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� _bV JML ^	¬ L�V J�¸9©�« ^TU�© X[S�©x9©[^	¬T]²¬	«(f�© J}a	¬	¬ V J�¸3¬T^ JML$J}So�L©�Â _b^' a _RÆ N�ÊPdhNkj�És·gM(We^TZ	¯	¬	¬#�L©xµ
Â _b^' a _vS�L&_bf�© L&_bf�¬TZ�© ]RS/¸ ]'°�fYX ]�a3©�ÀV©[^	¬T]TL5¬�3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^ J/±PJvWea _bSM^3©[^	¬T]��L©�Â _b^' a _

d

dx

[(
1− x2

) d
dx
Pn(x)

]
+ n(n+ 1)Pn(x) = 0.

� f�¬vJ�ª}U%ZT^ J}S�©[^T^TU�©�3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^TU�©)Wea _bSM^3©[^	¬T]!³ _}X[fYJ�SYX[fMa3©�³ _�°�fYX ] S�®�¬	«�¬TZ�©�¬O aTW#µ
±�¬'º�J�ª�¸h_}X[fk]�º�f�©xºR^	¬TZ	¬�·'�N³ _}X[fM^ JMX[f�¬�Q�� fYJ\VTa J/¬ X�º`J�3¬Tf VTa	¬�a3©�ÀV©[^	¬	¬�Wea _bSM^3©[^	¬T]��(_bV'¸h_}XP_
� ¬�X[SM]'«k_b^T^TU7º�X%^	¬ L5¬>3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^TU7º�Wea _bSM^3©[^	¬	¹�SL³ _}X[fM^TU7º�VTa J/¬	« SYJ� ^TU7º��$S(X�®L©[a	¬	³3©xµX[Z	¬'º(ZeJMJ}a�3¬T^ _bf}_�ºg· � f�¬ a3©�ÀV©[^	¬T]L	¸ ]

n = 0, 1, 2, . . .
� X&^ J}a L&_�¸3¬	«k_�¯	¬3©�¹

Pn(1) = 1
��J�ª}a _�« W�°�fV JMXx¸9©x J}S`_bf�©x¸ cM^ JMX[fMc�J}aTfYJ/±PJ}^ _�¸ cM^TU7º�L ^ J/±PJ/³'¸9©[^ J}S Qe^ _�« U%S`_/© L U7º�L ^ J/±PJ/³'¸9©[^ _}L5¬o�L©�Â _b^' a _'·	 _�ÂV U2¹#L ^ J/±PJ/³'¸9©[^ �L©�Â _b^' a _

Pn(x)
SMU%a _�Â _/©[fYX ]�® J}a L W�¸ J/¹ ��J� a	¬	±�© XP_

Pn(x) =
1

2nn!

dn

dxn
[(
x2 − 1

)n]
.

�*^Tf�©�± a _�¸ cM^ J�©(VTa3©x X[f}_bS/¸9©[^	¬3©(V J�¸3¬T^ JML$J}S��L©�Â _b^' a _>¬ L,©�©[f�S�¬'

Pn(x) =
1

π

π∫

0

(
x+ i

√
1− x2 cos t

)n
dt, −1 6 x 6 1.

� N��
¨ J�¸3¬T^ JML U��L©�Â _b^' a _ f}_bZ	Â!© L$J/± Wef�ª}U%fMcvJ}VTa3©x9©x¸9©[^TU�ZR_bZ�ZeJ���®L®�¬	¯	¬3©[^TfMU�a _�«�¸ J�Â!©[^	¬T]S�a`]�#��©�¹'¸ J}a _vVTa J/¬	« SYJ� ]'¼V©�¹�® We^TZ	¯	¬	¬

1

(1− 2xz + z2)
1
2

=

∞∑

k=0

zkPk (x) .

� ®�¬	«�¬TZ�©�� f}_�® J}a L W�¸h_ ]RS/¸ ]	©[fYX ]�JMX[^ J}SYJ/¹Á	¸ ]�L W�¸ ckf�¬TV J�¸ cM^TU7º�a _�«�¸ J�Â!©[^	¬	¹�·q�J¬	Â!© ^ _}LV J}^ _� J�ª/¬TfMcYX ]#J� ^ J�¬	« V J� J�ª}^TU7º�a _�«�¸ J�Â!©[^	¬	¹�Q�_V¬ L,©[^T^ J	Ë
1− x2

(1− 2xz + z2)
3
2

=
∞∑

k=0

(2k + 1)zkPk (x) .
� g��

�%_�Âv^ J�©*X[SYJ/¹ X[fMSYJ V J�¸3¬T^ JML$J}S �L©�Â _b^' a _ X JMX[fYJ/¬Tf S fYJML%Q#³TfYJ J}^	¬�J}aTfYJ/±PJ}^ _�¸ cM^TU�J}fM^ JMX�¬'µf�©x¸ cM^ J�SM^TWefMa3©[^T^3©�±PJvVTa J/¬	« S�©x9©[^	¬T] ^ _ J}fMa3©�« Z�© −1 6 x 6 1
Ë

1∫

−1

Pm(x)Pn(x) dx =
2

2n+ 1
δmn,

��� �

δmn
Ä X�¬ L SYJ�¸ 	*a J}^3©[ZTZ�©[a _'·

� D�]! �[Zf9W9[Zf�"ÁXZb�#�$%�'&)(�U�(

*,+.-/+101+�2 Ë)�Z©[ZeJ}^ X[fMaTWeZ	¯	¬T] ® We^TZ	¯	¬	¬
w = f(z)

V JÃ©�©R¬T^Tf�©�± a _�¸h_}L S/ J�¸ c�J}fMa3©�« ZeJ}S QVTa J�º`J� ]'¼!¬'º�³3©[a3©�« ^ _�³ _�¸ J	·
¨*WYX[fMc²® We^TZ	¯	¬T]

w = f(z)
_b^ _�¸3¬Tf�¬	³T^ _�S�©x3¬T^	¬	³T^ JML�ZTaTW�±�©V¬ ^3©[VTa3©[aTU%SM^ _�Sa©�±PJa«k_}L U7µZR_b^	¬	¬13$VTWYX[fMc f}_bZ	Â!©�^ _ ZR_�ÂV JML¾¬	«�J}fMa3©�« ZeJ}S

Oη = {z : z = εη, 0 6 ε 6 1} SMU2³	¬ Xx¸9©[^ J
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C

Ê

©�©�S�« S�©�ÀV©[^T^ J�©�X[a3©x ^3©�©»« ^ _�³3©[^	¬3©�· �)a3©�ª}W�©[fYX ]\SYJMX X[f}_b^ J}S�¬TfMc�® We^TZ	¯	¬	°
w = f(z)

S�ZR_�ÂV J/¹fYJ/³TZ�©L©x3¬T^	¬	³T^ J/±PJ�ZTaTW�±[_'·�\a _/ªMJ}f�©%��·M��·/Î%_bSMa	¬T^ _VÆ N�Ï/É		¸ ]�® We^TZ	¯	¬	¹�QM_b^ _�¸3¬Tf�¬	³3© X[Z	¬'ºvS�©x3¬T^	¬	³T^ JML ZTaTW�±�©7¬ ^3©[VTa3©xµaTU%SM^TU7º�S>©�±PJ�«k_}L U%ZR_b^	¬	¬�Q V J�¸ W�³3©[^ _V¬T^Tf�©�± a _�¸ cM^ _b]²® J}a L W�¸h_ 	 J/À!¬aÄNÎ%_bSMa	¬T^ _
f(z) =

1

2πi

∫

|η|=1

Lγ

[
1

1− z
η

]
L−1
γ [f ](η)

dη

η
,

� Ï%�

±�9©
L−1
γ

Ä J}V3©[a _bfYJ}a�Q¡J�ª}a _bfM^TU2¹�Z�J}V3©[a _bfYJ}aTW ��© LZ¸ ]RZeJ}S`_�Ä Î%_bSMa	¬T^ _ÃÆ N�Ï/É
Lγ = γ + z d

dz

·
I V3©[a _bfYJ}a

L−1
γ

¬ L,©�©[f�S�¬'½Æ N�Ï/É

L−1
γ [f ](η) =

1∫

0

εγ−1f(εη) dε, |η| = 1, γ > 0.
� Ê��

¨*a _bSMW�° ³ _}X[fMc�® J}a L W�¸ U � Ê�� L$J�Âv^ J^¬T^Tf�©[aTVTa3©[f�¬Ta J}S`_bfMc�ZR_bZ S�« S�©�ÀV©[^T^ J�©vX[a3©x ^3©�©!« ^ _�³3©[^	¬3©
® We^TZ	¯	¬	¬

w = f(z)
Q�SMU2³	¬ Xx¸9©[^T^ J�©�V J J}fMa3©�« ZTW {z : z = ηε, 0 6 ε 6 1}. ��_bZ	¬ L�J�ª}a _�«PJML%Q¬T^Tf�©�± a _�¸ cM^ _b]²® J}a L W�¸h_ � Ï%�'a3©�Àv_/©[f>«k_�h_�³TW��!·

*,+.-/+101+
	�� �Z©[ZeJ}^ X[fMaTWeZ	¯	¬T]R® We^TZ	¯	¬	¬
w = f(z)

V J>©�©L¬T^Tf�©�± a _�¸h_}L�V JvZR_�ÂV JML W�¬	«(S�©[a'µf�¬TZR_�¸ cM^TU7º J}fMa3©�« ZeJ}S�SM^TWefMa	¬�«k_}L ZT^TWefYJ/±PJ»©x3¬T^	¬	³T^ J/±PJ�ZTaTW�±[_'·
¨*WYX[fMc²® We^TZ	¯	¬T]

w = f(z)
_b^ _�¸3¬Tf�¬	³T^ _�S�©x3¬T^	¬	³T^ JML�ZTaTW�±�©V¬ ^3©[VTa3©[aTU%SM^ _�S�©�±PJ^«k_}L U7µZR_b^	¬	¬13RVTWYX[fMcvf}_bZ	Â!© ^ _ ZR_�ÂV JMLÃ¬	«*S�©[aTf�¬TZR_�¸ cM^TU7º�J}fMa3©�« ZeJ}S�SM^TWefMa	¬a«k_}L ZT^TWefYJ/±PJ�©x3¬T^	¬	³T^ J�µ

±PJ�ZTaTW�±[_�SMU2³	¬ Xx¸9©[^ J X[a3©x ^3©�©>« ^ _�³3©[^	¬3© � fYJ/¹�® We^TZ	¯	¬	¬
w = f(z)

·��)a3©�ª}W�©[fYX ]�SYJMX X[f}_b^ J}S�¬TfMc
® We^TZ	¯	¬	°

w = f(z)
SvZR_�ÂV J/¹ fYJ/³TZ�©O©x3¬T^	¬	³T^ J/±PJ�ZTaTW�±[_ V J>©�© X[a3©x ^	¬ L2Ë

F (x) =
1

π

π∫

0

f
(
x+ i

√
1− x2 cos t

)
dt, −1 6 x 6 1,

SMU2³	¬ Xx¸9©[^T^TUqLÃ	¸ ]�ZR_�ÂV J/±PJ>« ^ _�³3©[^	¬T]
x ∈ [−1, 1]

·
*,+.-/+101+��� �Z©[ZeJ}^ X[fMaTWeZ	¯	¬T]Ì® We^TZ	¯	¬	¬

w = f(z)
V J�©�©'S�« S�©�ÀV©[^T^TUqL�X[a3©x ^	¬ LR¬T^Tf�©�± a _�¸h_}L^ _ J}ZTaTW�Âv^ JMX[f�¬�·

¨*WYX[fMcV® We^TZ	¯	¬T]
w = f(z)

_b^ _�¸3¬Tf�¬	³T^ _ S!©x3¬T^	¬	³T^ JML ZTaTW�±�©�¬�^3©[VTa3©[aTU%SM^ _ S!©�±PJO«k_}L U%ZR_�µ^	¬	¬�·Y	 _bZ>¬	« S�© X[fM^ JTQ�¬T^Tf�©�± a _�¸^® We^TZ	¯	¬	¬�Q`_b^ _�¸3¬Tf�¬	³3© X[ZeJ/¹oSO©x3¬T^	¬	³T^ JML�ZTaTW�±�©2¬�^3©[VTa3©[aTU%SM^ J/¹S>©�±PJ�«k_}L U%ZR_b^	¬	¬ V J�± a _b^	¬	¯3© ZTaTW�±[_RQTa _bS�©[^�« ^ _�³3©[^	¬	° ® We^TZ	¯	¬	¬�Sv^ _�³ _�¸9© ZeJMJ}a�3¬T^ _bfbQhf�·3©�·
2π∫

0

f
(
eiψ
)
dψ = 2πf(0).

�KJ/±�h_>©�© X[a3©x ^3©�©�« ^ _�³3©[^	¬3© V J>©x3¬T^	¬	³T^ J/¹#J}ZTaTW�Âv^ JMX[f�¬ a _bSM^ J
1

2π

2π∫

0

f(eiψ)dψ = f(0).

�J«PL,©[^3©[^	¬3© ^ _�³ _�¸h_�J�ª�º`J�h_�J}ZTaTW�Âv^ JMX[f�¬ ^3©eh_/©[f�^	¬	³3©�±PJ�^ J}SYJ/±PJ	Ë
1

2π

2π∫

0

f
(
ei(ϕ+ψ)

)
dψ = f(0), ϕ ∈ [0, 2π].
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�&Xx¸3¬�f�©[V3©[aTc�SMU2³	¬ Xx¸3¬TfMc�S�« S�©�ÀV©[^T^TU�©(X[a3©x ^	¬3© V J�J}ZTaTW�Âv^ JMX[f�¬

F (η) =
1

2π

2π∫

0

eiγψf
(
ηeiψ

)
dψ, |η| = 1, γ 6= 0,±1,±2, . . . ,

fYJ!«k_�h_�³ _ SYJMX X[f}_b^ J}S/¸9©[^	¬T]#_b^ _�¸3¬Tf�¬	³3© X[ZeJ/¹�® We^TZ	¯	¬	¬
w = f(z)

S ZR_�ÂV J/¹�fYJ/³TZ�©L©x3¬T^	¬	³T^ J/±PJZTaTW�±[_vX[f}_b^3©[f�ZeJ}aTa3©[ZTfM^ J/¹�·
��b#f9XZb�ceUÁA9D��7���	���2 	$	���	���

w = f(z)
��$����	�B�����������	� ��
a�k���	$	���/$ - � �#"3 ��/�e��$B��1#"��k"�02
��

$�� �^
Ì� � - ����502�	��$	�	� * � - "����»��$	�B����������/� � - 1#"��k������������� ���	$B��� ��"�������$	0��Ã1#"��k��������
��B��$	�B���

f(z) =
1

2πi

∫

|η|=1

Lγ

[
1

1− z
η

]
L−1
γ [f ](η)

dη

η
;

�����»"����»��$	������������/�
B
��1#"���
'�k���	�	
 - �	$B��� ��"�������$ - �e1#"��k��������
��B��$	�B�

f(z) =
1

2

1∫

−1

1− z2

(1− 2xz + z2)
3
2

F (x) dx, |z| < 1,

�p���
F (x)

* −1 6 x 6 1
*
	 �k"��k��$B���^�$�������$	�B� �2 	$	���	�	�

w = f(z)
* 
� ��� - �Ì1 - 
'�k"����	�	�������

$ - �� - �x"������ 
z = x + i

√
1− x2 cos t

*
t ∈ [−π, π] * � - �k���	$�����»���� � - �/�	�

(x,
√
1− x2 )

�
(x,−

√
1− x2 )

�k���	$	���/$ - � - �#"3 	��$ - �������	"����»��$	�B�e��������/��� - 1#"��k������������� ��� - "B�� �� - �

f(z) =
1

ei2πγ − 1

∫

|η|=1

Lγ

[
1

η − z

]
F (η) dη, |z| < 1, γ 6= 0,±1,±2, . . . ,

�p���

F (η) =
1

2π

2π∫

0

eiγψf
(
ηeiψ

)
dψ, η = eiϕ,

	 �p B���Å�k"��k��$B�����$�������$	�B� �2 	$	���	�	�
w = zγf(eiϕz)

* 
� ��� - ��1 - �k���	$	���/$ - � - �#"3 	��$ - �����
C := {z : eiψ, ψ ∈ [0, 2π]} * �����	� γ = 1, 2, . . .

* � - $� 	��$ -�� "�������
��
'���»��$	$	0J���k"��k��$	�B�>1 -
- �#"3 	��$ - �����²
�
��#���

F (η) =
1

2π

2π∫

0

ψeiγψf
(
ηeiψ

)
dψ, |η| = 1,

1#"������ - � � - "B�� ���� -�� "���»��$	���a�3�������!
��#�

f(z) =
1

2π

∫

C

Lγ

[
1

η − z

]
F (η) dη, |z| < 1, γ = 1, 2, . . .

C
�{_�h_�³ _ �!·{� J}ZR_�«k_bf�©x¸ cYX[fMSYJ\X J�9©[a#Â�¬TfYX ]�S#a _/ªMJ}f�©�J� ^ J/±PJR¬	«�_bSMfYJ}a J}S���· ��·5Î%_bSMa	¬'µ^ _aÆ N�Ï/És·�{_�h_�³ _��J·	¨*WYX[fMc�a _�«�¸ J�Â!©[^	¬3©!® We^TZ	¯	¬	¬

w = f(z)
S�a`]�#��©�¹'¸ J}a _�¬ L,©�©[f�S�¬'

f(z) =

∞∑

k=0

akz
k.
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C

j
�KJ/±�h_

f(rz) =
∞∑

k=0

akr
kzk.

� È��

� _}X X L$J}fMa	¬ LÍ® We^TZ	¯	¬	°

Fr(z) =
1

π

π∫

0

f
(
r
(
x+ i

√
1− x2 cos t

))
dt, 0 < r < 1.

�J«L® J}a L W�¸ U 	¸ ]�V J�¸3¬T^ JML$J}S��L©�Â _b^' a _ � N��¡^ _vJMX[^ J}S`_b^	¬	¬ � È��'V J�¸ W�³	¬ L a _bS�©[^ X[fMSYJ

Fr(x) =
∞∑

k=0

akr
kPk(x).

� j��
�J«O® J}a L W�¸ U � j���¬a¬	«(X[SYJ/¹ X[fMS`_vJ}aTfYJ/±PJ}^ _�¸ cM^ JMX[f�¬#V J�¸3¬T^ JML$J}So�L©�Â _b^' a _ ��� �'V J�¸ W�³	¬ L fYJ�ÂVµ
9© X[fMSYJ

f(rz) =
1

2

1∫

−1

1− z2

(1− 2xz + z2)
3
2

Fr(x) dx, |z| < 1.

MO¬TZeX�¬TaTWM]
z
¬ WYX[fMa3© LZ¸ ]R]

r → 1
QvV J�¸ W�³ _/© L fMa3©�ª}W�© L$J�©Å¬T^Tf�©�± a _�¸ cM^ J�©�VTa3©x X[f}_bS/¸9©[^	¬3©

	¸ ]
f(z).�{_�h_�³ _ �e·T�J«(J}VTa3©x9©x¸9©[^	¬T] J}V3©[a _bfYJ}a _

Lγ
VTa	¬'º`J�3¬ L�Z�a _bS�©[^ X[fMS`_}L

Lγ [F (η)] =
1

2π

2π∫

0

eiγψLγ
[
f
(
ηeiψ

)]
dψ =

1

2πi

2π∫

0

d

dψ

(
eiγψf

(
ηeiψ

))
dψ, |η| < 1.

�KJ/±�h_vV J>® J}a L W�¸9© �*c�°�fYJ}^ _!Ä��L©�¹3ª}^	¬	¯ _�¬ L,©�© L

Lγ [F (η)] =
1

2πi

(
eiγψf

(
ηeiψ

))∣∣∣
2π

0
=
ei2πγ − 1

2πi
f(η).

�S¸9©x J}S`_bf�©x¸ cM^ JTQ
F (η) =

ei2πγ − 1

2πi
L−1
γ [f(η)], |η| < 1.

M(We^TZ	¯	¬T]
w = f(η)

^3©[VTa3©[aTU%SM^ _\S�«k_}L U%ZR_b^	¬	¬ ©x3¬T^	¬	³T^ J/±PJ!ZTaTW�±[_RQ¡V J�� fYJML W S\V JMXx¸9©x ^3©�¹
® J}a L W�¸9©�_ba	± WRL,©[^Tf�^TW�Âv^ J WYX[fMa3© L5¬TfMc�^ _R± a _b^	¬	¯TW�·S¨*a	¬ L,©[^3©[^	¬3©²® J}a L W�¸ U � Ï%�!«k_bS�©[a	Àv_/©[f
 J}ZR_�«k_bf�©x¸ cYX[fMSYJ	·

B
� �,b/§
 �('W9YZb A9D2<����Í� - � - ��� -�� 0 �2 	$	���	���

w = f(z)
� 02������$����	�B�����/$��R
¶�k���	$	���/$ - �

�#"3 ��/����$B��1#"��k"�02
�$��V
^� � - ����502�	��$	�	���R���7"����� - �>��$	�B�J
^������1B��$	$ - �^"����R�3����� - 
��#�

f(z) =

∞∑

k=0

akz
k,

∞∑

k=0

|ak| <∞,

$B� -����	- ���3� - �a� - ������� - �/$ -�* ��� -�� 0 �k"��k��$B���L�$�������$	�B�
F (x)

�3����� - "����� - �>��$	�B�O
�"�����1 - 1 - �
�	�	$ - �������!������$#�	"��V
��#���

F (x) =

∞∑

k=0

akPk(x).
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F (x) =

∞∑

k=0

akPk(x).

�KJ/±�h_
f(z) =

1

2

1∫

−1

1− z2

(
1− 2xz + z2

) 3
2

∞∑

k=0

akPk(x) dx

=
∞∑

m=0

(
m+

1

2

)
zm

1∫

−1

Pm(x)
∞∑

k=0

akPk(x) dx =
∞∑

k=0

akz
k. �

���� "!$#��&%
'2¨*WYX[fMcÃ«k_�h_b^ _¶® We^TZ	¯	¬T]
f(z) = erz

Q
0 < r < 1

·%�'U2³	¬ Xx¸3¬ LN©�© X[a3©x ^3©�©
« ^ _�³3©[^	¬3©

F (x) =
1

π

π∫

0

er(x+i
√
1−x2 cos t)dt = erx

1

π

π∫

0

eir
√
1−x2 cos tdt.

�)JMX[V J�¸ c�«PJ}S`_bS�À!¬ X[cO¬T^Tf�©�± a _�¸ cM^TUqL�VTa3©x X[f}_bS/¸9©[^	¬3© L�	¸ ]V® We^TZ	¯	¬	¬>Î7© X X�©x¸ ] ^TW�¸9©[SYJ/±PJ*V J}a`]�	µZR_aÆ N�Ê�É
J0(z) =

1

π

π∫

0

eiz cos tdt,

^ _�º`J�3¬ L
F (x) =

1

π

π∫

0

er(x+i
√
1−x2 cos t)dt = erxJ0

(
r
√
1− x2

)
.

�'J/±�¸h_}X[^ J�Xx¸9©x X[fMS�¬	° N L$J�Âv^ J>«k_bV	¬ XP_bfMc�fYJ�ÂV9© X[fMSYJ

erxJ0
(
r
√
1− x2

)
=

∞∑

k=0

rk

k!
Pk(x).

���� "!$#��)(*'�¨*WYX[fMc h_b^ _¶® We^TZ	¯	¬T]
f(z) = 1

1−rz
Q
0 < r < 1

·%�'U2³	¬ Xx¸3¬ L ©�© X[a3©x ^3©�©
« ^ _�³3©[^	¬3©

F (x) =
1

π

π∫

0

1

1− r(x+ i
√
1− x2 cos t)

dt =
1

1− rx

1

π

π∫

0

1

1− i r
√
1−x2

1−rx cos t
dt.

�)JMX[V J�¸ c�« W�© L$X ]²¬T^Tf�©�± a _�¸ JML
1

2π

2π∫

0

1

1 + ε cos t
dt =

1√
1− ε2

, |ε| < 1.

��a3©�« W�¸ ckf}_bf�©L	¸ ]a® We^TZ	¯	¬	¬
F (x)

¬ L,©�© LÃ« ^ _�³3©[^	¬3©
F (x) =

1

1− rx

1√
1−

(
− i r

√
1−x2

1−rx
)2 =

1√
1− 2rx+ r2

.
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C

O
�'^ J}SMc�SYJMX[V J�¸ c�«PJ}S`_bS�À!¬ X[c�Xx¸9©x X[fMS�¬3© L NMQ'«k_bV	¬	ÀV© L fYJ�ÂV9© X[fMSYJ

1√
1− 2rx+ r2

=

∞∑

k=0

rkPk(x).

�Í¬TfYJ/±�© V J�¸ W�³3©[^ _ VTa J/¬	« SYJ� ]'¼v_b]�® We^TZ	¯	¬T]Ì	¸ ]�V J�¸3¬T^ JML$J}S��L©�Â _b^' a _²Æ Nkj�És·
� U	d1�����Zb#[ZYZb3De� a _/ªMJ}f�©'a3©�ÀV©[^ _ VTa J�ª�¸9© L&_ a3©[ZeJ}^ X[fMaTWeZ	¯	¬	¬V	¸ ]!® We^TZ	¯	¬	¬

w = f(z)
Q}_b^ _�µ

¸3¬Tf�¬	³3© X[ZeJ/¹�S>©x3¬T^	¬	³T^ JML ZTaTW�±�©�·	¨*a3©x X[f}_bS/¸9©[^TU fMa	¬�® J}a L W�¸ U QeSYJMX X[f}_b^ _bS/¸3¬TS`_�°e¼!¬3©O® We^TZ'µ
¯	¬	°

w = f(z)
V J�©�©�¬T^Tf�©�± a _�¸h_}L2·�¨�©[aTS`_b]Á® J}a L W�¸h_ V J�¸ W�³3©[^ _\��·&��·SÎ%_bSMa	¬T^TUqL S�a _/ªMJ�µf�©LÆ N�Ï/És·Y�!^3©�¹>¬T^Tf�©�± a	¬Ta J}S`_b^	¬3©*JMX[W�¼V© X[fMS/¸ ]	©[fYX ]�S/ J�¸ c(J}fMa3©�« ZeJ}S Q`VTa J�º`J� ]'¼!¬'º>³3©[a3©�«q^ _�³ _�¸ J	·�'fYJ}a _b]²¬ fMa3©[fMcM]�® J}a L W�¸ U SMU%S�©x9©[^TU
_bSMfYJ}a _}L5¬ S�^ _}X[fYJP]'¼V©�¹ X[f}_bfMc�©�·��)J�SMfYJ}a J/¹R® J}a L W�¸9©SYJMX X[f}_b^ J}S/¸9©[^	¬3©�® We^TZ	¯	¬	¬ VTa J/¬ X�º`J�3¬Tf!V J�©�©^¬T^Tf�©�± a _�¸h_}L�S/ J�¸ c�X�© L,©�¹ X[fMS`_ S�©[aTf�¬TZR_�¸ cM^TU7ºJ}fMa3©�« ZeJ}S Q'S!fMa3©[fMc�©�¹�V J�©�© S�« S�©�ÀV©[^T^TUqL ¬T^Tf�©�± a _�¸h_}L V J�± a _b^	¬	¯3©#ZTaTW�±[_'·)�{_}L,©[f�¬ L%Q�³TfYJ\S

® J}a L W�¸9© � _� J}^ _oSYJMX X[f}_b^ J}S/¸9©[^	¬3©>® We^TZ	¯	¬	¬#S�©x9©[fYX ] V J»« ^ _�³3©[^	¬T]TL ¬T^Tf�©�± a _�¸ J}S Q�S�« ]RfMU7º#V JSYX�© L SYJ/«PL$J�Âv^TUqL�^ _bVTa _bS/¸9©[^	¬T]TL2·

�²Y ('b#XZU�(%$�XZU

Ó �����
	�����������������Jm�o�npz9m�ox}�l/npqp��}/n5i�m���mpl�}J��vxz	t����Zo�npu�|/v��eo�vxz3v���u/mx~�}�}�������vxu�vxqpv�{�qp��}���vxwxu/m�ipv�{�m�o�nky��x�|��g�J��j�u�|�� � Ñ�ÒxÒ�Ó � � �"!��
Ñ �$#�%'&)(+* � ,�-.���0/0/ 12���9�gl�}/qky�}/o�nky��x|�m�r2��npvxz3npo�u�}/r�� �3�O� 4���}/u#� Ó�576�Ñ � ��8 Ò:9 qx�8���;=<)>
%��?%'@A* �CB�� ,D*E��(�FG�)<)�IHJ�LKM� ,J;=<���%��?%'@A* �C* �L�Jm�o�npz9m�ox}�l/npqp��}/n�i�m���mpl�}���vxz	t����Zo�npu�|/v���o�vxz3v���u/m��
~�}�}�� �3�O� 4/�Smpj���m��)N�y���u�ns�'�/~�}/ix� �Ez9m�o���y�}/ox�Eu��,� Ó�576�Ô � � Ó�OxÒ qx�

9 ��;=<)>
%��?%'@ * �PB�� ,
�)%��=QR�S��(T&
<)UV* �PHJ� ,=�W/0FGX?���?%'@MHJ�RHJ� ,�KJY'%'Z��[* �P�?�0\5}/qky/nk|�|���n�z3npo�vp�/�^u�np�Snk|�}/r7|/np��vxu��u�np��ox|��g��i�m���mpl�� �3�O� 4/�Smpj���m��)N�y���u�ns�'��~�}/ix� �Ez9m�o���y�}/ox�Eu��,� Ó�575xÒ � � Ñ 8 Ñ qx�!���B[�0/0/0F]�=F]�^#M���Jm�o�npz9m�ox}�l/npqp��}/n,m�qkt/np��ox����vxz	t����Zo�npu�|/v��Jo�vxz3v���u/mx~�}�}�� �3�O� 4?��}/u#� Ó�575xÒ � � Ñ:676 qx�
O �M_[F]����FG�$�?����vxqpqpoxm�|/v�{xy/nk|�}/n5}/ipvxwxu/m��Snk|�}��et/v�t/u�vxnp����}/r�zg��×Zqk|/v�{x�²u�np��v�|/qpo�u�j���ox}�{x|/v���o�vxz3v���u/mx~�}�}�� ��O� 4?��}/u#� Ó�576 8�� ��80! Ñ qx�
Ô ��`E�'@'��<)�a���7����×Zwxvxw7bSnk|�}/n�~Zvxu�z	j�y��Ì�5j�m�qpqpv�|�m.�dc,nk|/qpnk|�m����fe�vx��y��0g��7� � Ñ�Ò�Ó�Ò � ��h�� 9 8 Ó �0� Ñ � �3��� Ó ! 9'i
Ó ! O �

6 ��`E�'@'��<)�A���
����×Zwxvxw7bSnk|�}/n�~Zvxu�z	j�y��kjR{�m�u���m �lc,nk|/qpnk|�m3����e�vx��y��)g��7� � Ñ�Ò�Ó�Ò � ��h�� 9 878��
� 9 � i ��� 9 8 5�i
979�Ò �

5 ��`E�'@'��<)�����
����×Zwxu/m�ox|�m�r�i�m���mpl�m,�/y/r2}�|/o�nk��u/m�y��x|/v��J~Zvxu�z	j�y��nm,vx�,}J{7��v�y��x�/n[����e�vx��y��)g��7� � Ñ�ÒxÒ75 � �h�� 9�Ñ:6 �)� Ñ � �3��� Ó ! ÓTi/Ó ! Ñ �
Ó�Ò ��`E�'@'��<)�o���W���9×Zwxu/m�ox|���nei�m���mpl�}»{O}�|/o�nk��u/m�y��x|��g�>~Zvxu�z	j�y�m������$e�vx��y��Wg��7� � Ñ�Ò�Ó 8�� ��h�� 9 ! Ò �W�p8�� �

��� Ñ ! ÔSi�Ñ ! 5 �
ÓxÓ ��`E�'@'��<)�d�������Bh5|/o�nk��u/m�y��x|���n�t/u�ns��qpoxm�{xy/nk|�}/r>{»ik{�npis�/|��g�avxw�y�m�qpo�r��n����e�vx��y��fg��7� � Ñ�Ò�Ó�Ñ � ��h�� 979�Ô �� 9 � �3����80! 5�i 8 OxÒ �
Ó�Ñ ��`E�'@'��<)�$���P����×Zwxu/m�ox|���n�i�m���mpl�}2�/y/r�}�|/o�nk��u/m�y��x|��g�2~Zvxu�z	j�yVm,vx�,}��
jR{�m�u���mS}��5j�m�qpqpv�|�m,{�t/v�y�}/��u�j����n ���[e�vx��y��)g��7� � Ñ�Ò�Ó�Ò � ��h�� 9 8 9 �)� O � �3��� ÔxÑxÔSi�ÔxÑ:5 �
Ó 8���`E�'@'��<)�d�������Bh5|/o�nk��u/m�y��x|���n�t/u�ns��qpoxm�{xy/nk|�}/r>{»��u/m�ox|/v��E��u�j���v�{x�g�Ìvxw�y�m�qpo�r�����×Zwxu/m�ox|���nLi�m���mpl�}d���e�vx��y��)g��7� � Ñ�Ò�ÓxÓ � ��h�� 979�Ó �)�q!�� �3���?! 6 8 i ! 6�Ô �
ÓS9 ��`E�'@'��<)�A���
���/×�t/npu/m�o�vxu�|��g�ez3npo�vp��{2��vxz	t�y/np��qk|/vxz»m�|�m�y�}/ipnx� �3�O� 4��,u�vxz3npo�nk��� Ó�575�Ó � � Ñ�ÒxÒ qx�
Ó !���`fFGU�/'�����3�?�x�9��qp�,}/n�o�u/m�|/qk�/nk|���nk|/ox|���n�~�j�|/����}�}3�.N�� Õ nk�/o�z9m�|��7gS��Ø�u���nk��|�� �3�O� 4x�Smpj���m�� Ó�57O7O � ��h�� Ñ � �! 6�Ñ qx�
Ó�O �3K.��&�F�rf���9t/nk��}�m�y��x|���n7~�j�|/����}�}���~Zvxu�z	j�y��,����u/mx~�}/��}���oxm�w�y�}����s�atg��ÖZ|/��nx��u���Ø�z'��nx�=u���¥,np�2� �3�O� 4�Smpj���m�� Ó�5�ÔxÔ � ��8 9�Ñ qx�
Ó�Ô �$�WFvY:F+�?��×Zu�o�v���v�|�m�y��x|���n,z	|/v���v�l�y/nk|��,� �3uS}/ipz9m�ox�p}/ix� Ó�57O�Ñ � �3! ÒxÒ qx�
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�evxqp��v�{�qp��}��Jt/ns��m���v��p}�l/npqp��}��e��vxqkj���m�u�qpox{�nk|�|��g�ej�|�}�{�npu�qk}/o�npo��
X
��%�2+F(S(S%S��&)��2+F43��65 /0F%S�=FS/�<=Q
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¤�×��E��hSÖ�� ÓxÓ�57575�Ó �/�k���evxqp��{�m���j�y����Jm�y�m�re�5}/u�v���v�{�qp��m�r�� Ó � Ó7	�48!9�: ;�4=<�>�?�@A>�B�<#C�DAEF@�C�GFHAIKJ4B�L
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�,nk|/ipnk|/qp��}��e��vxqkj���m�u�qpox{�nk|�|��g��t/ns��m���v��p}�l/npqp��}��ej�|�}�{�npu�qk}/o�npo��
X
��%�2+F(S(S%S��&)��2+F43��65n&)%'�LX�ZA[[/0F]����5�>$/0FG>R�?%'Z�%'Y<)U
¤�×��E��hSÖ�� 979�ÒxÒ 8 6 �/�k���,nk|/i�m���j�y��
m,u/m�qk|�m�r�� 9�Ò7	�48!9�: ;�4�EF@ABFH�\F]�<�D�\�@�<A^_J4B�L

�a`cb �/d�e
f,g/`�h ��g/i�d�ejd�k ��e ��l=m
g/i �nk&h�e ��g/i�d�e
fod�epg/q�brh�e�i�gtsWi�f,uvd�k
C

�/wFx,y�z|{}ix·_ix· Q_m�w�y�~����=��d!·Kb�·
����� Ð#�A����� ��� Ð�� : �A����� 9 � 9 � 9�; � � : Ð�� � ��Ð�� : �A���A����� ��� � : ��� : �������
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���)��I�"�I���M � ��"#� "�I��(�'�%�h�
	 ��"#�&��I�� ��Í¨ ���h��"#�&�%�h��"#�
(6138, 1197, 156, 252)

¦ÌD5¦ÌD,TVY ('dZYZ[ZU

�5j�qpox�
3
�
(V,K,Λ)

q ��npz9m
E = (X,B)

r�{xy/r�npo�qsrVu/m�qp�,}/u�nk|�}/npz�qk}/z3z3npo�u�}�l�|/v�� Ñ �Eq ��npz	�,��h'v�� ��mJy�}/wxv Er�{xy/r�npo�qsr7m���m�z9m�u�v�{�v��
3
�
(4Λ+4, 2Λ+2,Λ)

q ��npz3v�����y�}/wxv
V = (Λ+1)(Λ2 +5Λ+5)

}
K = (Λ+1)(Λ+2)

�
y�}/wxv

V = 496
�
K = 40

}
Λ = 3

��e�v�t/v�y�|�}/o�nky��x|��g�a��u/mx~ ��w�y/v�l�|/vxz	j^��u/mx~�j
3
�
(496, 40, 3)

q ��npz	�
qk}�y��x|/v�u�nk�pj�y/r�u�nk|�q9t�m�u/m�z3npo�u/m�z	}

(6138, 1197, 156, 252).
�Sm�ipv�{�npz��po�vxo���v�t/v�y�|�}/o�nky��x|��g�S��u/mx~Ìz3v�|/qpo�u�vxz

mSm�z3npu�v�|�m��/�^u/m�wxvxo�n5|�m�����nk|���m�{�o�vxz3vxu/~�}/ipz	��z3v�|/qpo�u/m mSm�z3npu�v�|�m��

���	���'���/�7�V ��	¡/�/¢#£'qk}�y��x|/v�u�nk�pj�y/r�u�|��g�e��u/mx~���{�npu��,}�|�|/v�qk}/z3z3npo�u�}�l�|��g����u/mx~�����u�j�t�t�m7m�{�o�vxz3vxu/~�}/ik�
z3v�{2��u/mx~5m��

A9D,¦VW9b/§Sb#[ZYZb

" Ua _}X X L&_bfMa	¬TS`_/© L�^3© J}a	¬3©[^Tf�¬Ta J}S`_b^T^TU�©»± a _/® U¾ª�©�«vV3©[f�©x¸ c�¬ ZTa _bfM^TU7º a3©�ª�©[a�·��&Xx¸3¬
a
Q

b
Ä S�©[a	À!¬T^TU ± a _/®(_

Γ
Q fYJR³3©[a3©�«

d(a, b)
J�ªMJ/« ^ _�³ _/©[fYX ]�a _}X X[fYJP]R^	¬3© L,©�ÂV W

a
¬
b,
_²³3©[a3©�«

Γi(a)
Ä V J�3± a _/® ± a _/®(_

Γ
Q#¬T^' W�¯	¬Ta J}S`_b^T^TU2¹ L ^ J�Â!© X[fMSYJML S�©[a	À!¬T^�QeZeJ}fYJ}aTU�©*^ _�º`J� ]RfYX ]�S

Γ^ _�a _}X X[fYJP]R^	¬	¬
i
J}f�S�©[a	À!¬T^TU

a
·B¨ J�3± a _/®

Γ1(a)
^ _�« U%S`_/©[fYX ] �����*���������������	��
����������� a

¬J�ªMJ/« ^ _�³ _/©[fYX ]²³3©[a3©�«
[a]
· ��©[a3©�«

a⊥
J�ªMJ/« ^ _�³ _/©[fYX ]#V J�3± a _/® {a} ∪ [a]

·
P{a _/®

Γ
^ _�« U%S`_/©[fYX ] ������� �����*����������� ��� �������� �  X V _ba _}L,©[fMa _}L5¬

(v, k, λ, µ)
QB© Xx¸3¬

Γ
X J�µ

9©[a#Â�¬Tf
v
S�©[a	À!¬T^�Q&]RS/¸ ]	©[fYX ]�a3©�± W�¸ ]RaT^TUqL X[f�©[V3©[^	¬

k
Q$ZR_�ÂV J�© a3©�ª}a J

Γ
¸9©�Â�¬Tf\fYJ/³T^ J S

λfMa3©[W�±PJ�¸ cM^	¬TZR_�ºÁ¬ 	¸ ]Ã¸3°Jª}U7º¶ SMW#º ^3© X L,©�Âv^TU7º�S�©[a	À!¬T^
a
Q
b
V J�3± a _/®

[a] ∩ [b]
X J�9©[a#Â�¬TffYJ/³T^ J

µ
S�©[a	À!¬T^�·��¬ X[f�© L&_�¬T^	¯	¬'9©[^TfM^ JMX[f�¬

(X,B)
X%L ^ J�Â!© X[fMSYJML\fYJ/³3©[Z

X
¬�L ^ J�Â!© X[fMSYJML½ª�¸ J}ZeJ}S

B
^ _�« U7µS`_/©[fYX ]

t−(V,K,Λ) � ��� ���� Q/© Xx¸3¬ |X| = V
Q}ZR_�ÂV U2¹Ìª�¸ J}Z�X J�9©[a#Â�¬Tf(a J}SM^ J

K
fYJ/³3©[Z>¬V¸3°Jª}U�©

t
fYJ/³TZ	¬»¸9©�Â _bf a J}SM^ J S

Λ
ª�¸ J}ZR_�ºg·e��°JªY_b]og�µ X�º#© L&_(]RS/¸ ]	©[fYX ]

(V,B,R,K,Λ)
X�º#© L$J/¹�Q�±�9©

B
Ä

³	¬ Xx¸ JVª�¸ J}ZeJ}S QeZR_�ÂVh_b]�fYJ/³TZR_O¬T^	¯	¬'9©[^TfM^ _
R
ª�¸ J}ZR_}L%Q'¬Ì¬ L,©�°�f L,© X[fYJ a _bS�©[^ X[fMS`_

V R = BK
Q

(V − 1)Λ = R(K − 1)
·h�Sº#© L&_ ^ _�« U%S`_/©[fYX ] ����  ����� ��������� Q�© Xx¸3¬ B = V

· �Sº#© L&_ ^ _�« U%S`_/©[fYX ]
� 
��"!�������  ����� ��������� Q�© Xx¸3¬O	¸ ]L¸3°Jª}U7º� SMW#ºOª�¸ J}ZeJ}S B,B′ ∈ B

¬ L,©�© L |B∩B′| ∈ {x, y} ·b�J¬ Xxµ¸h_
x, y

^ _�« U%S`_�°�fYX ] �����#���	��%$ ���*���	�����������&� 
��"!�������  ����� ��������� � ��� �� Q'¬�VTa3©x V J�¸h_�±[_/©[fYX ]{Q³TfYJ
x < y

·
Î�¸ J/³T^TU2¹N± a _/® ZTS`_�«�¬ X�¬ L$L,©[fMa	¬	³T^ J/¹ X�º#© L U

(X,B)
S�ZR_�³3© X[fMS�©�S�©[a	À!¬T^Ç¬ L,©�©[f ª�¸ J�µZ	¬ X�º#© L U ¬¾ S`_Åª�¸ J}ZR_

B,C ∈ B
X L,©�Âv^TU QO© Xx¸3¬ |B ∩ C| = y

·LÎ�¸ J/³T^TU2¹@± a _/® ZTS`_�µ
«�¬ X�¬ L$L,©[fMa	¬	³T^ J/¹

(V,B,R,K,Λ)
X�º#© L U X�¬'¸ cM^ J�a3©�± W�¸ ]Ra3©[^�X�X J�ªMX[fMS�©[^T^TUqL5¬Ç« ^ _�³3©[^	¬T]TL5¬

k = (R− 1)(K − xB + x)/(y− x)
ZTa _bfM^ JMX[f�¬

1
Q
(R−K −Λ+ x)/(y− x)

ZTa _bfM^ JMX[f�¬
V − 1

¬
−(K − x)/(y − x)

ZTa _bfM^ JMX[f�¬
B − V

·

Ð© Ñ�Ò�Ó�Ô2Õ }/o���}�|�m����/���
1 ¤	m�wxvxoxm�{x�gt/v�y�|/nk|�m,t/u�}�t/vp����npu�����n���u/m�|/oxm�¤'vxqpqk}��/qp��v���v�|�mpj�l�|/v���v�~Zv�|���m���t/u�vxnp��o � Ó !�� ÓxÓ � Ó�ÒxÒ�Ñ !(' o�npv��u�npz9m�)s��m5oxm����Sngqpv��sy�m��Snk|�}/r7z3np�S�/j3��}�|�}/qpo�npu�qpox{�vxzLvxwxu/m�ipv�{�m�|�}/r�}7|�mpj���}2¤'vxqpqk}��/qp��v��au�ns��npu/m���}�}�}+*Zu/m�y��x�

qp��}/z»~Zns��npu/m�y��x|���z»j�|�}�{�npu�qk}/o�npo�vxz�vxo ÑxÔ � Ò76 � Ñ�Ò�Ó 8��?� Ò�Ñ � � Ò 8�� Ñ�Ó � ÒxÒxÒ7O ' qky/ns��qpox{x}/n,)s�



NPg ���B���	�	$��V� 6 � 6

¨*a J/¬	« SYJ� ^ J/¹�X�º#© L$J/¹ 	¸ ]
t
µ
(V,K,Λ)

X�º#© L U
D = (X,B)

S fYJ/³TZ�©
x ∈ X

^ _�« U%S`_/©[fYX ]X�º#© L&_
Dx

X L ^ J�Â!© X[fMSYJML�fYJ/³3©[Z
Xx = X − {x} ¬�L ^ J�Â!© X[fMSYJML ª�¸ J}ZeJ}S Bx = {B − {x} : x ∈

B ∈ B} · �Sº#© L&_ E
^ _�« U%S`_/©[fYX ] ����������*����� �  � ��� �� D

Q	© Xx¸3¬�VTa J/¬	« SYJ� ^ _b] X�º#© L U
E
S ^3©[ZeJ�µfYJ}a J/¹!fYJ/³TZ�©»¬	«PJML$J}a3® ^ _

D
·��*J}a J/À J�¬	« S�© X[fM^ JTQ�³TfYJ VTa J�©[ZTf�¬TSM^ _b]!V'¸ JMX[ZeJMX[fMc a _}X�À!¬Ta`]	© L&_RQfYJ�¸ cMZeJ^© Xx¸3¬�©�© V J}a`]� J}Z#a _bS�©[^ g�¬'¸3¬²Ï3·9¨�· 	 _}L,©[a J}^¶Æ NMQ f�© J}a3© L&_ N�· � Ê�É J}V	¬ XP_�¸ a _}X�À!¬Ta3©[^	¬T]X�¬ L$L,©[fMa	¬	³T^TU7º#g�µ X�º#© L2·

	aXZb/§/�,f ��b#[ZYZb A9D��� 3�����
3
�
(V,K,Λ)

� � �����
E = (X,B)

�'
���������� ��"������!�#"���$	�B���@���3� �
�����x"����/$ - �

2
�s� � ���50 65+�- �p���V
'�k"�$ ->- ��$ - �3e B��
'�k"	�O����$	�	���

(1) E
�'
���������� ������������" - 
 - �

3
�
(4Λ + 4, 2Λ + 2,Λ)

� � ��� - ���
(2) V = (Λ + 1)(Λ2 + 5Λ + 5)

�
K = (Λ + 1)(Λ + 2)

�

(3) V = 496
*
K = 40

�
Λ = 3

6
�Xx¸ W�³ _/© ��� ��¬ L,©�© L

R = V − 1 = 495
Q
B = V R/K = 496 · 495/40 = 6138

¬R J}V J�¸ ^	¬'µf�©x¸ cM^TU2¹R± a _/® Z�ª�¸ J/³T^ JML W�± a _/® W�X�º#© L U ¬ L,©�©[foV _ba _}L,©[fMaTU
(6138, 1197, 156, 252)

¬#X[V3©[ZTfMa
11971, 95642,−105495

·�I fYX�°7h_�L&_bZeX�¬ L&_�¸ cM^TU2¹\V J}a`]� J}Z�ZeJ}Z'¸3¬TZ	¬�^3©VªMJ�¸ c�ÀV©
vm/(k +m) =

6138 · 105/1302 = 495
·&�@³ _}X[fM^ JMX[f�¬�Q,± a _b^	¬	¯ _��*J�® L&_b^ _²	¸ ]!ZeJ}Z'¸3¬TZ�X J}SMV _�h_/©[f\XÌ± a _b^	¬'µ

¯3©�¹!�*S�©[fMZeJ}S�¬	³ _'·�� J}V J�¸ ^	¬Tf�©x¸ cM^TU2¹¶± a _/® Z�ª�¸ J/³T^ JML W�± a _/® W
3
µ
(496, 40, 3)

X�º#© L U ^ _�«PJ}S�© LL$J}^ X[fMa JML!	 _}L,©[a J}^ _'·R� Æ g�É9 J}ZR_�«k_b^ JTQ�³TfYJ(J}ZTa3© X[fM^ JMX[fMcO¸3°JªMJ/¹�S�©[a	À!¬T^TU�S(L$J}^ X[fMa3©�	 _}L,©[a J�µ^ _2Ä X�¬'¸ cM^ J a3©�± W�¸ ]RaT^TU2¹!± a _/®�X&V _ba _}L,©[fMa _}L5¬
(1197, 156, 15, 21)

·e� Æ � ÉR^ _�¹'9©[^TU!SYJ/«PL$J�Âv^TU�©_bSMfYJML$J}a3®�¬	«PL U�X�¬'¸ cM^ Jva3©�± W�¸ ]RaT^ J/±PJ>± a _/®(_ X*V _ba _}L,©[fMa _}L5¬
(1197, 156, 15, 21)

·
	aXZb/§/�,f ��b#[ZYZb � D��� 3�����

Γ
	 ���	����$ - "�� �x �����"�$	02� ��"�� � � 1���"��������x"����5�

(1197, 156, 15, 21)
*
G = Aut(Γ)

*
g
	 �x�B������$B�L1#" - ��� - � - 1 - "������	�

p
�3
G
�
Ω = Fix(g)

6�+�- �p���
|Ω| 6 171

*
π(G) ⊆ {2, 3, 5, 7, 11, 13, 19} �a
�021 - �	$�������� � - ��$ - �3!���B�k�3 ���!� �  B��
'�k"	�O����$	�	���

(1) Ω
	 1� 3��� - � ��"�� � * �	� ��-

p = 3
�
α1(g) = 72l

* �	� ��-
p = 7

�
α1(g) = 168l − 21

* �	� ��-
p = 19

�
α1(g) = 456l + 171;

(2) Ω
�'
���������� �

n
�G�	�	�	� - � * �	� ��-

(i) p = 13
*
n = 1

�
α1(g) = 312l + 156

* �	� ��-
(ii) p = 2

*
n = 9

�
α1(g) = 48l + 12

�	�	�
n = 11

�
α1(g) = 32l − 12,

�	� ��-
(iii) p = 5

*
n = 2

�
α1(g) = 120l + 45

�	�	�
n = 7

�
α1(g) = 120l − 30;

(3) Ω
�'
���������� �

(3t+ 1)
�G� - �	�	�	� - � *

p = 3
�
α1(g) = 72l + 12− 45t

�

(4) Ω
� - ���k"	���B���/� - ��������������	�	�

2
�G1� B���»�

p 6 13
6��_}L Â!©> J}ZR_�«k_b^ JTQZ³TfYJ#X�¬'¸ cM^ J a3©�± W�¸ ]RaT^TU2¹½± a _/® X�V _ba _}L,©[fMa _}L5¬

(1197, 156, 15, 21)
^3©]RS/¸ ]	©[fYX ]oa3©�ª�©[aT^ J X�¬ L$L,©[fMa	¬	³T^TUqL2·T�¶h_b^T^ J/¹�a _/ªMJ}f�© ^ _�¹'9©[^TU�_bSMfYJML$J}a3®�¬	«PL U�L$J}^ X[fMa _ 	 _�µL,©[a J}^ _'·

� D5¦  	�Zf�cef�
�U�('b��'&9[ �b�XZb�#�$%�'&)(�U�()

�²b�cJceUÃA9D��� 3�����
Γ
�'
���������� �R���	����$ - "�� �x �����"�$	0�� ��"�� � - �Á��1���"��������x"����5�

(v, k, λ, µ)
�

$B� ������
�$	0��5�¶� -�� ����
'��$	$	0��5���$�������$	���	�5�
r
*
s
*
s < 0

6 �7���	�
D
	 �	$#�3 ��	�#" - 
���$	$	02�²"�� �x �����" �

$	02��1 - � ��"�� � �3
Γ
������1B��$	�

d
$��

w

'�k" �!�	$�� ��* � -

s 6 d− w(k − d)

v − w
6 r,

1#"�������� - ��$ - �3V"���
'��$B����
�� - ��������������� �Í� - �p�����Á� - ����� - � - �p��� * � - �p���²�	���O��� �½
'�k" �!�	$��a�3
Γ−D

��������$��Ì� - �/$ - �
w(k − d)/(v − w)


'�k" �!�	$����5�²�3
D
6

C
� fYJvWefMS�©[a#ÂV9©[^	¬3©�º`J}a J/À J�¬	« S�© X[fM^ J � X L2· QT^ _bVTa	¬ L,©[a�Q�Æ Ï Q�hg�É �x·

B
�²b�cJceU � Æ ÊRQ f�© J}a3© L&_ � · g�É D��� 3�����

Γ
�'
���������� �����	����$ - "�� �x �����"�$	0�� ��"�� � - � �e1���"�������� �

"����5�
(v, k, λ, µ)

��� -�� ����
'��$	$	0��5�R�$�������$	���	�5�
k, r,−m 6 �7���	� g 	 ��
'� - � - " ���3�� ��"�� ���

Γ
�

Ω = Fix(g)
* � - |Ω| 6 v ·max{λ, µ}/(k − r)

6



� 
'� - � - " ���3��50 � - $B���x"���=O�����k" - $��Ì��1���"��������x"����5�
(6138, 1197, 156, 252)

N �
�J« ¸9© L$L6N�dRg Xx¸9©x W�©[fbQ ³TfYJ 	¸ ] X�¬'¸ cM^ J a3©�± W�¸ ]RaT^ J/±PJ ± a _/®(_ X V _ba _}L,©[fMa _}L5¬

(6138, 1197, 156, 252)
³	¬ Xx¸ J S�©[a	À!¬T^ S�ZeJ}Z'¸3¬TZ�© � Z'¸3¬TZ�©�� ^3©�ªMJ�¸ c�ÀV©^Ï`O�Ê � ^3©aªMJ�¸ c�ÀV©�NPg��O¬

|Ω| 6 6138 · 252/1188 = 31 · 42 = 1302
·

�²b�cJceU � D��� 3�����
Γ
	 ���	����$ - "�� �x �����"�$	02� ��"�� � ��1���"��������x"����5�

(1197, 156, 15, 21)
*
G
	

��"3 	1	1��¶��
'� - � - " ���3�� - 
 ��"�� ���
Γ
*
g
	 �x�B������$B��1 - "������	�

11
�3

G
�

Ω = Fix(g)
6L+�- �p���


�021 - �	$����O��� �����B�k�3 ���!�B�7 B��
'�k"	�O����$	�����
(1) |Ω| = 11t − 2

*
t 6 15

* ������1B��$���
'�k" �!�	$	0 

Ω
"���
�$��

11s + 2
*
2 6 s 6 10

�
α1(g) =

33(8m + 9− 5t)
�

(2) |G| $B�7�����	�B��� ��$�� 121 6

C
� L,©�© L |Ω| = 11t − 2 6 171

Q V J�� fYJML W
t 6 15

·K� _�¸9©�©MQ X[f�©[V3©[^Tc S�©[a	À!¬T^TU�S
Ω
a _bSM^ _

11s+ 2
Q
s 6 13

Q
λΩ = 4, 15

Q
µΩ = 10, 21

·� J}VTWYX[f�¬ L%QZ³TfYJ
Ω
X J�9©[a#Â�¬Tf S�©[a	À!¬T^TW

c
X[f�©[V3©[^	¬�Q�^3©�L,©[^Tc�ÀV©�¹�NPg � ·��KJ/±�h_²³	¬ Xx¸ J a3©�ª�©[aL,©�ÂV W

Ω(c)
¬
Ω2(c)

^3© L,©[^Tc�ÀV©
123 · 8 QR^ Jv^3©�ªMJ�¸ c�ÀV© 39 · 21 QTVTa J}f�¬TSYJ}a3©�³	¬3©�·� J}VTWYX[f�¬ L%Q�³TfYJ

Ω
X J�9©[a#Â�¬Tf S�©[a	À!¬T^TW

c
X[f�©[V3©[^	¬�N � ·K�KJ/±�h_�³	¬ Xx¸ J�a3©�ª�©[a!L,©�ÂV W

Ω(c)
¬

Ω2(c)
a _bSM^ J

10(11t−16)
Qk^ J%^3©�ªMJ�¸ c�ÀV©

13·96 QPV J�� fYJML W t ^3©SªMJ�¸ c�ÀV© NPg'·P��©[V3©[aTc Ω(c) X J�9©[a#Â�¬Tf^3©»ªMJ�¸9©�©oJ� ^ J/¹ S�©[a	À!¬T^TU Q�X L,©�Âv^ J/¹ XoO�È�S�©[a	À!¬T^ _}L5¬½¬	«
Ω2(c)

QKV J�� fYJML W�WeZR_�«k_b^T^ J�©»³	¬ Xx¸ Ja3©�ª�©[a ^3©!ªMJ�¸ c�ÀV©
13 · 85 ¬ t ^3©VªMJ�¸ c�ÀV©oNMN�·B¨ J}SMfYJ}a	¬TSÌh_b^T^ J�© a _}X X[W�ÂV9©[^	¬3© ^3© X[ZeJ�¸ cMZeJ�a _�«YQW'ª�©x3¬ L$X ]{Q'³TfYJ

t 6 3
·T��©[V3©[aTc�³	¬ Xx¸ J a3©�ª�©[a�L,©�ÂV W

Ω(c)
¬
Ω2(c)

a _bSM^ J
10(11t− 16) = 8 · 13 ¬

10t = 24
QTVTa J}f�¬TSYJ}a3©�³	¬3©�·

¨ J»Æ gRQ�¸9© L$L&_ � É�¬ L,©�© L
χ1(g) = (55t+α1(g)/3−67)/8

¬
α1(g) = 3(8l+67−55t)

9©x¸3¬TfYX ]^ _
11
·9¨ J�� fYJML W

l = 11m+ 4
¬
α1(g) = 33(8m + 9− 5t)

·� J}VTWYX[f�¬ L%Q�³TfYJ
h
Ä _bSMfYJML$J}a3®�¬	«PL�V J}a`]� ZR_

121
± a _/®(_

Γ
¬
h11 = g

·h�KJ/±�h_
Ω
Ä X�¬'¸ cM^ Ja3©�± W�¸ ]RaT^TU2¹�± a _/®�X V _ba _}L,©[fMa _}L5¬

(11t− 2, 34, 15, 21)
Q�VTa J}f�¬TSYJ}a3©�³	¬3©�·

¨*WYX[fMc
U = 〈g, h〉 Ä V J�3± aTWeVTV _ V J}a`]� ZR_\NPgRN�S�± aTWeVTV3©�_bSMfYJML$J}a3®�¬	«PL$J}S�± a _/®(_

Γ
Q
Σ =

Fix(U)
Q
a ∈ Σ

·)�KJ/±�h_
Σ(a)

X J�9©[a#Â�¬Tf�^3© L,©[^3©�©� SMW#º�S�©[a	À!¬T^�·&�L¸ ]�S�©[a	À!¬T^TU
b ∈ Σ(a)V J�3± a _/®

Σ(a)∩[b] X J�9©[a#Â�¬TfLÏJ¬'¸3¬�N�Ê S�©[a	À!¬T^�·}�&Xx¸3¬ Σ
]RS/¸ ]	©[fYX ] Z'¸3¬TZeJ/¹�QMfYJ |Σ| = 10

Q
Σ(a)∩

[b]
X J�9©[a#Â�¬Tf � S�©[a	À!¬T^>¬	«

Σ(a)
¬»©�¼V©�j�S�©[a	À!¬T^�QYVTa J}f�¬TSYJ}a3©�³	¬3©�·e	 _bZ»¬�SMU2ÀV©7 J}ZR_�« U%S`_/©[fYX ]{Q

³TfYJ�X[f�©[V3©[^Tc�¸3°JªMJ/¹�S�©[a	À!¬T^TU�S
Σ
^3© L,©[^Tc�ÀV©(g�Ï Q |Σ| = 11e− 2

·� J}VTWYX[f�¬ L%Q'³TfYJO	¸ ]
a ∈ Σ

V J�3± a _/®
[a]
^3©*X J�9©[a#Â�¬Tf

U
µ J}a3ª/¬TfMW

∆
	¸3¬T^TU
NPgRN�·R�KJ/±�h_!	¸ ]S�©[a	À!¬T^TU

u ∈ ∆
V J�3± a _/®

[u] ∩ [a]
X J�9©[a#Â�¬Tfo^3©LªMJ�¸9©�©(J� ^ J/¹ S�©[a	À!¬T^TU ¬	«

Σ
QRVTa J}f�¬TSYJ}a3©�³	¬3©Xof�© L%Q5³TfYJ�gRNÌ¬�gMi ^3©Ì9©x¸ ]RfYX ] ^ _ NMN�·$�h^ _�³	¬TfbQ

∆
X J�9©[a#Â�¬TfYX ]�S

[a]
	¸ ]�¸3°JªMJ/¹ S�©[a	À!¬T^TU

a ∈ Σ
·	¨*a J}f�¬TSYJ}a3©�³	¬3© X*f�© L%Q	³TfYJ�³	¬ Xx¸ JvS�©[a	À!¬T^�S

Σ
^3© L,©[^Tc�ÀV© � ·�*f}_bZ�Q'S

Γ
^3©[f

U
µ J}a3ª/¬Tf½	¸3¬T^TU NPgRN�·)��©[V3©[aTc

1197 6 |Σ| + 12(163 − |Σ|) ¬ |Σ| 6 69
·� _�¸9©�©MQ

156 6 |Σ(a)|+12(35−|Σ(a)|) ¬ |Σ(a)| 6 24
·e��_bZ	¬ L!J�ª}a _�«PJML%Q

Σ
Ä
a3©�± W�¸ ]RaT^TU2¹Ì± a _/®X[f�©[V3©[^	¬#g�Ï>¬�SMS�¬' WÌ¸9© L$L U � ¬ L,©�© L |Σ| > 45 · 19/7 Q VTa J}f�¬TSYJ}a3©�³	¬3©�· B� J}ZR_�«k_bf�©x¸ cYX[fMSYJ�f�© J}a3© L U J}V	¬Ta _/©[fYX ]�^ _�L,©[fYJ� �e¬	±PL,©[^ _�a _/ªMJ}fMU X!_bSMfYJML$J}a3®�¬	«PL&_}L5¬X�¬'¸ cM^ J�a3©�± W�¸ ]RaT^ J/±PJ�± a _/®(_RQ�VTa3©x X[f}_bS/¸9©[^T^TU2¹!S�fMa3©[fMc�©�¹�±�¸h_bS�©�L$J}^ J/± a _/®�¬	¬\	 _}L,©[a J}^ _�Æ È�És·�&Xx¸3¬

P
¬
Q
Ä�V3©[aTS`_b]a¬�SMfYJ}a _b]�L&_bfMa	¬	¯TU�X J�ªMX[fMS�©[^T^TU7º�« ^ _�³3©[^	¬	¹²± a _/®(_RQRfYJ

P =




1 1 1
k r s

v − k − 1 −r − 1 −s− 1


 ,

PQ = QP = vI
·%�99© X[c

v
Ä ³	¬ Xx¸ J!S�©[a	À!¬T^�Q

k
Q
r
Q
s
Ä X J�ªMX[fMS�©[^T^TU�©�« ^ _�³3©[^	¬T]Í± a _/®(_

ΓZTa _bfM^ JMX[f�©�¹
1
Q
f
Q
v−f−1

X JMJ}fMS�©[fYX[fMS�©[^T^ J � WeZR_�«k_b^T^TU�©%ZTa _bfM^ JMX[f�¬�J�ª}a _�« W�°�f V3©[aTSMU2¹�X[fYJ�¸9ª�©�¯L&_bfMa	¬	¯TU
Q
�x·

¨ J� X[f}_b^ J}SYJ/³T^ J�©oVTa3©x X[f}_bS/¸9©[^	¬3©»± aTWeVTVTU
G = Aut(Γ)

^ _�S�©[a	À!¬T^ _�º�± a _/®(_
Γ
J�ª}U2³T^TUqLJ�ª}a _�«PJML²h_/©[f L$J}^ JML5¬ _�¸ cM^ J�©%L&_bfMa	¬	³T^ J�©'VTa3©x X[f}_bS/¸9©[^	¬3©

ψ
± aTWeVTVTU

G
S
GL(v,C)

·�¨*a JMX[fMa _b^'µ
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X[fMSYJ
C
v ]RS/¸ ]	©[fYX ]�J}aTfYJ/±PJ}^ _�¸ cM^ J/¹�VTa`]TL$J/¹\X[WRL$L$J/¹�X J�ªMX[fMS�©[^T^TU7º ψ(G) µ ¬T^TS`_ba	¬ _b^TfM^TU7º\V J�	µVTa JMX[fMa _b^ X[fMS

W0
Q
W1
Q
W2

L&_bfMa	¬	¯TU X L,©�Âv^ JMX[f�¬�± a _/®(_
Γ
·g¨*WYX[fMc

χi
Ä ºe_ba _bZTf�©[a�VTa3©x X[f}_bS/µ

¸9©[^	¬T]
ψWi

· �KJ/±�h_V	¸ ]Ì¸3°JªMJ/±PJ
g ∈ G

V J�¸ W�³	¬ L a _bS�©[^ X[fMSYJ

χi(g) = v−1
2∑

j=0

Qijαj(g),

±�9©
αj(g)

ÄÇ³	¬ Xx¸ JvfYJ/³3©[Z
x
¬	«
X
f}_bZ	¬'º{Q	³TfYJ

d(x, xg) = j
·� ¸9© L$L&_�º Ïbd'È�VTa3©x V J�¸h_�±[_/©[fYX ]{QL³TfYJ

Γ
Ä X�¬'¸ cM^ J�a3©�± W�¸ ]RaT^TU2¹ ± a _/® X\V _ba _}L,©[fMa _}L5¬

(6138, 1197, 156, 252)
¬#X[V3©[ZTfMa JML

11971, 95642,−105495
Q
G = Aut(Γ)

Q
g
Ä ��¸9© L,©[^TfoVTa JMX[fYJ/±PJV J}a`]� ZR_

p
¬	«
G
¬
χ2
Ä ºe_ba _bZTf�©[a�Q`V J�¸ W�³3©[^T^TU2¹�VTa	¬�VTa J�©[ZTf�¬Ta J}S`_b^	¬	¬

ψ(G)
^ _*V J� VTa JMX[fMa _b^'µX[fMSYJva _�«PL,©[aT^ JMX[f�¬

495
·

�²b�cJceU�F�D'���������
χ2(g) = (9α0(g)− α1(g))/114 + 198/19

*
αi(g) = αi(g

l)
�����^��� ��- � -

l
*

$B���#"�����$ - � -
p
* �

495− χ2(g)
�����	�B��� ��$��

p
6

C
� _}X X L$J}fMa	¬ L X�¬'¸ cM^ J a3©�± W�¸ ]RaT^TU2¹^± a _/®

Γ
XqV _ba _}L,©[fMa _}L5¬

(6138, 1197, 156, 252)
·��KJ/±�h_

Q =




1 1 1
5642 806/19 −217/19
455 −825/19 198/19




¬
χ2(g) = (15α0(g) − 25α1(g)/19 + 6α2(g)/19)/186

·,¨ J� X[f}_bS/¸ ]R]�S � fMWR® J}a L W�¸ W�« ^ _�³3©[^	¬3©
α2(g) = v − α0(g) − α1(g)

Q V J�¸ W�³	¬ L
χ2(g) = (9α0(g) − α1(g))/114 + 198/19

·�(S`_ V JMXx¸9©x ^	¬'º�WefMS�©[a#ÂV9©[^	¬T]a¸9© L$L U Xx¸9©x W�°�f>¬	«J¸9© L$L U N�Æ j�És·
B

� D��»W�('f�cef9X���Y,#�c� cef9[  �('XZU��aU3ceb#XZf9[ZU
 �ZU	XZU3ceb ('XZU3ceY

(6138, 1197, 156, 252)

�²b�cJceU¶?BD5��021 - �	$����O��� �����B�k�3 ���!�B�2 B��
'�k"	�O����$	�����
(1)

�����	�
Ω
	 1� 3��� - � ��"�� � * � - �	� ��-

p = 31
�
α1(g) = 31 · 78 * �	� ��- p = 11

�
α1(g) =

11(114l − 6)
* �	� ��-

p = 3
�
α1(g) = 3(114l + 54)

* �	� ��-
p = 2

�
α1(g) = 2(114l − 33);

(2)
�����	�

Ω
�'
���������� �

n
�G�	�	�	� - � * � - �	� ��-

(i) p = 19
*
n = 1

�
α1(g) = 19(6l + 3)

* �	� ��-
(i) p = 13

*
n = 2

�
α1(g) = 6 · 13(19l − 5)

* �	� ��-
(iii) p = 5

*
n = 3

�
α1(g) = 3(190l + 25)

�	�	�
n = 8

�
α1(g) = 6(95l + 20)

* �	� ��-
(iv) p = 2

*
n = 10

�
α1(g) = 6(38l + 4)

�	�	�
n = 12

�
α1(g) = 6(38l − 21);

(3)
�����	�

Ω
�'
���������� �

m
�G� - �	�	�	� - � * � -

p = 3
*
m = 3t

*
t 6 70

�
α1(g) = 9(38l + 10 + 3t)�	�	�

p = 7
*
m = 7t− 1

*
t 6 70

�
α1(g) = 63(38l + 8 + t);

(4)
�����	�

Ω
� - ���k"	���B��"�� � " - � �'
���������� � -���� �k���	$B��$	�B���

m (m > 2)
�3 - �	�#" - 
���$	$	0 � �	�	�	� *

� -
p = 2

��1 - "������	�²�3 - �	�#" - 
���$	$	0 � �	�	�	��

Ω
"���
�$	0

10
�	�	�

12
6

C
¨*WYX[fMc

Ω
Ä�VTWYX[fYJ/¹�± a _/®�Q

αi(g) = pwi
·T��_bZ�ZR_bZ

6138 = 9 · 22 · 31 QTfYJ p ∈ {2, 3, 11, 31} ·¨*WYX[fMc
p = 31

·K�KJ/±�h_
χ2(g) = 31(−w1 + 36)/114

¬
α1(g) = 31(114l − 36)

·K�&Xx¸3¬
l = 2

QfYJ
α1(g) = 31 · 192 ¬�^ _�¹'9©[fYX ]�Z'¸3¬TZeJ}S`_b] 〈g〉 µ J}a3ª/¬Tf}_�	¸3¬T^TU � NMQ¡VTa J}f�¬TSYJ}a3©�³	¬3©�·%�h^ _�³	¬TfbQ

α1(g) = 31 · 78 Q α2(g) = 31 · 120 ·¨*WYX[fMc
p = 11

·)�KJ/±�h_
χ2(g) = 11(−w1 + 108)/114

Q
α1(g) = 11(114l − 6)

¬
α2(g) =

11(192 − 114l)
·

¨*WYX[fMc
p = 3

·R�KJ/±�h_!³	¬ Xx¸ J
χ2(g) = (−w1 +396)/38

9©x¸3¬TfYX ]�^ _
3
¬
α1(g) = 3(114l+54)

·
¨*WYX[fMc

p = 2
· �KJ/±�h_R³	¬ Xx¸ J

χ2(g) = (−w1 + 594)/57
^3©�³3©[fM^ J�¬

α1(g) = 2(114l − 33)
·��fMS�©[a#ÂV9©[^	¬3© � N��S J}ZR_�«k_b^ J	·



� 
'� - � - " ���3��50 � - $B���x"���=O�����k" - $��Ì��1���"��������x"����5�
(6138, 1197, 156, 252)

N�Ê
¨*WYX[fMc

Ω
]RS/¸ ]	©[fYX ]

n
µ Z'¸3¬TZeJ/¹�·$�&Xx¸3¬

n = 1
Q�fYJ

p
9©x¸3¬Tf�NMNPOYj²¬¶Ï`O�Ï`iRQ V J�� fYJML W

p = 19
Q

χ2(g) = (63− w1)/6
¬
α1(g) = 19(6l + 3)

·
¨*WYX[fMc

n > 2
¬
a, b ∈ Ω

·���_bZ\ZR_bZ
g
9©�¹ X[fMSMW�©[f#V J�¸ Wea3©�± W�¸ ]RaT^ J ^ _

[a] − b⊥
Q{fYJ

p
9©x¸3¬TfNPi�Ï`iRQ � OMiMi�¬

158 − n
Q�V J�� fYJML W�¬

p = 2, 5, 13
·&��Xx¸ W�³ _/©

p = 2
V J#VTa3©x	¸ J�Â!©[^	¬	° g�¬ L,©�© L

n = 10, 12
·R�&Xx¸3¬

n = 10
Q`fYJO³	¬ Xx¸ J

χ2(g) = (213−α1(g)/6)/19
^3©�³3©[fM^ J!¬

α1(g) = 6(38l+4)
·�&Xx¸3¬

n = 12
QTfYJ�³	¬ Xx¸ J

χ2(g) = (216 − α1(g)/6)/19
^3©�³3©[fM^ J>¬

α1(g) = 6(38l − 21)
·� Xx¸ W�³ _/©

p = 5
V J�¸ W�³	¬ L

n = 3
Q7³	¬ Xx¸ J

χ2(g) = (405 − α1(g)/3)/38
9©x¸3¬TfYX ]�^ _

5¬
α1(g) = 3(190l + 25)

¬'¸3¬
n = 8

Q�³	¬ Xx¸ J
χ2(g) = (210 − α1(g)/6)/19

9©x¸3¬TfYX ]�^ _
5
¬

α1(g) = 6(95l + 20)
·��Xx¸ W�³ _/©

p = 13
V J�¸ W�³	¬ L

n = 2
Q
χ2(g) = (201 − α1(g)/6)/19

¬
α1(g) = 6 · 13(19l − 5)

·
¨*WYX[fMc

Ω
]RS/¸ ]	©[fYX ]

m
µ ZeJ}Z'¸3¬TZeJ/¹�Q

0 < m 6 495
·h�&Xx¸3¬

a, b ∈ Ω
QTfYJ

g
9©�¹ X[fMSMW�©[foV J�¸ Wea3©�± W#µ

¸ ]RaT^ Jq^ _
[a]∩[b] Q [a]−[b]

QPV J�� fYJML W
p
9©x¸3¬Tf*g�ÊMg2¬ O�Ï#Ê'·/I fYX�°7h_

p = 3, 7
·k�&Xx¸3¬

p = 3
QPfYJ

m = 3t
Q

t 6 165
Q3³	¬ Xx¸ J

χ2(g) = 3(3t+ 132− α1(g)/9)/38
9©x¸3¬TfYX ]�^ _

3
¬
α1(g) = 9(38l + 10 + 3t)

·�&Xx¸3¬
p = 7

Q'fYJ
m = 7t − 1

Q
t 6 70

Q
χ2(g) = 3(7t + 132 − α1(g)/9)/38

¬
α1(g) =

63(38l + 8 + t)
·

¨*WYX[fMc
Ω
X J�9©[a#Â�¬Tf�a3©�ª}a JÌ¬#]RS/¸ ]	©[fYX ] J�ª/´�©x3¬T^3©[^	¬3© L

m (m > 2)
¬	«PJ�¸3¬Ta J}S`_b^T^TU7º Z'¸3¬TZ�·�&Xx¸3¬

a
Q
c
Ä^3© X L,©�Âv^TU�© S�©[a	À!¬T^TUÁ¬	«

Ω
QMfYJ

g
9©�¹ X[fMSMW�©[f(V J�¸ Wea3©�± W�¸ ]RaT^ J ^ _

[a]∩ [c]
¬
p
9©x¸3¬Tfg�ÊMg'·

¨*WYX[fMc
a
Q
b
Ä X L,©�Âv^TU�©�S�©[a	À!¬T^TUÍ¬	«�Z'¸3¬TZ	¬�Q�¸9©�Â _�¼V©�¹�S

Ω
·`��_bZ�ZR_bZ

g
9©�¹ X[fMSMW�©[f V J�¸ Wea3©xµ

± W�¸ ]RaT^ J�^ _
[a] − b⊥

Q fYJ
p
9©x¸3¬Tf NPi�Ï`i'·gI fYX�°7h_

p = 2
¬ V J}a`]� Z	¬R¬	«PJ�¸3¬Ta J}S`_b^T^TU7º#Z'¸3¬TZ#S

Ωa _bSM^TU NPiV¬'¸3¬�NPg'·
B

�²b�cJceU½HgD �7���	�
Ω
� - ���k"	���B���/� - ��������������	�	�R1� B���

b
*
a
*
c
* � - 
�021 - �	$����O��� �����B�k�3 ���!�B�

 B��
'�k"	�O����$	�����
(1)

�����	�
Ω
� - ���k"	���B�

[a]
�����^$B��� - � - " - ��
'�k" �!�	$	0

a ∈ Ω
* � -

p 6 5
*
Ω = a⊥

�
α1(g) = 0

�

(2) g
� - �/$ - �����B����
� 3����$��

[a]
������$B��� - � - " - � -

2
�G1� B���

b, a, c
�
π(G) ⊆ {2, 3, 5, 7, 11, 13,

19, 31} �

(3)
�����	�

Ω(a)
$B��� - ���k"	���B���/� - ��������������	� �

2
�G1� B����� * � -

Ω(a)
	 � - �	�	�	�	���

p = 3
6

C
�&Xx¸3¬

Ω
X J�9©[a#Â�¬Tf

[a]
	¸ ]�^3©[ZeJ}fYJ}a J/¹ S�©[a	À!¬T^TU

a ∈ Ω
QRfYJ

Ω = a⊥
¬
α1(g) = 0

·`� _�¸9©�©MQ
χ2(g) = 3(α0(g)+66)/38

Q#¬
495−χ2(g)

9©x¸3¬TfYX ] ^ _
p
·}�{_}L,©[f�¬ L%Q/³TfYJ�J�ª/´�©x3¬T^3©[^	¬3©%V J�3± a _/® J}S

u⊥ − [a]
V JoSYX�© L�S�©[a	À!¬T^ _}L

u
¬	« ^3©[ZeJ}fYJ}a J/¹ 〈g〉 µ J}a3ª/¬TfMU¾	¸3¬T^TU

p
X J�9©[a#Â�¬Tf

p(1198 − 252)S�©[a	À!¬T^�¬
946p 6 4940

Q V J�� fYJML W
p 6= 5

·"#J�Âv^ J X�³	¬Tf}_bfMc Q�³TfYJ
g
fYJ/³T^ JJ9©�¹ X[fMSMW�©[f ^ _

[a]
	¸ ] ^3©[ZeJ}fYJ}a J/±PJ g�µ VTWef�¬

b, a, c
¬	«

Ω
� S VTa J�µf�¬TSM^ JML�Xx¸ W�³ _/©

g
®�¬TZeX�¬TaTW�©[f ZR_�ÂV W�° S�©[a	À!¬T^TW½± a _/®(_

Γ
�x·$��©[V3©[aTc�SMS�¬' W!VTa3©x	¸ J�Â!©[^	¬T]�g

¬ L,©�© L
π(G) ⊆ {2, 3, 5, 7, 11, 13, 19, 31} ·¨*WYX[fMc

Ω(a)
^3©#X J�9©[a#Â�¬Tf ±�© J�9©�«�¬	³3© X[Z	¬'º

2
µ VTWef�©�¹�·2¨ J\VTa3©x	¸ J�Â!©[^	¬	°;g\V J�3± a _/®

Ω(a)]RS/¸ ]	©[fYX ]�ZeJ}Z'¸3¬TZeJ/¹�¬
p = 3

·
B

��b#f9XZb�ceUBD �� 3�����
Γ
	 � - $B���x"¾=O�����k" - $�� ��1���"��������x"����5�

(6138, 1197, 156, 252)
*
G =

Aut(Γ)
*
g
	 �x�B������$B�a1#" - ��� - � - 1 - "������	�

p
�3

G
�
Ω = Fix(g)

62+�- �p��� |Ω| 6 171
*
π(G) ⊆

{2, 3, 5, 7, 11, 13, 19, 31} ��
�021 - �	$�������� � - ��$ - �3V���B�k�3 ���!� �  B��
'�k"	�O����$	�	���
(1) Ω

	 1� 3��� - � ��"�� � * �	� ��-
p = 31

�
α1(g) = 31 · 78 * �	� ��- p = 11

�
α1(g) = 11(114l− 6)

*
�	� ��-

p = 3
�
α1(g) = 3(114l + 54)

* �	� ��-
p = 2

�
α1(g) = 2(114l − 33);

(2) Ω
�'
���������� �

n
�G�	�	�	� - � * �	� ��-

(i) p = 19
*
n = 1

�
α1(g) = 19(6l + 3)

* �	� ��-
(i) p = 13

*
n = 2

�
α1(g) = 6 · 13(19l − 5)

* �	� ��-
(iii) p = 5

*
n = 3

�
α1(g) = 3(190l + 25)

�	�	�
n = 8

�
α1(g) = 6(95l + 20)

* �	� ��-
(iv) p = 2

*
n = 10

�
α1(g) = 6(38l + 4)

�	�	�
n = 12

�
α1(g) = 6(38l − 21);



N�È ���B���	�	$��V� 6 � 6

(3) Ω
�'
���������� �

m
�G� - �	�	�	� - � *

p = 3
*
m = 3t

*
t 6 70

�
α1(g) = 9(38l+10+ 3t)

�	�	�
p = 7

*
m = 7t− 1

*
t 6 70

�
α1(g) = 63(38l + 8 + t);

(4) Ω
� - ���k"	���B�7"�� � " - � �'
���������� � -���� �k���	$B��$	�B���

m (m > 2)
�3 - �	�#" - 
���$	$	0 � �	�	�	� *

p = 2��1 - "������	���3 - �	�#" - 
���$	$	0 � �	�	�	��

Ω
"���
�$	0

10
�	�	�

12;

(5) Ω
� - ���k"	���B���/� - ��������������	�	�

2
�G1� B���»�

p 6 13
6

C
� J}ZR_�«k_bf�©x¸ cYX[fMSYJof�© J}a3© L U Xx¸9©x W�©[f»¬	«J¸9© L$LÁÊPd'ÈV¬�VTa3©x	¸ J�Â!©[^	¬T] g'·

B� J ZeJ}^	¯ _#a _/ªMJ}fMU ª}W�9© L�VTa3©x V J�¸h_�±[_bfMc QS³TfYJ
G
9©�¹ X[fMSMW�©[f fMa _b^	«�¬Tf�¬TSM^ J�^ _#L ^ J�Â!© X[fMS�©S�©[a	À!¬T^�± a _/®(_

Γ
·	¨ Jvf�© J}a3© L,©

π(G) ⊆ {2, 3, 5, 7, 11, 13, 19, 31} ¬ |G : Ga| = 18 · 11 · 31 ·
�²b�cJceU�C�D �� 3�����

f
	 �x�B������$B��1 - "������	�

31
�3
G
*
g
	 �x�B������$B��1#" - ��� - � - 1 - "������	�

p < 31�3
CG(f)

6J+�- �p�����	� ��-
Ω
	 1� 3��� - � ��"�� � *

p = 2
�
α1(g) = 31 · 42 * �	� ��- 
�021 - �	$����O��� ����B�k�3 ���!�B�2 B��
'�k"	�O����$	�����

(1)
�����	�

p = 13
* � - |Ω| = 31(13s + 3)

*
s 6 3

�
α1(g) = 3(38l + 93(13s + 3) + 392);

(2) p 6= 11
6

C
¨*WYX[fMc

f
Ä ��¸9© L,©[^Tf�V J}a`]� ZR_

31
¬	«

G
·�¨ Jof�© J}a3© L,©

α1(f) = 31 · 78 Q α2(f) = 31 · 120 ·¨*WYX[fMc
g
Ä ��¸9© L,©[^Tf!VTa JMX[fYJ/±PJ!V J}a`]� ZR_

p < 31
¬	«

CG(f)
·¡�&Xx¸3¬

Ω
Ä;VTWYX[fYJ/¹Í± a _/®�Q&fYJ

p9©x¸3¬Tf j � ¬�NPgMiRQ V J�� fYJML W
p = 2, 3

·&� Xx¸ W�³ _/©
p = 3

³	¬ Xx¸ J
α1(g) = 3(114l + 54)

9©x¸3¬TfYX ]^ _ � NMQ&V J�� fYJML W
7l − 13

9©x¸3¬TfYX ]�^ _ � N²¬
l > 24

Q¡VTa J}f�¬TSYJ}a3©�³	¬3©�·%� Xx¸ W�³ _/©
p = 2

³	¬ Xx¸ J
α1(g) = 2(114l − 33)

9©x¸3¬TfYX ]�^ _ � NMQTV J�� fYJML W
5l + 1

9©x¸3¬TfYX ]�^ _ � N�¬
l = 6

·
¨*WYX[fMc

Ω
Ä ^3©[VTWYX[fYJ/¹�± a _/®>·��KJ/±�h_ |Ω| = 31t

¬
p
9©x¸3¬Tf

198 − t
· � _�¸9©�©MQ

χ2(g) = (93t +
392 − α1(g)/3)/38

¬
α1(g) = 3(38l + 93t+ 392)

9©x¸3¬TfYX ]�^ _
p
·�&Xx¸3¬

p = 13
QTfYJ

t = 13s+ 3
Q	¬�X W�³3©[fYJML ^3©[a _bS�©[^ X[fMS`_

31(13s + 3) 6 1302
¬ L,©�© L

s 6 3
¬

8− l
9©x¸3¬TfYX ]�^ _�N � ·�&Xx¸3¬

p = 11
Q fYJ

t = 11s
·$��_bZ ZR_bZ

g
®�¬TZeX�¬TaTW�©[f ^3©�L,©[^3©�©Ì9© X ]Rf�¬ 〈f〉 µ J}a3ª/¬Tf ^ _ W =

{w | d(w,wf ) = 2} QTfYJ 10 6 s
QRVTa J}f�¬TSYJ}a3©�³	¬3©�·

B
�²b�cJceU��gD ���������

S(G) = O2,3(G)
* � - � - ���

T̄
��"3 	1	1	0

Ḡ = G/S(G)
�3 - � - " �L��$

L2(32)���	� ��-
(1) T̄a

	 1 - � ��"3 	1	1���1 - "������	�
16
*
V = S(G)

�'
���������� �
3
� ��"3 	1	1 - � * |V : Va| = 3

�
T̄�����B����
� 3���!$B��1#"��	
 - ���3� - $��

V
* �	� ��-

(2) T̄a
	 1 - � ��"3 	1	1��L1 - "������	�

32
*
S(G) = VW

* �p���
V
�'
���������� �²���	� - 
'��� - �

3
�G1 - � ��"3 	1	1 - �

�3
S(G)

* |V : Va| = 3
�
T̄
�����B����
� 3����$B��1#"��	
 - ���3� - $��

V
*
W
�'
���������� �����	� - 
'��� - �

2
�G1 - � ��"3 	1 �

1 - ���3
S(G)

* |W :Wa| = 2
�
T̄
�����B����
� 3���!$B��1#"��	
 - ���3� - $��

W
6

C
�J«�¸9© L$L � Q j Xx¸9©x W�©[fbQ3³TfYJ

S(G) = O2,3(G)
·

¨*WYX[fMc
T̄
Ä ¯ J}ZeJ�¸ cO± aTWeVTVTU

Ḡ = G/S(G)
·�¨ J>Æ � QMf}_/ª�¸3¬	¯ _�NxÉ9± aTWeVTV _

T̄
¬	«PJML$J}a3® ^ _

L2(32)¬'¸3¬
O′N

·�� J#SR± aTWeVTV3©
O′N

^ _�¬ L,©[^Tc�À!¬	¹Ã¬T^'9©[ZeX�X J�ªMX[fMS�©[^T^ J/¹�V J�3± aTWeVTVTU a _bS�©[^
122760

QVTa J}f�¬TSYJ}a3©�³	¬3©�·�h^ _�³	¬TfbQ
T̄ ∼= L2(32)

¬
T̄a
Ä�V J�3± aTWeVTV _vV J}a`]� ZR_�N�ÈV¬'¸3¬ � g'·�&Xx¸3¬

T̄a
ÄIV J�3± aTWeVTV _V J}a`]� ZR_

16
Q fYJ

V = S(G)
]RS/¸ ]	©[fYX ] _/ª�©x¸9©[SYJ/¹

3
µ ± aTWeVTV J/¹�Q

|V : Va| = 3
¬
T̄
9©�¹ X[fMSMW�©[f�^3©[VTa	¬TSYJ�3¬ L$J�^ _

V
·�&Xx¸3¬

T̄a
Ä V J�3± aTWeVTV _�V J}a`]� ZR_

32
Q{fYJ

S(G) = VW
Q�±�9©

V
]RS/¸ ]	©[fYX ]�X�¬'¸ J}SYX[ZeJ/¹

3
µ V J�	µ

± aTWeVTV J/¹�¬	«
S(G)

Q |V : Va| = 3
¬
T̄
9©�¹ X[fMSMW�©[f�^3©[VTa	¬TSYJ�3¬ L$J�^ _

V
Q
W
]RS/¸ ]	©[fYX ] X�¬'¸ J}SYX[ZeJ/¹

2
µ V J�3± aTWeVTV J/¹�¬	«

S(G)
Q |W :Wa| = 2

¬
T̄
^3©[VTa	¬TSYJ�3¬ L$J�^ _

W
·R�L© L$L&_! J}ZR_�«k_b^ _'·

B
� �,b/§
 �('W9YZb3D��� 3�����

Γ
	 ���	����$ - "�� �x �����"�$	02����"�� � �51���"��������x"����5�

(6138, 1197, 156, 252)
*


Ç� - � - " - � - �#"�������$ - ����� 
'�k" �!�	$ ���	����$ - "�� �x �����"�$	0 � 1���"��������x"����5�
(1197, 156, 15, 21)� 
¶�#������$ - ����� *

Γ
	 � - $B���x"Í=O�����k" - $���� * � ��"3 	1	1��

G = Aut(Γ)
�����B����
� 3���R�x"���$3��B���	
�$ - $��

�5$ - �>������
'�!
'�k" �!�	$ ��"�� ���
Γ
65+�- �p���

S(G) = O2,3(G)
* � - � - ���

T̄
��"3 	1	1	0

Ḡ = G/S(G)
�3 - �

� - " �L��$
L2(32)

�a�	� ��-



� 
'� - � - " ���3��50 � - $B���x"���=O�����k" - $��Ì��1���"��������x"����5�
(6138, 1197, 156, 252)

Nkj
(1) T̄a

	 1 - � ��"3 	1	1��>1 - "������	�
16
*
V = S(G)

�'
���������� ��� � ���B��
 - �
3
� ��"3 	1	1 - � * |V : Va| = 3�

T̄
�����B����
� 3���!$B��1#"��	
 - ���3� - $��

V
* �	� ��-

(2) T̄a
	 1 - � ��"3 	1	1��L1 - "������	�

32
*
S(G) = VW

* �p���
V
�'
���������� �²���	� - 
'��� - �

3
�G1 - � ��"3 	1	1 - �

�3
S(G)

* |V : Va| = 3
�
T̄
�����B����
� 3���J$B��1#"��	
 - ���3� - $��

V
*
W
�'
���������� �����	� - 
'��� - �

2
�G1 - � ��"3 	1 �

1 - ���3
S(G)

* |W :Wa| = 2
�
T̄
�����B����
� 3���!$B��1#"��	
 - ���3� - $��

W
6

� �#������$ - ����� * |G| $B�7�����	�B��� ��$�� 19 � Γ
$B� �'
���������� �Ì"�� � �k"�$ - ���3�,�����x"����/$	0�� ��"�� � - � 6

C
� J}ZR_�«k_bf�©x¸ cYX[fMSYJoXx¸9©x W�©[f»¬	«J¸9© L$L�j d � ·

B

�²Y ('b#XZU�(%$�XZU

Ó ���������	��
���L� ,���������� �����
��� � � : � ��� ��� � 9 � ��� ��� ��� � � 9 ������� � : ��¯ : ����� � ���¥9�8 � � : � �A� 4 �¥9�8 � � ��! � : ����" ��� ��� �
Ó�576�Ó � � Ñ'9�Ò � � �(' ¯ �A�����A�$# 9 ��� ��% ��Ð ��% � � � � �F� � �'& ��� �
� ÑxÑ )s�

Ñ �31���>R��Fv@+* �'* ��¤9m�qp�,}/u�nk|�}/r�qk}/z3z3npo�u�}�l�|��g� Ñ �Eq ��npz����J�enp�S�'�x��v�|�~��0�Jm�y��x�/nk{�qp��}/n�l/o�nk|�}/r��'h'npix�p��vx��y�� ��,v�{�vxqk}/w�}/u�qp�#� Ñ�Ò�Ó !�� �3��� ÓxÓxÓ �8���`W<�/'&
<)�?�aHJ�=HJ� ,L��	�/��?%'@P�V* ��(�� ,L1���>R��Fv@�* ��* ��g�{�o�vxz3vxu/~�}/ipz	��qk}�y��x|/veu�nk�pj�y/r�u�|/v���v���u/mx~5meq7t�m�u/m��
z3npo�u/m�z	}

(1197, 156, 15, 21)
���7�9y�m��/}/��m�{��#��z9m�o�����j�u�|�� � Ñ�Ò�Ó !�� ��h�� Ó�Ô �
� Ñ � �3���?! i/ÓxÓ �

9 �*)+��
-,/.0�	�+1 �32f� ,-45�3�	���	�7658I�94 ��� � � � � ¢ : � �	: ��� 9 � � 4�9 � �'&���� Ð : : � : ����� � ��� � � � � ��� ��� 9 � �/� �6� Ð�� � 9[���&7 ��� � � �;���� � 8 � � � Ó�575 8�� �=< � ; � ÓS9 � �*"'��8 5�ÔSiP9�Ò�Ô �!��*)>�	?�@3��?����A�CB2� ,0� ���D����% � � �A� � ; � ���#�A� ; 9 ����� 9 � ����¢ : �������A� � � � : ��: 9�;¥9 � ��� 8 � ��� � : � 8 � �����&: �¿Ð ��� � � # 9 ��� � �
Ñ�Ò�ÓxÓ � �=< � ; �?8 ÓxÓ �)� ÑSi 8�� �*"'� Ó 8 ÑSi/ÓS979 �

O ���������	��
��EL�5�
��" ��� 8 � � 9 � : �A� � � � ��� � � ���¥9�8 � � : � �A� 4F�¥9�8 � � : � �A� ! � : ����" ��� ��� � Ó�57575 � � Ñ 8 Ñ � � �(' ¯ �A�����A�
# 9 ��� ��% ��Ð ��% � � � � �F� � �'& ��� �
� 9 ! )s�

Ô ���)�'@'��<�Z�[J&�* ��G�� ,C1���>R��Fv@$* ��* �#×Zwem�{�o�vxz3vxu/~�}/ipz9m����/}/qpoxm�|���}/v�|�|/v2u�nk�pj�y/r�u�|/v���v2��u/mx~5m�q�z9m�qpqk}�{�vxzt/npu�npqpnkl/nk|�}��
{56, 45, 1; 1, 9, 56}

���[e�vx��y��)g��7� � Ñ�Ò�Ó�Ò � ��h�� 9 8 Ñ �)� !�� �3���?! Ó�ÑSi ! Ó !��
6 ��H��9IJ���7�A�K�L67� ����1 �F�E�+M_: � : � � � : 8 � ; �
��� � ��� �/¢ : ���S� 9 ��� ��¢ ��� : 8 � � �6� Ð�� ��� 8 ����%�: � ��� : 9 � 7K; � Ð�� � �A� : ÐN# 9 ��� �® �#� � � ��� � � Ñ�ÒxÒ75 � �=< � ; � O � �*"'� ÓTi/Ó�Ñ �

�����������
	��������	��������9O!�3P� ��F������������/ #"
$�*�Q6P,*,+(%SR�*,P�Q60,)�*�TUR&%�V6*=T�W�N�'�+(%
��nk{�npu�v�� ×Zqpnpox}�|/qp��}�����vxqkj���m�u�qpox{�nk|�|��g�
j�|�}�{�npu�qk}/o�npoS}/zg�)m7��¥7�YXZnpoxm��pj�u�v�{�m��
�7(S(v<?(�/0FG��/[&)��2+F43��65 X
��<�&)Z���3?�?%�UV���0/0Fv���0/�<�&
<
¤�×��E��hSÖ���8 O�Ñ�Ò�Ñ !��#�9y�m��/}/��m�{���m�ix��j�y����Bm�oxj�ox}�|�m�� 90O7	�48!9�: ;�4�?�>�<#]-Z-[�B�<�EF@A>FD�\�@�<A^_J4B�L

�/h�gcd�\ d�`^]�q�i�f�\ f d�k g/q�b � ��\ b�`!d�eN_ f`\ d�e
f,g/b�`
a i�g/qb] ��` ��\ b�g/b�`Wf

(6138, 1197, 156, 252)

��zKc��,z|{ w�dV· dV·

¯(� ����� � 3
�
(V,K,Λ) �¿Ð�� � 8 � E = (X,B) � � 9 � �'& � � ��� : �A�.��� ��� � � ��8/8 � � � : Ð Ñ � �¿Ð�� � 8 � �K� � � � � : ��� ��� E

: �
e&9 � 9�8!9 � � 3

�
(4Λ+4, 2Λ+2,Λ) �¿Ð�� � 8 � � � � V = (Λ+1)(Λ2 +5Λ+5)

9 ��� K = (Λ+1)(Λ+2)
� � � V = 496

�
K = 40

9 ��� Λ = 3
��� � � Ð#� 8 � ; � 8 � �F� 9 � � ��� 9 � �c��� 9 � ; ��Ð�� ��� 9 � �!��� 3 � (496, 40, 3) �¿Ð�� � 8 � : �¥��� � �A� � ; � ���#�A� ; 9 �¢ : ��� � 9 � 9�8 � � ��� � (6138, 1197, 156, 252). ¯(� �Jf �,Ð 9�; ; ��� : �,Ð#� 8 � ; � 8 � �F� 9 � � ��� 9 � � �¥9�8 ��� �A��f � 8 �A����� ��� ��g ����� : �� 9 �6��� 9 � ��� 8 � ��� � : � 8 �¥��� 8 �A����� ��� 9 ��� ��� � � : � � �

¦�§�¨ ©�ª�«�¬_x£ ��� � �A� � ; � ���#�A� ; 9 �¡��� 9 � � ��� ��� � �'& � ��8/8 � � � : Ð ��� 9 � � ��9 � ��� 8 � ��� � : � 8 ��� � ��� ��� 9 ��� 9 � � �
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Hα

λ
(Lp)
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Hα
λ
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A9D5¦VW9b/§Sb#[ZYZb

��a _/ªMJ}f�©�¬ X Xx¸9©x W�°�fYX ] ZeJML V'¸9©[ZeX[^TU�©qX[f�©[V3©[^	¬!3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^ J/±PJ*J}V3©[a _bfYJ}a _
Sλ̄
S
Rn+1X ZeJML V'¸9©[ZeX[^TUqL5¬#ZeJ���®L®�¬	¯	¬3©[^Tf}_}L5¬ S>±�¸h_bSM^ J/¹²³ _}X[f�¬�Ë

Sλ̄ = m2I + ib
∂

∂t
+

n∑

k=1

(1 − iλk)
∂2

∂x2k
,

� N��
±�9©

m > 0
Q
b 6= 0

Q
λ̄ = (λ1, . . . , λn)

Q
λk > 0

Q
1 6 k 6 n

·b	 JML V'¸9©[ZeX[^TU�©%X[f�©[V3©[^	¬vJ}V3©[a _bfYJ}a _
Sλ̄
XJ}fMa	¬	¯ _bf�©x¸ cM^TUqL5¬�S�©�¼V© X[fMS�©[^T^TUqL5¬»³ _}X[fk]TL5¬o^ _J® We^TZ	¯	¬T]�º

ϕ(x, t) ∈ Φ(Rn+1)
Q�±�9©

Φ(Rn+1)
ÄVTa JMX[fMa _b^ X[fMSYJ���¬	«PJ}aTZ	¬T^ _ � X L2·TV�· g'· g���Q J}VTa3©x9©x¸ ]'°�fYX ]�S�J�ª}a _�«k_�º�M(WeaTc�© a _bS�©[^ X[fMSYJML

̂
(S

−α/2
λ̄

ϕ)(ξ, τ) =

(
m2 + bτ − |ξ′|2 + i

n∑

k=1

λkξ
2
k

)−α/2

ϕ̂(ξ, τ).
� g��

�99© X[c
ξ = (ξ1, . . . , ξn) ∈ Rn

Q
τ ∈ R1 Q Reα > 0.¨ J�¸ W�³3©[^TU ¬T^Tf�©�± a _�¸ cM^TU�© VTa3©x X[f}_bS/¸9©[^	¬T]�ZeJML V'¸9©[ZeX[^TU7º�X[f�©[V3©[^3©�¹ � g�� S�S�¬'9©a¬T^Tf�©�± a _�µ

¸ J}S f�¬TV _ V J}f�©[^	¯	¬ _�¸h_ Xq^3© X[f}_b^'h_baTfM^ J/¹ L,©[fMa	¬TZeJ/¹�· �'JMJ}fMS�©[fYX[fMSMW�°e¼!¬3©� a J�ª}^TU�©�V J}f�©[^	¯	¬ _�¸ U
¬ L,©�°�f�S�¬'�Ë

(H
α

λ̄ϕ)(x, t) =

∫

Rn+1

h
α

λ̄(y, s)ϕ(x− y, t− s) dy ds, x ∈ Rn, t ∈ R1,
��� �

±�9©

h
α

λ̄(y, s) = dn,α(λ̄)(s)
α−n−1

2
+ exp

{
i
m2

b
s−

n∑

k=1

b(λk − i)y2k
4(1 + λ2k)s

}
,

� Ï%�

Ð© Ñ�Ò�Ó�Ô N�}�y��3gS�/��� ���,v��p}�|�����gS�
1 ¤	m�wxvxoxmJt/npu�{�v���vLm�{�o�vxu/mJ{x�gt/v�y�|/nk|�me{Lu/m�z3��m��!qpv�{�z3npqpox|/v���vL|�mpj�l�|/v���vet/u�vxnp��oxmez3np�S�/j�|�m�u�vp�/|/v���v���v�|����j�u�q�m��7N�m,� ��×Z��¤?gn� tWN *k�� u *�¤�u��M� �9|�N#u�� Ò�Ô � Ñ�Ò�Ó�Ô � 8 Ó �
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dn,α(λ̄) =

b(n−α)/2exp(−α−n4 πi)

(4π)n/2Γ(α2 )
n∏
k=1

√
1− iλk

.

�&X[f}_b^ J}S/¸9©[^TU J/¯3©[^TZ	¬^	¸ ]oJ}V3©[a _bfYJ}a _
H

α

λ̄

¬	«
Lp
S
Lq
·R��a _}L ZR_�º�L,©[fYJ�h_v_bVTVTa J}ZeX�¬ L&_bf�¬TS/µ^TU7º�J�ª}a _bfM^TU7º J}V3©[a _bfYJ}a J}S Q V JMX[fMa J�©[^ J�J�ª}a _�¼V©[^	¬3© V J}f�©[^	¯	¬ _�¸ J}S

H
α

λ̄
ϕ
Q
ϕ ∈ Lp

·`� _b^ Jvf}_bZ	Â!©J}V	¬ XP_b^	¬3©(J�ª}a _�«k_
H

α

λ̄
(Lp)

Svf�©[a L5¬T^ _�º�J�ª}a _�¼v_�°e¼!¬'º�ZeJ}^ X[fMaTWeZ	¯	¬	¹�·��_bZ	¬ L J�ª}a _�«PJML%Q S�a _/ªMJ}f�©�V J�¸ W�³3©[^TU ]RSM^TU�©�SMU%a _�Â!©[^	¬T]Å	¸ ]�ZeJML V'¸9©[ZeX[^TU7ºX[f�©[V3©[^3©�¹
S
α/2

λ̄
ϕ
X�V J�¸ J�Â�¬Tf�©x¸ cM^TUqL5¬#S�©�¼V© X[fMS�©[^T^TUqL5¬�³ _}X[fk]TL5¬a¬�J}V	¬ XP_b^TU�J�ª�¸h_}X[f�¬�J}VTa3©x9©x¸9©[^	¬T] � f�¬'ºX[f�©[V3©[^3©�¹�·�!^ _}X[fYJP]'¼V©�© SMa3© L ]�¬ L,©�©[fYX ]�a`]��a _/ªMJ}f(V J f�© J}a	¬	¬�ZeJML V'¸9©[ZeX[^TU7ºoX[f�©[V3©[^3©�¹>3¬3®L®L©[a3©[^	¯	¬'µ_�¸ cM^TU7º�J}V3©[a _bfYJ}a J}S�SMfYJ}a J/±PJvV J}a`]� ZR_�X*V JMX[fYJP]R^T^TUqL5¬ ZeJ���®L®�¬	¯	¬3©[^Tf}_}L5¬ � X L2·�Æ Ï Q'±�¸�· ORQ{NMNxÉ ��QJ�ª/«PJ}aT^TW�°�X[f}_bfMc�° Æ g�É Qh_vf}_bZ	Â!© a _/ªMJ}fMUÇÆ � dRO�É �x·h� _}X X L$J}fMa3©[^T^TU2¹�«�9© X[coXx¸ W�³ _�¹ J}V3©[a _bfYJ}a _ � N��]RS/¸ ]	©[fYX ] J� ^	¬ L ¬	« ^ _�¬3ªMJ�¸9©�© fMaTW� ^TU7º{Q�³TfYJ�J�ª}WYXx¸ J}S/¸9©[^ J _b^	¬	«PJ}fMa J}VT^ JMX[fMc�° X JMJ}fMS�©[fYX[fMSMW�°�µ

¼!¬'º» a J�ª}^TU7ºoV J}f�©[^	¯	¬ _�¸ J}S � f�·	©�·eZeJML V'¸9©[ZeX[^TU7º X[f�©[V3©[^3©�¹�J}V3©[a _bfYJ}a _ � N��¡X*J}fMa	¬	¯ _bf�©x¸ cM^TUqL5¬S�©�¼V© X[fMS�©[^T^TUqL5¬�³ _}X[fk]TL5¬ �x·�¨ JMXx¸9©x ^3©�©MQ S�X[SYJ/°�J/³3©[a3©x c Q X[SM]'«k_b^ J�X ^ _�¸3¬	³	¬3© L�ZeJML V'¸9©[ZeX[^TU7ºZeJ���®L®�¬	¯	¬3©[^TfYJ}S�S>±�¸h_bSM^ J/¹²³ _}X[f�¬ J}V3©[a _bfYJ}a _'·� _b^3©�©MQ&S\X[f}_bfMc�©�Æ NPi�É QSª}U7¸Á¬ X Xx¸9©x J}S`_b^ 3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^TU2¹�J}V3©[a _bfYJ}a
i ∂∂t +

∑n
k=1(1 −

iλk)
∂2

∂x2k
,
VTa3©x X[f}_bS/¸ ]'°e¼!¬	¹�¬	« X�©�ªP] J}V3©[a _bfYJ}a �
a3©x3¬T^	±�©[a _

i
∂

∂t
+

n∑

k=1

∂2

∂x2k
,

� Ê��

SYJ/«PL W�¼V©[^T^TU2¹�ZeJML V'¸9©[ZeX[^TUqL5¬oZeJ���®L®�¬	¯	¬3©[^Tf}_}L5¬�S�±�¸h_bSM^ J/¹>³ _}X[f�¬�·b� _�¸9©�©MQMS X[f}_bfMc�©LÆ NMN�É Q�ª}U7¸
¬	« W�³3©[^�3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^TU2¹ J}V3©[a _bfYJ}a

m2I + i ∂∂t +
∑n

k=1(1− iλk)
∂2

∂x2k
,
X[SM]'«k_b^T^TU2¹ X J}V3©[a _�µ

fYJ}a _}L5¬ �
a3©x3¬T^	±�©[a _ � Ê��!¬ÁP�©x¸ cYL5±PJ�¸ c�¯ _
m2I +

∑n
k=1

∂2

∂x2k
.
�@h_b^T^ J/¹�a _/ªMJ}f�©�a _}X X L$J}fMa3©[^

^ _�¬3ªMJ�¸9©�©(J�ª/¼!¬	¹�Xx¸ W�³ _�¹�·
� D,¦  	�Zf�cef�
�U�('b��'&9[ �b� �W9b/§Sb#[ZY �

� D A9DZ]��9f ##[ZU��Zb#[ZY � D 〈f, w〉 = ∫
Rn+1 f(x, t)w(x, t) dx dt; (Wδϕ)(x, t) = (w(·, δ)∗ϕ)(x, t) Ä¬T^Tf�©�± a _�¸ÌPR_ WYX XP_eÄ�7©�¹3©[a	À fMa _}X XP_RQ�±�9©

w(x, t, δ) = (4πδ)−n/2e(−|x|2−t2)/(4δ) Ä�]� a J�PR_ WYX XP_eÄ�7©�¹3©[a	À fMa _}X XP_)3
S
Ä Z'¸h_}X X �
S`_ba	¯ _Ìª}UqX[fMa J�W'ª}U%S`_�°e¼!¬'º²±�¸h_� Z	¬'º�® We^TZ	¯	¬	¹13

R0
Ä ªY_b^ _�º`J�µS`_�_�¸3±�©�ª}a _�VTa3© J�ª}a _�«PJ}S`_b^	¬	¹ M(WeaTc�©�® We^TZ	¯	¬	¹�QB¬T^Tf�©�± a	¬TaTW�© L U7º�S

Rn
3
C0(R

n+1) = {f : f ∈
C(Rn+1), f(∞) = 0} Ä VTa JMX[fMa _b^ X[fMSYJ�^3©[VTa3©[aTU%SM^TU7º�® We^TZ	¯	¬	¹�Q�¬ X�³3©�«k_�°e¼!¬'º ^ _Ìª�© X[ZeJ}^3©�³'µ^ JMX[f�¬�·

�²b�cJceU¶Æ Ï Q�¸9© L$L&_�N�· � NxÉ D �� 3����� �2 	$	���	���
f(x, z)

��$����	�B�����/$��O1 -
z

!$B��� - � - " - � -�� ���������

D ⊂ C
������1 - �����½
'��� �

x ∈ Rn+1 ���3�������²�p 3�,�5�#"3 3���� �� ����� - "���$B�� �� |f(x, z)| 6 F (x) ∈
L1(R

n+1)
6�+�- �p���V�	$B��� ��"���� ∫

Rn+1 f(x, z) dx
��$����	�B��������$²1 -

z

 -�� ���������

D
6

� D � DS] �ZXZf� �('XZU	[  �('W9U�� �²Y,##f9XZdZYZ[ZU
Φ
\
Ψ
D���©[a3©�«

Ψ
J�ªMJ/« ^ _�³	¬ L�Z'¸h_}X X�® We^TZ	¯	¬	¹^¬	«

S
QZeJ}fYJ}aTU�©2¬ X�³3©�«k_�°�f SYL,© X[f�©%X J*SYX�© L5¬�X[SYJ/¬ L5¬�VTa J/¬	« SYJ� ^TUqL5¬�^ _*X J}SYJ}ZTWeVT^ JMX[f�¬�ZeJMJ}a�3¬T^ _bfM^TU7º

±�¬TV3©[aTV'¸ JMX[ZeJMX[f�©�¹#S
Rn+1 Ë y1 = 0, . . . , yn+1 = 0

·
¨*a JMX[fMa _b^ X[fMSYJ

Ψ
]RS/¸ ]	©[fYX ] X�³3©[fM^ J�µ ^ J}a L5¬Ta J}S`_b^T^TUqL VTa JMX[fMa _b^ X[fMSYJML%Q�V J�¸ ^TUqL J}fM^ JMX�¬'µf�©x¸ cM^ Jv^ _/ªMJ}a _vV J}V _baT^ J�µ X J/±�¸h_}X J}S`_b^T^TU7º#^ J}a L%Q	«k_�h_bS`_/© L U7º�a _bS�©[^ X[fMS`_}L5¬

‖ψ‖N = sup
|k|6N,

u∈Rn+1\
n+1
⋃

l=1
{y∈Rn+1: yl=0}

(M(u))N |Dkψ(u)|, N = 0, 1, 2, . . . ,



gMi �g�	��� � 6 � 6 *��!- ���	$²� 6 � 6

±�9©
u = (x, t)

Q
M(u) = max{

√
1 + |u|2, 1/ρ(u)} Q ρ(u) = minj=1,...,n+1 |yj|

·
IeªMJ/« ^ _�³	¬ LÅ³3©[a3©�«

Φ = Φ(Rn+1)
VTa JMX[fMa _b^ X[fMSYJ�VTa JMJ�ª}a _�«PJ}SRM(WeaTc�©�® We^TZ	¯	¬	¹R¬	«

Ψ
Ë
Φ =

F−1(Ψ)
·/¨*a JMX[fMa _b^ X[fMS`_

Ψ
¬
Φ
ª}U7¸3¬vSMS�©x9©[^TUÁ¨�·}��·}��¬	«PJ}aTZ	¬T^TUqL � X L2· QM^ _bVTa	¬ L,©[a�Q3Æ N � É �x·M� _}LV J}^ _� J�ª/¬TfYX ]²¬T^3® J}a L&_�¯	¬T]�J V'¸ J}fM^ JMX[f�¬ Z'¸h_}X XP_

Φ
S
Lp
·

*,+ !$# 01+��  # %
' �J« S�© X[fM^ JÃÆ Ï QKf�© J}a3© L&_ g'· NxÉ QZ³TfYJ 	e¸h_}X X
Φ
V'¸ J}f�©[^ S

Lp
Q
1 < p < ∞,

¬S
C0(R

n+1)
·h	 _bZ#V J}ZR_�«k_b^ JoSRÆ Ï Q3±�¸h_bS`_�gRQ�3Ï/É Q3	¸ ]a¸3°JªMJ/¹R® We^TZ	¯	¬	¬

ω(x, t) ∈ S
X[W�¼V© X[fMSMW�©[fV JMXx¸9©x J}S`_bf�©x¸ cM^ JMX[fMc�® We^TZ	¯	¬	¹

ωN(x, t) ∈ Φ
Q�_bVTVTa J}ZeX�¬ L5¬TaTW�°e¼v_b]

ω(x)
V J�^ J}a L,©

Lp
Q
1 <

p <∞ Q'¬�V J ^ J}a L,©
C0
·

� D�]! �[Zf9W9[ �b²XZb�#�$%�'&)(�U�()
� D A9D�Qa[ ('b 
�XZU%�'&9[ �b �ZXZb/§
 �(�U	W��,b#[ZY � §/� � dgf�c��1�,b#d. �[  �� �('b �Zb#[Zb " S−α/2

λ̄
ϕ
\
ϕ ∈ Φ

D
	 JML V'¸9©[ZeX[^TU�© X[f�©[V3©[^	¬

S
−α/2
λ̄

ϕ
Q
ϕ ∈ Φ,

J}VTa3©x9©x¸3¬ L a _bS�©[^ X[fMSYJML � g��x·M�*^Tf�©�± a _�¸ cM^ J�©%VTa3©x X[f}_bS/µ
¸9©[^	¬3©J	¸ ]�WeZR_�«k_b^T^TU7º�X[f�©[V3©[^3©�¹�h_/©[f�Xx¸9©x W�°e¼v_b]

��b#f9XZb�ceUBD �� 3�����
0 < Reα < n+ 2

*
ϕ ∈ Φ

6�+�- �p���
(
S
−α/2
λ̄

ϕ
)
(x, t) =

(
Hα
λ̄ϕ
)
(x, t),

� È��

�p���
H

α

λ̄

	Ç- 1B�k"���� - "
(3)
6

C
��fMS�©[a#ÂV9©[^	¬3©(f�© J}a3© L U ª}W�9©[f�Xx¸9©x J}S`_bfMc»¬	« a _bS�©[^ X[fMS`_
1

(2π)n+1

∫

R1

dt

∫

Rn

ϕ̂(ξ, τ) exp(−ixξ − itτ) dξ
(
m2 + bτ +

n∑
k=1

(iλk − 1)ξ2k

)α/2 =

∫

Rn+1

h
α

λ̄(y, s)ϕ(x− y, t− s) dy ds,
� j��

±�9©
h

α

λ̄
(y, s)

Ä�]� a J � Ï%�x·`�L¸ ]^ J}ZR_�«k_bf�©x¸ cYX[fMS`_ � j��'WYX[f}_b^ J}S�¬ L�SM^ _�³ _�¸9©O® J}a L W�¸ W

1

(2π)n+1

∫

R1

dτ

∫

Rn

ϕ̂(ξ, τ) exp

(
−ε

n∑
k=1

γkξ
2
k − ixξ − itτ

)
dξ

(
m2 + bτ −

n∑
k=1

γkξ
2
k + iε

)α/2

=

∫

Rn+1

h
α

γ,ε(y, s)ϕ(x− y, t− s) dy ds.
� � �

�99© X[c
Reα > 0

Q
γk = 1− iλk

Q
h

α

γ,ε(y, s) =
b(n−α)/2 exp(−απi

4 )

(4π)n/2Γ(α2 )
n∏
k=1

√
γk

(εb+is)−n/2exp

{(
m2i− ε

b

)
s−

n∑

k=1

by2k
4γk(bε+ is)

}
(s)

−2+Reα
2

+ ,

γk > 0
Q
k = 1, . . . , n

·�{_}L,©[f�¬ L%Q3³TfYJ
h

α

γ,ε(y, s) ∈ L1
·��V JML$J/¼ c�°¾® J}a L W�¸ UÅÎ)J�ºR^3©[a _ � S

Rn
�'V J�¸ W�³ _/© L2Ë

ĥ
α

γ,ε(ξ, τ) =
2 exp (−απi

4 )

Γ(α2 )

∞∫

0

exp (−ερ+ ibτρ+ im2ρ)

ρ1−α/2(ε+ iρ)n/2
dρ

×



√√√√

n∑

k=1

γkξ
2
k




1−n/2 ∞∫

0

r
n
2 exp

( −r2
ε+ iρ

)
Jn−2

2


2r

√√√√
n∑

k=1

γkξ
2
k


 dr,
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±�9©

Jn−2
2
(z)

Ä ® We^TZ	¯	¬T]>Î7© X X�©x¸ ]�V J}a`]� ZR_ n−2
2

·�¨*a	¬ L,©[^	¬TS Z�SM^TWefMa3©[^T^3© L W�¬T^Tf�©�± a _�¸ WvS(VTa _�µ
SYJ/¹�³ _}X[f�¬²® J}a L W�¸ W^È'· È � N�· Ï»¬	«>Æ N�Ï�É Q'¬ L,©�© L

ĥ
α

γ,ε(ξ, τ) =
exp (−απi/4)

Γ(α2 )

∞∫

0

exp

(
−ερ+ i

(
m2 + bτ −

n∑
k=1

γkξ
2
k

)
ρ

)

ρ1−α/2 exp

(
ε

n∑
k=1

γkξ
2
k

) dρ.

� X[V J�¸ c�« WM]ah_�¸9©�©L® J}a L W�¸ W � · � � N�· Ï»¬	«>Æ N�Ï�É Q	ª}W�9© LÃ¬ L,©[fMc3Ë

ĥ
α

γ,ε(ξ, τ) = exp

(
−ε

n∑

k=1

γkξ
2
k

)(
m2 + bτ −

n∑

k=1

γkξ
2
k + iε

)−α/2

.
� O��

�*L ^ J�Â�¬TS�J�ª�©�³ _}X[f�¬ � O��¡^ _
ϕ̂(ξ, τ)

¬�VTa	¬ L,©[^	¬TS�J�ª}a _bfM^ J�© VTa3© J�ª}a _�«PJ}S`_b^	¬3©VM(WeaTc�©MQTV J�¸ W#µ
³ _/© L � � �x·�{_}L,©[f�¬ L%Q�³TfYJ�J�ª�©>³ _}X[f�¬ � � � _b^ _�¸3¬Tf�¬	³T^TU V J

γ1
S J�ª�¸h_}X[f�¬

D1={Re γ1 > 0, Im γ1 < 0} ·� ^ _�¸3¬Tf�¬	³T^ JMX[fMc VTa _bSYJ/¹V³ _}X[f�¬ � fYJ/¹V® J}a L W�¸ U J�ªMJMX[^ J}SMU%S`_/©[fYX ]vVTa	¬ L,©[^3©[^	¬3© L�¸9© L$L U�N'X¡W�³3©xµfYJML a _bSM^ JML,©[aT^ J/¹ � S�J�ª�¸h_}X[f�¬
D1

�'J/¯3©[^TZ	¬
|hα

γ,ε(y, s)| 6 C(ε2b2 + s2)−n/4e−ε·s/b(s)−1+Reα
2 .

� NPi��
� ^ _�¸3¬Tf�¬	³T^ JMX[fMc>¸9©[SYJ/¹�³ _}X[f�¬ � � �)J/³3©[S�¬' ^ _'·� ^ _�¸3¬	«a J}ZR_�«k_bf�©x¸ cYX[fMS`_�± a _b^	¬	³T^ J/¹�f�© J}a3© L U ©x3¬T^ X[fMS�©[^T^ JMX[f�¬���·&��·,¨*a	¬TS`_�¸ J}S`_RQ&VTa	¬'µS�©x9©[^T^ J/±PJ S Æ NMQ%X�·�Ï N � d#Ï N�Ê�É Q%V J}ZR_�« U%S`_/©[fbQ�³TfYJ a _bS�©[^ X[fMSYJ � � �oX[VTa _bS�©x	¸3¬TSYJ¶	¸ ]

γ1 ∈ D1
Q

γ2 > 0, . . . , γn > 0
·� _�¸9©�©MQ5«k_/®�¬TZeX�¬TaTW�© L

γ1 ∈ D1
¬ a _}X[VTa JMX[fMa _b^	¬ L
V J _b^ _�¸3¬Tf�¬	³T^ JMX[f�¬Í® J}a L W�¸ W � È��L	¸ ]

γ1 ∈ D1
¬
γ2 ∈ D2 = {Re γ2 > 0, Im γ2 < 0} ·¨*a J� J�¸3Â _b](VTa J/¯3© X X$V JMXx¸9©x J}S`_bf�©x¸ cM^ J/±PJ _b^ _�¸3¬Tf�¬	³3© X[ZeJ/±PJ VTa J� J�¸3Â!©[^	¬T] � V J%V3©[a3© L,©[^T^TUqL

γ3, . . . , γn
��Q¡W'ª�©�ÂVh_/© L$X ]�S!X[VTa _bS�©x	¸3¬TSYJMX[f�¬ � � �V	¸ ]

γk ∈ Dk = {Re γk > 0, Im γk < 0} Q
k = 1, . . . , n

·
¨ J�¸h_�±[_b]�S � � �

γk = 1− iλk
Q
k = 1, . . . , n

Q
λk > 0

Q3ª}W�9© LÃ¬ L,©[fMc3Ë

1

(2π)n+1

∫

R1
+

dτ

∫

Rn

ϕ̂(ξ, τ) · exp
n∑

k=1
ε(iλk−1)ξ2k−ixξ−itτ

dξ
(
m2 + bτ +

n∑
k=1

(iλk − 1)ξ2k + iε

)α/2

=

∫

Rn+1

h
α

λ̄,ε(y, s)ϕ(x − y, t− s) dy ds, ϕ ∈ Φ,
� NMN��

±�9©

h
α

λ̄,ε(y, s) = dn,α(λ̄)(εb+is)
−n/2(s)

−2+Re α
2

+ exp

{
(m2i− ε)s

b
−

n∑

k=1

b(ibε + s)(λk − i)y2k
4(1 + λ2k)(ε

2b2 + s2)

}
.

¨�©[a3©xº`J� ]\S � NMN���Z\VTa3©x9©x¸ W VTa	¬
ε → 0

Q�V J�¸ W�³ _/© L � j��x·�¨*a3©x9©x¸ cM^TU2¹!V3©[a3©xº`J� S�VTa _bSYJ/¹
³ _}X[f�¬ � NMN��'J�ªMJMX[^ J}SMU%S`_/©[fYX ] L&_�Â J}a _b^TfM^ J/¹ f�© J}a3© L$J/¹��L©�ª�©�±[_RQTVTa	¬ L,©[^	¬ L$J/¹#X�W�³3©[fYJML J/¯3©[^TZ	¬

∫

R1

∫

Rn

|ϕ(x− y, t− s)|
|s|n+2−Re α

2

dy ds <∞, Reα < n+ 2.
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�)J/«PL$J�Âv^ JMX[fMc�VTa3©x9©x¸ cM^ J/±PJoV3©[a3©xº`J�h_�V J��« ^ _bZeJMLÍ¬T^Tf�©�± a _�¸h_�S>¸9©[SYJ/¹�³ _}X[f�¬ � NMN��qJ/³3©[S�¬' ^ _'·
¨*a	¬ L,©[^T]R]�Z�J�ª�©�¬ LÃ³ _}X[fk]TL � j��¡VTa3© J�ª}a _�«PJ}S`_b^	¬3©�M(WeaTc�©MQTV J�¸ W�³ _/© L � È��x·

B
� D � D��Rb "  �('W9YZb f��Zb#XZU�('f9XZU

H
α

λ̄

W
Lp �

�ZXZf� �('XZU	[  �('W9U��,D'�!©�¹ X[fMS�¬3© J}V3©[a _bfYJ}a _
H

α

λ̄

¬	«
Lp(R

n+1)
S
Lq(R

n+1)
J}V	¬ X[U%S`_/©[fYX ]#Xx¸9©x W�°e¼V©�¹�f�© J}a3© L$J/¹�·

��b#f9XZb�ceU � D � 1B�k"���� - "
H

α

λ̄

- ��"���$	������$¶�3
Lp



Lq
*
0 < Reα < n + 2

*
1 6 p < n+2

Re α

*

q = (n+2)p
n+2−p Reα

6
��fMS�©[a#ÂV9©[^	¬3©�f�© J}a3© L U g^¸9©�± ZeJ SMU%SYJ�3¬TfYX ]¶¬	«�Æ N�ÊTQ�f�© J}a3© L U g � · gRQ�X�·�Ï NPg�É QKX J�9©[a#Â _�¼V©�¹

(Lp − Lq)
µ J/¯3©[^TZ	¬�	¸ ]�V _ba _/ªMJ�¸3¬	³3© X[Z	¬'º�V J}f�©[^	¯	¬ _�¸ J}Sv�OÂ J}^ XP_VÄ � �PL V X J}^ _vS

Rn+1 ·
� D � D�]��9XZU���b#[ZYZb �Zf�('b#[��ZYZU%�,f9W

f = H
α

λ̄
ϕ
 
Lp �

�1�,f�('[Zf� �( � ceY�Dh��a _}L ZR_�º�L,©[fYJ�h_�_bV'µVTa J}ZeX�¬ L&_bf�¬TSM^TU7ºoJ�ª}a _bfM^TU7º�J}V3©[a _bfYJ}a J}S Q/¸9©[SMU2¹�J�ª}a _bfM^TU2¹�Z
S
−α/2
λ̄

J}V3©[a _bfYJ}a»ª}W�9© L X[fMa J/¬TfMcS�S�¬'9©�Ë
(T

α

λ̄ f)(x, t) =
(Lp(Rn+1))

lim
δ→0

(T
α

δ,λ̄f)(x, t),
� NPg��

±�9©

(Tαδ,λ̄f)(x, t) =

∫

Rn+1

rαδ,λ̄(y, s)f(x− y, t− s) dy ds,
� N � �

rαδ,λ̄(y, s) = F−1



(
m2 + bτ − |ξ|2 + i

n∑

k=1

λkξ
2
k

)α/2 (
ξ1

ξ1 + iδ

)d
e−δ|ξ|

2


 (y, s),

δ > 0
Q
d > n+ 1− Reα

2

·�¡VTa _bS�©x	¸3¬TS`_�Xx¸9©x W�°e¼v_b]
��b#f9XZb�ceU � D��� 3�����

0 < Reα < n+ 2
*
1 6 p < n+2

Reα

*
ϕ ∈ Lp

6�+�- �p���

(T
α

λ̄H
α

λ̄ϕ)(x, t) = ϕ(x, t).
� N�Ï%�

��"��k�����²1 - $ - "B���
Lp



(12)

� - ��$ - �������$	�B���»1#"��k����� - � 1 - ������
'�����3 6

C
�{_}L,©[f�¬ L%Q3³TfYJ>® We^TZ	¯	¬T]

(
m2 + bτ − |ξ|2 + i

n∑

k=1

λkξ
2
k

)α/2 (
ξ1

ξ1 + iδ

)d
exp

(
−δ|ξ|2

)

VTa	¬T^ _�	¸9©�Â�¬Tf
R0

X J/±�¸h_}X[^ Jvf�© J}a3© L,© � · ÊO¬	«>Æ Ï/És· �S¸9©x J}S`_bf�©x¸ cM^ JTQ
rα
δ,λ̄

(y, s) ∈ L1
·Y� J}ZR_�«k_bf�©x¸ c/µX[fMSYJva _bS�©[^ X[fMS`_ � N�Ï%�)JMX[^ J}S`_b^ J�^ _ VTa3©x X[f}_bS/¸9©[^	¬	¬

(T
α

δ,λ̄H
α

λ̄ϕ)(x, t) = (WδMδϕ)(x, t) + (Wδϕ)(x, t).
� N�Ê��

�99© X[c
0 < Reα < n+ 2

Q
ϕ ∈ Lp

Q
1 6 p < n+2

Reα

·9I V3©[a _bfYJ}a
Mδ

¬ L,©�©[f�S�¬'

(Mδϕ)(x, t) =

d∑

j=1

Cjd(−δ)j(A
j
δϕ)(x, t),

±�9©

(Ajδϕ)(x, t) =

∞∫

0

. . .

∞∫

0︸ ︷︷ ︸
j

� −δ(y1+...+yj)ϕ(x1 − y1 − . . .− yj, x2, . . . , xn, t) dy1 . . . dyj.
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� _bS�©[^ X[fMSYJ � N�Ê���VTa J}S�©[a`]	©[fYX ]vV3©[a3©xº`J� JML ZvJ�ª}a _�«k_}L�M(WeaTc�©S	¸ ]

ϕ ∈ Φ
QbX¡W�³3©[fYJMLR® J}a L W�¸ U

(M̂δϕ)(ξ, τ) =

((
ξ1

ξ1 + iδ

)d
− 1

)
ϕ̂(ξ, τ), ϕ ∈ Φ.

� N�È��
� fYJ(a _bS�©[^ X[fMSYJ(a _}X[VTa JMX[fMa _b^T]	©[fYX ]�V J J/± a _b^	¬	³3©[^T^ JMX[f�¬�^ _ SYX�©

Lp
Q
1 < p < n+2

Re α

Q`X W�³3©[fYJML
fYJ/±PJTQ	³TfYJ�J}V3©[a _bfYJ}aTU S�J�ª�©�¬'ºa³ _}X[fk]�º � N�Ê��)J/± a _b^	¬	³3©[^TU ¬	«

Lp
S
Lq
Q
q = (n+2)p

n+2−p Re α

·
I�± a _b^	¬	³3©[^T^ JMX[fMc J}V3©[a _bfYJ}a _ S VTa _bSYJ/¹>³ _}X[f�¬ � N�Ê��Z¬	«

Lp
S
Lq
SMU%f�©[ZR_/©[fO¬	«%f�© J}a3© L U � ^	±[_J X[S�©[aTfMZR_�º{QYX'W�³3©[fYJML�J/³3©[S�¬' ^ J/¹�J/¯3©[^TZ	¬ ‖Mδϕ‖p 6 C‖ϕ‖p

¬�J/± a _b^	¬	³3©[^T^ JMX[f�¬oJ}V3©[a _bfYJ}a _
Wδ¬	«

Lp
S
Lq

	¸ ]
1 6 p 6 q <∞ ·

I V3©[a _bfYJ}a
T

α

δ,λ̄
H

α

λ̄

J/± a _b^	¬	³3©[^^¬	«
Lp
S
Lq
V J(f�© J}a3© L,©*gRQYS X�¬'¸ W�fYJ/±PJTQ#³TfYJ

Tα
δ,λ̄

Ä J}V3©[a _bfYJ}aX[S�©[aTfMZ	¬ X�¬T^Tf�©�± a	¬TaTW�© L UqL�]� a JML2·��Xx¸ W�³ _/©MQTZeJ/±�h_
ϕ ∈ L1

QRa _bS�©[^ X[fMSYJ � N�Ê��� J}ZR_�« U%S`_/©[fYX ] SM^ _�³ _�¸9© S�X L UqXx¸9©
Φ′ :

〈T α

δ,λ̄H
α

λ̄ϕ, ω〉 = 〈WδMδϕ+Wδϕ, ω〉, ω ∈ Φ.
� Nkj��

¨*WYX[fMc h_�¸9©�©
ωN (x, t)

Ä V JMXx¸9©x J}S`_bf�©x¸ cM^ JMX[fMc ® We^TZ	¯	¬	¹ ¬	«
Φ
Q�_bVTVTa J}ZeX�¬ L5¬TaTW�°e¼v_b]

ω(x, t) ∈ S
V J�^ J}a L,©

Lq
Q
q = n+2

n−Reα+2

¬�V J�^ J}a L,©
C0

� X L2·S«k_}L,©�³ _b^	¬3©!N��x·¡� X�¬'¸ W � Nkj��
¬ L,©�© L

〈T α

δ,λ̄H
α

λ̄ϕ, ωN 〉 = 〈WδMδϕ+Wδϕ, ωN 〉.
� N � �

¨�©[a3©xº`J� ]�S � N � �'Z�VTa3©x9©x¸ W�VTa	¬
N → ∞ QRV J�¸ W�³ _/© L � N�Ê���	¸ ]

ϕ ∈ L1
·� Æ g�ÉKV J}ZR_�«k_b^ JTQ3³TfYJ>© Xx¸3¬

g(x, t) ∈ Lp
Q
1 6 p <∞ QRfYJ

(WδMδg)(x, t) → 0
� NPO��

V J ^ J}a L,©
Lp

¬'¸3¬�V J/³Tf�¬�SYX�°7 W�·
¨�©[a3©xº`J� ]�S � N�Ê��'Z�VTa3©x9©x¸ W�VTa	¬

δ → 0
S�WeZR_�«k_b^T^ JML�X L UqXx¸9©MQTV J�¸ W�³ _/© L � N�Ï%�x·

B
� D F�D�] �ZY  �U	[ZYZb²f �9XZU)##U

Hα
λ̄
(Lp)

D���©[a3©�«
H

α

λ̄
(Lp)

J�ªMJ/« ^ _�³	¬ L�J�ª}a _�«(J}V3©[a _bfYJ}a _
H

α

λ̄

Ë

H
α

λ̄ (Lp) =
{
f(u) : f(u) = (H

α

λ̄ϕ)(u), ϕ ∈ Lp
}
.

I�X[^ J}SM^ J/¹ a3©�« W�¸ ckf}_bfoX[f}_bfMc�¬#X JMX[f}_bS/¸ ]	©[foXx¸9©x W�°e¼v_b]
��b#f9XZb�ceU�F�D��� 3�����

0 < Reα < n+ 2
*
1 6 p < n+2

Reα

*
q = (n+2)p

n+2−p Reα

6�+�- �p���

H
α

λ̄ (Lp) =
{
f ∈ Lq : T

α

λ̄ f ∈ Lp
}
.

C
��¸ J�Â!©[^	¬3©

H
α

λ̄ (Lp) ⊂
{
f(u) ∈ Lq : T

α

λ̄ f ∈ Lp
} � gMi��

SMU%f�©[ZR_/©[f»¬	« f�© J}a3© L�g!¬ � ·� J}ZR_�Â!© L�S/¸ J�Â!©[^	¬3©
H

α

λ̄ (Lp) ⊃
{
f(u) ∈ Lq : T

α

λ̄ f ∈ Lp
}
,J�ª}a _bfM^ J�© Z � gMi��x·

¨*WYX[fMc
f ∈ Lq

·�IeªMJ/« ^ _�³	¬ L
ϕ = T

α

λ̄
f
· �¡VTa _bS�©x	¸3¬TSYJ�a _bS�©[^ X[fMSYJ

〈Hα

λ̄ϕ, ω〉 = 〈ϕ,Hα

λ̄
ω〉, ω ∈ Φ,
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ZeJ}fYJ}a J�©*J�ªMJMX[^ J}SMU%S`_/©[fYX ]�VTa	¬ L,©[^3©[^	¬3© L!f�© J}a3© L U M(W'ª/¬T^	¬�XqW�³3©[fYJML
(Lp−Lq)

µ J/¯3©[^ J}Z�J}V3©[a _�µfYJ}a _
H

α

λ̄

QTVTa	¬TS�©x9©[^T^TU7º�Svf�© J}a3© L,© � · �99© X[c
H

α

λ̄

Ä J}V3©[a _bfYJ}a X X�¬ L SYJ�¸ JML
(
m2 + bτ +

n∑

k=1

(iλk − 1)ξ2k

)α/2
.

� _�¸9©�©�¬ L,©�© L

〈Hα

λ̄ϕ, ω〉 =
〈
ϕ,H

α

λ̄
ω
〉
=

〈
(Lp)

lim
δ→0

T
α

δ,λ̄f,H
α

λ̄
ω

〉

= lim
δ→0

〈
T

α

δ,λ̄f,H
α

λ̄
ω
〉
= lim

δ→0

〈
f, Tα

δ,λ̄
H

α

λ̄
ω
〉
.
� gRN��

¨ JMXx¸9©x ^3©�©�¬	«�a _bS�©[^ X[fMS � gRN�� SMU%f�©[ZR_/©[f�¬	«�fYJ/±PJTQ,³TfYJ X�º`J�3¬ L$JMX[fMc\S
Lp

S/¸9©�³3©[f\X�º`J�3¬ L$JMX[fMcS
Φ′ ·��W�³3©[fYJML � gRN���¬ � N�Ê���Q3ª}W�9© LÃ¬ L,©[fMc3Ë

〈Hα

λ̄ϕ, ω〉 = lim
δ→0

〈f, (WδMδ +Wδ)ω〉 = lim
δ→0

〈(WδMδ +Wδ)f, ω〉 = 〈f, ω〉. � gMg��
�'fYJ}a J�©J¬	«�a _bS�©[^ X[fMS � gMg��'J�ªMJMX[^ J}SMU%S`_/©[fYX ]�VTa	¬ L,©[^3©[^	¬3© L ^3©[a _bS�©[^ X[fMS`_VP��©x¸ c/9©[a _vVTa	¬

p > 1
¬L&_�Â J}a _b^TfM^ J/¹#f�© J}a3© L U �L©�ª�©�±[_vVTa	¬

p = 1
·� X[V J�¸ c�« WM]\a _}X X[W�ÂV9©[^	¬T]{Q _b^ _�¸ J/±�¬	³T^TU�©oVTa	¬ L,©[^T]RS�À!¬ L$X ]\VTa	¬\V3©[a3©xº`J�9©�J}f � N�Ê��*Z � Nkj���QV J�¸ W�³ _/© L2Ë

〈f, ω〉 = 〈Hα

λ̄ϕ, ω〉, ω ∈ S,J}fMZTW�h_ SMU%f�©[ZR_/©[fbQ�³TfYJ
f(x, t) = (H

α

λ̄
ϕ)(x, t)

	¸ ]�V J/³Tf�¬oSYX�©xº
x ∈ Rn

Q
t ∈ R1 ·R�S¸9©x J}S`_bf�©x¸ cM^ JTQ

f(x, t) ∈ H
α

λ̄
(Lp)

·
B

�²Y ('b#XZU�(%$�XZU
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�� 4��_9#��; � �� M � 9 ��Ð � � � Ñ�ÒxÒ�Ñ � ��8 Ô:O � �
Ñ ���5
��3� � �E� 1 � ,��A�����-
��?���+� # � �������S��� 9 ����� � & : 8!9 � : � � : � � ��� � � � �6��� 9 ��� � � 9 ��� : ��� 9 ��� ; : Ð 9 � : �A����������� �: � � ��� � : �A����� � ��� � �F� : 9�; � � � �6� : �F� �#��� 9�; � � 9 ������� � 8 � ����g �F� �#��� 9�;K� � 9 ������� � 8 � 9 ��� % �6� Ð : 9�;�M � ��Ð�� : �A��� � � Ó�57575 � �< � ; � O �)� Ñ � �*"'� 675�i/Ó�Ò:9 �8���B[%'Y<)� HJ�?* � ,��?	)>R<)�)<)� 2f��HJ�#×Zwxu/m:bSnk|�}/n�}Ov�t�}/q�m�|�}/n��p}�t/npu�wxv�y�}�l/npqp��}��et/vxo�nk|���}�m�y/v�{�q

Lp
� t�y/vxox|/vxqk�

o�r�z	}A����e�vx��y���g��7� � Ó�575 8�� ��h���8 Ñ:5 �)�q!�� �3���?!7! Ò �
9 �*1=@ ������� ��� 1 �A�E� ,��5
��3� �$�E��1 ��g �F� �#��� 9�; � � 9 ������� � 8 � � Ð#�A��� � Ð�� � ��¢ : ����� � 9 Ð�� : �A� 9�; � ��¢ ��� �K�������A����� 8 � �A� � � � � �� : � ����� �F� : 9�; � �6��� 9 ��� � � : � Lp

� � � 9 � � � ��� g �F� �#��� 9�;(� � 9 ������� � 8 � 9 ��� % �6� Ð : 9�;�M � ��Ð�� : �A��� � � Ó�575:9 � �=< � ; � Ñ �R� Ó � �"'� Ó �!���B[%'Y<)�AHJ��* � ,L�?	)>R<)�)<)�$2f�)HJ�Re�u�vxw�|���nSqpo�nkt/nk|�}ev�t/npu/m�o�vxu/m�m5y/nk��|�m[��N�vxu���v�|�m���� e�vx��y��)g��7� � Ó�575 !�� �h��)8 9�Ó ��� Ñ � �3��� Ó�O7O �
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��� � � � 9 Ð � � Lp(R
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!�z$# �!· dV· Q�e���%6z|{ dV·��!·
& � ��� � � � Ð#� 8 � ; �'&!� ��¢ ��� � ���_��� �&�A� � ��� 9�; : : � � % Ð�� � ö � : � �A��� � �6��� 9 ��� � : � Lp(R

n+1) ¢ : ���JÐ#� 8 � ; �'& Ð#� ��� Ð : � �F���: ����� �&��� : ��Ð : � 9�; � 9 � �
Sλ̄ = m

2
I + ib

∂

∂xn+1
+

n∑

k=1

(1− iλk)
∂2

∂x2
k

(1)

¢Q� ����� m > 0
�
b > 0 λ̄ = (λ1, . . . , λn)

�
λk > 0

�
1 6 k 6 n

�0� � 8 � ; �'&�� ��¢ ��� �����Q��� � � �6��� 9 ��� � Sλ̄
¢ : ���

� �#� 9 � : � �&��� 9�; � 9 � ���X�A� � � � � Ð : � �F� ; � � : Ð � � � � ��Ð�� : �A��� ϕ(x) 9 ��� � ��¤ � � � 9 � 8 � ; � : � ; : ��� � �6��� 9 ��� � � � ¢Q���A� � 9 Ð�� : �A�: ����� � M � ��� : ��������� �4: 8!9 �A� � : � ��� � � Ð � �
��� 8 � ; � : � ; : Ð 9 � : �A� � � ��� � Ð#� ����� � � �A��� : � ��� ��¢ ��� ���¥��� � � ��8 � � ; ���¥��� �� �6��� 9 ��� �¡� ��� ��� Ð#�A��� : � ��� 9 � : �A� 4

F
(
(S

−α/2

λ̄
ϕ
)
(ξ) =

(
(m2 + bξn+1 − |ξ′|2 + i

n∑

k=1

λkξ
2
k

)−α/2

ϕ̂(ξ), (2)

¢Q� ����� ξ ∈ Rn+1 � ξ′ = (ξ1, . . . , ξn)
�
0 < Reα < n + 2

�'& � � � � 9�: � : �F� �#��� 9�; ���#����� � � �F� 9 � : �A������� � Ð#� 8 � ; �'&� ��¢ ��� � ' Ñ )£9 � � ��� � �F� : 9�; � � � �6� � �6��� 9 ��� � �¥¢ : ���c���A� � ��� 9 ��� 9 � � 8 � � � : Ð ��� � � Ð#� ����� � � �A��� : � � � � 9 Ð�� : �A� 9�; � ��� � �F� : 9�; �� 9�� � ��� � ��� � 8 H
α

λ̄ϕ
��� � 8 � ; �'&�� ��¢ ��� � S−α/2

λ̄
ϕ
�
0 < Reα < n+ 2

��9 ��� : �F� ��������� � � � 9 �¡� : ��� � : � � � : �A��� 4

〈S
−α/2

λ̄
ϕ, ω〉 = 〈ϕ, S

−α/2

λ̄
ω〉, ϕ ∈ Φ,

¢Q� ����� Φ : �(��� �£¯ : :#� � � : ��� � 9 Ð � ����� � ��Ð�� : �A��� : � S � ¢Q���A� � M � ��� : ��� � � 9 ������� � 8 � �A9 � : �����A�,Ð#�F� � � : � 9 � � � � �6����� ; 9 � � � �&o: ��� : �W��� � � � 9�8 � ¢¥� � �W���K��� � 8 � ����������� 9 ����� � & : 8!9 � : � � : � � ��� � � � �6��� 9 ��� � �¡¢ � � � �¿Ð � : � � ��� ��� 9 � �A� Hα

λ̄ (Lp)
�

1 6 p < n+2
Re α

� ® � Ð � �F� ; �.9 � � 8 � ��� ��� � 9 �6��� � ��� ; 9 � � �.���!Ð#� 8 � ; �'& � ��¢ ��� �/����� � Ð#�A���.� � � ��� � �#�A� � ��� 9 � : � �� : � ����� �F� : 9�; � �6��� 9 ��� � ¢ 9 � ��� � ; : ��� � � ' � �#� � ��� � � � � 9 �6��� �)( ÓTi 8+* �(9 ��� 9�; ���"( O�i/ÓxÓ * )s�(� � � Ð 9 � � Ð#�A��� : � ����� � : �W� ���¢¥� � � : �X��� � 8 �A��� � : � Ð � ; � � � � Ð 9 � � � ���K���A� � ��� 9 ��� 9 � � �'&������ ��� : �A���X��� � ��� ��� ��� � �F� : 9�; � Hα

λ̄ ϕ
�

¦�§�¨}©�ª�«�¬_x£ � : � ����� �F� : 9�; � �6��� 9 ��� � � � 9 � �A� �_8 � ; � : � ; : ��� � Ð#� 8 � ; �'& � ��¢ ��� � �_8 � ����������� 9 ����� � & : 8!9 � : � � : � � ��� � �
� �6��� 9 ��� � � �
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K = k( n
√
d)
X[f�©[V3©[^	¬

n
V J�¸ ]

k
Qkf�© X[^ J�X[SM]'«k_b^T^ J*X�¯	¬TZ'¸3¬	³3© X[Z	¬ L5¬!��¸9© L,©[^Tf}_baT^TU7µL5¬ X�©[fk]TL5¬�V J}a`]� ZR_

n
Q _}X X J/¯	¬	¬Ta J}S`_b^T^TUqL5¬ X VTa JML,©�ÂvWefYJ/³T^TUqL5¬ V J�3± aTWeVTV _}L5¬½Æ NxÉs· � X Xx¸9©x J�µS`_b^	¬	°�f}_bZ	¬'º�X�©[f�©�¹�V JMX[SM]'¼V©[^ _�h_b^T^ _b]�«k_}L,©[fMZR_'·}� J}ZR_�«k_b^ JTQ�³TfYJJ¯	¬TZ'¸3¬	³3© X[Z	¬3© ��¸9© L,©[^Tf}_baT^TU�©X�©[f�¬�^3©�³3©[fM^ J/±PJ(V J}a`]� ZR_
n
L$J�Âv^ J� J}V J�¸ ^	¬TfMcO J � V J�¸ ^ J/¹ �$X�©[f�¬�QYS�³ _}X[fM^ JMX[f�¬�QeJ}^	¬�]RS/¸ ]'°�fYX ]

«k_}L ZT^TWefMUqL5¬�·
¨*WYX[fMc

R
Ä VTa J/¬	« SYJ�¸ cM^ J�© ZeJML$L Wef}_bf�¬TSM^ J�© ZeJ�¸ c�¯ JvXJ©x3¬T^	¬	¯3©�¹�Q

n
Ä ^ _bfMWea _�¸ cM^ J�©J³	¬ Xx¸ J	·��¬ X[f�© L&_

σ = (σij)
Q
1 6 i, j 6 n,

_�	3¬Tf�¬TSM^TU7º\V J�3± aTWeVTV!ZeJ�¸ c�¯ _
R
^ _�« U%S`_/©[fYX ] �	�����	� Æ g�É^ _�oZeJ�¸ c�¯ JML

R
V J}a`]� ZR_

n
Q�© Xx¸3¬

σirσrj ⊆ σij
VTa	¬�SYX�©xº�« ^ _�³3©[^	¬T]�º>¬T^'9©[ZeX J}S

i
Q
r
Q
j.
�L¸ ]�X�©[f�¬VTa	¬T^T]Rf}_�f}_bZ	Â!©vf�©[a L5¬T^ J�¸ J/±�¬T]��kZeJ}S�©[a���Æ � És·���©[fMc Q�a _}X X L&_bfMa	¬TS`_/© L&_b]�ª�©�«V3¬ _�±PJ}^ _�¸3¬�Q{^ _�« U7µS`_/©[fYX ]
	 � �  ��������� ����� �	�����	� � 	 � �  ��������� ��� � � ��
���� Æ Ï/É Q9Æ ÊRQYSYJ}VTa JMX N�Ê'· Ï#È�É �x·e��_bZ	¬ L!J�ª}a _�«PJML%Q��¸9© L,©[^Tf}_baT^ _b]#X�©[fMc�Ä � fYJv^ _/ªMJ}a

σ = (σij)
Q
1 6 i 6= j 6 n

Q _�	3¬Tf�¬TSM^TU7º�V J�3± aTWeVTV ZeJ�¸ c�¯ _
Rf}_bZ	¬'º{Q�³TfYJ

σirσrj ⊆ σij
	¸ ]L¸3°JªMJ/¹ fMa J/¹TZ	¬ V J}V _baT^ J�a _�«�¸3¬	³T^TU7ºV³	¬ X�©x¸

i
Q
r
Q
j.
� ¸9© L,©[^Tf}_baT^ _b]X�©[fMc

σ = (σij)
Q
1 6 i 6= j 6 n

Q ^ _�« U%S`_/©[fYX ] ����$�� ����� � ���� Q3© Xx¸3¬�	¸ ]�^3©[ZeJ}fYJ}aTU7º _�	3¬Tf�¬TSM^TU7ºV J�3± aTWeVTV
σii
ZeJ�¸ c�¯ _

R
f}_/ª�¸3¬	¯ _ � X�3¬ _�±PJ}^ _�¸ c�° �

σ = (σij)
Q
1 6 i, j 6 n

]RS/¸ ]	©[fYX ] � V J�¸ ^ J/¹ �X�©[fMc�°V·$�(aTW�±�¬ L5¬�Xx¸ J}S`_}L5¬�Q ��¸9© L,©[^Tf}_baT^ _b]�X�©[fMc
σ
]RS/¸ ]	©[fYX ]  J}V J�¸ ^T]	© L$J/¹�Q7© Xx¸3¬Í©�© L$J�Âv^ J

 J}V J�¸ ^	¬TfMc � 3¬ _�±PJ}^ _�¸ c�° �� J � V J�¸ ^ J/¹ �%X�©[f�¬�·�J« S�© X[fM^ J � X L2· Q`^ _bVTa	¬ L,©[a�QBÆ g�É ��Q#³TfYJ ��¸9© L,©[^Tf}_baT^ _b]�X�©[fMc
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σ = (σij) =
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σ2k1σ1k ⊆ σk1, σ21kσk1 ⊆ σ1k, 2 6 k 6 n. (3)
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3 6 k 6 n− 1
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σk1 = σk+1,2 = Ak
·Y� _�¸9©�©MQ�«k_}L,©[f�¬ L%Q	³TfYJ

k+1 6= n− k+3
Qef}_bZ�ZR_bZ

n
^3©�³3©[fM^ JTQTS!³ _}X[fM^ JMX[f�¬

k 6= n+2
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A2
kdAn−k+2

·R�½ aTW�±PJ/¹�X[fYJ}a J}^TU QeX J/±�¸h_}X[^ J � g��
σ2,n−k+3 = dAk

Q
σn−k+3,2 = An−k+2.

¨ J�� fYJML W
σ2k1σ1k = A2

kdAn−k+2 = σk+1,2σ2,n−k+3σn−k+3,2 ⊆ σk+1,2 = σk1.

¨*WYX[fMc�f�©[V3©[aTc
k = 2 (n > 3).
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σ221σ12 = A2
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k = n (n > 3).
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ndA2 = σn1σ12σ21 ⊆ σn2σ21 ⊆ σn1.

� �7¨ J}ZR_�Â!© L�f�©[V3©[aTc�SMfYJ}a J�© SMZ'¸3°e³3©[^	¬3©J¸9© L$L UL· � L,©�© L � X L2· � N�� �
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σk1σ
2
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2A2
n+2−k = dAkσn+2−k,1σ1k ⊆ dAkσn+2−k,k

= dσn+2−k,kσk1 ⊆ dσn+2−k,1 = dAn+2−k = σ1k. �
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i > j
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σij = σi−j+1,1 = Ai−j+1, σji = σ1,i−j+1 = dAn+1+j−i.
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σij = σk1
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σji = σ1k.
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g
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¯(� � R � � 9 Ð#� 8/8 � � 9 � : � �£� : � � ¢ : ���/��� �Q� � : � 9 ��� n ∈ N

� � � � � σ = (σij)
�
1 6 i, j 6 n, ��� 9 ��� : � : � � � � � ��� � ��� ����_��� � � : � � R

: � 9������ � � ��� R ����� � � ��� n ��: � σirσrj ⊆ σij
��� � 9�; ; 1 6 i, r, j 6 n

� � � � �X¢Q� : Ð��W��� � ����f ��Ð#�A�F� 9�: �
��� � � : 9 � �A� 9�;,: ��Ð 9�; ; � ��� ����� ������� � �"!�#�� � � � � � � ; � 8 � �F� 9 � � � � � σ = (σij), 1 6 i 6= j 6 n

��: �%$'& �)(*� ������� �+�-,���: �
��� � ��� 8 � 9 ��� : � : � � � � � ��� � ��� � σii

��� R ��� � � � � σ = (σij), 1 6 i, j 6 n
: � 9 � � ; ; � � � � � � � ; � 8 � �F� 9 � � � � � σ : �Ð 9�; ; � ��$ � &". �-,���: �_��� ��� ; � 8 � �F� 9 � � ��� � ��� E(σ) = 〈tij(α) : α ∈ σij , 1 6 i 6= j 6 n〉 ��� � ����f ��Ð#�A�F� 9�: � � ; � 8 � �F� 9 � �� � 9 ��� � � Ð�� : �A��� �Ag � : � ��� � � � �!��� 9 �X��� � Ð � Ð ; : Ð � ; � 8 � �F� 9 � � ����� � � � � ��� � � ��� 9 ��� Ð#� 8 � ; � 8 � �F� � � �-g � � 9 � � : Ð � ; 9 � ��9�; ;

� � Ð��!� � ��� 9 ��� Ð ; �A� � � �Yg � : � 9�; ����������¢Q�/��� 9 �¥��� �X� � ��� � ����� n ∈ N
��� ����� �'& : ����� 9 � � ; � 8 � �F� 9 � � Ð � Ð ; : Ð¡� � �£¢Q� : Ð��: �Q������Ð#� 8 � ; � 8 � �F� � � �

¦�§�¨�©�ª�«�¬_x£�: �F� ��� 8 � � : 9 � � � � � ��� � ��� � ���A� � � � ; : � 8!9 & : 8!9�; ��� ��� � � � � � � Ð � Ð ; : Ð¥� � � � � � � ��� � ��� � � ; � 8 � �F� 9 � � ��� � ��� �� � 9 ��� � � Ð�� : �A� �
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{�vxvxw7bSnS��v�{�vxu�r���|/nZj�y�j�l/��m�npzg�

���	���'���/�7�O ��	¡/�/¢#£#q¿�/{x}��,��v�|/oxj�u/m���qk}�|��pj�y/r�u�|��g��}�|/o�nk��u/m�y��x|��g�Jv�t/npu/m�o�vxu#�

A9D5¦VW9b/§Sb#[ZYZb3D��Rf9X5c $%�,YZXZf9W9dgU�XZb�#�$%�'&)(�U�('f9W

IeªMJ/« ^ _�³	¬ LÇ³3©[a3©�«
D = {z : |z| < 1} ©x3¬T^	¬	³T^TU2¹�ZTaTW�± ZeJML V'¸9©[ZeX[^ J/¹

z
µ V'¸ JMX[ZeJMX[f�¬

E
Q

z = x+ iy
Q
i2 = −1

3
Γ = ∂D

ÄÇ± a _b^	¬	¯ _ ZTaTW�±[_
D
3
D = D ∪ Γ

·��a _/ªMJ}f�©�¬ X[V J�¸ c�« W�©[fYX ]�ªY_b^ _�º`J}SYJvVTa JMX[fMa _b^ X[fMSYJ
Ck,α(Γ)

ZeJML V'¸9©[ZeX[^ J/« ^ _�³T^TU7º�® We^TZ	¯	¬	¹�Q
¬ L,©�°e¼!¬'º�^ _

Γ k
VTa J/¬	« SYJ� ^TU7º{Q�±�9©

k > 1
Ä ¯3©x¸ J�©�³	¬ Xx¸ JTQ`VTa	¬	³3© L

k
µs©qVTa J/¬	« SYJ� ^TU�©*W� J}S/¸9©xµfMSYJ}a`]'°�f WYXx¸ J}S�¬	° P��©x¸ c/9©[a _ X)V J}ZR_�«k_bf�©x¸9© L

α
Q
0 6 α 6 1

·Y� � fYJML VTa JMX[fMa _b^ X[fMS�©qVTa3©x V J�¸h_�±[_�µ
©[fYX ]^«k_�h_b^T^ J/¹ X[f}_b^'h_baTfM^ _b]�^ J}a L&_ � X L2· QT^ _bVTa	¬ L,©[a�Q�Æ NMQRX�· g�Ê�É �x·T	 _bZ�J�ª}U2³T^ JTQTVTa3©x V J�¸h_�±[_/© L%Q
³TfYJ

Ck,0(Γ) = Ck(Γ)
Q
C0,α(Γ) = Cα(Γ)

VTa	¬
α < 1

·
¨*WYX[fMc

ζ(t)
Ä 3¬3®L®L© JML$J}a3®�¬	«PL�Z'¸h_}X XP_

Ck,α(Γ)
Q
k > 1

Q
0 6 α 6 1

QhZeJ}^TfMWea _
Γ
^ _oX�©�ªP]{QVTa	¬	³3© L

ζ ′t(t) 6= 0
Q	±�9©

ζ ′t = ζ ′s · s′t = ζ ′s · t′s
Q
t(s) = eis

·�S¸9©x WM] Æ gRQqX�· ��� É Q7	¸ ] ® We^TZ	¯	¬	¬
ϕ(t)

Q J}VTa3©x9©x¸9©[^T^ J/¹^ _
Γ
Q%SMS�©x9© L J}V3©[a _bfYJ}a�X� S�¬	±[_

W ϕ(t) = ϕ(ζ(t))
·�I�³3©[S�¬' ^ JTQ

W
Ä ¸3¬T^3©�¹T^TU2¹�Q*J/± a _b^	¬	³3©[^T^TU2¹�Q�^3©[VTa3©[aTU%SM^ J�J�ª}a _bf�¬ L U2¹S

Ck,α(Γ)
Q
k > 1

Q
0 6 α 6 1

Q J}V3©[a _bfYJ}a�QTVTa	¬	³3© L ‖W ‖C(Γ) = 1
� X L2·�Æ gRQTX�· ��� É �x·

IeªMJ/« ^ _�³	¬ LÁ³3©[a3©�«
Sϕ(t) =

1

πi

∫

Γ

ϕ(τ)

τ − t
dτ, t ∈ Γ,

� N��
J� ^ JML,©[aT^TU2¹ X�¬T^	± W�¸ ]RaT^TU2¹ � ¬T^Tf�©�± a _�¸ cM^TU2¹ �qJ}V3©[a _bfYJ}a�·

¨*a	¬»¬	« W�³3©[^	¬	¬>3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^TU7ºoX[SYJ/¹ X[fMS
�kSMV'¸ J}fMcO J ZTa _b] �(a3©�ÀV©[^	¬	¹�ZTa _/©[SMU7º>«k_�h_�³X J X� S�¬	±PJML�	¸ ]�a _�«�¸3¬	³T^TU7º ��¸	¸3¬TVTf�¬	³3© X[Z	¬'º�X�¬ X[f�© L!SYJ/« ^	¬TZR_/©[f V J}fMa3©�ª}^ JMX[fMc SO¬ X Xx¸9©x J}S`_b^	¬	¬X[SYJ/¹ X[fMSoX[WeV3©[aTV J/«�¬	¯	¬	¬
W SW −1 − S

·
I�X[^ J}SM^TUqL�a3©�« W�¸ ckf}_bfYJML � fYJ/¹�a _/ªMJ}fMU�]RS/¸ ]	©[fYX ] Xx¸9©x W�°e¼V©�© WefMS�©[a#ÂV9©[^	¬3©�·
��b#f9XZb�ceU A9D��7���	�

ζ(t) ∈ C1,α(Γ)
*
0 < α 6 1

*
ϕ(t) ∈ C0,β(Γ)

*
0 < β 6 1

*
µ = α+ β 6 2

*
� - 1#"��

µ < 1 Ψϕ(t) = (W SW −1 − S)ϕ(t) ∈ Cµ(Γ)
* 1#"��������

‖Ψϕ(t)‖Cµ(Γ) 6 const‖ϕ(t)‖C0,β (Γ),
� g��

�p����� - $B������$B���»���
��B���B�O�	��� � - � ‖ζ‖C1,α(Γ)
6

Ð© Ñ�Ò�Ó�Ô m5y�}/z3nk|/o�v�{a��� Õ �
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µ = 1
* � -

Ψϕ(t) ∈ Cµ−ε(Γ)
��������� ��- � -

ε
*
0 < ε < µ,

�V
�021 - �	$B��$	�B��� - �B��$	�	� *
��$���� - �����/$ - � � g�� 6

�7���	�
µ > 1

* � -
Ψϕ(t) ∈ C1,µ−1(Γ)

* 1#"��������

‖Ψϕ(t)‖C1,µ−1(Γ) 6 const‖ϕ(t)‖C0,β (Γ),
��� �

�p����� - $B������$B���>���
��B���B�!�	��� � - � ‖ζ‖C1,α(Γ)
6

I�³3©[S�¬' ^ J
� �,b/§
 �('W9YZb½A9D �7���	�

ζ(t) ∈ C1,α(Γ)
*
0 < α 6 1

*
ϕ(t) ∈ C1,β(Γ)

*
0 < β 6 1

* � -
Ψϕ(t) ∈

C1,α(Γ)
* 1#"��������

‖Ψϕ(t)‖C1,α(Γ) 6 const‖ϕ(t)‖C0,1(Γ) 6 const‖ϕ(t)‖C1,β (Γ),
� Ï%�

�p����� - $B������$B���>���
��B���B�!�	��� � - � ‖ζ‖C1,α(Γ)
6

*,+ !$# 01+��  # %
'q	 _bZ�V J}ZR_�« U%S`_�°�f�VTa	¬ L,©[aTU � X L2·2«k_}L,©�³ _b^	¬3©!g!V JMXx¸9©R J}ZR_�«k_bf�©x¸ cYX[fMS`_f�© J}a3© L U N���Q}VTa	¬
ζ(t) ∈ C1,α(Γ)

V J}ZR_�«k_bf�©x¸ c
α
SJ¸9©[SYJ/¹�³ _}X[f�¬ � Ï%�K^3©)W�¸ W�³	Àv_/© L#S fYJML X L UqXx¸9©MQ

³TfYJ�X[W�¼V© X[fMSMW�°�f�® We^TZ	¯	¬	¬
ζ(t) ∈ C1,α(Γ)

Q
ϕ(t) ∈ C1,α(Γ)

f}_bZ	¬3©MQg³TfYJ
Ψϕ(t) ∈ C1,α(Γ)

Q{^ J
Ψϕ(t) 6∈ C1,γ(Γ)

VTa	¬a¸3°JªMJML
γ
Q
1 > γ > α

·

� D5¦  	�Zf�cef�
�U�('b��'&9[ �b �Zf� �('XZf9b#[ZY �
¨ J�¸ J�Â�¬ L

t = eis
Q
τ = eiσ

Q
ω = rσ + (1− r)s

Q
0 6 r 6 1

Q
u = eiω

·
�²b�cJceU A9D �7���	�

ζ(t) ∈ Cn+1,α(Γ)
*
n > 0

*
0 < α 6 1

* � - �3�����O�R������� - ���B�k�3 ���!�B�
"����$ - 
��#��$ - ����� � - "B�� ��	0 + �x�	� - "�� �

ζ(τ)− ζ(t) = ζ ′(t)(τ − t) + ζ ′′(t)
(τ − t)2

2!
+ · · ·

+ ζ(n)(t)
(τ − t)n

n!
+

(τ − t)n+1

n!

1∫

0

Ω(r, s, σ, ω)ζ(n+1)(eiω)(1 − r)ndr,

� Ê��

�p���

Ω(r, s, σ, ω) = i ·
[
τ − t

σ − s

]−n−1

· ei(n+1)ω ·
[
ei(σ−s)(1−r) − 1

(σ − s)(1− r)

]n
;

� È��

ζ(τ)− ζ(t) = ζ ′(t)(τ − t) + ζ ′′(t)
(τ − t)2

2!
+ · · ·

+ ζ(n)(t)
(τ − t)n

n!
+ ζ(n+1)(t)

(τ − t)n+1

(n+ 1)!
+ Ω1(τ, t),

� j��

�p��� - ������� - �/$	02�¶�/�B��$��3�������O
��#�

Ω1(τ, t) =
(τ − t)n+1

n!

1∫

0

[
Ω(r, s, σ, ω)ζ(n+1)(eiω)− ζ(n+1)(t)

]
(1− r)n dr

= O
(
|τ − t|n+1+α

)
.

� � �

�99© X[c>«k_bV	¬ X[c
f(x) = O(ϕ(x))

J/« ^ _�³ _/©[foSMU%V J�¸ ^3©[^	¬3© ^3©[a _bS�©[^ X[fMS`_
|f(x)| 6 const|ϕ(x)|,

±�9©
const

J}f
f
¬
ϕ
^3©J«k_bS�¬ X�¬Tf�·
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C ����� +���+	� #�
��� �	� � 
 # ! !�� %
'e�L¸ ]�® We^TZ	¯	¬	¬
f(t) ∈ C1(Γ)

J/³3©[S�¬' ^ J�X JMJ}fM^ J/ÀV©[^	¬3©�Ë

f(τ)− f(t) =

τ∫

t

f ′(u) du.
� O��

¨ J� X[f}_bS�¬TSoS � O��
f(u) = ζ(u) + (τ − u)ζ ′(u) +

(τ − u)2

2
ζ ′′(u)

(τ − u)3

3!
ζ ′′′(u) + · · ·+ (τ − u)n

n!
ζ(n)(u),

S�V J�¸ W�³	¬TS�ÀV© L$X ]R¬T^Tf�©�± a _�¸9©vV3©[a3©�¹'9© L�Z V3©[a3© L,©[^T^ J/¹�¬T^Tf�©�± a	¬Ta J}S`_b^	¬T]
r
QhV JMXx¸9©V³3©�±PJ�V J�¸ W#µ

³	¬ L � Ê���·�L©�± ZeJ�VTa J}S�©[a`]	©[fYX ]#X JMJ}fM^ J/ÀV©[^	¬3©
Ω(r, s, σ, ω) = 1 +O (|τ − t|) . � NPi��

�!©�¹ X[fMS�¬Tf�©x¸ cM^ JTQ
i ·
[
τ − t

σ − s

]−n−1

= e−i(n+1)s

[
ei(σ−s) − 1

σ − s

]−(n+1)

= e−i(n+1)s · i−n · [1 +O(σ − s)] ,
[
ei(σ−s)(1−r) − 1

(σ − s)(1− r)

]n
= in · [1 +O(σ − s)] ,

¬
e−i(n+1)s · ei(n+1)ω = eir(σ−s)(n+1) = 1 +O(σ − s).

¨ JMX[ZeJ�¸ cMZTW
0 < const 6

|t2 − t1|
|s2 − s1|

6 1
� NMN��

	¸ ]R¸3°Jª}U7º
t1, t2 ∈ Γ

�
s1
Q
s2
Ä  W�±PJ}SMU�©�_/ªMX�¯	¬ X X[U � f�¬'º fYJ/³3©[Z ��Q�S � f�¬'º�® J}a L W�¸h_�º L$J�Âv^ J

«k_}L,©[^	¬TfMc
O(σ − s)

^ _
O(|τ − t|) ·	¨*a J�9©x¸h_bSof}_bZTW�° «k_}L,©[^TWYQ	¬	« � È��'V J�¸ W�³	¬ L � NPi��x·� _�¸9©�©MQ�® J}a L&_�¸ cM^ J»«k_bV	¬ XP_bSoa _bS�©[^ X[fMSYJ � j��2¬ SMU2³Tfk]²¬	«(^3©�±PJ � Ê��[Q XL¬ X[V J�¸ c�«PJ}S`_b^	¬3© L � NPi��V J�¸ W�³	¬ L � � ��·	¨ JMXx¸9©x ^3©�© a _bS�©[^ X[fMSYJ�S � � �)Xx¸9©x W�©[f»¬	« � NPi���¬

ζ(n+1)(z) ∈ Cα(Γ)
·
B

� D �Rf9dgU)##U�('b��'&� �('W9f½f� �[Zf9W9[  �ÃXZb�#�$%�'&)(�U�('f9W

����� +���+	� #�
��� �	� � � # � ��# !�� %
'M�{_bV	¬	ÀV© L a _}X X L&_bfMa	¬TS`_/© L U2¹�J}V3©[a _bfYJ}a�Xx¸9©x W�°e¼!¬ L J�ª�µa _�«PJML2Ë
Ψϕ(t) =

(
W SW

−1 − S
)
ϕ(t) =

1

πi

∫

Γ

k(τ, t)ϕ(τ) dτ,
� NPg��

±�9©

k(τ, t) =
ζ ′(τ)

ζ(τ)− ζ(t)
− 1

τ − t
.

� N � �
¨ JMX[ZeJ�¸ cMZTW � X L2·�Æ � QTX�· � iPd � NxÉ �

∫

Γ

ζ ′(τ)
ζ(τ)− ζ(t)

dτ =

∫

Γ

dζ

ζ − z
= πi, z = ζ(t) ∈ Γ,
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fYJ VTa	¬
ϕ(τ) = const (W SW −1 − S)ϕ(t) ≡ 0

QTf�·3©�·
∫

Γ

k(τ, t) dτ ≡ 0
� N�Ï%�

¬

Ψϕ(t) =
1

πi

∫

Γ

k(τ, t)(ϕ(τ) − ϕ(t∗)) dτ,
� N�Ê��

VTa	¬�SYX ]RZeJML «k_/®�¬TZeX�¬Ta J}S`_b^T^ JML
t∗ ∈ Γ

·
I fYL,©[f�¬ L%Q3³TfYJ � N � �'L$J�Âv^ J�V3©[a3©[V	¬ XP_bfMc�S�S�¬'9©

k(τ, t) =

t∫
τ
[ζ ′(u)− ζ ′(τ)] du

[ζ(τ)− ζ(t)](τ − t)
.

� N�È��
�{_/®�¬TZeX�¬TaTW�© L ^ _

Γ
fYJ/³TZTW

t
¬vJ}f�¸ J�Â�¬ L S*fMWO¬! aTW�± W�°�X[fYJ}a J}^TW J}f

t
 W�±�¬

t′t
¬
tt′′
Qba _bSM^TU�©V JJ	¸3¬T^3©

2σ < π
·�IeªMJ/« ^ _�³	¬ L�³3©[a3©�«

l = t′t′′
J�ª/´�©x3¬T^3©[^	¬3© � f�¬'ºV W�±x·�IeªMJ/« ^ _�³	¬ L\f}_bZ	Â!©�³3©[a3©�«

λ
Q
s
Q
ν
 W�±PJ}SMU�©(_/ªMX�¯	¬ X X[U�X JMJ}fMS�©[fYX[fMS�©[^T^ J�fYJ/³3©[Z

τ
Q
t
Q
w
3
w − t = h

Q |ν − s| = σ
·

¨ J�¸ J�Â�¬ L�S � N�Ê��
t∗ = t

·T�KJ/±�h_>ª}W�9© LÃ¬ L,©[fMc
Ψϕ(t+ h)−Ψϕ(t)

=
1

πi

∫

Γ

k(τ, t+ h)(ϕ(τ) − ϕ(t+ h)) dτ − 1

πi

∫

Γ

k(τ, t)(ϕ(τ) − ϕ(t)) dτ.
� Nkj��

��_bZ�ZR_bZ
ζ = ζ(t)

Ä 3¬3®L®L© JML$J}a3®�¬	«PL%Q |ζ ′(t)| > const > 0
Q$fYJ�¬	« � N�È��!¬

ζ(t) ∈ C1,α(Γ)V J�¸ W�³	¬ L
|k(τ, t)| 6 const · |τ − t|

|ζ(τ)− ζ(t)| ·
1

|τ − t|1−α 6 const · 1

|τ − t|1−α ,
� N � �

±�9© V JMXx¸9©x ^T]R]�ZeJ}^ X[f}_b^Tf}_>«k_bS�¬ X�¬Tf�¸3¬	À c�J}f ‖ζ‖C1,α(Γ)
·� ^ _�¸ J/±�¬	³T^ J

|k(τ, t + h)| 6 const · 1

|τ − t− h|1−α .
� NPO��

�{_bV	¬	ÀV© L a _�« ^ JMX[fMc � Nkj��'ZR_bZ
I0 + I

Q'±�9©
I0 =

1

πi

∫

l

k(τ, t+ h)(ϕ(τ) − ϕ(t+ h)) dτ − 1

πi

∫

l

k(τ, t)(ϕ(τ) − ϕ(t)) dτ,

I =
1

πi

∫

Γ\l

k(τ, t+ h)(ϕ(τ) − ϕ(t+ h)) dτ − 1

πi

∫

Γ\l

k(τ, t)(ϕ(τ) − ϕ(t)) dτ.

�)JMX[V J�¸ c�«PJ}S`_bS�À!¬ X[c � È���Q'¬	«
ϕ(t) ∈ C0,β(Γ)

¬ � N � ��Q � NPO��¡SMU%SYJ�3¬ L

|I0| 6 const

{ s+2σ∫

s−2σ

|λ− s− σ|µ−1 dλ+

s+2σ∫

s−2σ

|λ− s|µ−1 dλ

}
6 const|h|µ, � gMi��

±�9©
µ = α+ β

Q _ ZeJ}^ X[f}_b^Tf}_»«k_bS�¬ X�¬Tf�J}f ‖ζ‖C1,α(Γ)
¬a¸3¬T^3©�¹T^ J�J}f ‖ϕ(t)‖C0,β(Γ)

·
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¨�©[a3©�¹'9© L�Z J/¯3©[^TZ�© SMU%a _�Â!©[^	¬T]
I
QRZeJ}fYJ}a J�©L«k_bV	¬	ÀV© L S�S�¬'9©
I = I1 + I2,

±�9©

I1 =
1

πi

∫

Γ\l

k(τ, t)(ϕ(t) − ϕ(t+ h)) dτ,
� gRN��

I2 =
1

πi

∫

Γ\l

[k(τ, t + h)− k(τ, t)](ϕ(τ) − ϕ(t+ h)) dτ.
� gMg��

��X�¬'¸ W � N�Ï%�
I1 =

ϕ(t+ h)− ϕ(t)

πi

∫

l

k(τ, t) dτ,

¬�¬	« � N � ��¬
ϕ(t) ∈ C0,β(Γ)

ª}W�9© LÃ¬ L,©[fMc

|I1| 6 const|h|β
s+2σ∫

s−2σ

dλ

|λ− s|1−α 6 const|h|α+β , � g � �
±�9© ZeJ}^ X[f}_b^Tf}_»«k_bS�¬ X�¬Tf�J}f ‖ζ‖C1,α(Γ)

¬^¸3¬T^3©�¹T^ J�J}f ‖ϕ‖C0,β(Γ)

·
¨�©[a3©�¹'9© L�Z�J/¯3©[^TZ�©qSMU%a _�Â!©[^	¬T]

I2
·k�L¸ ]!� fYJ/±PJ VTa3© J�ª}a _�« W�© L�a _�« ^ JMX[fMc

k(τ, t+h)−k(τ, t) ·K*X[^ JTQ	³TfYJ!� fYJ>ª}W�9©[fv^3©[ZeJ}fYJ}a _b]� a J�ª}c P (τ,t,h)
Q(τ,t,h)

Q'±�9©
Q(τ, t, h) = [ζ(τ)− ζ(t+ h)] · [ζ(τ)− ζ(t)] · (τ − t) · (τ − t− h).

� g�Ï%�
�e³	¬TfMU%S`_b] � N�È��[Q�	¸ ]

P (τ, t, h)
ª}W�9© L¶¬ L,©[fMc

P (τ, t, h) =

{ t∫

τ

[ζ ′(u)− ζ ′(τ)] du +

t+h∫

t

[ζ ′(u)− ζ ′(τ)] du

}{
−

t∫

τ

ζ ′(u) du

}
(τ − t)

−
t∫

τ

[ζ ′(u)− ζ ′(τ)] du

{
−

t∫

τ

ζ ′(u) du −
t+h∫

t

ζ ′(u) du

}
(τ − t)

−h

t∫

τ

[ζ ′(u)− ζ ′(τ)] du

t+h∫

τ

ζ ′(u) du

= ζ ′(τ)

t+h∫

t

ζ ′(u) du(τ − t)(τ − t− h)− h

t∫

τ

ζ ′(u) du

t+h∫

τ

ζ ′(u) du.

� g�Ê��

¨ JMX[ZeJ�¸ cMZTW
ζ(t) ∈ C1,α(Γ)

Q
0 < α 6 1

Q'¬ L,©�°�f�L,© X[fYJ�Xx¸9©x W�°e¼!¬3© X JMJ}fM^ J/ÀV©[^	¬T] � X L2·'¸9© LZµL W N��xË
t+h∫

t

ζ ′(u) du = ζ(t+ h)− ζ(t) = ζ ′(t)h+O
(
|h|1+α

)
,

t∫

τ

ζ ′(u) du = ζ(t)− ζ(τ) = −ζ ′(t)(τ − t) +O
(
|τ − t|1+α

)
,
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t+h∫

τ

ζ ′(u) du = −ζ ′(τ)(τ − t− h) +O
(
|τ − t− h|1+α

)
.

¨ J� X[f}_bS/¸ ]R]�� f�¬�X JMJ}fM^ J/ÀV©[^	¬T]�S � g�Ê��[QRV J�¸ W�³	¬ L
P (τ, t, h) = ζ ′(τ)(τ − t)(τ − t− h) ·O

(
|h|1+α

)

+hζ ′(t)(τ − t) ·O
(
|τ − t− h|1+α

)

+hζ ′(τ)(τ − t− h) ·O
(
|τ − t|1+α

)
.

� g�È��

� ^ _�¸ J/±�¬	³T^ J � gMi���¬	« � gMg��[Q � g�Ï%��¬ � g�È��7ª}W�9© L¶¬ L,©[fMc
|I2| 6 const · |h|1+α

∫

Γ\l

|dτ |
|τ − t| · |τ − t− h|1−β

+const · |h|
∫

Γ\l

|dτ |
|τ − t| · |τ − t− h|1−α−β

+const · |h|
∫

Γ\l

|dτ |
|τ − t|1−α · |τ − t− h|1−β .

� gYj��

��_bZ�ZR_bZ�^ _
Γ\ l S�©x¸3¬	³	¬T^ _ σ

λ−s
^3©%VTa3©[SMU2Àv_/©[f(V J _/ªMX J�¸3°�fM^ J/¹�S�©x¸3¬	³	¬T^3© 1

2

Q�¬	« � gYj�� V J�¸ W�³ _/© L

|I2| 6 const · σ1+α
{ π+s∫

s+2σ

dλ

|λ− s|2−β +

s−2σ∫

−π+s

dλ

|λ− s|2−β

}

+const · σ
{ π+s∫

s+2σ

dλ

|λ− s|2−α−β +

s−2σ∫

−π+s

dλ

|λ− s|2−α−β

}
.

� g � �

�&Xx¸3¬
α+ β < 1

Q	¬	« � g � �7ª}W�9© L¶¬ L,©[fMc

|I2| 6 const · σ1+α
∞∫

s+2σ

dλ

(λ− s)2−β
+ const · σ

∞∫

s+2σ

dλ

(λ− s)2−α−β

6 const · σα+β 6 const · |h|α+β ,

� gMO��

±�9© ZeJ}^ X[f}_b^Tf}_>«k_bS�¬ X�¬Tf>¸3¬	À c�J}f ‖ζ‖C1,α(Γ)
¬a¸3¬T^3©�¹T^ J�J}f ‖ϕ‖Cβ(Γ)

·�&Xx¸3¬
α+ β = 1

QRfYJTQR^3©�V3©[a3©xº`J� ]�Zaª�© X[ZeJ}^3©�³T^TUqL�VTa3©x9©x¸h_}L SV¬T^Tf�©�± a _�¸h_�º{Q	¬	« � g � �¡V J�¸ W#µ
³ _/© L

|I2| 6 const · |h| ln 1

|h| ,
��� i��

±�9© f}_bZ	Â!© ZeJ}^ X[f}_b^Tf}_»«k_bS�¬ X�¬Tf�¸3¬	À c�J}f ‖ζ‖C1,α(Γ)
¬^¸3¬T^3©�¹T^ J�J}f ‖ϕ‖Cβ(Γ)

·
¨*a3©x V J�¸ J�Â�¬ L f�©[V3©[aTc QS³TfYJ

1 < α + β < 2
·&� � fYJML�Xx¸ W�³ _/©�¬	« � gMi��[Q � g � � d � g�È���¬ � g � �V J�¸ W�³ _/© L%Q	³TfYJvZ�VTa3©x9©x¸ W

lim
h→0

Ψ(t+ h)−Ψ(t)

h
=

1

πi
lim
h→0

∫

Γ

k(τ, t+ h)− k(τ, t)

h
(ϕ(τ) − ϕ(t)) dτ
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VTa	¬ L,©[^	¬ L&_ f�© J}a3© L&_ �L©�ª�©�±[_ J L&_�Â J}a	¬TaTW�© L$J/¹�X�º`J�3¬ L$JMX[f�¬�Q'f�·,©�·$VTa3©x9©x¸�L$J�Âv^ J�V J� S�© X[f�¬V J�²« ^ _bZ�¬T^Tf�©�± a _�¸h_�¬²® We^TZ	¯	¬T]
Ψ(t)

3¬3®L®L©[a3©[^	¯	¬TaTW�© L&_ � ^ _
Γ
�¡V J

t
QRVTa	¬	³3© L

Ψ′
t(t) =

1

πi

∫

Γ

M(τ, t)(ϕ(τ) − ϕ(t)) dτ,
��� N��

±�9©

M(τ, t) =
ζ ′(t)ζ ′(τ)(τ − t)2 − [ζ(τ)− ζ(t)]2

[ζ(τ)− ζ(t)]2 (τ − t)2
=

∂

∂t
k(τ, t),

��� g��
¬½¬T^Tf�©�± a _�¸ S ��� N��O© X[fMc J�ª}U2³T^TU2¹�_/ªMX J�¸3°�fM^ J X�º`J� ]'¼!¬	¹ X ] ^3© X J�ªMX[fMS�©[^T^TU2¹Ã¬T^Tf�©�± a _�¸�·K�!©�¹'µX[fMS�¬Tf�©x¸ cM^ JTQ X V JML$J/¼ c�°¾® J}a L W�¸

ζ(τ)− ζ(t) = ζ ′(t)(τ − t) +O
(
|τ − t|1+α

)
,

ζ(τ)− ζ(t) = ζ ′(τ)(τ − t) +O
(
|τ − t|1+α

) ����� �

³	¬ Xx¸3¬Tf�©x¸ c> a J�ª/¬�S ��� g��'VTa3© J�ª}a _�« W�©[fYX ] Xx¸9©x W�°e¼!¬ L�J�ª}a _�«PJML2Ë
ζ ′(t)ζ ′(τ)(τ − t)2 − [ζ(τ)− ζ(t)]2

= ζ ′(t)(τ − t) ·O
(
|τ − t|1+α

)
+ ζ ′(τ)(τ − t) · O

(
|τ − t|1+α

)
,

J}fMZTW�h_RQ X W�³3©[fYJML
ϕ(t) ∈ C0,β(Γ)

Q3ª}W�9© L¶¬ L,©[fMc
|M(τ, t)(ϕ(τ) − ϕ(t))| 6 const · 1

|τ − t|2−α−β ,
��� Ï%�

±�9© ZeJ}^ X[f}_b^Tf}_»«k_bS�¬ X�¬Tf�¸3¬	À c�J}f ‖ζ‖C1,α(Γ)
¬^¸3¬T^3©�¹T^ J�J}f ‖ϕ‖C0,β(Γ)

·� X[V J�¸ c�« WM]�X�º#© L WYQe_b^ _�¸ J/±�¬	³T^TW�°�VTa	¬ L,©[^3©[^T^ J/¹oZ
Ψ(t)

QMV J}ZR_�Â!© L%Q#³TfYJ
Ψ′
t(t) ∈ Cα+β−1(Γ)

·� ^ _�¸ J/±�¬	³T^ J � Nkj���«k_bV	¬	ÀV© L
Ψ′
t(t+ h)−Ψ′

t(t)

=
1

πi

∫

Γ

M(τ, t+ h)(ϕ(τ) − ϕ(t+ h)) dτ − 1

πi

∫

Γ

M(τ, t)(ϕ(τ) − ϕ(t)) dτ
��� Ê��

¬�VTa3©x X[f}_bS�¬ L � fMWoa _�« ^ JMX[fMc�ZR_bZ
J0 + J

Q	±�9©
J0 =

1

πi

∫

l

M(τ, t+ h)(ϕ(τ) − ϕ(t+ h)) dτ − 1

πi

∫

l

M(τ, t)(ϕ(τ) − ϕ(t)) dτ,

J =
1

πi

∫

Γ\l

M(τ, t+ h)(ϕ(τ) − ϕ(t+ h)) dτ − 1

πi

∫

Γ\l

M(τ, t)(ϕ(τ) − ϕ(t)) dτ

� «�9© X[c� W�±[_
l
f}_VÂ!©MQ3³TfYJV¬�SMU2ÀV©��x·� ^ _�¸ J/±�¬	³T^ J � gMi��[Q'¬	« ��� Ï%��¬ L,©�© L

|J0| 6 const

{ s+2σ∫

s−2σ

|λ− s− σ|µ−2dλ+

s+2σ∫

s−2σ

|λ− s|µ−2dλ

}
6 const|h|µ−1,

��� È��

±�9©
µ = α+ β

·
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� _�¸9©�©MQ _b^ _�¸ J/±�¬	³T^ J�VTa3©x U7 W�¼V© L WYQ VTa3©x X[f}_bS�¬ L

J
SvS�¬'9© X[WRL$L U

J = J1 + J2
Q	±�9©

J1 =
1

πi

∫

Γ\l

M(τ, t)(ϕ(t) − ϕ(t+ h)) dτ,
��� j��

J2 =
1

πi

∫

Γ\l

[M(τ, t+ h)−M(τ, t)](ϕ(τ) − ϕ(t+ h)) dτ.
��� � �

� ^ _�¸ J/±�¬	³T^ J � g � �7ª}W�9© L¶¬ L,©[fMc

|J1| 6 const|h|β
s+2σ∫

s−2σ

dλ

|λ− s|2−α 6 const|h|α+β−1,
��� O��

±�9© ZeJ}^ X[f}_b^Tf}_>«k_bS�¬ X�¬Tf>¸3¬	À c�J}f ‖ζ‖C1,α(Γ)
¬a¸3¬T^3©�¹T^ J�J}f ‖ϕ‖C0,β(Γ)

·� _�¸9©�©MQ'	¸ ]�J/¯3©[^TZ	¬
J2
VTa3© J�ª}a _�« W�© L�a _�« ^ JMX[fMc
M(τ, t+ h)−M(τ, t) =

P1(τ, t, h)

Q1(τ, t, h)
,

±�9©
Q1(τ, t, h) = [ζ(τ)− ζ(t)]2 [ζ(τ)− ζ(t+ h)]2 (τ − t− h)2(τ − t)2,

� Ï`i��
P1(τ, t, h) =

{
ζ ′(t+ h)ζ ′(τ)(τ − t− h)2 − [ζ(τ)− ζ(t+ h)]2

}
[ζ(τ)− ζ(t)]2 (τ − t)2

−
{
ζ ′(t)ζ ′(τ)(τ − t)2 − [ζ(τ)− ζ(t)]2

}
[ζ(τ)− ζ(t+ h)]2 (τ − t− h)2,

¬'¸3¬�QTV JMXx¸9© ��¸9© L,©[^Tf}_baT^TU7º VTa3© J�ª}a _�«PJ}S`_b^	¬	¹�Q
P1(τ, t, h) = ζ ′(t+ h)ζ ′(τ)(τ − t− h)2 [ζ(τ)− ζ(t)]2 (τ − t)2

− [ζ(τ)− ζ(t+ h)]2 [ζ(τ)− ζ(t)]2 (τ − t)2

−ζ ′(t)ζ ′(τ)(τ − t)2 [ζ(τ)− ζ(t+ h)]2 (τ − t− h)2

+ [ζ(τ)− ζ(t)]2 [ζ(τ)− ζ(t+ h)]2 (τ − t− h)2

= ζ ′(τ)(τ − t)2(τ − t− h)2
{[
ζ ′(t+ h)− ζ ′(t)

]
[ζ(τ)− ζ(t)]2

+ ζ ′(t)
[
(ζ(τ)− ζ(t))2 − (ζ(τ)− ζ(t) + ζ(t)− ζ(t+ h))2

]}

+ [ζ(τ)− ζ(t)]2 [ζ(τ)− ζ(t+ h)]2
[
(τ − t− h)2 − (τ − t)2

]

= ζ ′(τ)(τ − t)2(τ − t− h)2
{[
ζ ′(t+ h)− ζ ′(t)

]
[ζ(τ)− ζ(t)]2

− ζ ′(t)
[
2 (ζ(τ)− ζ(t)) (ζ(t)− ζ(t+ h)) + (ζ(t)− ζ(t+ h))2

]}

+ [ζ(τ)− ζ(t)]2 [ζ(τ)− ζ(t+ h)]2
[
−2h(τ − t) + h2(τ − t)2

]
.

� Ï N��

� X[V J�¸ c�« WM] ����� ��Q _ f}_bZ	Â!©O® J}a L W�¸ W
ζ(t)− ζ(t+ h) = −ζ ′(t)h+O

(
|h|1+α

)
,

� Ï`g��
¬	« � Ï N���	¸ ]

P1(τ, t, h)
V J�¸ W�³	¬ L�Xx¸9©x W�°e¼V©�©*SMU%a _�Â!©[^	¬3©�Ë

P1(τ, t, h) = hα ·O
(
|τ − t|4|τ − t− h|2

)

+h ·
[
O
(
|τ − t|3+α|τ − t− h|2

)
+O

(
|τ − t|2+α|τ − t− h|3

) ]

+h1+α · O
(
|τ − t|3|τ − t− h|2

)
.

� Ï � �
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¨ JMX[ZeJ�¸ cMZTW ^ _
Γ \ l S�©x¸3¬	³	¬T^ _ σ

λ−s
^3© VTa3©[SMU2Àv_/©[f�V J _/ªMX J�¸3°�fM^ J/¹�S�©x¸3¬	³	¬T^3© 1

2

QB¬	« � Ï`i��[Q
� Ï � �[QR^ _

Γ \ l ¬ L,©�© L�J/¯3©[^TZTW
|(M(τ, t+ h)−M(τ, t)(ϕ(τ) − ϕ(t+ h)|

6 const

{
σα

|λ− s|2−β +
σ

|λ− s|3−µ +
σ1+α

|λ− s|3−β
}
,

� Ï�Ï%�

±�9©MQ�ZR_bZ�¬�SMU2ÀV©MQ
t = eis

Q
τ = eiλ

Q
µ = α + β

QK_�ZeJ}^ X[f}_b^Tf}_²«k_bS�¬ X�¬Tf�¸3¬	À c J}f ‖ζ‖C1,α(Γ)
¬

¸3¬T^3©�¹T^ J�J}f ‖ϕ‖C0,β (Γ)

·� ^ _�¸ J/±�¬	³T^ J � g � �[Q � gMO��[Q'¬	« � Ï�Ï%�'V J�¸ W�³	¬ L
|J2| 6 const · |h|α+β−1.

� Ï#Ê��

�'J}V JMX[f}_bS/¸ ]R] � gMi���Q � g � �[Q � gMO��[Q ��� i��[Q ��� È���Q ��� O��»¬ � Ï#Ê��[Q)V J�¸ W�³ _/© L WefMS�©[a#ÂV9©[^	¬3©\f�© J}a3©xµL U N�·
B��©[V JMX[a3©x X[fMS�©[^T^ JÌ¬	« a _}X X[W�ÂV9©[^	¬	¹� J}ZR_�«k_bf�©x¸ cYX[fMS`_�f�© J}a3© L U N*SMU%f�©[ZR_/©[f

� �,b/§
 �('W9YZb � D �7���	�
ζ(z) ∈ C1,α(D)

	 � - � - � - " ��$ - ��1#" - � - �	�>��$	�B�
ζ(t)


�$� B�x" �
D
*

�
Ψ(z)

- 1#"��k������������� ��� - "B�� ������5� � NPg�� * � N � �����������$ - �²1B�k"�������$	$ - �
t
$��

z
* � -

lim
z→t

Ψ(z) = Ψ(t), lim
z→t

∂

∂z
Ψ(z) = Ψ′(t), z ∈ D, t ∈ Γ.

� Ï#È��

*,+ !$# 01+��  # (*'�IeªMX[W�3¬ L^3© X[ZeJ�¸ cMZeJ V J� a J�ª}^3©�©�ªY_b^ _�º`J}SYJ VTa JMX[fMa _b^ X[fMSYJ � ZeJML V'¸9©[ZeX[^ J�µ
« ^ _�³T^TU7º��2® We^TZ	¯	¬	¹

C1,α(Γ)
· � J}a L&_ Sv^3© L%QTZR_bZ²¬	« S�© X[fM^ J�Æ NYQTX�· g�Ê�É Q	«k_�h_/©[fYX ]²® J}a L W�¸ J/¹

‖ϕ(t)‖C1,α(Γ) = max
t∈Γ

|ϕ(t)| +max
t∈Γ

|ϕ′(t)|+ sup
τ,t∈Γ

|ϕ′(τ)− ϕ′(t)|
|τ − t|α .

� Ïej��
IeªMJ/« ^ _�³	¬ LÁ³3©[a3©�«

C1,α
0 (Γ)

V J� VTa JMX[fMa _b^ X[fMSYJ^® We^TZ	¯	¬	¹
ϕ(t) ∈ C1,α(Γ)

Q'	¸ ]�ZeJ}fYJ}aTU7º

lim
|τ−t|→0

|ϕ′(τ)− ϕ′(t)|
|τ − t|α = 0.

�
C1,α
0 (Γ)

ÄÇ«k_}L ZT^TWefYJ�© V J� VTa JMX[fMa _b^ X[fMSYJoVTa JMX[fMa _b^ X[fMS`_
C1,α(Γ)

� X L2·�Æ Ï QTX�· g�ÈMO�É �x· �
IeªMJ/« ^ _�³	¬ L

C1,α
∗ (Γ) = C1,α(Γ)\C1,α

0 (Γ)
Q
D ⊂ C1,α(Γ)

Ä
L ^ J�Â!© X[fMSYJO3¬3®L®L© JML$J}a3®�¬	«PL$J}SJ}ZTaTW�Âv^ JMX[f�¬
Γ
·	¨ J}ZR_�Â!© L%Q9³TfYJ

D∗ = D ∩C1,α
∗ (Γ) 6= ∅

·
¨*WYX[fMc

0 < α < 1
·3¨ J�¸ J�Â�¬ L

ϕ(s) =





1, s ∈ [0, π − 2],
1
2 (1 + |s− π + 1|α) , s ∈ [π − 2, π],
1
2 (3− |s− π − 1|α) , s ∈ [π, π + 2],

1, s ∈ [π + 2, 2π]

¬

ϕ∗(s) =





1, s ∈ [0, π − 2],
1
2 (3− |s− π + 1|α) , s ∈ [π − 2, π],
1
2 (1 + |s− π − 1|α) , s ∈ [π, π + 2],

1, s ∈ [π + 2, 2π],



� � - � � �	$�� �	��� � ��� � �L� - � - " ��$	0 � �¿��
���� - 
 - �#"3 	��$ - ����� � O
_ f}_bZ	Â!©

f(s) =

s∫

0

ϕ(σ) dσ, f ∗(s) =

s∫

0

ϕ∗(σ) dσ, s ∈ [0, 2π].

I�³3©[S�¬' ^ JTQB® We^TZ	¯	¬	¬
ζ(t) = ζ(eis) = ζ(s) = eif(s)

¬
ζ∗(t) = eif

∗(s) «k_�h_�°�f»3¬3®L®L© JML$J}a'µ
®�¬	«PL U�Z'¸h_}X XP_

C1,α(Γ)
J}ZTaTW�Âv^ JMX[f�¬

Γ
^ _ X�©�ªP]a¬

ζ(t), ζ∗(t) ∈ C1,α
∗ (Γ)

·
I fYL,©[f�¬ L%Q3³TfYJ

ζ∗(t) = ζ(t) · t2. � Ï � �
�'S�©x9© L S�a _}X X L$J}fMa3©[^	¬3©� S`_!¸3¬T^3©�¹T^TU7º�J}V3©[a _bfYJ}a _

P+ =
1

2
(I + S), P− =

1

2
(I − S),

±�9©
I
Ä fYJ�ÂV9© X[fMS�©[^T^TU2¹�J}V3©[a _bfYJ}a�· � fYJ#^3©[VTa3©[aTU%SM^TU�©�VTa J�©[ZTfYJ}aTU S VTa JMX[fMa _}X[fMS�©

C1,α(Γ)� X L2·eÆ NMQ¡X�· � � É Q�Æ � Q¡X�·�È�È�É �x·$�L¸ ]�ZTa _bfMZeJMX[f�¬Íh_�¸9©�©Rª}W�9© L J�ªMJ/« ^ _�³ _bfMc VTa J�©[Z	¯	¬	¬
P±C1,α(Γ)³3©[a3©�«

P±
·

K*X[^ JTQ#³TfYJ(VTa JMX[fMa _b^ X[fMSYJ
C1,α(Γ)

VTa3©x X[f}_bS�¬ L$J S(S�¬'9© VTa`]TL$J/¹�X[WRL$L U
P+⊕P−

·`� _
P+

¬
P−

© X[f�© X[fMS�©[^T^TUqL�J�ª}a _�«PJML�J}VTa3©x9©x¸9©[^ _v^ J}a L&_ � Ïej���¬�J}VTa3©x9©x¸9©[^T^ _b] ^ _
P+ ⊕ P−

fYJ}V J�¸ J/±�¬T]VTa J/¬	« S�©x9©[^	¬T]
P+ × P−

X J}SMV _�h_/©[foX*fYJ}V J�¸ J/±�¬3©�¹#^ _
C1,α(Γ)

Q J}VTa3©x9©x¸9©[^T^ J/¹ ^ J}a L$J/¹ � Ïej���·� _}X X L$J}fMa	¬ L�a _�«�¸ J�Â!©[^	¬3©(S�a`]��M(WeaTc�©�® We^TZ	¯	¬	¬
ζ(t) = ζ(eis)

Ë

ζ(eis) =
∞∑

n=1

[
c0 + c−ne

−ins + cne
ins
]
.

� Ï`O��
I�³3©[S�¬' ^ JTQ

P−ζ(eis) =
∑∞

n=1 c−ne
−ins Q _ P+ζ(e

is) =
∑∞

n=1

[
c0 + cne

ins
] ·

¨*a J�3¬3®L®L©[a3©[^	¯	¬Ta J}S`_bSoa`]� � Ï`O��'V J
s
Q'¬	« f�© J}a3© L U Ï3· jO¬²® J}a L W�¸ U � Ï3· N���¬	«»Æ ÊRQTX�·hj}ORQ � NxÉ QV J�¸ W�³	¬ L�Xx¸9©x W�°e¼V©�© WefMS�©[a#ÂV9©[^	¬3©�·

�²b�cJceU � D��7���	�
ζ(t) ∈ C1,α(Γ)

*
0 < α 6 1

* � -
cν = O

(
1

|ν|1+α

) 6 <���� � - � - ��� -�� 0

ζ(t) ∈ C1,α
∗
* $B� -����	- ���3� - �O� - ������� - �/$ -�* ��� -�� 0 $����!�	�B���L� - � � �����	�B��$B��0

cν
"����� - �>��$	��� � Ï`O��

� - ��� - ���a �� - ��$ - ��- �����!�3�5��1 - � - �3 ����Ç$ - ���k"����5�Á�����	�B� * ��� - |cν | > L
|ν|1+α

* �p���!� - $B������$B���
L > 0

- �
ν
$B�����
��B���B� 6

C
¨*WYX[fMc

ζ(t) ∈ C1,α
∗ (Γ)

Ä V JMX[fMa J�©[^T^TU2¹#SMU2ÀV©�3¬3®L®L© JML$J}a3®�¬	«PL�J}ZTaTW�Âv^ JMX[f�¬
Γ
·3¨ J�¸ J�µ

Â�¬ L Svf�© J}a3© L,©�N
ϕ(τ) = ζ(τ)

· �KJ/±�h_
Ψζ(t) = − 1

πi

∫

Γ

ζ(τ)

τ − t
dτ + ζ(t) = 2P−ζ(t). �

�&Xx¸3¬
P−ζ(t) 6∈ C1,α

∗ (Γ)
Q¡fYJ�S X�¬'¸ W¶¸9© L$L U g�¬ � Ï � �

P−ζ∗(t) ∈ C1,α
∗ (Γ)

¬�S!ZR_�³3© X[fMS�©
ϕ(τ)

SYJ/« cYL,© L
ζ∗(t)

· ��_bZ	¬ L�J�ª}a _�«PJML%Q L$J�Â!© L�X�³	¬Tf}_bfMc Q3³TfYJ
Ψζ(t) ∈ C1,α

∗ (Γ)
QTJ}fMZTW�h_

Ψζ(t) 6∈
C1,γ(Γ)

	¸ ]^¸3°JªMJ/±PJ
γ
Q
1 > γ > α

·

�²Y ('b#XZU�(%$�XZU

Ó ��HfFv&P	��M���
B��/×Zwxvxw7bSnk|�|���n�m�|�m�y�}/ox}�l/npqp��}/n5~�j�|/����}�}�� �3�O� 4�uS}/ipz9m�ox�p}/ix� Ó�5 ! 5 � � O�Ñ:6 qx�
Ñ �*GJ<�/'@:<)�=Q'	�&$�?�L����m,u/m�nk{x��n�i�m���mpl�}L}Oqk}�|��pj�y/r�u�|���n5}�|/o�nk��u/m�y��x|���n,j�u/m�{x|/nk|�}/rJqpv�q¿�/{x}���vxzg� �3�O� 4CuS}/ik�z9m�ox�p}/ix� Ó�5�ÔxÔ � � 97906 qx�8����)��>
%'@�#M� �$�Rm,u/m�nk{x��nSi�m���mpl�}�� �3�O� 4��Smpj���m�� Ó�5�ÔxÔ � � O:9�Ò qx�
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9 �*(.�=FGU)�d���D�?� ,�- FS/	)�)<)��� �D��� ,J�WFv��FG�?%'@ rf�W12�3h5|/o�npu�t/v�y/r���}/rLy�}�|/nk��|��g�Vv�t/npu/m�o�vxu�v�{�� �3�O� 49�Smpj���m��
Ó�5�Ô:6 � � 9�ÒxÒ qx�!�� �
<�YS�=	)�F32* �
hgu�}���v�|/vxz3npo�u�}�l/npqp��}/nZu�r��/�,�)h�� Ó � �3�O� 4?��}/u#� Ó�57O !�� � O�Ó !2qx�

�����������
	��������	������/�-O!���������-�����������/ #"
��T�*,OQN�+�Q60,'���N�)�U�N�.$�0,)�*�V60,'�*,1
���|��g�Lz9m�o�npz9m�ox}�l/npqp��}���}�|/qpox}/oxj�o[�¶~�}�y�}�m�y�������¤?g��7�
@RF43�	���<)U$�?�v	=Q7��5�U�(S%0/S�
	�3?�)<�& %0/�3LFvZ��[���0/0Fv���0/�<=Q
F(T&)%'Y'%����?�'Z
<����
¤�×��E��hSÖ���8 O�Ñ�Ò�ÑxÔ ���9y�m��/}/��m�{���m�ix��j�y����Jm�u���j�q�m�� ÑxÑ�����|��g�O~Zns��npu/m�y��x|��g�Jj�|�}�{�npu�qk}/o�npo��
���'@RF43�	�[���<)U�&)��2+F43���%�U�Y:F%'��FS/S��<)<
¤�×��E��hSÖ���8 979�Ò75xÒ ��¤'vxqpo�v�{x� |�m���e�v�|�j���j�y�����}�y��sl�m���v�{�m�� 6 m7	�48!9�: ;�4��#]�^F<�\�H�C-Z-[�>FD+�A[ Z�\�@�<A^_J
	9[#\

d�e �/d�\���i�e ��g/i�d�e
fod�k g/q�b ��i�`
��lQb f,q�i�k&gcf
��e�sjf�d�\ b d�e�b5µ�sWi'\ b�e
f,i�d�e ��l�i�e�g/b !W` ��l d�]�b�` ��gcd�`Wf

u�#|z|� ~�{�c���x f�· �J·

� � � � : � � � 8 � ��� � : � 8 ζ = ζ(eis) ���,��� �¡� � : �BÐ : � Ð ; � 9 ������� � � �6��� 9 ��� � Ψϕ(t) = 1
πi

∫
Γ

[
ζ′(τ)

ζ(τ)−ζ(t)
− 1

τ−t

]
ϕ(τ )dτ9 ��� � ��� ��� Ð#�A��� : � ��� 9 � : �A� �¡� � � 8!9�: � ��� � � ; ���JÐ 9 � � � ��� 9 � � � 9 ����� ; ; ��¢Q� 4�g � ζ(t) ∈ C1,α(Γ)

�
0 < α 6 1

�
ϕ(t) ∈ C0,β(Γ)

�
0 < β 6 1

�
µ = α + β 6 2

� ��� � � Ψϕ(t) ∈ Cµ(Γ) ��� � µ < 1
� #�� ��� � � ��� � ��� � ��� ; ; ��¢ : � �: � ���F� 9�; : � � ��� ; ��� 4

‖Ψϕ(t)‖Cµ(Γ) 6 const‖ϕ(t)‖C0,β (Γ),

¢Q� ����� ��� � Ð#�A����� 9 �F��� �#�6� �����&�A� ‖ζ‖C1,α(Γ)
�A� ; ����g � µ = 1

� ��� � � Ψϕ(t) ∈ Cµ−ε(Γ) ��� � 9�; ; 0 < ε < µ
9 ���

��� � � : 8/: ; 9 � : � ���F� 9�; : � � ��� ; ��� �Ag � µ > 1
� ��� � � Ψϕ(t) ∈ C1,µ−1(Γ)

��9 ���
‖Ψϕ(t)‖C1,µ−1(Γ) 6 const‖ϕ(t)‖C0,β(Γ),

¢Q� ����� ��� � Ð#�A����� 9 �F�&� �#�6� �����Q�A� ‖ζ‖C1,α(Γ)
�A� ; ��� g � ζ(t) ∈ C1,α(Γ)

�
0 < α 6 1

�
ϕ(t) ∈ C1,β(Γ)

�
0 < β 6 1

�
��� � � Ψϕ(t) ∈ C1,α(Γ)

��9 ���
‖Ψϕ(t)‖C1,α(Γ) 6 const ‖ϕ(t)‖C0,1(Γ) 6 const ‖ϕ(t)‖C1,β(Γ),

¢Q� ����� ��� � Ð#�A����� 9 �F��� �#�6� �����¡�A� ‖ζ‖C1,α(Γ)
�A� ; ���(� � � : ��� �'& α

: ����� � ; � � � � � 9 ����� : � � ���£��� � ; 9 ��� : � ���F� 9�; : � �
Ð 9 �W����� � � : 8 ��� � � � � ��� � � 9 ����� � ��� : 9 � ���'& 9�8 � ; � : � � : � � � �

¦�§�¨ ©�ª�«�¬_x£ ��� : � � � � : � �A� ; 9 � : �F� �#��� 9�; � �6��� 9 ��� � �
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{7l�m�qpox|/vxqpox}�����ipnpoxm��G~�j�|/����}/�²¤	}/z9m�|�m��
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A9D5¦VW9b/§Sb#[ZYZb3D � �,U� � 
K0

YÁf ���,U� �()&
Gg	 _bZ J�ª}U2³T^ J � X L2· Q�^ _bVTa	¬ L,©[a�Q7Æ NxÉ ��Q J}VTa3©x9©x¸9©[^T^ _b]¶¬!J� ^ J/« ^ _�³T^ _b] S#^3©[ZeJ}fYJ}a J/¹�J�ª�¸h_}X[f�¬

G
¬	«

C
® We^TZ	¯	¬T]

f
^ _�« U%S`_/©[fYX ] L,©[a JML$J}a3® ^ J/¹#S

G
Q9© Xx¸3¬ J}^ _�_b^ _�¸3¬Tf�¬	³T^ _oS�ZR_�ÂV J/¹ fYJ/³TZ�©J�ª�¸h_}X[f�¬�Q�«k_L¬ X[Z'¸3°e³3©[^	¬3© L ^3©eªMJ�¸9©�©e³3© L X�³3©[fM^ J/±PJ L ^ J�Â!© X[fMS`_

Qf
fYJ/³3©[Z � ¬	«

G
��Qe^3©�¬ L,©�°e¼V©xµ

±PJ�VTa3©x9©x¸ cM^TU7º\fYJ/³3©[Z!S
G
Q{VTa	¬	³3© L ZR_�ÂVh_b]�¬	«�fYJ/³3©[Z ��¬ X[Z'¸3°e³	¬Tf�©x¸ cM^ J/±PJ�� L ^ J�Â!© X[fMS`_

Qf]RS/¸ ]	©[fYX ]�V J�¸3°*X JML
f
� ¸3°JªMJ/±PJvZeJ}^3©�³T^ J/±PJ�V J}a`]� ZR_��x·�&Xx¸3¬

d ∈ (−∞,+∞)
Q)fYJ WYXx¸ J}S�¬ L$X ]�SYX�°7 W�S½h_�¸ cM^3©�¹	ÀV© L X�¬ L SYJ�¸ JML

Ed
J�ªMJ/« ^ _�³ _bfMcS�©[aTf�¬TZR_�¸ cM^TW�° V J�¸ WeV'¸ JMX[ZeJMX[fMc {z : Re z > d} Q _�X�¬ L SYJ�¸ JML E d

Ä ©�©>«k_}L U%ZR_b^	¬3©�S
C
� f�·Z©�·

E d = {z ∈ C : Re z > d} �x·M�'S�©x9© L Z'¸h_}X X K0
L,©[a JML$J}a3® ^TU7º�® We^TZ	¯	¬	¹

g
Q}ZR_�ÂVh_b]V¬	«%ZeJ}fYJ}aTU7ºJ�ª�¸h_�h_/©[f�f}_bZ	¬ L5¬#X[SYJ/¹ X[fMS`_}L5¬�ËN��

g
J� ^ J/« ^ _�³T^ _L¬�_b^ _�¸3¬Tf�¬	³T^ _ S�«k_}L ZT^TWefYJ/¹�V J�¸ WeV'¸ JMX[ZeJMX[f�¬

E 1
2
−h

�
h = h(g) ∈ (0,+∞)

��Q
«k_Ì¬ X[Z'¸3°e³3©[^	¬3© L%Q�ª}U%fMc L$J�Â!©[fbQK^3©[ZeJ}fYJ}a J/±PJ�ZeJ}^3©�³T^ J/±PJ�³	¬ Xx¸h_�fYJ/³3©[Z�Q{a _}X[V J�¸ J�Â!©[^T^TU7º!S�S�©xµ
¼V© X[fMS�©[^T^ JML�VTa JML,©�ÂvWefMZ�© (1

2 ,
1
2 + h1

] QB±�9©
h1 = h1(g)

¬
0 < h1 < h

Q�VTa	¬	³3© L�S�ZR_�ÂV J/¹�¬	«
� f�¬'º�SMU%Z'¸3°e³3©[^T^TU7º�fYJ/³3©[Z²® We^TZ	¯	¬T]

g
¬ L,©�©[f�V J�¸3°*X VTa J/¬	« SYJ�¸ cM^ J/±PJ�V J}a`]� ZR_)3g���	¸ ]�SYX�©xº�fYJ/³3©[Z

z
¬	«

E 1
2
−h g(z) = g(z̄)

3
� �
g(z) 6= 0

S
E 1

2
+h1

3
Ï%��® We^TZ	¯	¬T]

g(z)
J}f�¸3¬	³T^ _!J}f�^TW�¸ ] SYJ�SYX�©xº�fYJ/³TZR_�º�S�©�¼V© X[fMS�©[^T^ J/¹�V J�¸ WeVTa`]TL$J/¹

`
(
1
2 −

h
)
:= {z = x > 1

2 − h} QKS ZeJ}fYJ}aTU7º J}^ _#_b^ _�¸3¬Tf�¬	³T^ _ � SYX�°7 W S�� fYJ/¹\a _/ªMJ}f�©Ì¬ X[V J�¸ c�« W�©[fYX ]X[f}_b^'h_baTfM^ J�©oJ�ªMJ/« ^ _�³3©[^	¬3©
z = x + iy

Qg±�9©
x = Re z

¬
y = Im z

��Q{f}_bZ�³TfYJ
`
(
1
2 − h

)
= {z :

Im z = 0, Re z > 1
2 − h} 3

Ê���SYX�°7 W�S S�©[aTf�¬TZR_�¸ cM^ J/¹ V J�¸ JMX�©
E

1
2
+h

1
2
−h := {z : 1

2 − h 6 Re z 6
1
2 + h} g(z)

W� J�µ
S/¸9©[fMSYJ}a`]	©[f²® We^TZ	¯	¬ J}^ _�¸ cM^ JML W Wea _bSM^3©[^	¬	° � f�¬TV _�Wea _bSM^3©[^	¬T] �,¬ L&_b^ _»	¸ ]�3«�©[f}_�µs® We^TZ	¯	¬	¬ �
g(z) = bg(z)g(1 − z)

·
�b" ^ J�Â�¬Tf�©x¸ c#�,¬ L&_b^ _ �

bg(z)
Q{SYJMJ�ª/¼V©�±PJ}SYJ}a`]{Qg«k_bS�¬ X�¬Tf J}f�® We^TZ	¯	¬	¬

g
¬ W� J}S/¸9©[fMSYJ}a`]	©[fXx¸9©x W�°e¼!¬ L WYXx¸ J}S�¬T]TL2Ë

È��
bg(z)

L,©[a JML$J}a3® ^ _�S�V J�¸ JMX�©
E

1
2
+h

1
2
−h
3gªMJ�¸9©�©�fYJ/³T^ JTQKJ}^ _^¬ L,©�©[f S�� fYJ/¹�V J�¸ JMX�©�^3©>ªMJ�¸9©�©

ZeJ}^3©�³T^ J/±PJ�³	¬ Xx¸h_ V J�¸3°*X J}S � SYX�©*J}^	¬�VTa	¬T^ _�	¸9©�Â _bf�VTa JML,©�ÂvWefMZTW (1
2 ,

1
2 + h1

] ��QT_(SvJMX[f}_�¸ cM^TU7ºfYJ/³TZR_�º
z
V J�¸ JMX[U ® We^TZ	¯	¬T]

bg(z)
_b^ _�¸3¬Tf�¬	³T^ _)3

Ð© Ñ�Ò�Ó�Ô m,vxu�vxwxnk��|�}/��¶�?u��
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j�� SYX�© ^TW�¸3¬�® We^TZ	¯	¬	¬
bg
S�©�¼V© X[fMS�©[^T^TU ¬ f�©V¬	«v^	¬'º{Q�ZeJ}fYJ}aTU�©V¸9©�Â _bf VTa _bS�©�© fYJ/³TZ	¬

z =
x = 1

2

QRVTa	¬T^ _�	¸9©�Â _bfoV J�¸ WeVTa`]TL$J/¹
¯̀
(
1

2
+ h1

)
:=

{
z : Im z = 0;

1

2
+ h1 6 Re z < +∞

}
.

�J« N�� dTj���Q�Sa³ _}X[fM^ JMX[f�¬�QKXx¸9©x W�©[fbQ�³TfYJ
bg
(
1
2

)
= 1

QB	¸ ]�¸3°JªMJ/±PJ
g ∈ K0

3�h_�¸9©�©MQ�© Xx¸3¬
z0
Ä

³	¬ X[fYJ ZeJML V'¸9©[ZeX[^ J�©L³	¬ Xx¸ JTQef�·	©�·�© Xx¸3¬
Im z0 6= 0

QefYJ(fYJ/³TZR_
z0
ª}W�9©[f ^TW�¸9© L!ZR_bZeJ/¹'µ¿¸3¬3ªMJ>® We^TZ'µ

¯	¬	¬
g0
¬	«

K0
ZTa _bfM^ JMX[f�¬

αg > 1
fYJ/±�h_Ì¬#fYJ�¸ cMZeJ�fYJ/±�h_RQhZeJ/±�h_

1 − z0
Ä ^TW�¸ c

g0(z)
fYJ/¹RÂ!©ZTa _bfM^ JMX[f�¬ � J�ªY_ � f�¬�a3©�« W�¸ ckf}_bf}_>¬ X[V J�¸ c�« W�°�fYX ]�SVh_�¸ cM^3©�¹	ÀV© L �x·

¨*WYX[fMc
y ∈ R \ {0} = (−∞, 0) ∪ (0,+∞)

¬
g ∈ K0

·�� _�«PJ}S�© L�V J�¸ WeVTa`]TL W�°
`
(g)
y := {z =

x + iy : 1
2 − h 6 x < +∞} g µ a3©�± W#¸ ]RaT^ J/¹�QS© Xx¸3¬�J}^ _#^3©�X J�9©[a#Â�¬Tf\^TW�¸9©�¹ g(z) Q,¬ g µ ^3©[a3©xµ± W#¸ ]RaT^ J/¹�Q9Ä SoVTa J}f�¬TSM^ JML�Xx¸ W�³ _/©MQ f�·B©�· ZeJ/±�h_o^ _ � fYJ/¹ V J�¸ WeVTa`]TL$J/¹�¬ L,©�©[fYX ]²º`J}fk]Rª}UJ�3¬T^^TW�¸ cÃ® We^TZ	¯	¬	¬

g
· �'JMJ}fMS�©[fYX[fMSMW�°e¼ W�° J}a�3¬T^ _bfMW

y
f}_bZ	Â!©�ª}W�9© L�^ _�« U%S`_bfMc

g
µ a3©�± W�¸ ]RaT^ J/¹�QSvV3©[aTSYJML Xx¸ W�³ _/©MQ'¬

g
µ ^3©[a3©�± W�¸ ]RaT^ J/¹aÄ SYJ SMfYJ}a JML2· " ^ J�Â!© X[fMSYJvSYX�©xº

g
µ a3©�± W#¸ ]RaT^TU7º�J}a�3¬T^ _bfJ�ªMJ/« ^ _�³ _/©[fYX ]�h_�¸9©�©(X�¬ L SYJ�¸ JML

Φg
Q _

g
µ ^3©[a3©�± W#¸ ]RaT^TU7ºaÄ X�¬ L SYJ�¸ JML

Ψg
·�J« J�ª}U2³T^ J/¹Í	¸ ]�SYX�©xº�ZTWea X J}S f�© J}a	¬	¬ ® We^TZ	¯	¬	¹�ZeJML V'¸9©[ZeX[^ J/±PJ V3©[a3© L,©[^T^ J/±PJ f�© J}a3© L U

©x3¬T^ X[fMS�©[^T^ JMX[f�¬ 	¸ ]�_b^ _�¸3¬Tf�¬	³3© X[ZeJ/¹Å® We^TZ	¯	¬	¬�^3©[fMaTW� ^ J�SMU%S�© X[f�¬�Q�³TfYJ\L ^ J�Â!© X[fMSYJ
Ψg

^3©
¬ L,©�©[f�ZeJ}^3©�³T^TU7º�VTa3©x9©x¸ cM^TU7º�fYJ/³3©[Z�¬�V J}fYJML W�^3©LªMJ�¸9©�©�³3© L�X�³3©[fM^ J	·�'S�©x9© L�f�©[V3©[aTc ^3© J/± a _b^	¬	³3©[^T^TW�° J� ^ JMX[SM]'« ^TW�° J�ª�¸h_}X[fMc

Gg
Q{V J�¸ W�³3©[^T^TW�°�W�h_�¸9©[^	¬3© LÅ¬	«

E 1
2
−h

X�³3©[fM^ J/¹�X J}SYJ}ZTWeVT^ JMX[f�¬�VTa JML,©�ÂvWefMZeJ}S Q&X JMX[fYJP]'¼V©�¹ ¬	«�VTa JML,©�ÂvWefMZR_ (1
2 − h, 12 + h1

] ¬X�³3©[fM^ J/¹#X�¬ X[f�© L U�VTa JML,©�ÂvWefMZeJ}S
(
1

2
− h+ iy,

1

2
+ h1 + iy

]
, y ∈ Ψg.

��_bZ�ZR_bZ
g(z) 6= 0

S
Gg
QRfYJTQRZR_bZa¬	« S�© X[fM^ J � X L2· QR^ _bVTa	¬ L,©[a�Q�Æ gRQ'±�¸�· � Q�KNMQ X�· � NPORQTf�© J}a3© L&_�N�· g�É ��Q

® We^TZ	¯	¬T]
ln |g(z)| Q�±�9© g ∈ K0

Qg±[_ba L$J}^	¬	³T^ _�S�J�ª�¸h_}X[f�¬
Gg
3�ZTa JML,©vfYJ/±PJTQ�X[W�¼V© X[fMSMW�©[f²ª�© X[ZeJ�µ^3©�³T^ J�© L ^ J�Â!© X[fMSYJ

Mg
±[_ba L$J}^	¬	³3© X[Z	¬'ºR¬ X J}VTa`]'Â!©[^T^TU7º X

ln |g(z)| S Gg
® We^TZ	¯	¬	¹�Q ZeJ}fYJ}aTU�©J}f�¸3¬	³ _�°�fYX ]� aTW�± J}f� aTW�±[_ ^ _ S�©�¼V© X[fMS�©[^T^TW�°
V JMX[fYJP]R^T^TW�°V·

� D5¦ �W9f�§S[Zf9b $�XZU	W9[Zb#[ZYZb3D
	af� �(�U	[Zf9W9dgU�f� �[Zf9W9[Zf�" ##U#§SU��ZYÍXZU �9f�()

¨*WYX[fMc
σ ∈ (h1, h)

¬
T
Ä
g
µ a3©�± W�¸ ]RaT^ _b]\J}a�3¬T^ _bf}_ � ª�©�«�J/± a _b^	¬	³3©[^	¬T]\J�ª/¼ ^ JMX[f�¬�QKL$J�Âv^ JX�³	¬Tf}_bfMc Q�³TfYJ

T > 0
�x·#Ieª}a _�« W�© L�VTa`]TL$J}W�±PJ�¸ cM^TU2¹»³3©[fMU%a3©xºRW�±PJ�¸ cM^	¬TZ

Γ =
⋃4
k=1 Γk

X'S�©[a	À!¬T^ _�µL5¬�S fYJ/³TZR_�º
A
Q
C
Q
D
Q
F
¬�X[fYJ}a J}^ _}L5¬

Γk
Q
1 6 k 6 4

Q�±�9©
Γ1 := [AC]

Q
Γ2 := [CD]

Q
Γ3 = [DF ]

Q
Γ4 := [FA]

Q
A = 1

2 − σ − iT
Q
C = 1

2 + σ − iT
Q
D = 1

2 + σ + iT
Q
F = 1

2 − σ + iT
·��&X[f}_b^ J�µS�¬ L�^ _

Γ
^ _bVTa _bS/¸9©[^	¬3©� S�¬	Â!©[^	¬T]�VTa J}f�¬TSO³ _}X J}SYJ/¹oX[fMa3©x¸ Z	¬�·T�'J/±�¸h_}X[^ J(f�© J}a	¬	¬�SMU2³3©[fYJ}S � X L2· Q^ _bVTa	¬ L,©[a�Q�Æ NxÉ �

Im

∫

Γ

g′(z)
g(z)

dz =

4∑

k=1

Im

∫

Γk

g′(z)
g(z)

dz = 2π[−Pg + Ng(T ) + 2Ng(T, σ)].

�99© X[c
Pg

Ä
X[WRL$L&_*V J}a`]� ZeJ}S(SYX�©xºvV J�¸3°*X J}S
g(z)

� X J/±�¸h_}X[^ J KN%SYX�©%V J�¸3°*X[UÁ® We^TZ	¯	¬	¬
g(z)

¬	«
K0

a _}X[V J�¸ J�Â!©[^TU�S�VTa JML,©�ÂvWefMZ�© (1
2 ,

1
2+h1

] S�©�¼V© X[fMS�©[^T^ J/¹�JMX�¬ � 3
Ng(T )

Ä X[WRL$L&_ ZTa _bfM^ JMX[f�©�¹SYX�©xº�SYJ/«PL$J�Âv^TU7º�^TW�¸9©�¹
g(z)

Q`VTa	¬T^ _�	¸9©�Â _�¼!¬'º»¬T^Tf�©[aTS`_�¸ W (1
2 − iT, 12 + iT

) VTa`]TL$J/¹
Re z = 1

2

3^ _bZeJ}^3©�¯�Q
Ng(T, σ)

Ä X[WRL$L&_�ZTa _bfM^ JMX[f�©�¹!SYX�©xº SYJ/«PL$J�Âv^TU7º�^TW�¸9©�¹�® We^TZ	¯	¬	¬
g(z)

Q�¸9©�Â _�¼!¬'ºSM^TWefMa	¬�VTa`]TL$J}W�±PJ�¸ cM^	¬TZR_
BCDE

Q'±�9©
B := 1

2 − iT
Q
E := 1

2 + iT
·
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¨*a	¬�� fYJML
∫

Γ4

g′(z)
g(z)

dz +

∫

Γ1

g′(z)
g(z)

dz = −
[∫

Γ2

g′(1− z)

g(1− z)
dz +

∫

Γ3

g′(1− z)

g(1 − z)
dz

]
.

�e³	¬TfMU%S`_b]{Q	³TfYJvVTa	¬
bg(z)g(1 − z)g(z) 6= 0

X[VTa _bS�©x	¸3¬TSYJ�a _bS�©[^ X[fMSYJ
b′g(z)

bg(z)
=
g′(z)
g(z)

+
g′(1− z)

g(1− z)
,

^ _�º`J�3¬ L%Q3³TfYJ
4∑

k=1

Im

∫

Γk

g′(z)
g(z)

dz == Im

D∫

F

b′g(z)

bg(z)
dz + Im

C∫

D

b′g(z)

bg(z)
dz ++2 Im

[∫

Γ2

g′(z)
g(z)

dz +

∫

Γ3

g′(z)
g(z)

dz

]
.

��_bZ	¬ L�J�ª}a _�«PJML%Q'	¸ ]^¸3°Jª}U7º
g ∈ K0

Q
σ ∈ (h1, h)

Q
T ∈ Φg

X[VTa _bS�©x	¸3¬TSYJ�a _bS�©[^ X[fMSYJ

−Pg + Ng(T ) + 2Ng(T, σ) =
1

2π
Im

∫

FDC

b′g(z)

bg(z)
dz +

1

π
Im

∫

CDF

g′(z)
g(z)

dz.
� N��

¨*a3© J�ª}a _�« W�© L�f�©[V3©[aTc�V JMXx¸9©x ^3©�©(Xx¸h_�±[_/© L$J�©(SvVTa _bSYJ/¹�³ _}X[f�¬ a _bS�©[^ X[fMS`_ � N��x· �)X�°7 W»h_�¸9©�©
¬ X[V J�¸ c�« W�©[fYX ]�X[f}_b^'h_baTfM^ J�© VTa3©x X[f}_bS/¸9©[^	¬3©R® We^TZ	¯	¬	¬

g(z)
¬	«

K0
S�S�¬'9©

g(z) = u(x, y) +
iv(x, y)

Q3±�9©
(u, v)

Ä V _ba _vX J}VTa`]'Â!©[^T^TU7º²±[_ba L$J}^	¬	³3© X[Z	¬'º S
Gg

® We^TZ	¯	¬	¹�·T� L,©�© L
∫

CDF

g′(z)
g(z)

dz =

∫

Γ2

g′(z)
g(z)

dz +

∫

Γ3

g′(z)
g(z)

dz.

� _�¸9©�©MQ

J :=

∫

Γ2

g′(z)
g(z)

dz =

T∫

−T

[
u
(
1
2 + σ + iτ

)
− iv

(
1
2 + σ + i τ

)]

[
u2
(
1
2 + σ + iτ

)
+ v2

(
1
2 + σ + iτ

)] g′
(
1

2
+ σ + iτ

)
i dτ

=

T∫

−T

[
v
(
1
2 + σ, τ

)
+ iu

(
1
2 + σ, τ

)]

[
u2
(
1
2 + σ, τ

)
+ v2

(
1
2 + σ, τ

)]
[
∂v
(
1
2 + σ, τ

)

∂τ
− i

∂u
(
1
2 + σ, τ

)

∂τ

]
dτ.

I fYX�°7h_

Im J =

T∫

−T

[
u
(
1
2 + σ, y

)
∂v
(

1
2
+σ,y

)
∂y − v

(
1
2 + σ, y

)
∂u
(

1
2
+σ,y

)
∂y

]
dy

[
u2
(
1
2 + σ, y

)
+ v2

(
1
2 + σ, y

)]

=

T∫

−T

[
∂u( 1

2
+σ,y)

∂x u(12 + σ, y) + v( 12 + σ, y)
∂v( 1

2
+σ,y)

∂x

]
dy

[u2(12 + σ, y) + v2(12 + σ, y)]
=

T∫

−T

[
∂

∂x
ln |g(x+ iy)|

] ∣∣∣∣∣
x= 1

2
+σ

dy.

�99© X[c�X�¬ L SYJ�¸ [ ∂
∂x ln |g(x+iy)|

]
x= 1

2
+σ

J/« ^ _�³ _/©[fbQ�³TfYJqSM^ _�³ _�¸9©&^ _�º`J�3¬TfYX ] J�ª}U2³T^ _b]L³ _}X[fM^ _b]
VTa J/¬	« SYJ� ^ _b] ∂

∂x ln |g(x + iy)| Q�_»«k_bf�© L�S�V J�¸ W�³3©[^T^ JML�SMU%a _�Â!©[^	¬	¬ x «k_}L,©[^T]	©[fYX ] ^ _ 1
2 + σ

·
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� ^ _�¸ J/±�¬	³T^ J
∫

Γ3

g′(z)
g(z)

dz =

1
2
−σ∫

1
2
+σ

[u(x, T )− iv(x, T )]

[u2(x, T ) + v2(x, T )]

[
∂u(x, T )

∂x
+ i

∂v(x, T )

∂x

]
dx;

Im

∫

Γ3

g′(z)
g(z)

dz =

1
2
−σ∫

1
2
+σ

[
u(x, T )∂v(x,T )∂x − v(x, T )∂u(x,T )∂x

]

[u2(x, T ) + v2(x, T )]
dx = −

1
2
−σ∫

1
2
+σ

[
∂

∂y
ln |g(x+ iy)|

] ∣∣∣∣∣
y=T

dx.

�S¸9©x J}S`_bf�©x¸ cM^ J � X L2· QT^ _bVTa	¬ L,©[a�Q�Æ NMQ	±�¸�·�i�i�QRV�· NPgRQ X[fMa�·pÏ � É ��Q

Im

∫

Γ2

g′(z)
g(z)

dz + Im

∫

Γ3

g′(z)
g(z)

dz =

1
2
−σ+iT∫

1
2
+σ−iT

−∂W
∂y

dx+
∂W

∂x
dy

= µ

(
1

2
− σ + iT

)
− µ

(
1

2
+ σ − iT

)
,

±�9©
W (x, y) := ln |g(x+ iy)| QT_ µ(x, y) Ä ¸3°JªY_b]»® We^TZ	¯	¬T]>¬	«�L ^ J�Â!© X[fMS`_

Mg
±[_ba L$J}^	¬	³3© X[Z	¬'º

¬�X J}VTa`]'Â!©[^T^TU7º � S
Gg
��X

ln |g(x + iy)| ® We^TZ	¯	¬	¹�·)��_bZ	¬ L�J�ª}a _�«PJML%Q)a _bS�©[^ X[fMSYJ � N���L$J�Âv^ JV3©[a3©[V	¬ XP_bfMcoXx¸9©x W�°e¼!¬ L�J�ª}a _�«PJML2Ë
(∀ g ∈ K0) (∀σ ∈ (h1, h)) (∀T ∈ Φg) (∀µ ∈ Mg)

− Pg + Ng(T ) + 2Ng(T, σ)

=
1

2π
Im

∫

FDC

b′g(z)

bg(z)
dz +

1

π

[
µ

(
1

2
− σ + iT

)
− µ

(
1

2
+ σ − iT

)]
.
� g��

�99© X[c
FDC

Ä X[VTa`]TLZ¸ ]	© L&_b] ZTa	¬TS`_b]{QhX JMX[fYJP]'¼v_b]�¬	«O SMW#º�VTa`]TL$J�¸3¬T^3©�¹T^TU7º J}fMa3©�« ZeJ}S
[F,D]¬

[D,C]
QTX*^ _�³ _�¸ JML�S�fYJ/³TZ�©

F = 1
2 − σ + iT

¬�ZeJ}^	¯ JMLÃÄ�SvfYJ/³TZ�©
C := 1

2 + σ − iT
·

I�X[^ J}SM^ _b]^¯3©x¸ c!h_b^T^ J/¹�a _/ªMJ}fMU «k_bZ'¸3°e³ _/©[fYX ]�S fYJML%Q�³TfYJ�ª}U�V J}VTU%f}_bfMcYX ]�SMU%a _�«�¬TfMcvS�©x¸3¬'µ
³	¬T^TU

Pg
Q
Ng(T )

¬
Ng(T, σ)

³3©[a3©�« ZR_bZ	¬3©xµ fYJVºe_ba _bZTf�©[a	¬ X[f�¬TZ	¬�Q ^3©[V JMX[a3©x X[fMS�©[^T^ J�X[SM]'«k_b^T^TU�©X �bL ^ J�Â�¬Tf�©x¸9© L �,¬ L&_b^ _ �
bg(z)

·`� Xx¸9©x W�°e¼V© L�V _ba _�± a _/®L©79©x¸h_/©[fYX ]�V3©[aTSMU2¹»Àv_�±qS(a3©�ÀV©[^	¬	¬V JMX[f}_bS/¸9©[^T^ J/¹�«k_�h_�³	¬�·
� D�] �ZXZb/§Sb��,b#[ZYZbk�ZY  ��,U

Pg

¨*WYX[fMc Q�ZR_bZ\SMU2ÀV©MQ
σ ∈ (h1, h)

Q�_
T
Ä V J�¸ J�Â�¬Tf�©x¸ cM^ _b]

g
µ a3©�± W�¸ ]RaT^ _b]!J}a�3¬T^ _bf}_'· 	*a JML,©SMS�©x9©[^T^TU7º�fYJ/³3©[Z

A
Q
C
Q
D
Q
F
Q
B
Q
E
a _}X X L$J}fMa	¬ LÍ©�¼V© fYJ/³TZTW

O :=
{
1
2

} ·3¨*a J}S�©x9© L�VTa JMX[fMW�°X[VTa`]TLZ¸ ]	© L W�°�ZTa	¬TSMW�°
γ1
X'^ _�³ _�¸ cM^ J/¹�fYJ/³TZeJ/¹

F
¬ ZeJ}^3©�³T^ J/¹>Ä

O
f}_bZ�Q/³TfYJ�ª}U�SYX�©)JMX[f}_�¸ cM^TU�©fYJ/³TZ	¬(ZTa	¬TSYJ/¹

γ1
VTa	¬T^ _�	¸9©�Â _�¸3¬ SM^TWefMa3©[^T^ JMX[f�¬

S
VTa`]TL$J}W�±PJ�¸ cM^ J/±PJ�fMa3©[W�±PJ�¸ cM^	¬TZR_

FOE
·�¨*a	¬

� fYJML�ZTa	¬TSMW�°
γ1
VTa J}S�©x9© L ^ _}X[fYJ�¸ cMZeJ�ª�¸3¬	« ZeJ Z J}fMa3©�« ZTW

[F, 0]
Q�³TfYJ%SYX�©$SYJ/«PL$J�Âv^TU�©¡^TW�¸3¬ � © Xx¸3¬J}^	¬�© X[fMc%�7® We^TZ	¯	¬	¬

g(z)
Q VTa	¬T^ _�	¸9©�Â _�¼!¬3©O«k_}L ZT^TWefYJ/¹ J�ª�¸h_}X[f�¬�Q J/± a _b^	¬	³3©[^T^ J/¹#ZTa	¬TSYJ/¹

γ1
¬X�©�±PL,©[^TfYJML

[F, 0]
Q ^ _�º`J� ]RfYX ]a¸3¬	À c�^ _

[F, 0]
·
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¨*a J}S�©x9© L�©�¼V©¡ZTa	¬TSMW�°
γ2
X¡^ _�³ _�¸ JML S

O
¬ ZeJ}^	¯ JML S

C
QbX�¬ L$L,©[fMa	¬	³T^TW�°�X

γ1
J}fM^ JMX�¬Tf�©x¸ c/µ^ J fYJ/³TZ	¬

O
·e�KJ/±�h_

γ2
Ä VTa JMX[f}_b]�X[VTa`]TLZ¸ ]	© L&_b]�ZTa	¬TS`_b]{QRSYX�©�fYJ/³TZ	¬�ZeJ}fYJ}a J/¹�QTZTa JML,©�^ _�³ _�¸ c/µ^ J/¹�¬ ZeJ}^3©�³T^ J/¹�Q�¸9©�Â _bf SM^TWefMa	¬�fMa3©[W�±PJ�¸ cM^	¬TZR_

OBC
·�	*a	¬TSMW�°

γ2
L$J�Âv^ J�S�« ]RfMc�^ _}X[fYJ�¸ cMZeJ

ª�¸3¬	« ZeJ�Z
[O,C]

� «k_ X�³3©[f�VTa	¬3ª�¸3¬	Â!©[^	¬T]
γ1
Z
[F,O]

��Q	³TfYJ
g(z) 6= 0

S�J�ª�¸h_}X[f�¬�Q J/± a _b^	¬	³3©[^T^ J/¹
γ2 ∪ [OC]

·
¨ J�¸ J�Â�¬ L

γ := γ1 ∪ γ2
· �'J/±�¸h_}X[^ J�f�© J}a	¬	¬ SMU2³3©[fYJ}S

2π

[
−Pg +

Ng(T )

2
+ Ng(T, σ)

]
= Im

D∫

C

g′(z)
g(z)

dz + Im

F∫

D

g′(z)
g(z)

dz + Im

∫

γ

g′(z)
g(z)

dz,

¬'¸3¬�QTVTa3© J�ª}a _�« WM]�V JMXx¸9©x ^	¬	¹²¬T^Tf�©�± a _�¸²¬�W�³	¬TfMU%S`_b]{Q	³TfYJ
g′(z)
g(z)

+
g′(1− z)

g(1 − z)
=
b′g(z)

bg(z)
(∀ z ∈ γ2),

2π[−2Pg + Ng(T ) + 2Ng(T, σ)] = 2 Im

D∫

C

g′(z)
g(z)

dz + 2 Im

F∫

D

g′(z)
g(z)

dz + 2 Im

∫

Γ2

b′g(z)

bg(z)
dz.

��_bZ	¬ L�J�ª}a _�«PJML%Q
(∀σ ∈ (h1, h) (∀T ∈ Φg) (∀ g ∈ K0)

− 2Pg + Ng(T ) + 2Ng(T, σ)

=
1

π
Im

D∫

C

g′(z)
g(z)

dz +
1

π
Im

F∫

D

g′(z)
g(z)

dz +
1

π
Im

C∫

O

b′g(z)

bg(z)
dz.

��� �

�&Xx¸3¬�f�©[V3©[aTc�SMU2³3© X[fMc ��� ��¬	« � N���QTfYJ�L U�VTa	¬'9© L�Z�a _bS�©[^ X[fMSMW

Pg =
1

2π
Im

∫

FDC

b′g(z)

bg(z)
dz +

1

π
Im

O∫

C

b′g(z)

bg(z)
dz.

� Ï%�

M J}a L W�¸h_ � Ï%��V J}ZR_�« U%S`_/©[fbQ�³TfYJL« ^ _�³3©[^	¬3©
Pg

]RS/¸ ]	©[fYX ]oJ}VTa3©x9©x¸9©[^T^TUqL!J}V3©[a _bfYJ}a JML � ® We^TZ	¯	¬'µJ}^ _�¸ JML �'J}f
bg(z)

·T�,¹�L$J�Âv^ J VTa	¬'h_bfMc>ªMJ�¸9©�©*ZeJML V _bZTfM^TU2¹ S�¬'�·'¨*a3©x S`_ba	¬Tf�©x¸ cM^ J�J�ªMJ/« ^ _�³	¬ L
X�¬ L SYJ�¸ JML

P̃g
X[WRL$L W#V J}a`]� ZeJ}S SYX�©xº V J�¸3°*X J}S²® We^TZ	¯	¬	¬

bg(z)
¬	«vV J�¸ JMX[U

E
1
2
+h1

1
2
−h

� X J/±�¸h_}X[^ J
¬ X�º`J� ^TUqL�VTa3©x	¸ J�Â!©[^	¬T]TL%Q SYX�© � f�¬�V J�¸3°*X[U�VTa	¬T^ _�	¸9©�Â _bfoVTa JML,©�ÂvWefMZTW (1

2 ,
1
2 + h1

] �x· �KJ/±�h_
1

2
Im

∫

FDC

b′g(z)

bg(z)
dz + Im

O∫

C

b′g(z)

bg(z)
dz

=
1

2
Im

∫

FDCOF

b′g(z)

bg(z)
dz + Im

O∫

C

b′g(z)

bg(z)
dz +

1

2
Im

∫

FOC

b′g(z)

bg(z)
dz = π(P̃g − Ñσ(T, σ).

�99© X[c
Ñσ(T, σ)

Ä X[WRL$L&_�ZTa _bfM^ JMX[f�©�¹!SYX�©xº SYJ/«PL$J�Âv^TU7º�^TW�¸9©�¹
bg(z)

Q{ZeJ}fYJ}aTU�©oL$J/± Wef�^ _�º`J�µ
3¬TfMcYX ]�S VTa JML,©�ÂvWefMZ�©�S�©�¼V© X[fMS�©[^T^ J/¹�JMX�¬ [1

2 +h1,
1
2 +σ

) QYZeJ}fYJ}aTU2¹Ì¸9©�Â�¬Tf SM^TWefMa	¬ofMa3©[W�±PJ�¸ c/µ^	¬TZR_
FDC

·T��_bZ	¬ L�J�ª}a _�«PJML%Q
Pg = P̃g − ˜Nσ(T, σ)

·
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F�D�] �ZXZb/§Sb��,b#[ZYZb²W9b��,YJ�ZYZ[
Ng(T )

Y
Ng(T, σ)

D
]! �[Zf9W9[Zf9b� �f9f�('[Zf���b#[ZYZb^§/� � d1�,U� � �U

K0

¨*WYX[fMc
σ ∈ (h1, h)

Q
g ∈ K0

·{�J«�J�ª}U2³T^ J/¹�f�© J}a3© L U@©x3¬T^ X[fMS�©[^T^ JMX[f�¬�	¸ ]�_b^ _�¸3¬Tf�¬	³3© X[ZeJ/¹
® We^TZ	¯	¬	¬vXx¸9©x W�©[f SJh_b^T^ JML Xx¸ W�³ _/© � X)W�³3©[fYJML J}V	¬ XP_b^T^TU7ºvSMU2ÀV©)X[SYJ/¹ X[fMSL® We^TZ	¯	¬	¹V¬	«)Z'¸h_}X XP_
K0

��Q�³TfYJ L ^ J�Â!© X[fMSYJ
Φg

SYX�©xº
g
µ a3©�± W�¸ ]RaT^TU7º J}a�3¬T^ _bf#SYX�°7 W�V'¸ J}fM^ J S

(−∞, 0) ∪ (0,+∞)
Q_%L ^ J�Â!© X[fMSYJ

Ψg
SYX�©xº

g
µ ^3©[a3©�± W�¸ ]RaT^TU7º J}a�3¬T^ _bf*L$J�Âv^ JqSYX�©�±�h_qVTa3©x X[f}_bS�¬TfMc*SqS�¬'9© {±tn}Nn=1

Q
±�9©

1 6 N 6 ∞ ¬
tn ↑ +∞ VTa	¬

N = +∞ ·h�{_/®�¬TZeX�¬TaTW�© L�ZR_bZTW�°�µ¿¸3¬3ªMJ
g
µ ^3©[a3©�± W�¸ ]RaT^TW�° J}a'µ

3¬T^ _bfMW
τ0
� ª�©�« V J}f�©[a	¬oJ�ª/¼ ^ JMX[f�¬�L$J�Âv^ J X�³	¬Tf}_bfMc Q#³TfYJ

0 < τ0
�5¬�^ _�¹'9© L� S�©qV JMXx¸9©x J}S`_bf�©x¸ c/µ

^ JMX[f�¬ {T (j)
k }∞k=1

Q
j = 1, 2, g

µ a3©�± W�¸ ]RaT^TU7ºoJ}a�3¬T^ _bf f}_bZ	¬3©MQ�³TfYJ VTa	¬
k → ∞ T

(1)
k ↑ τ0

Q
T
(2)
k ↓ τ0

Q
VTa	¬	³3© L Se¬T^Tf�©[aTS`_�¸9©

(T
(1)
1 , T

(2)
1 )

� _RQ}Xx¸9©x J}S`_bf�©x¸ cM^ JTQ�¬ S�¸3°JªMJML�¬T^Tf�©[aTS`_�¸9©
(T

(1)
k , T

(2)
k )

Q
k > 1

�

g
µ ^3©[a3©�± W�¸ ]RaT^TU7º J}a�3¬T^ _bfbQ ZTa JML,©

τ0
QT^3©[f�·3¨ J�¸ J�Â�¬ L�VTa	¬

k = 1, 2, 3, . . .
Q
j = 1, 2,

A
(j)
k :=

(
1

2
− σ − iT

(j)
k

)
, C

(j)
k :=

(
1

2
+ σ − iT

(j)
k

)
,

D
(j)
k :=

(
1

2
+ σ + iT

(j)
k

)
, F

(j)
k :=

(
1

2
− σ + iT

(j)
k

)

¬�SYJMX[V J�¸ c�« W�© L$X ]�® J}a L W�¸ J/¹ � g���Q X J/±�¸h_}X[^ J�ZeJ}fYJ}a J/¹ VTa	¬
T = T

(j)
k

− Pg + Ng(T
(j)
k ) + 2Ng(T

(j)
k , σ)

=
1

2π
Im

∫

F
(j)
k D

(j)
k C

(j)
k

b′g(z)

bg(z)
dz +

1

π

[
µ

(
1

2
− σ + iT

(j)
k

)
− µ

(
1

2
+ σ − iT

(j)
k

)]

� «�9© X[c QhZR_bZR¬#a _b^Tc�ÀV©MQ
µ(x, y)

Ä VTa J/¬	« SYJ�¸ cM^ _b]�® We^TZ	¯	¬T]²¬	« L ^ J�Â!© X[fMS`_
Mg

�x·gI fYX�°7h_�VTa	¬
¸3°JªMJML

k > 1

Ng(T
(2)
k )−Ng(T

(1)
k ) + 2

[
Ng(T

(2)
k , σ)−Ng(T

(1)
k , σ)

]

=
1

2π

[
Im

∫

F
(2)
k D

(2)
k C

(2)
k

b′g(z)

bg(z)
dz − Im

∫

F
(1)
k D

(1)
k C

(1)
k

b′g(z)

bg(z)
dz

]

+
1

π

[
µ

(
1

2
− σ + iT

(2)
k

)
− µ

(
1

2
− σ + iT

(1)
k

)]

+
1

π

[
µ

(
1

2
+ σ − iT

(1)
k

)
− µ

(
1

2
+ σ − iT

(2)
k

)]
.

� Ê��

�&Xx¸3¬v^ JML,©[a
k > 1

^3© J/± a _b^	¬	³3©[^T^ J*SYJ/« a _}X[f}_/©[fbQMfYJ�¸9©[S`_b]!³ _}X[fMc*a _bS�©[^ X[fMS`_ � Ê���X[fMa3© L5¬TfYX ] ZZeJ}^3©�³T^ JML WO³	¬ Xx¸ W
2α0+4β0

Q�±�9©
α0 = α0(g)

Ä�ZTa _bfM^ JMX[fMc*SYJ/«PL$J�Âv^ J/±PJ*^TW�¸ ]
g(z)

S�¬'h_ 1
2+iτ0

Q_
β0 = β0(g)

Ä X[WRL$L&_�ZTa _bfM^ JMX[f�©�¹ SYX�©xº � f}_bZ	Â!© SYJ/«PL$J�Âv^TU7º��q^TW�¸9©�¹#fYJ/¹�Â!©!® We^TZ	¯	¬	¬
g(z)

Q
¬ L,©�°e¼!¬'º�S�¬' 1

2 + x + iτ0
Q
0 < x 6 h1

·K� J�fYJ/±�h_�¬\VTa _bS`_b]�³ _}X[fMc#a _bS�©[^ X[fMS`_ � Ê��e J�¸3Âv^ _X[fMa3© L5¬TfMcYX ]vZ fYJML WOÂ!©'VTa3©x9©x¸ W
2α0+4β0

QbZR_bZeJ}S`_�ª}U ^	¬�ª}U7¸h_e® We^TZ	¯	¬T]
µ
¬	«

Mg
�x·/¨*a	¬ � fYJMLS�©x¸3¬	³	¬T^TU

α0
¬
β0
L$J/± WefvVTa	¬T^	¬ L&_bfMc>¸3¬	À c�« ^ _�³3©[^	¬T]

1, 2, . . .
ÄÇ¬�SYX�©�±�h_ � f}_bZ�ZR_bZ

τ0 ∈ Ψg
�

2α0 + 4β0 > 2
·
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¨*a3© J�ª}a _�« W�© L�f�©[V3©[aTc�V3©[aTSYJ�© Xx¸h_�±[_/© L$J�© VTa _bSYJ/¹²³ _}X[f�¬�a _bS�©[^ X[fMS`_ � Ê��x· � L,©�© L

ν :=

∫

F
(2)
k D

(2)
k C

(2)
k

b′g(z)

bg(z)
dz −

∫

F
(1)
k D

(1)
k C

(1)
k

b′g(z)

bg(z)
dz =

∫

F
(2)
k D

(2)
k D

(1)
k

(·) dz +
F

(1)
k∫

D
(1)
k

(·) dz +
C

(2)
k∫

C
(1)
k

(·) dz.

�99© X[c>¬ah_�¸9©�©
(·) = b′g(z)

bg(z)

·9I fYX�°7h_

Im ν = Im
∫

F
(2)
k D

(2)
k D

(1)
k F

(1)
k F

(2)
k

(·) dz + Im
F

(1)
k∫

F
(2)
k

(·) dz + Im
C

(2)
k∫

C
(1)
k

(·) dz

= Im
∫

F
(2)
k D

(2)
k D

(1)
k F

(1)
k F

(2)
k

(·) dz + Im
F

(1)
k∫

F
(2)
k

[
b′g(z)

bg(z)
+

b′g(1−z)
bg(1−z)

]
dz

= Im
∫

F
(2)
k D

(2)
k D

(1)
k F

(1)
k F

(2)
k

(·) dz + 2 Im
F

(1)
k∫

F
(2)
k

b′g(z)

bg(z)
dz = 2 Im

F
(1)
k∫

F
(2)
k

b′g(z)

bg(z)
dz = −2 Im

F
(2)
k∫

F
(1)
k

b′g(z)

bg(z)
dz.

�e³	¬TfMU%S`_b]{Q	³TfYJ
lim
k→∞

F
(2)
k∫

F
(1)
k

b′g(z)

bg(z)
dz = 0

Q	¬	« � Ê��'V J�¸ W�³	¬ L

2π(α0 + 2β0) = lim
k→∞

{[
µ

(
1

2
− σ + iT

(2)
k

)
− µ

(
1

2
+ σ − iT

(2)
k

)]

+

[
µ

(
1

2
+ σ − iT

(1)
k

)
− µ

(
1

2
− σ + iT

(1)
k

)]}
.

� È��

¨*a	¬ � fYJML\X JMJ}fM^ J/ÀV©[^	¬3© � È�� X[VTa _bS�©x	¸3¬TSYJL	¸ ]�¸3°JªMJ/¹Ì® We^TZ	¯	¬	¬
µ(x, y)

¬	«
Mg

Q�© Xx¸3¬
g ∈ K0

¬
σ ∈ (h1, h)

· � f�¬ L�J�ªMX[fYJP]Rf�©x¸ cYX[fMSYJML�L$J�Âv^ JoSYJMX[V J�¸ c�«PJ}S`_bfMcYX ]�¬�Q V J�9ª/¬Ta _b] V J�	º`J� ]'¼!¬ L�J�ª�µa _�«PJML�® We^TZ	¯	¬	°
µ
QPV J�¸ W�³	¬ L²¬	« � È��B JMX[f}_bfYJ/³T^ J�º`J}a J/À!¬3©'J/¯3©[^TZ	¬ X[S�©[a�ºRW�	¸ ] V J�¸ J�Â�¬Tf�©x¸ cM^ J/¹S�©x¸3¬	³	¬T^TU

α0 + 2β0
·K�J«�¸ J�Â!©[^	¬	° V J�¸ W�³3©[^T^TU7º\^ _ � fYJML�VTWef�¬\a3©�« W�¸ ckf}_bfYJ}S VTa3©x V J�¸h_�±[_/©[fYX ]V JMX[SM]Rf�¬TfMcoJ}f�9©x¸ cM^TW�°
X[f}_bfMc�°V·

?BD�]O§SYZ[ �Zf�§Sd1�,U� � �d1�,U� � �U
K0

\' �W � ##U	[Z[ !"  �f � ��Y5ceYÁX � §SU3ceY �RYZXZY ���,b

IeªMJ/« ^ _�³	¬ L X�¬ L SYJ�¸ JML
K1

L ^ J�Â!© X[fMSYJ!SYX�©xºÃ® We^TZ	¯	¬	¹
g(z)

Q¡J�ª�¸h_�h_�°e¼!¬'º�Xx¸9©x W�°e¼!¬ L5¬X[SYJ/¹ X[fMS`_}L5¬�Ë
i��
g(z)

]RS/¸ ]	©[fYX ]�X[WRL$L$J/¹�a`]�h_��O¬Ta	¬'º�¸9©
g1+

∞∑
k=2

gke
−λkz Q�¬ L,©�°e¼V©�±PJ ZeJ}^3©�³T^TW�° _/ªMX�¯	¬ X X[W

ag
_/ªMX J�¸3°�fM^ J/¹oX�º`J�3¬ L$JMX[f�¬ � f�·�©�·

ag < +∞ � 3}VTa	¬ � fYJMLR	¸ ]V¸3°JªMJ/±PJ
k > 1 gk ∈ C

Q
gk = gk(g)

Q
g1 6= 0

3
ag ∈ [12 ,+∞)

3N�� ∀ z ∈ Eag g(z̄) = g(z)
3g�� ∀ k > 2 λk = λk(g) ∈ R+ = (0,+∞)

¬
0 < λ2 < λ3 < . . . < λk ↑ +∞ 3

� �g® We^TZ	¯	¬T]
g(z)

_b^ _�¸3¬Tf�¬	³3© X[Z	¬ VTa J� J�¸3Â _/©[fYX ]�¬	«
Eag

S
E 1

2
−h
Q�±�9©

h = h(g)
Ä�ZR_bZeJ�©xµ¿¸3¬3ªMJ

³	¬ Xx¸ Je¬	«7¬T^Tf�©[aTS`_�¸h_
(x0− 1

2 ,+∞)
QM_
x0
Ä � ©x3¬T^ X[fMS�©[^T^TU2¹ ��S�©�¼V© X[fMS�©[^T^TU2¹�ZeJ}a3©[^Tc Wea _bSM^3©[^	¬T]

|g1| =
∑∞

k=2 |gk|e−λkx
3bVTa	¬!� fYJML � VTa J� J�¸3Â!©[^T^ _b]��S® We^TZ	¯	¬T]

g(z)
_b^ _�¸3¬Tf�¬	³T^ _*SYJ�SYX�©xº fYJ/³TZR_�º
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«k_}L ZT^TWefYJ/¹!V J�¸ WeV'¸ JMX[ZeJMX[f�¬
E 1

2
−h
Qg«k_a¬ X[Z'¸3°e³3©[^	¬3© L%Q5ª}U%fMc L$J�Â!©[fbQ�ZeJ}^3©�³T^ J/±PJ�³	¬ Xx¸h_�fYJ/³3©[Z�Q

a _}X[V J�¸ J�Â!©[^T^TU7º#SvVTa JML,©�ÂvWefMZ�©
(12 , x0]

¬�]RS/¸ ]'°e¼!¬'º`X ]�V J�¸3°*XP_}L5¬
g(z)

3
Ï%��® We^TZ	¯	¬T]

g(z)
J}f�¸3¬	³T^ _�J}fo^TW�¸ ] SYJ�SYX�©xº fYJ/³TZR_�º X�©�±PL,©[^Tf}_

[12 − h, x0]
Q SoZeJ}fYJ}aTU7º J}^ __b^ _�¸3¬Tf�¬	³T^ _)3

Ê��)S>«k_}L ZT^TWefYJ/¹#V J�¸ JMX�©
E

1
2
+h

1
2
−h

® We^TZ	¯	¬T]
g(z)

W� J}S/¸9©[fMSYJ}a`]	©[f^® We^TZ	¯	¬ J}^ _�¸ cM^ JML W�Wea _bSM^3©xµ
^	¬	°

g(z) = bg(z)g(1 − z)
Q�VTa	¬	³3© LÅ® We^TZ	¯	¬T]

bg(z)
W� J}S/¸9©[fMSYJ}a`]	©[f�WYXx¸ J}S�¬T]TL È���¬!j���¬	« KNMQS�ZeJ}fYJ}aTU7º

h1 = x0 − 1
2

·�J«%J}VTa3©x9©x¸9©[^	¬T]vZ'¸h_}X XP_
K1

Xx¸9©x W�©[fbQ/³TfYJ
K1 ⊆ K0

·�¨ J�� fYJML WO	¸ ]V® We^TZ	¯	¬	¹!¬	«)Z'¸h_}X XP_
K1X[VTa _bS�©x	¸3¬TSMU�SYX�©*a3©�« W�¸ ckf}_bfMU Q V J�¸ W�³3©[^T^TU�© S  *gPd#Ï3·"#J�Â!©[fRª}U%fMc QKXP_}L UqLÅ¬T^Tf�©[a3© X[^TUqL ZeJ}^TZTa3©[fM^TUqL VTa	¬ L,©[a JML ® We^TZ	¯	¬	¬�¬	«�Z'¸h_}X XP_

K1
]RS/µ

¸ ]	©[fYX ]Á3«�©[f}_�µs® We^TZ	¯	¬T]��,¬ L&_b^ _
ζ(z)

·)	 _bZÁº`J}a J/À J½¬	« S�© X[fM^ J � X L2· Q¡^ _bVTa	¬ L,©[a�Q�Æ � Q�Ï/É ��Q)J}^ _a3©�± W�¸ ]RaT^ _vS�ZeJ�¸ c�¯3©
0 < |z − 1| < +∞ Q	¬ L,©�©[f�S�fYJ/³TZ�© z = 1

VTa JMX[fYJ/¹ V J�¸3°*XL¬�S�V J�¸ WeV'¸ JMXxµZeJMX[f�¬
E1
]RS/¸ ]	©[fYX ] X[WRL$L$J/¹ J�ª}U%ZT^ J}S�©[^T^ J/±PJ�a`]�h_(�O¬Ta	¬'º�¸9©�Ë

ζ(z) = 1 +
∞∑

n=2

n−z = 1 +
∞∑

n=2

1 · e−z lnn,

	¸ ] ZeJ}fYJ}a J/±PJ
aζ = 1

Q
x
(ζ)
0 ∈ (1, 2)

Ä ZeJ}a3©[^Tc Wea _bSM^3©[^	¬T]
1 =

∑∞
n=2 n

−x Q bζ(z) =

2(2π)z−1 sin πz
2 Γ(1 − z)

· � h_b^T^ JMLsXx¸ W�³ _/©�L$J�Âv^ J V J�¸ J�Â�¬TfMc
h1 = h1(ζ) = x

(ζ)
0 − 1

2

Q_�S�ZR_�³3© X[fMS�©
h = h(ζ)

S�« ]RfMcÌ¸3°JªMJ�©V³	¬ Xx¸ J^¬	«V¬T^Tf�©[aTS`_�¸h_
(h1,

5
2)
·�"#J�Âv^ J�f}_bZ	Â!©vV J�¸ J�Â�¬TfMc

h1(ζ) = aζ = 1
Q _�S#ZR_�³3© X[fMS�©

h(ζ)
S�« ]RfMc�¸3°JªMJ�©»³	¬ Xx¸ J�¬	«^¬T^Tf�©[aTS`_�¸h_

(1, 52)
·Z¨*a	¬ X�9©x¸h_b^'µ^ JML SMU�ªMJ}a3©Ì³	¬ X�©x¸

h
¬
h1

�bL ^ J�Â�¬Tf�©x¸ c��,¬ L&_b^ _ �
bζ(z)

W� J}S/¸9©[fMSYJ}a`]	©[f WYXx¸ J}S�¬T]TL¾È�� dTj���¬	«
�NMQ{J}fMZTW�h_

ζ(z) ∈ K1
·��S¸9©x J}S`_bf�©x¸ cM^ JTQg	¸ ]²3«�©[f}_�µs® We^TZ	¯	¬	¬�X[VTa _bS�©x	¸3¬TSMU SYX�© a3©�« W�¸ ckf}_bfMU

¬	«  ogPd#ÏR¬�Q S�³ _}X[fM^ JMX[f�¬�Q&X JMJ}fM^ J/ÀV©[^	¬T] � N�� d � È���Q S ZeJ}fYJ}aTU7º ^ _� J V J�¸ J�Â�¬TfMc
g(z) = ζ(z)

Q
bg(z) = 2(2π)z−1 sin πz

2 Γ(1− z)
·

�²Y ('b#XZU�(%$�XZU

Ó �31��S��&P	���Fv@:<=Qa* �)���Rm,u/m�o���}��e��j�u�q5o�npvxu�}�}Jm�|�m�y�}/ox}�l/npqp��}���~�j�|/����}���� �3�O� 4�N#h u��e¥7� Ó�57O�Ó � ��8780!2qx�
Ñ ��rD@7YT����2J%'@ 12��* �
g�|�m�y�}/ox}�l/npqp��}/nZ~�j�|/����}�}�� �3�O� 4��Smpj���m�� Ó�57O76 � � 9�Ô�Ó qx�8���;=<�/PQ0���S��� rf�A(��)h'npvxu�}/r7��ipnpoxm��G~�j�|/����}�}e¤	}/z9m�|�m�� �3�O� 4�h,is�/� {�v�}�|/vxqpo�u#��y�}/ox�Eu��,� Ó�5 !:8�� � 9�Ò�Ô qx�
9 �*2�� .������/6�4 �AB2� ® : � 8!9 ����f ��� � � 9*M � ��Ð�� : �A� � � � � 
�� 4A� � � ��� " � � ; : Ð 9 � : �A��� � g ��Ð � # : ��� � ����� 9�� Ñ�ÒxÒ�Ó � ��8 Ó ! � �

�����������
	��������	������/���c���������-�����������/ #"
��0,)�0���N�,+,*,P
� )�* �
	WN��_0,)�0,'�*,1
���|��g�Lz9m�o�npz9m�ox}�l/npqp��}���}�|/qpox}/oxj�o[�¶~�}�y�}�m�y�������¤?g��7�
YTZ��'@:��5�U$�?�v	=Q7��5�UA(S%0/S�
	�3?�)<�& %0/�3LFvZ��[���0/0Fv���0/�<=Q
F(T&)%'Y'%M���?�'Z
<����
¤�×��E��hSÖ���8 O�Ñ�Ò�ÑxÔ ���9y�m��/}/��m�{���m�ix��j�y����Jm�u���j�q�m�� ÑxÑ7	�48!9�: ;�4�]A[�BFD�\�@9Z��£J4B�#L£J4B�L



� "�����1#"��k�����B��$	�	��$� ��B��� - ��$ - � - �	���������V���k" - � - " ��$	0 � �2 	$	���	�	� Ï`O
d�epsWi�f,g/`ci ��h�g/i�d�epd�k��£b�`!d
fSk¡d�` � ��l �
f�f

d�k \ b�`!d�\ d�`^]�q�i �nk&h�e ��g/i�d�e
f

uc��y�� � ~�� �|{�z|�Sm ��·Kk7·

g ����� : � 9 � � : Ð ; � ��� 8 � Ð ; 9 ���
K0

��� 8 ��� � 8 � ��� � : Ð¥� � ��Ð�� : �A��� : � : �F� � ��� � Ð � � ��7 9 Ð���� � ��Ð�� : �A� y(z) � � � 8 K0
� 9 � : � ¤�� �

��� � � � ��Ð�� : �A� 9�; ���F� 9 � : �A� y(z) = by(z)y(1 − z) ¢ : ��� : ���W��¢Q� � ® : � 8!9 ����f � 8 � ; � : � ; : ��� � by(z)
¢Q� : Ð�� : � 98 ��� � 8 � ��� � : Ð�� � ��Ð�� : �A��¢ : ��� ��� 9�; : ��� �A� 9 ��� � � ; � � � � ; ; � � ; � �c��� 9 � 9 � � : � � 9 � � � � ��Ð�� : �A��� � � 8 K0
9 ���W��� 9�;

9 ��� � � ; �A� � ���c��� � : �F� ��� �A9�; ( 1
2
, 1
2
+ h1]

�
h1 = h1(y)

��! � : � � ��� � ��� � � � � ��� ��� � : � ��� �&¢ ����� � � � ��� 8 ����� ; 9 � : �A�
Ð#�A��� � Ð�� : � � ��� � ��� ; ; ��¢ : � � 8!9 � � : � � � � � 4

Py
� ��� � � � 8 ��� 9�; ; � � � ��� ����� � � ; � ����� y ∈ K0 � Ny(T )

� ��� � � � 8 ���8 � ; � : � ; : Ð : � : � �&��� 9�; ; : ��� �A�&��� y � 9���: � � ��� � ��� � 8 1
2
+ iτ

�
|τ | < T � Ny(T, σ)

� ��� � � � 8 ��� 8 � ; � : � ; : Ð : � : � �¡��� 9�; ;
: ��� �A�Q��� y ¢Q� : Ð�� ; : � � : ��� : � � ��� �¡��� Ð�� 9 � � ; � ¢ : ��� � ��� � : Ð � � A = 1

2
− σ − iT

�
C = 1

2
+ σ − iT

�
D = 1

2
+ σ + iT

�
F = 1

2
− σ + iT

��e �����
T
: � 9 y

� ���#�A� ; 9 � � � � : � 9 � � � ��� 9 � : � � y(z) : � 9 � 9�; � � : Ð 9 ��� � 9 �����$: ��� �A���A� ��� � ; : � �
Im z = T

�
Re z ∈ R

�
σ ∈ (h1, h)

�
h = h(y)

�
σ
: �5Ð����A� � � : ��� � Ð�� 9/8!9 ��� ��� ��� 9 � y(z) 6= 0 �A�
��� � � �#� 8 � �F���

[F, A]
9 ��� [C,D]

�X� � �W��� � � ; � 8 ��� ¤ ��� : � � ��� � 8!9 � � : � � � � �/���
Py
�

Ny(T )
9 ���

Ny(T, σ)
¢ : ������� � � � ; �

���SÐ#� ����� � � �A��� : � � Ð�� 9 � 9 Ð�� ��� : ��� : Ð#��������� � � ® : � 8!9 ����f � 8 � ; � : � ; : ��� � by(z)
: � � �A� � � �X� � : � ��� � � ; � 8 : �c��� ; � � �: � ��� ��� 9 �6��� ��� �

Py
� #�� ��� � � ��� � ��� � � � � 9�: � � � ���F� 9�; : � � � � 9 � ; � ���A� � ���
� � � � Ð � 9 � ��¤ � : � ����� ; 9 � : �A����� � ; � � �� 9 � �����¥¢Q� : Ð��OÐ#�A�F� 9�: ���&��� � � � 8 � ��� 2αT0

+ 4βT0

¢Q� ����� T0
: � 9 � � : � � 9 � � y

� ���A� ���#�A� ; 9 � � � � : � 9 � � � αT0

: �&��� �8 � ; � : � ; : Ð : � : � ����� 9�; ; � �A��� : � ; � : ��� �¡��� y ������� � ��� � 8 1
2
+iT0

�
βT0

: �_��� � � � 8 ��� 8 � ; � : � ; : Ð : � : � ����� 9�; ; � �A��� : � ; � : ��� �A���� y � � ; �A� � : � � ��� 1
2
+ iT0,+∞+ iT0

�-g � : � ��� � � � ����� 9 �£��� � Ð ; 9 ���
K0

Ð#�A�F� 9�: ���£��� �Q® : � 8!9 ����f � � � � 9�� M � ��Ð�� : �A� �

¦�§�¨ ©�ª�«�¬_x£ : ��� �A� ��� 8 ��� � 8 � ��� � : Ð � � ��Ð�� : �A��� � � � ��Ð�� : �A� 9�; ���F� 9 � : �A� �
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¤	m�wxvxoxm�t/vxqk{�r
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¤	m�qpqpz3vxo�u�nk|�mSi�m���mpl�m,q�|/nky/vx��m�y��x|���z	}���u/m�|�}�l�|���z	}2j�qky/v�{x}/r�z	}�ox}�t�m,���RgS�
��o�np��y/v�{�m�� *9qpoxm�|/v�{xy/nk|�~5m���o
q ��vp�/}/z3vxqpox}�u/m�ik|/vxqpox|/v���q ��npz	��qpv2qp��vxu�vxqpox���

O(h + τ )
���,u�v�{�ns��nk|��²l�}/qky/nk|�|���n,u/m�qkl/npox��q,}/qkt/v�y���ipv�{�m��

|�}/npz»z3npo�vp��m�vx��m��/z	y/nk|�}/r��
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�)J}VTa JMX[U�f�©[V'¸ J�µ S/¸h_�±PJ}V3©[a3©[^ JMXP_ S V J/³TS`_�º!]RS/¸ ]'°�fYX ]½® We^'h_}L,©[^Tf}_�¸ cM^TUqL5¬ VTa	¬!a3©�ÀV©[^	¬	¬L ^ J/±�¬'º�«k_�h_�³�±�¬' a J�¸ J/±�¬	¬�QK_�± a J�®�¬	«�¬TZ	¬�QB±�¸ ]'¯	¬ J�¸ J/±�¬	¬�Q.� ZeJ�¸ J/±�¬	¬�Q�X[fMa J/¬Tf�©x¸ cM^ J/¹�®�¬	«�¬TZ	¬�¬
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∂t
=

∂

∂x

[
D
∂W

∂x

]
,
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±�9©
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Ä�S/¸h_�Âv^ JMX[fMc�S� J�¸ ]�º�©x3¬T^	¬	¯TU Q

x
ÄN±�¸ W'ª/¬T^ _RQ

t
Ä�SMa3© L ]{Q

D
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∂W
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∂2W
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∂x

[
D
∂W
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]
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3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^TU7º�Wea _bSM^3©[^	¬	¹ S�³ _}X[fM^TU7º�VTa J/¬	« SYJ� ^TU7ºg·��©x¸ J}ZR_�¸ cM^TUqL5¬!^ _�« U%S`_�°�f�f}_bZ	¬3©�«k_�h_�³	¬�Q{S�ZeJ}fYJ}aTU7º SYL,© X[fYJTQg¬'¸3¬�SYL,© X[f�©vXV± a _b^	¬	³T^TUqLWYXx¸ J}S�¬3© L X[f}_bSM]RfYX ]�WYXx¸ J}S�¬T]{Q¡X[SM]'« U%S`_�°e¼!¬3©a« ^ _�³3©[^	¬T]�a3©�ÀV©[^	¬T] � ¬�Q$SYJ/«PL$J�Âv^ JTQ�©�±PJ VTa J/¬	«�µSYJ� ^TU7º��vSYJ SM^TWefMa3©[^T^	¬'º�fYJ/³TZR_�º�J�ª�¸h_}X[f�¬Í¬'¸3¬�S\fYJ/³TZR_�º ± a _b^	¬	¯TU ¬�ZR_bZ	¬'º�µ¿¸3¬3ªMJ\SM^TWefMa3©[^'µ^	¬'º�fYJ/³TZR_�ºg·'¨ J� J�ª}^TU�©J«k_�h_�³	¬�SYJ/« ^	¬TZR_�°�f VTa	¬�L&_bf�© L&_bf�¬	³3© X[ZeJML�L$J�9©x¸3¬Ta J}S`_b^	¬	¬�VTa J/¯3© X X J}Sa _�«�¸3¬	³T^ J/¹�VTa	¬Ta J� U Q&^ _bVTa	¬ L,©[a�Q&S/¸h_�±PJ}V3©[a3©[^ JMXP_RQ¡f�©[V'¸ J}VTa J}SYJ� ^ JMX[f�¬�Q)VTa	¬Ã¬	« W�³3©[^	¬	¬Á«k_�h_�³L&_bf�© L&_bf�¬	³3© X[ZeJ/¹Rª/¬ J�¸ J/±�¬	¬�Q3«k_�h_�³ WeVTa _bS/¸9©[^	¬T]a¬a aTW�±�¬'ºg·

A9D
	af� �(�U	[Zf9W9dgU ##U#§SU��ZY�D � �ZXZYZf9XZ[ZU � f �Zb#[ZdgU

�Í«k_}L ZT^TWefYJ/¹#J�ª�¸h_}X[f�¬
Q̄T = {(x, t) : 0 6 x 6 l, 0 6 t 6 T} a _}X X L$J}fMa	¬ L «k_�h_�³TW

∂u

∂t
+ ρ

∂2u

∂t2
=

∂

∂x

(
k(x, t)

∂u

∂x

)
+A

∂3u

∂x2∂t
+ f(x, t), 0 < x < l, 0 < t 6 T,

��� �

u(0, t) = λu(l, t),
� Ï%�

ux(0, t) = λux(l, t),
� Ê��

u(x, 0) = u0(x),
� È��

ut(x, 0) = u1(x),
� j��

±�9©
0 < c0 6 k(x, t) 6 c1

Q |kt| 6 c2, ρ
Q
A
Ä V J�¸ J�Â�¬Tf�©x¸ cM^TU�© V JMX[fYJP]R^T^TU�©�·��©x¸ J}ZR_�¸ cM^TU�© WYXx¸ J}S�¬T] f�¬TV _ � Ï%� d � Ê��%a _}X X L&_bfMa	¬TS`_�¸3¬ X[ca©�¼V©(�J· �!·h�¡f�©[Z'¸ J}SMUqL Æ È�És· 	*a _/©xµSMU�©7«k_�h_�³	¬oX'^3©x¸ J}ZR_�¸ cM^TUqL\WYXx¸ J}S�¬3© L V J*SMa3© L,©[^	¬>¬	« W�³ _�¸3¬ X[c S a`]�9©%a _/ªMJ}f(�!·}��·M	 J�Â _b^ J}S`_RQ"½·T"½· � ºe_b^TWeZeJ}S`_VÄ��(_/®�¬	ÀV©[S`_V¬^ a�·� VTa3©x V J�¸ J�Â!©[^	¬	¬#X[W�¼V© X[fMSYJ}S`_b^	¬T]» JMX[f}_bfYJ/³T^ JV±�¸h_� ZeJ/±PJ a3©�ÀV©[^	¬T]»«k_�h_�³	¬ ��� � d � j���QeV J�¸ W#µ

³	¬ L¶	¸ ]�^3©�±PJ�_bVTa	¬ J}aT^TW�°
J/¯3©[^TZTW�·R�L¸ ]^³3©�±PJvWRL ^ J�Â�¬ L�Wea _bSM^3©[^	¬3© ��� �)X[ZR_�¸ ]RaT^ J�^ _
ut
Ë

(ut, ut) + ρ(utt, ut) = ((kux)x, ut) +A(uxxt, ut) + (f, ut),
� � �

±�9©
(u, ϑ) =

l∫
0

uϑdx
Q
(u, u) = ‖u‖20

·
¨*a3© J�ª}a _�« W�© L%QhX*W�³3©[fYJMLÃ± a _b^	¬	³T^TU7º�WYXx¸ J}S�¬	¹�Q3¬T^Tf�©�± a _�¸ U Q S/º`J� ]'¼!¬3© S � � �

(ut, ut) = ‖ut‖20 ,

(utt, ut) =
1

2

d

dt
‖ut‖20 ,



ÊMg �O� �����»��
���� 6 � 6 * =!�k"�� � - 
�� 6 � 6 * <�0 �»��� - 
���� 6 � 6

((kux)x , ut) = kuxut
∣∣l
0
−

l∫

0

kuxuttdx

= ux(l, t)ut(l, t)
(
k(l, t) − λ2k(0, t)

)
− 1

2

d

dt

l∫

0

ku2xdx+
1

2

l∫

0

ktu
2
xdx,

(f, ut) 6
1

2
‖f‖20 +

1

2
‖ut‖20 ,

(uxxt, ut) = uxt(l, t)ut(l, t)− uxt(0, t)ut(0, t)− ‖uxt‖20 = uxt(l, t)ut(l, t)(1 − λ2)− ‖uxt‖20 .¨ J� X[f}_bS/¸ ]R] S � � �'V J�¸ W�³3©[^T^TU�©(X JMJ}fM^ J/ÀV©[^	¬T]{QTV J�¸ W�³	¬ L

‖ut‖20 +
ρ

2

d

dt
‖ut‖20 +

1

2

d

dt

l∫

0

ku2x dx+A ‖uxt‖20

6 uxt(l, t)ut(l, t)(1 − λ2) + ux(l, t)ut(l, t)
(
k(l, t)− λ2k(0, t)

)

+
1

2

l∫

0

ktu
2
xdx+

1

2
‖f‖20 +

1

2
‖ut‖20 .

� O��
¨ J�¸ J�Â�¬ L

k(l, t) = k(0, t)
Q
λ = 1

· �KJ/±�h_v^3©[a _bS�©[^ X[fMSYJ � O��'VTa	¬ L,©[f�S�¬'

ρ
d

dt
‖ut‖20 +

d

dt

l∫

0

ku2xdx+ 2A ‖uxt‖20 6
l∫

0

ktu
2
xdx+ ‖f‖20 ,

¬'¸3¬�Q X*W�³3©[fYJML |kt| 6 c2
Q'¬ L,©�© L

ρ
d

dt
‖ut‖20 +

d

dt

l∫

0

ku2xdx+ 2A ‖uxt‖20 6 c2 ‖ux‖20 + ‖f‖20 .
� NPi��

¨*a J/¬T^Tf�©�± a	¬TaTW�© L � NPi��'V J
τ
J}f�i! J�c

ρ ‖ut‖20 + c0 ‖ux‖20 + 2A

t∫

0

‖uxt‖20 dτ 6 c2

t∫

0

‖ux‖20 dτ+c0
∥∥u′0
∥∥2
0
+

t∫

0

‖f‖20 dτ + ρ ‖u1‖20 .
� NMN��

¨�©[a3©[V	¬	ÀV© L�^3©[a _bS�©[^ X[fMSYJ � NMN��'SvS�¬'9©

‖ux‖20 6M1

t∫

0

‖ux‖20 dτ + F (t),

±�9©
F (t) =M2

(∫ t
0 ‖f‖

2
0 dτ + ‖u1(x)‖20 + ‖u′0(x)‖20

) Q
M1
Q
M2

Ä�V J�¸ J�Â�¬Tf�©x¸ cM^TU�©%V JMX[fYJP]R^T^TU�©�·
�)JMX[V J�¸ c�« W�© L$X ]Ì¸9© L$L$J/¹aP{a _b^TWYJ�¸	¸h_^Æ NxÉs·e�KJ/±�h_O¬	«�^3©[a _bS�©[^ X[fMS`_ � NMN��$V J�¸ W�³	¬ L _bVTa	¬ J}aT^TW�°J/¯3©[^TZTWÌ	¸ ]�a3©�ÀV©[^	¬T]a¬ X�º`J� ^ J/¹�3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^ J/¹²«k_�h_�³	¬ ��� � d � j��

‖ut‖20 + ‖ux‖20 +
t∫

0

‖uxt‖20 dτ 6M




t∫

0

‖f‖20 dτ + ‖u1(x)‖20 +
∥∥u′0(x)

∥∥2
0


 .

� NPg��
�J« J/¯3©[^TZ	¬ � NPg��%Xx¸9©x W�©[f^©x3¬T^ X[fMS�©[^T^ JMX[fMc^¬�WYX[fYJ/¹	³	¬TSYJMX[fMc�a3©�ÀV©[^	¬T]^3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^ J/¹�«k_�µ
h_�³	¬ V J S/º`J� ^TUqLÃh_b^T^TUqL2·
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���� � - 1B�k"���$ - ��� � �	�B�k"�� 	 �J02� - 
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� D �eU)##[Zf� �('[ZU �  ��b�ceUBD��RY  �dZXZb ('[ !"ÁU	[ZU%�,f�
aU �ZXZYZf9XZ[Zf�" f �Zb#[ZdZY

�'S�©x9© L S>«k_}L ZT^TWefYJ/¹ J�ª�¸h_}X[f�¬
Q̄T

X�©[fMZTW
ω̄h = {xi = ih : i = 0, 1, . . . , N, h = l/N},
ω̄τ = {tj = jτ : j = 0, 1, . . . , j0, τ = T/j0},

ω̄hτ = ω̄h × ω̄τ
XJÀv_�±[_}L5¬

h = l/N
Q
τ = T/j0

·�O¬3®L®L©[a3©[^	¯	¬ _�¸ cM^ J/¹>«k_�h_�³3© ��� � d � j��KV JMX[f}_bS�¬ L�S X JMJ}fMS�©[fYX[fMS�¬3©%a _�« ^ JMX[fM^TW�°�X�º#© L W �
λ = 1

�

y0
t
+ ρyt̄t = Λ

(
σ1

_
y + (1− σ1 − σ2)y + σ2

^
y
)
+Ay

x̄x
0
t
+ ϕ.

� N � �
y(0, t) = y(l, t),

� N�Ï%�
yx,0 = yx̄,N ,

� N�Ê��
y(x, 0) = u0(x),

� N�È��
yt(x, 0) = u1(x),

� Nkj��
±�9©

y0
t
=

_
y − ^

y

2τ
, yt̄t =

_
y − 2y +

^
y

τ2
,

_
y = yj+1, y = yj,

^
y = yj−1, Λy = (ayx̄)x , ai = ki−1/2,

(ayx̄)x =
1

h

(
ai+1

yi+1 − yi
h

− ai
yi − yi−1

h

)
, ϕ = f ji .

¨ J}a`]� J}Z _bVTVTa J}ZeX�¬ L&_�¯	¬	¬#a _�« ^ JMX[fM^ J/¹#X�º#© L U � N � � d � Nkj��
O(h+ τ)

·
¨�©[a3©[V	¬	ÀV© L!Wea _bSM^3©[^	¬3© � N � �$VTa	¬

σ = σ1 = σ2
¬
k(x, t) = 1

·�¨*a	¬ L,© L!SYJ SM^	¬ L&_b^	¬3©�f}_bZ	Â!©J/³3©[S�¬' ^ J�© a _bS�©[^ X[fMSYJ²Æ Ï/É
σ

_
y + (1− 2σ)y + σ

^
y = y + στ 2yt̄t.��©[V3©[aTc�a _�« ^ JMX[fM^ J�© Wea _bSM^3©[^	¬3© � N � �'VTa	¬ L,©[f�S�¬'

y0
t
+ ρyt̄t = Λy + στ 2Λyt̄t +AΛy0

t
+ ϕ.

� N � �
�L¸ ] V J�¸ W�³3©[^	¬T] a _�« ^ JMX[fM^ J/±PJ�_b^ _�¸ J/±[_ _bVTa	¬ J}aT^ J/¹ J/¯3©[^TZ	¬ WRL ^ J�Â�¬ L�X[ZR_�¸ ]RaT^ J�Wea _bSM^3©xµ^	¬3© � N � �¡^ _

y0
t

Ë

(
y0
t
, y0
t

)
+ ρ

((
E − σ̄τ2Λ

)
yt̄t, y0

t

)
=
(
Λy, y0

t

)
+A

(
Λy0

t
, y0
t

)
+
(
ϕ, y0

t

)
,

� NPO��
±�9©

σ̄ = σ/ρ
Q ‖u‖20 = (u, u)

Q
(u, v) =

∑N−1
i=1 uivih

·� X[V J�¸ c�« W�© L�S�h_�¸ cM^3©�¹	À!¬'º�VTa3© J�ª}a _�«PJ}S`_b^	¬T]�º Xx¸9©x W�°e¼V©�© a _bS�©[^ X[fMSYJ²Æ Ï/É
(
yt̄t, y0

t

)
= 0.5

(
‖yt̄‖20

)
t
.

� _}X X L$J}fMa	¬ L�Xx¸h_�±[_/© L U�© a _bS�©[^ X[fMS`_ � NPO��xË
((
E − σ̄τ2Λ

)
yt̄t, y0

t

)
=
(
yt̄t, y0

t

)
− σ̄τ2(Λyt̄t, y0

t
) = 0.5(‖yt̄‖20)t − σ̄τ20.5(‖yx̄t̄]|20)t,
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(
Λy0

t
, y0
t

)
= (y

x̄x
0
t
, y0
t
) = −(y

x̄
0
t
, y
x̄

0
t
] + y

x̄
0
t,N
y0
t,N

− y
x

0
t,0
y0
t,0

= −
∥∥∥y

x̄
0
t

]∣∣∣
2

0
,

(
ϕ, y0

t

)
6

1

2
‖ϕ‖20 +

1

2

∥∥∥y0
t

∥∥∥
2

0
.

� L,©�©[f�L,© X[fYJ»® J}a L W�¸h_^Æ Ï/É
−
(
Λy, y0

t

)
=

1

8

(
‖yx̄ + ^

y x̄]|20
)
t
− τ2

8

(
‖yx̄t̄]|20

)
t
.

� gMi��
¨ J� X[f}_bS�¬TSoV J�¸ W�³3©[^T^ J�© Sva _bS�©[^ X[fMSYJ � NPO���¬�W�³	¬TfMU%S`_b]�SMU%a _�Â!©[^	¬3© � gMi���Q3ª}W�9© LÃ¬ L,©[fMc

∥∥∥y0
t

∥∥∥
2

0
+
ρ

2

(
‖yt̄‖20

)
t
+
ρσ̄τ2

2

(
‖yx̄t̄]|20

)
t
+

1

8

(
‖yx̄ + ^

y x̄]|20
)
t

−τ
2

8

(
‖yx̄t̄]|20

)
t
+
∥∥∥y

x̄
0
t

]∣∣∣
2

0
6

1

2
‖ϕ‖20 +

1

2

∥∥∥y0
t

∥∥∥
2

0¬'¸3¬

ρ
(
‖yt̄‖20

)
t
+

(
ρσ̄τ2 − τ2

4

)(
‖yx̄t̄]|20

)
t
+

1

4

(
‖yx̄ + ^

y x̄]|20
)
t
6 ‖ϕ‖20 .

� gRN��
�'S�©x9© L�J�ªMJ/« ^ _�³3©[^	¬3©

Ej = ρ‖yt̄‖20 +
(
σ − 1

4

)
τ2‖yx̄t̄]|20 +

1

4

(
‖yx̄ + ^

y x̄]|20
)
.

�KJ/±�h_v^3©[a _bS�©[^ X[fMSYJ � gRN��'VTa	¬ L,©[f�S�¬'
Ejt 6 ‖ϕ‖20

¬'¸3¬
Ej+1 −Ej 6 τ‖ϕ‖20.

¨*a JMX[WRL$L5¬TaTW�© L�V JMXx¸9©x ^3©�© SMU%a _�Â!©[^	¬3© V J
j′
J}f�Ne J

j

Ej+1
6 E1 +

j∑

j′=1

∥∥ϕj′
∥∥2
0
τ .

¨*a	¬
σ > 1/4

¬	« ^3©[a _bS�©[^ X[fMS`_ � gRN��'V J�¸ W�³	¬ L

ρ
∥∥ŷt̄
∥∥2
0
+ c1

∥∥ŷx̄t̄
]∣∣2
0
+

1

4

(∥∥ŷx̄ + yx̄
]∣∣2
0

)
6 ρ
∥∥y1t̄
∥∥2
0
+ c1

∥∥y1x̄t̄
]∣∣2
0
+

1

4

(∥∥y1x̄ + y0x̄
]∣∣2
0

)
+

j∑

j′=1

∥∥ϕj′
∥∥2
0
τ .

¨*a3© J�ª}a _�« W�© L�Xx¸h_�±[_/© L$J�© VTa _bSYJ/¹�³ _}X[f�¬ V JMXx¸9©x ^3©�±PJ�^3©[a _bS�©[^ X[fMS`_
∥∥y1x̄ + y0x̄

]∣∣2
0
= ‖u1,x̄τ + 2u0,x̄]|20 6

τ

2
‖u1,x̄]|20 + ‖u0,x̄]|20.

�*f}_bZ�Q V J�¸ W�³3©[^ _�_bVTa	¬ J}aT^ _b] J/¯3©[^TZR_

‖ŷt̄‖20 + ‖ŷx̄t̄]|20 + ‖ŷx̄ + yx̄]|20 6M

(
‖u1‖20 + ‖u1,x̄]|20 + ‖u0,x̄]|20 +

j∑

j′=1

‖ϕj′‖20τ
)
.

� gMg��
�J«(J/¯3©[^TZ	¬ � gMg��)Xx¸9©x W�©[f�WYX[fYJ/¹	³	¬TSYJMX[fMc»¬�X�º`J�3¬ L$JMX[fMc�a _�« ^ JMX[fM^ J/¹#X�º#© L U � N � � d � Nkj��x·
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� D��!� 
�f9XZY (	c �ZY  ��,b#[Z[Zf�
�f�XZb ��b#[ZY � ##U#§SU��ZY�D�� b ('f�§ f9dgU�"5c �,b#[ZY �

¨*WYX[fMc
σ1 = σ2 = 1/2

Q
k(x, t) = 1

· �KJ/±�h_va _�« ^ JMX[fM^ J�© Wea _bSM^3©[^	¬3© � N � �'VTa	¬ L,©[f�S�¬'
Aiy

j+1
i−1 −Ciy

j+1
i +Biy

j+1
i+1 = −Fi,

� g � �
±�9©

Fi =
yj−1
i

2τ
− ρ

(yj−1
i − 2yji )

τ2
+

(
a

2
− A

2τ

)
yj−1
i+1 − 2yj−1

i + yj−1
i−1

h2
+ ϕji ,

Ai = Bi =
a

2h2
+

A

2τh2
; Ci =

1

2τ
+

ρ

τ2
+

a

h2
+

A

τh2
.

�{_bV	¬	ÀV© LÃ± a _b^	¬	³T^TU�© WYXx¸ J}S�¬T] � N�Ï%��Q � N�Ê��'S�S�¬'9©
y0 − yN = 0,

� g�Ï%�
2yN − y1 − yN−1 = 0.

� g�Ê��
� J}V J�¸ ^	¬ L «k_�h_�³TW�^ _�³ _�¸ cM^TUqL5¬#WYXx¸ J}S�¬T]TL5¬

y0 = u0,
� g�È��

y1 = τu1 + u0.
� gYj��

�{_�h_�³TW � g � � d � gYj���ª}W�9© L�a3©�Àv_bfMc L,©[fYJ� JML�J}ZR_�¹ LZ¸9©[^	¬T]ÍÆ jeQ�O�É Q�_o^3©�L,©[fYJ� JML�VTa J/±PJ}^TZ	¬�Q{f}_bZZR_bZ L&_bfMa	¬	¯ _�X�¬ X[f�© L U�^3© fMa3©xº�3¬ _�±PJ}^ _�¸ cM^ _'·
¨*a3©x X[f}_bS�¬ LÁ«k_�h_�³TW � g � � d � gYj��)SvS�¬'9©

AN ·XN = FN ,
� g � �

±�9©

AN =




1 0 . . . . . . 0 −1
A −C B . . . 0 0
0 A −C . . . 0 0
. . . . . . . . . . . . . . . . . .
0 −1 0 . . . −1 2



.

" _bfMa	¬	¯TW�X�¬ X[f�© L U � g � �
AN

V3©[a3©[V	¬	ÀV© L S�S�¬'9© J}ZR_�¹ LZ¸9©[^T^ J/¹ L&_bfMa	¬	¯TU

AN =

(
AN−1 uN
υN aNN

)
.

�99© X[c

AN−1 =




1 0 . . . . . . 0
A −C B . . . 0
0 A −C . . . 0
. . . . . . . . . . . . . . .
0 0 . . . . . . −C



, FN =

(
FN−1

fN

)
.

IeªMJ/« ^ _�³	¬ L
XN−1

a3©�ÀV©[^	¬3© WYX�©�³3©[^T^ J/¹#X�¬ X[f�© L U
AN−1 ·XN−1 = FN−1.

� gMO��
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� ^ _�¸ J/±�¬	³T^ J
QN−1

© X[fMc�a3©�ÀV©[^	¬3© fYJ/¹�Â!© X�¬ X[f�© L U Q ^ J�Xe aTW�±PJ/¹�VTa _bSYJ/¹�³ _}X[fMc�°
AN−1 ·QN−1 = −uN−1.
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�Z©�Àv_bfMc X�¬ X[f�© L U � gMO��e¬ ��� i�� L$J�Âv^ J L,©[fYJ� JML�VTa J/±PJ}^TZ	¬�·�� «k_bf�© L%Q�« ^ _b]

XN−1
Q
QN−1

Q�L U
¸9©�± ZeJ�SMU2³	¬ Xx¸3¬ L�V J�® J}a L W�¸9©�Æ j�É

XN

XN =

(
XN−1

0

)
+

fN − υNXN−1

aNN + υNQN−1
·
(
QN−1

1

)
.
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�*f}_bZ�Q�a _�« ^ JMX[fM^ _b]�«k_�h_�³ _ � g � � d � gYj��qa3©�Àv_/©[fYX ] X(V JML$J/¼ c�° L,©[fYJ�h_oJ}ZR_�¹ LZ¸9©[^	¬T] ^ _�ZR_�ÂV JMLSMa3© L,©[^T^ JML�Xx¸ J�©MQTV JMXx¸9©x J}S`_bf�©x¸ cM^ JTQh^ _�³	¬T^ _b]�X JvSMfYJ}a J/±PJ	·

¨*a	¬TS�©x9© L�a3©�« W�¸ ckf}_bfMU�a _}X�³3©[fYJ}S � S�X[a3©x9© \ wAc�#4w � ��QTVTa	¬�a _�«�¸3¬	³T^TU7º�S/º`J� ^TU7º^h_b^T^TU7ºg·

���	 ������#�9�gl�}/qky/nk|�}/r2t/u�v�{�ns��nk|��²qpv7qky/ns�/j��Jb,}/z	}e{x��vp�/|���z	}���m�|�|���z	}=4
u0 = sinx

�
u1 = cosx

�
A = 1

�
ρ = 1

�
f = 0

�
l = 2π.

���	 ��	�
�#�9�gl�}/qky/nk|�}/r2t/u�v�{�ns��nk|��²qpv7qky/ns�/j��Jb,}/z	}e{x��vp�/|���z	}���m�|�|���z	}=4
u0 = sinx

�
u1 = cosx

�
A = 1

�
ρ = 1

�
f = 5

�
l = 2π.
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���9�gl�}/qky/nk|�}/r2t/u�v�{�ns��nk|��²qpv7qky/ns�/j��Jb,}/z	}e{x��vp�/|���z	}���m�|�|���z	}=4
u0 = sinx

�
u1 = cos x

�
A = 1

�
ρ = 1

�
f = −1

�
l = 2π.

�L¸ ]�VTa J}S�©[aTZ	¬ VTa _bS�¬'¸ cM^ JMX[f�¬ a _/ªMJ}fMU_�¸3±PJ}a	¬TfYL&_�X[a _bSM^	¬ L�fYJ/³T^ J�© a3©�ÀV©[^	¬3©L«k_�h_�³	¬ ��� � d
� j��)X*a _�« ^ JMX[fM^TUqL�a3©�ÀV©[^	¬3© LÃ«k_�h_�³	¬ � N � � d � Nkj�� � a	¬ X�·	Ï%�x·
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�)J/« cYL,© L ® We^TZ	¯	¬	°
u = sin(x + t)

� V J�¸ J�Â�¬TS
A = 1

Q
ρ = 1)

Q ZeJ}fYJ}a _b] W� J}S/¸9©[fMSYJ}a`]	©[f
± a _b^	¬	³T^TUqL�WYXx¸ J}S�¬T]TL�VTa	¬

l = 2π.
�KJ/±�h_

u0 = sinx, u1 = cosx, f(x, t) = 2 cos(x+ t).

¨*a	¬�� fYJML
max
i,j

|y − u| = 0.4001
·
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� a _/ªMJ}f�©eÆ NxÉ�	¸ ](J}V	¬ XP_b^	¬T] VTW�¸ cYX J}SYJ/±PJ� S�¬	Â!©[^	¬T] ZTa J}S�¬ S fYJ�¸ X[fYJMX[f�©[^T^TU7ºv_baTf�©[a	¬ _�¸ cM^TU7ºX JMX[W�h_�º�X S�¬T^TfYJ}SYJ/¹#_b^	¬	«PJ}fMa J}V	¬3©�¹�¬'º�X[f�©[^ J}Z�VTa	¬TS�©x9©[^TU�Xx¸9©x W�°e¼!¬3© Wea _bSM^3©[^	¬T]gË
d11

∂2uz
∂z2

+ d12
∂2φz
∂z2

= ρ0S
∂2uz
∂t2

+ 2πr2qz,

d12
∂2uz
∂z2

+ d22
∂2φz
∂z2

= ρ0Ip
∂2φz
∂t2

+ 2πr2qθ,

� N��

ρ∂tv − ∂zp = 0, c2∂2zp− ∂2t p = 0,
� g��

±�9©
uz = uz(z, t)

Ä�JMX�©[SMU�© X L,©�¼V©[^	¬T]�fYJ/³3©[ZoX JMX[W�h_RQ
φz = φz(z, t)

ÄW�±PJ�¸oV J}SYJ}a J}f}_ V J}V3©[a3©�³'µ^ J/±PJ(X�©�³3©[^	¬T]oX JMX[W�h_RQ
ρ0
Ä�V'¸ J}fM^ JMX[fMcvL&_bf�©[a	¬ _�¸h_(X[f�©[^TZ	¬�X JMX[W�h_RQ

S = π(r21 − r22)
Ä
V'¸ J/¼v_� cV J}V3©[a3©�³T^ J/±PJ�X�©�³3©[^	¬T]�X[f�©[^TZ	¬ X JMX[W�h_RQ

Ip =
1
4π(r

4
1 − r42)

Ä V J�¸ ]RaT^TU2¹#L$JML,©[^Tf>¬T^3©[a	¯	¬	¬�V J}V3©xµa3©�³T^ J/±PJ X�©�³3©[^	¬T]{Q
qz
Q
qθ
Ä ZR_}XP_bf�©x¸ cM^TU�© ^ _bVTa`]'Â!©[^	¬T]{QTSYJ/« ^	¬TZR_�°e¼!¬3© L,©�ÂV WoX[f�©[^TZeJ/¹�X JMX[W�h_

¬�ZTa J}SMc�° Q
r1
Q
r2
Ä
^ _baTW�Âv^TU2¹Ì¬�SM^TWefMa3©[^T^	¬	¹oa _�3¬TWYX[U�X[f�©[^TZ	¬�X JMX[W�h_ X JMJ}fMS�©[fYX[fMS�©[^T^ JTQ

dij
Ä

��¸9© L,©[^TfMU�L&_bfMa	¬	¯TU Â!© X[fMZeJMX[f�©�¹�a _}X[fk]'Â!©[^	¬T]�µ X�Â _bf�¬T] � L,©[fYJ�a¬'º�J}VTa3©x9©x¸9©[^	¬T]�J}V	¬ XP_b^�S^Æ g�É ��Q
c2 = G

ρ

Q
v
Ä X[a3©x ^3©�© V J�X�©�³3©[^	¬	°@« ^ _�³3©[^	¬3©vX[ZeJ}a JMX[f�¬�ZTa J}S�¬�Q

p
Ä ±�¬' a J�3¬T^ _}L5¬	³3© X[ZeJ�©>h_bS/µ

¸9©[^	¬3©MQ
c
Ä ®(_�«PJ}S`_b]#X[ZeJ}a JMX[fMc Q

G
Ä a _�3¬ _�¸ cM^ _b]�Â!© X[fMZeJMX[fMc�X[f�©[^TZ	¬ X JMX[W�h_RQ

ρ
Ä V'¸ J}fM^ JMX[fMcZTa J}S�¬�·
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G = G0 =

Eh

2b
=
E(x− 1)

(1 + x)
, x =

r2
r1
,

��� �
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±�9©
E
Ä L$J� W�¸ c � ^	±[_ L&_bf�©[a	¬ _�¸h_�X[f�©[^TZ	¬�Q

h
Q
b
Ä�fYJ�¸3¼!¬T^ _�¬(a _�3¬TWYX)X[a3©x3¬T^T^ J/¹ V J}S�©[a�ºR^ JMX[f�¬X JMJ}fMS�©[fYX[fMS�©[^T^ J	·

M J}a L W�¸h_ � g��Z	¸ ]vfYJ}^TZeJMX[f�©[^T^ J/±PJ X JMX[W�h_*SMV3©[aTSMU�©eª}U7¸h_*V J�¸ W�³3©[^ _ �Z©�«k_�¸9© LÍÆ � É QY^3© L ^ J/±�¬ LV J/«�Â!© � fYJ}f>Â!© a3©�« W�¸ ckf}_bf�V J�¸ W�³3©[^ " �©[^ X JML Æ Ï/É Q 	 J}aTfMS�©�±PJML Æ Ê�É�¬�P{a JML,©[ZeJ²Æ È�És·��Xx¸ W�³ _/© fYJ�¸ X[fYJ/¹�¬	«PJ}fMa J}VT^ J/¹ X[f�©[^TZ	¬�Â!© X[fMZeJMX[fMc�J}VTa3©x9©x¸ ]	©[fYX ]#^ _vJMX[^ J}S�©(a3©�ÀV©[^	¬T]�«k_�µ
h_�³	¬ � ]TL,©�Æ j�É�Xx¸9©x W�°e¼V©�¹²® J}a L W�¸ J/¹�Ë

G =
E(x2 − 1)

2(1 + x2 + ν(x2 − 1))
,

� Ï%�

±�9©
ν
Ä�ZeJ���®L®�¬	¯	¬3©[^TfL¨*W`_}X X J}^ _'·Y�!X�¬'¸ W ^3© X�Â�¬ L&_/© L$JMX[f�¬oL&_bf�©[a	¬ _�¸h_ X[f�©[^TZ	¬�X JMX[W�h_

ν = 0.5
·�¡a _bSM^	¬Tf�©x¸ cM^TU2¹ _b^ _�¸3¬	«!S�©x¸3¬	³	¬T^�a _�3¬ _�¸ cM^ J/¹ Â!© X[fMZeJMX[f�¬�Q J}VTa3©x9©x¸ ]	© L U7º�V JÁ® J}a L W#µ

¸h_}L ��� ��Q � Ï%��Q V J}ZR_�«k_�¸KQ9³TfYJ ∆G
G0

Q	±�9©
∆G = G0 −G

^3© VTa3©[SMU2Àv_/©[faÊ��oQ3© Xx¸3¬
0 < y < 0.2

Q9±�9©
y = x− 1

·

���	 ������
g = G

E

�
g0 = G0

E

�

� a _/ªMJ}f�©OÆ � Éh^ _ JMX[^ J}S�© L&_bf�© L&_bf�¬	³3© X[ZeJ/¹�L$J�9©x¸3¬�Q`S(ZeJ}fYJ}a J/¹�X[f�©[^TZR_(X JMX[W�h_ a _}X X L&_bfMa	¬TS`_�µ
©[fYX ]vZR_bZ�fYJ}^TZR_b]�¯	¬'¸3¬T^' a	¬	³3© X[ZR_b]oJ�ªMJ�¸ J/³TZR_ X)S�¬T^TfYJ}SYJ/¹o_b^	¬	«PJ}fMa J}V	¬3©�¹�Q�ª}U7¸3¬vSMU79©x¸9©[^TU�fMa	¬f�¬TV _ SYJ�¸ ^�Q� S�©J¬	« ZeJ}fYJ}aTU7º�VTa J� J�¸ cM^ J�µ ZTaTWef�¬'¸ cM^ _b]²¬�ZTaTWef�¬'¸ cM^ J�µ VTa J� J�¸ cM^ _b] � SvVTa3©x	¸h_�±[_�µ
© L$J/¹oL$J�9©x¸3¬�_b^ _�¸ J/±�¬	³T^TU�© SYJ�¸ ^TU�J}V	¬ X[U%S`_�°�fYX ]�Wea _bSM^3©[^	¬T]TL5¬ � N�� �'� ^3©[a	±�©[f�¬	³3© X[Z	¬�^3©�« ^ _�³	¬'µf�©x¸ cM^ J�S/¸3¬T]'°�fv^ _ SYJ�¸ ^ J}SMU�© VTa J/¯3© X X[U�S�X JMX[W�9©�·

A9D�]! �[Zf9W9[ �b� �f9f�('[Zf���b#[ZY � ('b#f9XZYZY $��ZX,$�
�f� �('Y
W�W9YZ[ ('f9W9f�"  �Y  �('b�ceb�dgf9f9X9§SYZ[ZU�(�Y �Zf� �(�U	[Zf9W9dgU ##U#§SU��ZY

IeªMJ/« ^ _�³	¬ LÇ³3©[a3©�«
r1
Q
r2
SM^3©�À ^	¬	¹Í¬�SM^TWefMa3©[^T^	¬	¹�a _�3¬TWYX[U ¯	¬'¸3¬T^' a _!X JMJ}fMS�©[fYX[fMS�©[^T^ J	·�Å±�© JML,©[fMa	¬	³3© X[Z	¬ L ¯3©[^TfMa JML�J� ^ J/±PJ^¬	«vX�©�³3©[^	¬	¹R¯	¬'¸3¬T^' a _�X[SM]'Â!© L�^ _�³ _�¸ JÌ9©[ZR_baTfYJ}SYJ/¹\X�¬'µX[f�© L U ZeJMJ}a�3¬T^ _bf

x1
Q
x2
Q
x3
· � fMW X�¬ X[f�© L W ZeJMJ}a�3¬T^ _bfÃª}W�9© L
^ _�« U%S`_bfMc �bJMX[^ J}SM^ J/¹���·$�L¸ ]J}V	¬ XP_b^	¬T]�S�¬T^TfYJ}SYJ/¹�_b^	¬	«PJ}fMa J}V	¬	¬�SMS�©x9© L �bX J}VTWefYX[fMSMW�°e¼ W�° �!X�¬ X[f�© L W�ZeJMJ}a�3¬T^ _bf

r
Q
θ
Q
z
QX[SM]'«k_b^T^TW�°
X JMX[^ J}SM^ J/¹#X JMJ}fM^ J/ÀV©[^	¬T]TL5¬

x1 = r cos(θ + τz), x2 = r sin(θ + τz), x3 = z.
� Ê��
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�99© X[c>¬�^	¬	Â!© VTa3©x V J�¸h_�±[_/©[fYX ]{Q�³TfYJ V _ba _}L,©[fMa

τ = const
Q _vX JMJ}fM^ J/ÀV©[^	¬T] � Ê��'VTa	¬

r = const
Q

θ = const
]RS/¸ ]'°�fYX ]�V _ba _}L,©[fMa	¬	³3© X[Z	¬ L5¬ Wea _bSM^3©[^	¬T]TL5¬�S�¬T^TfYJ}SYJ/¹�¸3¬T^	¬	¬�·� _�3¬TWYXxµ S�©[ZTfYJ}a#fYJ/³3©[Z S�¬T^TfYJ}SYJ/¹a¸3¬T^	¬	¬ VTa3©x X[f}_bS�¬ L�S�S�¬'9©�Ë

R = re′1 + ze′3,
e
′
1 = er = i1 cos(θ + τz) + i2 sin(θ + τz),

e
′
2 = eθ = −i1 sin(θ + τz) + i2 cos(θ + τz),

e
′
3 = ez,

� È��

±�9©
in
Ä J}aTfMU JMX[^ J}SM^ J/¹ X�¬ X[f�© L U ZeJMJ}a�3¬T^ _bf�·��S�¬T^TfYJ}SYJ/¹�¸3¬T^	¬3©�¹#X[SM]'Â!© L © X[f�© X[fMS�©[^T^TU2¹#a3©[V3©[a

e1 = n, e2 = b, e3 = t,
� j��

±�9©
n
Q
b
Q
t
Ä J}aTfMUÅ±�¸h_bSM^ J/¹ ^ J}a L&_�¸3¬�Q3ª/¬T^ J}a L&_�¸3¬²¬�ZR_}XP_bf�©x¸ cM^ J/¹ X JMJ}fMS�©[fYX[fMS�©[^T^ J	·� X[V J�¸ c�« W�© LÁ® J}a L W�¸ U

dR

ds
= t,

dt

ds
= kn, b = t× n, ds = gdz,

k =
τ2r

g2
, g2 = 1 + x2, x = τr,

� � �

±�9©
k
Ä�ZTa	¬TS�¬	« ^ _vS�¬T^TfYJ}SYJ/¹�¸3¬T^	¬	¬�·

¨ JMXx¸9©*VTa3© J�ª}a _�«PJ}S`_b^	¬	¹�V J�¸ W�³ _/© L J}aTfYJ/±PJ}^ _�¸ cM^TW�°
L&_bfMa	¬	¯TW�V3©[a3©xº`J�h_vJ}f�ªY_�«�¬ XP_
ej
ZaªY_�µ

«�¬ X[W
e
′
i

Ë

A =

∥∥∥∥∥∥∥

−1 0 0
0 −1

g
x
g

0 x
g

1
g

∥∥∥∥∥∥∥
.

Î'W�9© L X�³	¬Tf}_bfMc L&_bf�©[a	¬ _�¸Ì¯	¬'¸3¬T^' a _e¸ J}ZR_�¸ cM^ J(fMa _b^ X[S�©[a XP_�¸ cM^ JL¬	«PJ}fMa J}VT^TUqL%Q`W(ZeJ}fYJ}a J/±PJ^ _bVTa _bS/¸9©[^	¬T]½±�¸h_bSM^TU7º JMX�©�¹ f�©[^	«PJ}a _#L$J� W�¸9©�¹ WeVTaTW�±PJMX[f�¬
cij

X J}SMV _�h_�°�f X�^ _bVTa _bS/¸9©[^	¬T]TL5¬J}aTfYJ}S
e1
Q
e2
Q
e3
QS±�9©#J}aTf

e3
J}VTa3©x9©x¸ ]	©[f!^ _bVTa _bS/¸9©[^	¬3© JMX�¬�WeVTaTW�±PJ/¹�X�¬ L$L,©[fMa	¬	¬�·)� � fYJML

ªY_�«�¬ X�© X JMJ}fM^ J/ÀV©[^	¬T] J�ªMJ�ª/¼V©[^T^ J/±PJ>«k_bZeJ}^ _>P{WeZR_V¬ L,©�°�f�S�¬'�Æ O�ÉsË
σ11 = c11e11 + c12e22 + c13e33,
σ22 = c12e11 + c11e22 + c13e23,
σ33 = c13(e11 + e22) + c33e33,
σ23 = c44e23, σ13 = c44e13, σ12 = c66e12.

� O��

�99© X[c
eij
Q
σij

Ä�ZeJML V J}^3©[^TfMU�f�©[^	«PJ}a J}SvL&_�¸ U7º>9©�® J}a L&_�¯	¬	¹Ì¬�^ _bVTa`]'Â!©[^	¬	¹�X JMJ}fMS�©[fYX[fMS�©[^T^ J	·
*,+ !$# 01+��  # %
' ��©xºR^	¬	³3© X[Z	¬3© V JMX[fYJP]R^T^TU�©

E
Q
E′ Q G′ Q ν Q ν ′ X[SM]'«k_b^TU X L$J� W�¸ ]TL5¬ cij Xx¸9©xµ W�°e¼!¬ L5¬�SMU%a _�Â!©[^	¬T]TL5¬�Ë

c11 =
E(E′ +Eν2)

E′(1 + ν2)− 2Eν ′(ν + ν ′)
,

c12 =
E(E′ν +Eν2)

E′(1 + ν2)− 2Eν ′(ν + ν ′)
,

c13 =
EE′ν

E′(1− ν)− 2E ′ν ′2
,

c33 =
E′2(1− ν)

E′(1− ν)− 2E ′ν ′2
,

c44 = G′; 2c66 = c11 − c12.

� NPi��
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¨*a	¬\V3©[a3©xº`J�9©oJ}f�ªY_�«�¬ XP_RM(a3©[^3©�Z�ªY_�«�¬ X[W S�¬T^TfYJ}SYJ/¹ X�¬ X[f�© L U ZeJMJ}a�3¬T^ _bf�	¸ ]�«k_bZeJ}^ _²P{WeZR_V J�¸ W�³ _/© L�Xx¸9©x W�°e¼!¬3©*SMU%a _�Â!©[^	¬T]½Æ g�ÉsË
σ = C ′

e
′,

C ′ = (cij), i, j = 1, . . . , 6,

σ = (σrr, σθθ, σzz, σθz, σrz, σrθ)
T,

e
′ = (err, eθθ, ezz, eθz, erz, erθ)

T.

� NMN��

�99© X[c
c′11 = c11, c

′
12 = c12l

2
c + c13l

2
s , c

′
13 = c13l

2
c + c12l

2
s ,

c′14 = lcls(c13 − c12),

c′23 = c13l
2
c + (c11 + c33 − 4c44)l

2
c l

2
s + c13l

4
s ,

c′24 = −c11l3c ls − c13(lcl
3
s − l3c ls) + c33lcl

3
s − 2c44(lcl

3
s − l3c ls),

c′33 = c11l
4
s + 2c13l

2
c l

2
s + c33l

4
c + 4c44l

2
c l

2
s ,

c′34 = −lcls(c11l2s − c13 + 2c13l
2
c + 2c44l

2
c − 2c44l

2
s),

c′44 = c11l
2
c l

2
s − 2c13l

2
c l

2
s + c33l

2
c l

2
s + c44(1− 4l2c l

2
s),

c′55 = c44l
2
c + c66l

2
s ,

c′56 = lcls(c44 − c66),

c′66 = c66l
2
c + c44l

2
s ,

lc = cosα, ls = sinα.

� NPg��

I�X[f}_�¸ cM^TU�© ��¸9© L,©[^TfMU�L&_bfMa	¬	¯TU
C ′ a _bSM^TU ^TW�¸3°V·

*,+ !$# 01+��  # (*'3¨ JMX[ZeJ�¸ cMZTW
τ = const

QRfYJ
α
� W�±PJ�¸#L,©�ÂV WoZR_}XP_bf�©x¸ cM^ J/¹#Z�S�¬T^TfYJ}SYJ/¹#X[V	¬'µa _�¸3¬

r = const
¬ JMX[c�°

Oz
�q]RS/¸ ]	©[fYX ]�® We^TZ	¯	¬3©�¹

r
Q S�X�¬'¸ W²³3©�±PJoSYX�©

c′ij
QhZTa JML,©

c′11
«k_bS�¬ X ]RfJ}f

r
·�NªY_�«�¬ X�© S�¬T^TfYJ}SYJ/¹�X�¬ X[f�© L U ZeJMJ}a�3¬T^ _bf

er
Q
eθ
Q
ez
ZeJML V J}^3©[^TfMU f�©[^	«PJ}a _R9©�® J}a L&_�¯	¬	¹SMU%a _�Â _�°�fYX ]²³3©[a3©�« ZeJMJ}a�3¬T^ _bfMU�S�©[ZTfYJ}a _�X L,©�¼V©[^	¬	¹

u = (ur, uθ, uz)
T

Xx¸9©x W�°e¼!¬ L5¬²® J}a L W�¸h_}L5¬�Ë
err = ∂rur, eθθ = ur +

∂θuθ
r ,

ezz = Duz, 2erθ = ∂ruθ +
∂θur−uθ

r ,

2eθz =
∂θuz
r +Duθ, 2erz = ∂ruz +Dur.

� N � �

��a _bSM^3©[^	¬T]�a _bSM^ J}S�© X�¬T]�Sv^ _bVTa`]'Â!©[^	¬T]�º�S�a _}X X L&_bfMa	¬TS`_/© L$JML�Xx¸ W�³ _/©�¬ L,©�°�f�S�¬'
∂r(rσrr)− σθθ + ∂θσrθ + rDσrz = 0,

∂r(rσrθ) + σrθ + ∂θσθθ + rDσrz = 0,

∂r(rσrz) + ∂θσθz + rDσzz = 0,

� N�Ï%�

±�9©
∂r
Q
∂θ
ÄÇ³ _}X[fM^TU�© VTa J/¬	« SYJ� ^TU�©(V J

r
Q
θ
X JMJ}fMS�©[fYX[fMS�©[^T^ JTQ

D = ∂z − τ∂θ
·
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� D �eb ��b#[ZYZb�##U#§SU��ZY � � ceb

� _}X X L$J}fMa	¬ L
V J�¸ U2¹Ã¯	¬'¸3¬T^' a�XoS�¬T^TfYJ}SYJ/¹�_b^	¬	«PJ}fMa J}V	¬3©�¹�XoSM^TWefMa3©[^T^	¬ La _�3¬TWYX JML
r2
¬SM^3©�À ^	¬ L\a _�3¬TWYX JML

r1
·#Î'W�9© L!X�³	¬Tf}_bfMc Q�³TfYJ(^ _ SM^TWefMa3©[^T^	°e°�V J}S�©[a�ºR^ JMX[fMcV¯	¬'¸3¬T^' a _O«k_�h_b^ J

h_bS/¸9©[^	¬3©
p = const

Q _ SM^3©�À ^T]R]�V J}S�©[a�ºR^ JMX[fMc�X[SYJ�ªMJ� ^ _�J}fv^ _bVTa`]'Â!©[^	¬	¹�·
¨ J�¸h_�±[_b]

ur = a(r), uθ = 0, uz = 0,
� N�Ê��

	¸ ]�ZeJML V J}^3©[^Tfof�©[^	«PJ}a _!9©�® J}a L&_�¯	¬	¹ V J�¸ W�³ _/© L
err =

da

dr
, eθθ =

a(r)

r
, ezz = 0, erθ = 0, ezθ = 0, erz = 0.

� N�È��
�'JMJ}fM^ J/ÀV©[^	¬T] J�ªMJ�ª/¼V©[^T^ J/±PJ>«k_bZeJ}^ _>P{WeZR_RQTSva _}X X L&_bfMa	¬TS`_/© L$JML�Xx¸ W�³ _/©MQTVTa	¬T^	¬ L&_�°�f�S�¬'

σrr = c′11err + c′12eθθ,
σθθ = c′12err + c′22eθθ,
σzz = σθz = σrz = σrθ = 0,

� Nkj��
_!¬	«(X�¬ X[f�© L U�Wea _bSM^3©[^	¬	¹ a _bSM^ J}S�© X�¬T] � N�Ï%�'^3©[fMa	¬TS�¬ _�¸ cM^TUqLÍª}W�9©[fvfYJ�¸ cMZeJ�J� ^ J	Ë

d(rσrr)

dr
− σθθ = 0.

� N � �
¨ JMX[f}_bS/¸9©[^T^ _b]a«k_�h_�³ _(SvJ�ª/¼V© L!Xx¸ W�³ _/©�^3©�¬ L,©�©[f�_b^ _�¸3¬Tf�¬	³3© X[ZeJ/±PJ�a3©�ÀV©[^	¬T]{Q#	¸ ]»³	¬ Xx¸9©[^'µ^ J/±PJ^¬T^Tf�©�± a	¬Ta J}S`_b^	¬T]!X[S�©x9© LÅ©�© Z � ZTS�¬TS`_�¸9©[^TfM^ J/¹!X�¬ X[f�© L,©og�µ¿º J�ª}U%ZT^ J}S�©[^T^TU7º�3¬3®L®L©[a3©[^'µ

¯	¬ _�¸ cM^TU7º�Wea _bSM^3©[^	¬	¹ V3©[aTSYJ/±PJvV J}a`]� ZR_'·T�L¸ ] � fYJ/±PJTQTV J�¸h_�±[_b]
y1 = a(r), y2 = rσrr,

^ _ JMX[^ J}S`_b^	¬	¬ � N � �'V J�¸ W�³ _/© L
dy1

dr
=

− c′12
c′11r

y1 +
1

c′11r
y2,

dy2

dr
=
c′22c

′
11 − c′

2

12

c′11r
y1 +

c′12
c′11r

y2.

� NPO��

¨ JMX[ZeJ�¸ cMZTWa¯	¬'¸3¬T^' a�V J� S�©[a#Â!©[^#fYJ�¸ cMZeJ�SM^TWefMa3©[^T^3© L WÌh_bS/¸9©[^	¬	° QTV J�¸ W�³ _/© L�Xx¸9©x W�°e¼!¬3©
± a _b^	¬	³T^TU�© WYXx¸ J}S�¬T]gËN��'VTa	¬

r = r1, σrr = −p, σrθ = 0, σrz = 0
3g��'VTa	¬

r = r2, σrr = 0, σrθ = 0, σrz = 0
·�L¸ ]Å³	¬ Xx¸9©[^T^ J/±PJÍ¬T^Tf�©�± a	¬Ta J}S`_b^	¬T] � fYJ/¹X�¬ X[f�© L U 3¬3®L®L©[a3©[^	¯	¬ _�¸ cM^TU7º Wea _bSM^3©[^	¬	¹ ¬ XxµV J�¸ c�«PJ}S`_�¸h_}X[coX[f}_b^'h_baTfM^ _b] VTa J/± a _}L$L&_RQ JMX[^ J}S`_b^T^ _b]�^ _vL,©[fYJ�9© �kVTa	¬ X[fMa3©x¸ Z	¬���·

¨*a	¬�VTa J}S�©x9©[^	¬	¬ a _}X�³3©[fYJ}S�JMX[^ J}SM^ J�©�SM^	¬ L&_b^	¬3©�ª}U7¸ J W�9©x¸9©[^ JÃ¬ X Xx¸9©x J}S`_b^	¬	° «k_bS�¬ X�¬'µL$JMX[f�¬�a _�3¬ _�¸ cM^ J/¹ Â!© X[fMZeJMX[f�¬
Gτ = p

ur(r2)

J}f ª�©�« a _�«PL,©[aT^TU7º V _ba _}L,©[fMa J}S
r1

¬
α
Q�±�9©

tg(α) = τr1
·� _}X�³3©[fMU VTa J}SYJ�3¬'¸3¬ X[c»	¸ ]�X[f�©[^TZ	¬�V'¸9©�³3©[SYJ/¹ _baTf�©[a	¬	¬ X J�« ^ _�³3©[^	¬T]TL5¬ V JMX[fYJP]R^T^TU7ºgË

E′ = 4.905 · (10)8(Πa), E = 4.086 · (10)8(Πa),

ν ′ = 0.5, ν = 0.5, ρ = 1020
Z	±��bL 3, G′ = 8.175 · (10)7(Πa).
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� _�a	¬ X�·hgPd � ¬	«PJ�ª}a _�Â!©[^TU¾¬	«PL,©[^3©[^	¬T] a _�3¬ _�¸ cM^ J/¹RÂ!© X[fMZeJMX[f�¬
Gτ

¬�®(_�«PJ}SYJ/¹#X[ZeJ}a JMX[f�¬
c	¸ ] �bL ]'± ZeJ/±PJ�� L&_bf�©[a	¬ _�¸h_ � X[f�©[^TZR_�V'¸9©�³3©[SYJ/¹\_baTf�©[a	¬	¬ � S^«k_bS�¬ X�¬ L$JMX[f�¬�J}f

α
VTa	¬�®�¬TZeX�¬Ta J�µS`_b^T^TU7º�« ^ _�³3©[^	¬T]�º SM^TWefMa3©[^T^3©�±PJ�a _�3¬TWYXP_'·{� _�^	¬'º S�¬' ^ J^³TfYJo^ _�¬3ªMJ�¸ c�À!¬3©V¬	«PL,©[^3©[^	¬T] VTa J�µ

¬	«PJ/ÀO¸3¬�VTa	¬
α > 60◦

·
��_bZ Â!©Íª}U7¸ J VTa J}S�©x9©[^ J�X[a _bSM^3©[^	¬3©�a _�3¬ _�¸ cM^ J/¹ÇÂ!© X[fMZeJMX[f�¬ V J ® J}a L W�¸9© � Ï%�R¬ a3©xµ

« W�¸ ckf}_bf}_}L5¬\a _}X�³3©[fYJ}S Q{V J�¸ W�³3©[^T^TU7º#V J�J}V	¬ XP_b^T^ J/¹�L$J�9©x¸3¬�VTa	¬�®�¬TZeX�¬Ta J}S`_b^T^TU7º�« ^ _�³3©[^	¬T]�º
α = 30◦ − 50◦

¬ V3©[a3© L,©[^T^ JML�SM^TWefMa3©[^T^3© L�a _�3¬TWYX�©
r2
·��,¬ X�·gÏ^¬'¸	¸3°*X[fMa	¬TaTW�©[f�S/¸3¬T]R^	¬3©vW�±�¸h_^ _}L$J}fMZ	¬ ^ _ a _�3¬ _�¸ cM^TW�°¾Â!© X[fMZeJMX[fMc3·h	*a	¬TS`_b]

α = 0◦
J}fMS�©�³ _/©[f»® J}a L W�¸9© � Ï%�x·



� - ���x" - ��$	�B�2"����»��$	������������/� � �	���7����� �	�	�	�	$#�	"��Ì��
��	$B� - 
 - ����$	�3 - �x" - 1	�B��� È�Ê

���	 ���� �

�²Y ('b#XZU�(%$�XZU

Ó ��`E�0/�<���Fv@ HJ��* � ,f-[%�3�3�	�����5�Un* ��* � ,��?(�/�<)�?%'@ � �E* ���Jm�o�npz9m�ox}�l/npqp��}/n�z3vp��nky�}Ì�/{x}/�Snk|�}/r^��u�v�{x}^{m�u�o�npu�}�m�y��x|��g�!qpvxqkj���m��I���Jh,qpqky/ns��v�{�m�|�}/rOt/ve�/}�~��'j�u/m�{x|/nk|�}/r�zg��z9m�o��'z3vp��nky�}/u�v�{�m�|�}/�½}�t/u�vxw�y/npz9m�z
z9m�o���vxwxu/m�ipv�{�m�|�}/r�� �7�9y�m��/}/��m�{���m�i74  �eh�������¤?g��R}�¤��g×�� gS� Ñ�Ò�ÓS9 � ����� Ó ! i 8 Ó � �(' h,o�v��p}�|�mpj���}���R�¤'vxqpqk}�}����Jm�o��/~Zvxu�j�zg��h�� 6 ��l�� Ñ )s�

Ñ ��-[���(2E<�Z�%'@ ��� ,��?(�/�<)�?%'@ � ��1 ��m,v�y/npw�m�|�}/rJ}�{�v�y�|��R{���}�y�}�|���u�n,qk{x}�|/o�v�{�v��!m�|�}/ipvxo�u�v�t�}/nk�2���ag���j�qpo����j�u�|�� � Ñ�Ò�Ó�Ò � ��h��?! O �)� O � ����� Ô ! 5�i�Ô:O7O �8����5�	6���� 4 ��% ��� ; � � �6� � : ��� 8 � � � � 8 � �F���X��f � � � � : � � : ��Ð#� 8 ����� ��� : � ; � � 9 ��� � ��� � � � ���� ; 9 ��� : �F��� ����;�� � � # 9 ��� �" ����� � � � � ��� ; : �F�	��#� � � � � 8 ��� ��� � 9�8J� Ó�6�Ô:O � � Ó�O7O � � � ( : � M ��� ��Ð�� * �
9 ��B$
-�	�A65�
�A" � ; �¿Ð ��� � � � � ¯(� : � � � � Ó�6�Ô:6 � ��%�� 6xÒ �!����5
�� �7I9��� �M���
� "¡� ��� < �F� � : � ; 9 �F� : � �&��� � ; � � : � �A9 � � � ; � � � : � � ; 9 ��� : �¿Ð�� � � � : � � � ��" � � � � � � : � � � � 8 ��� ��� � 9�8$4

! � : ��� ��� � 8 ��� ��� � 9�8J� Ó�6�Ô:6 � � Ó�O7O � � � ( : � � � � Ð�� * �
O ������%'��Fv&)%+��������×^qp��vxu�vxqpox}2u/m�qkt/u�vxqpo�u/m�|/nk|�}/rS{�v�y�|/vxvxwxu/m�ik|/v���v,�/{x}/�Snk|�}/r7��}�����vxqpo�nk�7{,j�t/u�j��p}���o�u�j�w����m��$���3��vxwxu#�/qpv�l�� �3�O� 4�h,is�/� {�v3g�� �E�E�B¤'� Ó�5 ! Ñ � ����� Ó�ÔxÑSi/Ó�6 8��
Ô �*Gf	
�6ZRF.* �)���
hgnpvxu�}/r�j�t/u�j���vxqpox}�� �3�O� 4��Smpj���m�� Ó�5�Ô�Ò � � 5:9�Ò Ð �
6 �
�?(�/�<)�?%'@ � �?* �/�,np��vxo�vxu���n�i�m���mpl�}��/y/rJj�t/u�j��p}�����}�y�}�|���u�}�l/npqp��}���o�nkyOqS{x}�|/o�v�{�v��Vm�|�}/ipvxo�u�v�t�}/nk�2���*9qkt/nk��}ez3nk��m�|�}/��}�� � Ñ�ÒxÒ 8�� ��h�� Ñ �
� 9 � ������8 ÔSiRO�Ñ �
5 �*G FG>R�)<���&
<)U2���)�?�)hgnpvxu�}/r2j�t/u�j���vxqpox}Jm�|�}/ipvxo�u�v�t�|/v���v�o�nky�m�� �3�O� 4/�Smpj���mR4 Ó�5�ÔxÔ � � 9�Ó !2qx�

�����������
	��������	�������� ���� �F� �-���������9O! #"
�/0,)-Q6+,0,'��Q'�U�N�+,* � �/*,P=0�T_%(N�'�*,1
���|��g�O~Zns��npu/m�y��x|��g�Jj�|�}�{�npu�qk}/o�npo��
�7(vX)<
������/[&)��2+F43��65 /0F%S��<)<3	)X
�
	�Y'%7(�/�<
¤�×��E��hSÖ���8 979�Ò75xÒ �#¤'vxqpo�v�{x� |�m���e�v�|�j���j�y�����}�y��sl�m���v�{�m�� 6 m7	�48!9�: ;�4�G��3[�C�@9ZF@�C�������D�\�@�<A^_J4B�L
� V Q6*,+,0,'�� )�* � 
�+(% Q60�T�W�N�'�*,1
���|��g�O~Zns��npu/m�y��x|��g�Jj�|�}�{�npu�qk}/o�npo��
X
��%�2+F(S(S%S��&)��2+F43��65 /0F%S��<)<3	)X
�
	�Y'%7(�/�<
¤�×��E��hSÖ���8 979�Ò75xÒ �#¤'vxqpo�v�{x� |�m���e�v�|�j���j�y�����}�y��sl�m���v�{�m�� 6 m
���|��g�Lz9m�o�npz9m�ox}�l/npqp��}���}�|/qpox}/oxj�o��Ã~�}�y�}�m�y�������¤?g��7�
YTZ��'@:��5�U$�?�v	=Q7��5�U�(S%0/S�
	�3?�)<�& %0/�3LFvZ�� 3?<(2&2+F]�=FG���)<?�'Z�Z:��5�>3	
���'@:��FG�)<)U
¤�×��E��hSÖ���8 O�Ñ�Ò�ÑxÔ �#�9y�m��/}/��m�{���m�ix��j�y��)�Jm�u���j�q�m�� ÑxÑ7	�48!9�: ;�4�L���Z�<#CA[�>���B�#L�D�\�@�<A^_J4B�L



È�È � - "���$ - 
 � 6 �>6 * ;B�����	$ - 
 � 6 � 6

��h�i�lQsWi�e"!ag/q�b f�d�lQh�g/i�d�ejd�k g/q�b l ��\ b ]�`!d���lQb \ k¡d�`
� ��m
lQi�e�sWb�` a i�g/q � f�]�i�` ��l���e�i�f�d�g/`!d�]&m ��e�spi�gcf ��] ]�lQi � ��g/i�d�e
f

i�e q�b \ d�s�m
e ��\ i �/f d�k ��`&g/b�`ci ��l dWb�f�f,b�l¡f
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Cn
Q
n > 2

�@D �½D � $%�'() 
�f9W

� qpoxm�ox��nOu/m�qpqpz9m�o�u�}�{�m�npo�qsr^vp�/|/v�}/iJ��v�t/v�y�|/nk|�}�����~�j�|���m�z3nk|/oxm�y��x|���z¶u�npikj�y���oxm�oxm�z���npvxz3npo�u�}�l/npqp��v��
o�npvxu�}�}Oz	|/v���vxz3npu�|/v���ve��vxz	t�y/np��qk|/v���v�m�|�m�y�}/i�m2t/v�t/u�vxw�y/npz9m�za��y�m�qpqpv�{���v�y/vxz3vxu/~�|��g�!~�j�|/����}������,v�u/m��
�/}�j�q�m�z�t�m�u/m�z3npo�u�}/i�m���}�}»��u/m�|�}��Ìvxw�y�m�qpo�nk��¤'nk��|���m�u�oxmLqpo�u�v�r�o�qsr ��~5~Znp��ox}�{x|���ne��vxqpoxm�o�v�l�|���nej�qky/v�{x}/r
vxwxvxw7bSnk|�|/v��Eik{�npis�/|��g��~�j�|/����}��e{7{x}���n5z	|/v���vxz3npu�|/v���v�m�|�m�y/v��pm��p}�t/vxo�npik� Õ }/wxnpu�w�m���m��

���	���'���/�7�� ��	¡/�/¢#£�vp�/|/v�y�}/qpox|�m�r»~�j�|/����}/r��3z	|/v���vxz3npu�|��g��m�|�m�y/v����p}�t/vxo�npik� Õ }/wxnpu�w�m���m�� ��~5~Znp��ox}�{x�|/vxqpox�2��v ��~5~�}���}/nk|/o�v�{ah'nk��y/vxu/m���u/m��/}�j�qZt�m�u/m�z3npo�u�}/i�m���}�}��
� NPORN�ÈN±x·��>·�Î�¬3ª�©[a3ªY_�º`JML Æ NxÉ½ª}U7¸h_ SMUqX[ZR_�«k_b^ _ « ^ _}L,©[^	¬Tf}_b] ±�¬TV J}f�©�«k_'Ë |cn| 6 n

Q
n = 2, 3, . . . ,

¬ L,©�©[f�L,© X[fYJ!	¸ ]�SYX�©xºoa3©�± W�¸ ]RaT^TU7º^¬�J� ^ J�¸3¬ X[fM^TU7º�S�©x3¬T^	¬	³T^ JML ZTaTW�±�© |z| < 1® We^TZ	¯	¬	¹
f(z) = z +

∑∞
n=2 cnz

n ·
Pg¬TV J}f�©�«k_�VTa	¬TS/¸9©[ZR_�¸h_*SM^	¬ L&_b^	¬3©%L ^ J/±�¬'º L&_bf�© L&_bf�¬TZeJ}S Q�¬ VTa	¬ V J}VTU%fMZ�©� J}ZR_�«k_bfMcO©�©�ª}U7¸3¬a _�« S�¬TfMU L ^ J/±�¬3© L,©[fYJ� U ±�© JML,©[fMa	¬	³3© X[ZeJ/¹#f�© J}a	¬	¬²® We^TZ	¯	¬	¹�ZeJML V'¸9©[ZeX[^ J/±PJoV3©[a3© L,©[^T^ J/±PJ²Æ g�É QJ� ^ _bZeJ> J}ZR_�«k_bf�©x¸ cYX[fMSYJÌ±�¬TV J}f�©�« U ª}U7¸ J�V J�¸ W�³3©[^ J�¸3¬	À c�S NPO � Ê�±x·9® a _b^	¯TW�«PX[Z	¬ L�L&_bf�© L&_bf�¬'µZeJML �>·'9©�Î'a _b^	Â!© L Æ � És·��©x¸ c X[f}_bfMc�¬�Ä V JMX[fMa J/¬TfMc���®L®L©[ZTf�¬TSM^TU�©! JMX[f}_bfYJ/³T^TU�©�WYXx¸ J}S�¬T]R	¸ ]�J�ªMJ�ª/¼V©[^T^ J�µ « S�©�«�	µ^TU7ºV® We^TZ	¯	¬	¹ S*S�¬'9©)L ^ J/±PJML,©[aT^ J/±PJ(_b^ _�¸ J/±[_J±�¬TV J}f�©�« U Î�¬3ª�©[a3ªY_�ºe_�	¸ ] J�ª�¸h_}X[f�©�¹��Z©�¹T^'ºe_baTf}_'·�Z©�« W�¸ ckf}_bfMU X[f}_bfMc�¬¶ J}V J�¸ ^T]'°�f L ^ J/±PJ/³	¬ Xx¸9©[^T^TU�©�fYJ/³T^TU�©�J/¯3©[^TZ	¬ f�©�¹'¸ J}a J}SMU7º ZeJ���®L®�¬	¯	¬'µ

©[^TfYJ}S S�a _�«�¸3¬	³T^TU7º�V J� Z'¸h_}X XP_�º�¬	« W�³ _/© L$J/±PJ�Z'¸h_}X XP_'·K� X Xx¸9©x W�© L U2¹!Z'¸h_}X X�X J�9©[a#Â�¬Tf#a _b^3©�©
¬	« S�© X[fM^TU�© Z'¸h_}X X�« S�©�«� ^TU7º�® We^TZ	¯	¬	¹

MD
Æ Ï/É QRZ'¸h_}X X

MD(a, b)
Æ Ê�É�¬^ a�·

Q  �('f9XZY � W9f��ZXZf� �Ug·}�\a _/ªMJ}f�©%��·M��·�Î%_bSMa	¬T^ _ � X L2· Q}^ _bVTa	¬ L,©[a�Q3Æ Ï/É �KSMS�©x9©[^TU ¬V¬	« W�³ _�°�fYX ]Z'¸h_}X X*J�ªMJ�ª/¼V©[^T^ J J� ^ J�¸3¬ X[fM^TU7ºa® We^TZ	¯	¬	¹
QD

Q#¬oa _�«�¸3¬	³T^TU�©J©�±PJ V J� Z'¸h_}X X[U
MD

Q
ND

¬» aTW#µ
±�¬3© X�fYJ/³TZ	¬�« a3©[^	¬T]�J/¯3©[^ J}Z�f�©�¹'¸ J}a J}SMU7º�ZeJ���®L®�¬	¯	¬3©[^TfYJ}S�a _�«�¸ J�Â!©[^	¬T]²® We^TZ	¯	¬	¹ � f�¬'ºoZ'¸h_}XxµX J}S(SL SYJ/¹T^TU�©�X[f�©[V3©[^T^TU�©�a`]� UL·e� X[V J�¸ c�« WM]�a3©�ÀV©[^	¬3© �>·�9©eÎ'a _b^	Â!© L\VTa J�ª�¸9© L U Î�¬3ª�©[a3ªY_�ºe_
	¸ ]�® We^TZ	¯	¬	¹

S
J� ^ J/¹ ZeJML V'¸9©[ZeX[^ J/¹�V3©[a3© L,©[^T^ J/¹�Q{��·h��·�Î%_bSMa	¬T^ a3©�À!¬'¸ SoV J�¸ J�Â�¬Tf�©x¸ cM^ JMLX L UqXx¸9©J	¸ ]�® We^TZ	¯	¬	¹�Z'¸h_}X XP_

QD
Æ Ï/É�L ^ J/±PJML,©[aT^TU2¹ _b^ _�¸ J/±(VTa J�ª�¸9© L U �>·	Î�¬3ª�©[a3ªY_�ºe_'·� J/¯3©[^TZ	¬ ZeJ���®L®�¬	¯	¬3©[^TfYJ}S@��©�¹'¸ J}a _DZ'¸h_}X XP_

QD
S/º`J�3¬Tf@S�©x¸3¬	³	¬T^ _

dmn(D) =
sup(|w|m|z|n) 	¸ ]#SYX�©xº (w, z) ∈ D ⊂ C2 · �L¸ ]#ZeJ}^TZTa3©[fM^ J/±PJ�S�¬'h_�J�ª�¸h_}X[f�¬ D S`_�Âv^ J�WRL,©[fMcSMU2³	¬ Xx¸3¬TfMc

dmn(D)
· � ¯3©x¸ c�° V J�¸ W�³3©[^	¬T] ��®L®L©[ZTf�¬TSM^TU7º\J/¯3©[^ J}Z!ZeJ���®L®�¬	¯	¬3©[^TfYJ}S#��©�¹'¸ J}a _SYJ/« ^	¬TZR_/©[f!SYJ}VTa JMX�J SMU79©x¸9©[^	¬	¬�X[V3©�¯	¬ _�¸ cM^TU7º�Z'¸h_}X X J}S!J�ª�¸h_}X[f�©�¹

D
QZ	¸ ] ZeJ}fYJ}aTU7º�L$J�Âv^ J

��®L®L©[ZTf�¬TSM^ J SMU2³	¬ Xx¸3¬TfMc
dmn(D)

·�¨*WYX[fMc
D1

Ä f}_�J�ª�¸h_}X[fMc
D
Q,± a _b^	¬	¯ _ ZeJ}fYJ}a J/¹Á S`_�ÂV U^3©[VTa3©[aTU%SM^ J»3¬3®L®L©[a3©[^	¯	¬TaTW�© L&_»¬ _b^ _�¸3¬Tf�¬	³3© X[Z	¬ SMU%VTWeZ'¸h_>¬	« SM^3©�·�	 _bZ² J}ZR_�«k_�¸��!·h�!· ��© LZµ

¸ ]RZeJ}S>Æ j�É Q/± a _b^	¬	¯TW � fYJ/¹�J�ª�¸h_}X[f�¬�L$J�Âv^ J VTa3©x X[f}_bS�¬TfMc(S Xx¸9©x W�°e¼V© L#V _ba _}L,©[fMa	¬	³3© X[ZeJML\S�¬'9©�Ë
|w| = r1(τ), |z| = r2(τ), 0 6 τ 6 1,

Ð© Ñ�Ò�Ó�Ô �9j�y/ox�g��v�{a�O�
e��



È � 4  ��B��0 � - 
�� 6 < 6

±�9©
r1(0) = 0

Q
r1(1) <∞ Q

r′1(τ) > 0
Q
0 < τ 6 1,

¬
r2(τ) = R2 exp

[
−
∫ τ
0

τ
1−τ d ln r1(τ)

] Q
R2

ÄV J�¸ J�Â�¬Tf�©x¸ cM^ _b]�V JMX[fYJP]R^T^ _b]{Q
r2(1) = 0

·M��_bZeJ�©qV _ba _}L,©[fMa	¬	³3© X[ZeJ�©�VTa3©x X[f}_bS/¸9©[^	¬3©�J�ª�¸h_}X[f�¬
D1V J/« SYJ�¸ ]	©[f ��®L®L©[ZTf�¬TSM^ J SMU2³	¬ Xx¸3¬TfMc

dmn(D1)
Æ È�ÉsË

dmn(D1) = rm1

(
m

m+ n

)
rn2

(
m

m+ n

)
, m+ n > 0,

X�³	¬Tf}_b]
00 = 1

·�{_}L,©[f�¬ L f}_bZ	Â!©MQ	³TfYJV© Xx¸3¬�J�ª�¸h_}X[fMc
D
ÄÇª/¬	¯	¬'¸3¬T^' a {|w| < R1, |z| < R2}

QefYJTQTJ/³3©[S�¬' ^ JTQ
³TfYJ

dmn(D) = Rm1 ·Rn2
·R�*f}_bZ�QRSvXx¸ W�³ _/©�f�©xºoJ�ª�¸h_}X[f�©�¹

D1
¬aª/¬	¯	¬'¸3¬T^' a _vJ/¯3©[^TZ	¬�ZeJ���®L®�¬	¯	¬'µ

©[^TfYJ}S���©�¹'¸ J}a _v]RS/¸ ]'°�fYX ]���®L®L©[ZTf�¬TSM^TUqL5¬�·
I�X[f}_b^ J}S�¬ L$X ] ªMJ�¸9©�©�V J� a J�ª}^ J ^ _ XP_}L$JML_b^ _�¸ J/±�©oVTa J�ª�¸9© L UNÎ�¬3ª�©[a3ªY_�ºe_ S Xx¸ W�³ _/©> SMW#ºZeJML V'¸9©[ZeX[^TU7º�V3©[a3© L,©[^T^TU7º�	¸ ]#Z'¸h_}X XP_

QD
Æ Ï/És·K�S¸ W�³ _�¹ L ^ J/±�¬'º ZeJML V'¸9©[ZeX[^TU7º V3©[a3© L,©[^T^TU7ºa _}X X L&_bfMa	¬TS`_/©[fYX ] _b^ _�¸ J/±�¬	³T^ J	·

¨*a	¬TS�©x9© L�J}VTa3©x9©x¸9©[^	¬3© Z'¸h_}X XP_
QD

·	¨*WYX[fMc
D
Ä J/± a _b^	¬	³3©[^T^ _b]�V J�¸ ^ _b]^ SYJP]RZeJ}ZTaTW�±PJ}S`_b]J�ª�¸h_}X[fMc#X�¯3©[^TfMa JML S�^ _�³ _�¸9©�ZeJMJ}a�3¬T^ _bf�·,¨*WYX[fMc�S#J�ª�¸h_}X[f�¬

D
® We^TZ	¯	¬T]

f(w, z), f(0, 0) = 1±PJ�¸ JML$J}a3® ^ _'·Y�)J/« cYL,© L�L ^ J�Â!© X[fMSYJ
D∩{z = k0w}

Q/±�9©
k0
Ä ®�¬TZeX�¬Ta J}S`_b^T^ J�©qZeJ}^3©�³T^ J�©�³	¬ Xx¸ J

¬	« SYX�©�±PJ�L ^ J�Â!© X[fMS`_�ZeJML V'¸9©[ZeX[^TU7º²³	¬ X�©x¸KQTf�·3©�·TL ^ J�Â!© X[fMSYJTQ VTa3©x X[f}_bS/¸ ]'°e¼V©�©(X J�ªMJ/¹ X�©�³3©[^	¬3©J�ª�¸h_}X[f�¬
D
_b^ _�¸3¬Tf�¬	³3© X[ZeJ/¹#V'¸ JMX[ZeJMX[fMc�°

z = k0w
·�¡ZR_�Â!© L%Q�³TfYJ�S!X�©�³3©[^	¬	¬

D ∩ {z = k0w}
® We^TZ	¯	¬T]

wf(w, z)
J� ^ J�¸3¬ X[fM^ _RQ7© Xx¸3¬Í® We^TZ'µ

¯	¬T]
wf(w, k0w)

ZR_bZÍ® We^TZ	¯	¬T]�J� ^ J/±PJ\ZeJML V'¸9©[ZeX[^ J/±PJ!V3©[a3© L,©[^T^ J/±PJ
w
J� ^ J�¸3¬ X[fM^ _\S\X JMJ}f/µS�©[fYX[fMSMW�°e¼V© L�ZTaTW�±�©�·��99© X[c�V J�!X JMJ}fMS�©[fYX[fMSMW�°e¼!¬ L�ZTaTW�±PJML�V J}^	¬ L&_/©[fYX ]�VTa J�©[Z	¯	¬T] X�©�³3©[^	¬T]

D ∩ {z = k0w}
^ _�V'¸ JMX[ZeJMX[fMc

z = 0
3Z© Xx¸3¬

k0 = 0
QKfYJ�� fYJ�ª}W�9©[f#ZTaTW�±�Q�ZeJ}fYJ}aTU2¹ SMU%a3©�«k_/©[fJ�ª�¸h_}X[fMc

D
¬	« V'¸ JMX[ZeJMX[f�¬

z = 0
·

IeªMJ/« ^ _�³	¬ L�³3©[a3©�«
QD

Æ Ï/ÉTZ'¸h_}X X�±PJ�¸ JML$J}a3® ^TU7º S J�ª�¸h_}X[f�¬
D
® We^TZ	¯	¬	¹

f(w, z), f(0, 0) = 1
QJ�ª�¸h_�h_�°e¼!¬'º�Xx¸9©x W�°e¼!¬ L5¬ X[SYJ/¹ X[fMS`_}L5¬�ËN��$S X�©�³3©[^	¬	¬�J�ª�¸h_}X[f�¬

D
ZR_�ÂV J/¹�V'¸ JMX[ZeJMX[fMc�° ¬	«�SYX�©[SYJ/«PL$J�Âv^TU7º�_b^ _�¸3¬Tf�¬	³3© X[Z	¬'º�V'¸ JMX[ZeJ�µX[f�©�¹

z = kw
® We^TZ	¯	¬T]

wf(w, z)
J� ^ J�¸3¬ X[fM^ _)3g��'S�X�©�³3©[^	¬	¬

D ∩ {w = 0} ® We^TZ	¯	¬T] zf(0, z) J� ^ J�¸3¬ X[fM^ _'·
��b#f9XZb�ceU A � _b^ _�¸ J/±»±�¬TV J}f�©�« U Î�¬3ª�©[a3ªY_�ºe_���Æ Ï Q�f�© J}a3© L&_�N�Ï3· NxÉ D,<���� �2 	$	���	�	�

f(w, z) =∑∞
k=0(

∑k
l=0 ak−l,lw

k−lzl) ∈ QD
�3�����O�!������� - ���B�k�3 ���!�B� - �B��$	�	���

Ak(D) = sup
(w,z)∈D

k∑

l=0

|ak−l,l|2|w|2(k−l)|z|2l 6 (k + 1)2, k > 0, (1)

Bk(D) = sup
(w,z)∈D

∣∣∣∣
k∑

l=0

ak−l,lw
k−lzl

∣∣∣∣ 6 k + 1, k > 0. (2)

� �,b/§
 �('W9YZb>A»Æ Ï Q f�© J}a3© L&_ N�Ï3· NxÉ D/<������2 	$	���	�	�
f(w, z) =

∑∞
m,n=0 amnw

mzn ∈ QD
�3�����O�

������� ->- �B��$	�	�

|amn| 6
m+ n+ 1

dmn(D)
, m+ n > 0. (3)

�{_}L,©[f�¬ L%Q	³TfYJ VTa	¬�V3©[a3©xº`J�9© Z�J� ^ J�¸3¬ X[fM^TUqLÁ® We^TZ	¯	¬T]TL J� ^ J/±PJ ZeJML V'¸9©[ZeX[^ J/±PJ�V3©[a3© L,©[^'µ^ J/±PJ*J/¯3©[^TZR_ ��� ��X¡W�³3©[fYJML#S�© XP_OÆ � QMO�ÉRV3©[a3©xº`J�3¬Tf S*J/¯3©[^TZTWYQ/®�¬	± Wea	¬TaTW�°e¼ W�° Se±�¬TV J}f�©�«�©2Î�¬3ª�©[a'µ
ªY_�ºe_'·

¨*a3©x X[f}_bS�¬ L�a3©�« W�¸ ckf}_bfMU
_bSMfYJ}a _'·
��� ��# - #�
 # �  # '�� ������� �������  �����������  !�
���!������ � � � ��� � ��� MD(A,B)

Q −1 6 B 6 A 6 1
Q^ _�«PJ}S�© L�L ^ J�Â!© X[fMSYJ�SYX�©xº�±PJ�¸ JML$J}a3® ^TU7º#S�J�ª�¸h_}X[f�¬

D ⊂ Cn
® We^TZ	¯	¬	¹

f(z1, . . . , zn) = f(z)
Q



�²$ - � - ���k"�$	02����$���� - � ���	1 - �����0 ��� � �k" � � � �L����� -���-�� »��$	$ - �
'�����$	0 � �2 	$	���	�	� ÈMO
VTa3©x X[f}_bS�¬ L U7º!a`]� JML

f(z) = 1 +
∑∞

|k|=1 ak z
k Q�±�9© |k|

�����

=
∑n

i=1 ki
Q
k!

�����

=
∏n
i=1 ki!

Q�¬\W� J}S/¸9©xµfMSYJ}a`]'°e¼!¬'º�WYXx¸ J}S�¬	°NÆ Ï Q{NMNxÉ
R1f(z)

f(z)
=

1 +AΘ(z)

1 +BΘ(z)
, Θ(z) ∈ SD(0),

±�9©
SD(0)

Ä Z'¸h_}X X�±PJ�¸ JML$J}a3® ^TU7º S J�ª�¸h_}X[f�¬
D
® We^TZ	¯	¬	¹ �
Wea _

f(z1, z2), f(0, 0) = 0
QB	¸ ]ZeJ}fYJ}aTU7º |f(z1, z2)| < 1

S
D
Æ Ï/És·{�99© X[c

Rγ [f(z)] = γf(z) +
∑n

j=1 zj
∂f(z)
∂zj

Æ NMNxÉs·�Ieª}a _bfM^TUqL�Z
J}V3©[a _bfYJ}aTW

Rγ [f(z)]
]RS/¸ ]	©[fYX ]�J}V3©[a _bfYJ}a

R−1
γ f(z) =

∫ 1
0 ε

γ−1f(εz1, . . . , εzn) dε
·

�*^Tf�©[a3© X[^TUqL ]RS/¸ ]	©[fYX ]�Z'¸h_}X X�±PJ�¸ JML$J}a3® ^TU7ºÁ® We^TZ	¯	¬	¹
MD

(
b2−a2+a

b , 1−ab

) Q
a + b > 1

Q
b 6 a 6 b+ 1

Q'	¸ ]�ZeJ}fYJ}a J/±PJ�VTa	¬TS�©x9©[^²¬^ J}ZR_�«k_b^ ZTa	¬Tf�©[a	¬	¹ VTa	¬T^ _�	¸9©�Âv^ JMX[f�¬�Ë

f(z) =

∞∑

|k|=0

ak z
k ∈MD

(
b2 − a2 + a

b
,
1− a

b

)
.

��b#f9XZb�ceU � Æ NPg�É D �  	$	���	���
f(z) ∈MD

(
b2−a2+a

b , 1−ab

) � - �p���!��� - ����� - � - �p��� * � - �p���

f(z1, z2) = exp

1∫

0

ch(εz1, εz2)

b+ (1− a)h(εz1, εz2)
· dε
ε
,

�p���
c = b2 − (a− 1)2

�
h(z1, z2) ∈ SD(0)

* �����^� - � - "�0 � |h(z1, z2)| 6 1


D
6

¨*a	¬TS�©x9© L� JMX[f}_bfYJ/³T^ J�©�WYXx¸ J}S�¬3©qVTa	¬T^ _�	¸9©�Âv^ JMX[f�¬
f(z1, z2) ∈MD(A,B)

Q −16B 6A 6 1SvS�¬'9© L ^ J/±PJML,©[aT^ J/±PJ�_b^ _�¸ J/±[_�±�¬TV J}f�©�« U Î�¬3ª�©[a3ªY_�ºe_aÆ NxÉ�¬�WeZR_�Â!© L ��®L®L©[ZTf�¬TSM^ JMX[fMc3·	 _bZÅª}U7¸ J a _b^3©�© WYX[f}_b^ J}S/¸9©[^ J Æ N � É Q)S Z'¸h_}X X�©�® We^TZ	¯	¬	¹
f(z1, z2) ∈ MD(A,B)

J/¯3©[^TZ	¬ZeJ���®L®�¬	¯	¬3©[^TfYJ}S���©�¹'¸ J}a _ |ak1,k2(f : D)| ¬ L,©�°�f�S�¬'

∣∣ak1,k2(f : D)
∣∣ 6





A−B
dk1,k2 (f :D) , |k| > 0, −1 6 B 6 A 6 1;
∏|k|+1

j=2 [A−(j−1)B]

|k|!dk1,k2 (f :D) , A− |k|B > |k| − 1, |k| > 2;

A−B
|k|!dk1,k2(f :D) , A− 2B 6 1, |k| 6 2;
∏|k|+1

j=2 [A−(j−1)B]

|k|(|k|−2)!dk1,k2 (f :D) , A− |k|B < |k| − 1, |k| 6 3.

��b#f9XZb�ceU � D/<������2 	$	���	�	�
f(z1, z2) ∈MU2

R1,R2
(A,B)


 � ���	�	�	�	$#�	"�� � � �L���B���	
�$	0J� - �B��$ �
�	�a� - � � �����	�B��$B� - 
 + ���	� - "��V�3�����O�O
��#�

∣∣ak1,k2
(
f : U2

R1,R2

) ∣∣ 6





A−B
R

k1
1 R

k2
2

, |k| > 0, −1 6 B 6 A 6 1;

∏|k|+1
j=2 [A−(j−1)B]

|k|!Rk1
1 R

k2
2

, A− |k|B > |k| − 1, |k| > 2;

A−B
|k|!Rk1

1 R
k2
2

, A− 2B 6 1, |k| 6 2;

∏|k|+1
j=2 [A−(j−1)B]

|k|(|k|−2)!R
k1
1 R

k2
2

, A− |k|B < |k| − 1, |k| 6 3.



j}i 4  ��B��0 � - 
�� 6 < 6

��b#f9XZb�ceUÃF�D�<������2 	$	���	�	�
f(z1, z2) ∈ MK1(A,B)


 ���	1B�k"�� - $� 3���
K1 = {(z1, z2) ∈ C2 :

|z1|+ |z2| < 1} * �p��� ��"���$	��������� - � -�� ����������1#"��k��������
��3����
>1���"��������x"���������� - �Á
��#���

dK1 =
{
(z1, z2) ∈ C2 : |z1| = τ, |z2| = 1− τ, 0 6 τ 6 1

}
,

dk1,k2(f : K1) =

(
k1

k1 + k2

)k1 ( k2
k1 + k2

)k2
,

� � �L���B���	
�$	0J� - �B��$	�	��� - � � �����	�B��$B� - 
 + ���	� - "��V�3�����O�L
��#�

∣∣ak1,k2(f : K1)
∣∣ 6





|k||k|(A−B)

k
k1
1 k

k2
2

, |k| > 0, −1 6 B 6 A 6 1;

|k||k|
{

∏|k|+1
j=2 [A−(j−1)B]

}

|k|!kk11 k
k2
2

, A− |k|B > |k| − 1, |k| > 2;

|k||k|(A−B)

|k|!kk11 k
k2
2

, A− 2B 6 1, |k| 6 2;

|k||k|
{

∏|k|+1
j=2 [A−(j−1)B]

}

|k|(|k|−2)!k
k1
1 k

k2
2

, A− |k|B < |k| − 1, |k| 6 3.

� ZR_�³3© X[fMS�©vV JMXx¸9©x ^3©�±PJ�VTa	¬ L,©[a _oVTa	¬TS�©x9© L�_b^ _�¸ J/±�±�¬TV J}f�©�« U Î�¬3ª�©[a3ªY_�ºe_oSÌ¸ J/±[_ba	¬3® L5¬'µ
³3© X[Z	¬�SMU%VTWeZ'¸ J/¹#J/± a _b^	¬	³3©[^T^ J/¹ V J�¸ ^ J/¹� SYJP]RZeJ}ZTaTW�±PJ}SYJ/¹ J�ª�¸h_}X[f�¬

Dp,q

�����

=
{
(z1, z2) ∈ C2 : |z1|p + |z2|q < 1; p =

m

n
, m, n, q ∈ N

}
.

I fYL,©[f�¬ L%Q3³TfYJ
Dp,q ∈ (T )

fYJ/±�h_�¬�fYJ�¸ cMZeJ�fYJ/±�h_RQ ZeJ/±�h_
p > 1

·
��b#f9XZb�ceU�?BD3<���� �2 	$	���	�	�

f(z1, z2) ∈MDp,q(A,B)

V� - ����"�� �e�5���������	�a
�021� 	�	� - � - ��"�� �

$	������$	$ - �¾1 - �	$ - �Å��
 - �'� - �#"3 �� - 
 - � -�� ���������
Dp,q

� � �L���B���	
�$	0J� - �B��$	�	� � - � � �����	�B��$B� - 

+ ���	� - "��V�3�����O�O
��#�

|ak1,k2(f : Dp,q)| 6





(k1q+k2p)
k1q+k2p

pq (A−B)

(k1q)
k1
p (k2p)

k2
q

, −1 6 B 6 A 6 1;

(k1q+k2p)
k1q+k2p

pq
{

∏|k|+1
j=2 [A−(j−1)B]

}

|k|!(k1q)
k1
p (k2p)

k2
q

, A− |k|B > |k| − 1, |k| > 2;

(k1q+k2p)
k1q+k2p

pq (A−B)

|k|!(k1q)
k1
p (k2p)

k2
q

, A− 2B 6 1, |k| 6 2;

(k1q+k2p)
k1q+k2p

pq
{

∏|k|+1
j=2 [A−(j−1)B]

}

|k|(|k|−2)!(k1q)
k1
p (k2p)

k2
q

, A− |k|B < |k| − 1, |k| 6 3.

� J}ZR_�«k_bf�©x¸ cYX[fMSYJ#f�© J}a3© L � d'Ê�VTa J}SYJ�3¬TfYX ]\V J�X�º#© L,©�f�© J}a3© L U N�¬	«²Æ Ï/É'X�¬ X[V J�¸ c�«PJ}S`_b^	¬3© LX JMJ}fMS�©[fYX[fMSMW�°e¼!¬'º�J/¯3©[^ J}Z a _/ªMJ}fMU@Æ N�Ï/És·
�²Y ('b#XZU�(%$�XZU

Ó �*)+� � @Y�	��@3���7?$�W�Y! � ��� � : ��� � ��� : : � �F� � �
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p(·)
���,v��
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u/m�i�m��	t/u�ns��qpoxm�{xy/r�npoJqpvxwxv��>{�ik{�np�Snk|�|��g�Ìv�t/npu/m�o�vxuVj�qky/v�{x|/v���vLv���}���m�|�}/r��'�,v�t�j�ox|/vJt/v�y�j�l/nk|/vJv�t�}/q�m�|�}/n
vxwxu/m�i�m
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A9D5¦VW9b/§Sb#[ZYZb

�Z·2P�·&�(W�±�¸h_}X S X[SYJ�©�¹�a _/ªMJ}f�©¶Æ � É*V J}ZR_�«k_�¸KQ7³TfYJ!SYX ]RZ	¬	¹�X�Â�¬ L&_�°e¼!¬	¹�VTa J�©[ZTfYJ}a�S VTa J�µX[fMa _b^ X[fMS�©
L1(Ω,Σ, µ)

XvZeJ}^3©�³T^ J/¹ L,©[a J/¹�Q�ZeJ}fYJ}aTU2¹ JMX[f}_bS/¸ ]	©[f#ZeJ}^ X[f}_b^TfMU�^3©[V J� S�¬	Âv^TUqL5¬�QVTa3©x X[f}_bS/¸ ]	©[f!X J�ªMJ/¹�J}V3©[a _bfYJ}a�WYXx¸ J}SM^ J/±PJ�J�Â�¬'h_b^	¬T]g·¡��·$� ^' J S a _/ªMJ}f�©�Æ Ï/É J�ªMJ�ª/¼!¬'¸ � fYJ}fa3©�« W�¸ ckf}_bf ^ _
Lp(Ω,Σ, µ)

X ZeJ}^3©�³T^ J/¹ L,©[a J/¹�·7¨ JMX[a3©x X[fMSYJML J}V3©[a _bfYJ}a _!WYXx¸ J}SM^ J/±PJ J�Â�¬'h_�µ^	¬T]Ã¨�·,P�·K� J�	 XMQ&��·,ÎJ· �e°*X L&_b^ X^¬ÃÎJ·Z9©^¨ _�ºRf�©�S a _/ªMJ}f�©�Æ j�ÉqVTa	¬TS�©x¸3¬�V J�¸ ^ J�©�J}V	¬ XP_b^	¬3©V J�¸ J�Â�¬Tf�©x¸ cM^TU7º�V J}a`]� ZeJ}SYJ�^3©[VTa3©[aTU%SM^TU7º�VTa J�©[ZTfYJ}a J}S Q79©�¹ X[fMSMW�°e¼!¬'º�SÃ¬'9©P_�¸ cM^TU7º�V J�	µVTa JMX[fMa _b^ X[fMS`_�º S
L1(Ω,Σ, µ)

X ZeJ}^3©�³T^ J/¹ L,©[a J/¹�·9¨ J�¸ c�« WM]TX[c�f�©xºR^	¬TZeJ/¹�ªY_b^ _�º`J}SMU7º a3©�ÀV©[fYJ}Z�Q� ·Y�!·M�eª}a _}L$J}S�¬	³�Q`	�·b�Ì·Y��¸3¬TVTa _b^Tf�¬ X�¬^I!·�Î'WeaTZ	¬T^	À J S»Æ g�É Q/	¸ ]
p = 1

Q�¬ � ·Y�!·M�eª}a _}L$J}S�¬	³
¬ 	�· �Ì·���¸3¬TVTa _b^Tf�¬ X S�Æ � Q��Ê'· � Q�Ê'· Ï/É Q9	¸ ]

1 6 p < ∞ Q VTa	¬TS�©x¸3¬R aTW�±PJ�© ��¸9©�±[_b^TfM^ J�©V J}ZR_�«k_�µf�©x¸ cYX[fMSYJ�a3©�« W�¸ ckf}_bfYJ}S �Z·�P�·��(W�±�¸h_}XP_a¬\��·�� ^' J	·h�Ì·���·��&J�¸9ª�©[aTf S�a _/ªMJ}f�©�Æ O�É&V J}ZR_�«k_�¸KQ�³TfYJSYX ]RZ	¬	¹!V J�¸ J�Â�¬Tf�©x¸ cM^TU2¹ X�Â�¬ L&_�°e¼!¬	¹!VTa J�©[ZTfYJ}a\S
L1(Ω,Σ, µ)

XvVTa J/¬	« SYJ�¸ cM^ J/¹ L,©[a J/¹½© X[fMcJ}V3©[a _bfYJ}a WYXx¸ J}SM^ J/±PJ�J�Â�¬'h_b^	¬T] VTa	¬ WYXx¸ J}S�¬	¬�QB³TfYJ�X[W�Â!©[^	¬3© � fYJ/±PJ�J}V3©[a _bfYJ}a _o^ _
L∞

f}_bZ	Â!©]RS/¸ ]	©[fYX ] X�Â�¬ L&_�°e¼!¬ L2·'�e·5Î7©[aT^ _ W�¬ ��·��L©�¹ X�¬ S#a _/ªMJ}f�©�Æ Ê�É)V J}ZR_�«k_�¸3¬�Q,³TfYJR© Xx¸3¬ V J�¸ J�Â�¬'µf�©x¸ cM^TU�©�X�Â�¬ L&_�°e¼!¬3©vVTa J�©[ZTfYJ}aTU S
Lp
µ VTa JMX[fMa _b^ X[fMS`_�º!X VTa J/¬	« SYJ�¸ cM^ J/¹!L,©[a J/¹!J/± a _b^	¬	³	¬TfMc^ _�V J�¸ JMX[U Q�V J}a J�ÂV9©[^T^TUqL5¬ ��¸9© L,©[^Tf}_}L5¬�¬	«V©�±PJ�J�ª}a _�«k_RQ�fYJ � f�¬ J/± a _b^	¬	³3©[^	¬T]�J}V	¬ X[U%S`_�°�fYX ]X V JML$J/¼ c�°J}V3©[a _bfYJ}a _vWYXx¸ J}SM^ J/±PJ�J�Â�¬'h_b^	¬T]g·� ^ _}X[fYJP]'¼V©�¹�a _/ªMJ}f�©#VTa	¬TSYJ�3¬TfYX ]�J}V	¬ XP_b^	¬3© X[fMaTWeZTfMWeaTU V J�¸ J�Â�¬Tf�©x¸ cM^TU7º�X�Â�¬ L&_�°e¼!¬'ºVTa J�©[ZTfYJ}a J}S!S

Lp(·)
µ VTa JMX[fMa _b^ X[fMS`_�º�X

σ
µ ZeJ}^3©�³T^ J/¹�L,©[a J/¹�X�V3©[a3© L,©[^T^TUqL V J}ZR_�«k_bf�©x¸9© L

p(·) ·
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©�©oZeJ}^ X[fMaTWeZTf�¬TSM^ J	·)�S¸h_/ªY_b] V J}a`]� ZeJ}S`_b] ©x3¬T^	¬	¯ _#S J�ª}a _�«�©�V J�¸ J�Â�¬Tf�©x¸ cM^ J/±PJ!X�Â�¬ L&_�°e¼V©�±PJVTa J�©[ZTfYJ}a _�¬	± a _/©[f�Z'¸3°e³3©[SMW�°a J�¸ c�S>©�±PJvVTa3©x X[f}_bS/¸9©[^	¬	¬�·

� D,¦  	�Zf�cef�
�U�('b��'&9[ �b �,b�cJc� YÁf��ZXZb/§Sb��,b#[ZY �

¨*WYX[fMc
(Ω,Σ, µ)

Ä�VTa JMX[fMa _b^ X[fMSYJ X
σ
µ ZeJ}^3©�³T^ J/¹vL,©[a J/¹�Qkf�·�©�·

Ω
Ä�^3©[VTWYX[fYJ�©)L ^ J�Â!© X[fMSYJTQ

Σ
Ä

σ
µ _�¸3±�©�ª}a _�V J� L ^ J�Â!© X[fMS L ^ J�Â!© X[fMS`_

Ω
Q
µ
Ä�V J�¸ ^ _b]vL,©[a _�^ _

Σ
Q�¬vX[W�¼V© X[fMSMW�©[f SYJ/« a _}X[f}_�°e¼v_b]V J�SMZ'¸3°e³3©[^	¬	°�V JMXx¸9©x J}S`_bf�©x¸ cM^ JMX[fMc {Ωn} ⊂ Σ

f}_bZR_b]{Q�³TfYJ
Ω =

⋃∞
n=1Ωn

Q
µ(Ωn) < ∞ 	¸ ]SYX�©xº

n ∈ N
·��L¸ ]!VTa J/¬	« SYJ�¸ cM^ J/±PJ\L ^ J�Â!© X[fMS`_

A ∈ Σ
X�¬ L SYJ�¸ JML

1A
ª}W�9© LJ�ªMJ/« ^ _�³ _bfMc½©�±PJ

ºe_ba _bZTf�©[a	¬ X[f�¬	³3© X[ZTW�°@® We^TZ	¯	¬	°V·	 _bZ J�ª}U2³T^ JTQ�X�¬ L SYJ�¸ JML
L0(Ω,Σ, µ)

ª}W�9© L J�ªMJ/« ^ _�³ _bfMc L ^ J�Â!© X[fMSYJ�Z'¸h_}X X J}S � ZTS�¬TS`_�µ
¸9©[^TfM^ JMX[f�¬ ¬	«PL,©[a	¬ L U7º�V J/³Tf�¬�SYX�°7 W�ZeJ}^3©�³T^TU7º ® We^TZ	¯	¬	¹�·'�)X�°7 W h_�¸9©�©R® We^TZ	¯	¬T]

p(·) ∈
L∞(Ω,Σ, µ)

f}_bZR_b]{Q�³TfYJ
1Ω 6 p(·) V J/³Tf�¬\SYX�°7 W ^ _ Ω

·ZIeªMJ/« ^ _�³	¬ LX�¬ L SYJ�¸ JML
Lp(·)(Ω,Σ, µ)L ^ J�Â!© X[fMSYJ SYX�©xº�® We^TZ	¯	¬	¹

f ∈ L0(Ω,Σ, µ)
Q�	¸ ] ZeJ}fYJ}aTU7º ∫

Ω |f(t)|p(t)dµ(t) <∞ ·M�!VTa JMX[fMa _b^'µX[fMS�©
Lp(·)(Ω,Σ, µ)

SMS�©x9© L ^ J}a L W ‖ · ‖ V J>® J}a L W�¸9©

‖f‖ := inf

{
λ > 0 :

∫

Ω

∣∣∣f(t)
λ

∣∣∣
p(t)

dµ(t) 6 1

}
(f ∈ Lp(·)(Ω,Σ, µ)).

�KJ/±�h_
(Lp(·)(Ω,Σ, µ), ‖ · ‖) ]RS/¸ ]	©[fYX ]ÃªY_b^ _�º`J}SMUqL
VTa JMX[fMa _b^ X[fMSYJML
SMS�¬' W Æ ÈRQ&g �K~F��y�~�� g'· jeNxÉs·	*a JML,©�fYJ/±PJTQ�¬	«\J}VTa3©x9©x¸9©[^	¬T]

Lp(·)(Ω,Σ, µ)
S�¬' ^ JTQ�³TfYJ�J}^ J ¬'9©P_�¸ cM^ J�©\V J� VTa JMX[fMa _b^ X[fMSYJS

L0(Ω,Σ, µ)
·¡��¸3±�©�ª}a _�¬	³3© X[Z	¬3©²¬�a3©�ÀV©[fYJ/³T^TU�© J}V3©[a _�¯	¬	¬�S

Lp(·)(Ω,Σ, µ)
JMX[W�¼V© X[fMS/¸ ]'°�fYX ]V J}fYJ/³3©�³T^ J�V J/³Tf�¬�SYX�°7 W�·

��� ��# - #�
 # �  # %
'R� J}a L&_(VTa J/¬	« SYJ�¸ cM^ J/¹�^ J}a L5¬Ta J}S`_b^T^ J/¹�a3©�ÀV©[fMZ	¬
(E, ‖ · ‖) ^ _�« U%S`_/©[fYX ]

����� ��� � ������������������ Q�© Xx¸3¬�¬	«(X JMJ}fM^ J/ÀV©[^	¬T] |x| < |y| Xx¸9©x W�©[f ‖x‖ < ‖y‖ 	¸ ]�SYX�©xº x, y ∈ E
·

�²b�cJceU�A9D �!- "B����
!1#" - ���x"���$B����
'�
Lp(·)(Ω,Σ, µ)

���x" - � - � - $ - � - $	$����Ì1 - "������ - 
 - $B��1#"�� �
"�02
�$�� 6

C
� J}ZR_�«k_bf�©x¸ cYX[fMSYJ�V J}a`]� ZeJ}SYJ/¹ ^3©[VTa3©[aTU%SM^ JMX[f�¬�^ J}a L U S

Lp(·)(Ω,Σ, µ)
L$J�Âv^ J ^ _�¹Tf�¬S!Æ ÈTQ�g �K~F��y�~��
g'· ÈMg�És·/¨ J}ZR_�Â!© L X[fMa J/± W�°�L$J}^ J}fYJ}^T^ JMX[fMc ^ J}a L UL·b�)J/« cYL,© L#VTa J/¬	« SYJ�¸ cM^TU�©

f, g ∈
Lp(·)(Ω,Σ, µ)

f}_bZ	¬3©MQB³TfYJ
0 < |f | < |g| ·g¨*a3©x V J�¸ J�Â�¬ L�J}f�VTa J}f�¬TSM^ J/±PJTQ�³TfYJ ‖f‖ > ‖g‖ ·���_bZZR_bZ�® We^TZ	¯	¬T]

p(·) X[W�¼V© X[fMS�©[^T^ J�J/± a _b^	¬	³3©[^ _RQ�fYJ�S�X�¬'¸ W¶Æ ÈTQC]�y�� � �*��zKc�z ��{!g'· gRNxÉ&SMU%V J�¸ ^T]'°�fYX ]X JMJ}fM^ J/ÀV©[^	¬T]

1 =

∫

Ω

( |f |
‖f‖

)p(·)
dµ <

∫

Ω

( |g|
‖f‖

)p(·)
dµ 6

∫

Ω

( |g|
‖g‖

)p(·)
dµ = 1.

�J« V J�¸ W�³3©[^T^ J/±PJ�VTa J}f�¬TSYJ}a3©�³	¬T]#Xx¸9©x W�©[f ‖f‖ < ‖g‖ · B
��� ��# - #�
 # �  # (*'�I V3©[a _bfYJ}a

T : X → Y
L,©�ÂV W�^ J}a L5¬Ta J}S`_b^T^TUqL5¬#VTa JMX[fMa _b^ X[fMS`_}L5¬

X
Q

Y
^ _�« U%S`_/©[fYX ] ��� ������ ���� Q3© Xx¸3¬²©�±PJv^ J}a L&_vL,©[^Tc�ÀV©L©x3¬T^	¬	¯TUL·�)X�°7 WJh_�¸9©�©

E
ÄÅ«k_}L ZT^TWefMU2¹ V J ^ J}a L,©¡V J}a`]� ZeJ}SMU2¹�¬'9©P_�¸ S

Lp(·)(Ω,Σ, µ)
Q
P : E → E

ÄV J�¸ J�Â�¬Tf�©x¸ cM^TU2¹\X�Â�¬ L&_�°e¼!¬	¹ VTa J�©[ZTfYJ}a�Q�f�·�©�·
P 2 = P

Q
Pf > 0

	¸ ] SYX�©xº
f > 0

¬ ‖P‖ 6 1
·��¬ L SYJ�¸ JML

R(P ) := {P (f) : f ∈ E} ª}W�9© L J�ªMJ/« ^ _�³ _bfMcR©�±PJ�J�ª}a _�«�·K� _bV JML ^	¬ L%Q�³TfYJ f ∈ E



j�Ï + ��� - ��
 � 6 � 6

^ _�« U%S`_/©[fYX ] �#��������� $��,� ����� ��
���� ��������� � ��� VTa JMX[fMa _b^ X[fMS`_ M Q2© Xx¸3¬
supp f = suppM

Q7±�9©
suppM

Ä�^ JMX�¬Tf�©x¸ c
M

� X L2·�Æ NMQ'±�¸h_bS`_�Ï Q  � É �x·3¨ J�¸ J�Â�¬ L�V JvJ}VTa3©x9©x¸9©[^	¬	°
Σ0 := {A ∈ Σ : A = supp f, f ∈ R(P ), f > 0},

f�·9©�· X�¬ X[f�© L&_�L ^ J�Â!© X[fMS
Σ0
X JMX[fYJ/¬Tf»¬	« ^ JMX�¬Tf�©x¸9©�¹ V J�¸ J�Â�¬Tf�©x¸ cM^TU7ºR® We^TZ	¯	¬	¹�QTZ'¸h_}X X[U � ZTS�¬'µS`_�¸9©[^TfM^ JMX[f�¬#ZeJ}fYJ}aTU7º�X J�9©[a#Â _bfMcYX ]#S

R(P )
·

�²b�cJceU � D���" - ���x"���$B����
 -
R(P )

�'
���������� �²1 - "������ - 
 - ����5�	$� B� - � � ��$�� �	- 
 - ��1 - �	"����»��� �
� - ��


E
� - ����� ��- ��1 - "������ - 
 - ���k���	$	���B���

e ∈ R(P )
6

C
�'S�¬' WfYJ/±PJTQL³TfYJ

P 2 = P
¬
P
ÄD^3©[VTa3©[aTU%SM^TU2¹�J}V3©[a _bfYJ}a�Q VTa JMX[fMa _b^ X[fMSYJ

R(P )«k_}L ZT^TWefYJ�V J�^ J}a L,© S
E
·*��_bZ
ZR_bZ
^ J}a L&_�V J}a`]� ZeJ}SYJ�^3©[VTa3©[aTU%SM^ _RQ

R(P )
Ä V J}a`]� ZeJ}SYJ

«k_}L ZT^TWefYJ�©ÃªY_b^ _�º`J}SYJ�VTa JMX[fMa _b^ X[fMSYJ	·L¨ J}ZR_�Â!© L%Q�³TfYJ
R(P )

Ä S�©[ZTfYJ}aT^ _b]a3©�ÀV©[fMZR_'· �)J/« c/µL,© L
VTa J/¬	« SYJ�¸ cM^TU2¹ ��¸9© L,©[^Tf
f ∈ R(P )

·&��X�¬'¸ W V J�¸ J�Â�¬Tf�©x¸ cM^ JMX[f�¬
P
S�©[aT^ J ^3©[a _bS�©[^ X[fMSYJ

P (|f |) > |P (f)| = |f | ·�¨*a3©x V J�¸ J�Â�¬ L%Qg³TfYJ P (|f |) > |f | ·h�KJ/±�h_oS�X�¬'¸ W X[fMa J/±PJ/¹�L$J}^ J}fYJ}^T^ J�µX[f�¬o^ J}a L U � ¸9© L$L&_�N��&Xx¸9©x W�©[f ‖P (|f |)‖ > ‖f‖ Q#³TfYJ(VTa J}f�¬TSYJ}a3©�³	¬TfvWYXx¸ J}S�¬	° ‖P‖ 6 1
·e��_bZ	¬ LJ�ª}a _�«PJML%Q

P (|f |) = |f | ¬ |f | ∈ R(P )
·���© L�XP_}L UqL%Q

R(P )
Ä V J}a`]� ZeJ}SYJ^«k_}L ZT^TWef}_b]RªY_b^ _�º`J}S`_V J� a3©�ÀV©[fMZR_'·)�*fYJ�ª}U V J}ZR_�«k_bfMc X[W�¼V© X[fMSYJ}S`_b^	¬3©#Xx¸h_/ªMJ/¹�V J}a`]� ZeJ}SYJ/¹ ©x3¬T^	¬	¯TU V J�¸ J�Â�¬ L V JJ}VTa3©x9©x¸9©[^	¬	°

M := {1A : A ∈ Σ0} ⊂ L0(Ω,Σ, µ)
·K�KJ/±�h_ X[W�¼V© X[fMSMW�©[f

supM ∈ L0(Ω,Σ, µ)¬#SoX�¬'¸ W�Æ NMQ9±�¸h_bS`_ NMQ��ÈRQ f�© J}a3© L&_ Nkj�É ^ _�¹'9©[fYX ]#V JMXx¸9©x J}S`_bf�©x¸ cM^ JMX[fMc
(An) ⊂ Σ0

f}_bZR_b]{Q�³TfYJ
supM = sup{1An : n ∈ N} ·9¨*WYX[fMc e :=∑∞

n=1
fn

‖fn‖2n
Q3±�9©

fn ∈ R(P )
Q
fn > 0

Q
An = suppfn

(n ∈ N)
·P��_bZ ZR_bZ

R(P )
«k_}L ZT^TWef}_)V J%^ J}a L,©&S

E
Q fYJ

e ∈ R(P )
·�K*X[^ JTQ�³TfYJ

supp e = suppR(P )
·�S¸9©x J}S`_bf�©x¸ cM^ JTQ

e
Ä Xx¸h_/ªY_b]�V J}a`]� ZeJ}S`_b]²©x3¬T^	¬	¯ _vS

R(P )
·
B

�²b�cJceU � D �� 3�����
e
�3O�B���,�50

2
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Σ0
�'
���������� �

σ
�G1 - ��� - ��� � - � 


Σ
�

�k���	$	���B���
Ω0 := supp e

6

C
� X�¬'¸ W�¸9© L$L U g

R(P )
X J�9©[a#Â�¬Tf\Xx¸h_/ª}W�° V J}a`]� ZeJ}SMW�° ©x3¬T^	¬	¯TW

e
·&�S¸9©x J}S`_bf�©x¸ cM^ JTQ

Ω0 = supp e
ª}W�9©[f>©x3¬T^	¬	¯3©�¹#X�¬ X[f�© L U

Σ0
·�)J/« cYL,© L�VTa J/¬	« SYJ�¸ cM^TW�°
V JMXx¸9©x J}S`_bf�©x¸ cM^ JMX[fMc

(An) ⊂ Σ0
· �KJ/±�h_

An = suppfn
Q	±�9©

fn ∈
R(P )

Q
fn > 0 (n ∈ N)

·,¨ J�¸ J�Â�¬ L V J�J}VTa3©x9©x¸9©[^	¬	°
f :=

∑∞
n=1

fn
‖fn‖2n

·$� X�¬'¸ W½¸9© L$L U g
f ∈ R(P )

·9K*X[^ JTQ	³TfYJ
supp f =

⋃∞
n=1An

· �S¸9©x J}S`_bf�©x¸ cM^ JTQ ⋃∞
n=1An ∈ Σ0

·�)J/« cYL,© L VTa J/¬	« SYJ�¸ cM^TU�©
A,B ∈ Σ0

¬�V J}ZR_�Â!© L ³TfYJ�¬'º�a _�« ^ JMX[fMc
A \ B ∈ Σ0

·�¨*WYX[fMc
0 6 f, g ∈ R(P )

f}_bZ	¬3©MQ#³TfYJ
A = supp f

¬
B = supp g

·#¨ J�¸ J�Â�¬ L�V J J}VTa3©x9©x¸9©[^	¬	°
fn := (f−

ng)∨0
	¸ ]vSYX�©xº

n ∈ N
·M� X�¬'¸ W!¸9© L$L U�g*V JMXx¸9©x J}S`_bf�©x¸ cM^ JMX[fMc

(fn)
X J�9©[a#Â�¬TfYX ]oS

R(P )
·Y��_bZZR_bZ

(fn)
V J}a`]� ZeJ}SYJ X�º`J�3¬TfYX ]oZ»® We^TZ	¯	¬	¬

1A\Bf ∈ E QYfYJ V J fYJ/¹>Â!©2¸9© L$L,©�g 1A\Bf ∈ R(P )
·

K*X[^ JTQ	³TfYJ
supp1A\Bf = A \B · �S¸9©x J}S`_bf�©x¸ cM^ JTQ A \ B ∈ Σ0

·
B��¬ L SYJ�¸ JML {e}⊥⊥ L UÅª}W�9© L�J�ªMJ/« ^ _�³ _bfMcoV J�¸ JMX[WoS

E
QRV J}a J�ÂV9©[^T^TW�° ��¸9© L,©[^TfYJML

e ∈ E
·

�²b�cJceU¶F�D �� 3�����
e
�3L�B���,�50

2
654 1#"���
'�k���	�	
 - "���
'��$B����
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P (1Af) = 1AP (f)
������
'��� �

A ∈ Σ0
�
f ∈ {e}⊥⊥ 6

C
¨*WYX[fMc

0 6 f ∈ {e}⊥⊥ ¬ A ∈ Σ0
·}�KJ/±�h_

f∧ne ↑n f
·}�S¸9©x J}S`_bf�©x¸ cM^ JTQMS X�¬'¸ WL¸3¬T^3©�¹T^ JMX[f�¬

¬ V J}a`]� ZeJ}SYJ/¹ ^3©[VTa3©[aTU%SM^ JMX[f�¬vJ}V3©[a _bfYJ}a _
P
 JMX[f}_bfYJ/³T^ J� J}ZR_�«k_bfMce¸9© L$L We	¸ ] SYX�©xº

0 6 f 6 e
·�*f}_bZ�QhVTWYX[fMc

0 6 f 6 e
· �)J/« cYL,© L

h ∈ R(P )
f}_bZeJ/¹�Q�³TfYJ

A = supph
· �KJ/±�h_

e ∧ nh ↑n 1Ae
¬SMS�¬' W*fYJ/±PJTQ�³TfYJ

R(P )
Ä�V J}a`]� ZeJ}SYJ�«k_}L ZT^TWef}_b] V J� a3©�ÀV©[fMZR_ � ¸9© L$L&_ g���QPXx¸9©x W�©[f

1Ae ∈ R(P )
·��X�¬'¸ WoV J�¸ J�Â�¬Tf�©x¸ cM^ JMX[f�¬ J}V3©[a _bfYJ}a _

P
SMU%V J�¸ ^T]'°�fYX ]�^3©[a _bS�©[^ X[fMS`_

0 6 P (1Af) 6 P (f)¬
0 6 P (1Af) 6 P (1Ae) = 1Ae

·{�S¸9©x J}S`_bf�©x¸ cM^ JTQ�SMS�¬' W X JMJ}fM^ J/ÀV©[^	¬T]
A ⊂ supp e

V J�¸ W�³	¬ L
suppP (1Af) ⊂ A

¬
P (1Af) 6 1AP (f)

·� a _}X X[W�ÂV9©[^	¬T]�º!SMU2ÀV©oSYL,© X[fYJ
f
V J� X[f}_bS�¬ L

e − f
·K�KJ/±�h_ X[VTa _bS�©x	¸3¬TSMU X JMJ}fM^ J/ÀV©[^	¬T]

1Ae−P (1Af) = P (1A(e−f)) 6 1AP (e−f) = 1AP (e)−1AP (f)
·`�S¸9©x J}S`_bf�©x¸ cM^ JTQ

P (1Af) >
1AP (f)

· ��_bZ	¬ L�J�ª}a _�«PJML%Q
P (1Af) = 1AP (f)

·
B



4 ���3������!�B��1#" - ���B� - "�0 
>1#" - ���x"���$B����
�� � �!� � � ���Ì��1B�k"�������$	$	0�� 1 - �	����������B��� j/Ê
�)J/« cYL,© L V J}a`]� ZeJ}SMW�° ©x3¬T^	¬	¯TW

e ∈ R(P )
� ¸9© L$L&_�g���¬�V J�¸ J�Â�¬ L�V J�J}VTa3©x9©x¸9©[^	¬	°

F := e−1
R(P ) :=

{
e−1f : f ∈ R(P )

}
,

±�9©L® We^TZ	¯	¬T]
e−1f

J}VTa3©x9©x¸ ]	©[fYX ]�® J}a L W�¸ J/¹

e−1f(t) :=

{
f(t)
e(t) , t ∈ supp e,

0, t ∈ Ω \ supp e.
K*X[^ JTQZ³TfYJ

F
ÄsS�©[ZTfYJ}aT^ _b]!V J� a3©�ÀV©[fMZR_#S

L0(Ω,Σ, µ)
X�^ JMX�¬Tf�©x¸9© L

Ω0 := supp e
·,IeªMJ�µ

« ^ _�³	¬ L�J/± a _b^	¬	³3©[^	¬3©(SYX�©xºa® We^TZ	¯	¬	¹�¬	«
F
^ _

Ω0
³3©[a3©�«

F |Ω0

· �KJ/±�h_�J}fYJ�ª}a _�Â!©[^	¬3©
f 7→ e−1f]RS/¸ ]	©[fYX ]�a3©�ÀV©[fYJ/³T^TUqL ¬	«PJML$J}a3®�¬	«PL$JML ¬	«

R(P )
^ _

F |Ω0

·
�²b�cJceU½?BDÃ����� �2 	$	���	�	���3

F |Ω0 Σ0
�G�3����k"��3�50 * ���3�5
 - �	���������	� *

F |Ω0 ⊂ L0(Ω0,Σ0, µ)
6

C
�)J/« cYL,© L�VTa J/¬	« SYJ�¸ cM^TW�° V J�¸ J�Â�¬Tf�©x¸ cM^TW�°N® We^TZ	¯	¬	°

f ∈ F
·h�KJ/±�h_�X[W�¼V© X[fMSMW�©[f�V J�¸ J�µ

Â�¬Tf�©x¸ cM^ _b]²® We^TZ	¯	¬T]
g ∈ R(P )

f}_bZR_b]{Q3³TfYJ
f = e−1g

· �)J/« cYL,© L�VTa J/¬	« SYJ�¸ cM^ J�©O³	¬ Xx¸ J
α > 0

·� X�¬'¸ W fYJ/±PJTQ/³TfYJ
R(P )

ÄS�©[ZTfYJ}aT^ _b]va3©�ÀV©[fMZR_RQ
e, g ∈ R(P )

¬
supp g ⊂ supp e

Q}SMU%V J�¸ ^T]'°�fYX ]a _bS�©[^ X[fMS`_ {t ∈ Ω : f(t) > α} = {t ∈ Ω : e−1(t)g(t) > α} = {t ∈ Ω : g(t) > αe(t)} = {t ∈ Ω :
g(t) ∨ αe(t) − αe(t) > 0} = supp(g ∨ αe− αe) ∈ Σ0

·
B

� D�]! �[Zf9W9[Zf�"ÁXZb�#�$%�'&)(�U�(

��� ��# - #�
 # �  #�� '�¨*WYX[fMc
(Ω,Σ, µ)

Ä�VTa JMX[fMa _b^ X[fMSYJ X
σ
µ ZeJ}^3©�³T^ J/¹�L,©[a J/¹Ì¬

Σ0
Ä
^3©[ZeJ}fYJ�µa J�©

σ
µ V J� ZeJ�¸ c�¯ J�S

Σ
X�©x3¬T^	¬	¯3©�¹

Ω0
·3M(We^TZ	¯	¬T]

f ∈ L0(Ω,Σ, µ)
^ _�« U%S`_/©[fYX ]

Σ0 � ��!� ��� ������ Q© Xx¸3¬
suppf ⊂ Ω0

¬�©�© J/± a _b^	¬	³3©[^	¬3©
f |Ω0

^ _
Ω0 Σ0

µ ¬	«PL,©[a	¬ L$J	·�)X�©
Σ0
µ ¬	«PL,©[a	¬ L U�©^® We^TZ	¯	¬	¬�¬	«

L0(Ω,Σ, µ)
ª}W�9© L J�ªMJ/« ^ _�³ _bfMc X�¬ L SYJ�¸ JML

L0(Ω,Σ0, µ)
·� ³ _}X[fM^ JMX[f�¬�Q

Lp(·)(Ω,Σ0, µ) := Lp(·)(Ω,Σ, µ) ∩ L0(Ω,Σ0, µ)
·�K*X[^ JTQg³TfYJ

L0(Ω,Σ0, µ)
V J�h_�¸	µ

±�©�ª}a _ S
L0(Ω,Σ, µ)

·
¨*WYX[fMc

0 < e ∈ Lp(·)(Ω,Σ, µ)
¬
Σ0

Ä�^3©[ZeJ}fYJ}a J�©
σ
µ V J� ZeJ�¸ c�¯ J S

Σ
X7©x3¬T^	¬	¯3©�¹

Ω0 = supp e
·��_bZ ZR_bZ

1 6 p(·) ∈ L∞(Ω,Σ, µ)
Q fYJoSoX�¬'¸ W½Æ ÈRQ+]�y�� � �*��zKc�z ��{�g'· NPg�É ep(·) ∈ L1(Ω,Σ, µ)

·h�'S�©x9© LZeJ}^3©�³T^TW�° L,©[aTW
ep(·)µ

V J�® J}a L W�¸9©
ep(·)µ(A) :=

∫
A e

p(·)dµ
	¸ ] SYX�©xº

A ∈ Σ
·��)J/« cYL,© L VTa J�µ

¬	« SYJ�¸ cM^TW�° ® We^TZ	¯	¬	°
h ∈ L1(Ω,Σ, e

p(·)µ)
¬ V J�¸ J�Â�¬ L�V J�J}VTa3©x9©x¸9©[^	¬	°

λ(A) :=
∫
A he

p(·)dµ	¸ ]�SYX�©xº
A ∈ Σ0

· �KJ/±�h_
λ : Σ0 → R

Ä ZeJ}^3©�³T^ _b]#L,©[a _RQ9¬ V J�f�© J}a3© L,© � _� J}^ _>Ä �J¬TZeJ�3¬ L&_X[W�¼V© X[fMSMW�©[f»©x3¬T^ X[fMS�©[^T^ _b]²® We^TZ	¯	¬T]
E ep(·)µ(h|Σ0) ∈ L1(Ω0,Σ0, e

p(·)µ)
f}_bZR_b]{Q3³TfYJ

∫

A

hep(·) dµ =

∫

A

E
ep(·)µ(h|Σ0)e

p(·) dµ � N��
	¸ ] SYX�©xº

A ∈ Σ0
·�¨*a J� J�¸3Â�¬ L ® We^TZ	¯	¬	°

E ep(·)µ(h|Σ0)
^ _

Ω
Q{V J�¸h_�±[_b]

E ep(·)µ(h|Σ0)(t) = 0	¸ ]�SYX�©xº
t ∈ Ω \Ω0

Q�¬�J�ªMJ/« ^ _�³	¬ L � fYJ(VTa J� J�¸3Â!©[^	¬3© X[^ J}S`_L³3©[a3©�«
E ep(·)µ(h|Σ0)

·`�KJ/±�h_ S X�¬'¸ WJ}VTa3©x9©x¸9©[^	¬T]�g
E ep(·)µ(h|Σ0)

Ä ©x3¬T^ X[fMS�©[^T^TU2¹ ��¸9© L,©[^Tfa¬	«
L1(Ω,Σ0, e

p(·)µ)
Q W� J}S/¸9©[fMSYJ}a`]'°�µ

¼!¬	¹�X JMJ}fM^ J/ÀV©[^	¬	° � N��x·
��� ��# - #�
 # �  #�� 'eI fYJ�ª}a _�Â!©[^	¬3©

E ep(·)µ(·|Σ0) : h 7→ E ep(·)µ(h|Σ0)
¬	«

L1(Ω,Σ, e
p(·)µ)S

L1(Ω,Σ0, e
p(·)µ)

QqJ}VTa3©x9©x¸ ]	© L$J�© X JMJ}fM^ J/ÀV©[^	¬3© L � N���Q%^ _�« U%S`_/©[fYX ] ��$ ���������,� �  � �#����
������ �
� � ����������� 	¸ ]�L,©[aTU ep(·)µ

J}fM^ JMX�¬Tf�©x¸ cM^ J
σ
µ ZeJ�¸ c�¯ _

Σ0
XL©x3¬T^	¬	¯3©�¹

Ω0
·

�²b�cJceU HgD � 1B�k"���� - "  3��� - 
�$ - � - - ���#����$	���
E ep(·)µ(·|Σ0) : L1(Ω,Σ, e

p(·)µ) →
L1(Ω,Σ0, e

p(·)µ)
�'
���������� �½�	�	$B���	$	0�� 1 - � - ���B��������$	0��¾1 - "������ - 
 - $B��1#"��k"�02
�$	0�� 1#" - ���B� - �

" - � ��$ - "B� - �²����$����»�����k���	$	���	0 6
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C
� J}ZR_�«k_bf�©x¸ cYX[fMSYJ>¸9© L$L U ¸9©�± ZeJvXx¸9©x W�©[f>¬	«*f�© J}a3© L U � _� J}^ _!Ä��J¬TZeJ�3¬ L&_�¬�J}VTa3©x9©x¸9©xµ^	¬T]�J}V3©[a _bfYJ}a _

E ep(·)µ(·|Σ0)
·
B

��b#f9XZb�ceU¾A9D �� 3�����
(Ω,Σ, µ)

	 1#" - ���x"���$B����
 - �
σ
�G� - $B���/$ - �Á���k" - � *

E
	 ����5�	$� B��02�

1 - $ - "B���L1 - "������ - 
�02���#��������

Lp(·)(Ω,Σ, µ)

*
P : E → E

	 1 - � - ���B��������$	02� �k���3������!�	�
1#" - ���B� - " 65+�- �p���^�p �»������
� ��O�

0 < e ∈ R(P )
*
σ
�G1 - ��� - ��� � -

Σ0


Σ
�L�k���	$	���B���

Ω0 := supp e� �k���	$B����
'��$	$�� �Í1 - � - ���B��������$�� � �2 	$	���	���
w ∈ L0(Ω,Σ, e

p(·)µ)
�����	�B� * ��� -

suppR(P ) =

Ω0
*
suppw ⊂ suppΩ0

�¶��1#"���
'�k���	�	
 - 1#"��k��������
��B��$	�B�
P (f) = eE ep(·)µ(e−1wf |Σ0)

�����R
'��� �
f ∈ {e}⊥⊥ ⊂ E
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C
¨*WYX[fMc

e
Q
Ω0 = supp e

¬
Σ0

¬	«^¸9© L$L g²¬ � ·$��X�¬'¸ W�¸9© L$L U ÊR® We^TZ	¯	¬T]
e−1P (f) ∈

L0(Ω,Σ, µ) Σ0
µ ¬	«PL,©[a	¬ L&_V	¸ ]oSYX�©xº

f ∈ E
QRSV³ _}X[fM^ JMX[f�¬�Q		¸ ]

f ∈ {e}⊥⊥ ·3I�X[f}_�¸ JMX[c> J}ZR_�«k_bfMcVTa3©x X[f}_bS/¸9©[^	¬3©
∫

A

e−1P (f)ep(·)dµ =

∫

A

e−1wfep(·)dµ

	¸ ]�SYX�©xº
f ∈ {e}⊥⊥ ¬

A ∈ Σ0
·

¨ J�¸ J�Â�¬ L�V J�J}VTa3©x9©x¸9©[^	¬	°
M := {e−1f : f ∈ {e}⊥⊥} · �KJ/±�h_ M Ä V J}a`]� ZeJ}SMU2¹�¬'9©P_�¸#S

L0(Ω,Σ, µ)
·	Î)J�¸9©�©*fYJ/±PJTQRf}_bZ�ZR_bZ L,©[a _

ep(·)µ
ZeJ}^3©�³T^ _RQTfYJ SMS�¬' WRÆ ÈTQ ����y���#$#4w�y���g'· Ï � ÉKX[VTa _bS�©x	µ

¸3¬TSMU
SMZ'¸3°e³3©[^	¬T]
M ⊂ Lp(·)(Ω,Σ, e

p(·)µ) ⊂ L1(Ω,Σ, e
p(·)µ)

·��'S�©x9© L�J}V3©[a _bfYJ}a
T : M → MV JR® J}a L W�¸9©

T (g) := e−1P (eg)
	¸ ]!SYX�©xº

g ∈ M
· �KJ/±�h_

T
Ä V J�¸ J�Â�¬Tf�©x¸ cM^TU2¹�V J}a`]� ZeJ}SYJ^3©[VTa3©[aTU%SM^TU2¹!J}V3©[a _bfYJ}a�S

M
·K� V JML$J/¼ c�°�J}V3©[a _bfYJ}a _

T
J}VTa3©x9©x¸3¬ L�V J}a`]� ZeJ}SYJ�^3©[VTa3©[aTU%S/µ^TU2¹R® We^TZ	¯	¬ J}^ _�¸

Φ : M → R
V J»® J}a L W�¸9©

Φ(g) :=
∫
Ω T (g)e

p(·)dµ
	¸ ]�SYX�©xº

g ∈ M
· ��X�¬'¸ W

Æ � Q g �K~F��y�~�� Ê'· g�È�É$X[W�¼V© X[fMSMW�©[f^©x3¬T^ X[fMS�©[^T^ _b]#V J�¸ J�Â�¬Tf�©x¸ cM^ _b]�® We^TZ	¯	¬T]
w ∈ L0(Ω,Σ, e

p(·)µ)f}_bZR_b]{QS³TfYJ
suppw ⊂ supp e = suppΩ0

¬ ∫
Ω T (g)e

p(·)dµ = Φ(g) =
∫
Ωwge

p(·)dµ
	¸ ]!SYX�©xº

g ∈M
· �S¸9©x J}S`_bf�©x¸ cM^ JTQ V J�¸h_�±[_b]

g := e−1f
QeS�X�¬'¸ W»¸9© L$L UÅÏ�X[VTa _bS�©x	¸3¬TSMU a _bS�©[^ X[fMS`_

∫

A

e−1P (f)ep(·)dµ =

∫

Ω

1Ae
−1P (f)ep(·)dµ =

∫

Ω

e−1P (1Af)e
p(·)dµ

=

∫

Ω

T (1Ag)e
p(·)dµ =

∫

Ω

w1Age
p(·)dµ =

∫

A

e−1wfep(·)dµ

	¸ ]�SYX�©xº
f ∈ {e}⊥⊥ ¬

A ∈ Σ0
·
B

*,+ !$# 01+��  # %
''�&Xx¸3¬�S!f�© J}a3© L,© N#L,©[a _
µ
ZeJ}^3©�³T^ _RQ)V J}ZR_�«k_bf�©x¸ c

1 6 p(·) < ∞ © X[fMcZeJ}^ X[f}_b^Tf}_¶¬
P (1) = 1

Q�±�9©
1
Ä fYJ�ÂV9© X[fMS�©[^T^ _b] ©x3¬T^	¬	¯ _\^ _

Ω
Q&fYJ\V J�¸h_�±[_b]

e = 1
Q'L UV J�¸ W�³	¬ L a3©�« W�¸ ckf}_bf f�¬TV _ �(W�±�¸h_}XP_�Ä � ^' J Æ � Q ����y���#$#4w�y�� Ê'· ÊMgRQ2Ê'· Ê � É QJÆ jRQ=]�y�� � �*��zKc�z ��{ � · � És·� Xx¸ W�³ _/©MQ¡ZeJ/±�h_

µ σ
µ ZeJ}^3©�³T^ _RQ'fYJ�¬	« WeV JML ]R^TWefYJ/¹�f�© J}a3© L U Xx¸9©x W�©[f!a3©�« W�¸ ckf}_bfÃÎ7©[aT^ _ W ¬�L©�¹ X�¬�Æ ÊTQ�g �K~F��y�~�� � · Ï/És·

� �,b/§
 �('W9YZb¶A9D �� 3�����
(Ω,Σ, µ)

	 1#" - ���x"���$B����
 - �
σ
�G� - $B���/$ - �����k" - � *

E
	 ����5�	$� B��02�

1 - $ - "B���L1 - "������ - 
�02���#��������

Lp(·)(Ω,Σ, µ)

*
P : E → E

	 1 - � - ���B��������$	02� �k���3������!�	�
1#" - ���B� - " 6Z+�- �p���Ì�p �»������
� ��O�L����5�	$� B��0J�e�#����������$	0J��1 - ��1#" - ���x"���$B����
��

E1
*
E2



E
�a1 - � - �

���B��������$	0J�2�k���3������!�B� - 1B�k"���� - "�0
P11 : E1 → E1

�
P12 : E2 → E1

�����	�B� * ��� -
E = E1⊕E2

*
P11P12 = P12

*
P 2
11 = P11

* � - 1B�k"���� - "
P
�3�������!�����x"����/$ - �e1#"��k��������
��B��$	�B�

P =

(
P11 P12

0 0

)
.

� - �B���^� - � -�* �p �»������
� ��O�
0 < e ∈ R(P )

*
σ
�G1 - ��� - ��� � -

Σ0


Σ
�Ì�k���	$	���B���

Ω0 = supp e
�

�k���	$B����
'��$	$�� ��1 - � - ���B��������$�� � �2 	$	���	���
w ∈ L0(Ω,Σ, e

p(·)µ)
�����	�B� * ��� -

suppR(P ) = Ω0
*

suppw = Ω0
* �a�3�������!������� - 1#"��k��������
��B��$	�B�

P11(f) = eE ep(·)µ(e−1wf |Σ0)
�����a
'��� �

f ∈ E1
6



4 ���3������!�B��1#" - ���B� - "�0 
>1#" - ���x"���$B����
�� � �!� � � ���Ì��1B�k"�������$	$	0�� 1 - �	����������B��� jMj
C
� X�¬'¸ W�f�© J}a3© L U N X[W�¼V© X[fMSMW�°�f

0 < e ∈ R(P )
Q
σ
µ V J� ZeJ�¸ c�¯ J

Σ0
S
Σ
X�©x3¬T^	¬	¯3©�¹

Ω0 = supp e
¬Å©x3¬T^ X[fMS�©[^T^ _b]�V J�¸ J�Â�¬Tf�©x¸ cM^ _b] ® We^TZ	¯	¬T]

w ∈ L0(Ω,Σ, e
p(·)µ)

f}_bZ	¬3©MQ�³TfYJ
suppR(P ) = Ω0

Q
suppR(P ) = Ω0

Q'¬ X[VTa _bS�©x	¸3¬TSYJ�VTa3©x X[f}_bS/¸9©[^	¬3©
P (f) = eE ep(·)µ(e−1wf |Σ0)

� g��
	¸ ]�SYX�©xº

f ∈ {e}⊥⊥ ·7¨ J�¸ J�Â�¬ L S ZR_�³3© X[fMS�©
E1 := 1Ω0E = {e}⊥⊥ ¬

E2 := 1Ω\Ω0
E =

{e}⊥ ·K�'S�©x9© L�J}V3©[a _bfYJ}aTU P11 : E1 → E1
¬
P12 : E2 → E1

V J�® J}a L W�¸h_}L
P11(f) := P (f)	¸ ]�SYX�©xº

f ∈ E1
¬
P12(g) := P (g)

	¸ ]�SYX�©xº
g ∈ E2

·�K*X[^ JTQ2³TfYJ
P 2
11 = P11

·%��_bZ�ZR_bZ
R(P12) ⊂ R(P ) ⊂ {e}⊥⊥ = E1

Q$fYJ
P11P12 = P12

·�I�³3©[S�¬' ^ JTQ�³TfYJ
E = E1 ⊕ E2

Q,¬
P1
Q

P2
Ä V J�¸ J�Â�¬Tf�©x¸ cM^TU�©(J}V3©[a _bfYJ}aTU�X�^ J}a L&_}L5¬�L,©[^Tc�ÀV©�©x3¬T^	¬	¯TUL·9I�± a _b^	¬	³3©[^	¬3© J}V3©[a _bfYJ}a _

P^ _
E1

© X[fMc
P11

·%�S¸9©x J}S`_bf�©x¸ cM^ JTQqS X�¬'¸ W � g���SMU%V J�¸ ^T]'°�fYX ]�a _bS�©[^ X[fMS`_
P11(f) = P (f) =

eE ep(·)µ(e−1wf |Σ0)
	¸ ]�SYX�©xº

f ∈ E1
·
B� «k_bZ'¸3°e³3©[^	¬3©(a _}X X L$J}fMa	¬ L�SYJ}VTa JMX J�ªoJ}V	¬ XP_b^	¬	¬ J�ª}a _�«k_�V J�¸ J�Â�¬Tf�©x¸ cM^ J/±PJ�X�Â�¬ L&_�°e¼V©�±PJVTa J�©[ZTfYJ}a _

P
Q�9©�¹ X[fMSMW�°e¼V©�±PJvS

Lp(·)(Ω,Σ, µ)
·

	aXZb/§/�,f ��b#[ZYZbRA9D��� 3�����
(Ω,Σ, µ)

	 1#" - ���x"���$B����
 - �
σ
�G� - $B���/$ - �²���k" - � *

P
	 1 - � - ��� �

��������$	02�>�k���3������!�	�O1#" - ���B� - " * �����B����
� ���!�	�L

Lp(·)(Ω,Σ, µ)

6#+�- �p���J�p �»������
� ��O� �2 	$	���	���
0 < e ∈ R(P )

�
σ
�G1 - ��� - ��� � -

Σ0
���k���	$	���B���

Ω0 = supp e
�����	�B� * ��� - 
�021 - �	$�������� �O"���
'��$B����
 -

R(P ) = e · Lp(·)(Ω,Σ0, e
p(·)µ)
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C
�'S�¬' W�¸9© L$L gÌ¬ � SYJ/« cYL,© L�V J}a`]� ZeJ}SMW�° ©x3¬T^	¬	¯TW

0 < e ∈ R(P )
¬
σ
µ V J� ZeJ�¸ c�¯ J

Σ0X�©x3¬T^	¬	¯3©�¹
Ω0 = supp e

·%� _}X X L$J}fMa	¬ L VTa JMX[fMa _b^ X[fMSYJ
Lp(·)(Ω0,Σ0, µ0)

Q7±�9© L,©[a _
µ0

© X[fMcX[W�Â!©[^	¬3©�L,©[aTU
ep(·)µ

^ _
Σ0
Q _ V J� ® We^TZ	¯	¬3©�¹

p(·) L U�V J� a _�« WRL,©[S`_/© L ©�©oX[W�Â!©[^	¬3©�^ _
Ω0
·�'S�¬' WÃ¸9© L$L U Ê�	¸ ]Á J}ZR_�«k_bf�©x¸ cYX[fMS`_ ^ _�ÀV©�±PJ!WefMS�©[a#ÂV9©[^	¬T]Í JMX[f}_bfYJ/³T^ J WYX[f}_b^ J}S�¬TfMc Q2³TfYJ

(e−1R(P ))|Ω0 = Lp(·)(Ω0,Σ0, µ0)
Q9±�9©

(e−1R(P ))|Ω0

J�ªMJ/« ^ _�³ _/©[f�X[W�Â!©[^	¬3© SYX�©xº�® We^TZ	¯	¬	¹�¬	«
e−1R(P )

^ _
Ω0
·K��X�¬'¸ WR¸9© L$L U Ï L ^ J�Â!© X[fMSYJ

(e−1R(P ))|Ω0

X J�9©[a#Â�¬Tf SYX�©>ºe_ba _bZTf�©[a	¬ X[f�¬'µ
³3© X[Z	¬3©�® We^TZ	¯	¬	¬ L ^ J�Â!© X[fMS�¬	«

Σ0
·���_bZ ZR_bZ

(e−1R(P ))|Ω0

]RS/¸ ]	©[fYX ] V J}a`]� ZeJ}SYJa«k_}L ZT^TWefYJ/¹V J� a3©�ÀV©[fMZeJ/¹ S
Lp(·)(Ω0,Σ0, µ0)
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