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� à ¡®â¥ ¯à¨¢®¤¨âáï ®¯¨á ¨¥ ®¯¥à â®à®¢ áã¯¥à¯®§¨æ¨¨ ¢ ¯à®áâà áâ¢ å �¥¡¥£ . � â®¬ á«ã-

ç ¥, ª®£¤  ®¯¥à â®à ¯®¨¦ ¥â áã¬¬¨àã¥¬®áâì, áãé¥áâ¢¥ãî à®«ì ¯à¨ ®¯¨á ¨¨ â ª¨å ®¯¥à -

â®à®¢ ¨£à îâ á¢®©áâ¢  ª¢ §¨ ¤¤¨â¨¢ëå äãªæ¨©, ®¯à¥¤¥«¥ëå   ®âªàëâëå ¯®¤¬®¦¥áâ¢ å

®¤®à®¤ëå ¯à®áâà áâ¢. � ¯¥à¢®© ç áâ¨ à ¡®âë ¤®ª §   ®æ¥ª  ¤«ï ¨â¥£à «  ®â ¢¥àå¥©

¯à®¨§¢®¤®© äãªæ¨¨ ¬®¦¥áâ¢ , ¨§ ª®â®à®© ¢ëâ¥ª ¥â ¯à®áâ®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �¥¡¥£ 

® ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ¨â¥£à «  ¨ áãé¥áâ¢®¢ ¨¥ ¯«®â®áâ¨ ¯®çâ¨ ¢áî¤ã. �®«ãç¥ë â ª¦¥

¯à¨«®¦¥¨ï ª £¥®¬¥âà¨ç¥áª®© â¥®à¨¨ ¬¥àë.

�¢¥¤¥¨¥

0.1. � à ¡®â å [1, 2] ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨ª ¥â (ª¢ §¨) ¤¤¨â¨¢ ï äãª-

æ¨ï ¬®¦¥áâ¢ , ®¯à¥¤¥«¥ ï   ®âªàëâëå ¯®¤¬®¦¥áâ¢ å ¥¢ª«¨¤®¢  ¯à®áâà áâ-

¢  Rn . � ¯®¬¨¬ [2], çâ® ¥®âà¨æ â¥«ì ï äãªæ¨ï �, ®¯à¥¤¥«¥ ï   ®âªàëâëå

¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D � Rn ¨ ¯à¨¨¬ îé ï ª®¥çë¥ § ç¥¨ï,  §ë¢ ¥âáï

(ª®¥ç®-)ª¢ §¨ ¤¤¨â¨¢®© ( ¤¤¨â¨¢®©), ¥á«¨ ¤«ï ¢áïª®£®  ¡®à  ®âªàëâëå ¯®¯ à-

® ¥¯¥à¥á¥ª îé¨åáï ¬®¦¥áâ¢ Ui � U , i = 1; : : : ; k, U � D | ®âªàëâ®¥ ¬®¦¥áâ¢®,

¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
kX
i=1

�(Ui) 6 �(U)

(á®®â®è¥¨¥
kP
i=1

�(Ui) = �
� kS
i=1

Ui

�
6 �(U); ¢ à ¡®â¥ [2] ¨¬¥¥âáï ®¯¥ç âª : ¯à ¢®¥

¥à ¢¥áâ¢® ¢ íâ®¬ á®®â®è¥¨¨ ®âáãâáâ¢ã¥â). � ª¨¬ ®¡à §®¬, (ª¢ §¨) ¤¤¨â¨¢ ï

äãªæ¨ï ¬®¦¥áâ¢  ¬®®â®  ¯® ®¯à¥¤¥«¥¨î.

� [1, 2] (ª¢ §¨) ¤¤¨â¨¢ ï äãªæ¨ï ¬®¦¥áâ¢  ¤¨ää¥à¥æ¨àã¥âáï ¨ ¨á¯®«ì§ã¥âáï

ä®à¬ã«  ¢®ááâ ®¢«¥¨ï ¥¥  ¡á®«îâ® ¥¯à¥àë¢®© ç áâ¨:

1) ¢ ¯®çâ¨ ª ¦¤®© (¢ «¥¡¥£®¢áª®¬ á¬ëá«¥) â®çª¥ x 2 D áãé¥áâ¢ã¥â ª®¥ç ï

¯à®¨§¢®¤ ï

lim
r!0

�(Br(x))

jBr(x)j
= �0(x) (1)

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ -

¨©, �®¢¥â  £®áã¤ àáâ¢¥®© ¯®¤¤¥à¦ª¨ ¢¥¤ãé¨å  ãçëå èª®« ¨ INTAS-10170.

c 2002 �®¤®¯ìï®¢ �. �., �å«®¢ �. �.
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(§¤¥áì Br(x) | ®âªàëâë© è à á æ¥âà®¬ ¢ x à ¤¨ãá  r,   á¨¬¢®« j � j ®¡®§ ç ¥â ¬¥àã
�¥¡¥£    Rn );

2) ¤«ï «î¡®£® ®âªàëâ®£® ¬®¦¥áâ¢  U � D á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®Z
U

�0(x) dx 6 �(U): (2)

� ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ á¢®©áâ¢  (1) ¨ (2) ¤®ª § ë ¢ [3, â¥®à¥¬  1, á. 209]. �ç¥-

¢¨¤®, à ááã¦¤¥¨ï ¨§ [3] ¬®£ãâ ¡ëâì ®¡®¡é¥ë   ¬¥âà¨ç¥áª¨¥ áâàãªâãàë ¡®«¥¥ ®¡-

é¥© ¯à¨à®¤ë, çâ®, ¢ ç áâ®áâ¨, ®¯à ¢¤ë¢ ¥â ¯à¨¬¥¥¨¥ ä®à¬ã« (1) ¨ (2)   £àã¯¯ å

� à® ¢ à ¡®â¥  ¢â®à®¢ [2]. �¨¦¥ ¬ë ¢ë¢®¤¨¬ ä®à¬ã«ë (1) ¨ (2) ¨§ ¡®«¥¥ ®¡é¨å

à¥§ã«ìâ â®¢ (á¬. á«¥¤áâ¢¨¥ 5).

�  áâ®ïé¥© à ¡®â¥ ¬ë ¨áá«¥¤ã¥¬ á¢®©áâ¢  ®¡®¡é¥®© ª¢ §¨ ¤¤¨â¨¢®© äãª-

æ¨¨, ®¯à¥¤¥«¥®©   ®âªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D ®¤®à®¤®£® ¬¥âà¨ç¥áª®£®

¯à®áâà áâ¢  X (â®ç®¥ ®¯à¥¤¥«¥¨¥ ®¤®à®¤®£® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  á¬. ¨-

¦¥), ¤®ª §ë¢ ¥¬ ¤«ï ¥¥   «®£¨ á¢®©áâ¢ (1) ¨ (2). �á®¡¥®áâì  è¥£® ¯®¤å®¤  á®-

áâ®¨â ¢ â®¬, çâ® á¢®©áâ¢® (1) ¬ë ¯®«ãç ¥¬ ª ª á«¥¤áâ¢¨¥   «®£  ¥à ¢¥áâ¢  (2) ¤«ï

¢¥àå¥© ¯à®¨§¢®¤®© (â¥®à¥¬ë 1 ¨ 3). � ç áâ®áâ¨, ¬ë ¯®«ãç ¥¬ ãá«®¢¨ï   ¬¥àã, ¯à¨

ª®â®àëå ¬®¦® ¯®«ãç¨âì â¥ ¨«¨ ¨ë¥ ®¡®¡é¥¨ï á¢®©áâ¢ (1) ¨ (2)   ¯à®áâà áâ¢ å

®¤®à®¤®£® â¨¯ . � ª ç¥áâ¢¥ á«¥¤áâ¢¨ï ¬ë ¯®«ãç ¥¬ ¯à®áâ®¥ ¤®ª § â¥«ìáâ¢® ª« á-

á¨ç¥áª®© â¥®à¥¬ë �¥¡¥£  ® ¤¨ää¥à¥æ¨à®¢ ¨¨ ¨â¥£à «  (á«¥¤áâ¢¨¥ 3). �® ¢â®à®©

ç áâ¨ à ¡®âë ¬ë ¯à¨¬¥ï¥¬ ¯®«ãç¥ë¥ à¥§ã«ìâ âë ª â¥®à¨¨ ¯à®áâà áâ¢ �¥¡¥£  ¨

£¥®¬¥âà¨ç¥áª®© â¥®à¨¨ ¬¥àë.

0.2. � ¯®¬¨¬ ®¯à¥¤¥«¥¨¥ ¯à®áâà áâ¢  ®¤®à®¤®£® â¨¯ . �¢ §¨¬¥âà¨ª®©  

X, £¤¥ X | ¥ª®â®à®¥ ¥¯ãáâ®¥ ¬®¦¥áâ¢®,  §ë¢ ¥âáï ¥®âà¨æ â¥«ì ï äãªæ¨ï d :

X � X ! R+ [ f0g, ®¡« ¤ îé ï á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨ 1{3.

�¢®©áâ¢® 1. �«ï ¢á¥å â®ç¥ª x; y 2 X à ¢¥áâ¢® d(x; y) = 0 ¢ë¯®«ï¥âáï â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  x = y.

�¢®©áâ¢® 2. �ãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï c â ª ï, çâ® ¥à ¢¥áâ¢®

d(x; y) 6 cd(y; x) ¢ë¯®«¥® ¤«ï ¢á¥å â®ç¥ª x ¨ y, ¯à¨ ¤«¥¦ é¨å X.

�¢®©áâ¢® 3. �ãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï c â ª ï, çâ® ¥à ¢¥áâ¢®

d(x; y) 6 c(d(x; z) + d(y; z)) ¢ë¯®«¥® ¤«ï ¢á¥å â®ç¥ª x, y ¨ z, ¯à¨ ¤«¥¦ é¨å X

(®¡®¡é¥®¥ ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª ).

�ë ¯à¥¤¯®« £ ¥¬ â ª¦¥, çâ® äãªæ¨ï d ¯®«ã¥¯à¥àë¢  á¢¥àåã ¯® ¯¥à¢®© ¯¥à¥-

¬¥®©. �§ íâ®£® âà¥¡®¢ ¨ï ¢ëâ¥ª ¥â, çâ® è àë B�(x) = fy 2 X : d(y; x) < �g, 0 < �,

®âªàëâë. (� ¤ «ì¥©è¥¬ ¬ë â ª¦¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨¥ rad(B�(x)) = �.)

� ª¨¬ ®¡à §®¬, ¤«ï ª ¦¤®© â®çª¨ x 2 X ®¯à¥¤¥«¥  á¨áâ¥¬  fB�(x)g� ®âªàëâëåè à®¢
¢ X, ¯ à ¬¥âà¨§®¢ ëå �, 0 < � <1. �ç¥¢¨¤®, çâ® è àë ¬®®â®ë ¯® ¢ª«îç¥¨î

®â®á¨â¥«ì® �, â. ¥., B�1(x) � B�2(x) ¯à¨ �1 < �2, ¨ ®¡« ¤ îâ á¢®©áâ¢®¬ ¯®£«®é¥¨ï

[4]:

�¢®©áâ¢® 4. �ãé¥áâ¢ã¥â ¯®áâ®ï ï c1 > 0 â ª ï, çâ®

B�(x) \B�(y) 6= ?) B�(y) � Bc1�(x)

¤«ï ¢á¥å x; y ¨ � > 0.

�ë ¯à¥¤¯®« £ ¥¬, çâ®   X ®¯à¥¤¥«¥  ¡®à¥«¥¢áª ï ¬¥à  �, á®£« á®¢  ï á ¬¥â-

à¨ª®© d ¢ á«¥¤ãîé¥¬ á¬ëá«¥:
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�¢®©áâ¢® 5. �«ï «î¡®£® è à  B�(x) � X ¢ë¯®«¥® 0 < �(B�(x)) < 1, ¨

áãé¥áâ¢ã¥â ¯®áâ®ï ï c2 > 0 â ª ï, çâ®

�(Bc1�(x)) 6 c2�(B�(x))

¤«ï ¢á¥å x 2 X ¨ � > 0.

�¤®à®¤®¥ ¯à®áâà áâ¢® (X; d; �) á®áâ®¨â ¨§ ª¢ §¨¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ 

(X; d) ¨ ®¯à¥¤¥«¥®©   ¥¬ ¡®à¥«¥¢áª®© ¬¥àë �, ª®â®àë¥ ®¡« ¤ îâ ®¯¨á ë¬¨

¢ëè¥ á¢®©áâ¢ ¬¨ 1{5.

� ¯®¬¨¬, çâ® ¬®¦¥áâ¢® E � X  §ë¢ ¥âáï "-á¥âìî ¤«ï ¬®¦¥áâ¢  A � X, " |

¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, ¥á«¨ ¤«ï «î¡®© â®çª¨ x 2 A  ©¤¥âáï å®âï ¡ë ®¤ 

â®çª  y 2 E â ª ï, çâ® d(x; y) < ".

�¥¬¬  1. �ãáâì (X; d; �) | ®¤®à®¤®¥ ¯à®áâà áâ¢®. �®£¤  ¢ ª ¦¤®¬ è à¥

B � X áãé¥áâ¢ã¥â ª®¥ç ï "-á¥âì ¤«ï «î¡®£® " > 0.

C � áá¬®âà¨¬ ¯à®¨§¢®«ìë© è à B(x; r), á®¤¥à¦ é¨©áï ¢ X. �®ª ¦¥¬, çâ® ¤«ï

«î¡®£®  âãà «ì®£® ç¨á«  k áãé¥áâ¢ã¥â ¥ ¡®«¥¥ ç¥¬ m (m § ¢¨á¨â â®«ìª® ®â ç¨á« 

k ¨ ¯®áâ®ïëå c1 ¨ c2) â®ç¥ª x1; : : : ; xm, á®¤¥à¦ é¨åáï ¢ è à¥ B(x; r), â ª¨å, çâ®

d(xi; xj) >
r
2k

¯à¨ i 6= j. �¨ªá¨àã¥¬ ç¨á«® k, â®£¤  B(xi;
r
2k
) � B(x; 2cr) ¨

B
�
xi;

r

2k+1c2

�
\B

�
xj ;

r

2k+1c2

�
= ? ¯à¨ i 6= j;

£¤¥ c | ¯®áâ®ï ï ¨§ ®¡®¡é¥®£® ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª . �«¥¤®¢ â¥«ì®,

�(B(x; 2cr)) >

mX
i=1

�
�
B
�
xi;

r

2k+1c2

��
:

� ¤àã£®© áâ®à®ë, B(xi; 2cr) � B(x; r), ¨ â ª ª ª á¢®©áâ¢® 5 íª¢¨¢ «¥â® ¥à ¢¥áâ¢ã

�(B(x; r)) 6 c3�
�
B
�
x;

r

2c2

��
;

£¤¥ c3 | ¥ª®â®à ï ¯®áâ®ï ï, § ¢¨áïé ï ®â c, c1 ¨ c2 [4], â®

�(B(x; r)) 6 �(B(xi; 2cr)) 6 ck+23 �
�
B
�
xi;

r

2k+1c2

��
:

�§ ¯®á«¥¤¨å ¥à ¢¥áâ¢ ¯®«ãç ¥¬, çâ®

c3�(B(x; r)) > �(B(x; 2cr)) >

mX
i=1

�
�
B
�
xi;

r

2k+1c2

��
>

m

ck+23

�(B(x; r));

¨, § ç¨â, m 6 ck+33 . � ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢® fx1; : : : ; xmg ®¡à §ã¥â ª®¥çãî

2�k-á¥âì ¤«ï è à  B(x; r), ¨ â ª ª ª  âãà «ì®¥ ç¨á«® k ¡ë«® ¢ë¡à ® ¯à®¨§¢®«ì®,

â® «¥¬¬  ¤®ª §  . B

�«¥¤áâ¢¨¥ 1. �®«®¥ ®¤®à®¤®¥ ¯à®áâà áâ¢® (X; d; �) «®ª «ì® ª®¬¯ ªâ®.

� ¤ «ì¥©è¥¬, ¬ë ¯à¥¤¯®« £ ¥¬, çâ® (X; d) | ¯®«®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®.
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�à¨¬¥àë ®¤®à®¤ëå ¯à®áâà áâ¢ á¬.,  ¯à¨¬¥à, ¢ [4]. � ç áâ®áâ¨, â ª®¢ë¬¨

ï¢«ïîâáï ¥¢ª«¨¤®¢ë ¯à®áâà áâ¢ , £àã¯¯ë � à® ¨ ¯à®áâà áâ¢  � à® | � à â¥®-

¤®à¨. � ¯®¬¨¬, çâ® £àã¯¯®© � à® [5],  §ë¢ ¥âáï á¢ï§ ï ®¤®á¢ï§ ï ¨«ì¯®â¥â-

 ï £àã¯¯  �¨ G ,  «£¥¡à  �¨ G ª®â®à®© à §« £ ¥âáï ¢ ¯àï¬ãî áã¬¬ã V1 � � � � � Vm,

dimV1 > 2, ¢¥ªâ®àëå ¯à®áâà áâ¢ â ª¨å, çâ® [V1; Vk] = Vk+1 ¤«ï 1 6 k 6 m � 1 ¨

[V1; Vm] = f0g.

1. �ãªæ¨¨ ¬®¦¥áâ¢    á¨áâ¥¬¥ ®âªàëâëå ¯®¤¬®¦¥áâ¢

�ãáâì D | ®âªàëâ®¥ ¬®¦¥áâ¢® ¢ X. �â®¡à ¦¥¨¥ �, ®¯à¥¤¥«¥®¥   ®â-

ªàëâëå ¯®¤¬®¦¥áâ¢ å ¨§ D ¨ ¯à¨¨¬ îé¥¥ ¥®âà¨æ â¥«ìë¥ § ç¥¨ï,  §ë¢ ¥âáï

q-ª¢ §¨ ¤¤¨â¨¢®© äãªæ¨¥© ¬®¦¥áâ¢ , £¤¥ q > 1 | ä¨ªá¨à®¢ ®¥ ç¨á«®, ¥á«¨

1) �«ï ¢áïª®© â®çª¨ x 2 D áãé¥áâ¢ã¥â �, 0 < � < dist(x; @D), â ª®¥, çâ® 0 6

�(B�(x)) <1;

2) �(U1) 6 �(U2), ¥á«¨ U1 � U2 � D | ®âªàëâë¥ ¬®¦¥áâ¢ ;

3) ¤«ï ¢áïª®£® ª®¥ç®£®  ¡®à  Ui � U , i = 1; : : : ; k, ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï

®âªàëâëå ¬®¦¥áâ¢, U � D | ®âªàëâ®¥ ¬®¦¥áâ¢®,

kX
i=1

�(Ui) 6 q�(U):

� ¤ «ì¥©è¥¬, 1-ª¢ §¨ ¤¤¨â¨¢ãî äãªæ¨î ¡ã¤¥¬ â ª¦¥  §ë¢ âì ª¢ §¨ ¤¤¨â¨¢®©

äãªæ¨¥©.

1.1. �ãáâì � | ¥®âà¨æ â¥«ì ï äãªæ¨ï, ®¯à¥¤¥«¥ ï   ®âªàëâëå ¯®¤¬®-

¦¥áâ¢ å ®¡« áâ¨ D. �¯à¥¤¥«¨¬ (®â®á¨â¥«ìãî) ¬ ªá¨¬ «ìãî äãªæ¨î MD
� ¯®

¯à ¢¨«ã �
MD

�

�
(x) = sup

x2B;B�D

�(B)

�(B)
;

£¤¥ ¢¥àåïï £à ì ¡¥à¥âáï ¯® ¢á¥¬ ®âªàëâë¬ è à ¬ B � D, á®¤¥à¦ é¨¬ â®çªã x.

�à¥¤«®¦¥¨¥ 1. �ãáâì �| ¥®âà¨æ â¥«ì ï äãªæ¨ï, ®¯à¥¤¥«¥ ï   ®âªàë-

âëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D � X. �®£¤ 

a) ¬ ªá¨¬ «ì ï äãªæ¨ï MD
� ¯®«ã¥¯à¥àë¢  á¨§ã;

b) ¬®¦¥áâ¢® Et = fx 2 D :
�
MD

�

�
(x) > tg ®âªàëâ®;

c) MD
� | ¡®à¥«¥¢áª ï äãªæ¨ï.

C a) �¨ªá¨àã¥¬ â®çªã x0 2 D. �® ®¯à¥¤¥«¥¨î ¬ ªá¨¬ «ì®© äãªæ¨¨ ¤«ï ¯à®-

¨§¢®«ì®£® " > 0  ©¤¥âáï è à B" � D, á®¤¥à¦ é¨© â®çªã x0, â ª®©, çâ® ¢ë¯®«¥ë

¥à ¢¥áâ¢ 
�(B")

�(B")
6
�
MD

�

�
(x0) <

�(B")

�(B")
+ ":

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª fxng11 , áå®¤ïéãîáï ª â®çª¥ x0. �ë¡¥à¥¬  âã-

à «ì®¥ ç¨á«® N â ª, çâ® ¯à¨ ¢á¥å n > N ¢ë¯®«ï¥âáï xn 2 B". �®£¤ 

�
MD

�

�
(xn) >

�(B")

�(B")
>
�
MD

�

�
(x0)� ":
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� ª ª ª " ¢ë¡à ® ¯à®¨§¢®«ì®, ¯®«ãç ¥¬ lim inf
n!1

�
MD

�

�
(xn) > (MD

� )(x0).

b) � ª ª ª ¬ ªá¨¬ «ì ï äãªæ¨ï
�
MD

�

�
(x) ¯®«ã¥¯à¥àë¢  á¨§ã, â® ¬®¦¥áâ¢®

Et ®âªàëâ®¥.

c) � ª ª ª ¬®¦¥áâ¢® Et ®âªàëâ® ¤«ï «î¡®£® t > 0, â® MD
� | ¡®à¥«¥¢áª ï äãª-

æ¨ï. B

�à¥¤«®¦¥¨¥ 2. �ãáâì � | q-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï, ®¯à¥¤¥«¥ ï   ®â-

ªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D ®¤®à®¤®£® ¯à®áâà áâ¢  X. �®£¤  ¤«ï «î¡®£®

®âªàëâ®£® ¬®¦¥áâ¢  U � D ¨ «î¡®£® t > 0

�
��
x 2 U :

�
MU

�

�
(x) > t

	�
6 q

c2

t
�(U):

�«ï ¤®ª § â¥«ìáâ¢  ¯à¥¤«®¦¥¨ï 2  ¬ ¯®âà¥¡ã¥âáï á«¥¤ãîé ï

�¥¬¬  2 [4, c. 12]. �ãáâì E | ¨§¬¥à¨¬®¥ ¯®¤¬®¦¥áâ¢® X, ï¢«ïîé¥¥áï ®¡ê¥¤¨-

¥¨¥¬ ª®¥ç®£®  ¡®à  è à®¢ fBjg. �®£¤  ¬®¦® ¢ë¡à âì ª®¥çë©  ¡®à ¯®¯ à®
¥¯¥à¥á¥ª îé¨åáï è à®¢ B1; : : : ; Bm ¨§ fBjg â ª®©, çâ®

mX
k=1

�(Bk) > c�12 �(E):

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã ¯à¥¤«®¦¥¨ï 2.

C �¯à¥¤¥«¨¬ ¬®¦¥áâ¢® Et á«¥¤ãîé¨¬ ®¡à §®¬:

Et =
�
x 2 U :

�
MU

�

�
(x) > t

	
;

¨ ¯ãáâì E ¡ã¤¥â ¯à®¨§¢®«ì®¥ ª®¬¯ ªâ®¥ ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  Et. �§ ®¯à¥¤¥«¥-

¨© ¬ ªá¨¬ «ì®© äãªæ¨¨ MU
� ¨ ¬®¦¥áâ¢  Et á«¥¤ã¥â, çâ® ¤«ï «î¡®© â®çª¨ x 2 E

áãé¥áâ¢ã¥â è à Bx � U , á®¤¥à¦ é¨© â®çªã x, â ª®©, çâ®

�(Bx) > t�(Bx): (3)

� ª ª ª x 2 Bx, â® ¢ á¨«ã ª®¬¯ ªâ®áâ¨ ¬®¦¥áâ¢  E ¬ë ¬®¦¥¬ ¢ë¡à âì ª®¥çãî

á®¢®ªã¯®áâì â ª¨å è à®¢, ¯®ªàë¢ îéãî ¬®¦¥áâ¢® E. �® «¥¬¬¥ 2 ¨§ ¥¥ ¬®¦®

¢ë¡à âì ª®¥çë©  ¡®à ¯®¯ à® à §«¨çëå è à®¢ B1; : : : ; Bm â ª®©, çâ®

�(E) 6 c2

mX
k=1

�(Bk): (4)

�à¨¬¥ïï ª ª ¦¤®¬ã ¨§ è à®¢ Bk (3) ¨ § â¥¬ (4), ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ ¬

X
k

�(Bk) > t

mX
k=1

�(Bk) > tc�12 �(E):

�á¯®«ì§ãï ®æ¥ªã
P
k

�(Bk) 6 q�(U), ¨¬¥¥¬ �(E) 6 q c2
t
�(U) ¤«ï ¯à®¨§¢®«ì®£® ª®¬-

¯ ªâ®£® ¯®¤¬®¦¥áâ¢  E � Et. �¥à¥å®¤ï ª â®ç®© ¢¥àå¥© £à ¨ ¯® ¢á¥¬ â ª¨¬

E � Et, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥. B
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Bepåïï ¨ ¨¦ïï ¯à®¨§¢®¤ë¥ q-ª¢ §¨ ¤¤¨â¨¢®© äãªæ¨¨ ¬®¦¥áâ¢ , § ¤ -

®©   ®âªàëâëå ¬®¦¥áâ¢ å ¨§ D, ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

�
0
(x) = lim

h!0
sup
�<h

�(B�)

�(B�)
¨ �0(x) = lim

h!0
inf
�<h

�(B�)

�(B�)
;

£¤¥ â®ç ï ¢¥àåïï ¨ ¨¦ïï £à ¨ ¡¥àãâáï ¯® ¢á¥¬ è à ¬ B� 3 x, B� � D, à ¤¨ãá �

ª®â®àëå ¬¥ìè¥ h.

� ¬¥â¨¬, çâ® äãªæ¨ï

M�(x; r) = sup
0<�<r; x2B�

�(B�)

�(B�)

¯®«ã¥¯à¥àë¢  á¨§ã ¯à¨ ¢áïª®¬ ä¨ªá¨à®¢ ®¬ r > 0 ¤«ï ¢á¥å x 2 D â ª¨å, çâ®

dist(x; @D) > 2cr (á¬. ¤®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥¨ï 1), ¨ § ç¨â, ï¢«ï¥âáï ¡®à¥«¥¢áª®©

äãªæ¨¥©. �«¥¤®¢ â¥«ì®, ¢¥àåïï ¯à®¨§¢®¤ ï �
0
(x), ª ª ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì®áâ¨

¡®à¥«¥¢áª¨å äãªæ¨©, áå®¤ïé¨åáï ¯®â®ç¥ç®, á ¬  ï¢«ï¥âáï ¡®à¥«¥¢áª®© äãªæ¨¥©

([6], á. 595).

� «®£¨ç® ¯à®¢¥àï¥âáï, çâ® �0(x) â ª¦¥ ï¢«ï¥âáï ¡®à¥«¥¢áª®© äãªæ¨¥©.

�ç¥¢¨¤®, ¤«ï «î¡®© â®çª¨ x 2 U � D, £¤¥ U | ®âªàëâ®¥ ¬®¦¥áâ¢®, á¯à ¢¥¤«¨-

¢® ¯®â®ç¥ç®¥ ¥à ¢¥áâ¢® �
0
(x) 6MU

� (x). �®íâ®¬ã ¥¯®áà¥¤áâ¢¥® ¨§ ¯à¥¤«®¦¥¨ï

2 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �ãáâì � | q-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï, ®¯à¥¤¥«¥ ï   ®âªàë-

âëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D ®¤®à®¤®£® ¯à®áâà áâ¢  X. �®£¤  ¤«ï «î¡®£® ®âªàë-

â®£® ¬®¦¥áâ¢  U � D ¨ «î¡®£® t > 0

�(Et) 6 q
c2

t
�(U); £¤¥ Et = fx 2 U : �

0
(x) > tg:

� ç áâ®áâ¨, ¢¥àåïï ¯à®¨§¢®¤ ï �
0
(x) < +1 ¤«ï ¯®çâ¨ ¢á¥å x 2 D.

�¥®à¥¬  1. �ãáâì (X; d; �) | ¯à®áâà áâ¢® ®¤®à®¤®£® â¨¯  á ®¯à¥¤¥«¥®©  

®âªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D � X q-ª¢ §¨ ¤¤¨â¨¢®© äãªæ¨¥© ¬®¦¥áâ¢  �.

�®£¤  ¤«ï «î¡®£® ®âªàëâ®£® ¬®¦¥áâ¢  U � DZ
U

�
0
(x) d�(x) 6 c2q

2�(U):

C �à¨ 1 < t <1 ¬®¦¥áâ¢® A = fx 2 U : 0 < �
0
(x) <1g ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ®¡ê-

¥¤¨¥¨ï ¥¯¥à¥á¥ª îé¨åáï ¨§¬¥à¨¬ëå ¬®¦¥áâ¢ Pn = fx 2 A : tn < �
0
(x) 6 tn+1g,

n 2 Z. � áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® Fn � Pn ¨ ¤«ï ä¨ªá¨à®-

¢ ®£® ª®¥ç®£®  ¡®à  K � Z à áá¬®âà¨¬ ¯à®¨§¢®«ìë¥ ®âªàëâë¥ ¯®¯ à® ¥¯¥-

à¥á¥ª îé¨¥áï ¬®¦¥áâ¢  Un � Fn, Un � U , n 2 K. �®£¤ , ¯à¨¬¥ïï á«¥¤áâ¢¨¥ 2 ª

¬®¦¥áâ¢ ¬ Fn ¢¬¥áâ® Et ¨ Un ¢¬¥áâ® U , ¯®«ãç ¥¬ ¥à ¢¥áâ¢ 

q�(U) >
X
n2K

�(Un) >
1

c2q

X
n2K

tn�(Fn) >
1

c2q

X
n2K

t�1
Z
Fn

�
0
(x) d�(x):
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� ª ª ª ¬®¦¥áâ¢  Fn � Pn, n 2 Z,  ¡®à K � Z ¨ ç¨á«® t > 1 ¯à®¨§¢®«ìë,  

�(fx 2 U : �
0
(x) =1g) = 0, â® â¥®à¥¬  ¤®ª §  . B

�«¥¤áâ¢¨¥ 3 (â¥®à¥¬  �¥¡¥£ ). �ãáâì X | ®¤®à®¤®¥ ¯à®áâà áâ¢®, D | ®¡-

« áâì ¢ X. �à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï f ¯à¨ ¤«¥¦¨â L1;loc(D). �®£¤  ¤«ï ¯®çâ¨

¢á¥å x 2 D

lim
�!0; B�3x

1

�(B�)

Z
B�

jf(y)� f(x)j d�(y) = 0: (5)

C �«ï äãªæ¨¨ g 2 L1;loc(D) ¨ ®âªàëâ®£® ¬®¦¥áâ¢  U � D ¯®«®¦¨¬

�(U) =

Z
U

g(y) d�(y):

� ª ª ª � | 1-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï ¬®¦¥áâ¢ , â® ¯® â¥®à¥¬¥ 1 ¤«ï ¯à®¨§¢®«ì-

®£® ®âªàëâ®£® ¬®¦¥áâ¢  U � D ¢ë¯®«¥® ¥à ¢¥áâ¢®

Z
U

g(y) d�(y) 6 c2

Z
U

g(y) d�(y) = c2�(U);

£¤¥

g(x) = lim
h!0

sup
x2B�;�<h

1

�(B�)

Z
B�

g(y) d�(y) = �
0
(x):

�®áª®«ìªã ¥à ¢¥áâ¢®
R
U

(g(y) � c2g(y)) d�(y) 6 0 ¢ë¯®«ï¥âáï ¤«ï ¢á¥å ®âªàëâëå

¬®¦¥áâ¢ U � D, â® ¤«ï �-¯®çâ¨ ¢á¥å x 2 D á¯à ¢¥¤«¨¢®

g(x) 6 c2g(x): (6)

� «¥¥, ¤«ï ¯à®¨§¢®«ì®£® à æ¨® «ì®£® ç¨á«  p ¯®«®¦¨¬ gp = jf(y)� pj ¨, ¯à¨-
¬¥ïï ¥à ¢¥áâ¢® (6) ª äãªæ¨¨ gp, ¯®«ãç ¥¬, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 D

lim
h!0

sup
x2B�;�<h

1

�(B�)

Z
B�

jf(y)� f(x)j d�(y)

6 lim
h!0

sup
x2B�;�<h

1

�(B�)

Z
B�

(gp(y) + jp� f(x)j) d�(y)

6 c2gp(y) + jp� f(x)j = (1 + c2)jp� f(x)j

¤«ï ¯®çâ¨ ¢á¥å x 2 D. � ª ª ª ç¨á«® p ¯à®¨§¢®«ì® ¨ ¯à¨ ä¨ªá¨à®¢ ®¬ x ¬®¦¥â

¡ëâì ¢ë¡à ® áª®«ì ã£®¤® ¡«¨§ª¨¬ ª § ç¥¨î f(x), â® à ¢¥áâ¢® (5) ¤®ª § ®. B

� ¬¥â¨¬, çâ® ¯à¨¢¥¤¥®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �¥¡¥£  ¥ âà¥¡ã¥â  ¯¯à®ªá¨¬ -

æ¨¨ áà¥¤¨¬¨ ¯® �â¥ª«®¢ã, ¨ ¯à¨¬¥¨¬®   è¨à®ª®¬ ª« áá¥ ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢.
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1.2. � ¤ «ì¥©è¥¬, ¬ë ¯à¥¤¯®« £ ¥¬, çâ® ¬¥à  ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬

¥¯à¥àë¢®áâ¨:

�¢®©áâ¢® 6. �ãªæ¨ï (0;1) 3 � 7! �(B�(x)) ¥¯à¥àë¢  ¯à¨ «î¡®¬ ä¨ªá¨à®-

¢ ®¬ x 2 X.
�§ á¢®©áâ¢  6 ¢ëâ¥ª ¥â, ¢ ç áâ®áâ¨, çâ® ¬¥à  áä¥àë à ¢  ã«î: �(fy 2 X :

d(x; y) = �g = 0) ¤«ï «î¡®© â®çª¨ x 2 X ¨ à ¤¨ãá  � > 0.

�«ï ¤®ª § â¥«ìáâ¢  á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï ® ¯à®¨§¢®¤ëå q-ª¢ §¨ ¤¤¨â¨¢®©

äãªæ¨¨  ¬ ¯®âà¥¡ã¥âáï ¡®«¥¥ â®ª®¥ ãâ¢¥à¦¤¥¨¥ ® ¯®ªàëâ¨ïå, ¨§¢¥áâ®¥ ª ª â¥-

®à¥¬  �¨â «¨ (á¬. ¨¦¥ â¥®à¥¬ã 2). �¥¬¥©áâ¢® è à®¢ fB�g  §ë¢ ¥âáï ¯®ªàëâ¨¥¬

�¨â «¨ ¨§¬¥à¨¬®£® ¬®¦¥áâ¢  E � X, ¥á«¨ ¤«ï ª ¦¤®£® x 2 E ¨ ª ¦¤®£® " > 0

áãé¥áâ¢ã¥â è à B�0 2 fB�g â ª®©, çâ® x 2 B�0 ¨ rad(B�) < ". �®ªàëâ¨¥  §ë¢ -

¥âáï § ¬ªãâë¬, ¥á«¨ ª ¦¤ë© è à ¨§ íâ®£® á¥¬¥©áâ¢  § ¬ªãâ, ¨ ®âªàëâë¬, ¥á«¨

ª ¦¤ë© è à ¨§ íâ®£® á¥¬¥©áâ¢  ®âªàëâ.

�«ï ª ¦¤®£® è à  B�(x) 2 X ®¯à¥¤¥«¨¬ ¥£® à áè¨à¥¨¥ B�� (x) á«¥¤ãîé¨¬ ®¡à -

§®¬. �®«®¦¨¬

B�� (x) =
[

B ;

£¤¥ ®¡ê¥¤¨¥¨¥ ¡¥à¥âáï ¯® ¢á¥¬ è à ¬B â ª¨¬, çâ®B\B�(x) 6= ? ¨  6 �. � ¬¥â¨¬,

çâ® ¨§ á¢®©áâ¢ 4 ¨ 5 á«¥¤ã¥â ãá«®¢¨¥

�(B�� (x)) 6 c2�(B�(x))

(á¬.,  ¯à¨¬¥à, [4, á. 8]). �â® ãá«®¢¨¥ ï¢«ï¥âáï ®á®¢ë¬ ¢ â¥®à¥¬ å ® ¯®ªàëâ¨ïå â¨¯ 

�¨â «¨. �ä®à¬ã«¨àã¥¬ ¢ ã¦®©  ¬ ä®à¬¥ â¥®à¥¬ã 2.8.17 ¨§ [7].

�¥è¥© ¬¥à®© �e(E) ¬®¦¥áâ¢  E � X  §ë¢ ¥âáï â®ç ï ¨¦ïï £à ¨æ  ¬¥à

¢á¥¢®§¬®¦ëå ¨§¬¥à¨¬ëå ®â®á¨â¥«ì® ¬¥àë � ¬®¦¥áâ¢, á®¤¥à¦ é¨å ¬®¦¥áâ¢® E:

�e(E) = inf
G�E

f�(G)g:

�¥®à¥¬  2 [7]. �ãáâì X | ®¤®à®¤®¥ ¯à®áâà áâ¢® ¨ fB�g | § ¬ªãâ®¥ ¯®-

ªàëâ¨¥ �¨â «¨ ¬®¦¥áâ¢  E � X. �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì ¯®¯ à®

¥¯¥à¥á¥ª îé¨åáï § ¬ªãâëå è à®¢ ¨§ íâ®£® á¥¬¥©áâ¢  B1; : : : ; Bk; : : : â ª ï, çâ®

�e

�
E n

[
k

Bk

�
= 0:

�§ â¥®à¥¬ë 2 á«¥¤ã¥â

�¥¬¬  3. �ãáâì X | ®¤®à®¤®¥ ¯à®áâà áâ¢® ¨ fB�g | ®âªàëâ®¥ ¯®ªàëâ¨¥

�¨â «¨ ¬®¦¥áâ¢  E � X. �®£¤   ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì ¯®¯ à® ¥¯¥à¥á¥ª î-

é¨åáï ®âªàëâëå è à®¢ B1; B2; : : : ; Bk; : : : , Bk 2 fB�g, â ª ï, çâ®

�e

�
E n

[
k

Bk

�
= 0:

�à¨¬¥¥¨¥ «¥¬¬ë 3 ¯®§¢®«ï¥â ãâ®ç¨âì ®æ¥ªã ¬¥àë ¬®¦¥áâ¢  Et, ¯®«ãç¥ãî

¢ ¯à¥¤«®¦¥¨¨ 2.
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�à¥¤«®¦¥¨¥ 3. �ãáâì � | q-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï, ®¯à¥¤¥«¥ ï   ®â-

ªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D 2 X, £¤¥ X | ®¤®à®¤®¥ ¯à®áâà áâ¢®. �®£-

¤ , ¥á«¨ ¢ ª ¦¤®© â®çª¥ ®£à ¨ç¥®£® ¬®¦¥áâ¢  E � D ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

�
0
(x) > t > 0, â® ¤«ï «î¡®£® ®âªàëâ®£® ¬®¦¥áâ¢  U � E, U � D, ¨¬¥¥¬

�e(E) 6
q

t
�(U): (7)

C �¥©áâ¢¨â¥«ì®, ¢®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã x 2 E. �®£¤   ©¤¥âáï ¯®á«¥¤®-

¢ â¥«ì®áâì è à®¢ Bx
k � U , x 2 Bx

k , à ¤¨ãáë ª®â®àëå áâà¥¬ïâáï ª ã«î, â ª ï, çâ®

¥à ¢¥áâ¢®
�(Bx

k )

�(Bx
k )

> t > 0

¢ë¯®«¥® ¯à¨ ¢á¥å k 2 N. �¥¬¥©áâ¢®
S
x2E

�S
k2NB

x
k

�
®¡à §ã¥â ¯®ªàëâ¨¥ ¬®¦¥áâ¢ 

E ¢ á¬ëá«¥ �¨â «¨, § ç¨â,  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï

è à®¢ Bm ¨§ íâ®£® á¥¬¥©áâ¢  â ª ï, çâ® �e(E n
S
mBm) = 0.

�¬¥¥¬

�e(E) 6
X
m

�(Bm);

¨ t�(Bm) < �(Bm) ¯à¨ ª ¦¤®¬ m. �«¥¤®¢ â¥«ì®,

t�e(E) 6 t
X
m

�(Bm) 6
X
m

�(Bm) 6 q�(U)

¨ ¯®íâ®¬ã ã¦®¥ ¥à ¢¥áâ¢® ãáâ ®¢«¥®. B

�¥®à¥¬  3. �ãáâì X | ®¤®à®¤®¥ ¯à®áâà áâ¢®,   q-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï

¬®¦¥áâ¢  � ®¯à¥¤¥«¥    ®âªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D � X. �®£¤  ¤«ï

«î¡®£® ®âªàëâ®£® ¬®¦¥áâ¢  U � D

Z
U

�
0
(x) d�(x) 6 q�(U): (8)

� ¬¥ç ¨¥ 1. � «®£¨ç®¥ ¥à ¢¥áâ¢® ¤«ï ¨¦¥© ¯à®¨§¢®¤®© �0 ¢¬¥áâ®

¢¥àå¥© �
0
¡ë«® ãáâ ®¢«¥® ¢ [8, «¥¬¬  2.3] ¯à¨ ¯à®¨§¢®«ì®¬ q ¢ ¯à¥¤¯®«®¦¥¨¨,

çâ® q-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï ¬®¦¥áâ¢  ®¯à¥¤¥«¥    ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ-

¢ å ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Rn .

C �à¨ 1 < t < 1 ¬®¦¥áâ¢® A = fx 2 U : 0 < �
0
(x) < 1g ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

®¡ê¥¤¨¥¨ï ¥¯¥à¥á¥ª îé¨åáï ¬®¦¥áâ¢ Pn = fx 2 A : tn < �
0
(x) 6 tn+1g, n 2 Z.

� áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® Fn � Pn ¨ ¤«ï ä¨ªá¨à®¢ ®£® ª®-

¥ç®£®  ¡®à  K � Z à áá¬®âà¨¬ ¯à®¨§¢®«ìë¥ ®âªàëâë¥ ¯®¯ à® ¥¯¥à¥á¥ª îé¨-

¥áï ¬®¦¥áâ¢  Un � Fn, Un � D, n 2 K. B®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã x 2 Fn. �®£¤ 

 ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì è à®¢ Bx
k � Un, x 2 Bx

k , à ¤¨ãáë ª®â®àëå áâà¥¬ïâáï ª

ã«î, â ª ï, çâ® ¥à ¢¥áâ¢®

�(Bx
k ) > tn�(Bx

k ) > 0
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¢ë¯®«¥® ¯à¨ ¢á¥å k 2 N. �ãáâì F =
S
n Fn; n 2 K. �ç¥¢¨¤®, çâ® á¥¬¥©áâ¢® è à®¢S

x2F

�S
k2NB

x
k

�
®¡à §ã¥â ¯®ªàëâ¨¥ ¬®¦¥áâ¢  F ¢ á¬ëá«¥ �¨â «¨. �«¥¤®¢ â¥«ì®,

 ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï è à®¢ Bm ¨§ íâ®£® á¥¬¥©áâ¢ 

â ª ï, çâ® �(F n
S
mBm) = 0. � ¬¥â¨¬, çâ® ¢ á¨«ã ¢ë¡®à  è à®¢ á¯à ¢¥¤«¨¢® á¢®©áâ¢®

�(Fn n
S
fBm : Bm \ Fn 6= ?g) = 0 ¤«ï «î¡®£® n 2 K. � «¥¥ ¨¬¥¥¬

q�(U) >
X
m2N

�(Bm) =
X
n2K

X
Bm\Fn 6=?

�(Bm) >
X
n2K

tn
� X
Bm\Fn 6=?

�(Bm)
�

=
X
n2K

tn�(Fn) >
X
n2K

t�1
Z
Fn

�
0
(x) d�(x):

� ª ª ª ¬®¦¥áâ¢  Fn � Pn, n 2 Z,  ¡®à K � Z ¨ ç¨á«® t > 1 ¯à®¨§¢®«ìë, ¥à -

¢¥áâ¢® (8) ¤®ª § ®. B

�«¥¤áâ¢¨¥ 4. �ãáâì X | ®¤®à®¤®¥ ¯à®áâà áâ¢®,   q-ª¢ §¨ ¤¤¨â¨¢ ï äãª-

æ¨ï ¬®¦¥áâ¢  � ®¯à¥¤¥«¥    ®âªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D � X. �®£¤  ¤«ï

¯®çâ¨ ¢á¥å x 2 X

�
0
(x) 6 q�0(x):

C �§ ¥à ¢¥áâ¢  (8) á«¥¤ã¥â, çâ® ¤«ï ¯à®¨§¢®«ì®£® è à  B� � D á¯à ¢¥¤«¨¢®

1

�(B�)

Z
B�

�
0
(x) d�(x) 6 q

1

�(B�)
�(B�):

�¥à¥å®¤ï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ª ¨¦¥¬ã ¯à¥¤¥«ã ¯à¨ � ! 0 ¨ ¯à¨¬¥ïï á«¥¤áâ-

¢¨¥ 3,  å®¤¨¬, çâ® �
0
(x) 6 q�0(x). B

�§ â¥®à¥¬ë 3 ¨ á«¥¤áâ¢¨ï 4 ¢ëâ¥ª îâ á¢®©áâ¢  (ª¢ §¨) ¤¤¨â¨¢®© äãªæ¨¨, ®¯à¥-

¤¥«¥®©   ®âªàëâëå ¯®¤¬®¦¥áâ¢ å ®¤®à®¤®£® ¯à®áâà áâ¢  X, ®¡®¡é îé¨¥ á®-

®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë ¨§ [3], ¢ ç áâ®áâ¨, á®®â®è¥¨ï (1) ¨ (2) ¯à¨ X = Rn .

�«¥¤áâ¢¨¥ 5. �ãáâì X| ®¤®à®¤®¥ ¯à®áâà áâ¢®,   1-(ª¢ §¨) ¤¤¨â¨¢ ï äãª-

æ¨ï ¬®¦¥áâ¢  � ®¯à¥¤¥«¥    ®âªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D � X. �®£¤ 

a) ¢ ¯®çâ¨ ª ¦¤®© â®çª¥ x 2 D áãé¥áâ¢ã¥â ª®¥ç ï ¯à®¨§¢®¤ ï

lim
�!0; B�3x

�(B�)

�(B�)
= �0(x);

b) ¤«ï «î¡®£® ®âªàëâ®£® ¬®¦¥áâ¢  U � D á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

Z
U

�0(x) d�(x) 6 �(U):

� ¬¥â¨¬, çâ® á®®â®è¥¨¥ ¬¥¦¤ã ¢¥àå¥© ¨ ¨¦¥© ¯à®¨§¢®¤ë¬¨ q-ª¢ §¨ ¤¤¨-

â¨¢®© äãªæ¨¨ (á«¥¤áâ¢¨¥ 4) ¬®¦¥â ¡ëâì ¤®ª § ® ¥§ ¢¨á¨¬ë¬ ®¡à §®¬. �à¨¢®¤¨-

¬®¥ ¨¦¥ ¤®ª § â¥«ìáâ¢® ®¡®¡é ¥â à ááã¦¤¥¨ï ¨§ [3, â¥®à¥¬  5, c. 207; 9, á. 33{35].
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�à¥¤«®¦¥¨¥ 4. �ãáâì � | q-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï, ®¯à¥¤¥«¥ ï   ª®-

¥çëå ®¡ê¥¤¨¥¨ïå ®âªàëâëå è à®¢ ¨§ ®¡« áâ¨ D � X, £¤¥ X | ®¤®à®¤®¥ ¯à®áâ-

à áâ¢®. �®£¤  �
0
(x) 6 q�0(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 D.

C �à¥¤áâ ¢¨¬ ¬®¦¥áâ¢® A = fx 2 D : �
0
(x) > q�0(x)g ¢ ¢¨¤¥ A =

S
r;s

Ars, £¤¥

®¡ê¥¤¨¥¨¥ ¡¥à¥âáï ¯® ¢á¥¬ ¯ à ¬ à æ¨® «ìëå ç¨á¥« r > s,   Ar;s = fx 2 D :

�
0
(x) > r > s > q�0(x)g. �¨ªá¨àã¥¬ ¯ àã ç¨á¥« r > s ¨ ¤®ª ¦¥¬, çâ® �(Ars) = 0.

�ãáâì ¯®á«¥¤®¢ â¥«ì®áâ¨ è à®¢ B�k 3 x; B�k � D ¨ Bk 3 x; Bk � D ¢ë¡à ë â ª, çâ®

�0(x) = lim
rad(B�

k
)!0

�(B�k)

�(B�k)
¨ �

0
(x) = lim

rad(Bk)!0

�(Bk)

�(Bk)
:

�®£¤ 

Ars =

�
x 2 D : 9k0(x) 8k > k0(x)

�
�(Bk)

�(Bk)
> r > s > q

�(B�k)

�(B�k)

��
:

�®§ì¬¥¬ ¯à®¨§¢®«ì®¥ " > 0 ¨ â ª®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® G, á®¤¥à¦ é¥¥ Ars, çâ®

�(G) 6 �e(Ars) + ". �¥¬¥©áâ¢® B =
S

x2Ars

S
k

B�k ®¡à §ã¥â ¯®ªàëâ¨¥ �¨â «¨ ¬®¦¥áâ¢ 

Ars. �à¨¬¥¨¬ ª á¥¬¥©áâ¢ã B ¨ ¬®¦¥áâ¢ã Ars «¥¬¬ã 3, ¨á¯®«ì§ãï â®«ìª® â¥ è àë

B�k, ª®â®àë¥ á®¤¥à¦ âáï ¢ G. �®«ãç¨¬ ¯®á«¥¤®¢ â¥«ì®áâì ¥¯¥à¥á¥ª îé¨åáï è à®¢

S�k , ¤«ï ª®â®à®© �e
�
Ars n

S
k

S�k
�
= 0. �á®, çâ®

�(U) >
X
k

�(S�k) >
q

s

X
k

�(S�k):

� ¬¥â¨¬, çâ®

�e(Ars) 6
X
k2N

�e(Ars \ S
�
k):

�®íâ®¬ã, ¯à¨¬¥ïï ¯à¥¤«®¦¥¨¥ 3 ª ¬®¦¥áâ¢ã Ars [ Sk ¢¬¥áâ® E ¨ Sk ¢¬¥áâ® U ,

¨¬¥¥¬

�e(Ars) 6
X
k2N

�e(Ars \ S
�
k) 6

q

r

X
k

�(S�k) 6
s

r
�(G) 6

s

r
(�e(Ars) + "):

�â ª,

�e(Ars) 6 "
s

r � s
:

�®áª®«ìªã " áª®«ì ã£®¤® ¬ «®, ¯®«ãç ¥¬ �(Ars) = 0. B

� ¬¥ç ¨¥ 2. �¥§ã«ìâ âë ¯ à £à ä  1 á¯à ¢¥¤«¨¢ë â ª¦¥ ¨ ¢ â®¬ á«ãç ¥, ¥á-

«¨ ¢¬¥áâ® ¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  (X; d) à áá¬ âà¨¢ ¥âáï ¬®¦¥áâ¢® X â ª®¥, çâ®

¤«ï ª ¦¤®© â®çª¨ x 2 X ®¯à¥¤¥«¥  á¨áâ¥¬  fB�(x)g� ¥¯ãáâëå ®£à ¨ç¥ëå ¯®¤-

¬®¦¥áâ¢ ¬®¦¥áâ¢  X, ¯ à ¬¥âà¨§®¢ ëå �; 0 < � < 1, â. ¥. § ¤   á¨áâ¥¬ 

fB� = B�(x)g� ®âªàëâëå è à®¢ á æ¥âà®¬ ¢ â®çª¥ x à ¤¨ãá  �. �à¥¤¯®« £ ¥âáï,

çâ® è àë ¬®®â®ë ®â®á¨â¥«ì® �: B�1(x) � B�2(x) ¯à¨ �1 < �2, ã¤®¢«¥â¢®àïîâ

á¢®©áâ¢ ¬ 4, 5, 6,   â ª¦¥ ¤¢ã¬ ä®à¬ã«¨àã¥¬ë¬ ¨¦¥ âà¥¡®¢ ¨ï¬.

�¢®©áâ¢® 7.
T
�

B�(x) = fxg ¨
S
�

B�(x) = X.

�¢®©áâ¢® 8. �«ï ª ¦¤®£® ®âªàëâ®£® ¬®¦¥áâ¢  U ¨ ª ¦¤®£® � > 0 äãªæ¨ï

x 7! �(B�(x) \ U) ¥¯à¥àë¢ .
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1.3. � íâ®¬ ¯ãªâ¥ ¬ë áä®à¬ã«¨àã¥¬ ¯à®áâë¥ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ à ¢¥áâ-

¢® ¢ á®®â®è¥¨¨ (8). �§¢¥áâ®, á¬.  ¯à¨¬¥à [7], çâ® ¥á«¨ � ®¯à¥¤¥«¥    ¡®à¥«¥¢-

áª¨å ¬®¦¥áâ¢ å, áç¥â®  ¤¤¨â¨¢  ¨  ¡á®«îâ® ¥¯à¥àë¢ , â® ¢ á®®â®è¥¨¨ (8)

¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®. � íâ®¬ ¯ãªâ¥ ¬ë ¯®«ãç¨¬ à ¢¥áâ¢® ¢ (8) ¯à¨ ¡®«¥¥ á« ¡ëå

¯à¥¤¯®«®¦¥¨ïå.

�¢®©áâ¢® 9. 1-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï ¬®¦¥áâ¢  �, ®¯à¥¤¥«¥ ï   ®âªàë-

âëå ¬®¦¥áâ¢ å ®¡« áâ¨D � X,  §ë¢ ¥âáï (ª®¥ç®) áã¡ ¤¤¨â¨¢®©, ¥á«¨ ¤«ï «î¡®£®

ª®¥ç®£®  ¡®à  ®âªàëâëå ¬®¦¥áâ¢ Ui � D, i = 1; : : : ; k, ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

�
� k[
i=1

Ui

�
6

kX
i=1

�(Ui):

�¢®©áâ¢® 10. 1-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï ¬®¦¥áâ¢  �, ®¯à¥¤¥«¥ ï   ®â-

ªàëâëå ¬®¦¥áâ¢ å ®¡« áâ¨ D � X,  §ë¢ ¥âáï  ¡á®«îâ® ¥¯à¥àë¢®© ®â®á¨â¥«ì-

® ¬¥àë �, ¥á«¨ ¤«ï «î¡®£® " > 0  ©¤¥âáï � > 0 â ª®¥, çâ® �(U) < " ¤«ï «î¡®£®

®âªàëâ®£® ¬®¦¥áâ¢  U � D, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î �(U) < �.

�¥¬¬  4. �ãáâì 1-ª¢ §¨ ¤¤¨â¨¢ ï äãªæ¨ï ¬®¦¥áâ¢  � ®¯à¥¤¥«¥    ®âªàë-

âëå ¬®¦¥áâ¢ å ®¡« áâ¨ D � X ¨ ã¤®¢«¥â¢®àï¥â á¢®©áâ¢ ¬ 9 ¨ 10. �®£¤  ¤«ï ¥¥

á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:

1) �
� kS
i=1

Ui

�
=

kP
i=1

�(Ui) ¤«ï «î¡®£® ª®¥ç®£®  ¡®à  ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï

®âªàëâëå ¬®¦¥áâ¢ Ui � D, i = 1; : : : ; k.

2) �
� 1S
i=1

Ui

�
= lim

i!1
�(Ui) ¤«ï «î¡®© ¬®®â®®© ¯®á«¥¤®¢ â¥«ì®áâ¨ Ui, i 2 N,

®âªàëâëå ¬®¦¥áâ¢ ¢ D: Ui � Ui+1 � U � D, i 2 N, �(U) <1.

3) �«ï ª®¬¯ ªâ®£® ¬®¦¥áâ¢  K � D ¢¢¥¤¥¬ ¢¥«¨ç¨ã

��(K) = inff�(U) : U | ®âªàëâ®¥ ¬®¦¥áâ¢® ¢ D ¨ �(K n U) = 0g:

�®£¤  �(V ) = supf��(K) : K � V; K | ª®¬¯ ªâ®¥ ¬®¦¥áâ¢®g ¯à¨ ãá«®¢¨¨, çâ®

¬¥à  �(V ) ®âªàëâ®£® ¬®¦¥áâ¢  V � X ª®¥ç .

C �®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 1 ®ç¥¢¨¤®. �â®¡ë ¤®ª § âì ¢â®à®¥, ä¨ªá¨àã¥¬

" > 0 ¨ â ª®¥ j, ¤«ï ª®â®à®£® �
� 1S
i=j+1

Ui

�
< �=2, £¤¥ � ¢ë¡à ® ¢ á®®â¢¥âáâ¢¨¨ á®

á¢®©áâ¢®¬ 10. �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® V �
1S

i=j+1

Ui â ª®¥, çâ®

�(V ) < �. �®£¤  ¯® á¢®©áâ¢ã 6

�
� 1[
i=1

Ui

�
6 �

� j[
i=1

Ui

�
+�(V ) < �

� j[
i=1

Ui

�
+ ":

� ª ª ª ç¨á«® " > 0 ¯à®¨§¢®«ì®, â® �
� 1S
i=1

Ui

�
6 lim

j!1
�
� jS
i=1

Ui

�
. �à®â¨¢®¯®«®¦®¥

¥à ¢¥áâ¢® ¢ á¨«ã ¬®®â®®áâ¨ äãªæ¨¨ ¬®¦¥áâ¢  ®ç¥¢¨¤®.
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�®ª ¦¥¬ ¯®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥. � ª ª ª �(V ) < 1,  ©¤¥âáï ª®¬¯ ªâ®¥ ¬®-

¦¥áâ¢® K � V â ª®¥, çâ® �(V nK) < � (§¤¥áì � ¢ë¡à ® ¯® " ¢ á®®â¢¥âáâ¢¨¨ á® á¢®©áâ-

¢®¬ 10). �ãáâì U � V | ¯à®¨§¢®«ì®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® â ª®¥, çâ® �(K n U) = 0.

�ãé¥áâ¢ã¥â ®âªàëâ®¥ ¬®¦¥áâ¢® W � K n U , W � U , â ª®¥, çâ® �(W ) < �. �®

á¢®©áâ¢ã 9 ¨¬¥¥¬

�(V ) 6 �(U) + �(V nK) + �(W ) 6 �(U) + 2":

�âáî¤  ¢ëâ¥ª ¥â �(V ) 6 ��(K)+2". �®áª®«ìªã ¯®«®¦¨â¥«ì®¥ ç¨á«® " ¯à®¨§¢®«ì®,

â® �(V ) 6 sup
K�V

��(K). �¥¬¬  ¤®ª §  . B

�à¥¤«®¦¥¨¥ 5. �ãáâì X | ®¤®à®¤®¥ ¯à®áâà áâ¢®,   1-ª¢ §¨ ¤¤¨â¨¢ ï

äãªæ¨ï ¬®¦¥áâ¢  � ®¯à¥¤¥«¥    ®âªàëâëå ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D � X,

�(D) <1, ¨ ã¤®¢«¥â¢®àï¥â á¢®©áâ¢ ¬ 9 ¨ 10. �®£¤  ¤«ï «î¡®£® ®âªàëâ®£® ¬®¦¥áâ¢ 

U � D Z
U

�
0
(x) d�(x) = �(U):

C �à¨ 1 < t < 1 ¬®¦¥áâ¢® A = fx 2 U : 0 < �
0
(x) < 1g ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

®¡ê¥¤¨¥¨ï ¥¯¥à¥á¥ª îé¨åáï ¬®¦¥áâ¢ Pn = fx 2 A : tn < �
0
(x) 6 tn+1g ª®¥ç®©

¬¥àë, n 2 Z. � áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® Fn � Pn ¨ ¤«ï ä¨ª-

á¨à®¢ ®£® ª®¥ç®£®  ¡®à  K � Z à áá¬®âà¨¬ ¯à®¨§¢®«ìë¥ ®âªàëâë¥ ¯®¯ à®

¥¯¥à¥á¥ª îé¨¥áï ¬®¦¥áâ¢  Un � Fn, Un � D, n 2 K. B®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã

x 2 Fn. �®£¤   ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì è à®¢ B
x
k � Un, x 2 Bx

k , à ¤¨ãáë ª®â®àëå

áâà¥¬ïâáï ª ã«î, â ª ï, çâ® ¥à ¢¥áâ¢®

�(Bx
k ) < tn+2�(Bx

k )

¢ë¯®«¥® ¯à¨ ¢á¥å k 2 N. �ãáâì F =
S
n Fn; n 2 K. �ç¥¢¨¤®, á¥¬¥©áâ¢® è à®¢S

x2F

�S
k2NB

x
k

�
®¡à §ã¥â ¯®ªàëâ¨¥ ¬®¦¥áâ¢  F ¢ á¬ëá«¥ �¨â «¨. �«¥¤®¢ â¥«ì®,

 ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï è à®¢ Bm ¨§ íâ®£® á¥¬¥©áâ¢ 

â ª ï, çâ® �(F n
S
mBm) = 0. � ¬¥â¨¬, çâ® ¢ á¨«ã ¢ë¡®à  è à®¢ á¯à ¢¥¤«¨¢® á¢®©áâ¢®

�(Fn n
S
fBm : Bm \ Fn 6= ?g) = 0 ¤«ï «î¡®£® n 2 K. � «¥¥ ¨¬¥¥¬

��(F ) 6
X
m2N

�(Bm) =
X
n2K

X
Bm\Fn 6=?

�(Bm)

6

X
n2K

tn+2
� X
Bm\Fn 6=?

�(Bm)
�
6

X
n2K

tn+2�(Un):

� ª ®âªàëâë¥ ¬®¦¥áâ¢  Un � Fn ¯à®¨§¢®«ìë, ®âáî¤  ¢ëâ¥ª ¥â

��(F ) 6
X
n2K

tn+2�(Fn) 6
X
n2K

t2
Z
Fn

�
0
(x) d�(x) 6 t2

Z
U

�
0
(x) d�(x):

� ª ª ª ¬®¦¥áâ¢  Fn � Pn, n 2 Z,  ¡®à K � Z ¨ ç¨á«® t > 1 ¯à®¨§¢®«ìë, â® á

ãç¥â®¬ «¥¬¬ë 4 ¨ â¥®à¥¬ë 3 ¯à¥¤«®¦¥¨¥ 5 ¤®ª § ®. B
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2. �¯¥à â®à áã¯¥à¯®§¨æ¨¨ ¢ ¯à®áâà áâ¢ å �¥¡¥£ 

�ãáâì (X; d; �) | ®¤®à®¤®¥ ¯à®áâà áâ¢®. � «¥¥ ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®

ª¢ §¨¬¥âà¨ª  d ¨ ¡®à¥«¥¢áª ï ¬¥à  � ã¤®¢«¥â¢®àïîâ á¢®©áâ¢ ¬ 1{5 (á¢®©áâ¢® 6  ¬

¡ë«® ã¦® â®«ìª® ¯à¨ à áá¬®âà¥¨¨ äãªæ¨© ¬®¦¥áâ¢ , § ¤ ëå   ®âªàëâëå

¯®¤¬®¦¥áâ¢ å ¯à®áâà áâ¢  X).

� ¯®¬¨¬, çâ® ®â®¡à ¦¥¨¥ �, ®¯à¥¤¥«¥®¥   ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ¢ å ¨§

D, D| ®¡« áâì ¢ X,  §ë¢ ¥âáï q-ª¢ §¨ ¤¤¨â¨¢®© äãªæ¨¥© ¬®¦¥áâ¢ , £¤¥ q > 1 |

ä¨ªá¨à®¢ ®¥ ç¨á«®, ¥á«¨

1) 0 6 �(K) <1, ¥á«¨ K � D | ª®¬¯ ªâ®¥ ¬®¦¥áâ¢®;

2) �(U1) 6 �(U2), ¥á«¨ U1 � U2 � D | ¡®à¥«¥¢áª¨¥ ¬®¦¥áâ¢ ;

3) ¤«ï ¢áïª®£® ª®¥ç®£®  ¡®à  Ui � U , i = 1; : : : ; k, ¯®¯ à® à §«¨çëå ¡®à¥-

«¥¢áª¨å ¬®¦¥áâ¢, U � D | ¡®à¥«¥¢áª®¥ ¬®¦¥áâ¢®,

kX
i=1

�(Ui) 6 q�(U):

� ¬¥ç ¨¥ 3. �â¢¥à¦¤¥¨ï ¯¥à¢®£® ¯ à £à ä  ® ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ¨ ¢®á-

áâ ®¢«¥¨¨  ¡á®«îâ® ¥¯à¥àë¢®© ç áâ¨ äãªæ¨¨ ¬®¦¥áâ¢  á¯à ¢¥¤«¨¢ë ¤«ï

q-ª¢ §¨ ¤¤¨â¨¢ëå äãªæ¨© ¬®¦¥áâ¢ , ®¯à¥¤¥«¥ëå   ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ-

¢ å ®¡« áâ¨ D.

�ãáâì E | ¨§¬¥à¨¬®¥ ¬®¦¥áâ¢®   ®¤®à®¤®¬ ¯à®áâà áâ¢¥ X. �§¬¥à¨¬ ï

äãªæ¨ï f : E ! R ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã �¥¡¥£  Lp(E); 1 6 p 61, ¥á«¨

kf j Lp(E)k =

�Z
E

jf jp d�(x)

� 1

p

< +1; 1 6 p <1;

¨

kf j L1(E)k = ess sup
x2E

jf(x)j < +1:

2.1. �ãáâì D ¨ eD | ¨§¬¥à¨¬ë¥ ¬®¦¥áâ¢    ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢ å X ¨ eX
á®®â¢¥âáâ¢¥®. �ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥¨¥ ' : D ! eD ¯®à®¦¤ ¥â ®£à ¨ç¥-

ë© ®¯¥à â®à ¢«®¦¥¨ï '� : Lp( eD)! Lq(D), 1 6 q 6 p 61, ¯® ¯à ¢¨«ã '�f = f �',

¥á«¨ áãé¥áâ¢ã¥â ¯®áâ®ï ï K < 1 â ª ï, çâ®
'�f j Lq(D)

 6 K
f j Lp( eD) ¤«ï

«î¡®© äãªæ¨¨ f 2 Lp( eD). � íâ®¬ á«ãç ¥ ®ç¥¢¨¤®, çâ® ' ¯®à®¦¤ ¥â ®£à ¨ç¥ë©

®¯¥à â®à '� : Lp( eA)! Lq('
�1( eA)) ¤«ï «î¡®£® ¡®à¥«¥¢áª®£® ¬®¦¥áâ¢  eA � eD. �¥©áâ-

¢¨â¥«ì®, ¥á«¨ f 2 Lp( eA), â® à áá¬®âà¨¬ ¯à®¤®«¦¥¨¥ ~f äãªæ¨¨ f   eD ¯®«®¦¨¢
~f(y) = 0 ¢¥ eA. �®£¤  '�f(x) = (f �')(x) = '� ~f j

'�1(eA)(x), x 2 '�1( eA), ¨ ¯®íâ®¬ã '� |
®£à ¨ç¥ë© ®¯¥à â®à.

�¥¬¬  5. �ãáâì ®â®¡à ¦¥¨¥ ' : D ! eD ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à â®à

¢«®¦¥¨ï '� : Lp( eD)! Lq(D), 1 6 q < p 61. �®£¤ 

�( eA) = sup
f2Lp(eA)

 '�f j Lq('�1( eA))f j Lp( eA)
!�

; £¤¥ � =

� pq
p�q

¯à¨ p <1;

q ¯à¨ p =1;
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ï¢«ï¥âáï ®£à ¨ç¥®© ¬®®â®®© áç¥â®- ¤¤¨â¨¢®© äãªæ¨¥©, ®¯à¥¤¥«¥®©  

¡®à¥«¥¢áª¨å ¬®¦¥áâ¢ å eA � eD, e�( eA) > 0.

C �ç¥¢¨¤®, çâ® �( eA1) 6 �( eA2), ¥á«¨ eA1 � eA2.

�ãáâì eAi, i 2 N , | ¯®¯ à® ¥¯¥à¥á¥ª îé¨¥áï ¡®à¥«¥¢áª¨¥ ¬®¦¥áâ¢  ¢ eD, eA0 =
1S
i=1

eAi, Ai = '�1( eAi), i = 0; 1; : : : . � áá¬®âà¨¬ â ªãî äãªæ¨î fi 2 Lp( eAi), çâ®¡ë

®¤®¢à¥¬¥® ¢ë¯®«ï«¨áì ãá«®¢¨ï
'�fi j Lq(Ai)

 > ��( eAi)
�
1� "

2i

�� 1
�

fi j Lp( eAi)
 ¨fi j Lp( eAi)

p = �( eAi)
�
1 � "

2i

�
¯à¨ p < 1

�fi j Lp( eAi)
 = 1 ¯à¨ p = 1

�
, " 2 (0; 1).

�®« £ ï fN =
NP
i=1

fi ¨ ¯à¨¬¥ïï ¥à ¢¥áâ¢® ��¥«ì¤¥à  ¯à¨ p <1 (á«ãç © à ¢¥áâ¢ ),

¯®«ãç ¥¬

'�fN j Lq

� N[
i=1

Ai

� >
� NX
i=1

�
�( eAi)

�
1�

"

2i

�� q

�fN j Lp( eAi)
q�1=q

=

� NX
i=1

�( eAi)

�
1�

"

2i

�� 1

�

fN j Lp

� N[
i=1

eAi

�
>

� NX
i=1

�( eAi)� "�( eA0)

� 1

�

fN j Lp

� N[
i=1

eAi

�: (9)

�âáî¤  á«¥¤ã¥â, çâ®

�( eA0)
1

� > sup

'�fN j Lq
� NS
i=1

Ai

�
fN j Lp

� NS
i=1

eAi

� >

� NX
i=1

�( eAi)� "�( eA0)

� 1

�

;

£¤¥ â®ç ï ¢¥àåïï £à ì ¡¥à¥âáï ¯® ¢á¥¬ äãªæ¨ï¬ fN 2 Lp

� NS
i=1

eAi

�
ãª § ®£® ¢ëè¥

¢¨¤ . � ª ª ª N ¨ " ¯à®¨§¢®«ìë, ª¢ §¨ ¤¤¨â¨¢®áâì äãªæ¨¨ � ¤®ª §  . �¯à ¢¥¤-

«¨¢®áâì ®¡à â®£® ¥à ¢¥áâ¢  ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥®. B

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¤ ¥â ®æ¥ªã ¨áª ¦¥¨ï ¬¥àë ¯à¨ ®â®¡à ¦¥¨ïå à áá¬ â-

à¨¢ ¥¬®£® ª« áá .

�à¥¤«®¦¥¨¥ 6. �ãáâì ®â®¡à ¦¥¨¥ ' : D ! eD ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥-

à â®à ¢«®¦¥¨ï '� : Lp( eD)! Lq(D), 1 6 q 6 p <1. �®£¤  ¤«ï ¢áïª®£® ¡®à¥«¥¢áª®£®

¬®¦¥áâ¢  eA � eD ¯à®®¡à § '�1( eA) ¨§¬¥à¨¬ ¨ ¢ë¯®«¥ë ¥à ¢¥áâ¢ :

�('�1( eA)) 1q 6 �( eA) 1� ~�( eA) 1p ; 1 6 q < p <1;

¨

�('�1( eA)) 6 Kp~�( eA); 1 6 q = p <1:

C � ª ª ª ®¯¥à â®à ¢«®¦¥¨ï '� : Lp( eD) ! Lq(D) ®£à ¨ç¥, â® ¤«ï ¢áïª®£®

¡®à¥«¥¢áª®£® ¬®¦¥áâ¢  eA � eD ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

k'�f j Lq('
�1( eA))k 6 �( eA) 1� kf j Lp( eA)k 6 �( eD) 1� kf j Lp( eA)k
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¯à¨ 1 6 q < p <1, ¨

k'�f j Lq('
�1( eA))k 6 Kkf j Lp( eA)k

¯à¨ 1 6 q = p < 1. �®¤áâ ¢«ïï ¢ íâ¨ ¥à ¢¥áâ¢  å à ªâ¥à¨áâ¨ç¥áªãî äãªæ¨î

f(y) = �eA(y) ¬®¦¥áâ¢  eA, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥. B

�â®¡à ¦¥¨¥ ' : D ! eD ®¡« ¤ ¥â N -á¢®©áâ¢®¬ �ã§¨ , ¥á«¨ ®¡à § ¢áïª®£® ¬®-

¦¥áâ¢  ã«¥¢®© ¬¥àë ¥áâì ¬®¦¥áâ¢® ¬¥àë ã«ì, ¨ ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬ �ã§¨ ,

¥á«¨ ¯à®®¡à § ¢áïª®£® ¬®¦¥áâ¢  ã«¥¢®© ¬¥àë ¥áâì ¬®¦¥áâ¢® ¬¥àë ã«ì.

�«¥¤áâ¢¨¥ 6. �ãáâì ®â®¡à ¦¥¨¥ ' : D ! eD ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à â®à

¢«®¦¥¨ï '� : Lp( eD) ! Lq(D), 1 6 q 6 p < 1. �®£¤  äãªæ¨ï ¬®¦¥áâ¢  eD � A 7!
�('�1(A))  ¡á®«îâ® ¥¯à¥àë¢  ®â®á¨â¥«ì® ¬¥àë ~�, ¢ ç áâ®áâ¨, ®â®¡à ¦¥¨¥ '

®¡« ¤ ¥â N�1-á¢®©áâ¢®¬ �ã§¨ .

�â®¡à ¦¥¨¥ ' : D ! eD  §ë¢ ¥âáï ¨§¬¥à¨¬ë¬, ¥á«¨ ¯à®®¡à § ¨§¬¥à¨¬®£® ¬®-

¦¥áâ¢  ¨§¬¥à¨¬. � ¬¥â¨¬, çâ® ¢ á¨«ã ¯à¥¤«®¦¥¨ï 6 ®â®¡à ¦¥¨¥, ¯®à®¦¤ îé¥¥

®£à ¨ç¥ë© ®¯¥à â®à ¯à®áâà áâ¢ �¥¡¥£  ¨§¬¥à¨¬®. �«ï ¨§¬¥à¨¬®£® ®â®¡à ¦¥¨ï

' : D ! eD ®¯à¥¤¥«¨¬ ®¡ê¥¬ãî ¯à®¨§¢®¤ãî ý®¡à â®£® ®â®¡à ¦¥¨ïþ

J'�1(y) = lim
r!0

�('�1(B(y; r)))

~�(B(y; r))
; y 2 eD:

�¥®à¥¬  4. �§¬¥à¨¬®¥ ®â®¡à ¦¥¨¥ ' : D ! eD ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à -

â®à ¢«®¦¥¨ï '� : Lp( eD)! Lq(D), 1 6 q 6 p <1, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

�0(y) = J'�1(y)
p

p�q ¤«ï ¯®çâ¨ ¢á¥å y 2 eD ¢ á«ãç ¥ 1 6 q < p <1;

£¤¥ � | äãªæ¨ï ¬®¦¥áâ¢  ¨§ «¥¬¬ë 5, ¨

ess sup
y2eD J'�1(y) <1 ¢ á«ãç ¥ 1 6 q = p <1:

�à¨ íâ®¬ ®à¬  ®¯¥à â®à  '� : Lp( eD)! Lq(D) à ¢ 

K =

8>>><
>>>:

�R
eD (J'�1(y))

p

p�q d~�(y)
� 1

�

; 1 6 q < p <1;

(ess sup
y2eD J'�1(y))

1

p ; 1 6 q = p <1:

C�¥®¡å®¤¨¬®áâì. � ª ª ª ®¯¥à â®à '� ®£à ¨ç¥, â® ¤«ï ¢áïª®£® ¡®à¥«¥¢áª®£®

¬®¦¥áâ¢  A � eD ¨ ¯à®¨§¢®«ì®© äãªæ¨¨ f 2 Lp(A) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  k'�f j

Lq('
�1(A))k 6 �(A)

1

� kf j Lp(A)k ¯à¨ 1 6 q < p < 1, ¨ k'�f j Lp('�1(A))k 6 k'�k �
kf j Lp(A)k ¯à¨ 1 6 q = p < 1. �®¤áâ ¢«ïï ¢ íâ¨ ¥à ¢¥áâ¢  å à ªâ¥à¨áâ¨ç¥áªãî

äãªæ¨î f(z) = �B(z) ¬®¦¥áâ¢  B = B(y; r) � eD ¯®«ãç ¥¬

�('�1(B(y; r)))
1

q 6 �(B(y; r))
1

� ~�(B(y; r))
1

p ; 1 6 q < p <1;
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¨

�('�1(B(y; r))) 6 k'�kp~�(B(y; r)); 1 6 q = p <1:

�«¥¤®¢ â¥«ì®,

�
�('�1(B(y; r)))

~�(B(y; r))

� 1

q

6

�
�(B(y; r))

~�(B(y; r))

� 1

�

; 1 6 q < p <1;

¨ �
�('�1(B(y; r)))

~�(B(y; r))

� 1

p

6 k'�k; 1 6 q = p <1:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ r ! 0, ¯®«ãç ¥¬

J
1

p

'�1(y) 6 k'�k ¯®çâ¨ ¢áî¤ã ¢ eD
¯à¨ 1 6 q = p <1, ¨

J'�1(y)
p

p�q 6 �0(y) ¤«ï ¯®çâ¨ ¢á¥å y 2 eD
¢ á«ãç ¥ 1 6 q < p <1.

�â¥£à¨àãï ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯® ®¡« áâ¨ eD ¨ ¨á¯®«ì§ãï á¢®©áâ¢  áç¥â®-

 ¤¤¨â¨¢®© äãªæ¨¨ ¬®¦¥áâ¢  («¥¬¬  5 ¨ â¥®à¥¬  3), ¯®«ãç ¥¬ ã¦ãî ®æ¥ªã

�Z
eD
J'�1(y)

p

p�q d~�(y)

� 1

�

6 �( eD) = k'k� <1 ¯à¨ 1 6 q < p <1;

¨

ess sup
y2eD J'�1(y)�1 6 k'�kp <1 ¯à¨ 1 6 q = p <1:

�®áâ â®ç®áâì. �ãáâì 1 6 q < p <1 ¨ äãªæ¨ï f 2 Lp(D). �à¨¬¥ïï â¥®à¥¬ã

§ ¬¥ë ¯¥à¥¬¥®© ¢ ¨â¥£à «¥ �¥¡¥£  ¨§ [10, x 39, â¥®à¥¬  4], ¨¬¥¥¬

k'�f j Lq(D)k =

�Z
D

jf � 'jq(x) d�(x)

� 1

q

=

�Z
eD
jf jq(y) � J'�1(y) d~�(y)

� 1

q

:

�®á¯®«ì§®¢ ¢è¨áì ¤ «¥¥ ¥à ¢¥áâ¢®¬ ��¥«ì¤¥à , ¯®«ãç ¥¬

k'�f j Lq(D)k 6

�Z
eD
J'�1(y)

p

p�q d~�(y)

� 1

�

�Z
eD
jf jp(y) d~�(y)

� 1

p

6

�Z
eD
J'�1(y)

p

p�q d~�(y)

� 1

�

kf j Lp( eD)k:
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�âáî¤  ¨¬¥¥¬ á®®â®è¥¨¥ �(B(y; r)) 6
R

B(y;r)

J'�1(z)
p

p�q d~�(z), ¨§ ª®â®à®£® ¯® â¥®à¥¬¥

�¥¡¥£  ¯®«ãç ¥¬ ¥à ¢¥áâ¢® �0(y) 6 J'�1(y)
p

p�q ¤«ï ¯®çâ¨ ¢á¥å y 2 eD. �ãáâì â¥¯¥àì
1 6 q = p <1. �®£¤ 

k'�f j Lp(D)k =

�Z
D

jf � 'jp(x) d�(x)

� 1

p

=

�Z
eD
jf jp(y)J'�1(y) d~�(y)

� 1

p

6 Kkf j Lp( eD)k:

�§ ¢ë¢¥¤¥ëå ¥à ¢¥áâ¢ ¯®«ãç ¥¬ ®æ¥ªã k'�k 6 K ¤«ï ®à¬ë ®¯¥à â®à  '.

�¥®à¥¬  ¤®ª §  . B

� ¬¥â¨¬, çâ® ¯à¨ q = p â¥®à¥¬  4 ä ªâ¨ç¥áª¨ ¡ë«  ¯®«ãç¥  ¢ à ¬ª å à ¡®âë

[11].

�«¥¤áâ¢¨¥ 7. �ãáâì ®â®¡à ¦¥¨¥ ' : D ! eD ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à â®à

¢«®¦¥¨ï '� : Lp( eD) ! Lq(D), 1 6 q < p < 1. �®£¤  äãªæ¨ï ¬®¦¥áâ¢  � ¨§ «¥¬-

¬ë 5 ï¢«ï¥âáï  ¡á®«îâ® ¥¯à¥àë¢®© ®£à ¨ç¥®© ¬®®â®®© áç¥â®- ¤¤¨â¨¢®©

äãªæ¨¥©, ®¯à¥¤¥«¥®©   ¡®à¥«¥¢áª¨å ¬®¦¥áâ¢ å ¨§ ®¡« áâ¨ eD.
2.2. � «®£¨ç® «¥¬¬¥ 5 ¤®ª §ë¢ ¥âáï ãâ¢¥à¦¤¥¨¥ ¤«ï äãªæ¨¨ ¬®¦¥áâ¢ ,

®¯à¥¤¥«¥®©   ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D. �®àà¥ªâ®áâì ®¯à¥¤¥«¥¨ï

¢¢®¤¨¬®© ¢ «¥¬¬¥ 6 äãªæ¨¨ ¬®¦¥áâ¢  	 ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥¨ï 6.

�¥¬¬  6. �ãáâì ¡¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ ' : D ! eD â ª®¥, çâ® ®¡à § ¡®à¥«¥¢-

áª®£® ¬®¦¥áâ¢  ï¢«ï¥âáï ¡®à¥«¥¢áª¨¬, ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à â®à ¢«®¦¥¨ï

'� : Lp( eD)! Lq(D), 1 6 q < p 61. �®£¤ 

	(A) = sup
f2Lp('(A))

� '�f j Lq(A)f j Lp('(A))
��

; £¤¥ � =

� pq
p�q

¯à¨ p <1;

q ¯à¨ p =1;

ï¢«ï¥âáï ®£à ¨ç¥®© ¬®®â®®© áç¥â®- ¤¤¨â¨¢®© äãªæ¨¥©, ®¯à¥¤¥«¥®©  

¡®à¥«¥¢áª¨å ¬®¦¥áâ¢ å A � D, �(A) > 0.

�«ï ¡¨¥ªâ¨¢®£® ®â®¡à ¦¥¨ï ' : D ! eD, ®¡« ¤ îé¥£® â ª¨¬ á¢®©áâ¢®¬, çâ®

®¡à § ¡®à¥«¥¢áª®£® ¬®¦¥áâ¢  ï¢«ï¥âáï ¡®à¥«¥¢áª¨¬, ®¯à¥¤¥«¨¬ ¥£® ®¡ê¥¬ãî ¯à®¨§-

¢®¤ãî

J'(x) = lim
r!0

~�('(B(x; r)))

�(B(x; r))
:

�§ ¯à¥¤«®¦¥¨ï 6 ¢ëâ¥ª ¥â â ª¦¥

�«¥¤áâ¢¨¥ 8.�ãáâì ¡¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ ' : D ! eD â ª®¥, çâ® ®¡à § ¡®à¥«¥¢-

áª®£® ¬®¦¥áâ¢  ï¢«ï¥âáï ¡®à¥«¥¢áª¨¬, ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à â®à ¢«®¦¥¨ï

'� : Lp( eD)! Lq(D), 1 6 q 6 p <1. �®£¤  ®¡ê¥¬ ï ¯à®¨§¢®¤ ï J' > 0 ¯®çâ¨ ¢áî¤ã

¢ ®¡« áâ¨ D.

�áá«¥¤ã¥¬ ¢®¯à®áë, á¢ï§ ë¥ á ä®à¬ã«®© § ¬¥ë ¯¥à¥¬¥ëå ¯à¨ ¡¨¥ªâ¨¢ëå

®â®¡à ¦¥¨ïå   ¬¥âà¨ç¥áª¨å ¯à®áâà áâ¢ å ®¤®à®¤®£® â¨¯ .
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�«ï ¤®ª § â¥«ìáâ¢  á«¥¤ãîé¥£® ¯à¥¤«®¦¥¨ï  ¬ ¯®âà¥¡ã¥âáï á«¥¤ãîé¥¥

ãâ¢¥à¦¤¥¨¥ ® ¯®ªàëâ¨ïå [7].

�¥¬¬  7. �ãáâì á¥¬¥©áâ¢® è à®¢ B ¢ ®¤®à®¤®¬ ¯à®áâà áâ¢¥ X ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î: supfdiamB : B 2 Bg < +1. �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì ¯®¯ à®

¥¯¥à¥á¥ª îé¨åáï è à®¢ fBig
1
i=1 â ª ï, çâ®

[
B2B

B �
1[
i=1

5Bi:

�¤¥áì á¨¬¢®« 5B ®¡®§ ç ¥â è à, ª®æ¥âà¨çë© è àã B, ¨ â ª®© çâ® diam5B =

5diamB

�à¥¤«®¦¥¨¥ 7. �ãáâì ' : D ! eD | ¡¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ â ª®¥, çâ® ®¡à §

¡®à¥«¥¢áª®£® ¬®¦¥áâ¢  ï¢«ï¥âáï ¡®à¥«¥¢áª¨¬. �®£¤  áãé¥áâ¢ã¥â ¡®à¥«¥¢áª®¥ ¬®-

¦¥áâ¢® �' ã«¥¢®© ¬¥àë â ª®¥, çâ® ¤«ï ¢áïª®£® ¡®à¥«¥¢áª®£® ¬®¦¥áâ¢  A ¨ ¡®à¥«¥¢-

áª®© äãªæ¨¨ f : eD ! R á¯à ¢¥¤«¨¢  ä®à¬ã« Z
A

f � '(x)J'(x) d�(x) =

Z
'(A)

f(y)�(y) d~�(y); (10)

£¤¥ �(�) | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¬®¦¥áâ¢  '(A n �').

C �«ï ¯à®¨§¢®«ì®£® ç¨á«  k = 1; 2; : : : ®¯à¥¤¥«¨¬ ¬®¦¥áâ¢ 

Ak = fx 2 D : J'(x) < kg:

� ¬¥â¨¬, çâ® â ª ª ª ®¡ê¥¬ ï ¯à®¨§¢®¤ ï J' ï¢«ï¥âáï ¡®à¥«¥¢áª®© äãªæ¨¥© (á¬.

¯ãªâ 1.1), â® ¬®¦¥áâ¢  Ak, k = 1; 2; : : : , ¡®à¥«¥¢áª¨¥.

�®ª ¦¥¬, çâ®   ¬®¦¥áâ¢¥ Ak ®â®¡à ¦¥¨¥ ' ®¡« ¤ ¥â N -á¢®©áâ¢®¬ �ã§¨  ¨

¢ë¯®«¥® ¥à ¢¥áâ¢®

~�('(A)) 6 k�(A)

¤«ï ¢áïª®£® ¡®à¥«¥¢áª®£® ¯®¤¬®¦¥áâ¢  A � Ak. �ãáâì A � Ak | ¯à®¨§¢®«ì®¥ ¯®¤-

¬®¦¥áâ¢® ã«¥¢®© ¬¥àë. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® ¬®¦¥áâ¢®

A ®£à ¨ç¥®. �¨ªá¨àã¥¬ ç¨á«® " > 0. �®£¤   ©¤¥âáï ®âªàëâ®¥ ¬®¦¥áâ¢® U � A á

ãá«®¢¨¥¬ �(U) < ". �«ï ª ¦¤®© â®çª¨ x 2 A  ©¤¥âáï ç¨á«® rx > 0 â ª®¥, çâ® «î¡®©

è à B = B(x; r), r 2 (0; rx), ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

B(x; r) � U ¨ ~�('(B(x; r))) < k�(B(x; r)): (11)

�à¨¬¥ïï «¥¬¬ã 7, ¢ë¡¥à¥¬ ¨§ á¥¬¥©áâ¢  è à®¢ B = fB(x; r=5) : x 2 A; r 2 (0; rx)g
¯®á«¥¤®¢ â¥«ì®áâì è à®¢ fBig1i=1 â ªãî, çâ®:

1) Bi \Bj = ? ¯à¨ i 6= j;

2) A �
1S
i=1

5Bi;

3) ¤«ï ª ¦¤®£® è à  5Bi, i = 1; 2; : : : , ¢ë¯®«¥® ãá«®¢¨¥ (11).

�®£¤  ¨¬¥¥â ¬¥áâ® ®æ¥ª 

~�('(A)) 6

1X
i=1

~�('(5Bi)) 6 k

1X
i=1

�(5Bi) 6 ck

1X
i=1

�(Bi) 6 ck�(U) < ck":
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�¤¥áì c | ¥ª®â®à ï ¯®áâ®ï ï, § ¢¨áïé ï â®«ìª® ®â ¯®áâ®ïëå c1 ¨ c2. � ª ª ª

ç¨á«® " > 0 ¡ë«® ¢ë¡à ® ¯à®¨§¢®«ì®, â® N -á¢®©áâ¢® �ã§¨  ¤®ª § ®.

�®ª ¦¥¬ ¥à ¢¥áâ¢®

~�('(A)) 6 k�(A):

�¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ç¨á«® " > 0, ®âªàëâ®¥ ¬®¦¥áâ¢® U � A â ª¨¥, çâ® �(U) <

�(A)+". �ãáâì B = fB(x; r) : x 2 A; r 2 (0; rx), £¤¥ rx > 0 â ª®¥ ç¨á«®, çâ® B(x; r) � U

¨ ~�('(B(x; r))) < k�(B(x; r)) ¤«ï ¢á¥å r 2 (0; rx)g | ¯®ªàëâ¨¥ �¨â «¨ ¬®¦¥áâ¢  A.

�à¨¬¥ïï â¥®à¥¬ã 2, ¢ë¡¥à¥¬ ¨§ á¥¬¥©áâ¢  B ¯®á«¥¤®¢ â¥«ì®áâì § ¬ªãâëå è à®¢

fBig
1
i=1 â ªãî, çâ®:

1) Bi \Bj = ? ¯à¨ i 6= j;

2) �

�
A n

1S
i=1

Bi

�
= 0;

3) ¤«ï ª ¦¤®£® è à  Bi, i = 1; 2; : : : , ¢ë¯®«¥® ¥à ¢¥áâ¢® ~�('(Bi)) < k�(Bi).

�«¥¤®¢ â¥«ì®,

~�('(A)) = ~�

� 1[
i=1

'(Bi)

�
=

1X
i=1

~�('(Bi)) 6 k

1X
i=1

�(Bi) = k�(U) = k(�(A) + "):

� ª ª ª " > 0 | ¯à®¨§¢®«ì®¥ ç¨á«®, â® ¥à ¢¥áâ¢® ~�('(A)) 6 k�(A) ¤®ª § ®.

�¯à¥¤¥«¨¬ ¬®¦¥áâ¢® �' = D n
S
k

Ak. �§ á«¥¤áâ¢¨ï 5 ¢ëâ¥ª ¥â, çâ® J' < +1

¯®çâ¨ ¢áî¤ã ¢ ®¡« áâ¨ D ¨, § ç¨â, j�'j = 0. �à®¬¥ â®£®, ®â®¡à ¦¥¨¥ ' ®¡« ¤ ¥â

N -á¢®©áâ¢®¬ �ã§¨    ¬®¦¥áâ¢¥ D n �'.
�®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë (10). �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ äãª-

æ¨ï ¬®¦¥áâ¢  �(A) = ~�('(A n �')) ï¢«ï¥âáï  ¡á®«îâ® ¥¯à¥àë¢®©  ¤¤¨â¨¢®©

äãªæ¨¥©, ®¯à¥¤¥«¥®©   ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ¢ å ®¡« áâ¨ D, ¯à¨ç¥¬ ¢ë¯®«¥-

® ¥à ¢¥áâ¢® J' > �0 ¯®çâ¨ ¢áî¤ã ¢ ®¡« áâ¨ D. �à¨¬¥ïï ¯à¥¤«®¦¥¨¥ 5 (á ãç¥â®¬

§ ¬¥ç ¨ï 3)  å®¤¨¬, çâ®Z
A

J'(x) d�(x) >

Z
A

�0(x) d�(x) = �(A) = ~�('(A n �')):

�¯à ¢¥¤«¨¢®áâì ®¡à â®£® ¥à ¢¥áâ¢  ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï 5:Z
A

J'(x) d�(x) =

Z
An�'

J'(x) d�(x) 6 ~�('(A n �')):

�ª®ç â¥«ì® ¯®«ãç ¥¬ à ¢¥áâ¢®Z
A

J'(x) d�(x) = ~�('(A n �')):

� ááã¦¤ ï ¤ «¥¥ áâ ¤ àâë¬ ®¡à §®¬ (¤®ª §ë¢ ï á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë (10)

¤«ï å à ªâ¥à¨áâ¨ç¥áª¨å äãªæ¨©, ¨ ¤ «¥¥  ¯¯à®ªá¨¬¨àãï ¯à®¨§¢®«ìãî ¡®à¥«¥¢áªãî

äãªæ¨î áâã¯¥ç âë¬¨ äãªæ¨ï¬¨, á¬.,  ¯à¨¬¥à, [12, 13] ) ¯®«ãç ¥¬ âà¥¡ã¥¬ë©

à¥§ã«ìâ â. B
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�¥®à¥¬  5. �¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ ' : D ! eD â ª®¥, çâ® ®¡à § ¡®à¥«¥¢áª®£®

¬®¦¥áâ¢  ï¢«ï¥âáï ¡®à¥«¥¢áª¨¬, ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à â®à ¢«®¦¥¨ï '� :

Lp( eD)! Lq(D), 1 6 q 6 p <1, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

	0(x) = J'(x)
q

q�p ¤«ï ¯®çâ¨ ¢á¥å x 2 D ¢ á«ãç ¥ 1 6 q < p <1,

£¤¥ 	 | äãªæ¨ï ¬®¦¥áâ¢  ¨§ «¥¬¬ë 6, ¨

(ess sup
x2D

J'(x))
�1 <1 ¢ á«ãç ¥ 1 6 q = p <1:

�à¨ íâ®¬ ®à¬  ®¯¥à â®à  '� : Lp( eD)! Lq(D) à ¢ 

K =

8>><
>>:
�R
D

(J'(x))
q

q�p d�(x)
� 1

�

; 1 6 q < p <1;

(ess sup
x2D

J'(x))
� 1

p ; 1 6 q = p <1:

C�¥®¡å®¤¨¬®áâì. � ª ª ª ®¯¥à â®à '� ®£à ¨ç¥, â® ¤«ï ¢áïª®£® ¡®à¥«¥¢áª®£®

¬®¦¥áâ¢  A � D ¨ ¯à®¨§¢®«ì®© äãªæ¨¨ f 2 Lp('(A)) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

k'�f j Lq(A)k 6 	(A)
1

� kf j Lp('(A))k ¯à¨ 1 6 q < p <1, ¨ k'�f j Lq(A)k 6 k'�k � kf j
Lp('(A))k ¯à¨ 1 6 q = p < 1. �®¤áâ ¢«ïï ¢ íâ¨ ¥à ¢¥áâ¢  å à ªâ¥à¨áâ¨ç¥áªãî

äãªæ¨î f(y) = �'(B)(y) ¬®¦¥áâ¢  '(B), B = B(x; r) � D, ¯®«ãç ¥¬

�(B(x; r))
1

q 6 	(B(x; r))
1

��('(B(x; r)))
1

p ; 1 6 q < p <1;

¨

�(B(x; r)) 6 k'�kp�('(B(x; r))); 1 6 q = p <1:

�«¥¤®¢ â¥«ì®,

�
�(B(x; r))

�('(B(x; r)))

� 1

p

6

�
	(B(x; r))

�(B(x; r))

� 1

�

; 1 6 q < p <1;

¨ �
�(B(x; r))

�('(B(x; r)))

� 1

p

6 k'�k; 1 6 q = p <1:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ r ! 0 ¢ë¢®¤¨¬, çâ®

J'(x)
� 1

p 6 k'�k ¯®çâ¨ ¢áî¤ã ¢ D

¯à¨ 1 6 q = p <1, ¨

J'(x)
q

q�p 6 	0(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 D

¢ á«ãç ¥ 1 6 q < p <1.
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�â¥£à¨àãï ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯® ®¡« áâ¨ D ¨ ¨á¯®«ì§ãï á¢®©áâ¢  áç¥â®-

 ¤¤¨â¨¢®© äãªæ¨¨ ¬®¦¥áâ¢ , ¢ë¢®¤¨¬ ã¦ãî ®æ¥ªã

�Z
D

J'(x)
q

q�p d�(x)

� 1

�

6 	(D) = k'�k <1; 1 6 q < p <1;

¨

ess sup
x2D

J'(x)
�1
6 k'�kp <1; 1 6 q = p <1:

�®áâ â®ç®áâì. �ãáâì 1 6 q < p < 1 ¨ äãªæ¨ï f 2 Lp(D). �®áª®«ìªã

J'(x) > 0 ¯®çâ¨ ¢áî¤ã ¢ D, â®

k'�f j Lq(D)k =

�Z
D

jf � 'jq(x) d�(x)

� 1

q

=

�Z
D

jf � 'jq(x)J'(x)
q

p � J'(x)
�
q

p d�(x)

� 1

q

:

�à¨¬¥ïï ¤ «¥¥ ¥à ¢¥áâ¢® ��¥«ì¤¥à  ¨ ä®à¬ã«ã (10), ¨¬¥¥¬

k'�f j Lq(D)k 6

�Z
D

J'(x)
q

q�p d�(x)

� 1

�

�Z
D

jf � 'jp(x)J'(x) d�(x)

� 1

p

6

�Z
D

J'(x)
q

q�p d�(x)

� 1

�

kf j Lp( eD)k:
�ãáâì â¥¯¥àì 1 6 q = p <1. �®£¤ 

k'�f j Lp(D)k =

�Z
D

jf � 'jp(x)J'(x) � J'(x)
�1 d�(x)

� 1

p

6 Kkf j Lp( eD)k:

�§ ¢ë¢¥¤¥ëå ¥à ¢¥áâ¢ ¯®«ãç ¥¬ ®æ¥ªã k'�k 6 K ¤«ï ®à¬ë ®¯¥à â®à  '.

�¥®à¥¬  ¤®ª §  . B

�«¥¤áâ¢¨¥ 9.�ãáâì ¡¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥ ' : D ! eD â ª®¥, çâ® ®¡à § ¡®à¥«¥¢-

áª®£® ¬®¦¥áâ¢  ï¢«ï¥âáï ¡®à¥«¥¢áª¨¬, ¯®à®¦¤ ¥â ®£à ¨ç¥ë© ®¯¥à â®à ¢«®¦¥¨ï

'� : Lp( eD)! Lq(D), 1 6 q < p <1. �®£¤  äãªæ¨ï 	 ¨§ «¥¬¬ë 6 ï¢«ï¥âáï  ¡á®«îâ®

¥¯à¥àë¢®© ®£à ¨ç¥®© ¬®®â®®© áç¥â®- ¤¤¨â¨¢®© äãªæ¨¥©, ®¯à¥¤¥«¥®©

  ¡®à¥«¥¢áª¨å ¬®¦¥áâ¢ å ®¡« áâ¨ D.

�¨â¥à âãà 

1. �å«®¢ �. �. �â®¡à ¦¥¨ï, ¯®à®¦¤ îé¨¥ ¢«®¦¥¨ï ¯à®áâà áâ¢ �®¡®«¥¢  // �¨¡. ¬ â. ¦ãà.|

1993.|�. 34, ü 1.|�. 185{192.



�¯¥à â®àë áã¯¥à¯®§¨æ¨¨ ¢ ¯à®áâà áâ¢ å �¥¡¥£  1{33

2. �®¤®¯ìï®¢ �. �., �å«®¢ �. �. �à®áâà áâ¢  �®¡®«¥¢  ¨ (P;Q)-ª¢ §¨ª®ä®à¬ë¥ ®â®¡à ¦¥¨ï

£àã¯¯ � à® // �¨¡. ¬ â. ¦ãà.|1998.|�. 39, ü 4.|�. 776{795.

3. Rado T., Reichelderfer P. V. Continuous transformations in analysis.|Berlin: Springer-Verlag, 1955.

4. Stein E. M. Harmonic Analysis: Real-Variables Methods, Orthogonality, and Oscillatory Integrals.|

Princeton: Princeton Univ. Press, 1993.

5. Pansu P. M�etriques de Carnot | Carath�eodory et quasiisom�etries des espacies sym�etriques de rang

un // Ann. of Math.|1989.|V. 129, No. 2.|P. 1{60.

6. � ©¬ àª �. �. �®à¬¨à®¢ ë¥ ª®«ìæ .|�.: � ãª , 1968.

7. �¥¤¥à¥à �. �¥®¬¥âà¨ç¥áª ï â¥®à¨ï ¬¥àë.|�.: � ãª , 1987.

8. Martio O., Rickman S., V�ais�al�a J. De�nitions for quasiregular mappings // Ann. Acad. Scien. Fen.

Series A I. Math.|1969. No. 448.|P. 1{40.

9. �ãá¬  �. �¨ää¥à¥æ¨à®¢ ¨¥ ¨â¥£à «®¢ ¢ Rn .|�.: �¨à, 1978.

10. � «¬®è �. �¥®à¨ï ¬¥àë.|�.: ��, 1953.

11. �®¬ ®¢ �. �. �âàãªâãàë¥ ®¯¥à â®àë ¢ ¯à®áâà áâ¢ å Lp // �¨¡. ¬ â. ¦ãà.|1980.|�. 21,

ü 1.|�. 220{223.

12. �®¤®¯ìï®¢ �. �., �å«®¢ �. �. �¯¯à®ªá¨¬ â¨¢® ¤¨ää¥à¥æ¨àã¥¬ë¥ ¯à¥®¡à §®¢ ¨ï ¨ § ¬¥ 

¯¥à¥¬¥ëå   ¨«ì¯®â¥âëå £àã¯¯ å // �¨¡. ¬ â. ¦ãà.|1996.|�. 37, ü 1.|�. 70{89.

13. Vodop'yanov S. K. P-Di�erentiability on Carnot Groups in Di�erent Topologies and Related Topics/

�àã¤ë ¯®   «¨§ã ¨ £¥®¬¥âà¨¨ (�¥¤ ªâ®à-á®áâ ¢¨â¥«ì �. �. �®¤®¯ìï®¢).|�®¢®á¨¡¨àáª: �§¤-¢®

�� �� ���, 2000.|�. 603{670.

�®¢®á¨¡¨àáª �â âìï ¯®áâã¯¨«  27 ¬ àâ  2002


