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� §¢¨¢ ¥âáï ¬¥â®¤   «¨â¨ç¥áª®£® à¥è¥¨ï ¯®«ã¯à®áâà áâ¢¥ëå £à ¨çëå § ¤ ç ¤«ï í««¨¯-

á®¨¤ «ì® áâ â¨áâ¨ç¥áª®£® ãà ¢¥¨ï á ç áâ®â®©, ¯à®¯®àæ¨® «ì®© áª®à®áâ¨ ¬®«¥ªã«. �¥è¥ 

ª« áá¨ç¥áª ï § ¤ ç  �¬®«ãå®¢áª®£® ® áª çª¥ â¥¬¯¥à âãàë ¢ à §à¥¦¥®¬ £ §¥ ¨ ® á« ¡®¬ ¨á-

¯ à¥¨¨ (ª®¤¥á æ¨¨). �à®¢¥¤¥ë ç¨á«¥ë¥ à áç¥âë ¯®«ãç¥ëå ¢ëà ¦¥¨©. �à®¢®¤¨âáï

áà ¢¥¨¥ á ¯à¥¤ë¤ãé¨¬¨ à¥§ã«ìâ â ¬¨.

1. �¢¥¤¥¨¥.

�®áâ ®¢ª  § ¤ ç¨ ¨ ®á®¢ë¥ ãà ¢¥¨ï

�§¢¥áâ®¥ ª¨¥â¨ç¥áª®¥ ���-ãà ¢¥¨¥ (�å â £ à, �à®áá, �àãª) ®¡« ¤ ¥â â¥¬

¥¤®áâ âª®¬, çâ® ®® ¯à¨¢®¤¨â ª ¥¯à ¢¨«ì®¬ã ç¨á«ã �à ¤â«ï. �â®¡ë ¨§¡¥¦ âì

íâ®£® ¥¤®áâ âª  ¯à¨¡¥£ îâ ª ¬®¤¥«ï¬ (¯à¨   «¨â¨ç¥áª®¬ à¥è¥¨¨) ¡®«¥¥ ¢ëá®-

ª®£® ¯®àï¤ª  | ãà ¢¥¨î � å®¢  ¨ í««¨¯á®¨¤ «ì® áâ â¨áâ¨ç¥áª®¬ã ãà ¢¥¨î

(��-ãà ¢¥¨î), ¨«¨ ¯à¨¡¥£ îâ ª ¯®«®¬ã ãà ¢¥¨î �®«ìæ¬   ¯à¨ ç¨á«¥®¬ à¥-

è¥¨¨.

�«ï ¢á¥å ¬®¤¥«ìëå ãà ¢¥¨© á ¯®áâ®ï®© ç áâ®â®© áâ®«ª®¢¥¨© � = const

¡ë«¨ à §¢¨âë   «¨â¨ç¥áª¨¥ ¬¥â®¤ë [1{4] à¥è¥¨ï £à ¨çëå § ¤ ç.

� àï¤ã á ª¨¥â¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ á � = const ¯à¨¬¥ïîâáï ¨ ãà ¢¥¨ï á

ç áâ®â®© áâ®«ª®¢¥¨©, ¯à®¯®àæ¨® «ì®© ¬®«¥ªã«ïà®© áª®à®áâ¨. � ª¨¥ ãà ¢¥¨ï

®â¢¥ç îâ ¡®«¥¥  ¤¥ª¢ â®© £¨¯®â¥§¥ ® ¯®áâ®ïáâ¢¥ ¤«¨ë á¢®¡®¤®£® ¯à®¡¥£  ¬®«¥ªã«

l = const.

� [5] ¯®ª § ®, çâ® ��-ãà ¢¥¨¥ ¯à¨ l = const ¢ § ¤ ç å áª®«ì¦¥¨ï ¯à¨¢®¤¨â

ª à¥§ã«ìâ â ¬,  ¨¡®«¥¥ ¡«¨§ª¨¬ ª ¯®«ãç¥ë¬ á ¨á¯®«ì§®¢ ¨¥¬ ¯®«®£® ãà ¢¥¨ï

�®«ìæ¬   ¤«ï ¬®«¥ªã« | â¢¥à¤ëå áä¥à. � ¬ ¦¥ ¢ [5] ¡ë« à §à ¡®â  ¬¥â®¤   «¨-

â¨ç¥áª®£® à¥è¥¨ï ��-ãà ¢¥¨ï ¢ ¯à¨¬¥¥¨¨ ª § ¤ ç ¬ áª®«ì¦¥¨ï. �â¬¥â¨¬, çâ®

¤® á¨å ¯®à ®âáãâáâ¢ã¥â ¬¥â®¤   «¨â¨ç¥áª®£® à¥è¥¨ï ®¡é¨å £à ¨çëå § ¤ ç ¤«ï

��-ãà ¢¥¨ï. � â ª¨¬ § ¤ ç ¬ ®â®á¨âáï ¨ § ¤ ç  �¬®«ãå®¢áª®£®, ®¡ê¥¤¨ïîé ï

§ ¤ ç¨ ® â¥¬¯¥à âãà®¬ áª çª¥ ¨ ® á« ¡®¬ ¨á¯ à¥¨¨ (ª®¤¥á æ¨¨). �¥«ì  áâ®ïé¥©

à ¡®âë | ¢®á¯®«¨âì íâ®â ¯à®¡¥«.

�  áâ®ïé¥© à ¡®â¥ à §¢¨¢ ¥âáï   «¨â¨ç¥áª¨© ¬¥â®¤ à¥è¥¨ï ¯®«ã¯à®áâà áâ-

¢¥ëå £à ¨çëå § ¤ ç ¤«ï ��-ãà ¢¥¨ï á ç áâ®â®© áâ®«ª®¢¥¨© � = �0V; V =p
V 2
1 + V 2

2 + V 2
3 | ¬®¤ã«ì ¬®«¥ªã«ïà®© áª®à®áâ¨. �®«ãç¥® â®ç®¥ à¥è¥¨¥ § ¤ ç¨

�¬®«ãå®¢áª®£®.

c 2002 � âëè¥¢ �. �., �èª ®¢ �. �.
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� ¤ ç  ® áª çª¥ â¥¬¯¥à âãàë ¢ £ §¥ ®â®á¨âáï ª ç¨á«ã ¢ ¦¥©è¨å ¢® ¢á¥© ¯à®-

¡«¥¬ â¨ª¥ ¢§ ¨¬®¤¥©áâ¢¨ï £ §  á â¢¥à¤ë¬ â¥«®¬ (¨«¨ ª®¤¥á¨à®¢ ®© ä §®©). �â®©

§ ¤ ç¥ ¯®á¢ïé¥ æ¥«ë© àï¤ à ¡®â, ®á®¢ ëå   ¨á¯®«ì§®¢ ¨¨ ª ª ç¨á«¥ëå, â ª

¨   «¨â¨ç¥áª¨å ¬¥â®¤®¢. �â¬¥â¨¬, çâ® ¢ á¢ï§¨ á äã¤ ¬¥â «ìë¬ å à ªâ¥à®¬

à áá¬ âà¨¢ ¥¬®© ¯à®¡«¥¬ë ¨â¥à¥á ª   «¨â¨ç¥áª¨¬ ¬¥â®¤ ¬ ®áâ ¥âáï ¢ëá®ª¨¬ (á¬.

áâ âìî [6] ¨ æ¨â¨àã¥¬ë¥ ¢ ¥© à ¡®âë).

�â¬¥â¨¬, çâ® ¨¬¥îé¨¥áï ¯® ¤ ®© ¯à®¡«¥¬¥   «¨â¨ç¥áª¨¥ à¥§ã«ìâ âë ¯®«ãç¥-

ë á ¨á¯®«ì§®¢ ¨¥¬ ���-ãà ¢¥¨ï (á ¯®áâ®ï®© ¨ ¯¥à¥¬¥®© ç áâ®â®© áâ®«ª®¢¥-

¨©) ¨ ��-ãà ¢¥¨ï á � = const. �à¥¤áâ ¢«ï¥âáï  ªâã «ìë¬ à §¢¨âì   «¨â¨ç¥áª¨©

¬¥â®¤ ¤«ï ��-ãà ¢¥¨ï ¢ á«ãç ¥ l = const ¨ ¯à¨¬¥¨âì ¥£® ¢ § ¤ ç¥ �¬®«ãå®¢áª®£®.

� ¦® ¨¬¥âì ¢¢¨¤ã, çâ® ¨¬¥®   «¨â¨ç¥áª¨¥ ¬¥â®¤ë ¤ îâ ¯®«®¥ à¥è¥¨¥ § ¤ ç¨,

â ª ª ª ¯®§¢®«ïîâ ¯®«ãç¨âì ¥ â®«ìª® ¢¥«¨ç¨ë áª çª®¢ ¬ ªà®¯ à ¬¥âà®¢ (â¥¬¯¥à -

âãàë ¨ ª®æ¥âà æ¨¨), ® ¨ ¯®«ãî äãªæ¨î à á¯à¥¤¥«¥¨ï.

�®§ì¬¥¬ áâ æ¨® à®¥ «¨¥ à¨§®¢ ®¥ ��-ãà ¢¥¨¥ á ç áâ®â®© � = �0V

(á¬. [1, 7]) ¢ ¡¥§à §¬¥àëå ¯¥à¥¬¥ëå

Cr'+ C'(r;C) =

p
�

2
C

Z
�(C 0)k(C;C0)'(r;C) d3C 0: (1:1)

�à¨ íâ®¬ ¨á¯®«ì§ã¥âáï ¡¥§à §¬¥à ï áª®à®áâì ¬®«¥ªã« C =
p
m=2kTs V (Ts |

â¥¬¯¥à âãà  ¯®¢¥àå®áâ¨, k | ¯®áâ®ï ï �®«ìæ¬  ) ¨ ¡¥§à §¬¥à ï ª®®à¤¨ â 

r0 = �0r. �¤¥áì ¨ ¤ «¥¥ èâà¨å ã ¡¥§à §¬¥à®© ª®®à¤¨ âë ®¯ãáª ¥âáï.

�¤à® ãà ¢¥¨ï (1.1) ®¯à¥¤¥«ï¥âáï ¢ëà ¦¥¨¥¬

k(C;C0) = 1+
3

2
CC0+

1

2
(C2�2)(C 0

2�2)+

3X
i;j=1

�
CiCj � 1

3
�ijC

2

��
Ci
0C 0l �

1

3
�ijC

02

�
;

�(C) = ��3=2C exp(�C2),  | ¯ à ¬¥âà, ª®â®àë© ¬®¦®  ©â¨ ¨§ ®¯à¥¤¥«¥¨ï ç¨á« 

�à ¤â«ï, �ij | á¨¬¢®« �à®¥ª¥à  (�ii = 1; �ij = 0, i 6= j).

�â¬¥â¨¬, çâ® ¯à¨  = 0 ãà ¢¥¨¥ (1.1) ¯¥à¥å®¤¨â ¢ ���-ãà ¢¥¨¥, ¨¡® ��-ï¤à®

k ¯¥à¥å®¤¨â ¢ ���-ï¤à® k0(C;C
0) = 1 + 3

2
CC0 + 1

2
(C2 � 2)(C 0

2 � 2).

�ã¤¥¬ à áá¬ âà¨¢ âì ª« áá § ¤ ç, ¢ ª®â®àëå äãªæ¨ï à á¯à¥¤¥«¥¨ï § ¢¨á¨â

®â ®¤®© ¯à®áâà áâ¢¥®© ¯¥à¥¬¥®© x ¨ ®¡« ¤ ¥â ¨§®âà®¯¨¥© ¢ ¯«®áª®áâ¨ C1 =

const; C2; C3. �«ï íâ¨å § ¤ ç ¢á¥ ¥¤¨ £® «ìë¥ ª®¬¯®¥âë â¥§®à  ¢ï§ª¨å  ¯àï-

¦¥¨© (i 6= j) Z
�(C)(CiCj � 1

3
�ijC

2)'(x;C) d3C

à ¢ë ã«î. �à®¬¥ â®£®, ¯à¨ ¤ ëå ¯à¥¤¯®«®¦¥¨ïå äãªæ¨ï '(x;C) § ¢¨á¨â â®«ì-

ª® ®â x;C ¨ � = C1=C. �«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (1.1) ã¯à®é ¥âáï:

�
@'

@x
+ '(x; �;C) =

1Z
�1

d�0
1Z
0

exp(�C 02)C 03k(�;C;�0; C 0)'(x; �0; C 0) dC 0; (1:2)

£¤¥

k(C;C0) = k0(C;C
0) +

3

2
C2C 0

2

�
�2 � 1

3

��
�0

2 � 1

3

�
:
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�®á¯®«ì§ã¥¬áï ®¯à¥¤¥«¥¨¥¬ ç¨á«  �à ¤â«ï: Pr = 5k�=(2m{). �¤¥áì m| ¬ áá 

¬®«¥ªã«ë, � | ª®íää¨æ¨¥â ¢ï§ª®áâ¨, { | ª®íää¨æ¨¥â â¥¯«®¯à®¢®¤®áâ¨. �ëà -

¦ ï ª®íää¨æ¨¥âë ¢ï§ª®áâ¨ ¨ â¥¯«®¯à®¢®¤®áâ¨ ç¥à¥§ ¯ à ¬¥âà , ¯®«ãç ¥¬

 =
40(9Pr�8)

288Pr�256 + 75�
:

�à¨ ç áâ® ¨á¯®«ì§ã¥¬®¬ § ç¥¨¨ ç¨á«  �à ¤â«ï Pr = 2=3 ¨§ íâ®© ä®à¬ã«ë á«¥¤ã¥â

 = �0;466148.
� § ¤ ç¥ �¬®«ãå®¢áª®£® £ § § ¨¬ ¥â ¯®«ã¯à®áâà áâ¢® x > 0  ¤ ¯«®áª®© áâ¥-

ª®©, á ª®â®à®© ¯à®¨áå®¤¨â ¨á¯ à¥¨¥ (ª®¤¥á æ¨ï) ¬®«¥ªã« £ §  (¯ à ),   â ª¦¥ ¯à®-

¨áå®¤¨â â¥¯«®®¡¬¥ ¬¥¦¤ã ª®¤¥á¨à®¢ ®© ä §®© ¨ £ §®¬ (¯ à®¬). �à¥¤¯®« £ ï,

çâ® ¢¤ «¨ ®â ¯®¢¥àå®áâ¨ áãé¥áâ¢ã¥â £à ¤¨¥â â¥¬¯¥à âãàë, ¯¥à¯¥¤¨ªã«ïàë© ¯®-

¢¥àå®áâ¨ (¨ á®®â¢¥âáâ¢ãîé¨© ¯®â®ª â¥¯« ),   â ª¦¥ ¥ª®â®à ï áà¥¤¥¬ áá®¢ ï áª®-

à®áâì £ § ,  ¯à ¢«¥ ï ®â ¨«¨ ª ¯®¢¥àå®áâ¨ (¨á¯ à¥¨¥ ¨«¨ ª®¤¥á æ¨ï), â. ¥.

T (x) = T0+Ktx; n(x) = n0� (n0Kt=Ts)x; Kt = (dT=dx)1, U(x) = fU1; 0; 0g; x! +1.

� ¤ ç  �¬®«ãå®¢áª®£® á®áâ®¨â ¢  å®¦¤¥¨¨ ®â®á¨â¥«ì®£® áª çª  â¥¬¯¥à âãàë

"t = (T0 � Ts)=Ts ª ª äãªæ¨¨ ®â®á¨â¥«ì®£® £à ¤¨¥â  â¥¬¯¥à âãàë kt = Kt=Ts
¨ áª®à®áâ¨ ¨á¯ à¥¨ï (ª®¤¥á æ¨¨) U =

p
m=2kTsU1. �ç¨âë¢ ï «¨¥©ë© å à ª-

â¥à § ¤ ç¨, ¬®¦® § ¯¨á âì: "t = Ttkt + TuU . �¥§à §¬¥àë¥ ¢¥«¨ç¨ë Tt; Tu  -

§ë¢ îâáï ª®íää¨æ¨¥â ¬¨ áª çª  â¥¬¯¥à âãàë. �àã£®© ¢ ¦¥©è¥© å à ªâ¥à¨áâ¨-

ª®© £ §  ï¢«ï¥âáï ¢¥«¨ç¨  ®â®á¨â¥«ì®£® áª çª  ª®æ¥âà æ¨¨ "n = (n0 � ns)=ns
(ns | ª®æ¥âà æ¨ï  áëé¥®£® ¯ à , á®®â¢¥âáâ¢ãîé ï â¥¬¯¥à âãà¥ Ts), ¤«ï ª®â®-

à®©: "n = Ntkt +NuU , Nt; Nu | ª®íää¨æ¨¥âë áª çª  ª®æ¥âà æ¨¨.

�à¥¤¯®« £ ï ®âà ¦¥¨¥ ¬®«¥ªã« ®â áâ¥ª¨ ç¨áâ® ¤¨ääã§ë¬, áä®à¬ã«¨àã¥¬ £à -

¨çë¥ ãá«®¢¨ï ¢ § ¤ ç¥ �¬®«ãå®¢áª®£®:

'(0; �; C) = 0; 0 < � < 1;

'(0; �; C) = has(0; �; C) + o(1); x! +1; �1 < � < 0;
(1:3)

£¤¥

has = "n + 2U�C +

�
C2 � 3

2

�
"t + kt

�
(x� �)

�
C2 � 5

2

�
� 2

3
p
�
�C

�
:

�à ¢¥¨¥ (1.2) ¨¬¥¥â ç¥âëà¥ ç áâëå à¥è¥¨ï: âà¨ | íâ® ¨¢ à¨ âë áâ®«ª®¢¥¨©

1; �C;C2; ç¥â¢¥àâ®¥ à¥è¥¨¥ (x� �)(C2 � 5=2) � 2�C=(3
p
�) ®¯¨áë¢ ¥â ¯¥à¥®á â¥¯« 

¢ ¥®¤®à®¤®  £à¥â®¬ £ §¥.

�ç¨âë¢ ï áâàãªâãàã ï¤à  ãà ¢¥¨ï (1.2), ¡ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ (1.2),

(1.3) ¢ ¢¨¤¥

'(x; �;C) = h1(x; �) + Ch2(x; �) + (C2 � 2)h3(x; �):

�®«ãç¨¬ § ¤ çã, á®áâ®ïéãî ¨§ ãà ¢¥¨ï

�
@h

@x
+ h(x; �) =

1

2

1Z
�1

K(�; �0)h(x; �) d�0 (1:4)

¨ £à ¨çëå ãá«®¢¨©:

h(0; �) = 0; 0 < � < 1;

h(x; �) = has(x; �) + o(1); x! +1; �1 < � < 1:
(1:5)
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�¤¥áì h = colfh1(x; �); h2(x; �); h3(x; �)g| ¢¥ªâ®à-áâ®«¡¥æ, K(�; �0) | ï¤à® ãà ¢¥¨ï,

K(�; �0) = K0 + 3��0K1 + 3

�
�2 � 1

3

��
�0

2 � 1

3

�
K2; � =

3

16

p
�;

K0 =

2
4 1 4� 0

0 0 0

0 � 1

3
5 ; K1 =

2
4 0 0 0

2� 1 �

0 0 0

3
5 ; K2 =

2
4 2 10� 2

0 0 0

1 5� 1

3
5 ;

has(x; �) = col

�
"n +

1

2
"t � 1

2
kt(x� �);

�
2U � 2

3
p
�
kt

�
�; "t + kt(x� �)

�
:

2. � §¤¥«¥¨¥ ¯¥à¥¬¥ëå.

�®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï

� §¤¥«¥¨¥ ¯¥à¥¬¥ëå ¢ ãà ¢¥¨¨ (1.4) á®£« á® ®¡é¥¬ã ¬¥â®¤ã �ãàì¥ ¯à¨¢®-

¤¨â ª à¥è¥¨ï¬ h�(x; �) = exp(�x=�)�(�; �), ¢ ª®â®àëå � | á¯¥ªâà «ìë© ¯ à ¬¥âà,

¨«¨ ¯ à ¬¥âà à §¤¥«¥¨ï,   ¢¥ªâ®à � ï¢«ï¥âáï à¥è¥¨¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢-

¥¨ï

(� � �)�(�; �) =
1

2
�D(�; �)n(�); n(�) = col fn1(�); n2(�); n3(�)g =

1Z
�1

�(�; �) d�:

�¤¥áì D(�; �) = D0(��)� (�2 � 1
3
)D1(�); d(�) = 1 + 3c�2,

D0 =

2
4 1 4� 0

0 3c�� 0

0 � 1

3
5 ; D1(�) =

2
4 2 10�d(�) 2

0 0 0

1 5�d(�) 1

3
5 ; c = 1� 9�2:

�à¨ � 2 (�1; 1) à¥è¥¨¥ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¢®§ì¬¥¬ ¢ ¯à®áâà áâ¢¥ ®¡®¡-

é¥ëå äãªæ¨© [8]: �(�; �) = F (�; �)n(�), £¤¥

F (�; �) =
1

2
D(�; �)P

1

� � �
+�(�)�(� � �)

| á®¡áâ¢¥ ï ¬ âà¨æ -äãªæ¨ï, á¨¬¢®« Px�1 ®§ ç ¥â à á¯à¥¤¥«¥¨¥ | £« ¢®¥

§ ç¥¨¥ ¨â¥£à «  ®â x�1, �(x) | ¤¥«ìâ -äãªæ¨ï, �(z) | ¤¨á¯¥àá¨® ï ¬ âà¨æ ,

�(z) = �0(z) � !�(z)D1(z); !�(z) =
1

3
+

�
z2 � 1

3

�
�0(z);

�0(z) =

2
4�0(z) 4�T (z) 0

0 !(z) 0

0 �T (z) 0

3
5 ;

�0(z) = 1+ T (z); T (z) = 1
2
z

1R
�1

du
u�z

, !(z) = 1+ 3cz2�0(z), �0(z) | ¤¨á¯¥àá¨® ï äãª-

æ¨ï �¥©§  [9].
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�¨¦¥ ¯® ¤®¡¨âáï ¯à¥¤áâ ¢«¥¨¥ ¤¨á¯¥àá¨®®© ¬ âà¨æë ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

�(z) = �0(z)D(z) � 1
3
M(z), £¤¥

M(z) =

2
4 2 2�(6 + 5d(z)) 2

0 �3 0

 �(3 + 5d(z)) 

3
5 :

�¨á¯¥àá¨® ï äãªæ¨ï ¤ ®© § ¤ ç¨ ¨¬¥¥â ¢¨¤

�(z) = det�(z) = �0(z)!(z)!1(z);

£¤¥ !1(z) = �1�0(z)� 3!�(z) = �0(z)s(z) � 1, s(z) = �3z2 + 1 + �1.

�® ®¯à¥¤¥«¥¨î (á¬.,  ¯à¨¬¥à, [1, 10]), ¤¨áªà¥âë© á¯¥ªâà § ¤ ç¨ á®áâ ¢«ï¥â

¬®¦¥áâ¢® ã«¥© ¤¨á¯¥àá¨®®© äãªæ¨¨. �ã«¥¬ �0(z) ï¢«ï¥âáï (á¬. [9]) â®çª  z =1
ªà â®áâ¨ 2, ã«ï¬¨ !(z) ï¢«ïîâáï (á¬. [1, 7]) ¤¢¥ â®çª¨ ��0(�0 = 1+1;12 � 10�48). �§
à §«®¦¥¨ï

!1(z) =
4 � 5

15z2
+
8 � 7

35z4
+ � � � (z !1)

¢¨¤®, çâ® !1(z) ¨¬¥¥â ã«ì ªà â®áâ¨ 2 ¢ â®çª¥ z =1. �à¨¬¥¥¨¥ ¯à¨æ¨¯   à£ã-

¬¥â  [11] ¯®ª §ë¢ ¥â, çâ® ¤àã£¨å ã«¥© !1(z) ¥ ¨¬¥¥â. �ã«î �0 ®â¢¥ç ¥â á®¡áâ¢¥®¥

à¥è¥¨¥

h0(x; �) = exp(�x=�)1
2
�0D(�; �0)

1

�0 � �
n(�0):

�®¤áâ ¢«ïï íâ® à¥è¥¨¥ ¢ ãà ¢¥¨¥ (1.4), ¯®«ãç ¥¬, çâ® ¢¥ªâ®à n(�0) ®¯à¥¤¥«ï¥âáï

¨§ ãà ¢¥¨ï

�(�0)n(�0) = 0: (2:1)

�á¯®«ì§ãï à ¢¥áâ¢ 

!(�0) = 1 + 3c�20�0(�0) = 0; d(�0)�0(�0) = T (�0); �0(�0)� 3!�(�0) = !1(�0);

¬ âà¨æã �(z) ¢ â®çª¥ �0 ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥:

�(�0) = 

2
4!1(�0) + !�(�0) 4�d(�0)[!1(�0) + !�(�0)=2] �2!�(�0)

0 0 0

�!�(�0) �d(�0)[!1(�0)� 2!�(�0)] !1(�0) + 2!�(�0)

3
5

�®§ì¬¥¬ n2(�0) = �0(�0). �®£¤  ¨§ ãà ¢¥¨ï (2.1) ¯®«ãç ¥¬ ¤¢  ãà ¢¥¨ï:

[!1(�0) + !�(�0)]n1(�0)� 2!�(�0)n3(�0) = �4�T (�0)[!1(�0) + !�(�0)=2];

�!�(�0)n1(�0) + [!1(�0) + 2!�(�0)]n3(�0) = ��T (�0)[!1(�0)� 2!�(�0)]:

�§ íâ¨å ãà ¢¥¨© ¯®«ãç ¥¬: n1(�0) = �4�T (�0); n3(�0) = ��T (�0). �â ª, ¢¥ªâ®à

n(�0) ¯®áâà®¥:

n(�0) = col f�4�T (�0); �0(�0);��T (�0)g:
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� ¬¥â¨¬, çâ® D1(�0)n(�0) = 0, á«¥¤®¢ â¥«ì®,

D(�; �0)n(�0) = [D0(��0)� (�2 � 1

3
)D1(�0)]n(�0)

= D0(��0)n(�0) = col f4�;��=�0; �g:

� ª¨¬ ®¡à §®¬, ¯®á«¥¤¥¥ ç áâ®¥ à¥è¥¨¥ ¯®áâà®¥®:

h0(x; �) =
1

2

exp(�x=�0)
�0 � z

col f4��0;��; ��0g:

�â¬¥â¨¬, çâ® «¨¥© ï ª®¬¡¨ æ¨ï ç¥âëà¥å ç áâëå à¥è¥¨© ãà ¢¥¨ï (1.4),

®â¢¥ç îé¨å â®çª¥ z =1, á®áâ ¢«ï¥â ¢¥ªâ®à has(x; �).

3. �¤®à®¤ ï ªà ¥¢ ï § ¤ ç 

�¨¦¥  ¬ ¯® ¤®¡¨âáï à¥è¥¨¥ ¢¥ªâ®à®© ®¤®à®¤®© ªà ¥¢®© § ¤ ç¨ �¨¬   |

�¨«ì¡¥àâ :

X+(�) = G(�)X�(�); G(�) = [�+(�)]�1��(�); 0 < � < 1; (3:1)

á ¬ âà¨çë¬ ª®íää¨æ¨¥â®¬ G(�), ª®â®àë© ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ G(�) =

[P+(�)]�1P�(�), £¤¥ P (z) = �(z)D�1(z; z); X(z) | ¥¨§¢¥áâ ï ¬ âà¨æ , X�(�) |

£à ¨çë¥ § ç¥¨ï á¢¥àåã/á¨§ã ¢ ¨â¥à¢ «¥ (0; 1).

�á®, çâ® P (z) = �0(z)E � 1
3
M(z)D�1(z; z); E | ¥¤¨¨ç ï ¬ âà¨æ , ¨«¨ P (z) =

�0(z)E � 1
3s(z)

E1(z), £¤¥

E1(z) =

2
4 2 e1(z) 2

0 e2(z) 0

1 e3(z) 1

3
5 ; e1(z) = 2�(5 � 2e2(z));

e2(z) = �s(z)=cz2;
e3(z) = �(5 � e2(z)):

� âà¨æ  P (z)   «¨â¨ç  ¢ ª®¬¯«¥ªá®© ¯«®áª®áâ¨, §  ¨áª«îç¥¨¥¬ â®ç¥ª à §-

à¥§  [0; 1],   â ª¦¥ ¯à®áâëå ¬¨¬ëå ¯®«îá®¢ �i�1, �1 =
p
�1=3 � 1=3, ï¢«ïîé¨åáï

ã«ï¬¨ s(z). �à¨  ! 0 (ª®£¤  ��-ãà ¢¥¨¥ ¯¥à¥å®¤¨â ¢ ���) ¯®«îáë �i�1 ¨áç¥§ îâ,
ã¡¥£ ï ¢ ¡¥áª®¥ç®áâì ¢¤®«ì ¬¨¬®© ®á¨.

�«ï ¯à¨¢¥¤¥¨ï ª ¤¨ £® «ì®¬ã ¢¨¤ã ¬ âà¨æë P (z) ¤®áâ â®ç® ¤¨ £® «¨§®¢ âì

¬ âà¨æã E1(z). � áá¬ âà¨¢ ï § ¤ çã   á®¡áâ¢¥ë¥ § ç¥¨ï ¤«ï ¬ âà¨æë E1(z),

¯®áâà®¨¬ ¤¨ £® «¨§¨àãîéãî ¬ âà¨æã S,

S =

2
4 1 �4� 2

0 1 0

�1 �� 1

3
5 ; S�1 =

1

3

2
4 1 2� �2
0 3 0

1 5� 1

3
5 :

�§ ®¯à¥¤¥«¥¨ï ¬ âà¨æë S ¢ëâ¥ª ¥â, çâ® S�1E1(z)S = diag f0; e2(z); 3g. �ã¤¥¬ ¨áª âì

à¥è¥¨¥ § ¤ ç¨ (3.1) ¢ ¢¨¤¥ X(z) = SX0(z)S
�1, £¤¥ X0(z)= diag fU(z), V (z), W (z)g |

¥¨§¢¥áâ ï ¬ âà¨æ . �ç¨âë¢ ï ¯à®¢¥¤¥ãî ¤¨ £® «¨§ æ¨î, ¯®«ãç ¥¬ ¬ âà¨çãî

ªà ¥¢ãî § ¤ çã:


+(�)X+
0 (�) = 
�(�)X�

0 (�); 0 < � < 1; (3:2)
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£¤¥ 
(z) = S�1P (z)S = diag f�0(z); !(z)=3cz2 ; !1(z)=s(z)g.
� âà¨ç ï ªà ¥¢ ï § ¤ ç  (3.2) íª¢¨¢ «¥â  â¥¯¥àì âà¥¬ áª «ïàë¬ ªà ¥¢ë¬

§ ¤ ç ¬:
U+(�) = [��0 (�)=�

+
0 (�)]U

�(�); 0 < � < 1;

V +(�) = [!�(�)=!+(�)]V �(�); 0 < � < 1;

W+(�) = [!�1 (�)=!
+
1 (�)]W

�(�); 0 < � < 1:

�¥à¢ë¥ ¤¢¥ § ¤ ç¨ ã¦¥ ¡ë«¨ à¥è¥ë ¢ [7], âà¥âìï § ¤ ç  à¥è ¥âáï   «®£¨ç® ¯¥à¢®©.

�à¨¢¥¤¥¬ à¥è¥¨ï áà §ã ¢á¥å § ¤ ç:

U(z) = z exp(�u(z)); V (z) = z exp(�v(z)); W (z) = z exp(�w(z));

u(z) =
1

�

1Z
0

�0(u)du

u� z
; v(z) =

1

�

1Z
0

�(u)du

u� z
; w(z) =

1

�

1Z
0

�1(u)du

u� z
;

§¤¥áì

�0(u) = ��
2
� arctg

�
2�0(u)

�u

�
; �(u) = ��

2
� arctg

�
2!(u)

3c�u3

�
;

�1(u) = ��
2
� arctg

�
2

�u
(�0(u)� 1

s(u)
)

�
:

� ª¨¬ ®¡à §®¬, ¬ âà¨æ  X(z) ¯®áâà®¥  ¨ ¢ ï¢®¬ ¢¨¤¥ ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬:

X(z) =

2
4 U + 2W 2�(U � 6V + 5W ) �2U + 2W

0 2V 0

�U +W �(�2U � 3V + 5W ) 2U +W

3
5 :

� ¬¥â¨¬, çâ® X(z) = zE +X(0) + o(1); z !1, £¤¥

X(0) = �1
3

2
4 U1 + 2W1 2�(U1 � 6V1 +W1) 2(�U1 +W1)

0 V1 0

�U1 +W1 �(�2U1 � 3V1 + 5W1) 2U1 +W1

3
5 :

�¤¥áì

U1 = � 1

�

1Z
0

�0(u)du = 0;710446;

V1 = � 1

�

1Z
0

�(u)du = 0;997747;

W1 = � 1

�

1Z
0

�1(u)du:

� ¯®¬¨¬, çâ® W1 § ¢¨á¨â ®â ¯ à ¬¥âà  , â. ¥. ®â ç¨á«  �à ¤â«ï. �à¨ ç¨á«¥

�à ¤â«ï Pr = 2=3 § ç¥¨¥ W1 = 0;812276. �à¨  ! 0 W1 ! U1, ¨¡® �1(u)! �0(u).
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4. � §«®¦¥¨¥ ¯® á®¡áâ¢¥ë¬ ¢¥ªâ®à ¬

�ã¤¥¬ ¨áª âì à¥è¥¨¥ § ¤ ç¨ (1.4), (1.5) ¢ ¢¨¤¥ à §«®¦¥¨ï ¯® á®¡áâ¢¥ë¬ ¢¥ª-

â®à ¬ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï:

h(x; �) = has(x; �) +A0h0(x; �) +

1Z
0

e�x=�F (�; �)A(�) d�: (4:1)

�¤¥áì A0 | ¥¨§¢¥áâ ï ¯®áâ®ï ï, A(�) | ¥¨§¢¥áâ ï ¢¥ªâ®à-äãªæ¨ï á í«¥¬¥-

â ¬¨ Aj(�); j = 1; 2; 3; ¥¨§¢¥áâë¬¨ â ª¦¥ ï¢«ïîâáï ¢¥«¨ç¨ë "t; "n, ¢å®¤ïé¨¥ ¢

has(x; �).

�á¯®«ì§ãï £à ¨çë¥ ãá«®¢¨ï (1.5), á¢¥¤¥¬ à §«®¦¥¨¥ (4.1) ª ¢¥ªâ®à®¬ã á¨£ã-

«ïà®¬ã ¨â¥£à «ì®¬ã ãà ¢¥¨î á ï¤à®¬ �®è¨:

has(0; �) +A0h0(0; �) +
1

2

1Z
0

�D(�; �)

� � �
A(�) d� +�(�)A(�) = 0; 0 < � < 1:

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ìãî ¢¥ªâ®à-äãªæ¨î

N(z) =
1

2

1Z
0

�D(z; �)A(�)
d�

� � z
(4:2)

¨ á¢¥¤¥¬ á¨£ã«ïà®¥ ãà ¢¥¨¥ ª ¥®¤®à®¤®© ¢¥ªâ®à®© ªà ¥¢®© § ¤ ç¥:

P+(�)[N+(�) + has(0; �) +A0h0(0; �)]

= P�(�)[N�(�) + has(0; �) +A0h0(0; �)]; 0 < � < 1:

� ¯®¬®éìî á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© § ¤ ç¨ (3.1) á¢¥¤¥¬ ¥®¤®à®¤ãî § ¤ çã ª

§ ¤ ç¥ ®¯à¥¤¥«¥¨ï   «¨â¨ç¥áª®© ¢¥ªâ®à-äãªæ¨¨ ¯® ¥¥ ã«¥¢®¬ã áª çªã   à §à¥§¥:

[X+(�)]
�1
[N+(�) + has(0; �) +A0h0(0; �)]

= [X�(�)]
�1
[N�(�) + has(0; �) +A0h0(0; �)]; 0 < � < 1:

(4:3)

�ç¨âë¢ ï ®á®¡¥®áâ¨ ¬ âà¨æ ¨ ¢¥ªâ®à®¢, ¢å®¤ïé¨å ¢ (4.3), ¯®«ãç¨¬ ¥£® ®¡é¥¥ à¥è¥-

¨¥:

N(z) = �has(0; z) �A0h0(0; z) +X(z)[C + (z � �0)
�1B]; (4:4)

£¤¥ C;B | ¥¨§¢¥áâë¥ ¢¥ªâ®àë á ¯®áâ®ïë¬¨ í«¥¬¥â ¬¨ cj ; bj (j = 1; 2; 3).

�áâà ¨¬ ¯®«îá ã à¥è¥¨ï (4.4) ¢ â®çª¥ �0 ãá«®¢¨¥¬:

X(�0)B +A0

1

2
�0 col f4�;�1; �g = 0;

®âªã¤ 

B = �A0

1

2
�0X

�1(�0) col f4�;�1; �g = � A0�0

2V (�0)
col f4�;�1; �g:
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�á¯®¬®£ â¥«ì ï ¢¥ªâ®à-äãªæ¨ï (4.2) ¨ ®¡é¥¥ à¥è¥¨¥ (4.4) ¨¬¥îâ ¯®«îá ¢ â®çª¥

z =1. �ë¤¥«¨¬ £« ¢ë¥ ç áâ¨ à §«®¦¥¨© íâ¨å äãªæ¨© ¢ ®ªà¥áâ®áâ¨ â®çª¨ z =1.

�à¥¤áâ ¢¨¬ (4.2) ¢ ¢¨¤¥

N(z) =
1

2

1Z
0

�D0(�z)

� � z
A(�) d� � 

�
z2 � 1

3

�
� 1
2

1Z
0

�D1(�)

� � z
A(�) d�:

�¥âàã¤® ¯à®¢¥à¨âì, çâ® D1(�)A(�) = a(�) col f2; 0; 1g, £¤¥

a(�) = a1(�) + 5�d(�)a2(�) + a3(�):

�«¥¤®¢ â¥«ì®, äãªæ¨ï (4.2) ¨¬¥¥â à §«®¦¥¨¥

N(z) = zN (1) +N (0) + o(1); z !1; (4:5)

§¤¥áì

N (1) = J (1) col f2; 0; 2g; N (0) = J (2) col f0; 1; 0g � J
(2)

2 col f0; 1; 0g;

J (j) =
1

2


1Z
0

�ja(�)d� (j = 1; 2); J
(2)

2 =
3c

2

1Z
0

�2a2(�)d�:

�¥¯¥àì à §«®¦¨¬ ¯à ¢ãî ç áâì (4.4)

N(z) = �has(0; z) �A0h0(0; z) + zC +B +X(0)C + o(1); z !1: (4:6)

�à ¢¨¢ ï à §«®¦¥¨ï (4.5) ¨ (4.6), ¯®«ãç ¥¬ ¤¢¥ á¨áâ¥¬ë ãà ¢¥¨©

c1 = 2c3 +
5

2
kt; c2 = 2U � 2

3
p
�
kt; c3 = J (1) � kt (4:7)

¨

2J (2) =� "n � 1

2
"t + b1 � 1

3
U1(c1 + 2�c2 � 2c3) + 4�c2V1 � 2

3
W1(c1 + 5�c2 + c3);

�J (2)2 =� 1

2
A0 + b2 � c2V1;

J (2) =� "t + b3 +
1

3
U1(c1 + 2�c2 � 2c3) + �c2V1 � 1

3
W1(c1 + 5�c2 + c3):

(4:8)

�§ á¨áâ¥¬ ãà ¢¥¨© (4.7) ¨ (4.8)  å®¤ïâáï ¢á¥ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë à¥è¥¨ï

(4.4) ¨ à §«®¦¥¨ï (4.1). �¥¨§¢¥áâ ï ¢¥ªâ®à-äãªæ¨ï A(�)  å®¤¨âáï ¨§ ä®à¬ã«ë

�®å®æª®£®, ¯à¨¬¥¥®© ª ¢¥ªâ®à-äãªæ¨¨ (4.2), ¯®á«¥ ¯®¤áâ ®¢ª¨ ¢ ¥¥ à¥è¥¨ï

(4.4):

i��D(�; �)A(�) =
�
X+(�)�X�(�)

� �
C + (� � �0)

�1B
�
: (4:9)

� ª¨¬ ®¡à §®¬, ¢á¥ ¥¨§¢¥áâë¥ ¨§ à §«®¦¥¨ï (4.1)  ©¤¥ë.
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5. �ª çª¨ â¥¬¯¥à âãàë ¨ ª®æ¥âà æ¨¨

� ©¤¥¬ ¢ ï¢®¬ ¢¨¤¥ ¢á¥ ¯ à ¬¥âàë à¥è¥¨ï (4.4) ¨ à §«®¦¥¨ï (4.1). � ãç¥â®¬

â®£®, çâ®

c1 + c3 = 3J (1) � 1

2
kt; c1 � 2c3 =

5

2
kt;

b1 + 5�b2 + b3 = 0; b1 + 2�b2 � 2b3 = 0;

à ¢¥áâ¢® (4.9) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ âà¥å áª «ïàëå:

i��[a1(�) + 4�a2(�)� 2p(�)a(�)] =

�
5

6
kt +

2

3
�c2

�
[U+(�) � U�(�)]

+ 2

�
J (1) � 1

6
kt +

5

3
�c2

�
[W+(�) �W�(�)] � 4�

�
c2 +

b2

� � �0

�
; (5.1)

i��3c�3a2(�) =

�
c2 +

b2

� � �0

�
[V +(�) � V �(�)]; p(�) = (�2 � 1

3
); (5:2)

i��[�a2(�) + a3(�) � p(�)a(�)] = �
�
5

6
kt +

2

3
�c2

�
[U+(�) � U�(�)]

+

�
J (1) � 1

6
kt +

5

3
�c2

�
[W+(�)�W�(�)] � �

�
c2 +

b2

� � �0

�
[V +(�) � V �(�)]: (5.3)

�®£« á® (5.2)  å®¤¨¬:

J
(2)

2 =
1

2�i

1Z
0

�
V +(�)� V �(�)

� �
c2 +

b2

� � �0

�
d�

�
:

�«ï ¢ëç¨á«¥¨ï íâ®£® ¨â¥£à «  ®¡à §ã¥¬ äãªæ¨î

F (z) = [V (z)� z + V1]

�
c2

z
+

b2

z(z � �0)

�
:

�®§ì¬¥¬ âà¥åá¢ï§ãî ®¡« áâì D", ®£à ¨ç¥ãî á«®¦ë¬ ª®âãà®¬, á®áâ®ïé¨¬ ¨§

®ªàã¦®áâ¨ R ¤®áâ â®ç® ¡®«ìè®£® à ¤¨ãá  R = 1="; " > 0, ®ªàã¦®áâ¨ 0 à ¤¨ãá 

" á æ¥âà®¬ ¢ â®çª¥ �0, ¨ ª®âãà  ", ¯à®å®¤¨¬®£® ¯® ç á®¢®© áâà¥«ª¥, ®âáâ®ïé¥£® ®â

à §à¥§  [0; 1]   à ááâ®ï¨¨ " ¨ ¯¥à¥å®¤ïé¥£® ¢ ®ªàã¦®áâì à ¤¨ãá  2" á æ¥âà®¬ ¢

 ç «¥ ª®®à¤¨ â.

�® â¥®à¥¬¥ �®è¨ ¤«ï ¬®£®á¢ï§ëå ®¡« áâ¥©

1

2�i

Z
R

F (z) dz =
1

2�i

Z
0

F (z) dz � 1

2�i

Z
"

F (z) dz:

�¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¢ íâ®¬ à ¢¥áâ¢¥ ¯à¨ "! 0. � á¨«ã  á¨¬¯â®â¨ª¨ V (z) = z� V1 +

o(1), z !1, ¨â¥£à « ¯® ®ªàã¦®áâ¨ R ¨áç¥§ ¥â. � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã

1

2�i

1Z
0

[F+(�) � F�(�)] d� =
1

2�i

1Z
0

[V +(�)� V �(�)]

�
c2

�
+

b2

�(� � �0)

�
d�

� J
(2)

2 = Res �0F (z) + Res 0F (z):
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�ëç¨á«ïï íâ¨ ¢ëç¥âë, ¯®«ãç ¥¬:

J
(2)

2 = V (0)(c2 � b2=�0) + V1c2 + V (�0)b2=�0 � b2:

�à ¢¨¢ ï íâ® à ¢¥áâ¢® á® ¢â®àë¬ ¨§ (4.8), ¨¬¥¥¬: b2 = �0c2, A0 = 2V (�0)c2.

�«¥¤®¢ â¥«ì®, ¢¥ªâ®à B ®ª®ç â¥«ì® ¯®áâà®¥:

B = ��0c2 col f4�;�1; �g:

�«®¦¨¬ ãà ¢¥¨¥ (5.1) á ãà ¢¥¨¥¬ (5.3) ¨ á ãà ¢¥¨¥¬ (5.2), ã¬®¦¥ë¬  

5�. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬

i��s(�)a(�) =

�
3J (1) � 1

2
kt + 5�c2

��
W+(�)�W�(�)

�
:

�«¥¤®¢ â¥«ì®,

J (j) =

�
3J (1) � 1

2
kt + 5�c2

�
Jj ; Jj =

1

2�i

1Z
0

�
W+(u)�W�(u)

�
uj�1du

s(u)
; j = 1; 2: (5:4)

�«ï ¢ëç¨á«¥¨ï ¨â¥£à «®¢ Jj ®¡à §ã¥¬ äãªæ¨¨

Fj(z) =
W (z)� z +W1

s(z)
zj�1; j = 1; 2:

�â¨ äãªæ¨¨   «¨â¨çë ¢ ç¥âëà¥åá¢ï§®© ®¡« áâ¨ D", ®£à ¨ç¥®© á«®¦ë¬

ª®âãà®¬. �â®â ª®âãà á®áâ®¨â ¨§ ®ªàã¦®áâ¨ R ¤®áâ â®ç® ¡®«ìè®£® à ¤¨ãá 

R = 1="; " > 0, ¤¢ãå ®ªàã¦®áâ¥© 1 : jz � i�1j = " ¨ �1 : jz + i�1j = ", ¨ ª®âãà  ",

®å¢ âë¢ îé¥£® à §à¥§ [0,1] ¯® ç á®¢®© áâà¥«ª¥, ¨ ®âáâ®ïé¥£® ®â ¥£®   à ááâ®ï¨¨ ".

�® â¥®à¥¬¥ �®è¨ ¤«ï ¬®£®á¢ï§ëå ®¡« áâ¥©

1

2�i

Z
R

Fj(z) dz = Res i�1Fj(z) + Res �i�1Fj(z)� 1

2�i

Z
"

Fj(z) dz:

�¥à¥©¤¥¬ ¢ íâ®¬ à ¢¥áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ " ! 0. � á¨«ã  á¨¬¯â®â¨ª¨ Fj(z) =

o(zj�3); j = 1; 2; ¯®«ãç ¥¬, çâ® ¨â¥£à « ¢ «¥¢®© ç áâ¨ ¯à¥¤ë¤ãé¥£® à ¢¥áâ¢  ¨á-

ç¥§ ¥â. �¬¥¥¬:

1

2�i

1Z
0

[F+
j (�)� F�j (�)] d� � Jj = Res i�1Fj(z) + Res �i�1Fj(z):

�«¥¤®¢ â¥«ì®,

J1 = Res i�1

W (z)� z +W1

s(z)
+Res �i�1

W (z)� z +W1

s(z)
= � 1

6i�1
[W (i�1)�W (�i�1)�2i�1];



4{30 �. �. � âëè¥¢, �. �. �èª ®¢

J2 = Res i�1

W (z)� z +W1

s(z)
z+Res �i�1

W (z)� z +W1

s(z)
z = �1

6
[W (i�1)+W (�i�1)+2W1]:

�¥¯¥àì ¨§ ãà ¢¥¨© (5.4)  å®¤¨¬:

J (1) =
J1

1� 3J1

�
5�c2 � kt

2

�
; J (2) =

J2

1� 3J1

�
5�c2 � kt

2

�
:

�â¨¬¨ à ¢¥áâ¢ ¬¨ § ª ç¨¢ ¥âáï  å®¦¤¥¨¥ ¢á¥å ¯ à ¬¥âà®¢ à¥è¥¨ï (4.4). �§

¯¥à¢®£® ¨ âà¥âì¥£® ãà ¢¥¨© (4.8) ¢ë¢¥¤¥¬ ä®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï áª çª  â¥¬¯¥-

à âãàë ¨ ª®æ¥âà æ¨¨:

"t = �c2

�
V1 � �0 +

2

3
U1 � 5

3
W1 � 5

J2 + J1W1

1� 3J1

�
+ kt

�
5

6
U1 +

W1 + 3J2

6(1� 3J � 1)

�
;

"n =
3

2
"t + 2�c2(V1 � �0 � U1)� 5

2
ktU1:

(5:5)

�à ¨ç ï § ¤ ç  (1.4), (1.5) ¯®«®áâìî à¥è¥ .

6. �¨á«¥ë¥ à áç¥âë ¨ ®¡áã¦¤¥¨¥ à¥§ã«ìâ â®¢

�à¥¤áâ ¢¨¬ ä®à¬ã«ë (5.5) ¢ áâ ¤ àâ®¬ ¢¨¤¥: "t = Ttkt + Tu(2U), "n =

Ntkt + Nu(2U). �®íää¨æ¨¥âë áª çª®¢ â¥¬¯¥à âãàë ¨ ª®æ¥âà æ¨¨ ¢ëç¨á«ïîâáï

¯® á«¥¤ãîé¨¬ ä®à¬ã« ¬:

Tt =
1

24
(3�0 � 3V1 + 18U1 + 10W1 �W 0

1);

Tu =
�

3
[�3�0 + 3V1 + 2U1 � 10W1 + 5W 0

1];

Nt =
1

16
[7�0 � 7V1 � 18U1 + 10W1 �W 0

1];

Nu =
�

2
[�7�0 + 7V1 � 2U1 � 10W1 +W 0

1]:

(6:1)

� íâ¨å ä®à¬ã« å

W 0

1 = �i�1W (i�1) +W (�i�1)
W (i�1)�W (�i�1) ;

¯à¨ç¥¬ W 0
1 !W1 ¯à¨  ! 0.

�â¬¥â¨¬, çâ® ¯à¨  ! 0 (ª®£¤  ��-ãà ¢¥¨¥ ¯¥à¥å®¤¨â ¢ ���-ãà ¢¥¨¥)

ä®à¬ã«ë (5.5) ¯¥à¥å®¤ïâ ¢ á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë, ¢ë¢¥¤¥ë¥   ®á®¢¥ ���-

ãà ¢¥¨ï:

"t = kt
1

8
(�0 � V1 + 9U1) + (2U)�(��0 + V1 � U1);

"n = kt
1

16
(7�0 � 7V1 � 9U1) + (2U)

7�

2
(��0 + V1 � U1):

�â¬¥â¨¬, çâ® ç¨á«® �à ¤â«ï ¥áª®«ìª® ®â«¨ç ¥âáï ®â § ç¥¨ï 2/3. �«ï ¬®¤¥«¨

¬®«¥ªã« | â¢¥à¤ëå áä¥à Pr = 0;66072 [13]. �à¨ íâ®¬ 0 = �0;483427. �¨á«¥ë¥ à á-
ç¥âë ¯® ¯à¨¢¥¤¥ë¬ ä®à¬ã« ¬, ¢ë¯®«¥ë¥ ¯à¨ § ç¥¨¨ 0, ®â¢¥ç îé¥¬ ¤ ®¬ã

ç¨á«ã �à ¤â«ï, ¯à¨¢®¤ïâ ª á«¥¤ãîé¨¬ à¥§ã«ìâ â ¬:

Tt(0) = 0;826285; Tu(0) = �1;09308;
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Nt(0) = �0;35851; Nu(0) = �0;93760:
�«ï áà ¢¥¨ï ¯à¨¢¥¤¥¬ à¥§ã«ìâ âë ¨§ [7] ¤«ï ���-¬®¤¥«¨ á ç áâ®â®© áâ®«ª®¢¥¨©,

¯à®¯®àæ¨® «ì®© áª®à®áâ¨ ¬®«¥ªã« (â. ¥. á ¯®áâ®ï®© ¤«¨®© á¢®¡®¤®£® ¯à®¡¥£ 

¬®«¥ªã«): Tt = 0;79954, Tu = �1;0239, Nt = �0;39863, Nu = �0;82905.
�¥à¥©¤¥¬ ª à §¬¥àë¬ ¯¥à¥¬¥ë¬. �â¬¥â¨¬, çâ® ¢ § ¤ ç¥ ® áª çª¥ â¥¬¯¥à âãàë

¯à¨ïâ® ¨á¯®«ì§®¢ âì ®¯à¥¤¥«¥¨¥ ¤«¨ë á¢®¡®¤®£® ¯à®¡¥£  ¬®«¥ªã« ç¥à¥§ ª®íää¨-

æ¨¥â â¥¯«®¯à®¢®¤®áâ¨ (â¥¬¯¥à âãà®¯à®¢®¤®áâ¨) [12]. �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¯à¥-

¤¥«¥¨¥ ¤«¨ë á¢®¡®¤®£® ¯à®¡¥£ , á®¢¯ ¤ îé¥¥ á á®®â¢¥âáâ¢ãîé¨¬ ®¯à¥¤¥«¥¨¥¬

á®£« á® [1] ¯à¨ Pr = 2=3:

l =
2�

3

r
2kT

�m
;

§¤¥áì � | ª®íää¨æ¨¥â â¥¬¯¥à âãà®¯à®¢®¤®áâ¨.

�®£¤  ¢ëà ¦¥¨¥ ¤«ï áª çª  â¥¬¯¥à âãàë § ¯¨è¥âáï ¢ ¢¨¤¥

"t = Ctl

�
dT

dx

�
1

:

�à¨ íâ®¬ ¯®«ãç¥ë© ¢ ¤ ®© à ¡®â¥ ª®íää¨æ¨¥â áª çª  â¥¬¯¥à âãàë ¨¬¥¥â á«¥¤ã-

îéãî ¢¥«¨ç¨ã: Ct = 2;06571. � ¯®¬¨¬, çâ® ��-ãà ¢¥¨¥ á ¯®áâ®ï®© ç áâ®â®©

áâ®«ª®¢¥¨© [4] ¤ ¥â: Ct = 2;20576.

�à¨¢¥¤¥¬ ¤«ï áà ¢¥¨ï à¥§ã«ìâ â, ¯®«ãç¥ë© ç¨á«¥® á ¨á¯®«ì§®¢ ¨¥¬ ¯®«-

®£® ãà ¢¥¨ï �®«ìæ¬   [12] ¤«ï ¬®¤¥«¨ ¬®«¥ªã«ë | â¢¥à¤ë¥ áä¥àë: Ct = 2;1133,

  â ª¦¥ ¯à¨¢¥¤¥¬ à¥§ã«ìâ â ¨§ [14], £¤¥ ¨á¯®«ì§®¢ « áì 13-¬®¬¥â ï ª¨¥â¨ç¥áª ï

¬®¤¥«ì á ¯®áâ®ï®© ç áâ®â®© áâ®«ª®¢¥¨© ¬®«¥ªã«. � íâ®© à ¡®â¥ ¯®«ãç¥ á«¥¤ã-

îé¨© à¥§ã«ìâ â: Ct = 2;20576. � à ¡®â¥ [6] ¡ë«® ¯à®¢¥¤¥® ç¨á«¥®¥ ¨áá«¥¤®¢ ¨¥

á ¨á¯®«ì§®¢ ¨¥¬ ¬¥â®¤  ¤¨áªà¥âëå ª®®à¤¨ â ���-¬®¤¥«¨ á ç áâ®â®© áâ®«ª®¢¥-

¨©, á®®â¢¥âáâ¢ãîé¥© ¬®¤¥«¨ ¬®«¥ªã«ë | â¢¥à¤ë¥ áä¥àë. �à¨ íâ®¬ ¡ë« ¯®«ãç¥

á«¥¤ãîé¨© à¥§ã«ìâ â Ct = 2; 0421. �â¬¥â¨¬, çâ® à¥§ã«ìâ âë, ¯à¨¢¥¤¥ë¥ ¢ ãª § -

ëå à ¡®â å ¯¥à¥áç¨â ë á ãç¥â®¬ ¯à¨ïâ®£® ¢ ¤ ®© à ¡®â¥ ®¯à¥¤¥«¥¨ï ¤«¨ë

á¢®¡®¤®£® ¯à®¡¥£  ¬®«¥ªã« £ § .

� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬ ï ��-¬®¤¥«ì ¯à¨¢®¤¨â ª ¡®«¥¥ â®ç®¬ã à¥§ã«ìâ -

âã, ¥¦¥«¨ ��-ãà ¢¥¨¥ á ¯®áâ®ï®© ç áâ®â®© áâ®«ª®¢¥¨© ¨«¨ ¤àã£¨¥ ¨§¢¥áâë¥

¬®¤¥«¨.

7. � ª«îç¥¨¥

�áâ ®¢¨¬áï   ®â«¨ç¨â¥«ìëå ®á®¡¥®áâïå ¨§«®¦¥®£®   «¨â¨ç¥áª®£® à¥è¥-

¨ï. �¥ª®¬¯®§¨æ¨ï äãªæ¨¨ à á¯à¥¤¥«¥¨ï á¢®¤¨â § ¤ çã �¬®«ãå®¢áª®£® ª â¨¯¨ç-

®¬ã ¢¥ªâ®à®¬ã ãà ¢¥¨î ¯¥à¥®á  á ¬ âà¨çë¬ 3 � 3 ï¤à®¬. �®çë¥ à¥è¥¨ï

ãà ¢¥¨© á â ª¨¬¨ ï¤à ¬¨ ®âáãâáâ¢ãîâ. �áª«îç¥¨¥ á®áâ ¢«ï¥â  è  à ¡®â  [7], ¢

ª®â®à®© à áá¬ âà¨¢ « áì íâ  ¦¥ § ¤ ç  ¤«ï ���-ãà ¢¥¨ï. �¤¨¬ ¨§ æ¥âà «ìëå

¬®¬¥â®¢, ®¡¥á¯¥ç¨¢ îé¨å   «¨â¨ç¥áª®¥ à¥è¥¨¥, ï¢«ï¥âáï ¤¨ £® «¨§ æ¨ï ¬ âà¨ç-

®© ¢¥ªâ®à®© ªà ¥¢®© § ¤ ç¨ �¨¬   | �¨«ì¡¥àâ , ª ª®â®à®© á¢®¤¨âáï ¨áå®¤ ï

£à ¨ç ï § ¤ ç . � âà¨çë© ª®íää¨æ¨¥â § ¤ ç¨ �¨¬   | �¨«ì¡¥àâ  ¨¬¥¥â ®á®-

¡¥®áâ¨ | ¯à®áâë¥ ¯®«îáë   ¬¨¬®© ®á¨. �®£¤  ��-ãà ¢¥¨¥ ¯¥à¥å®¤¨â ¢ ���-

ãà ¢¥¨¥ ( ! 0) íâ¨ ¯®«îáë ¯à®¯ ¤ îâ | ã¡¥£ îâ ¢ ¡¥áª®¥ç®áâì ¯® ¬¨¬®© ®á¨.

�¯¥à¢ë¥ ¤«ï   «¨â¨ç¥áª¨å ¬¥â®¤®¢ ¢ ãá«®¢¨ïå à §à¥è¨¬®áâ¨ ¤«ï ®¡é¥£® à¥è¥¨ï
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§ ¤ ç¨ �¨¬   | �¨«ì¡¥àâ  ¯à¨è«®áì ¨á¯®«ì§®¢ âì § ç¥¨ï ä ªâ®à-¬ âà¨æë ¥

â®«ìª® ¢ â®çª å ¤¨áªà¥â®£® á¯¥ªâà , ® ¨ ¢ ã¯®¬ïãâëå ¯®«îá å.

�®«ãç¥ë¥ ¢ à ¡®â¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ë ¯à¨   «¨§¥ ¯®¢¥¤¥¨ï

 íà®§®«ìëå ç áâ¨æ ¢ ¥®¤®à®¤®  £à¥âëå £ § å,   â ª¦¥ ¢ á ¬ëå à §®®¡à §ëå

¯à®¡«¥¬ å ª¨¥â¨ç¥áª®© â¥®à¨¨ £ §  ¨ ¯« §¬ë, ¢ â¥®à¨¨ ¯¥à¥®á  ¥©âà®®¢, í«¥ªâà®-

®¢, ¢ â¥®à¥â¨ç¥áª®©  áâà®ä¨§¨ª¥ ¨ ¤àã£¨å ®¡« áâïå.

�« £®¤ à®áâ¨. �¢ëè¥ ¤¥áïâ¨ «¥â  § ¤ �. �. �®¡ë«¥¢ ¯à¨§¢ «  á ¥ ®£à -

¨ç¨¢ âìáï à §¢¨âë¬   «¨â¨ç¥áª¨¬ ¬¥â®¤®¬ ¤«ï ���-ãà ¢¥¨ï ¨ ®¡à â¨«  è¥

¢¨¬ ¨¥   ¢ ¦®áâì à §à ¡®âª¨   «¨â¨ç¥áª¨å ¬¥â®¤®¢ ¤«ï ª¨¥â¨ç¥áª¨å ãà ¢¥-

¨© ¢ëáè¥£® ¯®àï¤ª . �ëà ¦ ¥¬ ¥¬ã á¢®î ¯à¨§ â¥«ì®áâì.
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