = 1; 2; 3; � 6= 0, � 6= 0.

2. Îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà è åãî ñâîéñòâà

Â ðàáîòå [19] áûë ââåäåí è èññëåäîâàí îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà

J�(�; �)f(x) = 2��1��x�2��2�

xZ

0

t2�+1
�
x2 � t2

�(��1)=2
J��1

�
�
p
x2 � t2

�
f(t) dt; (4)

ãäå �; �; � 2 R, ïðè÷åì � > 0, � > �(1=2); J�(z) � ôóíêöèÿ Áåññåëÿ ïîðÿäêà �.
Îñíîâíûå ñâîéñòâà îïåðàòîðà (4), ìîæíî íàéòè â ðàáîòàõ [19, 24]. Ïðèâåäåì íåêîòî-

ðûå èç ýòèõ ñâîéñòâ.

1. Î÷åâèäíî, ÷òî â ïðåäåëå ïðè � ! 0, îïåðàòîð (4) ñîâïàäàåò ñ îáû÷íûì îïåðàòîðîì

Ýðäåéè � Êîáåðà

I�;�f(x) =
2x�2(�+�)

�(�)

xZ

0

�
x2 � t2

���1
t2�+1f(t) dt;

ãäå �(�) � ãàììà-ôóíêöèÿ Ýéëåðà.

2. Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

Ji�(� + �; �)Ji�(�; �) = J�(� + �; �)Ji�(�; �) = I�;�+�;

ãäå i � ìíèìàÿ åäèíèöà, à �; �; � 2 R.

3. Èç ïîñëåäíåãî ðàâåíñòâà, âîñïîëüçîâàâøèñü ñâîéñòâîì J0(�; 0) = E, ãäå E � åäè-

íè÷íûé îïåðàòîð, ìîæíî äîîïðåäåëèòü îïåðàòîð J�(�; �) ïðè � < 0; ñëåäóþùèì îáðàçîì:

J�(�; �)f(x) = x�2(�+�)

�
d

2xdx

�m
x2(�+�+m)J�(�; � +m)f(x);

ãäå �m < � < 0, m = 1; 2; : : :
4. Èç ñâîéñòâ 2 è 3 âûòåêàþò ñëåäóþùèå ñîîòíîøåíèÿ äëÿ îáðàòíîãî îïåðàòîðà:

J�1
i� (�; �) = J�(� + �� �); J�1

� (�; �) = Ji�(� + �� �):

Ëåììà 1 [25]. Ïóñòü � > 0, f(x) 2 C2(0; b), b > 0, ôóíêöèÿ x2�+1f(x) èíòåãðèðóåìà
â îêðåñòíîñòè íóëÿ è x2�+1f 0(x) ! 0 ïðè n ! 0. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

�
B

(x)
�+� + �2

�
J�(�; �)f(x) = J�(�; �)B(x)

� f(x): (5)
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Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùèé âèä îïåðàòîðà (4):

J�(�; �)f(x) =
2x�2(�+�)

�(�)

xZ

0

t2�+1
�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�
f(t) dt; (6)

ãäå

�Jv(z) � ôóíêöèÿ Áåññåëÿ � Êëèôôîðäà [23]:

�Jv(z) = �(v + 1)(z=2)�vJv(z) = 0F1(� + 1; �z2=4) =
1X

k=0

(�z2=4)k

(� + 1)kk!
: (7)

Òåïåðü, äîêàæåì îäíî ñâîéñòâî îïåðàòîðà (4), íåîáõîäèìîå äëÿ äàëüíåéøåãî èññëå-

äîâàíèÿ. Ïóñòü D0
� = E;

D� = x�2�

�
1

x

d

dx

�
x2�; Dm

� = Dm�1
� D�; Dm

� = x�2�

�
1

x

d

dx

�m
x2� :

Òåîðåìà 1. Åñëè � > 0, � > �(1=2), f(x) 2 Cm(0; b), b > 0, ôóíêöèè x2�+1Dk+1
� f(x)

èíòåãðèðóåìû â íóëå è limx!0 x
2�Dk

�f(x) = 0, k = 0; : : : ;m � 1; òî âåðíî ðàâåíñòâî

Dm
�+�J�(�; �)f(x) = J�(�; �)Dm

� f(x): (8)

C Òåîðåìó äîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ïî m:

Ïîêàæåì, ÷òî ðàâåíñòâî (8) ñïðàâåäëèâî ïðè m = 1, ò. å., ÷òî

D�+�J�(�; �)f(x) = J�(�; �)D�f(x): (9)

Ðàññìîòðèì ôóíêöèþ

D�+�J�(�; �)f(x) =
2x�2(�+�)

�(�)
lim
"!0

F"(x);

ãäå " � äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå äåéñòâèòåëüíîå ÷èñëî, à

F"(x) =

�
1

x

d

dx

� x�"Z

0

�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�
t2�+1f(t) dt:

Ïðèìåíÿÿ ïðàâèëî äèôôåðåíöèðîâàíèÿ èíòåãðàëà, ïîëó÷àåì

F"(x) =
"��1

x
(2x� ")��1 �J��1

�
�
p
"(2x� ")

�
(x� ")2�+1f(x� ")

+

x�"Z

0

�
1

x

d

dx

�h�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�i
t2�+1f(t) dt:

Äàëåå, ó÷èòûâàÿ ëåãêî ïðîâåðÿåìîå ðàâåíñòâî

�
1

x

d

dx

�h�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�i
= �

�
1

t

d

dt

�h�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�i
;
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èìååì

F"(x) =
"��1

x
(2x� ")��1 �J��1

�
�
p
"(2x � ")

�
(x� ")2�+1f(x� ")

�
x�"Z

0

�
d

dt

�h�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�i
t2�f(t) dt:

Ïðèìåíÿÿ ê ïîñëåäíåìó èíòåãðàëó ïðàâèëî èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ïðèíèìàÿ âî

âíèìàíèå óñëîâèå òåîðåìû 1, ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ, ïîëó÷àåì

F"(x) =
�"�

x(x� ")
(2x� ")��1 �J��1

�
�
p
"(2x � ")

�
(x� ")2�+1f(x� ")

+

x�"Z

0

h�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�i
t2�+1D�f(t) dt:

Îòñþäà â ñèëó � > 0 ïðè " ! 0 ïîëó÷èì ðàâåíñòâî (9).

Ïðåäïîëîæèì, ÷òî ðàâåíñòâî (8) ñïðàâåäëèâî ïðè m = k: Äîêàæåì, ÷òî îíî âåðíî è
ïðè m = k + 1. Ñ ýòîé öåëüþ ðàññìîòðèì ëåâóþ ÷àñòü ðàâåíñòâà (8) ïðè m = k + 1:

Dk+1
�+�J�(�; �)f(x) = D�+�D

k
�+�J�(�; �)f(x):

Ïî ïðåäïîëîæåíèþ èíäóêöèè ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1

D�+�D
k
�+�J�(�; �)f(x) = D�+�J�(�; �)Dk

�f(x):

Â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà, ïðèìåíÿÿ ôîðìóëó (9) ê ôóíêöèÿì Dk
�f(x); ïî-

ëó÷èì

Dk+1
�+�J�(�; �)f(x) = J�(�; �)Dk+1

� f(x): �

Ñëåäñòâèå 1. Ïóñòü � = 0, � > 0, f(x) 2 Cm(0; b), b > 0, ôóíêöèè d
dx

�
1
x
d
dx

�k
f(x)

èíòåãðèðóåìû â íóëå è limx!0

�
1
x
d
dx

�k
f(x) = 0, k = 0; : : : ;m� 1. Òîãäà

�
1

x

d

dx

�m xZ

0

�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

�
f(t)t dt

=

xZ

0

�
x2 � t2

���1 �J��1

�
�
p
x2 � t2

� ��1

t

d

dt

�m
f(t)

�
t dt: (10)

3. Ïðèëîæåíèå îïåðàòîðà Ýðäåéè � Êîáåðà ê ðåøåíèþ çàäà÷è (1), (2)

Ïóñòü n = 3. Ñíà÷àëà ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ êëàññè÷åñêîãî ðåøåíèÿ óðàâ-

íåíèÿ

L��;�(u) � @2u

@t2
+

2�

t

@u

@t
�

3X

k=1

�
@2u

@x2
k

+
2�k
xk

@u

@xk

�
+ �2u = 0; (x; t) 2 
; (10)
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óäîâëåòâîðÿþùåãî ïîëóîäíîðîäíûì íà÷àëüíûì óñëîâèÿì

u1(x; 0) = f(x); ut(x; 0) = 0; x 2 R
3
+: (11)

Ïðåäïîëîæèì, ÷òî ðåøåíèå ýòîé çàäà÷è ñóùåñòâóåò. Ýòî ðåøåíèå èùåì â âèäå

u1(x; t) = J
(t)
� (�1=2; �)U(x; t); (12)

ãäå U(x; t) � íåèçâåñòíàÿ, äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, âåðõíèé

èíäåêñ t â îïåðàòîðå îçíà÷àåò ïåðåìåííóþ, ïî êîòîðîé äåéñòâóåò ýòîò îïåðàòîð.

Ïîäñòàâèì (12) â óðàâíåíèå (10
) è íà÷àëüíûå óñëîâèÿ (11), à çàòåì, èñïîëüçóÿ ëåììó 1,

ïîëó÷èì çàäà÷ó íàõîæäåíèÿ ðåøåíèÿ U(x; t) óðàâíåíèÿ

@2U

@t2
�

3X

k=1

�
@2U

@x2
k

+
2�k
xk

@U

@xk

�
= 0; (13)

óäîâëåòâîðÿþùåãî íà÷àëüíûì óñëîâèÿì

U(x; 0) = k0f(x); x 2 R
3
+; Ut(x; 0) = 0; x 2 R

3
+; (14)

ãäå k0 = �[� + (1=2)]=
p
�.

Ðåøåíèå çàäà÷è (13), (14) èìååò âèä [23]

U(x; t) =
k0t

4�

�
1

t

@

@t

�2

U0(x; t); (15)

ãäå

U0(x; t) =

ZZZ

j��xj<t

f(�)R(�;x; t;�) d�; (16)

R(�;x; t;�) =
3Y

k=1

�
�k
xk

��k

F
(3)
B (�1; �2; a3; 1 � �1; 1 � �2; 1 � a3; 1;!1; !2; !3); (17)

F
(3)
B (�1; �2; a3; 1 ��1; 1 ��2; 1 � a3; 1;!1; !2; !3) � ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ëàóðè-

÷åëëû òðåõ ïåðåìåííûõ [26] !k = [t2 �r2]=(4�kxk), r
2 = j��xj2 =

P3
k=1 (�k � xk)

2
, ïðè÷åì

0 6 !k < (1=2), k = 1; 2; 3.
Ïåðåõîäÿ â ðàâåíñòâå (16) ê ñôåðè÷åñêèì êîîðäèíàòàì � = x+ �z; ãäå �k = xk + �zk,

k = 1; 2; 3, z1 = sin � cos’, z2 = sin � sin’, z3 = cos �, 0 6 � 6 �, 0 6 ’ 6 2�, 0 < � < t,
ìîæíî ïîêàçàòü, ÷òî

U0(x; 0) = 0; lim
t!0

�
1

t

@

@t

�
U0(x; t) = 0: (18)

Äåéñòâèòåëüíî, â ñôåðè÷åñêèõ êîîðäèíàòàõ ðàâåíñòâî (16) ïðèìåò âèä

U0(x; t) =

tZ

0

�2F (x; t; �) d� = t3
1Z

0

�2F (x; t;�t) d�; (19)

ãäå

F (x; t; �) =

2�Z

0

�Z

0

f(x+ �z)R(x+ �z;x; t;�) sin � d� d’;

ôóíêöèÿ R(�;x; t;�) îïðåäåëÿåòñÿ ðàâåíñòâîì (17), â êîòîðîì � = x+ �z.
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Ó÷èòûâàÿ, ÷òî ïðè t ! 0, òàêæå � ! 0 è R(x;x; 0;�) = 1, F (x; 0; 0) = 4�f(x), èç (19)
èìååì U0(x; 0) = 0: Àíàëîãè÷íî, ó÷èòûâàÿ

�
1

t

@

@t

�
F (x; t; �t)

����
t=0

= 4�f(x)
3X

k=1

�k(1 � �k)

2x2
k

;

�
1

t

@

@t

�
U0(x; t) = 3t

1Z

0

�2F (x; t; �t) d� + t2
1Z

0

�2

�
1

t

@

@t

�
F (x; t; �t) d�;

ïðè t ! 0 èìååì limt!0(@=(t@t))U0(x; t) = 0.
Ïîäñòàâèâ (15) â (12), ïîëó÷èì

u1(x; t) =
k0t

1�2�

2� �(�)

tZ

0

�J��1

�
�

p
t2 � s2

�

(t2 � s2)1��

"�
1

s

@

@s

�2

U0(x; s)

#
s ds: (20)

Â ñèëó (18) ôóíêöèÿ U0(x; t) óäîâëåòâîðÿåò óñëîâèÿì ñëåäñòâèÿ 1. Òîãäà, ïðèìåíÿÿ ôîð-

ìóëó (10) ê ðàâåíñòâó (20), ïîëó÷àåì

u1(x; t) =
k0t

1�2�

2��(�)

�
1

t

@

@t

�2
tZ

0

�J��1

�
�

p
t2 � s2

�

(t2 � s2)1�� U0(x; s)s ds: (21)

Ïîäñòàâëÿÿ çíà÷åíèå ôóíêöèè U0(x; s) èç (16) â ðàâåíñòâî (21) è ìåíÿÿ ïîðÿäîê èíòå-

ãðèðîâàíèÿ, èìååì

u1(x; t)=
k0t

1�2�

2��(�)

3Y

k=1

�
x��k
k

��1

t

@

@t

�2
x1+tZ

x1�t

��1
1 d�1

x1+r1Z

x1�r1

��2
2 d�2

x1+r2Z

x1�r2

��3
3 f(�)q(x; t; �) d�3;

(22)
ãäå

r1 =
p
t2 � (�1 � x1)2; r2 =

p
t2 � (�1 � x1)2 � (�2 � x2)2;

q(x; t; �) =

tZ

r

�J��1

�
�

p
t2 � s2

�

(t2 � s2)1�� F
(3)
B (�1; �2; a3; 1 � �1; 1 � �2; 1 � a3; 1;!1; !2; !3)s ds; (23)

r = j� � xj ; !k =
s2 � r2

4�kxk
; k = 1; 2; 3:

Äëÿ âû÷èñëåíèÿ èíòåãðàëà (23) âûïîëíèì çàìåíó ïåðåìåííûõ ïî ôîðìóëå z =
(s2 � r2)=(t2 � r2). Çàòåì, ïðèíèìàÿ âî âíèìàíèå ðàçëîæåíèå ôóíêöèè Áåññåëÿ � Êëèô-

ôîðäà â ðÿä (7) è ó÷èòûâàÿ ðàâíîìåðíóþ ñõîäèìîñòü äàííîãî ðÿäà ïðè ëþáûõ çíà÷åíèÿõ

àðãóìåíòà, ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ è ñóììèðîâàíèÿ:

q(x; t; �) =
1

2

�
t2 � r2

�� 1X

k=0

�k4
(�)kk!

�
1Z

0

(1 � z)�+k�1F
(3)
B (�1; �2; a3; 1 � �1; 1 � �2; 1 � a3; 1;�1z; �2z; �3z) dz; (24)

ãäå �k = [t2 � r2]=(4�kxk), 0 6 �k < (1=2), k = 1; 2; 3, �4 = (��2=4)[t2 � r2]:
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Ëåììà 2. Ïóñòü c > d > 0, jxkj < 1, k = 1; : : : ; n. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

1Z

0

zd�1(1 � z)c�d�1F
(n)
B (a1; : : : ; an; b1; : : : ; bn; d;x1z; : : : ; xnz) dz

=
�(d)�(c � d)

�(c)
F

(n)
B (a1; : : : ; an; b1; : : : ; bn; c;x1; : : : ; xn);

ãäå F
(n)
B (a1; : : : ; an; b1; : : : ; bn; c;x1; : : : ; xn) � ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ëàóðè÷åë-

ëû n ïåðåìåííûõ [26].

Ýòó ëåììó ìîæíî äîêàçàòü, ïîëüçóÿñü ðàçëîæåíèåì ãèïåðãåîìåòðè÷åñêîé ôóíêöèè

Ëàóðè÷åëëû n ïåðåìåííûõ â ðÿä è îïðåäåëåíèåì ãàììà- è áåòà-ôóíêöèé Ýéëåðà.

Ïðèìåíÿÿ ê (24) ëåììó 2 ïðè n = 3, ïîëó÷àåì

q(x; t; �) =
1

2�

�
t2 � r2

�� 1X

k=0

�k4
(� + 1)kk!

� F
(3)
B (�1; �2; a3; 1 � �1; 1 � �2; 1 � a3;� + k + 1;�1; �2; �3): (25)

Ïðè n > 1 ââåäåì îáîçíà÷åíèå

�
(n)
2 (a1; : : : ; an�1; b1; : : : ; bn�1; c; z1; z2; : : : ; zn)

=

1X

kn=0

zkn
n

(c)knkn!
F

(n�1)
B (a1; : : : ; an�1; b1; : : : ; bn�1; c+ kn; z1; : : : ; zn�1)

=

1X

k1; k2; :::; kn=0

(a1)k1 : : : (an�1)kn�1(b1)k1 : : : (bn�1)kn�1

(c)k1+k2+:::+knk1!k2! : : : kn!
zk1

1 zk2
2 : : : zkn

n : (26)

Ðàññìàòðèâàåìûé ãèïåðãåîìåòðè÷åñêèé ðÿä ñõîäèòñÿ ïðè jzkj < 1, k = 1; : : : ; n� 1,
jznj < 1, c 6= 0;�1;�2; : : : ; è ïðè n = 2 îí ñîâïàäàåò ñ ôóíêöèåé Ãîðíà [26]

�2(a1; b1; c; z1; z2) = �
(2)
2 (a1; b1; c; z1; z2), à ïðè n = 3 � c âûðîæäåííîé ãè-

ïåðãåîìåòðè÷åñêîé ôóíêöèåé òðåõ ïåðåìåííûõ [27] 3�
(5)
B (a1; a2; b1; b2; c; z1; z2; z3) =

�
(3)
2 (a1; a2; b1; b2; c; z1; z2; z3):

Ó÷èòûâàÿ ââåäåííîå îáîçíà÷åíèå è ïîëàãàÿ �
(4)
2 (�1; �2; �3; 1 � �1; 1 � �2; 1 � �3; 1 +

�;�1; �2; �3; �4) = �
(4)
2 (�; 1��; 1+�;�); ãäå � = (�1; �2; �3); 1�� = (1��1; 1��2; 1��3);

� = (�1; �2; �3; �4) èç (23), ïîëó÷àåì

q(x; t; �) =
1

2�

�
t2 � r2

��
�

(4)
2 (�; 1 � �; 1 + �;�): (27)

Ïîäñòàâëÿÿ (27) â (22), èìååì

u1(x; t) =
k0t

1�2�x��

4���(�)

�
1

t

@

@t

�2 ZZZ

j��xj<t

��f(�)
�
t2 � r2

��
�

(4)
2 (�; 1 � �; 1 + �;�) d�; (28)

ãäå x�� = x��1
1 x��2

2 x��3
3 , �� = ��1

1 ��2
2 ��3

3 , �k = [t2 � j� � xj2]=(4�k; xk), �4 = �(�2=4)[t2 �
j� � xj2], ïðè÷åì 0 6 �k < (1=2), k = 1; 2; 3.
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Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 3. Åñëè ôóíêöèè zk, k = 1; : : : ; n, íå çàâèñÿò îò x è jzkxj < 1, k = 1; : : : ; n� 1,
c 6= 1; 0;�1;�2; : : : ; òî èìååò ìåñòî ðàâåíñòâî

@

@x

�
xc�1 �

(n)
2 (a1; : : : ; an�1; b1; : : : ; bn�1; c; z1x; z2x; : : : ; znx)

�

= (c� 1)xc�2 �
(n)
2 (a1; : : : ; an�1; b1; : : : ; bn�1; c� 1; z1x; z2x; : : : ; znx):

C Ëåììà 3 ëåãêî äîêàçûâàåòñÿ ñ ïðèìåíåíèåì ñëåäóþùèõ ôîðìóë:

�
(n)
2 (a1; : : : ; an�1; b1; : : : ; bn�1; c; z1; z2; : : : ; zn)

=
1X

k1; k2; :::; kn�1=0

(a1)k1 : : : (an�1)kn�1(b1)k1 : : : (bn�1)kn�1

(c)k1+k2+:::+kn�1k1!k2! : : : kn�1!

� zk1
1 zk2

2 : : : z
kn�1

n�1
�Ic+k1+k2+:::+kn�1�1(2

p
zn );

d

dx

�
xc+p�1 �Ic+p�1(2

p
znx )

�
= (c+ p� 1)xc+p�2 �Ic+p�2(2

p
znx );

c+ p� 1

(c)p
=

c� 1

(c� 1)p
;

ãäå p = k1 + k2 + : : : + kn�1,
�I�(z) = �(� + 1)(z=2)��I�(z), I�(z) � ìîäèôèöèðîâàííàÿ

ôóíêöèÿ Áåññëåÿ. B

Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì â ðàâåíñòâå (28) è âû÷èñëèâ ïðîèçâîäíóþ

ñ ó÷åòîì ëåììû 3, ïîëó÷àåì îêîí÷àòåëüíûé âèä ðåøåíèÿ u1(x; t):

u1(x; t) = 1t
1�2�

�
1

t

@

@t

�ZZZ

j��xj<t

f(�)R�(�; x; t;�; �) d�; (29)

ãäå

1 = 22�2� �(2�)

4��2(�)
; R�(�; x; t;�; �) =

�
�

x

�� �
t2 � r2

���1
�

(4)
2 (�; 1 � �;�;�):

Òåïåðü ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ êëàññè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (10
), óäî-

âëåòâîðÿþùåãî ïîëóîäíîðîäíûì íà÷àëüíûì óñëîâèÿì

u(x; 0) = 0; lim
t!+0

t2�ut(x; t) = g(x); x 2 R
3
+: (30)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì íåòðóäíî óáåäèòüñÿ, ÷òî åñëè u1 = u1(x; t; 1 � �)
åñòü ðåøåíèå óðàâíåíèÿ L��;1��(u1) = 0, óäîâëåòâîðÿþùåå óñëîâèÿì (11), òî ôóíêöèÿ

u2(x; t) = t1�2�u1(x; t; 1��) ïðè 0 < � < (1=2) áóäåò ðåøåíèåì óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùèì íà÷àëüíûì óñëîâèÿì u2(x; 0) = 0, limt!+0 t
2�u2t(x; t) = (1 � 2�)f(x), x 2 R3

+.

Ó÷èòûâàÿ ýòî ñâîéñòâî è çàìåíÿÿ (1 � 2�)f(x) íà g(x); èç ðàâåíñòâà (29) ïîëó÷àåì

u2(x; t) = 2

�
1

t

@

@t

�ZZZ

j��xj<t

g(�)R�(�; x; t;�; 1 � �) d�; (31)

ãäå 2 = 22��(2 � 2�)=[4��2(1 � �)]:
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Òàêèì îáðàçîì, â ñèëó ôîðìóë (28), (31) è ïðèíöèïà ëèíåéíîé ñóïåðïîçèöèè ðåøåíèå

çàäà÷è (1), (2) ïðè n = 3 èìååò âèä

u(x; t) = 1t
1�2�

�
1

t

@

@t

�ZZZ

j��xj<t

f(�)R�(�; x; t;�; �) d�

+ 2

�
1

t

@

@t

�ZZZ

j��xj<t

g(�)R�(�; x; t;�; 1 � �) d�: (32)

Óñòàíîâëåííàÿ ôîðìóëà (32) ïîçâîëÿåò óêàçàòü òî÷íóþ ñòåïåíü ãëàäêîñòè íà÷àëüíûõ

ôóíêöèé, ïðè ýòîì ñïðàâåäëèâà

Òåîðåìà 2. Ïóñòü f(x); g(x) 2 C3(R3
+): Òîãäà ôîðìóëà (32) îïðåäåëÿåò êëàññè÷åñêîå

ðåøåíèå çàäà÷è (1), (2) ïðè n = 3.
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Abstract. The modi�ed Cauchy problem is investigated for a four-dimensional second order equation

of hyperbolic type with spectral parameter and with the Bessel operator. The equation contains a singular

di�erential Bessel operator on all variables. To solve the formulated problem, a generalized Erd�elyi�Kober

fractional order operator is applied. To solve the problem, a generalized Erd�elyi�Kober fractional order operator

is applied. A formula is obtained for calculating the high order derivatives of the generalized operator Erd�elyi�

Kober, that is then used in the study of the problem. We also consider the con�uent hypergeometric function

of four variables, which generalizes the Humbert function; some properties of this function are proved. Taking

into account the proven properties of the Erd�elyi�Kober operator and the con�uent hypergeometric function,

the solution of the modi�ed Cauchy problem is presented in a compact integral form that generalizes the

Kirchho� formula. The obtained formula allows us to see directly the nature of the dependence of the solution

on the initial functions and, in particular, to establish the smoothness conditions for the classical solution.

The paper also contains a brief historical introduction to di�erential equations with Bessel operators.

Key words: Cauchy problem, Bessel di�erential operator, generalized Erd�elyi�Kober operator of frac-

tional order.
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Àííîòàöèÿ. (n + 1)-ìåðíàÿ ãåîìåòðèÿ ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè çàäàåòñÿ íåêîòîðîé

íåâûðîæäåííîé è äèôôåðåíöèðóåìîé ôóíêöèåé ïàðû òî÷åê f íà ìíîãîîáðàçèè M , ÿâëÿþùèìñÿ

èíâàðèàíòîì ãðóïïû äâèæåíèé ðàçìåðíîñòè (n + 1)(n + 2)=2. Ïîëíîé êëàññèôèêàöèè òàêèõ ãåî-

ìåòðèé ðàçìåðíîñòè n + 1 ïîêà íåò, íî õîðîøî èçâåñòíû îòäåëüíûå ïðèìåðû: ãîåìåòðèÿ åâêëèäà,

ñèìïëåêòè÷åñêàÿ ãåîìåòðèÿ, ãåîìåòðèè ïîñòîÿííîé êðèâèçíû. Â ïîñëåäíåå âðåìÿ ìåòîäîì âëîæå-

íèÿ áûëè íàéäåíû íåêîòîðûå ðàíåå íåèçâåñòâûå ãåîìåòðèè ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè.

Ìåòîä âëîæåíèÿ äàåò âîçìîæíîñòü íàõîæäåíèÿ ôóíêöèé f , çàäàþùèõ (n + 1)-ìåðíûå ãåîìåòðèè
ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè, ïî ôóíêöèÿì � èçâåñòíûõ n-ìåðíûõ ãåîìåòðèåé ëîêàëüíîé
ìàêñèìàëüíîé ïîäâèæíîñòè. Ýòà çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ôóíêöèîíàëüíûõ óðàâíåíèé ñïåöèàëü-

íîãî âèäà, ÿâëÿþùèõñÿ ñëåäñòâèåì èíâàðèàíòíîñòè ôóíêöèè ïàðû òî÷åê f îòíîñèòåëüíî ãðóïïû

äâèæåíèé. Òàêèå óðàâíåíèÿ ðåøàþòñÿ â äàííîé ðàáîòå. Äèôôåðåíöèðîâàíèåì îíè ñâîäÿòñÿ ñíà÷àëà

ê ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûì óðàâíåíèÿì, îò êîòîðûõ ðàçäåëåíèåì ïåðåìåííûõ ïåðåõîäèì

ê äèôôåðåíöèàëüíûì óðàâíåíèÿì. Çàòåì ðåøåíèÿ ïîñëåäíèõ óðàâíåíèé ïîäñòàâëÿåì â èñõîäíûå

ôóíêöèîíàëüíûå óðàâíåíèÿ, ïîñëå ÷åãî ïîëó÷àåì îêîí÷àòåëüíûé ðåçóëüòàò.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíîå óðàâíåíèå, ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå,

äèôôåðåíöèàëüíîå óðàâíåíèå.

Mathematical Subject Classi�cation (2000): 39b62.

Ââåäåíèå

Íà ïðèìåðå õîðîøî èçâåñòíîãî ôóíêöèîíàëüíîãî óðàâíåíèÿ Êîøè ïðîèëëþñòðèðóåì

ìåòîä ðåøåíèÿ:

g(u+ v) = g(u) + g(v);

ãäå g � ôóíêöèÿ êëàññà C1
, u è v � íåçàâèñèìûå ïåðåìåííûå. Ýòî óðàâíåíèå ñíà÷àëà

äèôôåðåíöèðóåì ïî ïåðåìåííûì u è v: g0(u+v) = g0(u), g0(u+v) = g0(v). Äàëåå âû÷èòàåì
èç ïåðâîãî óðàâíåíèÿ âòîðîå è ðàçäåëÿåì ïåðåìåííûå: g0(u) = g0(v) = a = const: Çàòåì
èíòåãðèðóåì è ðåçóëüòàò ïîäñòàâëÿåì â èñõîäíîå óðàâíåíèå, ïîñëå ÷åãî çàïèñûâàåì îò-

âåò: g(u) = au: Òàêèì ñïîñîáîì â äàííîé ðàáîòå ðåøàþòñÿ ôóíêöèîíàëüíûå óðàâíåíèÿ,

ïîÿâëÿþùèåñÿ ïðè êëàññèôèêàöèè ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ìå-

òîäîì âëîæåíèÿ [1�3].

Ïîä (n + 1)-ìåðíîé ãåîìåòðèåé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ïîíèìàåòñÿ

ãåîìåòðèÿ ìíîãîîáðàçèÿ M , çàäàâàåìàÿ íåêîòîðîé íåâûðîæäåííîé è äîñòàòî÷íî äèô-

ôåðåíöèðóåìîé ôóíêöèåé f : M � M ! R (íå îáÿçàòåëüíî ìåòðèêîé), ÿâëÿþùàÿñÿ

c 2018 Êûðîâ Â. À.
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èíâàðèàíòîì ãðóïïû äâèæåíèé ðàçìåðíîñòè (n+ 1)(n+ 2)=2. Ñóòü ìåòîäà âëîæåíèÿ ñî-
ñòîèò â ïîèñêå ôóíêöèé f , çàäàþùèõ (n+1)-ìåðíûå ãåîìåòðèè ëîêàëüíîé ìàêñèìàëüíîé
ïîäâèæíîñòè, ïî ôóíêöèÿì � ðàíåå èçâåñòíûõ n-ìåðíûõ ãåîìåòðèåé ëîêàëüíîé ìàêñè-

ìàëüíîé ïîäâèæíîñòè, ïðè÷åì ôóíêöèÿ f èùåòñÿ â âèäå

f(x; y) =  
�
�(x; y); xn+1; yn+1

�
; (0:1)

ãäå �(x; y) = �(x1; : : : ; xn; y1; : : : ; yn), à (x1; : : : ; xn; xn+1) è (y1; : : : ; yn; yn+1) � êîîðäèíàòû

òî÷åê x è y ñîîòâåòñòâåííî. Çàïèñûâàÿ óñëîâèå ëîêàëüíîé èíâàðèàíòíîñòè ôóíêöèè f
îòíîñèòåëüíî ãðóïïû äâèæåíèé [4], ïîëó÷àåì ôóíêöèîíàëüíîå óðàâíåíèå

nX

k=1

�
Xk(x)

@�

@xk
+Xk(y)

@�

@yk

�
@ 

@�
+Xn+1(x)

@ 

@xn+1
+Xn+1(y)

@ 

@yn+1
= 0: (0:2)

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ íàèáîëåå âàæíûå ÷àñòíûå ñëó÷àè, êîãäà ïîñëåäíèå

àðãóìåíòû â ôóíêöèè (0.1) ïðåäñòàâëÿþòñÿ â âèäå êîìáèíàöèé w = xn+1 � yn+1
è

z = xn+1 + yn+1
. Òîãäà óðàâíåíèå (0.2) ñâîäèòñÿ ê (1.8) è (1.9), îò êîòîðûõ ïðèõîäèì

ê (1.10) è (1.11). Ðåçóëüòàòû, ïîëó÷àåìûå â ýòîé ñòàòüå, áóäóò èñïîëüçîâàòüñÿ ïðè íà-

õîæäåíèè ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ìåòîäîì âëîæåíèÿ.

Âûøå ñôîðìóëèðîâàííàÿ çàäà÷à ðåøàëàñü â ðàáîòàõ [1�3]:

�(x; y) =

nX

k=1

"k
�
xk � yk

�2
; "k = �1;

�(x; y) = x1y2 � x2y1
(ñì. â [2]);

�(x; y) =
�
(x1 � y1)2 + (x2 � y2)2

�
e

2  arctg
x2�y2
x1�y1 ;

�(x; y) =
�
(x1 � y1)2 � (x2 � y2)2

�
e

2 �Ar(c) th
x2�y2
x1�y1 ;

�(x; y) = (x1 � y1)2 e
2

x2�y2
x1�y1

(ñì. â [3]):

Óðàâíåíèÿ (1.10) è (1.11) òàêæå ðåøàëèñü â ðàáîòå [5], â êîòîðîé

�(x; y) =

nX

k=1

"kx
kyk; "k = �1:

Çàìåòèì, ÷òî çàäà÷ó âëîæåíèÿ ìîæíî òàêæå ðåøàòü è àíàëèòè÷åñêè, ò. å. èñêàòü

ðåøåíèå óðàâíåíèÿ (0.2) â âèäå ðÿäîâ Òåéëîðà [6, 7].

1. Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

Ðàññìîòðèì äèôôåðåíöèðóåìóþ êëàññà C4
ôóíêöèþ f : Sf ! R, ãäå Sf � Rn+1 �

Rn+1
� îòêðûòàÿ è ïëîòíàÿ îáëàñòü îïðåäåëåíèÿ. Ïóñòü U0 � Rn+1

� íåêîòîðàÿ êî-

îðäèíàòíàÿ îêðåñòíîñòü, x; y 2 U0, ïðè÷åì hx; yi 2 Sf . Ðàññìîòðèì îêðåñòíîñòè òî-

÷åê x è y: U(x) � U0 è U(y) � U0, ïðè÷åì hx0; y0i 2 Sf äëÿ ëþáûõ x0
, y0

, x0 2 U(x),
y0 2 U(y). Îáîçíà÷èì ÷åðåç U(hx; yi) � Rn+1 � Rn+1

íåêîòîðóþ îêðåñòíîñòü ïàðû hx; yi:
U(hx; yi) � U(x) � U(y), â êîòîðîé ôóíêöèÿ f èìååò îäèí èç ñëåäóþùèõ âèäîâ:

f(x; y) = � (�(x; y); w) ; (1:1)

f(x; y) = { (�(x; y); z) ; (1:2)
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ãäå �, �, { � ôóíêöèè êëàññà C4
â ýòîé îêðåñòíîñòè, �(x; y) = �(x1; : : : ; xn; y1; : : : ; yn),

(x1; : : : ; xn; xn+1), (y1; : : : ; yn; yn+1) � êîîðäèíàòû òî÷åê x è y ñîîòâåòñòâåííî,

w = xn+1 � yn+1
, z = xn+1 + yn+1

. Äîïîëíèòåëüíî ïîòðåáóåì, ÷òîáû â ïðîèçâîëüíîé

ñèñòåìå êîîðäèíàò â U0 è â ëþáîé òî÷êå èç U(hx; yi) âûïîëíÿëèñü íåðàâåíñòâà [5]:

@�

@xi
6= 0;

@�

@yi
6= 0; (1:3)

@�

@�
6= 0;

@�

@w
6= 0; (1:4)

@{

@�
6= 0;

@{

@z
6= 0: (1:5)

Ýòè òðåáîâàíèÿ ÿâëÿþòñÿ íåîáõîäèìûìè ïðè îïðåäåëåíèè ãåîìåòðèè ëîêàëüíîé ìàêñè-

ìàëüíîé ïîäâèæíîñòè. Åñëè îíè íå âûïîëíÿþòñÿ, òî çàäà÷à âëîæåíèÿ äëÿ ãåîìåòðèè

ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè, î êîòîðîé êðàòêî ãîâîðèëîñü âî ââåäåíèè, íå

èìååò ðåøåíèÿ.

Òàêæå áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ f � äâóõòî÷å÷íûé èíâàðèàíò äåéñòâèÿ

íåêîòîðîé ãðóïïû Ëè â ïðîñòðàíñòâå Rn+1
[6]. Ìíîæåñòâî òàêèõ äåéñòâèé çàäàåò ãðóïïó

Ëè ïðåîáðàçîâàíèé ïðîñòðàíñòâà Rn+1
. Ïðîèçâîëüíûé îïåðàòîð àëãåáðû Ëè ýòîé ãðóï-

ïû ïðåîáðàçîâàíèé â îêðåñòíîñòè U(x) èìååò âèä [8]

X = X1@x1 + � � � +Xn@xn +Xn+1@xn+1 ; (1:6)

ãäå Xs = Xs(x
1; : : : ; xn; xn+1) � ôóíêöèè êëàññà C3

â îêðåñòíîñòè U(x) � U0 � Rn+1
,

s = 1; : : : ; n+ 1. ×åðåç îïåðàòîðû çàïèñûâàåòñÿ êðèòåðèé ëîêàëüíîé èíâàðèàíòíîñòè [4]:

X(x)f(x; y) +X(y)f(x; y) = 0: (1:7)

Ðàâåíñòâî (1.7) ðàñïèñûâàåì äëÿ ôóíêöèé (1.1) è (1.2), ïîñëå ïðîñòûõ ïðåîáðàçîâà-

íèé ïîëó÷àåì

[X] = (Xn+1(x) �Xn+1(y))’(�;w); (1:8)

[X] = (Xn+1(x) +Xn+1(y))�(�; z); (1:9)

ãäå ââåäåíî ñîêðàùàþùåå îáîçíà÷åíèå:

[X] =
nX

k=1

�
Xk(x)

@�

@xk
+Xk(y)

@�

@yk

�
;

ïðè÷åì ’(�;w) = � @�
@w=

@�
@# è �(�; z) = �@{

@z =
@{
@� � ôóíêöèè êëàññà C3

â U(hx; yi), à òàêæå
’ 6= 0, � 6= 0, ïîñêîëüêó èíîå ïðîòèâîðå÷èò íåðàâåíñòâàì (1.4) è (1.5). Óðàâíåíèÿ (1.8)

è (1.9) ÿâëÿþòñÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûìè îòíîñèòåëüíî íåèçâåñòíûõ êîì-

ïîíåíò îïåðàòîðà (1.6), à òàêæå ôóíêöèé � è {, è âûïîëíÿþòñÿ òîæäåñòâåííî ïî êîîð-

äèíàòàì òî÷åê x è y â îêðåñòíîñòè U(hx; yi).
Äèôôåðåíöèðóÿ óðàâíåíèÿ (1.8) è (1.9) ïî ïåðåìåííûì xn+1

è yn+1
, à òàêæå ââîäÿ ñî-

êðàùàþùåå îáîçíà÷åíèå Y = Xn+1, ïîëó÷àåì íîâûå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå

óðàâíåíèÿ â îêðåñòíîñòè U(hx; yi):
�
(Y (x))0

xn+1 + (Y (y))0
yn+1

�
’0
w + (Y (x) � Y (y))’00

ww = 0; (1:10)

�
(Y (x))0

xn+1 + (Y (y))0
yn+1

�
�0
z + (Y (x) + Y (y))�00

zz = 0: (1:11)
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Îñíîâíûì ñîäåðæàíèåì äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùèõ òåîðåì.

Òåîðåìà 1. Â îêðåñòíîñòè U(hx; yi) ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíå-

íèå (1:10), ãäå w = xn+1 � yn+1
, Y 6= const, ’0

w 6= 0, èìååò ðåøåíèÿ

Y = C
�
x1; : : : ; xn

�
; ’ = a(�)w + b(�); (1:12)

Y = rxn+1 + c; ’ = a(�)
1

w
+ b(�); (1:13)

Y = r
�
xn+1

�2
+ c; ’ = a(�)

1

w
+ b(�); (1:14)

Y = r cos
�
!xn+1 + �

�
+ c; ’ = a(�) ctg

!w

2
+ b(�); (1:15)

Y = re!x
n+1

+ c; ’ = a(�)
e!w

e!w � 1
+ b(�); (1:16)

Y = r ch
�
!xn+1 + �

�
+ c; ’ = a(�) cth

!w

2
+ b(�); (1:17)

Y = r sh
�
!xn+1 + �

�
+ c; ’ = a(�) th

!w

2
+ b(�); (1:18)

ãäå r; c; � = const, C(x1; : : : ; xn) 6= const, a(�), b(�) � ôóíêöèè êëàññà C3
, a(�) 6= 0.

Òåîðåìà 2. Â îêðåñòíîñòè U(hx; yi) ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíå-

íèå (1:11), ãäå z = xn+1 + yn+1
, Y 6= 0, �0

z 6= 0, èìååò ðåøåíèÿ:

Y = C
�
x1; : : : ; xn

�
; �(�; z) = a(�)z + b(�); (1:19)

Y = rxn+1 + c; � = a(�)
1

rz + 2c
+ b(�); (1:20)

Y = r cos
�
!xn+1 + �

�
; � = a(�) tg

!z + 2�

2
+ b(�); (1:21)

Y = re!x
n+1

; � = a(�)e�!z + b(�); (1:22)

Y = r ch
�
!xn+1 + �

�
; � = a(�) th

!z + 2�

2
+ b(�); (1:23)

Y = r sh
�
!xn+1 + �

�
; � = a(�) cth

!z + 2�

2
+ b(�); (1:24)

ãäå r; c; � = const, C(x1; : : : ; xn) 6= const, a(�), b(�) � ôóíêöèè êëàññà C3
, a(�) 6= 0.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 1. Â îêðåñòíîñòè U(hx; yi) ôóíêöèîíàëüíîå óðàâíåíèå

C(x) � C(y) = �(�(x; y); w); (2:1)

ãäå C(x) = C(x1; : : : ; xn) � ôóíêöèÿ êëàññà C3
, � � ôóíêöèÿ êëàññà C1

, èìååò ðåøåíèå

C(x) = c = const: (2:2)

C Ïðîäèôôåðåíöèðóåì óðàâíåíèå (2.1) ïî êîîðäèíàòå xn+1
, ïîëó÷èì �0

w = 0. Çíà÷èò,
�(�(x; y); w) = �(�(x; y)). Òîãäà óðàâíåíèå (2.1) ïðèìåò âèä

C(x) � C(y) = �(�(x; y)): (2:3)
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Äàëåå âûäåëÿþòñÿ äâà ñëó÷àÿ: �0
� = 0 è �0

� 6= 0.
1. Åñëè â (2.3) �0

� = 0, òî C(x) � C(y) = const. Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì (2.2).

2. Åñëè æå â (2.3) �0
� 6= 0 â U(hx; yi), òî äëÿ íåêîòîðîé êîîðäèíàòû xi

@C(x)

@xi
= �0

�

@�(x; y)

@xi
6= 0; i = 1; : : : ; n:

Äàëåå îò êîîðäèíàò xi ïåðåõîäèì ê íîâûì êîîðäèíàòàì x0i
ïî ôîðìóëàì x01 =

x01; : : : ; x0i�1 = x0i�1
, x0i = C(x1; : : : ; xn), x0i+1 = x0i+1; : : : ; x0n = x0n

. Íåñëîæíî äîêà-

çàòü, ÷òî ÿêîáèàí â äàííîé çàìåíå êîîðäèíàò ðàâåí

@C(x)
@xi è ïîýòîìó îòëè÷åí îò íóëÿ.

Òîãäà â íîâûõ êîîðäèíàòàõ óðàâíåíèå (2.3) ïðèìåò âèä x0i � y0i = �(�(x; y)), ñëåäîâà-
òåëüíî, ïî òåîðåìå î íåÿâíîé ôóíêöèè, â U(hx; yi) áóäåì èìåòü � = �(x0i � y0i), ãäå � �
íåêîòîðàÿ ôóíêöèÿ êëàññà C1

. Ïîýòîìó

@�
@x0j = 0, j 6= i, ÷òî ïðîòèâîðå÷èò íåðàâåíñòâó

èç (1.3). Òàêèì îáðàçîì, ñïðàâåäëèâà ôîðìóëà (2.2). B

Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 2. Â îêðåñòíîñòè U(hx; yi) ôóíêöèîíàëüíîå óðàâíåíèå

C(x) + C(y) = �(�(x; y); z);

ãäå C(x) = C(x1; : : : ; xn) � ôóíêöèÿ êëàññà C4
, � � ôóíêöèÿ êëàññà C1

, èìååò ðåøåíèå

C(x) = c = const:

3. Äîêàçàòåëüñòâî òåîðåìû 1

Â ýòîì ïàðàãðàôå ¾ïî óìîë÷àíèþ¿ âñå óðàâíåíèÿ ðåøàþòñÿ â îêðåñòíîñòè U(hx; yi).
Âíà÷àëå çàìåòèì, ÷òî Y = const òîãäà è òîëüêî òîãäà, êîãäà Y (x) � Y (y) = 0. Ïðÿìîå
óòâåðæäåíèå î÷åâèäíî. Äëÿ äîêàçàòåëüñòâà îáðàòíîãî óòâåðæäåíèÿ ïðèìåíÿåì ðàçäåëå-

íèå ïåðåìåííûõ: Y (x) = Y (y) = const. Ïî óñëîâèþ òåîðåìû Y 6= const, ñëåäîâàòåëüíî,
Y (x) � Y (y) 6= 0. Òîãäà îò óðàâíåíèÿ (1.10) ïðèõîäèì ê íîâîìó

(Y (x))0
xn+1 + (Y (y))0

yn+1

Y (x) � Y (y)
= �’00

ww

’0
w

: (3:1)

Äèôôåðåíöèðóÿ ýòî óðàâíåíèå ñíà÷àëà ïî xn+1
, à çàòåì ïî yn+1

, ïîñëå ÷åãî ïåðâûé

ðåçóëüòàò ñêëàäûâàåì ñî âòîðûì, ïîëó÷àåì ðàâåíñòâî

((Y (x))00
xn+1 + (Y (y))00

yn+1)(Y (x) � Y (y)) � ((Y (x))0
xn+1)2 + ((Y (y))0

yn+1)2 = 0: (3:2)

Ýòî ðàâåíñòâî ÿâëÿåòñÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûì óðàâíåíèåì, êîòîðîå âû-

ïîëíÿåòñÿ òîæäåñòâåííî â îêðåñòíîñòè U(hx; yi).
Âîçìîæíû äâà ñëó÷àÿ: (Y (x))0

xn+1 = 0 è (Y (x))0
xn+1 6= 0.

Â ïåðâîì ñëó÷àå èç óðàâíåíèÿ (1.10) ïîëó÷àåì ’00
ww = 0, ñëåäîâàòåëüíî, ñïðàâåäëèâî

ðåøåíèå (1.12).

Âî âòîðîì ñëó÷àå òîæäåñòâî (3.2) äèôôåðåíöèðóåì ïî ïåðåìåííûì xn+1
è yn+1

, ïîñëå

÷åãî äåëèì íà íåíóëåâîå ïðîèçâåäåíèå (Y (x))0
xn+1(Y (y))0

yn+1 6= 0 è ðàçäåëÿåì ïåðåìåííûå,

çàòåì ïîëó÷àåì äèôôåðåíöèàëüíîå óðàâíåíèå

(Y (x))000
xn+1 + �(Y (x))0

xn+1 = 0; � = const: (3:3)
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Ýòî óðàâíåíèå èìååò ñëåäóþùèå ðåøåíèÿ:

ïðè � = 0

Y = A
�
x1; : : : ; xn

��
xn+1

�2
+B

�
x1; : : : ; xn

�
xn+1 + C

�
x1; : : : ; xn

�
;

ïðè � > 0

Y = A
�
x1; : : : ; xn

�
cos!xn+1 +B

�
x1; : : : ; xn

�
sin!xn+1 + C

�
x1; : : : ; xn

�
; ! =

p
�;

ïðè � < 0

Y = A
�
x1; : : : ; xn

�
e!x

n+1
+B

�
x1; : : : ; xn

�
e�!xn+1

+ C
�
x1; : : : ; xn

�
; ! =

p��:

Çàòåì íàéäåííîå ïîäñòàâëÿåì â (3.2) è ïîëó÷àåì:

ïðè � = 0

Y = rxn+1 + C
�
x1; : : : ; xn

�
; (3:4)

Y = r
�
xn+1

�2
+ c; (3:5)

ïðè � > 0

Y = r cos
�
!xn+1 + p(x1; : : : ; xn)

�
+ c; ! =

p
�; (3:6)

ïðè � < 0

Y = A
�
x1; : : : ; xn

�
e!x

n+1
+ c; ! = �

p
��; (3:7)

Y = r ch
�
!xn+1 + p

�
x1; : : : ; xn

��
+ c; ! =

p��; (3:8)

Y = r sh
�
!xn+1 + p

�
x1; : : : ; xn

��
+ c; ! =

p��; (3:9)

ïðè÷åì r; c = const, r 6= 0.
Äàëåå ôóíêöèþ (3.4) ïîäñòàâëÿåì â óðàâíåíèå (3.1):

2r

rw + C(x1; : : : ; xn) � C(y1; : : : ; yn)
= �’00

ww

’0
w

: (3:10)

Ê óðàâíåíèþ (3.10) ïðèìåíÿåì ëåììó 1, ïîëó÷àåì C(x1; : : : ; xn) = c = const: Çíà÷èò,
óðàâíåíèå (3.10) ïðèíèìàåò áîëåå ïðîñòîé âèä:

2

w
= �’00

ww

’0
w

:

Èíòåãðèðóÿ ïîñëåäíåå, ïîëó÷àåì ’ = a(�) 1
w + b(�). Îáúåäèíÿÿ íàéäåííîå ñ (3.4), ïîëó-

÷àåì (1.13).

Ôóíêöèþ (3.5) ïîäñòàâëÿåì â óðàâíåíèå (3.1), â ðåçóëüòàòå, êàê è âûøå, ïîëó÷àåì

’ = a(�) 1
w + b(�). Îáúåäèíÿÿ íàéäåííîå ñ (3.5), ïîëó÷àåì (1.14).

Òåïåðü ôóíêöèþ (3.6) ïîäñòàâëÿåì â óðàâíåíèå (3.1) è ïðèìåíÿåì òðèãîíîìåòðè÷å-

ñêèå ôîðìóëû:

�! sin(!xn+1 + p(x)) + sin(!yn+1 + p(y))

cos(!xn+1 + p(x)) � cos(!yn+1 + p(y))

= !
sin !z+p(x)+p(y)

2 cos !w+p(x)�p(y)
2

sin !z+p(x)+p(y)
2 sin !w+p(x)�p(y)

2

= ! ctg
!w + p(x) � p(y)

2
= �’00

ww

’0
w

;
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ãäå, íàïðèìåð, p(x) = p(x1; : : : ; xn), ñëåäîâàòåëüíî,

p(x) � p(y) = �2!w � 2arcctg
’00
ww

!’0
w

:

Ïðèìåíÿÿ ê ýòîìó ðàâåíñòâó ëåììó 1, ïîëó÷àåì p(x1; : : : ; xn) = � = const. Â ðåçóëüòàòå

èìååì óðàâíåíèå

! ctg
!w

2
= �’00

ww

’0
w

;

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì ’ = a(�)ctg!w2 + b(�). Â èòîãå ïðèõîäèì ê (1.15).

(3.7) ïîäñòàâëÿåì â (3.1):

!
A(x)e!x

n+1
+A(y)e!y

n+1

A(x)e!xn+1 �A(y)e!yn+1 = !
A(x)=A(y) + e�!w

A(x)=A(y) � e�!w = �’00
ww

’0
w

;

ãäå, íàïðèìåð, A(x) = A(x1; : : : ; xn), ñëåäîâàòåëüíî

A(x)=A(y) = e�!w’
00
ww � !’0

w

’00
ww + !’0

w

:

Ëîãàðèôìèðóÿ ïîñëåäíåå âûðàæåíèå è ïðèìåíÿÿ ëåììó 1, ïîëó÷àåì A(x1; : : : ; xn) = r =
const. Òîãäà áóäåì èìåòü äèôôåðåíöèàëüíîå óðàâíåíèå

!
1 + e�!w

1 � e�!w = �’00
ww

’0
w

;

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì ’ = a(�) 1
1�e�!w + b(�). Îáúåäèíÿÿ íàéäåííîå ñ (3.1), ïî-

ëó÷àåì (1.16).

È, íàêîíåö, ôóíêöèè (3.8) è (3.9) ïîäñòàâëÿåì â óðàâíåíèå (3.1) è ïðèìåíÿåì ñâîé-

ñòâà ãèïåðáîëè÷åñêèõ ôóíêöèé, ïîòîì, êàê è âûøå, ñ òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè,

óñòàíàâëèâàåì, ÷òî p(x1; : : : ; xn) = � = const. Â èòîãå ïðèõîäèì ê óðàâíåíèÿì

! cth
!w

2
= �’00

ww

’0
w

; ! th
!w

2
= �’00

ww

’0
w

:

Èíòåãðèðóÿ ïîñëåäíèå óðàâíåíèÿ, ïîëó÷àåì ’ = a(�)(c)th!w2 + b(�). Îáúåäèíÿÿ íàéäåí-
íîå ñ (3.8) è (3.9), èìååì (1.17) è (1.18).

Òåîðåìà 1 äîêàçàíà.

4. Äîêàçàòåëüñòâî òåîðåìû 2

Ýòà òåîðåìà äîêàçûâàåòñÿ êàê è òåîðåìà 1, ïîýòîìó íåêîòîðûå ðàññóæäåíèÿ áó-

äåì îïóñêàòü. Êàê è âûøå ¾ïî óìîë÷àíèþ¿ âñå óðàâíåíèÿ ðåøàþòñÿ â U(hx; yi). Âíà-
÷àëå çàìåòèì, ÷òî Y = 0 òîãäà è òîëüêî òîãäà, êîãäà Y (x) + Y (y) = 0. Â ïðÿ-

ìóþ ñòîðîíó ýòî î÷åâèäíî. Â îáðàòíóþ ñòîðîíó ïðèìåíÿåì ðàçäåëåíèå ïåðåìåííûõ:

Y (x) = �Y (y) = const = 0. Ïî óñëîâèþ òåîðåìû Y 6= 0, ñëåäîâàòåëüíî Y (x) + Y (y) 6= 0.
Òîãäà îò óðàâíåíèÿ (1.11) ïðèõîäèì ê íîâîìó:

(Y (x))0
xn+1 + (Y (y))0

yn+1

Y (x) + Y (y)
= ��00

zz

�0
z

: (4:1)
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Äèôôåðåíöèðóåì ýòî óðàâíåíèå ñíà÷àëà ïî xn+1
, çàòåì ïî yn+1

, ïîñëå ÷åãî èç ïåðâîãî

ðàâåíñòâà âû÷èòàåì âòîðîå:

((Y (x))00
xn+1 � (Y (y))00

yn+1)(Y (x) + Y (y)) � ((Y (x))0
xn+1)2 + ((Y (y))0

yn+1)2 = 0: (4:2)

Âîçìîæíû äâà ñëó÷àÿ: (Y (x))0
xn+1 = 0 è (Y (x))0

xn+1 6= 0.
Â ïåðâîì ñëó÷àå óðàâíåíèå (1.11) èìååò ðåøåíèå (1.19).

Âî âòîðîì ñëó÷àå òîæäåñòâî (4.2) äèôôåðåíöèðóåì ïî ïåðåìåííûì xn+1
è yn+1

, ïîñëå

÷åãî äåëèì íà íåíóëåâîå ïðîèçâåäåíèå (Y (x))0
xn+1(Y (y))0

yn+1 6= 0 è ðàçäåëÿåì ïåðåìåííûå,

çàòåì ïîëó÷àåì äèôôåðåíöèàëüíîå óðàâíåíèå (3.3). Ðåøåíèÿ ýòîãî óðàâíåíèÿ, íàéäåí-

íûå â òåîðåìå 1, ïîäñòàâëÿåì â (4.2):

ïðè � = 0
Y = rxn+1 + C

�
x1; : : : ; xn

�
; (4:3)

ïðè � > 0
Y = r cos

�
!xn+1 + p(x1; : : : ; xn)

�
; ! =

p
�; (4:4)

ïðè � < 0
Y = A

�
x1; : : : ; xn

�
e!x

n+1
; ! = �p��; (4:5)

Y = r ch
�
!xn+1 + p

�
x1; : : : ; xn

��
; ! =

p
��; (4:6)

Y = r sh
�
!xn+1 + p

�
x1; : : : ; xn

��
; ! =

p��; (4:7)

ïðè÷åì r; c = const, r 6= 0.
Äàëåå, ïîñòóïàåì êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1, ò. å. ôóíêöèè (4.3)�(4.7)

ïîäñòàâëÿåì â óðàâíåíèå (4.1) è ïðèìåíÿåì ëåììó 2, à çàòåì ðåøàåì. Â èòîãå ïîëó-

÷àåì (1.20)�(1.24).

5. Çàêëþ÷åíèå

Óñëîâèÿ (1.3) äàþò ñóùåñòâåííûå îãðàíè÷åíèÿ íà âûáîð ôóíêöèè �. Òàê, íà ïëîñêî-
ñòè R2

ôóíêöèþ � ìîæíî áðàòü â âèäå:

�(x; y) = x1y1 + x2y2; �(x; y) = (x1 � y1)2 + (x2 � y2)2; �(x; y) = (x1 � y1)2 + (x2 � y2)3;

�(x; y) = x1y2 � x2y1; �(x; y) =
�
(x1 � y1)2 + (x2 � y2)2

�
e

2 arctg
x2�y2
x1�y1 ; �(x; y) =

x2 � y2

x1 � y1
;

ò. å. äëÿ ýòèõ ôóíêöèé äîêàçàííûå çäåñü ðåçóëüòàòû âåðíû. À, íàïðèìåð, äëÿ ôóíêöèé

�(x; y) = x1y1 + x2; �(x; y) = (x1 � y1)2 + (y2)2
äîêàçàííîå âûøå íåñïðàâåäëèâî.
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Abstract. The (n+1)-dimensional geometry of local maximummobility is given by some non-degenerate

and di�erentiable function f of the pair of points on the manifold M , which is à motion group invariant of

dimension (n+1)(n+2)=2. There is no complete classi�cation of such geometries of dimension n+1, but some
examples are well known: Euclidean geometry, symplectic geometry, constant curvature geometry. Recently,

some previously unknown geometries of local maximummobility has been found using the embedding method.

The embedding method enables one to �nd functions f that de�ne (n + 1)-dimensional geometries of local
maximummobility by functions � of known n-dimensional geometry of local maximum mobility. This problem

is reduced to the solution of functional equations of a special type, which are a consequence of the invariance

of the function f of the pair of points with respect to the motion group. Such equations are solved in this

paper. By di�erentiation, they are �rst reduced to functional di�erential equations, from which we pass to

di�erential equations by separating the variables. Then the solutions of the latter are substituted into the

original functional equations, after which we get the �nal result.
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Abstract. In the classical theory of approximation of functions on R
+
, the modulus of smoothness are

basically built by means of the translation operators f ! f(x + y). As the notion of translation operators
was extended to various contexts (see [2] and [3]), many generalized modulus of smoothness have been

discovered. Such generalized modulus of smoothness are often more convenient than the usual ones for the

study of the connection between the smoothness properties of a function and the best approximations

of this function in weight functional spaces (see [4] and [5]). In [1], Abilov et al. proved two useful

estimates for the Fourier transform in the space of square integrable functions on certain classes of functions

characterized by the generalized continuity modulus, using a translation operator. In this paper, we also

discuss this subject. More speci�cally, we prove some estimates (similar to those proved in [1]) in certain

classes of functions characterized by a generalized continuity modulus and connected with the generalized

Fourier transform associated with the di�erential-di�erence operator T (�;�)
in L2

�;�(R). For this purpose,
we use a generalized translation operator.

Key words: Cherednik�Opdam operator, generalized Fourier transform, generalized translation.

Mathematical Subject Classi�cation (2010): 34K99, 42A63.

1. Introduction

In [1], Abilov et al. proved two useful estimates for the Fourier transform in the space

of square integrable functions on certain classes of functions characterized by the generalized

continuity modulus, using a translation operator.

In this paper, we prove some estimates in certain classes of functions characterized by

a generalized continuity modulus and connected with the generalized Fourier transform

associated to T (�;�)
in L2

�;�(R) analogs of the statements proved in [1, 2�4]. For this purpose,
we use a generalized translation operator.

In section 2, we give some de�nitions and preliminaries concerning the generalized Fourier

transform. Some estimates are proved in section 3.

2. Preliminaries

In this section, we develop some results from harmonic analysis related to the di�erential-

di�erence operator T (�;�)
. Further details can be found in [5] and [6]. In the following we �x

parameters �, � subject to the constraints � > � > �1
2 and � > �1

2 .

c 2018 El Ouadih S., Daher R., Lafdal H. S.
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Let � = � + � + 1 and � 2 C. The Opdam hypergeometric functions G
(�;�)
� on R are

eigenfunctions T (�;�)G
(�;�)
� (x) = i�G

(�;�)
� (x) of the di�erential-di�erence operator

T (�;�)f(x) = f 0(x) +
�
(2� + 1) coth x+ (2� + 1) tanh x

�f(x) � f(�x)

2
� �f(�x)

that are normalized such that G
(�;�)
� (0) = 1. In the notation of Cherednik one would write

T (�;�)
as

T (k1 + k2)f(x) = f 0(x) +

�
2k1

1 + e�2x
+

4k2

1 � e�4x

��
f(x) � f(�x)

�
� (k1 + 2k2)f(x);

with � = k1 +k2� 1
2 and � = k2� 1

2 . Here k1 is the multiplicity of a simple positive root and k2

the (possibly vanishing) multiplicity of a multiple of this root. By [5] or [6], the eigenfunction

G
(�;�)
� is given by

G
(�;�)
� (x) = ’�;�� (x) � 1

�� i�

@

@x
’�;�� (x) = ’�;�� (x) +

�

4(� + 1)
sinh(2x)’�+1;�+1

� (x);

where ’�;�� (x) =2 F1

�
�+i�

2 ; ��i�
2 ;�+ 1; � sinh2 x

�
is the classical Jacobi function.

Lemma 2.1 [7]. The following inequalities are valid for Jacobi functions ’�;�� (x)

(i) j’�;�� (x)j 6 1;

(ii) 1 � ’�;�� (x) 6 x2(�2 + �2).

Denote L2
�;�(R), the space of measurable functions f on R such that

kfk2;�;� =

 Z

R

jf(x)j2A�;�(x) dx

!1=2

< +1;

where

A�;�(x) = (sinh jxj)2�+1(cosh jxj)2�+1:

The generalized Fourier transform of f 2 Cc(R) (the space of continuous functions on R with

compact support) is de�ned by

H f(�) =

Z

R

f(x)G
(�;�)
� (�x)A�;�(x) dx for all � 2 C:

The inverse transform is given as

H
�1g(x) =

Z

R

g(�)G
(�;�)
� (x)

�
1 � �

i�

� d�

8�jc�;�(�)j2 ;

here

c�;�(�) =
2��i��(�+ 1)�(i�)

�
�

1
2 (�+ i�)

�
�
�

1
2(�� � + 1 + i�)

� :

The corresponding Plancherel formula was established in [5], to the e�ect that

Z

R

jf(x)j2A�;�(x) dx =

+1Z

0

�
jH f(�)j2 + jH �f(�)j2

�
d�(�);
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where

�f(x) := f(�x) and d� is the measure given by

d�(�) =
d�

16�jc�;�(�)j2 :

According to [6] there exists a family of signed measures �
(�;�)
x;y such that the product

formula

G
(�;�)
� (x)G

(�;�)
� (y) =

Z

R

G
(�;�)
� (z) d�(�;�)

x;y (z);

holds for all x; y 2 R and � 2 C, where

d�(�;�)
x;y (z) =

8
>>>><
>>>>:

K�;�(x; y; z)A�;�(z) dz; xy 6= 0;

d�x(z); y = 0;

d�y(z); x = 0

and

K�;�(x; y; z) = M�;�j sinhx� sinh y � sinh zj�2�

�Z

0

g(x; y; z; �)����1
+

�
�
1 � ��x;y;z + ��x;z;y + ��z;y;x +

�

� + 1
2

coth x� coth y � coth z(sin�)2

�
(sin�)2�d�;

if x; y; z 2 Rnf0g satisfy the triangular inequality kx�yk< jzj< jxj+ jyj, and K�;�(x; y; z) = 0
otherwise. Here

��x;y;z =

(
coshx+cosh y�cosh z cos�

sinhx sinh y ; xy 6= 0;

0; xy = 0
(8x; y; z 2 R; � 2 [0; 1])

and

g(x; y; z; �) = 1 � cosh2 x� cosh2 y � cosh2 z + 2 cosh x� cosh y � cosh z � cos�:

Lemma 2.2 [6]. For all x; y 2 R, we have

(i) K�;�(x; y; z) = K�;�(y; x; z);

(ii) K�;�(x; y; z) = K�;�(�x; z; y);

(iii) K�;�(x; y; z) = K�;�(�z; y;�x).

The product formula is used to obtain explicit estimates for the generalized translation

operators

� (�;�)
x f(y) =

Z

R

f(z) d�(�;�)
x;y (z):

It is known from [6] that

H � (�;�)
x f(�) = G

(�;�)
� (x)H f(�); (1)

for f 2 Cc(R).
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For � > �1
2 , we introduce the Bessel normalized function of the �rst kind j� de�ned by

j�(x) = �(�+ 1)

1X

n=0

(�1)n
�
x
2

�2n

n!�(n+ �+ 1)
; x 2 R:

In the terms of j�(x), we have (see [8])
p
hxJ�(hx) = O(1); hx > 0; (2)

where J�(x) is Bessel function of the �rst kind, which is related to j�(x) by the formula

j�(x) =
2��(�+ 1)

x�
J�(x): (3)

Lemma 2.3 [9]. Let � > � >
�1
2 , � 6= �1

2 . Then for j�j 6 �, there exists a positive

constant c0 such that ��1 � ’�;��+i�(x)
�� > c0j1 � j�(�x)j:

For f 2 L2
�;�(R), we de�ne the �nite di�erences of �rst and higher order as follows:

�1
hf = �hf =

�
�

(�;�)
h + �

(�;�)
�h � 2I

�
f;

�k
hf = �h

�
�k�1
h f

�
=
�
�

(�;�)
h + �

(�;�)
�h � 2I

�k
f; k = 2; 3; : : : ;

where I is the unit operator in the space L2
�;�(R).

The generalized modulus of continuity of a function f 2 L2
�;�(R) is de�ned by

!(f; �)2;�;� = sup
0<h6�

�k
hf


2;�;�
; � > 0:

3. Main Result

The goal of this work is to prove some estimates for the integral

J2
N (f) =

+1Z

N

�
jH f(�)j2 + jH �f(�)j2

�
d�(�);

in certain classes of functions in L2
�;�(R).

Lemma 3.1. If f 2 Cc(R), then

H �� (�;�)
x f(�) = G

(�;�)
� (�x)H �f(�): (4)

C For f 2 Cc(R), we have

H �� (�;�)
x f(�) =

Z

R

� (�;�)
x f(�y)G

(�;�)
� (�y)A�;�(y) dy =

Z

R

� (�;�)
x f(y)G

(�;�)
� (y)A�;�(y) dy

=

Z

R

2
4
Z

R

f(z)K�;�(x; y; z)A�;�(z) dz

3
5G(�;�)

� (y)A�;�(y) dy

=

Z

R

f(z)

2
4
Z

R

G
(�;�)
� (y)K�;�(x; y; z)A�;�(y) dy

3
5A�;�(z) dz:
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Since K�;�(x; y; z) = K�;�(�x; z; y), it follows from the product formula that

H �� (�;�)
x f(�) = G

(�;�)
� (�x)

Z

R

f(z)G
(�;�)
� (z)A�;�(z) dz

= G
(�;�)
� (�x)

Z

R

f(�z)G(�;�)
� (�z)A�;�(z) dz = G

(�;�)
� (�x)H �f(�): �

Lemma 3.2. For f 2 L2
�;�(R), then

�k
hf
2

2;�;�
= 22k

+1Z

0

��’�;�� (h) � 1
��2k �jH f(�)j2 + jH �f(�)j2

�
d�(�):

C From formulas (1) and (4), we have

H
�
�k
hf
�
(�) =

�
G

(�;�)
� (h) +G

(�;�)
� (�h) � 2

�k
H (f)(�)

and

H ( ��k
hf)(�) =

�
G

(�;�)
� (�h) +G

(�;�)
� (h) � 2

�k
H ( �f)(�):

Since

G
(�;�)
� (h) = ’�;�� (h) +

�

4(�+ 1)
sinh(2h)’�+1;�+1

� (h);

and ’�;�� is even, then

H
�
�k
hf
�
(�) = 2k

�
’�;�� (h) � 1

�k
H (f)(�)

and

H
�

��k
hf
�
(�) = 2k

�
’�;�� (h) � 1

�k
H ( �f)(�): �

Now by Plancherel Theorem, we have the result.

Theorem 3.1. Given k and f 2 L2
�;�(R). Then there exist a constant c > 0 such that,

for all N > 0,
JN (f) = O

�
!
�
f; cN�1

�
2;�;�

�
:

C Firstly, we have

J2
N (f) 6

+1Z

N

jj�(�h)j d�(�) +

+1Z

N

j1 � j�(�h)j d�(�); (5)

with d�(�) = (jH f(�)j2+jH �f(�)j2)d�(�). The parameter h > 0 will be chosen in an instant.
In view of formulas (2) and (3), there exist a constant c1 > 0 such that

jj�(�h)j 6 c1(�h)��� 1
2 :

Then

+1Z

N

jj�(�h)j d�(�) 6 c1(hN)��� 1
2J2

N (f):
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Choose a constant c2 such that the number c3 = 1 � c1c
��� 1

2
2 is positive.

Setting h = c2=N in the inequality (5), we have

c3J
2
N (f) 6

+1Z

N

j1 � j�(�h)j d�(�): (6)

By H�older inequality and Lemma 2.3 the second term in (6) satis�es

+1Z

N

j1 � j�(�h)j d�(�) =

+1Z

N

j1 � j�(�h)j � 1 d�(�)

6

 +1Z

N

j1 � j�(�h)j2k d�(�)

!1=2k +1Z

N

d�(�)

!1�1=2k

6

 +1Z

N

j1 � j�(�h)j2k d�(�)

!1=2k

(JN (f))2�1=k

6
1

c0

 +1Z

N

j1 � ’�;�� (h)j2k d�(�)

!1=2k

(JN (f))2�1=k:

From Lemma 3.2, we conclude that

+1Z

N

��1 � ’�;�� (h)
��2k d�(�) 6

�k
hf
2

2;�;�
:

Therefore

+1Z

N

��1 � j�(�h)
�� d�(�) 6

1

c0

�k
hf
1=k

2;�;�
(JN (f))2�1=k:

For h = c2=N , we obtain

c3J
2
N (f) 6

1

c0
!
�
f;
c2

N

�1=k

2;�;�
(JN (f))2�1=k:

Consequently by raising both sides to the power k and simplifying by (JN (f))2k
we �nally

obtain

ck0c
k
3JN (f) 6 !

�
f;

c

N

�
2;�;�

for all N > 0. The theorem is proved with c = c2. B

Theorem 3.3. Let f 2 L2
�;�(R). Then, for all N > 0,

!
�
f;N�1

�
2;�;�

= O

0
@N�2k

 
NX

l=0

(l + 1)4k�1J2
l (f)

!1=2
1
A :
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C From Lemma 3.2, we have

�k
hf
2

2;�;�
= 22k

+1Z

0

��’�;�� (h) � 1
��2k �jH f(�)j2 + jH �f(�)j2

�
d�(�):

This integral is divided into two

+1Z

0

=

NZ

0

+

+1Z

N

= I1 + I2;

where N = [h�1]. We estimate them separately.

From (i) of Lemma 2.1, we have the estimate

I2 6 c4

+1Z

N

�
jH f(�)j2 + jH �f(�)j2

�
d�(�) = c4J

2
N (f):

Now, we estimate I1. From formula (ii) of Lemma 2.1, we have

I1 6 h4k

NZ

0

(�+ �)4k
�
jH f(�)j2 + jH �f(�)j2

�
d�(�)

= h4k
N�1X

l=0

l+1Z

l

(�+ �)4k
�
jH f(�)j2 + jH �f(�)j2

�
d�(�)

6 h4k
N�1X

l=0

(l + �+ 1)4k
�
J2
l (f) � J2

l+1(f)
�
:

From the inequality l + �+ 1 6 (�+ 1)(l + 1) we conclude

I1 6 (�+ 1)4kh4k
N�1X

l=0

al
�
J2
l (f) � J2

l+1(f)
�

with al = (l + 1)4k
.

For all integers m > 1, the Abel transformation shows

mX

l=0

al
�
J2
l (f) � J2

l+1(f)
�

= a0J
2
0 (f) +

mX

l=1

(al � al�1)J2
l (f) � amJ

2
m+1(f)

6 a0J
2
0 (f) +

mX

l=1

(al � al�1)J2
l (f);

because amJ
2
m+1(f) > 0.

Hence

I1 6 (�+ 1)4kN�4k

 
J2

0 (f) +
N�1X

l=1

�
(l + 1)4k � l4k

�
J2
l (f)

!
;
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since N 6 1=h. Moreover by the �nite increments theorem, we have (l + 1)4k � l4k 6 4k(l +
1)4k�1: Then

I1 6 (�+ 1)4kN�4k

 
J2

0 (f) + 4k
N�1X

l=1

(l + 1)4k�1J2
l (f)

!
:

Combining the estimates for I1 and I2 gives

�k
hf
2

2;�;�
= O

 
N�4k

NX

l=0

(l + 1)4k�1J2
l (f)

!
;

which implies

!(f;N�1)2;�;� = O

0
@N�2k

 
NX

l=0

(l + 1)4k�1J2
l (f)

!1=2
1
A ;

and this ends the proof. B
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Àííîòàöèÿ. Â êëàññè÷åñêîé òåîðèè ïðèáëèæåíèÿ ôóíêöèé íà R
+
, ìîäóëü ãëàäêîñòè â îñíîâíîì

ñòðîèòñÿ ïîñðåäñòâîì îïåðàòîðîâ ñäâèãà f(�) 7! f(� + y). Ïîñêîëüêó ïîíÿòèå îïåðàòîðà ñäâèãà áûëî
ðàñøèðåíî â ðàçëè÷íûõ íàïðàâëåíèÿõ (ñì. [2] è [3]), áûëè îáíàðóæåíî ìíîãî äðóãèõ îáîáùåííûõ

ìîäóëåé ãëàäêîñòè. ×àñòî ïðè èçó÷åíèÿ âçàèìîñâÿçè ñâîéñòâ ãëàäêîñòè ôóíêöèè è íàèëó÷øåãî

ïðèáëèæåíèÿ ýòîé ôóíêöèè â âåñîâûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ òàêèå îáîáùåííûå ìîäóëè

ãëàäêîñòè îêàçûâàþòñÿ áîëåå óäîáíûìè, ÷åì îáû÷íûå (ñì. [4] è [5]). Â ðàáîòå [1] Àáèëîâ è äð. äëÿ

ïðåîáðàçîâàíèÿ Ôóðüå â ïðîñòðàíñòâå êâàäðàòè÷íî èíòåãðèðóåìûõ ôóíêöèé äîêàçàëè ñ èñïîëüçî-

âàíèåì îïåðàòîðà ñäâèãà äâå ïîëåçíûå îöåíêè íà íåêîòîðûõ êëàññàõ ôóíêöèé, õàðàêòåðèçóåìûõ

îáîáùåííûì ìîäóëåì íåïðåðûâíîñòè. Â äàííîé ñòàòüå ìû òàêæå îáñóæäàåì ýòîò âîïðîñ. Áîëåå

êîíêðåòíî, ìû äîêàçûâàåì íåêîòîðûå îöåíêè (àíàëîãè÷íûå äîêàçàííûì â [1]) â êëàññàõ ôóíêöèé,

õàðàêòåðèçóåìûõ îáîáùåííûì ìîäóëåì íåïðåðûâíîñòè è ñâÿçàííûõ ñ îáîáùåííûì ïðåîáðàçîâàíèå

Ôóðüå, àññîöèèðîâàííîå ñ äèôôåðåíöèàëüíî-ðàçíîñòíûì îïåðàòîðîì T (�;�)
â ïðîñòðàíñòâå L2

�;�(R).
Äëÿ ýòîé öåëè ìû èñïîëüçóåì îáîáùåííûé îïåðàòîð ñäâèãà.

Êëþ÷åâûå ñëîâà: îïåðàòîð ×åðåäíèêà � Îïäàìà, îáîáùåííîå ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûé

ñäâèã.

Mathematical Subject Classi�cation (2000): 34K99, 42A63.
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1

1
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ çàìêíóòûå âûïóêëûå ìíîãîãðàííèêè â òðåõìåðíîì åâêëè-

äîâîì ïðîñòðàíñòâå, íåêîòîðûå âåðøèíû êîòîðûõ ÿâëÿþòñÿ îäíîâðåìåííî èçîëèðîâàííûìè, ñèì-

ìåòðè÷íûìè è ðîìáè÷åñêèìè. Ðîìáè÷íîñòü âåðøèíû îçíà÷àåò, ÷òî âñå ãðàíè ìíîãîãðàííèêà, èíöè-

äåíòíûå ýòîé âåðøèíå, ÿâëÿþòñÿ ðàâíûìè ìåæäó ñîáîé ðîìáàìè â êîëè÷åñòâå n. Ñèììåòðè÷íîñòü
âåðøèíû îçíà÷àåò, ÷òî îíà ðàñïîëîæåíà íà íåòðèâèàëüíîé îñè âðàùåíèÿ ïîðÿäêà n ìíîãîãðàííèêà.

Ó÷èòûâàÿ, ÷òî ñîâîêóïíîñòü âñåõ ðîìáîâ âåðøèíû P íàçûâàåòñÿ ðîìáè÷åñêîé çâåçäîé âåðøèíû P ,
èçîëèðîâàííîñòü âåðøèíû P îçíà÷àåò, ÷òî åå ðîìáè÷åñêàÿ çâåçäà íå èìååò îáùèõ òî÷åê ñ ðîìáè÷å-

ñêèìè çâåçäàìè äðóãèõ âåðøèí ìíîãîãðàííèêà. Ïðåäïîëîæèì, ÷òî â ìíîãîãðàííèêå èìåþòñÿ òàêæå

ãðàíè Fi, íå ïðèíàäëåæàùèå íè îäíîé ðîìáè÷åñêîé çâåçäå, ïðè÷¼ì ó êàæäîé ãðàíè Fi ñóùåñòâóåò îñü

âðàùåíèÿ, êîòîðàÿ ÿâëÿåòñÿ ëîêàëüíîé îñüþ âðàùåíèÿ çâåçäû ýòîé ãðàíè. Ìíîãîãðàííèêè ñ òàêèìè

óñëîâèÿìè íàçâàíû â ðàáîòå RS-ìíîãîãðàííèêàìè (îò ïåðâûõ áóêâ ñëîâ rombic, symmetry). RS-
ìíîãîãðàííèêè îêàçûâàþòñÿ ñâÿçàííûìè ñ ìíîãîãðàííèêàìè, ñèëüíî ñèììåòðè÷íûìè îòíîñèòåëüíî

âðàùåíèÿ. Ìíîãîãðàííèêè, ñèëüíî ñèììåòðè÷íûå îòíîñèòåëüíî âðàùåíèÿ áûëè ðàíåå ââåäåíû è

ïîëíîñòüþ ïåðå÷èñëåíû àâòîðîì; îíè ÿâëÿþòñÿ îáîáùåíèåì êëàññà ïðàâèëüíûõ (ïëàòîíîâûõ) ìíî-

ãîãðàííèêîâ. Îòìåòèì, ÷òî ñðåäè ñèëüíî ñèììåòðè÷íûõ ìíîãîãðàííèêîâ åñòü ñåìü òàêèõ, êîòîðûå íå

ÿâëÿþòñÿ êîìáèíàòîðíî ýêâèâàëåíòíûìè íè ïðàâèëüíûì, íè ðàâíîóãîëüíî-ïîëóïðàâèëüíûì (àðõè-

ìåäîâûì). Â íàñòîÿùåé ðàáîòå íàéäåíû âñå RS-ìíîãîãðàííèêè è óñòàíàâëèâàåòñÿ ñâÿçü íåêîòîðûõ
èç íèõ ñ ïàðàëëåëîýäðàìè â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: ñèëüíî ñèììåòðè÷íûé ìíîãîãðàííèê, ðîìáè÷åñêàÿ âåðøèíà, RS-ìíîãîãðàííèê,
T E-ïðåîáðàçîâàíèå, ïàðàëëåëîîýäð.

Mathematical Subject Classi�cation (2000): 52B10, 52B15.

Ââåäåíèå

Òåìà íàñòîÿùåé ñòàòüè îòíîñèòñÿ ê íàïðàâëåíèþ, â êîòîðîì ðàññìàòðèâàþòñÿ ðàç-

ëè÷íûå îáîáùåíèÿ ïðàâèëüíûõ (ïëàòîíîâûõ) ìíîãîãðàííèêîâ (ñì., íàïðèìåð, [1�6] è

ññûëêè â ñïèñêå ëèòåðàòóðû â [2]). Ê òàêèì îáîáùåíèÿì îòíîñÿòñÿ, â ÷àñòíîñòè, êëàññû

ñèëüíî ñèììåòðè÷íûõ ìíîãîãðàííèêîâ, ðàññìîòðåííûå àâòîðîì â ðàáîòàõ [2�4]; îñîáåí-

íîñòüþ ýòèõ îáîáùåíèé ÿâëÿåòñÿ òî, ÷òî â îñíîâó ïîëîæåíû ñâîéñòâà ñèììåòðèè ýëå-

ìåíòîâ ìíîãîãðàííèêà. Íàïðèìåð, â [2] ðàññìàòðèâàåòñÿ êëàññ ìíîãîãðàííèêîâ, ñèëüíî

]
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâà-

íèé, Ïðàâèòåëüñòâà Êðàñíîÿðñêîãî êðàÿ, Êðàñíîÿðñêîãî êðàåâîãî ôîíäà ïîääåðæêè íàó÷íîé è íàó÷íî-

òåõíè÷åñêîé äåÿòåëüíîñòè, ïðîåêò � 16-41-240670.
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ñèììåòðè÷íûõ îòíîñèòåëüíî âðàùåíèÿ ãðàíåé. Íàïîìíèì, ÷òî çàìêíóòûé âûïóêëûé

ìíîãîãðàííèê â E3
íàçûâàåòñÿ ñèëüíî ñèììåòðè÷íûì îòíîñèòåëüíî âðàùåíèÿ ãðàíåé,

åñëè ó êàæäîé ãðàíè èìååòñÿ îñü âðàùåíèÿ ìíîãîãðàííèêà, ïåðïåíäèêóëÿðíàÿ ýòîé ãðà-

íè è ïåðåñåêàþùàÿ åå îòíîñèòåëüíóþ âíóòðåííîñòü. Â [2] íàéäåí ïîëíûé ïåðå÷åíü òàêèõ

ìíîãîãðàííèêîâ, à òàêæå äâîéñòâåííûõ èì � ñèëüíî ñèììåòðè÷íûõ îòíîñèòåëüíî âðà-

ùåíèÿ ìíîãîãðàííûõ óãëîâ. Â ÷èñëå ýòèõ ìíîãîãðàííèêîâ èìåþòñÿ ñåìü, êîòîðûå äàæå

êîìáèíàòîðíî íå ýêâèâàëåíòíû ïðàâèëüíûì è àðõèìåäîâûì.

Â [4] áûëî äîêàçàíî, ÷òî ãëîáàëüíîå óñëîâèå íà îñü âðàùåíèÿ ìîæíî îñëàáèòü, à èìåí-

íî, áûëà äîêàçàíà ëåììà: äëÿ òîãî ÷òîáû ìíîãîãðàííèê áûë ñèëüíî ñèììåòðè÷íûì, íåîá-

õîäèìî è äîñòàòî÷íî, ÷òîáû ó êàæäîé ãðàíè F èìåëàñü îñü âðàùåíèÿ, êîòîðàÿ ÿâëÿåòñÿ

îñüþ âðàùåíèÿ çâåçäû ãðàíè F . Ïîä çâåçäîé ãðàíè F (âåðøèíû V ) ïîíèìàåòñÿ ñîâîêóï-
íîñòü âñåõ ãðàíåé, èìåþùèõ õîòÿ áû îäíó îáùóþ âåðøèíó ñ ãðàíüþ F (âåðøèíîé V ).

Â íàñòîÿùåé ðàáîòå ââîäèòñÿ è ïîëíîñòüþ ïåðå÷èñëÿåòñÿ êëàññ çàìêíóòûõ âûïóê-

ëûõ ìíîãîãðàííèêîâ â E3
ñ ñèììåòðè÷íûìè ðîìáè÷åñêèìè âåðøèíàìè (êëàññ RS) è

óñòàíàâëèâàåòñÿ ñâÿçü ýòîãî êëàññà ñ ïàðàëëåëîýäðàìè â E3
.

Ñëåäóþùèå îïðåäåëåíèÿ ÿâëÿþòñÿ ïîäãîòîâèòåëüíûìè äëÿ ââåäåíèÿ ïîíÿòèÿ ìíî-

ãîãðàííèêà ñ ðîìáè÷åñêèìè âåðøèíàìè.

Îïðåäåëåíèå 1. Âåðøèíà V ìíîãîãðàííèêà íàçûâàåòñÿ ðîìáè÷åñêîé, åñëè åå çâåçäà

ñîñòîèò èç ðàâíûõ ðîìáîâ, èìåþùèõ îáùåé âåðøèíîé V . Ïðè ýòîì âñå ðîìáû îäèíàêîâî

ðàñïîëîæåíû, ò. å. ñõîäÿòñÿ â âåðøèíå V ëèáî îñòðûìè, ëèáî òóïûìè óãëàìè.

Åñëè ÷èñëî òàêèõ ðîìáîâ ðàâíî n, òî âåðøèíó áóäåì íàçûâàòü n-ðîìáè÷åñêîé.

Îïðåäåëåíèå 2. n-ðîìáè÷åñêàÿ âåðøèíà íàçûâàåòñÿ ñèììåòðè÷íîé, åñëè îíà ðàñ-

ïîëîæåíà íà íåòðèâèàëüíîé îñè âðàùåíèÿ ïîðÿäêà n ìíîãîãðàííèêà.

Îïðåäåëåíèå 3. Ðîìáè÷åñêàÿ âåðøèíà íàçûâàåòñÿ èçîëèðîâàííîé, åñëè åå çâåçäà íå

èìååò îáùèõ ýëåìåíòîâ ñî çâåçäîé ëþáîé äðóãîé ðîìáè÷åñêîé âåðøèíû ìíîãîãðàííèêà.

Îïðåäåëåíèå 4.Ôèãóðà, ñîñòîÿùàÿ èç ðîìáîâ çâåçäû èçîëèðîâàííîé ñèììåòðè÷íîé

n-ðîìáè÷åñêîé âåðøèíû, íàçûâàåòñÿ ñèììåòðè÷íîé n-ðîìáè÷åñêîé øàïî÷êîé, à ñàìà

âåðøèíà íàçûâàåòñÿ âåðøèíîé øàïî÷êè.

Îïðåäåëåíèå 5. Äâå ðàâíûå ñèììåòðè÷íûå n-ðîìáè÷åñêèå øàïî÷êè, ðàñïîëîæåí-
íûå äðóã ê äðóãó ñâîèìè âîãíóòûìè ñòîðîíàìè, áóäåì íàçûâàòü çåðêàëüíî ðàñïîëîæåí-

íûìè, åñëè îíè ëèáî ñèììåòðè÷íû îòíîñèòåëüíî ïëîñêîñòè, ëèáî ìîãóò áûòü ñîâìåùåíû

ïðè ïîìîùè çåðêàëüíîãî ïîâîðîòà âîêðóã îñè, ïðîõîäÿùåé ÷åðåç èõ âåðøèíû.

Çåðêàëüíûé ïîâîðîò âîêðóã îñè L � ýòî êîìïîçèöèÿ ïîâîðîòà âîêðóã îñè L è îòðà-

æåíèÿ â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ýòîé îñè.

Èç îïðåäåëåíèÿ 5, â ÷àñòíîñòè, ñëåäóåò, ÷òî ðîìáîýäð � ýòî âûïóêëûé ìíîãîãðàííèê,

ñîñòàâëåííûé èç äâóõ ðàâíûõ ñèììåòðè÷íûõ çåðêàëüíî ðàñïîëîæåííûõ 3-ðîìáè÷åñêèõ

øàïî÷åê.

Åñëè ðàññìàòðèâàòü ìíîãîãðàííèêè, êàæäàÿ âåðøèíà êîòîðûõ ÿâëÿåòñÿ ñèììåòðè÷-

íîé ðîìáè÷åñêîé, íî íå èçîëèðîâàííîé, òî, êàê èçâåñòíî, êëàññ òàêèõ ìíîãîãðàííèêîâ

èñ÷åðïûâàåòñÿ äâóìÿ ìíîãîãðàííèêàìè: ðîìáè÷åñêèì äîäåêàýäðîì è ðîìáîòðèàêîíòàýä-

ðîì [2].

1. Ìíîãîãðàííèêè ñ ðîìáè÷åñêèìè âåðøèíàìè

Äàëåå áóäåì ðàññìàòðèâàòü ìíîãîãðàííèêè, êàæäàÿ ðîìáè÷åñêàÿ âåðøèíà êîòîðûõ

ÿâëÿåòñÿ ñèììåòðè÷íîé è èçîëèðîâàííîé. Ïðè ýòîì êàæäàÿ ãðàíü F , íå âõîäÿùàÿ â çâåç-
äó ðîìáè÷åñêîé âåðøèíû, èìååò îñü âðàùåíèÿ, ïåðïåíäèêóëÿðíóþ F . Ïðåäïîëàãàåòñÿ,
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÷òî ýòà îñü âðàùåíèÿ ÿâëÿåòñÿ îñüþ âðàùåíèÿ çâåçäû ãðàíè F . Òàêîé êëàññ ìíîãîãðàí-
íèêîâ áóäåì îáîçíà÷àòü RS.

Òåîðåìà. Âñÿêèé ìíîãîãðàííèê êëàññà RS ìîæåò áûòü ïîëó÷åí ïðè ïîìîùè ïðåîá-

ðàçîâàíèÿ îòñå÷åíèÿ íåêîòîðûõ òðåõãðàííûõ âåðøèí îäíîãî èç ñèëüíî ñèììåòðè÷íûõ

îòíîñèòåëüíî âðàùåíèÿ ãðàíåé ìíîãîãðàííèêîâ è ïîñëåäóþùåãî ñèììåòðè÷íîãî ïðîäëå-

íèÿ ïîëó÷åííûõ òðåóãîëüíûõ ñå÷åíèé äî ðîìáîâ.

C Îïåðàöèÿ îòñå÷åíèÿ âåðøèíû îïðåäåëÿåòñÿ, íàïðèìåð, â [6, ñ. 76], [7, ñ. 439]. Ïðåîá-

ðàçîâàíèå îòñå÷åíèÿ âåðøèíû è ïîñëåäóþùåãî ñèììåòðè÷íîãî ïðîäëåíèÿ â ñâîåé ïëîñêî-

ñòè ïîëó÷èâøåéñÿ â ðåçóëüòàòå îòñå÷åíèÿ ãðàíè, óïîìÿíóòîå â òåîðåìå, áóäåì íàçûâàòü

TE-ïðåîáðàçîâàíèåì.

Ðàññìîòðèì íåêîòîðûé RS-ìíîãîãðàííèê M . Ïóñòü A � íåêîòîðàÿ åãî èçîëèðîâàí-

íàÿ n-ðîìáè÷åñêàÿ âåðøèíà. Ïðîâåäåì ïëîñêîñòü p, îïîðíóþ êM â òî÷êå A ïåðïåíäèêó-

ëÿðíî îñè âðàùåíèÿ, ïðîõîäÿùåé ÷åðåç A. Ñäâèíåì ïàðàëëåëüíî ïëîñêîñòü p â íàïðàâëå-
íèè îò òî÷êè A ê âíóòðåííîñòèM äî òåõ ïîð, ïîêà ýòà ïëîñêîñòü ïðîéäåò ÷åðåç ìåíüøèå

äèàãîíàëè âñåõ ðîìáîâ ðîìáè÷åñêîé øàïî÷êè ñ âåðøèíîé A. Óäàëèì ÷àñòü ìíîãîãðàííè-

êà, ëåæàùóþ ïî òó ñòîðîíó îò ïëîñêîñòè p, êîòîðàÿ ñîäåðæèò âåðøèíó A. Ïåðåñå÷åíèå
ïëîñêîñòè p ñ M ïðåäñòàâëÿåò ñîáîé ãðàíü F . ×åðåç âíóòðåííîñòü F ïðîõîäèò îñü âðà-

ùåíèÿ ìíîãîãðàííèêà M . Êàæäîå ðåáðî ãðàíè F ÿâëÿåòñÿ ñòîðîíîé òðåóãîëüíèêà, âõî-

äÿùåãî â çâåçäó F . Ýòè òðåóãîëüíèêè îáðàçóþò çàìêíóòóþ çîíó ãðàíåé. Îáîçíà÷èì ýòó

çîíó Z. Ëþáûå äâà ñîñåäíèå òðåóãîëüíèêà çîíû Z èìåþò òîëüêî îäíó îáùóþ âåðøèíó,

êîòîðàÿ ÿâëÿåòñÿ òàêæå è âåðøèíîé ãðàíè F . Íè ÷åðåç îäèí èç ýòèõ n òðåóãîëüíèêîâ íå
áóäåò ïðîõîäèòü îñü âðàùåíèÿ ìíîãîãðàííèêà M .

Ïðîäåëàåì ýòî ñ êàæäîé ðîìáè÷åñêîé âåðøèíîé ìíîãîãðàííèêà M . Ïîëó÷èì ìíîãî-

ãðàííèê M 0
, ó êîòîðîãî ÷åðåç êàæäóþ ãðàíü, èñêëþ÷àÿ òðåóãîëüíûå, ïðîõîäÿò îñè âðà-

ùåíèÿ. Äàëåå ðàññóæäàåì àíàëîãè÷íî ñëó÷àþ ìíîãîãðàííèêîâ ñ èçîëèðîâàííûìè íåñèì-

ìåòðè÷íûìè ïîÿñàìè [4], ò. å. ðàññìîòðèì îäèí èç òðåóãîëüíèêîâ T çîíû Z. Ïðîäîëæèì
òðè ãðàíè, èìåþùèå îáùèå ðåáðà ñ T , äî èõ ïåðåñå÷åíèÿ â îäíîé òî÷êå. Ïðîäåëàåì ýòî

ñ êàæäûì òðåóãîëüíèêîì êàæäîé çîíû. Ïîëó÷èì íîâûé ìíîãîãðàííèê M 00
.

×åðåç öåíòð êàæäîé ãðàíè ìíîãîãðàííèêà M 00
áóäåò ïðîõîäèòü îñü âðàùåíèÿ ìíîãî-

ãðàííèêà. Òàêèì îáðàçîì, M 00
ÿâëÿåòñÿ ñèëüíî ñèììåòðè÷íûì îòíîñèòåëüíî âðàùåíèÿ

ãðàíåé.

Ïðîâåäåì òåïåðü âñå ïîñòðîåíèÿ â îáðàòíîì ïîðÿäêå. Ïîëó÷èì èç ìíîãîãðàííèêà M 00

ìíîãîãðàííèê M ñ èçîëèðîâàííûìè ñèììåòðè÷íûìè ðîìáè÷åñêèìè âåðøèíàìè. B

Çàìå÷àíèå. Èç ïðèâåäåííîãî äîêàçàòåëüñòâà âèäíî, ÷òî äëÿ êàæäîé ðîìáè÷åñêîé

âåðøèíû V äîñòàòî÷íî ñ÷èòàòü îñü âðàùåíèÿ, ïðîõîäÿùóþ ÷åðåç V , ëîêàëüíîé îñüþ

âðàùåíèÿ ôèãóðû, ñîñòîÿùåé èç ðîìáè÷åñêîé øàïî÷êè ñ âåðøèíîé V è âñåõ ãðàíåé,

èìåþùèõ õîòÿ áû îäíó îáùóþ âåðøèíó ñ ðîìáàìè ýòîé øàïî÷êè.

Äàëåå ïðåîáðàçîâàíèå óäëèíåíèÿ (âäîëü îñè âðàùåíèÿ) ìíîãîãðàííèêà îçíà÷àåò òà-

êîé ñäâèã åãî äâóõ ðàâíûõ ñèììåòðè÷íûõ ðîìáè÷åñêèõ øàïî÷åê âäîëü îñè âðàùåíèÿ ýòèõ

øàïî÷åê, ÷òî ðàññòîÿíèå ìåæäó âåðøèíàìè øàïî÷åê óâåëè÷èâàåòñÿ. Ïðè ýòîì ðàçäâè-

ãàåìûå îáùèå âåðøèíû ðîìáîâ øàïî÷åê, îòëè÷íûå îò âåðøèí øàïî÷åê, áóäóò êîíöàìè

íîâûõ ðàâíûõ è ïàðàëëåëüíûõ îñè ñäâèãà ðåáåð.

Íàïîìíèì, ÷òî óñå÷åííûé ðîìáè÷åñêèé òðèàêîíòàýäð è 2-é ïîëóóñå÷åííûé ðîìáè÷å-

ñêèé òðèàêîíòàýäð � ýòî äâà òèïà ñèëüíî ñèììåòðè÷íûõ ìíîãîãðàííèêîâ èç [2], êîòîðûå

ìîãóò áûòü ïîëó÷åíû îòñå÷åíèåì âåðøèí ðîìáè÷åñêîãî òðèàêîíòàýäðà. Óñå÷åííûé èêî-

ñàýäð � îäèí èç ïîëóïðàâèëüíûõ (àðõèìåäîâûõ) ìíîãîãðàííèêîâ, ïîëó÷åííûé îòñå÷åíè-

åì âåðøèí èêîñàýäðà. Óäëèíåííûé ðîìáè÷åñêèé äîäåêàýäð � ìíîãîãðàííèê, ïîëó÷åííûé
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èç ðîìáîäîäåêàýäðà ïðåîáðàçîâàíèåì óäëèíåíèÿ âäîëü îñè AB 4-ãî ïîðÿäêà (ðèñ. 2, e).

Óäëèíåííûé ðîìáîýäð ïîëó÷àåòñÿ ïðåîáðàçîâàíèåì óäëèíåíèÿ âäîëü îñè AB ðîìáîýä-

ðà � ìíîãîãðàííèêà, ñîñòàâëåííîãî èç øåñòè ðàâíûõ ðîìáîâ (ðèñ. 2, f).

Ñëåäñòâèå. Ñëåäóþùèå òèïû ìíîãîãðàííèêîâ èñ÷åðïûâàþò êëàññ RS:
a)�b) ìíîãîãðàííèêè ñ 5-ðîìáè÷åñêèìè âåðøèíàìè, TE-ïðåîáðàçîâàííûå èç óñå÷åí-

íîãî ðîìáè÷åñêîãî òðèàêîíòàýäðà;

c) ìíîãîãðàííèê ñ 5-ðîìáè÷åñêèìè âåðøèíàìè, TE-ïðåîáðàçîâàííûé èç 2-ãî ïîëó-

óñå÷åííîãî ðîìáè÷åñêîãî òðèàêîíòàýäðà;

d) ìíîãîãðàííèê ñ 5-ðîìáè÷åñêèìè âåðøèíàìè, TE-ïðåîáðàçîâàííûé èç óñå÷åííîãî

èêîñàýäðà;

e) óäëèíåííûé ðîìáè÷åñêèé äîäåêàýäð ñ 4-ðîìáè÷åñêèìè âåðøèíàìè;

f) óäëèíåííûå ðîìáîýäðû ñ 3-ðîìáè÷åñêèìè âåðøèíàìè.

C Òàê êàê âñå ìíîãîãðàííèêè, ñèëüíî ñèììåòðè÷íûå îòíîñèòåëüíî âðàùåíèÿ ãðàíåé

ïåðå÷èñëåíû, òî äîñòàòî÷íî âûáðàòü èç íèõ òå, êîòîðûå äîïóñêàþò TE-ïðåîáðàçîâàíèå.
Ìíîãîãðàííèêè, ñîîòâåòñòâóþùèå òèïàì a)�f) ñëåäñòâèÿ, ïðåäñòàâëåíû íà ðèñ. 1 è 2.

Óñå÷åííûé ðîìáè÷åñêèé òðèàêîíòàýäð ïîëó÷åí îòñå÷åíèåì âåðøèí ñòåïåíè 3 è ñòå-

ïåíè 5 â ðîìáè÷åñêîì òðèàêîíòàýäðå. Ïîýòîìó, ïðèìåíÿÿ TE-ïðåîáðàçîâàíèå ê êàæäîé
òðåõãðàííîé âåðøèíå êàæäîé ïÿòèóãîëüíîé ãðàíè óñå÷åííîãî ðîìáè÷åñêîãî òðèàêîíòà-

ýäðà, ïîëó÷èì ìíîãîãðàííèê ïóíêòà a). Åñëè òðåóãîëüíûå ãðàíè äîñòàòî÷íî áîëüøèå,

ò. å. áóäóò èìåòü îáùèå âåðøèíû ñ ðîìáàìè, òî ïîëó÷èì ìíîãîãðàííèê b).

2-é ïîëóóñå÷åííûé ðîìáè÷åñêèé òðèàêîíòàýäð ïîëó÷åí èç ðîìáè÷åñêîãî òðèàêîíòàýä-

ðà îòñå÷åíèåì òîëüêî âåðøèí ñòåïåíè 5. Ïîýòîìó, ïðèìåíÿåì TE-ïðåîáðàçîâàíèå ê âåð-
øèíàì 5-óãîëüíûõ ãðàíåé 2-ãî ïîëóóñå÷åííîãî ðîìáè÷åñêîãî òðèàêîíòàýäðà. Ïîëó÷èì

ìíîãîãðàííèê ïóíêòà c).

a cb

Ðèñ. 1. RS-ìíîãîãðàííèêè.

d e f

A    

B

A    

B

Ðèñ. 2. RS-ìíîãîãðàííèêè.

Ïðèìåíÿÿ àíàëîãè÷íî TE-ïðåîáðàçîâàíèå ê óñå÷åííîìó èêîñàýäðó, ïîëó÷èì ìíîãî-

ãðàííèê d). Ìíîãîãðàííèê e) ïîëó÷àåòñÿ ïðèìåíåíèåì TE-ïðåîáðàçîâàíèÿ ê òðåõãðàí-

íûì óãëàì âåðõíåãî è íèæíåãî êâàäðàòíûõ îñíîâàíèé ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà.

Ìíîãîãðàííèê f) ïîëó÷àåòñÿ ïðèìåíåíèåì TE-ïðåîáðàçîâàíèÿ ê òðåõãðàííûì óãëàì îñ-

íîâàíèé ïðàâèëüíîé 6-óãîëüíîé ïðèçìû. B

Îòìåòèì, ÷òî íàëè÷èå îñè ñèììåòðèè 5-ãî ïîðÿäêà â íåêîòîðûõ ìíîãîãðàííèêàõ êëàñ-

ñà RS ìîæåò ñëóæèòü óêàçàíèåì íà âîçìîæíûå èõ ïðèëîæåíèÿ â òåîðèè êâàçèêðèñòàë-

ëîâ (ñì., íàïðèìåð, [8]).
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2. Ñâÿçü RS-ìíîãîãðàííèêîâ ñ ïàðàëëåëîýäðàìè

Êàê èçâåñòíî, [9] âûïóêëûé ìíîãîãðàííèê P íàçûâàåòñÿ ïàðàëëåëîýäðîì, åñëè âñå

ïðîñòðàíñòâî E3
ìîæíî ðàçáèòü íà ïàðàëëåëüíûå êîïèè P .

Âñåãî ñóùåñòâóåò ïÿòü àôôèííûõ òèïîâ ïàðàëëåëîýäðîâ: ïàðàëëåëåïèïåä, 6-óãîëü-

íàÿ ïðèçìà, ðîìáîäîäåêàýäð, óäëèíåííûé ðîìáîäîäåêàýäð è óñå÷åííûé îêòàýäð.

Îïðåäåëåíèå 6. Ïðàâèëüíûì áóäåì íàçûâàòü ïàðàëëåëîýäð, ãðàíÿìè êîòîðîãî ìî-

ãóò áûòü ðàâíûå ìåæäó ñîáîé ðîìáû è (èëè) ïðàâèëüíûå ìíîãîóãîëüíèêè è êîòîðûé

ÿâëÿåòñÿ åäèíñòâåííûì ñ òî÷íîñòüþ äî ïîäîáèÿ â ñâîåì àôôèííîì êëàññå.

Î÷åâèäíî, ÷òî ïðàâèëüíûå ïàðàëëåëîýäðû ñëåäóþùèå: êóá, ïðàâèëüíàÿ 6-óãîëü-

íàÿ ïðèçìà ñ êâàäðàòíûìè áîêîâûìè ãðàíÿìè, ðîìáîäîäåêàýäð, óñå÷åííûé îêòàýäð

ñ ïðàâèëüíûìè 6-óãîëüíûìè è êâàäðàòíûìè ãðàíÿìè, 12-ãðàííèê ñ ïðàâèëüíûìè

6-óãîëüíûìè è ðîìáè÷åñêèìè ãðàíÿìè � óäëèíåííûé ðîìáîäîäåêàýäð.

Çàìå÷àíèå. Â ñëåäóþùåì ïðåäëîæåíèè ïðàâèëüíûé ïëîñêèé 6-óãîëüíèê ðàññìàò-

ðèâàåòñÿ êàê ïðåäåëüíàÿ ôîðìà 3-ðîìáè÷åñêîé øàïî÷êè, ó êîòîðîé òðè ðîìáà â âåðøèíå

øàïî÷êè èìåþò òóïûå óãëû ïî 2�=3. Òàêèì îáðàçîì, äâå çåðêàëüíî ðàñïîëîæåííûå ðîì-

áè÷åñêèå øàïî÷êè ñîâïàäàþò è îáðàçóþò â ýòîì ñëó÷àå äâàæäû ïîêðûòûé ïëîñêèé ïðà-

âèëüíûé 6-óãîëüíèê; åãî ìû áóäåì ñ÷èòàòü çàìêíóòûì âûïóêëûì ìíîãîãðàííèêîì �

ðîìáîýäðîì, ñîñòàâëåííûì èç äâóõ 3-ðîìáè÷åñêèõ øàïî÷åê. Àíàëîãè÷íî, êâàäðàò ðàñ-

ñìàòðèâàåòñÿ êàê ïðåäåëüíàÿ ôîðìà 4-ðîìáè÷åñêîé øàïî÷êè, ó êîòîðîé ÷åòûðå ðîìáà

ñòàíîâÿòñÿ êâàäðàòàìè. Â ýòîì ñëó÷àå äâå çåðêàëüíî ðàñïîëîæåííûå 4-ðîìáè÷åñêèå øà-

ïî÷êè ñîâïàäàþò è îáðàçóþò äâàæäû ïîêðûòûé êâàäðàò, êîòîðûé ìû òàê æå áóäåì

ñ÷èòàòü çàìêíóòûì âûïóêëûì ìíîãîãðàííèêîì. Îòìåòèì, ÷òî ñ ýòîé òî÷êè çðåíèÿ ïðà-

âèëüíàÿ 4-óãîëüíàÿ è ïðàâèëüíàÿ 6-óãîëüíàÿ ïðèçìà ìîãóò ñ÷èòàòüñÿ ïðåäåëüíûìè (âû-

ðîæäåííûìè) ôîðìàìè RS-ìíîãîãðàííèêîâ. Ñðåäè ïðàâèëüíûõ ïàðàëëåëîýäðîâ òîëüêî
óäëèíåííûé ðîìáîäîäåêàýäð ÿâëÿåòñÿ íåâûðîæäåííûì RS-ìíîãîãðàííèêîì.

Ïðåäëîæåíèå. Äëÿ êàæäîãî ïðàâèëüíîãî ïàðàëëåëîýäðà P ñóùåñòâóåò åäèíñòâåí-

íûé ìíîãîãðàííèê R ñ ðîìáè÷åñêèìè ãðàíÿìè òàêîé, ÷òî P ìîæåò áûòü ïîëó÷åí èç R
ëèáî ïðåîáðàçîâàíèåì óäëèíåíèÿ, ëèáî (â ñëó÷àå, êîãäà P � óñå÷åííûé îêòàýäð) îòñå-

÷åíèåì ðîìáè÷åñêèõ âåðøèí.

C Ïðèíèìàÿ âî âíèìàíèå ïðåäûäóùåå çàìå÷àíèå, âèäèì, ÷òî êóá è ïðàâèëüíàÿ

6-óãîëüíàÿ ïðèçìà ñ êâàäðàòíûìè áîêîâûìè ãðàíÿìè ïîëó÷àþòñÿ, ñîîòâåòñòâåííî, ïó-

òåì ïðåîáðàçîâàíèÿ óäëèíåíèÿ äâàæäû ïîêðûòûõ êâàäðàòà è ïðàâèëüíîãî 6-óãîëüíèêà.

Ðîìáîäîäåêàýäð ïîëó÷àåì óäëèíåíèåì ðîìáîýäðà, ó êîòîðîãî ðîìáû ðàâíû ðîìáàì

â ðîìáîäîäåêàýäðå, ò. å. ó êàæäîãî ðîìáà îòíîøåíèå äèàãîíàëåé ðàâíî

p
2. Ïðè÷åì óäëè-

íåíèå ïðîâîäèòñÿ âäîëü çåðêàëüíîé îñè 6-ãî ïîðÿäêà íà ðàññòîÿíèå, ðàâíîå äëèíå ñòîðî-

íû ðîìáîâ. Òàêèì îáðàçîì, ðîìáîäîäåêàýäð ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìíîãîãðàííèêà f)

íà ðèñ. 2.

Ïîëíûì îòñå÷åíèåì òðåõãðàííûõ âåðøèí ðîìáîäîäåêàýäðà, ïðè êîòîðîì îòñåêàþùàÿ

ïëîñêîñòü ïðîõîäèò ÷åðåç êîíöû ðåáåð, èíöèäåíòíûõ îòñåêàåìîé âåðøèíå, ñ ïîñëåäóþ-

ùèì îòñå÷åíèåì 4-ãðàííûõ âåðøèí ðîìáîäîäåêàýäðà, ïîëó÷àåì ÷åòâåðòûé ïðàâèëüíûé

ïàðàëëåëîýäð � óñå÷åííûé îêòàýäð.

Ðàññìîòðèì òåïåðü äâå çåðêàëüíî ðàñïîëîæåííûå ñèììåòðè÷íûå 4-ðîìáè÷åñêèå øà-

ïî÷êè ñ ñîâïàäàþùèìè ãðàíè÷íûìè âåðøèíàìè íà áîëüøèõ äèàãîíàëÿõ ðîìáîâ øàïî-

÷åê. Ïðè ýòîì øàïî÷êè âûáåðåì òàêèå, ÷òîáû íà ãðàíèöå êàæäîé øàïî÷êè âñå ñîñåäíèå

ðîìáû ñîñòàâëÿëè ìåæäó ñîáîé óãëû ïî 2�=3. Ïðèìåíÿÿ ïðåîáðàçîâàíèå óäëèíåíèÿ íà

ðàññòîÿíèå, ðàâíîå ñòîðîíå ðîìáîâ, ê ìíîãîãðàííèêó îáðàçîâàííîìó ýòèìè øàïî÷êàìè,

ïîëó÷èì ïÿòûé ïðàâèëüíûé ïàðàëëåëîýäð � óäëèíåííûé ðîìáîäîäåêàýäð. B
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Abstract. Closed convex polyhedra in three-dimensional Euclidean space, some vertices of which are

simultaneously isolated, symmetric and rhombic are considered in this paper. The rhombicity of the vertex

means that all the faces of the polyhedron incident to this vertex are n rhombi equal to each other. The

symmetry of a vertex means that it is located on a nontrivial rotation axis of order n of the polyhedron.

Taking into account that the set of all rhombi of a vertex P is called a rhombic star of a vertex P , the
isolation of a vertex P means that its rhombic star has no common points with rhombic stars of other

vertices of a polyhedron. Suppose that in a polyhedron there are also faces Fi that do not belong to a

single rhombic star, and each of Fi has a rotation axis, which is the local axis of rotation of a star of this face.

Polyhedra with such conditions are called in the paper RS-polyhedra (from the �rst letters of the words rombic,

symmetry). RS-polyhedrons are related to polyhedra that are strongly symmetric with respect to rotation.

Polyhedra, strongly symmetric with respect to rotation were previously introduced and are completely listed

by the author; they are a generalization of the class of regular (Platonic) polyhedra. We note that among

strongly symmetric polyhedra there are seven such that are not combinatorically equivalent to either regular

or equilateral semiregular (Archimedean). In the present paper, all RS-polyhedrons are found. It is shown
that some of them are related to parallelohedra in three-dimensional Euclidean space.

Key words: strongly symmetrical polyhedron, rhombic vertex, RS-polyhedron, T E-transformation,
parallelohedron.
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Àííîòàöèÿ. Â ðàçëè÷íûõ ïðèêëàäíûõ çàäà÷àõ ÷àñòî íóæíî âîññòàíîâèòü êàêóþ-ëèáî õàðàêòå-

ðèñòèêó îáúåêòà ïî íåêîòîðîé èíôîðìàöèè (êàê ïðàâèëî, íåïîëíîé èëè íåòî÷íîé) î äðóãèõ åãî

õàðàêòåðèñòèêàõ. Ñóùåñòâóþò ðàçëè÷íûå ïîäõîäû ê ðåøåíèþ àíàëîãè÷íûõ çàäà÷. Â äàííîé ðàáîòå

èñïîëüçîâàëñÿ ïîäõîä, îñíîâàííûé íà èäåÿõ Àíäðåÿ Íèêîëàåâè÷à Êîëìîãîðîâà (â ðàáîòàõ î n-ïîïå-
ðå÷íèêàõ) î íàèëó÷øèõ ñðåäñòâàõ ïðèáëèæåíèÿ êîíå÷íîìåðíûìè ïîäïðîñòðàíñòâàìè. Ñóòü ìåòîäà

çàêëþ÷àåòñÿ â òîì, ÷òî èùåòñÿ íàèëó÷øåå ñðåäñòâî àïïðîêñèìàöèè íà öåëîì êëàññå. Ðàññìàòðèâàåò-

ñÿ çàäà÷à îäíîâðåìåííîãî âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé âñåõ ïîðÿäêîâ îò 1 äî
(n�1)-ãî âêëþ÷èòåëüíî íà êëàññå ïîñëåäîâàòåëüíîñòåé ñ îãðàíè÷åííîé n-îé ðàçäåëåííîé ðàçíîñòüþ.
Ïðè ýòîì ïðåîáðàçîâàíèå Ôóðüå äàííîé ïîñëåäîâàòåëüíîñòè èçâåñòíî ïðèáëèæåííî íà íåêîòîðîì

îòðåçêå â ñðåäíåêâàäðàòè÷íîé íîðìå. Ïîñòðîåíî ñåìåéñòâî îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ.

Ñðåäè íàéäåííûõ ìåòîäîâ åñòü òå, êîòîðûå èñïîëüçóþò ìèíèìàëüíóþ èíôîðìàöèþ î ïîñëåäîâà-

òåëüíîñòè, ïðåäâàðèòåëüíî ¾ñãëàæèâàÿ¿ åå. Íàéäåíî òî÷íîå çíà÷åíèå îïòèìàëüíîé ïîãðåøíîñòè

âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé. Ïðåäåëüíûì ïåðåõîäîì èç ïîëó÷åííûõ ðåçóëü-

òàòîâ âûòåêàåò íåïðåðûâíûé ñëó÷àé.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå âîññòàíîâëåíèå, îïåðàòîð ðàçäåëåííîé ðàçíîñòè, ïðåîáðàçîâàíèå

Ôóðüå.

Mathematical Subject Classi�cation (2000): 65K10.

1. Ââåäåíèå

Âïåðâûå çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèîíàëîâ áûëà ïîñòàâëåíà

Ñ. À. Ñìîëÿêîì â ðàáîòå [1]. Îí æå äîêàçàë, ÷òî ñðåäè îïòèìàëüíûõ ìåòîäîâ âîññòà-

íîâëåíèÿ íà âûïóêëîì ìíîæåñòâå åñòü ëèíåéíûé. Â îáùåì ñëó÷àå ìåòîä îïòèìàëü-

íîãî âîññòàíîâëåíèÿ ëèíåéíûõ îïåðàòîðîâ ïî ïðèáëèæåííîé èíôîðìàöèè ðàçðàáîòàí

Ã. Ã. Ìàãàðèëîì-Èëüÿåâûì è Ê. Þ. Îñèïåíêî â ðàáîòå [2]. Â äàííîé ðàáîòå ðàññìàòðè-

âàåòñÿ çàäà÷à îäíîâðåìåííîãî âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé ðàç-

ëè÷íûõ ïîðÿäêîâ â ñðåäíåêâàäðàòè÷íîé íîðìå íà êëàññå ïîñëåäîâàòåëüíîñòåé ñ îãðàíè-

÷åííîé n-é ðàçäåëåííîé ðàçíîñòüþ ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ñàìîé

ïîñëåäîâàòåëüíîñòè. Àíàëîãè÷íàÿ çàäà÷à âîññòàíîâëåíèÿ ïðîèçâîäíîé êàêîãî-ëèáî ïî-

ðÿäêà (èëè ñàìîé ôóíêöèè) íà ñîáîëåâñêîì êëàññå ðàññìàòðèâàëàñü â ðàáîòå [3]. Ïðå-

äåëüíûì ïåðåõîäîì èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàåò íåïðåðûâíûé ñëó÷àé, èññëåäî-

âàííûé â ðàáîòå [3]. Îäíîâðåìåííîå âîññòàíîâëåíèå ðàçäåëåííûõ ðàçíîñòåé ïî íåòî÷íî

c 2018 Óíó÷åê Ñ. À.
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çàäàííîé ñàìîé ïîñëåäîâàòåëüíîñòè ðàññìàòðèâàëîñü â ðàáîòå [4]. Â ðàáîòå [5] èçó÷àëàñü

çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ íåêîòîðîé ôèêñèðîâàííîé ðàçäåëåííîé ðàçíîñòè

ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ñàìîé ïîñëåäîâàòåëüíîñòè â ðàâíîìåðíîé

ìåòðèêå.

2. Îñíîâíûå ïîíÿòèÿ

Ïóñòü n 2 N. Ïóñòü l2;h(Z), h > 0, � ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé x = fxjgj2Z

òàêèõ, ÷òî

P
j2Z

jxjj2 < 1, ñ íîðìîé kxkl2;h(Z) =
�
h
P

j2Z
jxj j2

�1=2
. Ðàññìîòðèì êëàññ

ïîñëåäîâàòåëüíîñòåé

W
n

2;h =
n
x 2 l2;h(Z) :

�n
hx

l2;h(Z)

6 1
o
:

Ïðåîáðàçîâàíèåì Ôóðüå ïîñëåäîâàòåëüíîñòè x = fxjgj2Z 2 l2;h(Z) ÿâëÿåòñÿ ôóíêöèÿ

(Fx)(!) = h
X

j2Z

xj e
�ijh! 2 L2([��=h; �=h]);

îïåðàòîðà ðàçäåëåííîé ðàçíîñòè ïåðâîãî ïîðÿäêà � ôóíêöèÿ

�
F�1

hx
�
(!) = h

X

j2Z

xj+1 � xj
h

e�ijh! =
eih! � 1

h
(Fx)(!);

ïðåîáðàçîâàíèåì Ôóðüå îïåðàòîðà ðàçäåëåííîé ðàçíîñòè ïîðÿäêà m � ôóíêöèÿ

�
F�m

h x
�
(!) =

(eih! � 1)m

hm
(Fx)(!):

Ñòàâèòñÿ çàäà÷à îäíîâðåìåííîãî îïòèìàëüíîãî âîññòàíîâëåíèÿ îïåðàòîðîâ âñåõ ðàç-

íîñòåé (�1
hx;�

2
hx; : : : ;�

n�1
h x) ïîñëåäîâàòåëüíîñòè x 2 W n

2;h ïðè óñëîâèè, ÷òî åå ïðå-

îáðàçîâàíèå Ôóðüå íà îòðåçêå [��;�], 0 < � 6 �=h, íàì èçâåñòíî ñ òî÷íîñòüþ äî

� : kFx(!) � y(!)kL2([��;�]) 6 �, � > 0.
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìîòðèì âñåâîçìîæíûå îòîáðàæåíèÿ ’(y) =

(’1(y); ’2(y); : : : ; ’n�1(y)), ’k(y) : L2([��;�]) ! l2;h(Z), 1 6 k 6 n� 1.
Îáîçíà÷èì � = (�1;�2; : : : ;�n�1).
Ïîãðåøíîñòüþ ìåòîäà ’ íàçûâàåòñÿ âåëè÷èíà

e
�
W

n
2;h; F;�; �; ’

�
= sup

x2W n
2;h; y2L2([��;�]);

kFx(!)�y(!)kL2([��;�])6�

vuut
n�1X

k=1

pk
�k

hx� ’k(y)
2

l2;h(Z)
:

Çäåñü p = (p1; p2; : : : ; pn�1), pk > 0, 1 6 k 6 n � 1, � âåñîâûå êîýôôèöèåíòû, îäíî-

âðåìåííî íå ðàâíûå 0, âàðüèðóÿ êîòîðûå ìîæíî îòäàâàòü ïðåäïî÷òåíèå áîëåå òî÷íîìó

âîññòàíîâëåíèþ îïåðàòîðà êàêîé-ëèáî ðàçíîñòè.

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E
�
W

n
2;h; F;�; �

�
= inf

’:L2([��;�])!(l2;h(Z))n
e
�
W

n
2;h; F;�; �; ’

�
:

Ìåòîä b’, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçîâåì îïòèìàëüíûì ìåòîäîì.



96 Óíó÷åê Ñ. À.

3. Îñíîâíûå ðåçóëüòàòû

Ïóñòü x � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

n�1X

k=1

pkx
k
n =

n�1X

k=1

pk
k

n

�
�2

2�

�n�k
n

x:

Ðàññìîòðèì îáå ÷àñòè óðàâíåíèÿ. Ôóíêöèÿ y =
Pn�1

k=1 pkx
k
n
âîãíóòà, limx!0 y

0 = 0. Ôóíê-

öèÿ y =
Pn�1

k=1 pk
k
n

�
�2

2�

�n�k
n x � ïðÿìàÿ ñ ïîëîæèòåëüíûì óãëîâûì êîýôôèöèåíòîì, ïðî-

õîäÿùàÿ ÷åðåç íà÷àëî êîîðäèíàò. Ýòî îçíà÷àåò, ÷òî ïðè x > 0 ãðàôèêè ýòèõ ôóíêöèé

èìåþò åäèíñòâåííóþ òî÷êó ïåðåñå÷åíèÿ, ò. å. äàííîå óðàâíåíèå âñåãäà èìååò åäèíñòâåí-

íûé êîðåíü.

Ââåäåì îáîçíà÷åíèÿ

b� =

(
2
h arcsin hx

1
2n

2 ; x
1

2n < 2
h ;

�
h ; x

1
2n >

2
h ;

t(!) =
4 sin2 !h

2

h2
; !� = t(�):

Òåîðåìà 1. Ïóñòü n 2 N, � > 0. Òîãäà

E
�
W

n
2;h; F;�; �

�
=

8
>>>>><
>>>>>:

 
n�1P
k=1

pk

�
�2

2�

�n�k
n

!1=2

; � > b�;
 
n�1P
k=1

pk!
k
�

�
�2

2�

�
k
n

� k
n�k

n�k
n + !�n

�

�!1=2

; � < b�:

Âñå ìåòîäû

b’k(y) =

8
<
:

�k
hF

�1(�k(!)y(!)); ! 2 (��;�);

0; ! =2 (��;�);

ãäå

�k(!) =

8
<
:

b�1+�k(!)
b�1+b�2tn(!)

; ! 2 (��;�);

0; ! =2 (��;�);
(1)

à �k(�) äëÿ ïî÷òè âñåõ ! 2 (��;�) óäîâëåòâîðÿþò óñëîâèþ

n�1X

k=1

pkt
k(!)j�k(!)j2 6 b�1

b�2t
n(!)

�
b�1 + b�2t

n(!) �
n�1X

k=1

pkt
k(!)

�
; (2)

â êîòîðîì

b�1 =

8
>>><
>>>:

n�1P
k=1

pk

�
�2

2�

�� k
n �

1 � k
n

�
; � > b�;

n�1P
k=1

pk!
k
�

�
k
n

� k
n�k

�
1 � k

n

�
; � < b�;

c�2 =

8
>>><
>>>:

n�1P
k=1

pk
k
n

�
�2

2�

�n�k
n
; � > b�;

n�1P
k=1

pk!
k�n
� ; � < b�;

ÿâëÿþòñÿ îïòèìàëüíûìè.
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4. Äîêàçàòåëüñòâî

Äîêàæåì, ÷òî

E
�
W

n
2;h; F;�; �

�
> sup

x2W n
2;h;

kFx(!)kL2([��;�])6�

vuut
n�1X

k=1

pk
�k

hx
2

l2;h(Z)
: (3)

Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè x 2 W n
2;h òàêîé, ÷òî kFx(!)kL2([��;�]) 6 �; è äëÿ ëþáîãî

ìåòîäà ’ èìååì

 
2

n�1X

k=1

pk
�k

hx
2

l2;h(Z)

!1=2

=

 
n�1X

k=1

pk
�k

h(x) � �k
h(�x) + ’(0) � ’(0)

2

l2;h(Z)

!1=2

6

 
n�1X

k=1

pk
�k

h(x) � ’(0)
2

l2;h(Z)
+

n�1X

k=1

pk
�k

h(�x) � ’(0)
2

l2;h(Z)

!1=2

6

 
2
n�1X

k=1

sup
x2W n

2;h;

kFx(!)kL2([��;�])6�

pk
�k

hx
2

l2;h(Z)
� ’(0)

!1=2

6

�
2e2
�
W

n
2;h; F;�; �; ’

��1=2
;

ò. å. äëÿ ëþáîãî ìåòîäà ’

e
�
W

n
2;h; F;�; �; ’

�
> sup

x2W n
2;h;

kFx(!)kL2([��;�])6�

vuut
n�1X

k=1

pk
�k

hx
2

l2;h(Z)
:

Èç äàííîãî íåðàâåíñòâà ñëåäóåò íåðàâåíñòâî (3).

Ýòî îçíà÷àåò, ÷òî êâàäðàò ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ íå ìåíüøå çíà-

÷åíèÿ ýêñòðåìàëüíîé çàäà÷è

n�1X

k=1

pk
�k

hx
2

l2;h(Z)
! max;

�n
hx

l2;h(Z)

6 1;
Fx(!)


L2([��;�])

6 �: (4)

Ïåðåéäåì ê êâàäðàòó çàäà÷è è ïðèìåíèì òåîðåìó Ïëàíøåðåëÿ. Çàäà÷à (4) ïðèíèìàåò

âèä

1

2�

n�1X

k=1

pk

�=hZ

��=h

jeih! � 1j2k
h2k

��Fx(!)
��2 d! ! max; (5)

�Z

��

��Fx(!)
��2 d! 6 �2;

1

2�

�=hZ

��=h

jeih! � 1j2n
h2n

��Fx(!)
��2 d! 6 1:

Ïîëîæèì

!0 =

8
>>><
>>>:

2
h arcsin

�
h
2

�
�2

2�

�� 1
2n

�
; � > b�;

2
h arcsin

�
sin h�

2

�
k
n

� 1
2(n�k)

�
; � < b�:

(6)
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Ðàññìîòðèì ñëó÷àé � > b�. Òî÷êà x0 = 2�
�2 � òî÷êà êàñàíèÿ ïðÿìîé y = b�1 + b�2x è

ôóíêöèè ey =
Pn�1

k=1 pkx
k
n
(ñì. ðèñ. 1). Ïðè � > b� â ñèëó ìîíîòîííîñòè ôóíêöèè ey âûïîë-

íÿåòñÿ äâîéíîå íåðàâåíñòâî !n� > !nb� > x0: Ýòî îçíà÷àåò, ÷òî àðãóìåíò ôóíêöèè àðêñèíóñ
â ðàâåíñòâå (6) íå ïðåâûøàåò 1 ïðè � > b�:

Y

X

ey0

x0 !n
b� !n

�

ey =
n�1P
k=1

pkx
k

n

y = b�2x

y = b�1 + b�2x

(2=h)2n

Ðèñ. 1.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé xm(�), äëÿ êîòîðûõ

(Fxm)(!) =

8
<
:
D; ! 2

�
!0 � 1

m ;!0

�
;

0; ! =2
�
!0 � 1

m ;!0

�
:

Ïîëîæèì D = �
p
m. Òîãäà

�Z

��

Fxm(!)
2

L2([��;�])
d! =

!0Z

!0� 1
m

D2 d! =
D2

m
= �2:

Êðîìå òîãî,

1

2�

�=hZ

��=h

tn(!)
Fxm(!)

2

L2([��;�])
d! =

1

2�

!0Z

!0� 1
m

tn(!)D2 d!

=
�2m

2�

!0Z

!0� 1
m

�
4

h2
sin2 h!

2

�n
d! 6

�222n sin2n h!0
2

2�h2n
= 1:

Òåì ñàìûì ôóíêöèè xm(�) äîïóñòèìû â çàäà÷å (5). Ñëåäîâàòåëüíî, ïðè D = �
p
m çíà-
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÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû

1

2�

n�1X

k=1

pk

�=hZ

��=h

tk(!)
Fxm(!)

2

L2([��=h;�=h])
d! =

1

2�

n�1X

k=1

pk

!0Z

!0� 1
m

tk(!)D2 d!

=
�2m

2�

n�1X

k=1

pk

!0Z

!0� 1
m

4k

h2k
sin2k h!

2
d! >

n�1X

k=1

pk
�222k sin2k h(!0� 1

m )
2

2�h2k
:

Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ïðè m ! 1 ñòðåìèòñÿ ê âåëè÷èíå

Pn�1
k=1 pk

�
�2

2�

�n�k
n
.

Â ñëó÷àå � < b� î÷åâèäíî, ÷òî !0 < � < �
h . Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé

xm(�) òàêóþ, ÷òî

(Fxm)(!) =

8
>><
>>:

D1; ! 2
�
!0 � 1

m ;!0

�
;

D2; ! 2
�
�;� + 1

m

�
;

0; ! =2
�
!0 � 1

m ;!0

�
[
�
�;� + 1

m

�
:

Âîçüìåì

D1 = �
p
m; D2 =

0
@2 sin

h(�+ 1
m)

2

h

1
A

�nvuutm

 
2� � �2!�n

�
k

n

� n
n�k

!
:

Òîãäà

�Z

��

Fxm(!)
2

L2([��;�])
d! =

�+ 1
mZ

�

D2
1 d! = �2:

Àíàëîãè÷íî

1

2�

�=hZ

��=h

tn(!)
Fxm(!)

2

L2([��=h;�=h])
d! =

1

2�

0
B@

!0Z

!0� 1
m

tn(!)D2
1 d! +

�+ 1
mZ

�

tn(!)D2
2 d!

1
CA

6
1

2�

0
@�2

�
2

h
sin

h!0

2

�2n

+
D2

2

m

 
2

h
sin

h
�
� + 1

m

�

2

!2n
1
A = 1:

Òàêèì îáðàçîì, ôóíêöèè xm(�) òàêæå äîïóñòèìû â çàäà÷å (5). Çíà÷èò, ïðè óêàçàííûõ

âûøå çíà÷åíèÿõ �, D1 è D2, çíà÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû

1

2�

n�1X

k=1

pk

�=hZ

��=h

tk(!)
Fxm(!)

2

L2([��=h;�=h])
d! =

1

2�

n�1X

k=1

pk

0
B@

!0Z

!0� 1
m

tk(!)D2
1d! +

�+ 1
mZ

�

tk(!)D2
2d!

1
CA

>
1

2�

n�1X

k=1

pk

2
4�2

 
2

h
sin

h
�
!0 � 1

m

�

2

!2k

+

0
@2 sin

h(�+ 1
m )

2

h

1
A

�2n 
2� � �2!�

n

�
k

n

� n
n�k

!
!k�

3
5 :
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Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ïðè m ! 1 ñòðåìèòñÿ ê

n�1X

k=1

pk!
k
�

 
�2

2�

�
k

n

� k
n�k n� k

n
+ !�n

�

!
:

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî

E
�
W

n
2;h; F;�; �

�
>

8
>>>>><
>>>>>:

 
n�1P
k=1

pk

�
�2

2�

�n�k
n

!1=2

; � > b�;
 
n�1P
k=1

pk!
k
�

�
�2

2�

�
k
n

� k
n�k

n�k
n + !�n

�

�!1=2

; � < b�:

Ïîñòðîèì îïòèìàëüíûå ìåòîäû. Îïòèìàëüíûå ìåòîäû áóäåì èñêàòü ñðåäè ìåòîäîâ

âèäà ’k(y) = �ky, ãäå �k : L2([��;�]) ! l2;h(Z) � ëèíåéíûé íåïðåðûâíûé îïåðàòîð,

äåéñòâèå êîòîðîãî â îáðàçàõ Ôóðüå èìååò âèä

F (�ky)(!) =

(
(eih!�1)k

hk �k(!)y(!); ! 2 (��;�);

0; ! =2 (��;�);

ãäå ôóíêöèÿ �k(!) 2 L1((��;�)), �k(!) = 0, ! =2 (��;�), 1 6 k 6 n� 1.

Äëÿ îöåíêè ïîãðåøíîñòè òàêèõ ìåòîäîâ ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

n�1X

k=1

pk
�k

hx� �ky
2

l2;h(Z)
! max;

Fx(!) � y(!)

L2([��;�])

6 �; x 2 W
n

2;h; y 2 L2([��;�]):

Ïåðåïèøåì ýòó çàäà÷ó â îáðàçàõ Ôóðüå:

1

2�

�=hZ

��=h

n�1X

k=1

pkt
k(!)

��Fx(!) � �k(!)y(!)
��2 d! ! max;

�Z

��

��Fx(!) � y(!)
��2 d! 6 �2;

1

2�

�=hZ

��=h

tn(!)
��Fx(!)

��2 d! 6 1:

(7)

Èñïîëüçóÿ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî, ïîëó÷àåì

��Fx(!) � �k(!)y(!)
��2 =

��Fx(!)(1 � �k(!)) + �k(!)(Fx(!) � y(!))
��2

=

������
�k(!)

q
b�1q

b�1

�
Fx(!) � y(!)

�
+

1 � �k(!)q
b�2 tn(!)

q
b�2 tn(!)Fx(!)

������

2

6 qk(!)
�
b�1

��Fx(!) � y(!)
��2 + b�2 t

n(!)
��Fx(!)

��2
�
;

ãäå qk(!) = j�k(!)j2
b�1

+ j1��k(!)j2
b�2tn(!)

:
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Ó÷èòûâàÿ óñëîâèÿ â çàäà÷å (7), èìååì

1

2�

�=hZ

��=h

n�1X

k=1

pkt
k(!)

��Fx(!) � �k(!)y(!)
��2 d! 6 kQ(�)kL1((��;�))

�b�1�
2 + b�2

�
;

ãäå Q(!) =
Pn�1

k=1 pkt
k(!)qk(!):

Åñëè kQ(�)kL1((��;�)) 6 1, òî çíà÷åíèå çàäà÷è (7)

b�1
�2

2�
+ b�2 =

8
>>><
>>>:

n�1P
k=1

pk

�
�2

2�

�n�k
n

; � > b�;
n�1P
k=1

pk!
k
�

�
�2

2�

�
k
n

� k
n�k

n�k
n + !�n

�

�
; � < b�;

íå ïðåâîñõîäèò

b�1
�2

2� + b�2 6 E2(W n
2;h; F;�; �).

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò îöåíêà ñâåðõó ïîãðåøíîñòè îïòèìàëüíîãî âîñ-

ñòàíîâëåíèÿ. Òåì ñàìûì ìåòîäû, â êîòîðûõ ak(�), k = 1; : : : ; n � 1, âûáðàíû òàê, ÷òî

kQ(�)kL1((��;�)) 6 1, áóäóò îïòèìàëüíûìè.
Ïîêàæåì, ÷òî óñëîâèå kQ(�)kL1((��;�)) 6 1 ýêâèâàëåíòíî âûðàæåíèþ (2) â óñëîâèè

òåîðåìû. Èìååì

Q(!)=

n�1X

k=1

pkt
k(!)qk(!)=

n�1X

k=1

pkt
k(!)

 b�1+b�2t
n(!)

b�1
b�2tn(!)

�����k(!)�
b�1

b�1+b�2tn(!)

����
2

+
1

b�1+b�2tn(!)

!
:

Ïóñòü �k(!) = �k(!)
�b�1 + b�2t

n
�

� b�1:
Òîãäà óñëîâèå kQ(�)kL1((��;�)) 6 1 ýêâèâàëåíòíî óñëîâèþ (2).

Ðàññìîòðèì ôóíêöèþ

g(t) = �
n�1X

k=1

pkt
k + �1�[��;�] + �2t

n; t 2
�
0; 4=h2

�
:

Â ñèëó âîãíóòîñòè ôóíêöèè ey =
Pn�1

k=1 pkx
k=n

â ñëó÷àå � > b� áóäåò âûïîëíÿòüñÿ íåðà-

âåíñòâî ey 6 b�1 + b�2x äëÿ âñåõ x 2 [0;!n� ] (ñì. ðèñ. 1). Òàê êàê !n� > !nb� , íåðàâåíñòâîPn�1
k=1 pkx

k=n < b�2x âûïîëíÿåòñÿ ïðè x 2 (!n� ; (2=h)2n]. Ýòî îçíà÷àåò íåîòðèöàòåëüíîñòü
ôóíêöèè g(t) ïðè âñåõ t 2 [0; 4=h2].

Â ñëó÷àå � < b� ïðÿìàÿ y = b�2x ïåðåñåêàåò ãðàôèê ôóíêöèè ey =
Pn�1

k=1 pkx
k=n

â òî÷-

êå !n� , ïðÿìàÿ y = b�1 + b�2x êàñàåòñÿ äàííîé ôóíêöèè â òî÷êå x0 < !n� , ò. å. è â ýòîì

ñëó÷àå ôóíêöèÿ g(t) > 0:
Òàêèì îáðàçîì, â ñèëó íåîòðèöàòåëüíîñòè ôóíêöèè g(t) ïðàâàÿ ÷àñòü íåðàâåíñòâà (2)

íåîòðèöàòåëüíà.

Âåðõíÿÿ è íèæíÿÿ îöåíêè ïîãðåøíîñòè ñîâïàäàþò, ÷òî äîêàçûâàåò îïòèìàëüíîñòü

ìåòîäà.

Ïóñòü W n
2 (R) = ff(�) 2 L2(R) : f (n�1) 2 LAC(R); f (n)(�) 2 L2(R)g � ñîáîëåâñêîå

ïðîñòðàíñòâî, ãäå LAC(R) � ìíîæåñòâî ôóíêöèé, àáñîëþòíî íåïðåðûâíûõ íà êàæäîì

êîíå÷íîì îòðåçêå. Ðàññìîòðèì êëàññ ôóíêöèé

W
n
2 (R) =

n
f(�) 2 W

n
2 (R) :

f (n)(�)

L2(R)

6 1; (Ff)(�) 2 L2(R)
o
;
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ãäå (Ff)(�) � ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f . Áóäåì ñ÷èòàòü, ÷òî äàíà ôóíêöèÿ

y(�) 2 L2([��;�]) òàêàÿ, ÷òî k(Ff)(�) � y(�)kL2([��;�]) 6 �, ãäå � > 0 � çàäàííàÿ âåëè-

÷èíà ïîãðåøíîñòè.

Çàìåòèì, ÷òî, â ïðåäåëå ïðè h ! 0 k-ÿ ðàçäåëåííàÿ ðàçíîñòü ïîñëåäîâàòåëüíîñòè

x 2 W n
2;h ïåðåõîäèò â ïðîèçâîäíóþ k-ãî ïîðÿäêà ôóíêöèè f(�) 2 Wn

2 (R),

lim
h!0

t(!) = !2; lim
h!0

!� = �2; lim
h!0

b� =

�
�2

2�

�� 1
2n

 
n�1X

k=1

pk
k

n

! 1
2(k�n)

:

Íå îáîñíîâûâàÿ ñòðîãî ïðåäåëüíûé ïåðåõîä, ïðèâåäåì ðåçóëüòàò, êîòîðûé ïîëó÷àåò-

ñÿ ñ ïîìîùüþ òàêîãî ïåðåõîäà (ýòîò ðåçóëüòàò ìîæåò áûòü ïîëó÷åí è íåïîñðåäñòâåí-

íî, èñïîëüçóÿ òó æå ñõåìó ðàññóæäåíèé): ïîãðåøíîñòü îäíîâðåìåííîãî îïòèìàëüíî-

ãî âîññòàíîâëåíèÿ ïðîèçâîäíûõ âñåõ ïîðÿäêîâ (D1f(�), D2f(�), : : :, Dn�1f(�)) ôóíêöèè
f(�) 2 Wn

2 (R) ðàâíà

E
�
W
n
2 (R); F;D; �

�
= lim

h!0
E
�
W

n
2;h; F;�; �

�

=

8
>>>>><
>>>>>:

 
n�1P
k=1

pk

�
�2

2�

�n�k
n

!1=2

; � >

�
�2

2�

�� 1
2n

�
n�1P
k=1

pk
k
n

� 1
2(k�n)

;

 
n�1P
k=1

pk�
2k

�
�2

2�

�
k
n

� k
n�k

n�k
n + ��2n

�!1=2

; � <
�
�2

2�

�� 1
2n

�
n�1P
k=1

pk
k
n

� 1
2(k�n)

;

ãäå D = (D1;D2; : : : ;Dn�1):
Âñå ìåòîäû

b’k(y) =

(�
F�1(�k(!)y(!))

�(k)
; ! 2 (��;�);

0; ! =2 (��;�);

ãäå

�k(!) =

8
<
:

b�1+�k(!)
b�1+b�2!n

; ! 2 (��;�);

0; ! =2 (��;�);

à �k(�) äëÿ ïî÷òè âñåõ ! 2 (��;�) óäîâëåòâîðÿþò óñëîâèþ

n�1X

k=1

pk!
2k
���k(!)

��2 6 b�1
b�2!

2n

 
b�1 + b�2!

2n �
n�1X

k=1

pk!
2k

!
;

â êîòîðîì

b�1 =

8
>>>><
>>>>:

n�1P
k=1

pk

�
�2

2�

�� k
n �

1 � k
n

�
; � >

�
�2

2�

�� 1
2n

�
n�1P
k=1

pk
k
n

� 1
2(k�n)

;

n�1P
k=1

pk�
2k
�
k
n

� k
n�k

�
1 � k

n

�
; � <

�
�2

2�

�� 1
2n

�
n�1P
k=1

pk
k
n

� 1
2(k�n)

;

b�2 =

8
>>>><
>>>>:

n�1P
k=1

pk
k
n

�
�2

2�

�n�k
n
; � >

�
�2

2�

�� 1
2n

�
n�1P
k=1

pk
k
n

� 1
2(k�n)

;

n�1P
k=1

pk�
2(k�n); � <

�
�2

2�

�� 1
2n

�
n�1P
k=1

pk
k
n

� 1
2(k�n)

;
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ÿâëÿþòñÿ îïòèìàëüíûìè, è ïðè

pk =

(
1; k = r;

0; k 6= r

ìû ïîëó÷àåì ðåçóëüòàò, àíàëîãè÷íûé ðåçóëüòàòó, ïîëó÷åííîìó ïðè âîññòàíîâëåíèè ïðî-

èçâîäíîé ôóíêöèè ïîðÿäêà r â ðàáîòå [3].

Çàìå÷àíèå 1. Åñëè ïðåîáðàçîâàíèå Ôóðüå ïîñëåäîâàòåëüíîñòè ñ îãðàíè÷åííîé n-é
ðàçäåëåííîé ðàçíîñòüþ íà îòðåçêå [��;�] èçâåñòíî ïðèáëèæåííî, òî ñ óâåëè÷åíèåì ïî-

ëóäëèíû îòðåçêà � ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ óìåíüøàåòñÿ, íî ëèøü äî
îïðåäåëåííîãî ïðåäåëà: ïðè � > b� ýòà ïîãðåøíîñòü ïîñòîÿííà, ò. å. çà ïðåäåëàìè îòðåçêà
[�b�; b� ] èíôîðìàöèÿ î ïðåîáðàçîâàíèè Ôóðüå ïîñëåäîâàòåëüíîñòè èç äàííîãî êëàññà íå

íóæíà.
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Abstract. In various applications, it is often necessary to reconstruct some characteristic of an object

from some information (usually incomplete or inaccurate) about its other characteristics. There are various

approaches to solving similar problems. In this paper, we used an approach based on the ideas of Andrei

Nikolaevich Kolmogorov concerning the best means of approximation by �nite-dimensional subspaces. The

essence of the method lies in the fact that the best means of approximation on the whole class is sought. We
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consider the problem of simultaneous recovery of operators of divided di�erences of a sequence of all orders

from 1 to (n�1)th inclusive, in a class of sequences with bounded nth divided di�erence. The Fourier transform
of this sequence is known inaccurately at a certain interval sequence in the mean square norm. A family of

optimal recovery methods is constructed. Among the methods found are those that use minimal sequence

information, pre-smoothing it. The exact value of the optimal error of recovering divided-di�erence operators

is found. The passage to the limit from the obtained results implies a continuous case.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÆÈÇÍÜ

Øàðàïóäèíîâ Èäðèñ Èäðèñîâè÷

(íåêðîëîã)

Îòå÷åñòâåííàÿ íàóêà ïîíåñëà òÿæåëóþ óòðàòó. 7 àâãó-

ñòà 2018 ã. íà 71-ì ãîäó æèçíè ñêîðîïîñòèæíî ñêîí÷àëñÿ

èçâåñòíûé ðîññèéñêèé ìàòåìàòèê Øàðàïóäèíîâ Èäðèñ Èä-

ðèñîâè÷, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð.

Èäðèñ Èäðèñîâè÷ ðîäèëñÿ 7 èþíÿ 1948 ãîäà â ñåëåíèè

Ãîãàòëü Áîòëèõñêîãî ðàéîíà Ðåñïóáëèêè Äàãåñòàí. Â 1966 ã.

îêîí÷èë ñðåäíþþ øêîëó â ñåëåíèè Áîòëèõ è ïîñòóïèë íà

ôèçèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò Äàãåñòàíñêîãî ãîñóäàð-

ñòâåííîãî ïåäàãîãè÷åñêîãî èíñòèòóòà, êîòîðûé îêîí÷èë ñ

îòëè÷èåì â 1971 ã.

Àñïèðàíòóðó Èäðèñ Èäðèñîâè÷ ïðîõîäèë ïðè Ìîñêîâ-

ñêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì èíñòèòóòå, ãäå è çà-

ùèòèë êàíäèäàòñêóþ äèññåðòàöèþ. Ñ 1975 ã. ðàáîòàë â

Äàãåñòàíñêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì óíèâåðñè-

òåòå, ñ 1992 ïî 2017 ãã. � çàâåäóþùèì êàôåäðîé ìàòåìà-

òè÷åñêîãî àíàëèçà. Â 1989 ã. ïîñòóïèë â äîêòîðàíòóðó ïðè

ìåõàíèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå ÌÃÓ, â 1991 ã. óñïåøíî çàùèòèë äîêòîðñêóþ äèñ-

ñåðòàöèþ â Ìàòåìàòè÷åñêîì èíñòèòóòå èì. Â. À. Ñòåêëîâà ÐÀÍ.

Ñ 2001 ã. è äî ïîñëåäíèõ äíåé îí çàâåäîâàë Îòäåëîì ìàòåìàòèêè è èíôîðìàòèêè

(ÎÌÈ) Äàãåñòàíñêîãî íàó÷íîãî öåíòðà ÐÀÍ, ïðè ýòîì ñ 2007 ïî 2011 ãã. çàâåäîâàë îä-

íîâðåìåííî è Ëàáîðàòîðèåé òåîðèè ôóíêöèé è ïðèáëèæåíèé Þæíîãî ìàòåìàòè÷åñêî-

ãî èíñòèòóòà Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà ÐÀÍ. Ñîçäàíèå ÎÌÈ ñòàëî âîçìîæ-

íûì ëèøü áëàãîäàðÿ åãî êèïó÷åé ýíåðãèè è óíèêàëüíîìó ñî÷åòàíèþ ãëóáîêèõ ïîçíàíèé

â êëàññè÷åñêèõ îáëàñòÿõ ìàòåìàòèêè ñ æèâûì èíòåðåñîì ê ñîâðåìåííûì íàïðàâëåíèÿì

êîìïüþòåðíûõ íàóê. Çäåñü îí íàøåë ïðèëîæåíèå ñâîèì íåäþæèííûì ñèëàì îðãàíèçàòî-

ðà íàóêè, ñîçäàë ñâîþ íàó÷íóþ øêîëó, è íûíå ó÷åíèêè Èäðèñà Èäðèñîâè÷à ïðîäîëæàþò

ðàçâèâàòü åãî íàó÷íûå èäåè è íàõîäèòü èì íîâûå ïðèìåíåíèÿ.

Øàðàïóäèíîâ Èäðèñ Èäðèñîâè÷ îòíîñèòñÿ ê áëåñòÿùåé ïëåÿäå ðîññèéñêèõ èññëåäî-

âàòåëåé ìèðîâîãî óðîâíÿ, îí ÿâëÿåòñÿ îäíèì èç îáùåïðèçíàííûõ îñíîâàòåëåé ñîâðåìåí-

íîé òåîðèè ïðîñòðàíñòâ Ëåáåãà è Ñîáîëåâà ñ ïåðåìåííûì ïîêàçàòåëåì è òåîðèè îðòî-

ãîíàëüíûõ ïîëèíîìîâ äèñêðåòíîé ïåðåìåííîé. À â ïîñëåäíèå ãîäû èì áûëè ïîëó÷åíû

ïðèíöèïèàëüíî íîâûå îñíîâîïîëàãàþùèå ðåçóëüòàòû â òàêîé àêòóàëüíîé è àêòèâíî ðàç-

âèâàþùåéñÿ îáëàñòè êàê òåîðèÿ ñèñòåì ôóíêöèé, îðòîãîíàëüíûõ â ñìûñëå Ñîáîëåâà.

Óøåë èç æèçíè âûäàþùèéñÿ ó÷åíûé, çàìå÷àòåëüíûé ïåäàãîã, äîáðûé è îòçûâ÷èâûé

÷åëîâåê, ëþáÿùèé îòåö è äåä. Ñâåòëàÿ ïàìÿòü îá Èäðèñå Èäðèñîâè÷å Øàðàïóäèíîâå

íàâñåãäà ñîõðàíèòñÿ â íàøèõ ñåðäöàõ.

Ðåäêîëëåãèÿ
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