BnannkaBka3cKnii MaTeMaTHIECCKHI XKy PHAJ
Huaps—mapT, 2002, Tom 4, Beryck 1

VK 517.98

YUCJIA N TTIPOCTPAHCTBA KAHTOPOBUYA
A.T. Kycpaes, C. C. Kyrarenanse

O630p COBPEMEHHOT'O COCTOSTHUSI CCIIEIOBAHUM B 06/1ACTH (DYHKIIMOHAJIBHOTO AHAJIN3A, PA3BUBAIOIINX
sppuctraeckuii npunnun JI. B. Kanroposnaa. Ocoboe BHMMaHME yAe/€HO BHY TDEHHUM B3aUMOCBABAM

npocrpancts Kauroposuua, anrebp Byins u kourunyywm-npobnemsr Kauropa.

1. Beeneuune

Hayumoe maciienue JI. B. Kanroposuaa orpomuo. Ero maremarwyeckue ncciieroBanmst
oKa3asu (PyHJAMEHTAIbHOE BIUSHUE HA CTAHOBJIEHUE U PA3BUTHE (DYHKIIMOHATHLHOTO AHAJIH-
3a, BEIYUCIUTEHHON MAaTEMaTHKU, TEOPUU IKCTPEMAJIHHBIX 33,184, JECKPUIITUBHON Teopuu
dyukwmii. JI. B. KanTopoBud 110 npaBy BXOAUT B IUCJIO OCHOBOIIOJIOXKHAUKOB COBPEMEHHOTO
9KOHOMUKO-MATEMATHIECKOTO HAITPABJICHUS .

Crosib  BreUaTIISIIONIEE MHOrOOOpa3wWe HAIPABJIEHUN WCCIeI0BAHUN 00BeIUHSIETCS
He ToMbKO smaHoCcThIO JI. B. KarnTopoBrya, HO M €IMHCTBOM €ro METOAUTIECKUX YCTAHOBOK.
OH BCcernma mogYepKuBajl BHYTPEHHEE €IMHCTBO CBOErO TBOPYECTBA, B3AUMOIPOHUKHOBEHUE
ujeil ¥ MeTOJIOB, MCIOIb3yEMbIX UM IIPU PEIIEHUU CAMBIX PA3HOOOPA3HBIX TEOPETUIECKUX
¥ IPUKJIAIHBIX TPO0JIEeM B MAaTEMAaTUKE W YKOHOMHKE. Bmecre ¢ Tem xapakTepHO depToit
TBOpuectBa JI. B. KantopoBuua sBisiercs ero TecHasi B3aMMOCBSI3b ¢ Hanbosiee TPy THBIMA
npobeMaMu U CAMBIMU MEePCIEK TUBHBIMA UASIMEA COBPEMEHHOW €My MAaTEMATUKU W YKOHO-
Mukn. Ananmz meromonoruu TBopdecTra JI. B. KanTopoBwua 3aciyXKuBaeT CHEUATLHBIX
ucciaemoBanmii. Huke MBI OCTAHOBHUMCS KOPOTKO JIUITb HA HEKOTOPBIX (DYHIAMEHTAJIHHBIX
naeax JI. B. KanTopoBrda KOTOpBIE, HECOMHEHHO, CJIEyeT OTHECTH K JIydIIuM 00pa3mam
MAaTeMaTHKH JIBAAIATOr0 cTojieTus. [Ipu 3ToM orpanudnmMcs 0630poM COBPEMEHHOT'O COCTO-
SHWS UCCIeI0BaHUNi B obsracTu (DyHKIMOHAJIBHOTO aHAJIN3A, PA3BUBAIONIAX IBPUCTUICCKUL
npuanun JI. B. KanropoBuua, cocpenoToumB BHUMAaHWe HA MOTPAHWIHBIX BOIPOCAX TEO-
pun npoctpancTtB KanTopoBwya u OpUIOKeHUi, OyJI€BOZHATHOrO AHAJIM33 W BBILYKJIOTO
ananuza. Ocoboe BHUMAHUE Y/EJIE€HO BHYTPEHHUM B3aUMOCBSI3SM MpOCTpaHCTB KaHTOpOo-
BUYa, ajredp Byuss u korTrHyyM-1ipobaeMbr Karropa. O630p JApyrux acrmekToB HAYIHOTO
naciaenusa JI. B. Kanroposuua cm. B [26, 41]. 3xech oTMeTHM UL HECKOIBKO paboT
JI. B. Kanroposuya [23, 24, 25, 29], kaxjast 13 KOTOPBIX MOCIYXKHUJIA (DyHIAMEHTAIBHBIMA
BKJIAJIOM B COOTBETCTBYIOIIUN PA3/IeJl MATEMATAKHA U SKOHOMUKH.

2. Bynessl anrebpst

OcHOBHBIM OOBEKTOM HAIIEr0 PACCMOTPEHUS CIYKHUT K-MPOCTPAHCTBO WJIH, TIOJTHEE,
npocrparcteo Kanroposu4aa. Hepaziyanoit ciyraumeit K-npocTpaHcTBa saBjsgeTcd ajred-
pa Byna. Ilpocrpamcrsa KanToposuda u anrebpnl Bysa O6bL1n co3maHBI B pa3Hble SIIOXH,
JJIs ODCIIy2KMBaHUS PA3HOIO KPYyTa 33Ja9 M HA OCHOBE PA3JIUIHBIX TEOPETUIECKHX YCTa-
HOBOK M TEXHUYECKUX CpeAcTB. OTHAKO MATEMATHIECKUE UJIEU, COCTABJISIONINE CYTh ITUX
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CTPYKTYP, OKA3aJNCh B3AMMOCBSI3AHHLIMHA HACTOJIHLKO, 9TO IO CEi JIEHDL IPOJIOIKAETCI MX
IJIOJIOTBOPHOE B3auMOJecTBIE. B 9T0M CBsI3U CIeayeT KOPOTKO OCTAHOBUTHLCA HA MOHSTUU
OyJieBoii anredpHI.

Teopus OyseBbix asrebp Oeper cBOe HAYAJO OT KJaccmaeckoro coumnenus Jlx. Byss
«McenenoBanme 3aKOHOB MBICJTH, HA, KOTOPBIX OCHOBAHA MATEMATHICCKNE TEOPHUU JIOTHKA 1
TEOpUU BEPOSITHOCTEH » , m3anHoro B 1854 roay, cm. [52]. Lless u 3aga4u 910if KHUrM aBTOP
chopMmympoBas Tak: «B mpemiraraeMOM BHHMAHHIO JHTATEJICH TPAKTATE MbI HaMEpPEeBa-
eMcsl UCCIen0BaTh (DyHIAMEHTAJIbHBIE 3aKOHBI TEX ONMEpaliiii, KOTOPhIE COBEPINAET PA3yM
B MPOLIECCE PACCYXKACHHUH, 1abbl BHIPA3UTH UX B CAMBOJHUYIECKOM SI3bIKE HCUUCIACHHUS U HA
9TOH OCHOBE IIOCTPOHTH HAyKy JIOTHKH U ee MeTony. Ciemys Takoil ycramoBke, k. Bysb
MPOBEJI, TI0 CYIIECTBY, AJIreDPan3aIiio TOU JOTHIECKON CUCTEMBI, KOTOPasl JIEXKAT B OCHOBE
KJIACCHIECKUX MATEMATHIECKUX paccykaeHuit. Takum o6pa3oM BO3HUKIIA ajaredpamdecKas
CTPYKTypa, UMEeHyeMas HbIHE 0Y.4e80l anzebpotli miau, pexe, aazebpotli Byas. Hamomunm
omnpeesieHne OyJIeBOil aaredphI.

YropsgoueHHoe MHOXKEeCTBO X Ha3bIBAIOT pewemkoti, eciim Jjiodas napa 3JIeMeHTOB
x u y u3 X umeer Kak cynpemym z V y:= sup{z,y}, Tak u uabumym z A y:= inf{z,y}.
(3/16Ch ¥ HUKE CHMBOJI := O3HAYAET «PABHAETCS MO ONpeiesennio».) Pemerky X HasbiBaiorT
ducmpubymueHoti, ecin

(VY ANz=(xA2)V(yAz)

JUTsL MIOOBIX ee TPexX 3JeMEHTOB I, Yy W z. JIOmyCTHM, UTO B pelIeTKe UMeETCs HaubOb-
muii ssiemenT 1 n HaumMmenbinuit ssiement 0. DjemMeHT ¥ HA3BIBAIOT JONOAHEHUEM T, €CJIA
xVz*=1uzAz* =0. B ciyuae, Korga Jis KaxkJaoro sjgeMenTa & € X CyIIeCTByeT
JIOTIOJIHEHUE, TOBOPAT, 9TO X eCTh pewemxa ¢ 0onoAHeruamu. TIpu 3TOM KasK bl 3JIeMeHT
UMeeT eJIMHCTBEHHOE JIOMOJIHEHNe, CJIeI0BATEILHO, BOBHUKAeT orobpaxenue ()* : z — x*
(x € X). Byaeeoli aseebpoti HA3LIBAIOT AUCTPUOYTUBHYIO DEIIETKY C JOIOJHEHUusMA. Ta-
KM ob6pa3om, B OyseBoii anrebpe MMEIOTCs J1Ba BBIIETEHHBIX (0c0OBIX) ymementa 0 u 1,
Ha3bIBaeMbIE HYJIEM W €IWHWIEH, W TPU ONepanun — JiBe JIBYXMeCTHbIe onepamun V, A n
OJTHA OJJHOMECTHAsI Oomepaiys (), IPUIEM BBITOIHAIOTCS MPABUIIA, (AKCHOMBI):
(1) xommymamusnve 3aK0Hv

rVy=yVz, xNy=yAz;
(2) accouuamuenvie 3aK0Hb:
(xVy)Vz=xzV(yVz), (@Ay)Az=zAyAz2);
(3) QJucmpubymuensie 3aKkon
(xVy)ANz=(xV2)AN(yVz), (xAy)Vz=xAz)V(yAz);
(4)  saxonv, nozaowenus (abcopbuuu)
zV(zAy)=z, xzA(zVy)=um;
(5) metmpasvHOCML HYAS U COUHUUDL

OVz=z, 1Az=u;
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(6) csoticmea donoanenus
zVzt=1, xAz"=0.

ByneBy airebpy MOXKHO OHNPEIETUATEH U KaK AJIredpPandecKyio CHCTEMY
(Ba \/7 /\7 ()*7 07 1)7

rjge B — MHOXKeCTBO, V u A — JIByXMecTHBIe onieparun B B, (-)* — ogHOMecTHAas onepanun
B B, 0 u 1 — dukcupoBanubie 3/1eMeATLI U3 B, jij1s1 KOTOPO# BHIMOMHEHBI akcuoMbr (1)—(6).

BymeBy anrebpy Ha3BIBAIOT n04HOT, €CJTU B HEll JII000€ MOPSTKOBO OTPAHUIEHHOE MHO-
JKECTBO UMEET CYNPEMYM W WH(MOUMYM.

[Ipumepom OysieBoit ayirebphbl CIAYKUT COBOKYIHOCTH BCEX IOJMHOXKECTB HEKOTOPO-
ro (PUKCHUPOBAHHOTO HEIYCTOT0 MHOXKeCTBa X, KOTOPYIO MPUHATO 0DO3HAYTATH CHMBOJIOM
P(X). Tlpm srom mom Gy/eBbIMEH ONEPAIMSAME MOHUMAIOTCS TEOPETHKO-MHOKECTBEHHbIE
omepanyu obobenumenus AV B := AU C, nepecedenns A A B := AN C u pononnenust
A*:= X\ A. Hysiem B P(X) ciykur mycroe MHOXKeCTBO, a ejaunuieii — camo X. Bysesa
anrebpa P(X) monma. Yacre 6Oysesoit anreOGpsr P(X) HA3BIBAIOT IOJIEM MHOMKECTB, €CIIN
OHa, COZEPXKUT TYCTOE MHOMKECTBO, BCE MHOXKeCTBO X W 3aMKHYTa OTHOCHTEIHLHO YKA3AH-
HBIX TEOPETUKO-MHOXKECTBeHHbIX omeparuii. [lore MmHOXKecTB sgBisteTcs O6yseBoit anredpoit
¢ remu ke OysesbiMu onepanusavu, 9to u B P(X). Oaun u3 BakHeHmmx TeopeM Teopuu
OyJieBBIX ayrebp yTBEPIKIAET, YTO BCAKasd OyJsieBa aaredpa MoKeT ObITh peaJIn30BaHa B BHIE
mostst MHOXKeCTB. DTOT dakT ycramosmwn M. Croyn B 1936 T

ByseBbr anredbpbl UMEIOT MHOTOYUCIIEHHBIE CBS3M C PA3TAIHBIMYU HAITPABJICHU MU MaTe-
MaTudeckoit Hayku. OOIereopeTuteckoe u IpPUKJIIATHOE 3HaUeHHe OyJIeBbIX aarebp ompee-
JISTeTCSI TOM CYIIECTBEHHOM POJIBIO, KOTOPYIO OHHM UTPAIOT B MATEMATHIECKOI JIOTHKE, TEOPUT
BepogTHOCTeHl u KubepHeTuke. 2KWBO U yBJIEKATEJIHHO O OyJieBbIX ajrebpax paccKa3aHO B
kuure [48] (cM. TakKe MPONUTUPOBAHHYIO TaMm Jureparypy). s nepsonadaibHOro 3Ha-
KOMCTBA, C Teopueil MHOXKeCTB, OyseBbiMu ajirebpaMu U MaTEMAaTUIECKOUW JIOTUKOU MOXKET
nocaykuth Kuura [46]. OcHoBarenbHOE M3JI0KeHHE TeOpUU OyJIeBbIX aiarebp mmeercs B
moHorpadusax [7, 45, 55]. DHIMKIONEIUIECKOe H3IOKEHNEe TeOpHH OYJIeBbIX ajrebp CM.

B [67].

3. BosnukHoBeHue npocrpanctB KanTopoBu4ia

['maBusiM cBomMm MaTemaTmdeckuM goctuxkenneMm JI. B. KanTopoBud cunran pa3sutne
Teopun K-mipocTpancTB B paMKax (DyHKIMOHAJHHOTO aHAJN3a. YCTAHOBJIEHHBIE UM Teope-
MbI 0 cTpoeHnu K-IPOCTPAHCTB W PErYJISIPHBIX OMEPATOPOB B HUX BOIILIU B 30JI0TOI (DOH
coBpeMeHHO MaTeMaTnKu. B ocHOBe ero abCTPaKTHOTO WAECHHOTO HACTEIWS JIEXKUT TIPe-
JIOXKEHHAsT UM KOHIEenus K-ITpoCTpaHCTBa, MPeJICTABILIONAs cobol cuaTe3 JABYX (DyHIA-
MEHTAJbHBIX MATEMATUIECKUX MOHATUNR — 6Y.Ae601 anzebpv, U JelicmEUmesbHo20 YUCAA.
B camom gene, snement K-mipocTpaHCTBA MOXKHO TPAKTOBATH KAK JIEHCTBUTEILHOE IHCIIO,
«pa3maszanHoe» HaJ Oysesoit anrebpoit. Crocob Takoit TpaKTOBKU — IiyOOKas MaTeMaTH-
YecKas TeOpHs ¢ BOraThIM CHEKTPOM IIPUJIOKEHUI, KoTopast ocBelieHa B MoHorpadusax |1,
8, 27, 28, 61, 65]. OgHAKO MCTOPUYIECKH OCHOBHON 0OBEKT Teopun — K-MPOCTPAHCTBO —
BOBHUKJIO Ha, WHOU uaeitHoi ocaoBe. ObOparnMcest K ucTokaM K-poCTpaHCTE.

B wucropum GyHKIUOHATILHOTO AaHAJIN3a BO3HUKHOBEHWE TEOPWH YIOPSI0IEHHBIX
BEKTOPHBIX MIPOCTPAHCTB CBa3biBaoT ¢ mmenamu . Bupkroda, JI. B. Kanroposuua,
M. T'. Kpeitna, X. Hakano, ®@. Pucca, X. @peiinentaig u ap. HecomHeHHO, 9TO Ha pas-
BATHUE TEOPHUU YHOPANOYEHHBIX BEKTOPHBIX IIPOCTPAHCTB CYHIECTBEHHOE BJIAAHUE OKA3aJId
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HCCIIeIOBAHUS 110 YIOPSIAOYEHHBIM anreGpandeckuM cucreMaM. HeKoTopble MOHSITHS U Me-
TOJ1bl, BO3HUKIIIHIE HEPBOHAYAIBHO JIJIst OOIIUX PEIIETOK, PEIIETOYHO YIOPSJ0YCHHBIX IPYIII
U KOJIell, OBbUTH yCIEIIHO MCIONb30BaHbl B TEOPUH BEKTODHBIX PEIIETOK, CM. MOHOrpadun
I. Bupkroda [2], JI. @®ykca [47] u I. Ipernepa [13]. Opgmako muas JI. B. Kanroposuua
pelaoiee 3HaUYeHIE MMeJIO BCe JKe pa3BuTHe (hyHKIMOHAIBHOIO AHAIHM3A.

B aBaamarebie TOAbl MpPONLIOrO BeKa, KOy (DYyHKIWMOHAJBHBIA AHAJIN3 WHTEHCUBHO
0OPMISIICS B CAMOCTOSTEHbHOE HAYYIHOE HAIPABJIECHUE, OCHOBHBIMHU CHHTE3UDYIONUMU
MOHSATUASMY CTAJIM HOPMHUPOBAHHOE MPOCTPAHCTBO U OTFPAHWYEHHBIN JIMHEWHBIN OmepaTop.
Nmenno ¢ atumu obbekTamMu ObLIN CBA3aHBI BaKHEHIHE abCTPpaKTHBIE MOCTPOeHusT (DyHK-
[IMOHAJILHOTO aHaJn3a. B To e camoe BpeMs 3HAUYMTEIbHBbIE YCUIUs ObLIU HAMPABIIEHDI
Ha HaKOILUIeHWEe (PAKTUIECKOTO MATEPUAIa — OCMBICIEHHE OOIUX MOHATHH B KOHKPETHBIX
curyanugax. B gacTHOCTH, 6OJIBIITOE 3HAYEHUE IPUODOPETATIO AHAJTUTUIECKOE IIPEICTABIICHNE
JIMHEHHBIX (DYHKIIMOHAJIOB W ONEPATOPOB B KOHKPETHBIX HOPMUPOBAHHBIX TPOCTPAHCTBAX.

Bemonuenusie B 1934 r. paborsr JI. B. KanToposuyua u I'. M. @uxTeHTrombIIA IO TIPO-
Gsieme npejicTaBJIeHNs] JTMHERHBIX (DYHKIMOHAJIOB 1 ONEPATOPOB $IBUJIUCH IEPBBIMU HCCJIE-
JIOBAHUSIMU POCCHICKUX MATEMATHUKOB 0 TEOPUM HOPMHPOBAHHBIX TpPOCTpaHcTB. K ToMy
Bpemenu (B 1927-1934 rr.) JI. B. KanropoBuu 3apekomeniosas cebs kak Osectsimumii ana-
JINTHK, [TOJIy YUBIIUI PsiJT IEPBOKJIACCHBIX PE3YJIbTATOB B TAKUX TPAIUIMOHHBIX B TO BPEMS
obyacTax Kak Teopus (pyHKIH, TEOPUS MHOXKECTB, TPUOIUKEHHBIE METOIbI aHaau3a. Mo-
JIOIOTO TajaHTIMBOro maremaruka (B 1934 romy Jleonmny Burtasbesuay Gbuto Bcero 22
ro/ia), 3aHsBIIErocs (DYHKIMOHAIBLHBIM AHAJIM30M, Ka3aJI0Ch ObI, caMa Cyabba HApaBis-
Jla B HOBYIO cepy ucciienoBanuii, orkpoiryio . Xejum, . Xanom, C. Banaxom u ap.,
B KOTOPO# MPOUCXOIUIIA BaXKHEHIHe COOBITUS CTPEMUTEHHO PA3BUBAIONIETOCS HAYIHOTO
nanpasyenus. Ho JI. B. KanropoBuu momres cBouM myTemM: B Kad9eCTBE OCHOBBI JIJIsl TI0-
cTpoenus (PYyHKIIMOHAJIBHOIO aHAJIN3a OH BBEJI HOBBI 00bekT — K -mpocTpancTBo. Takoii
I10XOJ], TTO3BOJISIJI OXBATUTH MeTojaMu (DYHKI[MOHAJIHLHOIO aHAJIN3a BaXKHbBIE ACIIEKTHI KJIAC-
CHUYIECKOTO aHAJIN3a, CBI3AHHBIE C BOBMOXKHOCTHIO CPABHUBATH JIEMEHTHI (DYHKITUOHATBHBIX
MIPOCTPAHCTB ¥ OI€PATOPOB B HUX, U HE MOJIY YMBINX HUKAKOTO OTPAKEHUS TP MIOCTPOCHU T
TEOpUU HOPMHUPOBAHHBIX TPOCTPAHCTB.

HamomuauMm cooTBeTcTBytomue onpeenenns. JlefcTBUTeILHOE BEKTOPHOE TPOCTPAHCT-
BO F HA3BIBAIOT Ynopadouertvim 6eKmMOopHbM NPOCMPAHCMEOM, €CITA B HEM 33JIAHO OTHOTIIE-
HUe TOPSIKA <, COTIACOBAHHOE C BEKTOPHON CTPYKTYPOi B TOM CMBICIE, ITO HEPABEHCTBA,
MO2KHO CKJIQJbIBATh W YMHOXKATh Ha MNOJOXKHUTEJIbHbIC YTHUCIA. HOC.T[eﬂHee O3Ha4YaeT, 9TO
e T 2 Y, TO X +2 2 Y+ 2z u Ax > Ay qga Beex z,y,z € Eu 0 < A e R

Ecim ynopsiiouenroe BEKTOPHOE MPOCTPAHCTBO SBJISIETCS PEIIETKOM, TO €ro Ha3bIBAIOT
6exmoproti pewemxoti WM, KaK IPUHATO B 3alaHOI JIHTepaType, npocmpancméeom Pucca.
B BekTopHOii perterke E onpeensiior Moysb snementa x € E dopmyioit |z| = 2 V (—x).
Duementsl z,y € E HasbBaoor dusstonkmuwmu, ecim |z| A ly| = 0. MuoxkecrBo Buga
AL cocrosimee u3 Bcex meMeHTOB z € F, MU3BIOHKTHBIX C KAXKIBIM 3T€MEHTOM HeIIyCTOro
mHoxkecTBa A C E, Ha3bIBaIoOT 1n0.40col.

Yxke B mepsoii pabore JI. B. Kanroposuua [17] mo Teopun ymopsiIO4eHHBIX BEKTOP-
HBIX IIPOCTPAHCTB UM 6]:1.7[ BbLJCJICH KJIaCC K—HpOCTpa.HCTB — KJIaCC BEKTOPHBIX DEHIeTOK
C JOOIIOJIHUTEJbHOU aKCHOMOM (0603HaqaeM01'71 IG) YCJIOBHOM HOPAJKOBOU IIOJIHOTBI: BCAKOE
HOPSIIKOBO OTPaAHHIEHHOE MHOXKECTBO mMeer cynpemym u uagumym. Kaxmas momoca L B
K-tpoctpanctBe E nomyckaeT omepaTop TPOEKTHPOBAHUS MMAPAJIIEIHHO JOMOTHUTEIHHON
10JI0Ce LJ‘, Ha3bIBAEMBIN ITOPSAJTKOBBIM IIPOCKTOPOM.
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3.1. Teopema. CookynHuoctb Bcex nosoc *B(E) Bekroproii pemmerkn E, ymopsiiodeH-
nast o Brmiouennio (L < K <= L C K ), asasiercss monoii OyJieBoii anrebpoii, B KOTOpoii
OyJIEBBI OIIEPAIIAU UMEIOT BHJI:

LAK:=LNK, LVK:=(LUK)*, L*:=L".

Ecin E — K-npocTpaHcTBO, TO MHOXKECTBO BCEX MOPSAKOBBbIX NPOeKTOpoB P(F) rakxke
SIBJISI€TCST TTOJTHOH OyseBoii aarebpoii, mzomopguoii B(E). Bynesor onepamnuu B B(E) BbI-
LISIAST CAEAYIONHAM 00Pa30M:

TAp:=mop, wNVp:=m+p—mop, w:=Ig—m.

Bynesy anrebpy B(F) (a unorma u P(F)) masesaor 6aszoti E. IIpocrpancrso Kan-
TOPOBHYA, UMEHYIOT Pacwupertoli, eCIU ero HeJIb3s MOTPY3UTh C COXPAHEHWEM TDaHeil u
arebpamdecKux omeparuii B 6osee mupokoe K-IpoCTPaHCTBO C TOM ¥Ke caMoii 6a30ii.

Baxwuprit mpumep pacmmpernaoro K-mpocTpaHCTBa CTPOUTCS CIEAYIONAM 0O6Pa30M.
[Iycrs B — mpowm3sBosibHAsA mosHas OyseBa anaredpa. JlomycTum, 9TO KaxKIOMy JEHCTBU-
TepbHOMY unciy t € R mocTaBjieH B COOTBETCTBHE €MHCTBEHHDII snement e(t) € B, npuaem
BBITTOJIHEHBI TPEOOBAHMS:

(1) ecsim s < t, 1o e(s) < e(t);
(2) sup{e(t): t € R} =1, inf{e(t): t € R} =0;
(3) sup{e(s): s <t, s € R} =e(t) mus Beex t € R.

Torya rOBOPAT, ITO 3aaHO pasdaodcenue edunuyss e(-) B Oyesoit anrebpe B.

st popMyIMpPOBKY CIIEIyIONIUX JIBYX TeopeM, ycranosjeHubix JI. B. KanToposudewm,
HYKHBI ele JBa moHaTuda. [loampocTpancTBo Fy BEKTOpPHON perneTku F HazsIBAOT ude-
anom, ecau w3 coorHomenuit © € E, y € Eg u |z| < |y| Boirekaer z € Ey. Wnean Ey
HA3BIBAIOT MOPSJIKOBO IJIOTHBIM, €CITH E()LJ- =F.

3.2. Teopema. MuoxecTBo Bcex paszsoxenuii eauauibl R(B) B moaHOI Oy/1eBoii aj-
rebpe B MOXKHO cHAGIUTH aJredpamdecKuMu ONEPAIUsSIME U HOPsIAKOM Tak, 9ro R(B) mnpe-
BpAIaeTCA B PACIIHPEHHOE IMIPOCTPAaHCTBO KanTopoBuda, 6a3a Koroporo m3omopgua B.

3.3. Teopewma. Ilycrs E — npouspoasaoe K -1mpocTpancTBo, 6a3a KOTOPOT0o H30MOPQ-
Ha nosHOH OyseBoki aarebpe B. Torma E morpyzkaercss B Ka9eCTBE MOPSIIKOBO IIJIOTHOTO
uiaeasna B pacmmpennoe K-mpocTpaHcTBO Beex passoxkenmnii equautipl R(B).

Takum 06pa3oM, pacrIimpeHHoe MPOCTPAHCTBO KaHTopoBu4a u ero 6a3a OTHO3HATHO
ONIPEIEJIAIOT JAPYT APYTa U, CTAJIO OBITH, TEOPUU MOJHBIX OYJIEBBIX aJIredp U PACHIMPEHHBIX
npoctpancTB Kantoposuyua hakTUIECKH PABHOOOHEMHBI.

Teopus BEKTOPHBIX PEMIETOK W €e OOIMUPHBbIE MPUJIOKEHUS OCBEIIEHBI B OOJIHIITOM KO-
nmaectse MoHorpaduwmit, cm. [1, 8, 27, 28, 33, 34, 36, 37, 49, 50, 54, 57, 61, 63, 64, 65, 66,
69, 71, 74]. Ormerum Takxke 0030pHbIe crarbu [4, 5, 6], B KaxKJ0ii M3 KOTOPBIX MMEeTCst
borarasa bubamorpadus.

4. DBpUCTUYECKUI MPUHIUII MEePEHOCcA

u Teopema Xana — Banaxa

Nrak, JI. B. KanTopoBuvy mprHAJIEKUT I€CTh BRIAETIEHNS KJIACCA TIOPSITKOBO TOTHBIX
BEKTOPHBIX PEIIETOK, HA3BIBACMBIX HBIHE IIPOCTPAHCTBAMMU Ka.HTOpOBI/I‘Ia., n TTOCTPOCHUA
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GyHKIMOHATHLHOTO aHaJM3a B 3TOM Kiacce. Ilepsoit paboroit JI. B. KanToposuua B obiac-
TH yIOPSJOYEHHBIX BEKTOPHBIX MPOCTpaHcTB Oblia 3amerka 1935 roxa [17], B koropoit on
TTACAJT:

«B 300t 3aMeTKe 5 OIPEAEI0 HOBDBIH THII MPOCTPAHCTB, KOTOPBIE ST HA3BIBAIO JIMHEH-
HBIMH MOJIYYIOPSJJO9€HHBIMH MPOCTPAHCTBAMH. DBBejeHHe >Tux HpPOCTPAHCTB MO3BOJISIET
M3ydaTh JUHEHHbBIE ONEPAIMH OJIHOTO 00Iero KJjacca (onepamuu, 3HA9€HUsI KOTOPBIX TIPH-
HAJIJIEXKAT TAKOMY MPOCTPAHCTBY) KaK JIHHEHHBIE (DYHKITHOHAJIBIY .

3necsy JI. B. KanropoBuu chopMyaupoBasl BaXKHYIO METOIOJOTUYECKYIO YCTAHOBKY,
KOTOPYIO Teleph Ha3bIBAIOT Npunyunom Kanmoposuwa nin, 6oiee 11ogpoOHO, NPUHUUNOM
neperoca das K-npocmparcme.

N3zyuenune K-npocrpancts Jleonns BurasnpeBnd cBsa3as ¢ BhigsCHEeHWEM 00JIACTH MIPU-
MeHuMOCTH (DYyHJAMEHTAJIBHON TeopeMbl XaHa — banaxa u chopMyaupoBas Teopemy 3,
KOTOpag Tenepb B JuTepaType umenyercda teopemoit Xana — Banaxa — Kanroposuya.

Hanomaum Heobxoammbie onpejesenns. Omeparop p, AefCTBYOMAA U3 BEKTOPHOTO
npocTpaHcTBa X B yHOPSIOUYEHHOE BEKTOPHOE TMPOCTPAHCTBO F/, HA3BIBAIOT CYOAUHETHbIM,
ecm p(Az) = Ap(x) u p(z +y) < p(x) + p(y) ana seex z,y € X nu 0 < X\ € R Tosopsr,
gro omeparop T : X — E maxopupyercsa oneparopoMm p (wiu p maxkopupyer T'), eciu
Tz < p(z) nusa Beex = € X.

Homyctum, uto Xy — nommpoctpaHcTBo X W JuHeiHBbIH omeparop Ty @ Xg — FE
MasKOpUPyeTcs orpanmvenueM cyOsmHeidHOro oneparopa p ma X, T. e. Tox < p(x) npm
Bcex x € Xg. Ecmm gna mobeix takux X, Xo, Ty u p omeparop Ty MOXKHO TPOJOIXKUTE C
X na Bce X ¢ cOXpaHEHWEM JIUHEHHOCTH W MasKOPUPYEMOCTH, TO TOBOPSAT, IT0O F donyckaem
MAHCOPUPOBAHHOE NPOJOAHCEHUE AUHETHBLT ONEPAMOPOS.

4.1. Teopema Xana — Bamaxa — KanTopoBuda. IIpocrpancrBo KanTopoBuia
JIOILYCKAET MaXKOPUPOBAHHOE TIPOJOJIXKEHHE JIMHEHHBIX ONMePaTOPOB.

Aty reopemy gokazan JI. B. Kanroposuu, cum. [17]. Ee moxHO cuurarh neppoii Teo-
pemoit Teopun K-mpoctpancTB. [Ipu E = R Teopema 4.1 mpeBpalliaeTcd B AaHAJTUTUIECKYIO
dbopmy rTeopembr Xana — Banaxa, [27]. Takum obpasom, B Teopema Xana — Banaxa —
Kanroporuua pakTHIECKU YTBEPKIACTCS, YTO B KJIACCHIECKOU TEOpeMe 0 MarXKOPUPOBAH-
HOM TIPOJIOJIKEHUH JIHHEHHOTO (hYHKITHOHAIA MOXKHO PEaIn30BaTh npuHnun Kantoposuya,
T. €. 3aMEHUTh B TeopeMe XaHa — DaHaxa BeleCTBEHHBbIE YHCJIA 3JIEMEHTAMHU TPOU3BOJIb-
Horo K-mpocTpaHCTBa, a JuHeiHbe (DYHKIIMOHAIBI — JUHEHHBIME OIEPATOPAMH CO 3HA-
YEeHUAIMU B TaKOM IIPOCTPAaHCTBE. Ba.}KHO NOAYEPKHYTH, 9YTO B KJIaCCE YHTOPATOIECHHBIX
BEKTOPHBIX MMPOCTPAHCTBAX TOJIBKO K -MpocTpaHCTBa 001a/1al0T TaKuM cBoiicTBoM. Toumee,
“MeeT MeCTO Takxke obparenne Teopembl Xana — bamaxa — KanrToposuwa, monydennoe
3HAYUTEJHHO MM03Ke, CM., Hanpumep [1, 37].

4.2. Teopema Bonatica — CuasBepmana — Ty. Kaxioe ymopsiioueHHOE BEKTOD-
HOE€ MPOCTPAHCTBO, JOMYCKAIONEE MaXKOPUPOBAHHOE IIPOJOIXKEHAE JINHEHHBIX OMEPaTOPOB,
npezcrasiser coboii npocrpaucrso Kanropopuda.

3a/1ate MasKOPUPOBAHHOTO MPOJIOJIZKEHUE OTIEPATOPA TOCBSAIIEHA OOIMUPHAS JIMTEPATY-
pa; MCTOPHIO BOIIPOCa M 0030p Pa3JIMYHBIX ACIHEKTOB MOXKHO Haiitu B [37, 53, 61].

5. IIpocrpancrBa Banaxa — KanTopoBuua

B cBa3m ¢ 3apmavamm mpuknamaoro xapakrepa JI. B. Kamroposwma B 1936 romy BBO-
JIAT TOHATHE aDCTPAKTHO HOPMHPOBAHHOTO MIPOCTPAHCTBA, T. €. BEKTOPHOI'O MPOCTPAHCT-
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Ba, HOpMHUpPOBaHHOTO 3nemenTamu K-mpocrpanctso [21]. Ilommbie 1o abeTpakTHON HOP-
M€ TIPOCTPAaHCTBa CTaJIX HA3BIBATH IIPOCTPAHCTBAMH THIIA BK BBeﬂeHI/Ie TaKUX IIPOCT-
PAHCTB MOXKHO PACCMATPHUBATDH KAK €ITe OJHO MPOSIBICHUE 3BPUCTUIECKOrO MpuHImna, Kam-
roposuua. Heckonbko panbmie I. Kypena [60] paccmarpusas «espaces pseudodistanciésy,
T. €. MPOCTPAHCTBA ¢ METPUKOM, TPUHAMAIOINIEH 3HAYCHUS U3 YIOPIIOICHHOTO BEKTOPHOTO
npocTpaHcTBa. llepBble mprMeHeHNsT BEKTOPHBIX HOPM W METPUK ObLJIN CBA3aHBI C METO-
JIOM TIOCJIEIOBATENIbHBIX TPUOJINKEHWH B IUCIeHHOM aHajm3e, cM. [21, 28, 30, 59, 70]. B
HOCJIE/YIONIEM TIOSIBUJIMCH U JIDYTMe PUMEHEHHsI BEKTOPHBIX HOPM, CM., Haupumep, [1, 8,
36).

Takum 0O6pa3oM camMO BBeJEHHE MPOCTPAHCTB THMa By Wi, KaK Temepb TOBOPAT,
npocrpancts bamaxa — KanropoBuda, mMeso kak abCcTpakTHbIE KOPHU, TaK W OCHOBA-
TEJHHYIO MPUKJIQTHY0 MOTHBAIMIO. MeTo MaxkopaHT, B obimeit ¢popme mocTpoenusiii Jleo-
aujgoMm BurasmbeBudem B mpocTtpancTBax Banaxa — Kanroposuwa, mosyami cymecTBeHHOE
pPA3BUTHE KAK B €ro COOCTBEHHBIX MCCIETOBAHUSX, TAK W B pabOTax ero yIeHWKOB W TOCIIe-
JoBaTesieil, W 3aHsJI BUJHOE MECTO B apCEHAJIE TEOPETHIECKUX CPEJCTB BBIYUCIUTEHHOM
MATEeMATHKH.

Paccmorpum BekTOpHOE mpocTpaHCTBO X W BEIIECTBEHHYIO BEKTODHYIO perieTky F.
(Bce paccmaTpuBaeMblie BEKTOPHBIE DEIIETKH CUuTaeM apxumenoBbivu.) Orobpaxkenwue || :
X — E, nmenyior eexmophoti (E-31aunoti) Hopmoti, eCiu OHO yJIOBJIETBOPSIET CJIEILYIOIIUM
AKCHOMAM:

D) |z]=0 <= z=0 (z€X),
(2) [Xz] = [Mlz] (AeR, z € X);
3) Jo +yl <ol + 1yl (a,y € X).
BekTopHayto HOpMY HA3BIBAIOT Pasaodtcumots wiam 1opmolti Kanmoposuua, ecin
(4) ms mo6BIX e1,es € Ey u x € X, yIOBIETBOPSIONIAX COOTHOIIEHUIO |z]| =
e1 + ez, cymecTByior 1,2 € X takue, uro £ = x1 + T2 u |zk| = ex (k:=1,2).

Tpoiiky (X, ||,E) (I/IJII/I, npoire, (X, F), (X, ||) mim X, OImyCKas IOAPa3yMEBACMBIC
HapaMeprI) HA30BEM PEUWEMOUHO HOPMUPOSaHHbM npocmpancmeom (nad E), ecom || —
s10 E-3naunas mopma Ha BeKTOpHOM mpocrpanctse X. Ecau Bektopmas mopma || pas-
JIOXKUMA, TO NPOCTPAHCTBO X TakyKe Ha3biBAlOT pasnoxkumbiM. Cerb (Z,) B X Haswl-
BatoT bo-pyndamenmanvrot, ecma ceth (|To — 75])(a,8)cAxA TOPAIKOBO CXOMUTCA K Hy-
Jif0. PererovHo HOpMUPOBAHHOE MPOCTPAHCTBO X HA3BIBAIOT DO-NoAHGIM eciin Besakas bo-
dbyHIaMeHTATbHAS CeTh B HEM bo-CXOIUTCS K 3JIEMEHTY 3TOTO MPOCTPAHCTBA. Pazmokumoe
bo-TIOTHOE PENIETOYHO HOPMHPOBAHHOE TPOCTPAHCTBO MPUHSATO HA3BIBATH NPOCMPAHCIMEOM
Banaxa — Kanwmoposuua.

Crout no4epkHyTh, 9T0 MMeHHO B crarhe JI. B. Kanroposuua [18] Buepesie nosiBuiach
HEOOBIUHAS AKCUOMA PA3JIOKUMOCTHU JJIs BEKTOPHOW HOPMBI. B MOCIIEIyIONuX UCCIeI0Ba-
HUSIX JIPYTUX ABTOPOB 3Ta aKCHOMA, YaCTO OMYCKAJIACh KaK HecyllecTBeHHas. Lyybokumit
CMBICJI 9TOM GblI OOHAPYIKEH B CBsA3M ¢ OyJsieBO3HAYHBIM aHaamu3oM (cMm. [35, 36]).

6. Teopus peryJisipHBIX OIIEPATOPOB

OpuoBpemenno ¢ Beegennem K-nipocrpancts JI. B. Kanropoeuuem ObLin 3a/103KeHBI
OCHOBBI TEOPHHU PEryJISIPHBIX OIEepaTopoB. IDTO ObLIO caenaHo B pabore [18] 1936 ro-
Ja, B KOTOpOﬁ BIEPBbHIC TTOABUJIUCH IIOPAJKOBOEC MCYUCJICHUE DErYJIAPHBIX ONEPATOPOB B
K-npocrpancrBax u 3uamenutas teopema Pucca — Kanroposuua. @. Pucc [68] B cBo-
eM 3HAMEHUTOM JOKJaje Ha MeXIyHapoaHOM MaTeMaTHIeCKOM KOHrpecce B Bosionne B
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1928 romy cdopMyaHpoBaJl AHAJOTHIHOE YTBEPXKIEHHUE JJIsT TACTHOTO CIIyUast MPOCTPAHCT-
Ba HEIPEPbIBHBIX JIMHEHHbIX (DyHKIMOHAJIOB HA BekTOpHOI pemerke Cla,b], Buucas Tem
CAMBIM CBO€ MMSsI B UHCJIO OCHOBATEJIEl TEOPUM YIIOPSIOYEHHBIX BEKTOPHBIX MTPOCTPAHCTB.
JI. B. KanToposu4 ycusmit ykazauabiit pesysbrar @. Pucca B AByX OTHOIIEHUSX: BO-IIEPBBHIX
npocrpancTso C|a, b] 3aMeHIT HA TPOU3BOIBHYIO BEKTOPHYIO PEIIETKY, & BO-BTOPBIX (hyHK-
[MOHAJIBI 3AMEHUJI OIEePATOPAME CO 3HAYEHUAMU B Tpou3BoibHOM K -mipocrpancTse. MTax,
3/1eCh BHOBb cpaboTan aspuctudeckuii npuaiun Kanroposuaa.

Jluneitawiit omeparop 1’ u3 BekTopHOU perierku I B BekTOpHYIO pemrerky F' Ha3bpBaOT
noaoocumenvuvim, ecma 0 < Tx g Beex 0 < x € E. Oueparop Ha3LIBAIOT pPe2yiipHbiM,
€CJIM OH TIPEJCTABUM B BUJE PA3HOCTH JIBYX MOJOKUTEIbHBIX OINEPATOPOB. [OBOPSLT, 4UTO
oneparop T : E — F nopsingkoso orpanuuen, ecin 06pa3 1'([a, b]) nponsBosibHOrO nopsiiKko-
BOrO OTpe3Ka [a, b] C E comepKuUTCA B HEKOTOPOM HOPsiKOBoM oTpe3ke B F. (Hamomumnm,
qr0 [a, bl:={z € E: a <z < b}.) MHOXecTBa BCex peryssipHbIX OIIEPATOPOB U IOPSIKOBO
OIPAHUYIEHHBIX OMEPATOPOB 0003HAUAIOT COOTBETCTBeHHO cumBosiavu LY (E, F) u L~ (E, F).
OueBugno, uro LY (E,F) C L™~ (E, F), npudeM 9T0 BKJIIOYEHNE MOXKeT 0Ka3aThCsl CTPOIUM.
Opnnaxko, ecniu B — K-npocrpancrso, to LY (E, F) = L™~ (E, F), KaK 3TO JIETKO BBIBOJIUTCS
U3 CJIeAYIOmeil TeOpeMBI.

6.1. Teopema Pucca — KanTtopoBuda. Ilyctb EE — BekTOpHAas pemrerka, a F' —
mekoropoe K-mpocrpancrso. Torma, MHOXKECTBO BCEX MOPAAKOBO OIPAHHYEHHBIX OIEPA-
topo L~ (E, F), ynopsgodeHHOoe KOHYCOM BCEX MOJOXKHTEAbHBIX oneparopoB L (E,F),
apagerca K-mpocrpancTBoM.

Boitee Toro, B yciioBusgx Teopemsbl 6.1 mmeroT mecTo gBHBIE (POPMYJIBI BHITUCIECHUST MO-
JIyJis TIOPSITKOBO OTPAHUYIEHHOTO OMEPATOpa, CympeMyMa U WH(PUMYyMa JTFOO0TO TOPIIKOBO
OTPAHUYEHHOTO CeMeCTBa MOPSIIKOBO OIPAHUYEHHBIX Omeparopo u T.J. COBOKYITHOCTH
TakuX (HPOPMYJI MPUHITO HA3BIBATH UCHUCACHUEM DE2YAADHHLL ONEPAMOPOE.

Teopema 6.1 ycranossena JI. B. Kanroposuuem B [18]. B nocienyromux paborax
JI. B. KaaTopoBr4a m MHOTOYHCIEHHBIX €ro IOCIeI0BaTe el ObLIO JAHO CHCTEMATHIECKOE
MOCTPOEHUE TEOPUU PETYJISAPHBIX ONEPATOPOB M Pa3HOOOPA3HbIE MPUJIOKEHUS K BOIPOCAM
reopun HyHKIHA 1 PYHKIMOHAILHOTO AHAIN3A. TeOpruH HOPAAKOBO OTPAHMYCHHBLIX W IIO-
JIOXKUTEIBHBIX OIEPATOPOB IIOCBSIIEHO Gosbiioe qucio MoHorpaduwmii (em. [1, 8, 27, 28, 33,
34, 36, 50, 61, 69, 71, 74]). Ormerum Tak)ke 0030pHBIE CTATHU [3, 4], B KOTOPBIX MMEETCS
boraras bubsaumorpadus.

MozKeT CHOXKUTCI BIledaT/eHHe, YTO IBPUCTHUECKUE mpuHIUO KanToposwda cpaba-
ThIBAET aBTOMATUYECKU. O‘I[Ha.KO 9TO HE TakK. I/IMeIOTCﬂ CI/ITya.H‘I/II/I, KOrjga 3aMeEHa IIOJIdA
BEMIECTBEHHBIX YHCEJI TPOU3BOJIHbHBIM K-HpOCTpaHCTBOM JOCTUTACTCA MOYTU JOCJTIOBHBIM
IIOBTOPEHHEM yXKe HAaMJIeHHBIX JI0Ka3arTeJbcTB. Ho damme Takasg 3aMeHa TpebyeT H3OII-
PEHHBIX PACCYKJIEHUH, & B HEKOTOPBIX CAydasX MPUHIWI IMEPEHOCa [JaXKe W HeBepHa 0e3
JIOIOJIHATEIbLHBIX OrpaHUIEHU Ha paccMaTpusaeMoe K-mpocrpancrso. Tak obcrouT meno,
HaIpUMep, ¢ TPOBJIEMOI TPOIOJIZKEHU ST [TOJIOKUTEJILHOTO OTIEPATOPA TI0 MOPSIIKOBOI Herpe-
peiBHOCTH. LT (DYyHKIIMOHAJIOB TAKOE MIPOIOIZKEHIE CTPOUTCA o cxeme Jlanmana — Croy-
Ha TToCcTpoeHust maTerpaJia Jlebera. Ho mist omepaTtopos co 3HavennsiMu B K -ITpOCTPaHCTBE
3TOT PE3yJIbTAT YCTAHABJIMBAETCS JIUIIL IPU JOMOJHAUTEILHOM IPEIIOIOKEHNMN.

[Monoxkum @ := NV — ooznagaer mHOKecTBO Beex orobpaxkernnmii n3 N B N. ITpoct-
pamcrBo KanTopoBuda F Ha3BIBAIOT cAaO0 0-0ucmpubymueHot, eCTd Jjis JTI0O0H mMOpPs KO-
BO OIPDAHMYCHHON JBOWHOM [OCIIEA0BATEILHOCTH (€ 1 ) neN B E TaKOM, 9TO0 €y pt1 < €mn
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i Bcex m,n € N, BhIIONHAETCS

sup inf e, , = inf sup e, ,(m),
meNTEN PEL meN olm)

Orcbinag x [61] nga geranbHOl (HOPMYJIUPOBKHM W MCTOPUIECKAX KOMMEHTAPHii, OrDAHU-
auMcs (POPMYJIMPOBKON CJIEIYIONIEH TeOpeMbl, TEPBBI BApUAHT KOTOPOi OBLI yCTAHOBJIEH

B [58].

6.2. Teopema KanTopoBmdya — Makmieiina — Marreca — Paitira. IIpocr-
paucrBo Kanroposuua F normyckaer mpomosizKeHue CEKBEHIHAJILHO O-HEIMPEPHIBHBIX OIIE-
paropoB mo cxeme Jlaumaiass — CToyHAa B TOM W TOJBKO B TOM CJIydae, KOTJa OHO CJIabo
O -AACTPAOYTHBHO.

7. Teopusa MakopupyeMbIX OIEPATOPOB

XapakTrepHoe it TBopuectsa JI. B. KanToposuua paznoobpasue nHTEpECOB COUeTaeT-
CA C WJIEHHOI meocTHOCTHIO. Hey uBUTebHO MO9TOMY, 9TO YK€ B CBOMX PAHHHX pabOTax
JI. B. KaanTopoBud obpalaercs K TPUIOKEHUIM TEOPHUH TIOJTY yITOPA0IEHHBIX ITPOCTPAHCTB
B YMCJICHHBIX MeTomax. OH MIpejioxKuI MATEMATHIECKUN aIlIapaT, B pAMKaX KOTOPOILO Me-
TOJT MaKOPaHT, Bocxoagamuii Kk Koru, obperaeT CBOIO eCTECTBEHHYIO U 3aKOHIEHHYTO (hOpMYy.
s 9Toit 1esn UM ObLIH BBEAEHBI (DYHIAMEHTAJIbHbBIE MOHATHS BEKTOPHOTO IPOCTPAHCT-
Ba, HOPMHUPOBAHHOI'O JIEMEHTAMU BEKTOPHOHN PEIIeTKw, W JIMHEHHOrO OImepaTopa B TAKUX
MIPOCTPAHCTBAX, MAaKOPHPYEMOTrO JIMHEHHBIM IIOJIOXKUTEIbHLIM WIN CYOJUHEHHBIM BO3PAC-
taromm oneparopom [18, 21, 22, 59]. Passurue 9TOro HanmpasiieHHsI UMEJIO JIBOSIKYIO MO-
TUBUPOBKY — TEOPETUUECKYIO, OOYCIOBICHHYIO Pa3BUTHEM OOINEeil Teopu:m OmepaTopoB B
K-npocrpancrsax (cm. [17, 18, 19, 20]) u upukiajHyo, CBA3aHHYIO ¢ NPUOIMIKEHHBIMA
Meromamu anaim3a (cm. [21, 22, 59]).

[Ipubau3uTeILHO TOBOPS, ALK MAXKOPHPOBAHNA MOXKHO BBIPA3UTD CJIEIYIOIUM 00pa-
som. Ecim paccmarpusaembrii oneparop (wm paccMaTpuBaeMoOe ypPaBHEHUE) MaKOPUPyeT-
csl IPYTEM ONEepaTopoM (ypaBHEHHEM ), HA3BIBAEMBIM MAayKOPAHTOl, TO CBOUCTBA MOCJIEIHE
UMEIOT CyIIECTBEHHOE BJIMSIHME HA CBOWCTBA MCXOAHOrO oneparopa (ypashenums). Takum
00pa3oM, OIepaToOphl WM YPABHEHNI, HMEIOMINE «XOPOIINe» MaKOPAHTHI, JOJKHBI HMETh
«xopormuey cBoiicrsa. Uneitnyio cropony cBoero moaxona Jleonmn BurtasibeBrd onucbiBaer
B 3ameTke 1936 roma [21] ciaeayomuMu cioBaMu:

«IIpm noka3areyqbCTBe CYIIECTBOBAHUS DEIICHHUS PA3JIHIHBIX KJACCOB (DYHKIHOHAJIb-
HBIX YPABHEHHH B AHAJH3€ BECbMa 9aCTO IIPHMEHSIETCS CIIOCOD MOCTIET0BATEIbHBIX IPHOIH-
JKEHHI; IPU ITOM JI0OKA3aTEJIbCTBO CXOAUMOCTH ITHX IPUOJINXKEHUEH OCHOBBIBACTCS HA TOM,
9TO JAHHOE YPABHEHHE MOXKET OBITH MasKOPHPOBAHO HEKOTOPBHIM YPABHEHHEM IIPOCTOTO BH-
Ja. Takoro poga Jg0Ka3aTeabCTBa BCTPEUAIOTCI B TEOPHH OECKOHEYHBIX CHCTEM JIHHEHHBIX
yPaBHEHHH W B TEOPHH HHTErPaJbHBIX u ju¢epennnaaprapix ypapaeanii. Paccmorpenwne
0Ty yIOPSAZ0YEHHBIX IIPOCTPAHCTB H OIMEPAIHE B HUX IIO3BOJISIET C OOJIBIIIOH JIETKOCTHIO Pa3-
BHUTH B abCTPaKTHOH (hbopme MOMHYI0 TeOpHI0 (PyHKIIHOHAJIBHBIX YPABHEHUH YIIOMSHYTOTO
BHIA» .

B nociiegyromue rogbl MHOTHE aBTOPHI M3yYaJjd PA3JIAIHbIE YACTHBIE CIy9IamW Perre-
TOYHO HOPMHPOBAHHBIX IPOCTPAHCTB U KJIACCHI MasKOPUPYEMBIX orneparopoB. OaHaKO 3TH
WCCJIEIOBAHUS TPOBOAMJINCH B PAMKAX W B JIyX€ T€OPUU BEKTOPHBIX U HOPMUPOBAHHBLIX pe-
meTok. bes mpeyBesnmueHnsa MOXKHO CKa3aTh, YTO MAaYKOPHUPYEMBIE OIIEPATOPHI KAK CAMOC-
TOATEJILHBIN OOBEKT WCCIeI0BAHUS HA IOJIBEKA, BBIMAJINA W3 IMOJIS 3PEHUS CHEIAAJIACTOB.
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BesteicrBue aToro BaxkHeIe CTPYKTYPHBIE CBOUCTBA MAaYKOPUPYEMBIX OIEPATOPOB ObLIN
TOJIyY€HbI JIMIITb B ITOCJIEAHEE BPEMI.

I[Iyctb E m F' — BeKTOpHBIE pemieTKu. PaccMOTpUM pereToyHO0 HOPMHUPOBAHHBIN
npocrpanctsa (X, E) u (Y, F). Bosbmem suneitustit oneparop 7' : X — Y wu mosoxn-
TesbHBIN omepaTop S : E — F. Eciu BBIIOIHEHO COOTHOIIEHUE

|Tz] < S(lz]) (2 € X),

TO rOBOpAT, 9T0 S Mmaoscopupyem T wim aro S siBisiercst masrcopanmoti oneparopa 1. B
9TO# cuTyanuu onepaTop 1 HA3BIBAIOT MAHCOPUPYEMBIM.

7.1. Teopewma. Ilycte X — pa3jioKumMoe pereToIHO HOPMHPOBAHHOE MPOCTPAHCTBO,
aY — mpocrpancrBo Banaxa — KaaTopoBuda. Torna, KaxKJIblli Ma>XOPHPYEMBbIH O1IepaTop
T : X — Y wumeer nanmenbuiyto maxopanry |T| € LY (E,F), a maoxecrso M(X,Y)
mazxkopupyembix oneparopoB u3 X BY , cuabxennoe Ly (E, F)-3aaunoii mopmoii T — |T|,
sIBJIsIETCS IpocTparHcTBoM Bamaxa — KanTopoBwda.

B magane 80-x TomoB B TEOpPWU BEKTOPHBIX PEITETOK IMPOW3ONIINA OMpEeSIeHHbIE Ka-
YeCTBECHHbIC M3MECHCHUA. BO3HI/IK.T[I/I HOBBIE€ METOIbI MCCIICTOBAHUI, O6JIa.CTb HpI/IJIO)KeHI/Iﬁ
CYIIECTBEHHO PACIIMPHUIACH U 0OOraTwiiach. [IpwHIUINAILHO HOBBIE WJIEM MPOHUKJIU U3
JPYTUX Pa3/ie/iOB MATEMATHKHU. BCe 9TO MPUBEJIO K BO3MOXKHOCTH yIIyOJIEHHOTO M3y YeHUsT
MayKOPUPYEMBbIX ONEPATOPOB U K (POPMUPOBAHHUIO CAMOCTOSTEIHHON TEOPUU MaXKOpHUpPYye-
MBIX onepaTopoB. OCHOBHBIE PE3YJIBTATHI 0 MaYKOPUPYEMBIX OIEPATOPAX U PA3ZHOOOPA3HBIX
UX TPUJIOXKEHUSIX, MOJyIeHHbIe B MMOCJIEIHAE JIBAIIATH JIET U JEMOHCTPUPYIONINE OIIpeie-
JIEHHYIO 3DEJIOCTh TEOPWH, U3JIOKeHbI B MOoHOrpadun [61], rae umeorcs Takxke obMmMpHAas
6ubsmorpadua U UCTOPUIECKUNT KOMMEHTAPHUA.

8. ByneBo3uaunsblii anau3

Kak y»xke ormeuasocs Beimie, npocrpanctBa Kanroposuua 6biin BBegensr B 1935 romy
KaK HeKoTopoe 00obiienne moHaTus dncia. CIycTs COPOK C JUITHUM JIeT OKa3aJoCh, UTO
JefiCTBUTEILHO JIEMEHThI TpocTpancTBa Kanroposuda — cyTh OyseBo3Haqdnbie gucia. [lo
CyIiecTBy ¢ 3Toro (haKTa HAUMHAETCS HOBAs MATEMATHYECKas Teopus — OYJIeBO3HATHBIHI
aHau3.

Bynesosnaurvim aHaAU30M HA3BIBAIOT pasjes MYHKIMOHAJIBHOIO aHAJIN3a, UCIIOJIb3Y-
IOIUI CHEUATBHYI0 TEOPETUKO-MOJEIHHYI0 TEXHUKY — OyJeBO3HAYHBbIE MOJEIU TEOPUU
MHOXKeCTB. JI1000IBITHO, 4TO cO31aHne OyJIEBOBHAYHBIX MOJIeJIell He ObIJIO CBA3aHO C TEOPH-
eil yIopsi/;TIOYeHHBIX BEKTOPHBIX TPpOCTpaHCTB. HeobxomuMble JIJist 3TOr0 s3bIKOBBIE U TEXHU-
9eCKue CPEJICTBA OKOHYIATEIHHO C(OOPMHUPOBAIUCH B PAMKAX MATEMATHIECKOU JIOTUKH yIKE
K 1960-my romy. OmHako BCE emmié He ObLIO TOU reHepasibHON UIeu, KOTOPas BIIOCJIEICTBUN
BIOXHYJIA KU3Hb B CO3JAHHBIN MATEMATHIECKUN ANIAPAT, IPUBEJIA K OyPHOMY IIPOrPECCy
B Teopuu mojerei. Takasd mieqa mpumnia ¢ oTkpbiTueM 1. /Ixx. Ko3Ha, ycTaHOBUBIIEM B
1963 romy abcomorayio HepaszpemmMocTh (cMm. Hmke maparpadsr 9 n 10) knaccuaeckoit
pobIeMbl KOHTHHYYMa. VIMEHHO B CBs3H ¢ ocMbIcienneM MeTosa dopemara I1. /Ix. Kosma
BOBHUKJIA OYJIEBO3ZHAYHBIE MOJIEJI TEOPUU MHOXKECTB, CO3/IAHUE KOTOPBIX MPUHSITO CBA3bI-
Barh ¢ umenamu 1. Bormenku, /1. Ckorra u P. Conosest.

8.1. Ilycre B — ¢urcupoBannas mnosaag OyieBa ajrebpa ¢ emuuawneit 1. Byaesgo-
3HauHol unmepnpemayuet n-MeCTHOro mpeaukara P Ha Kiaacce X HA3BIBAIOT OTOOpa-
xenne R : X" — B. Ilpemnonoxum, aro £ — 93bIK IEPBOr0 MOPAJKA C IIPEIUKa-
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tamu Py, Py,...,P,, a Ry, Ry,...,R, — dukcupoBanubie OyJieBOZHAUHbIE WHTEPIIPETA-
nuu 3TUX npeaukaroB Ha kjgace X. Jaa dopmyast (U, ..., Uy ) 93bika L W 3j1€MeH-
TOB T1,...,T, € X OOBIYHON peKypcumeil mo juHe (GOPMYJIBI (0 ONPEIENIeTCa 0UEHKA
(ucmunnocmu) [o(x1,...,2m)] € B.

Jltst aTOMHBIX (hOPMyYJT TTOTATAIOT

[Px(z1y...,zm)]:= Rk(z1,...,2m).

Ha marax nHAyKIinn TpuMEeHTIOT TPaBUJIA;
[eVyl:=TelVvIv],

[ondl=[elA[¥],
[ = d]=T[e]l=[v],
[—el:=[e]",

[(v2)el:= A [#(@)],

r€X

[B2)e]:=  [e(@)],

r€X

rJie B MPABbIX YaCTAX paBeHcTB 3Haku V, A, =, (-)*,\/, A\ obosnauaror GysieBbl oneparyu B
B, npuuem a = b:=a* V b.

TFoBopsiT, uro yTBepxkaeHue @(Ti,...,Ty,), e @(ui,...,uy,) — dopmyra, a
L1y Ty € X ucmunno (6epro, cnpasediuso m T. m.) B anrebpamueckoii cucreme
X:= (X, Ry, ..., R,), nucnonpyior 3anuck X = @(z1,...,ZTm), ecma [@(x1,...,2,)] = 1.
Bce soruveckn mctunHbIe yTBEpXKAeHUs BEPHBI B X. Eciam npemmkar Py ecth paBeHCTBO,
T0 TpebyioT, urobbl B B-cucreme X:= (X, =, Ry,..., R,) BBIIOJHSIINCH AKCHOMbI DABEHCT-
Ba. [Ipu BeIMOIHEHUU 3TOr0 TpeboBanus B B-cucreme X Oy/yT CIPaBEIJIUBLI BCE JIOTHIEC-
KW UCTUHHBIE TTPEJJIOKEHNS JIOTUKW TIEPBOTO TIOPSAJIKA, C PABEHCTBOM, BHIPA3WMBIE B T3BIKE

L:= {:,Pl,...,Pn}.

8.2. PaccmorpuM Temepn OysIeBO3HAYHYIO MHTEPIPETAIMIO A3BIKA TEOPHH MHOMKECTB
[lepmesto — @penkens ¢ akcuomoit Beibopa (=ZFC) na kmacce X. Hamomuaum, aTo s3bIK
9T0it Teopun L:= {=, €} ecTb A3BIK MEPBOrO MOPAJIKA C JBYMS JTBYMECTHBIME [PEIUKATAMY
= un €. Unrepnperanuu srux npeaukaros obosnaunm vepes [- = -] u [- € -], coorsercr-
BerHO. Takum obpasom, [-=-],[- € -] : X x X — B, npuuem

[=@y]=lz=y]l, [e@yl=I[crcy]l (zyecX).

Mozxuo mokazars (cm. [39, 38]), uro eciu K onpezesennto B-cucrembr JOGABATH HEKO-
TOPBIE eCTECTBEHHBIE TPEOOBAHUS (TEXHUIECKOTO XAPAKTEPA), TO CYIIECTBYET eINHCTBEeHHAS
(c ToanocThio 10 M3omopduzma) B-cucrema X:= (X,[- = -],[- € -]), B kKoropoit cupa-
BEJIJIMBBI BCE AKCHOMBI (4 3HAYUT W BCe Teopembl) Teopun Muoxkects ZFC, T. e. Takue,
qro X = ZFC. Takyo B-cucremy Ha3bBAIOT 0YA€803HAUHOT MOOJEABIO TEOPUH MHOMXKECTB
u obosmauaior cumsoiom V(B .= (VB) [. = .], [- € -]). Knacc VIB) npumaro rakxe
HA3BIBATD OYACEOZHAYHbLM YHUBEDCYMOM.
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8.3. Jlna snementa X € VB) ero enyex X| 3amaerca mpasmmom X := {z € V(B .
[zeX] =1}

ycrs f — orobpaxkenune u3 X B Y suyrpu VB, Dro o3nauaer, aro X,Y, f € V(B
u BeimoHeHO paBeHcTBO [f : X — Y] = 1. B 370il curyanuu cymecTByeT eIuHCTBEHHOE
orobpaxenune g : X |— Y|, nya koroporo [f(xz) = ¢g(z)] = 1 npu Beex x € X |. Hua
oTOOpaXKeHnsa ¢, HA3BIBAEMOTO Cnyckom omobpascenus f, mpuaaro obosHaudenne f[|:= g.
CHyCK OTHOIIIECHU A OIIpeaeIdeTCd aHaJIOTUIHO.

Bysesoznaunsiit craryr noustusi K-npocrpancrsa ycranosjien B Havasie 70-x rojon
E. 1. Topmouom, cm [10]. OcHOBHO# ero pe3yJsibTaT yTBEPXKIAET, UTO JH000e PACIITHPEHHOE
K-npocrpancTtBo ectp mHTEDIPETAIHS TIOJIST BEIIECTBEHHBIX 9UCEJ B MOAXOsINeH Oy/ieBo-
3Ha9HON MoJesn. TouHee WMeeT MEeCTO CJIe/IyIoIas TeopeMa.

8.4. Teopema I'opaona. Ilycte B — nosras bysneBa aiarebpa u R — ynopsimodeHHOe
moJie JeHCTBATEbHBIX YHCET B OYJIeBO3ZHATHONH MOTEH V(B), Torma R (co cmymenab-
MM ONEPAIHSMH W TOPSJKOM) TPEACTABASET coboii pacmmpennoe K-npocrpancrso. Ilpu
9TOM cyIecTByer uzoMopgusm x Oyiepoii anrebper B Ha 6a3y B(R|) (= OyueBy amrebpy
MOPSIKOBBIX MPOEKTOPOB B R|) Takoii, 4T0 CIPpABEAINBBI 9KBUBAJEHTHOCTH

x(b)z = x(b)y < b
x(b)z < x(b)y < b

[z =vy],
[z <yl

N IN

N
N

s Bcex x,y € R ub € B.

[Tpu sTOM OKa3bIBaeTCs, ITO Jrobas TeopeMma (B pamrax akcmomaruku llepmeno —
Dpenkesst ¢ aKCMOMOH BBIOOPA) O BEIIECTBEHHBIX YHUC/IAX MMeET CBOH amasor masa K-
IPOCTPAHCTBA R, IpUUIeM IMepeBo] OJJHUX TEOPEM B JAPYTHe OCYIIECTBIISIETCS MOCPEICTBOM
TOYHO ONPEJICJIEHHBIX CTAHIAPTHBIX TPOIEAYDP, T. €. M0 CyTH JIejIa, aJTOPUTMUAIECKU. Tem
cambiM ycTanoBka J1. B. KanropoBuua «3memenTsl K-mpOoCTpaHCTBA CYTh ODOOIIEHHBIE THC-
say obpeTtaeT B OYJIEBOZHATHOM aHAJIU3E IETKYIO MATEMATHIECKYI0 (hopmyanpoBky. C apy-
rOif CTOPOHBI, SBPUCTUUECKUN TPUHITUII TIEPEHOCA, UTPABIIUN BCIOMOTATEIbLHYIO, HABOJIMI-
YO POJIb BO MHOTHX HMCCJIEIOBAHUAX B J100ysieBo3HATHOM Teopun K-ipocTpaHCTB, mpeBpa-
IAETCdI B PAMKAX OYJI€EBO3HATHOIO aHAJIM3A B TOYHBIN UCCIIEIOBATEIbCKUN METO/I.

Ecnu B Teopeme lopgona 8.4 B — 310 o-anrebpa U3MEPUMBIX MHOXKECTB IO MOJY-
JII0O MHOXKECTB HEHYJIEBOU Mepbl 4, TO R | m3omopdHO pacmupenaomy K-mpocTpasHcTBY
msmepuMbx dbynkmuit L (p). Ecim B — monmag Gynesa anrebpa IpoOeKTOPOB B THITLOEPTO-
BOM IIPOCTPAHCTBE, TO R M30MOpP(HO MPOCTPAHCTBY TEX CAMOCOIPSIXKEHHBIX OTEPATOPOB,
y KOTOPBIX CIEKTpajibHas (GyHKIWs AeficTByeT B B. DTH IBa YaCTHBIX CIydas TEOPEeMBI
TopoHa MHTEHCHBHO W TUIOJOTBOPHO 3Kcmayaruposas I. Takeyru, cm. [72], a Takxke 6ub-
smorpaduio B [39]. O6bekT R st 0biux Gysesbix anrebp pacemorped taxxe T. Mex [56],
IEePeOTKPHIB 110 CyIecTBy Teopemy Loppona. Orimame coctout B TOM, 410 B [56] (KOMILITEK-
cHOE) pacmupenHoe K-poCTPaHCTBO C eJMHUIIEH ONPeIesIIeTcs APYTroi CuCTEMONR aKCHOM
¥ WMEHYeTCs TOTHON cToyHOBOM asrebpoit. [logpobroe nznoxenne reopun OyI€BOZHATHBIX
Mogiesieii, a TaKKe pa3sHOoOOpa3HbIX MX IIPUIIOKeHni MoxKHO Hafitu B [15, 39, 42, 51, 72, 73].

Hanbueiiee pa3surue OyJIEBO3HAYHOIO AHAJIM3A MOKA3aJI0, 9ITO MOMOOHBIN TEPEBO
(mepeHoC, TPAHCIISIWSI), U3TOTOBJISIONINI W3 U3BECTHBIX (DAKTOB HOBBIE TEOPEMBI, BO3MO-
2KE€H HE TOJIBKO JIJId K—HpOCTpaHCTB, HO M TPAKTUYECKH JIJId BCEX O6’beKTOB, TaK WJIN NHAYE
C HUMU CBS3aHHBIMHU: JIJIS IPOCTPAHCTB THMA B, PA3IMIHBIX KJIACCOB JUHEHHBIX U HEJIHU-
HEWHBIX OIEPATOPOB, OMEPATOPHBIX ajaredp u . n. OrTMerum, 9ro npuHIUN KaHTOpOBHYA,
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JUIS TIPOCTPAHCTB TUNa B (¢ TOYHOCTBIO 0 3JEMEHTAPHBIX OFOBOPOK) peasin30BaH B [36,
39] B ciemyromem Buje.

8.5. Teopema. /Iis mo6oro pemrerouno nopmuposaunnoro npocrpancrsa (X, p, E) cy-
IIeCTBYeT €QHHCTBEHHOE ¢ TOYHOCTHIO JI0 JIHHEHHOH H30MeTpHH 6AHAXOBO IMPOCTPAHCTBO X
payrpu VB) | e B ~ B(p(X)*+1), mas koroporo crmyck X| sBIsercs MaKCHMAJIbHBIM
pacumpennem (X, p, E).

Takum obpazom, mpocrpanctBo bamaxa — KanropoBuua jiomyckaerT mOrpyzKeHme
B MOJXOSIILY IO OYJIEBOZHAUHYIO MOJIEJb TEOPUU MHOMXKECTB, IPEBPAIAsICh B HAHAXOBO TPOCT-
pancTBo. Hadue rosops, OpOCTPAHCTBO THHA By — 3T0 OyJieBOZHAUHAS MHTEPIPETAIIMS
bGanaxoBa mpocTpaHcTBa. [Ipw 3TOM MMEHHO HEOOBIYHAS, CINTABIIAICA HAyMAaHHON aKCHO-
Ma, Pa3JIOXKUMOCTH HOPMEI, BBeienHas JI. B. KanToposuueMm, u obecrneunBaeT BOSMOXKHOCTD
TAKOT'O TIOTPYKEHUI.

9. Koutunyywm-npobisiema Kanropa

C npunmunom JI. B. KantopoBuyda — «3semenTsl K -IpOCTPAHCTBA CyTh 0O00IIEHHBIE
qucjaa» —— MEePEKJINKaACTCAd OJHa U3 CaMBIX APAMATUYICCKUX CTPAHUI MaTEMaTUKH XX CTO-
JIeTHsI, CBI3aHHAS CO 3HAMEHUTON MpobsieMoit KOHTUHYyMa. KII09eByo uIer0, JekKaIyo B
OCHOBE penieHund KOHTI/IHyyM-HpO6JIeMbI, MOZKHO OCMBICJIUTH KaK ITOUCK O606H.[eHHbIX qucesl
CHEIUAJIFHOTO BHJA, IIOCIE Yero pelleHre TpodIeMbl KOHTHHYYMA CBOJUTCSI K IMTOCTPOe-
HUIO crerudUIeCKOro MUPa MHOXKECTB — YHHBEpCyMma. bojiee TOro, B 9TOM yHUBEPCYME
AMEIOTCA He TOJILKO 0000IIEeHHbIe IUCIa, HO U 0000IEeHHBIE MATEMATHIECKHE OOBEKTHI JTI0-
0oii IpUpPO/IbI, CTOMBL Ke crenmuduaeckune, Kak u 0000IEeHHbIE TUCIa. ¥ Ka3aHHOe 00CTOs-
TebCTBO (BosIee BBIPA3UTEIBHO, HO MEHEE TOYHO) MOXKHO BBICKA3ATh CIIEYIOMUM 06pa30M:
B HEKOTOPBIX K -pOCTPAHCTBAX, JIEMEHTHI KOTOPHIX PACCMATPHBAIOTCS KakK 00OOIIEeHHBIE
qucjia, HapymaeTcCd ruminore3a KOHTHHYYMA. Ta.Ka,f[ BHYTPDEHHAA B3aMMOCBA3b KOHICIIINN
K-mpoctpancTBa ¢ mpobieMoii KOHTHHYYMA, ITPEJICTABIISIETCI BEChMa, ITPUMEUATETHHO.

JBa mHOXKecTBa A W B HA3BIBAIOT PAGHOMOUWMHLMU WA IKGUBAACHMNBLMY, €CITH CY-
IIECTBYET B3aUMHOOITHO3HAYTHOE OTOOpAarKeHre OHOTO U3 HUX Ha jpyroe. ['oBopsaT,aTo MmHO-
JKECTBO A MMEeT MowHocmd KOWMUHYYMA WA ITO OHO KOHMUHYAALHO, ecin A IKBHUBA-
JIEHTHO OTPe3Ky 4ucioBoit npsamoii [0, 1]. ['unomesa konmunyyma yTBEpKIAET, ITO JIOGOE
BeckoHedHOe HecueTHoe MOJIMHOXKecTBO orpeska [0, 1] KoHTHHYaBHO. I[IpoGaema, xKe KoH-
MUHYYMa COCTOUT B TOM, BEDHA WJIM HET TUIIOTE3a KOHTHHYYMA.

MoKHO OrpaHWIUTCS TAKOM JIAKOHUIHON (DOPMYTUPOBKON MPOOIEMbI KOHTHHYYMa, HO
TOT/Ia OCTAETCS HEsICHBIM, MOYeMy OHa mpuBJeksia BuuMmanue I'. KanTopa m mouemy Tak
BOJTHOBaJIa MHOTUX MATEMATHUKOB BIIJIOTH JJO HaIIMUX ‘I[Heﬁ HOSTOMy KOPOTKO O603Ha,‘lI/IM,
9TO K KOHTHHYYM-TIpOOJIeMe MPUBEJIA JIOTUKA PA3BUTHS MATEMATUIECKOTO AHAIU3A.

I KanTopom mpwuimes K HEOOXOAMMOCTH UCCIEIOBAHUS OECKOHEYHBIX MHOXKECTB
BCJIEJICTBUE W3YUEHUsI MHOXKECTB CXOUMOCTH psijioB Dyphe, KOTOphIe K TOMY BPEMEHU IIW-
POKO CTaju MPUMEHSITHCA B PA3JMIHBIX BOIMPOCAX MPUKJIAIHON Maremarwku. . Kantop
MEPBBIN CTaJl pACCMATPUBATH OECKOHEYHBIE MHOXKECTBA KaK aKTYaJbHO CYIIECTBYIOIIUE, TO-
TOBBIE CYyITHOCTU. TeM caMbIM OH IOPBAaJI ¢ MHOTOBEKOBOU TPAaJMIUEH, COTIIACHO KOTOPOi
JIOTIYCTUMO JIUIIh PACCYKIATH O MOTEHIINAJIBHO OECKOHEIHOM MHOXKECTBE, T. €. 0 KOHEIHO,
HO HEOTPAHUYEHHO PACTYIEHl COBOKYITHOCTH.

B 1873 rony I'. KanTop mocraBus 3a/ady KJacCU(pUKAINA AKTYaJbHO OECKOHETHBIX
MHOXKECTB IIyTeM YCTAHOBJIEHUS B3AUMHOOIHO3HAYHOTO COOTBETCTBUS MEXK/Iy MHOXKECTBA-
vu. Cirenys . KanTopy, COBOKYITHOCTH BCEX MHOXKECTB, PABHOMOIIHBIX JAHHOMY MHOXKECT-
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By A, Ha30BeM K.AGCCOM IKGUSAACHINHOCTU MHOXKECTBA U 000ZHAMUM CHMBOJIOM A. fcmo,
qTO JIIOOBIE JIBA MHOXKECTBA W3 A PaBHOMOIIIHBI, & MHOXecTBa, Ay € Am By € B paB-
HOMOTIHEI TOT/Ia M TOJNBKO TOTja, Korja A m B sxsuBamentnnl. Taxmm obpasom, ecim A
u B we paBHOMOMIHBI, TO KJjacchl MEHOXecTs A u B me mmeror obmux memenTos. B Teo-
PUH MHOXKECTB JOKA3BIBAETCS, ITO B KAXKJIOM KJIACCE SKBUBAJIEHTHOCTA A MOKHO BBIIEIUTD
€JIMHCTBEHHBINA KAHOHUIECKuii npejcrasuress (obo3nagaercs cumbosom Card(A)), obaana-
FOIIUH CBOMCTBOM mpan3umusrocmu. Ilocmemaee 03HaAYAET, ITO KaXKJIBIA 3J1eMEeHT Card(A)
siBsisiercst Takxke n gacrbio Card(A).

Muoxecro Card(A) HazbiBaeTCst KaPOUHAADHYM YUCAOM WA MOUHOCTHIO MHOMKECT-
Ba A. BykBoii ¢ mpuHATO 0603HAYATH MOIIHOCTH KOHTHHYyyMa, T. €. c¢ := Card([0, 1]).
MomHoCTh MHOXKECTBA, BCEX HATYPAJILHBIX IHCEJ 0003HAMAETCS CHMBOJIOM Wy (B 00603HA-
gennax Kanropa — aned-mynp — V), T. e. wp:= Card(N). Kapauaanbpaoe aucio wy
Ha3bIBAIOT CYETHON MOIIHOCTHIO. B COOTBETCTBHH C 3THM rOBOPAT, YTO MHOXKeCTBO A cuer-
Ho, eciim Card(A) = wy uim, 9ro To ke camoe, MHOXKecTBa A u N skBuBasentor. Ecom o —
MOIITHOCTh MHOXKeCTBa A, TO cuMBOIOM 2% 0003HAYAIOT MOITHOCTH MHOYKECTBA BCEX YaCTel
A, T e. 2%:= Card(P(A)).

B kakoM CMBIC/IE CIejyeT MOHUMATh, 9TO OJIHO HECKOHETHOEe MHOMKECTBO DOJIbIIE JIPY-
roro? OTBeT HA 3TOT BOMPOC CHOPMYJUPYEM B TEPMHUHAX KAPAUHAILHBIX unced. Ecmm o
u [ — UPOU3BOJILHBIE KAPJIMHAJILHBIE YKCIA, TO T'OBOPAT 4TO (¢ MeHblie (3, et o € [3;
npu 3ToM tumyT « < (. Jljs cpaBHeHUsI KapIWHAJIBHBIX YHUCEJ BaXKHOE 3HAUYEHWE UMEET
crenyiomuii pakT chopmymuposanasiii I. Kamropom n mokazanasiii @. Beprirreitnom.

9.1. Teopema Kantopa — Bepmumureiina. Ecin nsa Mmaoxecrsa A 1 B TAKOBBI, 4TO
A skBuBajenTHO Yactu B u B skBuBajgenTao dactu A, o A u B skBuBajseHTabl. WHbIMEI
croBamn, ecan Card(A) < Card(B) u Card(B) < Card(A), to Card(A) = Card(B).

Teneps chopmynupyem HeckosIbKO pedysibraroB I. Kanropa, npuseiiiie ero K rumo-
Te3e KOHTHHYYMA.

9.2. Teopema (Kanrop, 1874). CupaBeIuBbl CI€IYIONIAE YTBEPXKICHUSL:

(1) mMomHOCTh MHOXKECTBA BCEX YACTEl HATYPAJIBHOTO Psi1a PABHA MOI[HOCTH KOH-
THHYYMa; CAMBOJIAIECKH, ¢ = 2“°;

(2) mommOCTH KOHTHHYYMA GOJIbIIE CIETHOH MOIIHOCTH; CHMBOJTHIECKH, C > W

(3) mommHOCTH MHOMXKECTBA BCex "acTeli T060ro MHOXKECTBA, GOJIbIIE, 9€M MOIHOC-
TH « JAHHOTO MHOXecTBa A; cuMmBonmmyeckn, 2% > «.

Kapaunanbubie uncia 06/1a1a10T CIIeAYIONAM 3aMeIaTeIbHBIM CBOCTBOM: Jf000€e He-
IIyCTOe MHOXKECTBO KApPJIHHAJOB HMEET HAHUMEHBIIHH 37eMeHT. [lpuMenmMm 3ToT (akT K
MHOXKeCcTBY K KapJWHAJOB (v, VJAOBJIETBOPSAIOIMMX HepaBeHCTBaM wy < « < 2¢. CoryacHo
cchopmynupoBanabiM Teopemam Kanropa Oymer ¢ € K, nosromy K wmemycro. Ciemosa-
TenabHO, B K CylmecTByeT HAMMEHBINUNA 3JIEMEHT, KOTOPBIA IPUHATO 0003HAYATH depe3 wi
(y Kanropa — aned-ommn — N;). Tak kak w; takxke Bxomut B K, 10 wy < wi < 2°.
B 1o xe Bpemsa ¢ € K, crajo ObITh, ¢ HE MOXKET OBITh MEHbLIIE HANMEHDLIIErO JIEMEHTa
muOXKecTBa K, T. e. wy < ¢

W3 sTux paccyKaeHnil BUIHO, ITO 3/16Ch BO3MOXKHBI JIBA B3AUMONCKITIOUAIONINAX CIIY Iasl:
ambo w; = ¢ = 2¥, gubo wy < w; < ¢ = 2¥°. B 37T0#f CBsA3M W BO3HUKJU THIIOTE3A,
KOHTHHYYMA M KJIACCHIECKas MpobIeMa KOHTHHYYMA.

9.3. IIpobaema kourunyyma. CyiecTByOT JTU MOIIHOCTH (i, KOTOPBIE OOJIBIIE CUET-
HOH MOIIHOCTH W MEHBIIE MOI[HOCTH KOHTHHYYMa, T. €. TakKue, 910 wy < i < ¢?
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9.4. I'mmore3a koaTuHyyM™Ma. He cymiecrByer MomiHOCTH 6OJIBINEH CIETHOH MOIITHOC-
TH U OJJHOBPEMEHHO MEHBIIIEH MOIHOCTH KOHTHHyyMa, T. €. w1 = 20,

F'unoresa KoHTHHYyMa Oblia BIepBble BhicKazana . Kanropom B 1878 romy, cm. [16].
Omn 6611 yOEXKIEH, ITO KOHTUHYYM-THIIOTE3a STBISIETCS TEOPEMOM 1 710 KOHIA KU3HU TIETHO
MIBITAJICA €€ JI0KAa3aTh. Ho mpu 3TOM OH CO3/1aJ1 MOIIHBIH METOJ, KOJTHIECTBEHHOTO aHAJIN-
3a MOHATHS OECKOHEYHOCTH, OTKPHIB UCUYUC/IEHHE MOIIHOCTEH U TEOPHUIO TPAHCHUHUTHBIX
HOPSIIKOBBIX wmcest, cM. [14, 16, 43].

B 1900 roxy B ITapuxe na II Mex xynapogHoMm KOHrpecce MaTeMaTuKOB BoicTyma Jla-
Bu/ ['miipbept co cBOMM 3HAMEHUTHIM JIOKII0M «Maremarutaeckue npobisembrs. [Ipobirema
KOHTHHYYMa Obliia copmysmposana nepsoit B gokiaaje . Mmiasbepra (cm. [44]). Ocrasa-
SICh HEPEeIIeHHOHN JIeCaTUIeTUsIMI, OHA TIOPOXKTAIIA TIIYOOKHEe MCCIIeIOBAHUS B OCHOBAHUSIX
maremarukwu, [15, 31, 51].

10. HezaBucuMOCTh KOHTUHYYM-TUIIOTE3bI

Baxwneiimuit utor 6ojiee we€M MOJIyBEKOBBIX WMCCJIEIOBaHMI MO mpobJieMe KOHTHHYYMA
MOXKHO C(hOpMyIHPOBATH TaK:

10.1. Teopema. I'umore3a KOHTHHYYMa He MOXKET OBITh HH JJOKA3aHA HHA OIIPOBEPIHYTA
B PAMKaX TEOPUH MHOYKECTB, T. €. T'HII0TE33 KOHTHHYYMAa, SIBJSIeTCS He3aBUCHUMOH TEOPETHKO-
MHOXKECTBeHHOH aKCHOMOH.

Ucropudecku 310 yTBEp)K/IeHUe OBLIO yCTAHOBJIEHO B jBa dtama: B 1939 romy Kypr
Fénens [9] ycTaHOBHII, UTO IMIOTE3a KOHTHHYYMa COBMECTHA C AKCHMOMAMHU TEOPUU MHO-
x)ecrs, a B 1963 rony ITons Ix. Kosn [31] nokasas, 9410 orpunaHne runore3bl KOHTHHYYMa
TAK>Ke€ COBMECTHO C AKCHOMAMU TEOPUHU MHOXKECTB.

O0ba pesysbTaTa yCTAaHABJIUBAIOTCS Iy TEM TIOCTPOEHUST COOTBETCTBYIOIIMX MOJIEJIEH, T. €.
ITOCTPOEHUEM YHHBEPCYMa MHOXKECTB U WHTEPIPETAIUU TEOPUM MHOXKECTB B 3TOM yHHUBEp-
cyme. ['oBopst 0 TeOpUU MHOXKECTB, MTOAPA3yMEBAEM AKCHOMATHIECKYI0 Teoputo [lepmeno —
Dpenkelisi, TPUIEM MUP MHOXKECTB, [/I€ PA3BOPAUNBACTCS ITA, TEOPHUs, HA3BIBAIOT yHUBEPCY-
moM o Heitmana V. Ilogxom ['€messs ocHOBaH Ha MOAXOAAIIEM «yCEUEHHU» YHUBEPCYMa,
don Heiimana. Tounee oH BBOJMT YHHUBEPCYM KOHCTPYKTHBHBIX MHOXKecTB L, siBisiomuii-
ca dacThio yHuBepcyMma (ou Heiimana. C 3Toii 1ebi0 OH BBIJIEIUJI BOCEMb TEOPETUKO-
MHOXKECTBEHHBIX Olepalnil, HA3bIBAEMbIX HBbIHE 2€0eesbimu. HamoMHUM, 9TO YHUBEPCYM
V crpoutcs (TpaHCHUHUTHON) HHIYKIMElH, IPHIeM Ha Iarax WHIyKIUU s 00pa30BaHUs
HOBBIX MHOXKECTB MCHOJIb3yeTcst MHOkKecTBa Beex vacreit P(X). Yumsepcym L crpourca
TaK ke, KaK U V, OJTHAKO HA KaXKJIOM IIare WHIyKimu BMecTo P (X ) Gepercs COBOKYIHOCTD
Q(X) rex wacreit MmuoX)ecTBa X, KOTOPbIE MOTYT OBITH TOJydYeHB U3 X W U3 MHOXKECTB,
Bxoagux B X, MyTeM MpPUMEHEHUs BOCHMU T'éeseBbIX onepaiuii. ['€1eb yeTaHOBIWII, 9TO
KOHCTPYKTHBHBIE MHOXKECTBa 00pal3yior mozensb ;g teopun llepmeno — Dpenkess u B
9TOI MOJIE/IM WMEET MeCTO KOHTHHYyM-runore3a. (CiieoBaTeIbHO, OTPUIAHNE THIIOTE3BI
KOHTHHYyMa Hejiokaszyema B Teopun Llepmeno — Openkens (=ZF).

10.2. Teopema (I'énenn, 1939). Ecau reopusi muoxects ZF mempormBopeuma, TO
reopust ZF +(V = L) raxke nenporusopeuunsa. ['mmoreza KOHTHHYyMa, SIBJII€TCS TEOPEMOT
reopun ZF +(V = L).

[Tonxon Kosna B HEKOTOPOM CMBICE SBJISETCS ITPOTHUBOIOJIOXKHBIM: OH OCHOBAH HA
pacmmpennu yauBepcyma ¢dhon Heiimana, HO mpu 3TOM HOBBIE MHOXKECTBA JTOOABISIOTCS
¢ JOIKHOU oCcTOPOXRHOCTHIO. Meton Kosma, mazBamubIil (hopcunzom, MOKHO OMUCATH HA
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sg3bIKe OyJIeBO3HATHOrO anajin3a. I1o obuapyxuiu I1. Bonenka, /1. Ckort u P. Comossii B
1965 roxy, cm. [39, 51] .

Meton dopcuara B OyJIeBO3HAYHOM BapHAHTE COCTOUT W3 ABYX dYacTeil — oOImeil u
creruaJibHOMi. OOIast 9acTh — KOHCTPYKIUs OYJIEBOZHAYHOTO YHUBEPCYMA, V(B) g4 WHTEP-
TIpeTanus B HEM TEOPETUKO-MHOXKECTBEHHBIX YTBEepXKIAEHWI, KaK 3TO yKazamno B 6.1 u 6.2.
CrenuaJibHast 9aCTh COCTOUT B MOCTPOEHUH criennuiaeckoil Oysieroit aiarebpol B, obecnedn-
BaloOIeil HyKHbIEe CBOIICTBA n3y4aeMoro obbekTa. (JKa3aioch, 9To MOXKHO MOA00PATH TAKYIO
GyueBy anrebpy B, uro B coorsercrByiomeil 6yiesosnaunoii mogean V(B) pnmosmsiercs
OTpUIAHUE THIIOTE3bI KOHTUHYYMA: w1 7 2°. B T0 e Bpems, COrJIacHO OyJIEBOZHATHOMY
MIPUHITAIY TIEPEHOCA, B MOJIEJIN BBITTOIHIIOTCS BCE AKCHOMBI Teopuu MaOXKecTB ZF. Otcroma
BbITEKaeT Tpebyemblii pesyibrar (nogpobuocru cm. [15, 31, 39, 51, 73]).

10.3. Teopema (Kosu, 1963). Eciau Teopust muoxkecrs ZF memporuBopeunBa, TO T€o-
pust ZF +(2“° # wq) Tak>ke HEHPOTHBOPEIHBA.

11. Teopembl O COXpAaHEHUU COOTHOIIEHUN

ODBPUCTUYECKUIT IPUHIUIT TIepeHOCa, BhABUHYTHIH JI. B. KanTopoBriem B cBsI3U ¢ KOH-
nemnmueilr K-pocTpaHCTBa, HAXOMUI MTO32KE MHOTOUUCIEHHBIE TOTBEPXK/IEHNS B UCCIIE0BA-
HUsX KaK camoro asropa (cm. [17, 18,19, 20, 21, 22, 59]), Tak u ero nocsiegoBareseii, cm. [8,
28]. HekoTopbie u3 TaKUX PE3YJIHTATOB OBLIN MPOJEMOHCTPUPOBAHLI BbIme. [lo cymecTBy
9TOT MPUHIMII OKA3AJICA OJHON M3 TeX CTEePXKHEBBIX WJeH, KOTOpPBbIe, Urpasd OPraHu3ylo-
IyI0 POJIb B CTAHOBJIEHUW HOBOTO HAIPABJIEHUS, IPUBEJIH, B KOHEYHOM UTOre, K ri1ybOKOit
u u3gHo# Teopun K-nipoctpancTs, 60raToil pa3sHOOOPA3HBIMU MTPUJIOKEHUIME. Y KE B HA-
JaJbHBIA TEPUOJT PA3BUTUS TEOPHUU IMIPEIIPUHUMAIUCH MOMBITKU (DOPMATU3AINYN YKA3AH-
HBIX IBPUCTUYIECCKHUX C006pa}KeHHﬁ. Ha 9TOM IIyTHU TMOABUJIUCH TaK HA3BIBAEMbIC TE€OPEMbIL
O COXPAHEHWU COOTHOUICHWI, KOTOPbIE YTBEPXKJIAIOT, YTO €CJIM HEKOTOPOE BBICKA3bIBAHUE,
BKJIIOYAOIIEe KOHETHOe YUCII0 (DYHKIMOHAIHHBIX COOTHOIIEHU, JOKA3AHO JIJIs BEIECTBEH-
HBIX 9UCeJI, TO AHAJIOTUYIHBIN (ba,KT ABTOMATUYIECKHN OKAa3bIBACTCA BEPHBIM U JIJIAd JICMEHTOB
K-npocrpaucrsa. CdopmynupyeM ofuH pe3yJabTaT, MOTyUYeHHBIH morubiineM Ha (HpOHTE
cryperrom A. U. FOumubivm (cm. [8, 28]).

11.1. Teopema FOpuna. Ilycrts y;, z; (i = 1,2,...,m), u © v — KOHEYHBIE BBIPAXKE-
HUsI, COCTABJCHHBIE B aPXHUMEJOBOH BEKTODHOIH pemieTke X u3 apryMEHTOB X1,T32, ..., Tn.
Ecnmm B wactaom ciaydae, korga X = R, T e. Koraa Ti,%2,...,T, — BEIIECTBEHHbIE
9HCJIa, BBIIOJHEHHUE JJIS KAKUX-HUOYIb 3HAYEHUH T1,ZL2,...,L, BCEX DABEHCTB Y; = Z;
(1 =1,2,...,m) Bieder BHITOJIHEHHE /TSI TeX XKe 3HAYEHHI T1, T2, . . ., L, PABEHCTBA U = U,
TO TAKOE Ke 3aKJ/I0YEHHUE CIIPABEIJIUBO U B JII000H BeKTOPHOH pemerke X .

B TO e Bpemda ocTaBaJICd COBEPIIEHHO HESICHBHIM BHYTPEHHUN MEXaHW3M, YIPABIITIO-
it (peHOMEHOM COXPAHEHWsT COOTHOIIEHU, TPAHUIILI €r0 TPUMEHUMOCTH, & TaKkKe obiue
MPUYWHBI MHOTAX AHAJIOTUU W mapaJuieseil ¢ Kjaaccuaeckoil Teopueit dpynkimii. [rybuna
¥ YHUBEPCAJIbHOCTH IpuHIuna KantopoBuda 6L 0ObICHEHBI B PAMKAaX OyJIEBOZHAYHOTO
anamm3a (cm. [12, 39]).

g dbopmynupoBku OyJIeBOZHAYMOTO MPHUHITUAIA TEPEHOCA BBEJEM JIOTUIECKUH S3BIK
L. DT0oT 93BIK COCTOUT U3 CJIEAYIONIMX SJIEMEHTOB: 1) NePEMEHHBIE L1, T2 . . . ; 2) dyHKIuO-
HAJIbHBIE IepeMeHHbBIe f1, fo, ... (MIpHYeM KaxKJOMY CUMBOIY fi MOCTABIEHO B COOTBETCTBUE
9rI0 He3aBUCHMBIX 1epemenHbix a(k) € N); 3) cumBon § jis Kaxk10i# HeNpPepHIBHOW Be-
[IeCTBEHHON (DYHKINY g; 4) CHMBOJIBI OTHOIIEHUH = 1 <; §) JIOTHYECKHE CBI3KU U KBAHTOPDI
10 TIEPEMEHHBIM 000WX COPTOB.
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TepMbl g3bIKa L ONPEIeaioTcs 0 HHIYKIUA: ePEMEHHbBIE SBJISIOTCS TEPMAMU; €CJIU
t1,...,t, — Tepmbl a h — dyHKIMOHANBHBIH cuMBON U3 2) miau 3), 10 h(ty,...,t,) —
TepMm. MOXKHO IMOKa3aTh, UTO i JI0O0I HenpepbiBHON dyHKINH g : R — R cymecTByer
epmacreennpiii snement § € VB maxoit, uto [§ : (R)” = R] =1 u [g(A},...,\]) =
g(A1, ...y )] = 1 moa Beex Aq,..., A, € R Eciau B Tepme t 3aMeHUTH KaxKIblii (hyHK-
NMOHAJIbHBIH CUMBOJI [} Ha NOPASKOBO HempepbiBHOe orobpaxenme n3 (RJ)™ B R, tae
n = a(k), a GyHKIUOHAIBHDIH CUMBOJI § — HA g, TO TMOJYIATCS TOPSAIKOBO HEIIPEPHIBHOE
orobparkenue, Koropoe 0bo3naanm cumiosaoMm t'. Feam xe B ¢ 3amennTsh hyHKIMOHAILHBIN
CHMBOJI § Ha §, a KaxKablii yHKIMOHAILHbI cuMBoul f, Ha saement n3 V(B) | nzobpaxa-
fomuit a(k)-mecrayio HenpepbiBayIO dyHkmmo u3 R"™ B R, tae n = a(k), T0 momydurcs
snement V(B) | yzobparkarompii HenpepbBHyI0 (DYHKIHMIO. DTOT IeMEeHT 0GO3HAMNM CHM-
BostoMm .

DuemenTtapubie (popmyJibl s3bika L umeror Bug t1 = to u t1 < to, vae t1,to— Tep-
MbI. Ocrasbabie (POPMYJIBI CTPOSATC U3 IEMEHTAPHBIX MO OOBLITHBIM B JIOTMKE MTPABUJIAM.
Jorst mo6oii popmyasr ¢ a3bika L 0603nauamm cumsosiom ¢ (nmu ') dopmyny, B koTOpOoit
KaxXkJplil TepM ¢ 3amenen Ha t' (coorBercrBenno Ha t”). @opmyny ¢ s3bika L HazoBeM
OTMEYEHHOH’, eciu mpeaBapeHHas HOpMaJibHag dopma HOpMyIbl ¢ 001a1aeT CBOMCTBOM:
GeCKBAHTOPHAS YaCTh €CTh KOHBIOHKIMS JIEMEHTAPHBIX (POPMYJI WJIM UX OTPUIAHUNA, & U3
KBAHTOPOB O (PyHKIIMOHAJHHBIM MEPEMEHHBIM JIOMYCKAETCH TOJLKO KBAHTOD CYIIECTBOBA-
HUS.

11.2. Teopema (Topnon, 1982). ITycts @(x1,... ,Tm) 0 P(T1, ..., Tm) — PoOpMyIBI
a3pIka L, He comepxkamme CBOGOAHBIX (hyHKIHMOHAJIBHBIX IMEPEMEHHBIX, IIpaIeM (hopMyJIa
o(x1, ..y Tm) orMevennas. Ecan npemoxenne

Va1, oy zm) (T, s Tm) = V(21,0 Tm))

ectb Teopema ZFC 0 BerecTBeHHBIX UHCIAX, TO JAJS JIOOBIX Y1, . ..,Ym € RJ Takux, aro
1 _ /
[¥"(y1,- .. ym)] = 1, npemgnoxenne ©'(y1,...,ym) ucruaao B R.
Orcrosa BbITEKAET, HAPUMED, YACTHOCTH, UTO B R BCAKOe aaredpamveckoe ypaBHEHUE
HEYEeTHOI cTerenu ¢ 00PaTUMBIM CTAPITUM KOI(DDUIMEHTOM NMeeT KOPEHb.

12. K-nmpocTpaHCTBa U BBINYKJIBIA aHAJINA3

A6crpakTabie unen JI. B. Kantoposuda B obiactu Teopun K -ITpOCTPAHCTB OKA3AJIUCH,
KaK 3TO HU NapaIOKCaJIbHO, TECHO CBSA3aHHBIMU C WJAESIMHU JIMHEHHOrO NPOrpaMMHUPOBa-
HUAS W TPUOMMXKEHHBIX MeTONOB ananu3a. OOparasch K WIEHHBIM YCTAHOBKAM TEOPUU
K-tpoctpancTB B mociesmeil MaTeMaTndeckoii pabore, Koropas Obuia OmyOJIMKOBaHA I10-
cvepTHO B CUbOUPCKOM MaTeMaTHIecKoM XKypHasie u kotopyio JI. B. KanToposud 3akan«u-
BaJI HENOCPEIACTBEHHO IIepe/] CBOeil KOHUYMHOW, OH OTMeJaJl:

«IIpm pasBurumm Teopuu (DYHKIHUOHAJIBHBIX IIPOCTPAHCTB OJHA CTOPOHA DEeAJJIbHOMH
JEeHCTBATEIRHOCTH OKa3aJiaCh B HeHl Ha HEKOTOpOe BpeMs YIVIIeHHOH. /Jlas npaktmdec-
KuX O0OBEKTOB, HAPSLYy C aJarebpandeCKuMU U JPYTHMU COOTHOIIEHHUSMH, OOJIbIITOE 3HATE-
HIEe UMEET COOTHOIIeHHe cpaBHeHU:A. lIpocToe cpaBHeHme, WMEIOIee MECTO MEXKIY BCEMU
00beKTaMu, yIOpsA0YeHue, UMEET OOEIHEHHBIH XapaKTep, HAIPUMED, MOXKHO BCE BHJIbBI
YVIOPSJIOYUTD 110 UX BECY, HO 3TO MAaJio 9TO JaéT. lopazmno 6ojmee eCTeCTBEHHBIM SIBIISIETCS
yHOPSIIOYEeHAE, KOTOPOE JJIs T€X CAYy9IaeB, KOIJa ITO €CTECTBEHHO, OHO ONPEAE/IsIeTCI WA
¢ukcupyercs, a B JPYrHX CIy9asx OCTABISETCS HEOMPEJIECJEHHBIM (9IacTHIHOE YIIOPSIO-
yenne mjn nosyynopsgodenne). Hanpumep, asa mnabopa nposyKTOB HECOMHEHHO CJIEJLYET
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CUATATH CPABHHMBIMH U TEPBBIH OOTBIIAM BTOPOTO, €CJIH B HEM KaKJIOT0 MPOIYKTA OOJIBIIIE,
COOTBETCTBEHHO, 9eM BO BTOpOoM. Ecim ke dacts 60/IbIIIe B OHOM, 9aCTh OOJIBINE B APYTOM,
TO MOXKHO CpaBHeHHE He (pukcHpoBaTh. TAaK B CBOE BpeMs ObLIa MOCTPOEHA TEOPHS TOJIY-
YHOPSIIOYEHHBIX TPOCTPAHCTB H, MPEXKJe Bcero, Teopusi K-npocrpancTs, onpeneiéHHbIX
Bormre. OHa MOy Ir/Ia pa3HooOpa3Hble IPAMEHEHUS KAK B TEOPETHIECKHX BOMPOCAX AHAJIH-
3a, TaK W B MTOCTPOEHWH HEKOTOPHIX MPHUKJIAJHBIX METOJ0B, HAIIPUMED, TEOPUN MAaKOPaHT
B CBSI3H C WHTEHCHBHBIM H3yYEHHEM METOJa IMOCTEJOBATENbHBIX MpuOankeHuid. B To xe
BpeMsT HOJHOCTHIO €€ BO3MOXKHOCTH JI0 CHX HOP €Il€é He pacKpbITbl. HemxoomeHeHo Takke
" 3HAYEHHE 3TOH BETBHU d)yHKHHOHa,JTbHOPO aHaJin3a a1 39KOHOMHWKH. Me)K,qy TEM, B IKO-
HOMHUKE COOTHOIIEHHS CPABHEHHUS U COMOCTABJIECHUS] HTPAIOT HCKJIIOYATEILHYIO PO H yXKe
1pu BO3HUKHOBeHHU K -m1pocTpaHcTB OBLIO SICHO, 9TO DU aHAJIA3€ YKOHOMHUKH OHU HAHIYT
CBOE MECTO H JAJYT MOJE3HBIE TLIOIBI.

Teopusi K -nipocTpaHCTB HMEET U JPYTrO€ 3HAYEHHE — HUX JIEMEHTHI MOI'YT HCIIOJIb30-
BAThCS KaK 4UCAa. B 9acTHOCTH, IpH TOCTPOEHUW MPOCTpaHCTB Thuila banaxa B kagecTBe
HOPMBI MOT'YT BMECTO YHUCEJI UCHOJIb30BATHCA JIEMEHTHI TAKOr'O IHpPOCTPaHCTBa, KOHEYHO-
MepHOro mwiau b6eCKoHeTHOMEpHOTo. Takas HOPMHPOBKA OOBEKTOB SIBISIETCS TOPa3o bosee
rounoi. CraxkeM, (DyHKIHST HOPMHDYETCS He CBOMM MAKCHMYMOM HA BCEM HHTEPBAJIE,
a IECATKOM YuCEJI — MAaKCHUMYyMaMH eé Ha 9acCTAX 9TOro mHTEePBaJIA» .

[Tomuepkuem, uro B npusegaenaoMm ¢pparmente JI. B. KanTtopoBuu ormeuaer Hepas-
PBIBHYIO CBsi3b K-IIPOCTPAHCTB C TEOpHEil HEPABEHCTB U YKOHOMHUIECKOUN MPOOIeMATUKOM.
CrouT Takke yKa3aTh, YTO WU JIMHEHHOTO MPOrPAMMUPOBAHNSI NMMAHEHTHBI Teopun K-
MIPOCTPAHCTB B CJIEJIYIOIIEM CTPOrO MAaTEMATHIECKOM CMBICJIE: BBITOJIHEHHE B AOCTPAKTHOMH
MATEeMATHIECKOH CTPYKTYpe JII0O0r0 W3 MPHHITHIX BAPHAHTOB (POPMYJTHPOBOK TMPUHITATIA
JIBOFICTBEHHOCTH C HEW30EXKHOCTHIO MPUBOJAT K TOMY, 9TO HUCXOAHBIH 00beKT siBisercs K-
npocrpancTBoM. s Tounoit (popMyIupoBKu HEOOXOAUMbI HEKOTOPBIE OIPE/ICJICHUS; TIO/I-
pobuoctu cMm. [37, 40, 62].

[Tycte A — mpOU3BOILHOE PENIETOYHO-YITOPSIIOYEHHOE KOJIBIIO C €IMHUIEN U PACCMOT-
puM ynopsimodenubiii A-moaysb E. Tosopar, aro F obmamaer ceoticmeom A-npodossicerus,
ecy Jist JiioObix A-monyna X, A-nogmomyist Xg C X, a takxke A-cybimHeEHOrO onepa-
Topa p : X — E u A-nuneitnoro oneparopa Ty € Hom 4 (X, F), MaxkopupyemMoro p Ha
Xy, cymecrsyer npogommkenne T € Hom 4 (X,Y') ¢ coxpanenmem A-mmneifiHOCTH 1 MaxKOpH-
pyemoctu. Eciaum, moMuMo sToro, jijisg Beakoro £ € X cymecTByer A-TMHERHBIH onepaTop
T € Homy(X,Y), maxxopupyemslii onepaTopom p takoii, aro Tz = p(x), To roBopgar, 4To
E donyckaem svinyraviti anasusd.

[Tonoca {Ig}*++ B K-npocTpancTBe TIOPAIKOBO OrpaHHHUEHHBIX omepaTopos L™ (E):=
L~ (E, E), nopox IeHHOE TOXK IECTBEHHBIM onepaTopom I g, obozuaqaior cumsosom Orth(E).
Omneparopsr u3 Orth(FE) npuaaro vHaszbBath opmomoppusmamu. Muoxecrso Orth(E) ss-
JIAETCA PEHICTOIHO YIOPAJOYICHHBIM KOJIBIIOM OTHOCUTEJIBHO IMOPAJIKa U KOJIBIEBBIX OIl€pa-
i, naayupoBarabix u3 L~ (E). Kombso opromopdusmos A C Orth(E) nazosem nowmu
PAYUOHAADHILM, €CTTH €TO 3AaMBIKAHWE OTHOCUTEIHLHO MMOTOYETHON O-CXOMUMOCTH COMEPKHAT
OTIEpATOp YMHOXKEHUS Ha J0H0e PAHOHATBHBIE TUCITA.

CrepTbiM K-TIPOCTPAHCTBOM HA3BIBAIOT TPYIINY, MOIYUAONMYIOCT U3 K-TIPpOCTPAHCTB
IPW UTHOPWPOBAHWM YMHOXKEHWI Ha JIefiCTBUTEIbHBIE UUCIIA, T. €. «CTUPAHUU» B IMAMITHA
yacTi THGOPMAIUHA O IpocTpaHcTBe. g mpocTorsl 6yaem caurarh, uro E = ET — ET,

12.1. Teopema. Yuopsmodeuustit A-moaynb E q0mMycKaeT BHITYKJIbIH AHAJIA3 B TOM U
TOJIBKO B TOM CIy4dae, ecin F — creproe K -TpocTpaHCTBO W €CTECTBEHHOE MPEACTABICHIE A
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B E npencrasssier coboii KOJIbIEBOH U PEIEeTOYHbIH TOMOMOP(H3M HA MOUTH PAITHOHAJIHHOE
KOJIb1I0 opTOoMOpgu3moB B E.

13. BakJuarouyeHnue

JI. B. KaaTopoBnd mo mpaBy CUUTAETCSI OJHUM M3 OCHOBOIIOJIOKHWKOB MAaTEMATHKO-
IKOHOMUYIECKOrO HaITpaBJICHUA. OTKprTOQ UM JHHEKHOEe TporpaMMupOBaHre M3MEHHJIO
JINTO0 SKOHOMUIECKOH HayKu. Jleonmmy BuranbeBudy XBaTHIIO TPaiKIAHCKOTO MYKECTBA U
I/IHTeJI.T[eKTya,.T[bHOI.;I pemmnmMoCcTn 60pOTbC5[ 3a IPU3HAHNUE CBOUX JKOHOMUKO-MATEMATUICCKUX
Teopuii. Vlmew m MeTO/IBI, BHI3PEBIINE B PAMKAX JIMHEHHOTO MPOrPAMMIPOBAHUS, TIOTOKATA
HaYaJI0 TIyOOKMM MATEMATHIECKUM HUCCJICIOBAHUSM, BBIILIN JIAJIEKO 33 IMPEJIESIbl SKOHO-
MHUYECKAX TPUJIOKEHUN M HMCIOJb3YIOTCI B CAMBIX Pa3HOOOPA3HBIX Cdepax UIeIOBEeIeCKOM
JeATeIILHOCTH.

VanBuTENHFHO TPO30PIUBLIM OKa3ajoch mosjoxkenwne JI. B. Kamroposmua o ToMm, dTo
seMeHThl K -IpOCTPpaHCTBa CYyTh 00ODIMEHHBIE YUCIa. DBpucTHYecKuil npuanun KaaTopo-
BHYA HAIIEN OJIecTsInee MoATBEPKIECHNE B PAMKAX COBPEMEHHON MATEeMATUIECKON JIOTUKH.
K-tpocTrpancTBa, yTBEPIUBIIHECS B KA9€CTBE HOBOM PABHOIIPABHON MOJIE/IM BEIIECTBEHHON
TIPSMOIi, HABCETJA BOILIN B COKPOBUIHUILY MUPOBON HAYKU.

Yxongar B mpomnutoe roabl obmienus ¢ JI. B. KanropoBuduem, BpeMsi ero MakCHMaJib-
HOT'O BKJIAJIa B HAYKY U 2KU3Hb. HO BCE OT‘{éTJII/IBee CTaHOBATCA Ma.CHITa.6BI €ro JINYHOCTH
¥ yHUDUIEPYIOIINX Ui, YCTPEMJIEHHBIX B Oy ayIiee.
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