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O KBABUIVNOPEPEHIINAJIE KOMITO3UIINN

E. K. BacaeBa, A. I. Kycpaes

YcranasimBaeTcs, 9T0 KoMmo3unus kBasuanddepeHnupyemMsrx oTobpaxkennii ksazuauddepeHnupyema
¥ BBIBOOMTCS siBHAs (HOpMysIa uis BHIYUCIEHUs KBazuauddepenmama kommo3unun. VICmoas3yst TexXHu-
Ky Je3UHTerPUPOBAHNUS, YCTAHABJIEHO, YTO B CIELUAIBHBIX CJIyYasX BHIIOJIHAETCH AHAJIOT KJIACCUIECKOrO
«IIETTHOTO TIpaBWIay — KBa3uanddepeHIna Cynepro3nullni PABHIETCs Cyneprno3unnn kpa3uauddepen-
nnasos. Ilogydens! ciaencTBus /s BBIUHCTEHNS KBAa3uanddepeHnnasoB cynpeMyMa, HTHOUMyMa U HH-
TerpajbHOrO OIepaTopa.

Orobparkenne Ha3bIBAIOT KBa3uaud epeHImpyeMbiM BO BHYTPEHHEH TOUKe 001aCTH OIIpe-
JIeJIEHUsI, €CJIU B 9TON TOUKE CYIIECTBYET MPOU3BOIHAA 10 HAIPABIEHUSAM, KOTOPAsi TPEICTAB-
JisieT coDOoit Pa3HOCTh ABYX CyO/mHEHHBIX onepaTopoB. Keasuguddepennupyembie GyHKINN
U OIepaTopsl BBeJeHb B paboTax |2, 3|. KsasuguddepentmanbHoe ucuancienne, mocTpoeHHoe
B paborax JI. B. Bacuiawesa, B. ®@. Tembsnora, JI. H. Ioaskosoii, A. M. Py6unosa [1-5] n
JP. aBTOPOB, JJOCTATOYHO XOPOIIO pa3paboTaHo s cKaasipHbix (yHkuuii. B [5] mokazano kak
MeTo/Ibl KBa3uiuHepeHImajbHOr0 UCIUCIEHUS MOTYT OBITh MPUMEHEHBI K OTOODaXKEHUSIM,
neiicreyomum B 6anaxoesl K-npocrpancrea. B [6] Beexeno nousitue kpasuguddepenimana
0TOOpaYKEeHNA CO BHAYEHUSMU B TTPOU3BOIBHOM K -TIPOCTPAHCTBE U IOy Y€HbI HOBbIE (hOPMYJIbI
JLJTsT BBIYUC/IeHUsT KBazuaubdepeninaia Tpons3BeIeHusi, CynipeMyMa u nHUMYMa.

Hacrositiiast paboTa mocBsIeHa BRIYUCIEHUIO KBazuaud hepennmnasa KOMIO3UIUN OTepar-
TOPOB, AeHCTByOIMX B K-IPOCTPAHCTBA. YCTAHABIMBAETCH, YTO KOMIIO3UIINA KBa3UIAUD-
depeHnupyeMbIx 0TOOpaXkeHu# KBaszuanddepeHiupyemMa u BbIBOJUTCS sSBHAs (DOPMYJIa JJis
BBRIUMCIEHUS KBasuauddepernpraia KoMnosunun. VICoib3yst TEXHUKY Ie3WHTErpUupPOBAHMUS,
YCTaHABJIEHO, UTO B CHEIUAJbHBIX CAyJasX BBITOIHSIETCS AHAJOT KJIACCUYECKOTO <I[EITHOTO
npaBuiaay — KBasuaudepeHnuas Cynepro3niiny PABHIETCS Cylreprno3unnn KBasuandde-
pennmaion. [losydenbl C/IeCTBUS JIJIsT BBIYNC/IeHUsT KBa3uuddepeHnnaaos cynpeMmyma, nH-
dpuMyMa U UHTETPAJTBHOTO OMEPATOPA.

B crarbe ncnosnb3oanbl 0603HaU€HNsT 1 TepMUHOIOIUS U3 [6-8].

1. IlpeaBapuTe/ibHbIE CBEJICHUS

IlIycte E — BekTOpHas pererka, a F' — mpousBonbHoe K-npoctpanctBo. CyOuHeHbIM
omepatop p : £ — F Ha30BEM MaAHCOPUPYEMBIM, €CTTU CYIIECTBYET JIMHEHHBIH TTOTOKUTETbHBIHT
onepatop A : E — F takoii, uro |p(z)| < A(|z|) mna scex z € E. Ilpu s1oMm A umenyor
maocoparnmoti oneparopa p. Muoxkectso oneparopos U C L~ (E, F) nazoseMm pasHoMepHO
maoicopupyemvim (¢ pasnomeproti mascopanmoti A), ecm |Tx| < A(|z|) mna Bcex © € E n
T eU. ina z € ET o6oznaunm

C(map):: {Zp(mk) DTy, T € B, Z|$k| ST, nE N}
k=1 k=1
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1.1. /g mpownszBosibHOTO CybmHedHOTO onepaTopa p : B — F paBHOCHJIBHBI CJIEIYIOIIHE

YTBEP2KIEHUA:

(1) omeparop p makopupyem;

(2) cymecrByror rakmne oneparopst A1, Ny € L™(E, F), uro Ai(e) < —p(—e) <
p(e) < As(e) arst Beex e € BT

(3) onoproe wmuO)kecTBO Jp nNOpsAKOBO orpanmyeHo B K-mpocrpancrse
L~(E, F);

(4) omoproe MHOMXKECTBO Op PABHOMEPHO MazKOPUDYEMO;

(5) g moboro z € ET muoxectso C(z,p) nopsakoso orpanmaeno B E.

< (1) — (2): Ecim A — makopanTa omeparopa p, TO p YIOBJIETBOpSAET YCIOBHIO (2) ¢
oneparopamu A:= —A u Ay:= A.

(2) — (3): Ecam Bomosaeno (2), To Op comepKuTCs B MOPsIKOBOM oTpeske [Aj, Ag].

(3) = (4): Ecim Bemonueno (3), to omeparop A := sup{|T| : T € Op}, tme cynpemym
serancasiercsa B L™ (FE, F), Gyaer paBHOMEPHOI MayKOPaHTOH MHOXKeCTBA Op.

(4) — (5): Tycrs A € Lt (E,F) — pasnomepHasi MaxKopaHTa MHOkKecTBa Jp. Bozbmem
Takue sneMenTsl z € ET, xq,...,2, € E, uro |z1| + -+ + |7,| < z. [Ipusiekas Teopemy
Xana — Banmaxa — Kanrroposuua, s Kaxka0ro xx nogdepem omneparop Ty € Op Tak, 9T0ObBI
Tizk = p(zg) (cm. [7; 1.4.14 (1)]). Torga cupaBeuBEI COOTHOIIEHS

Y (k) =Y Trop <Y A(lzg]) < A),
k=1 k=1 k=1

9TO M IOKA3BIBAET TOPSAIKOBYIO OrpaHmIeHHOCTh MHOKecTBa C(1, p).

(5) — (1): dna xkaxgoro x € ET nonoxum A(z) := sup C(z,p). Tlokaxem, uro A —
aJTATHBHEI omepaTop n3 ET B F. B camoM zmene, mycTh =y + z, Tie y, z € E1. BospMeMm
TaKWUe Y1,...,Yn € Eu 21,...,2m € E, 910 |y1]| + -+ |yn| <y u |z1| + -+ +|2m| < 2. Torna
il o+ gl + 21+ o] <

> p(ur) + (=) < Al).
=1

=1

ITepexoz K cynpeMyMy B 3TOM COOTHOIIEHUM 110 yKa3aHHBIM i 1 2 qaer A(y) + A(z) < A(x).

Paccmorpum Teneph Mpon3BOJIbHBIE 3JI€MEHTHI L1, . .., Ty, € F, ajs KoTopeix |zi| + -+« +
|zn| < z =y + 2. B cuny nemmbr 0 gBOiiHOM pasOueHnu CyIMIECTBYIOT TaKUe Yi,...,Y, € E
Wzl 2n € Byoamo yi] 4 - fyn| <y, 2] 4o+ |an] < 2map = yp + 2 g Beex
kE=1,...,n. YunteiBas onpenenenne A, MoXeM HAIUCATDH

D op@e) =D plye +2) <D pluk) + > p(z) < Ay) + A(2).
k=1 k=1 k=1 k=1

Tem cambim Az < Ay + Az. OueBugno, uTo omepaTop A TakKe U TOJOKUTETHHO OJHOPOJIEH,
T. e. A(Az) = MA(z) npu x € ET u A € R". Takum 06pazom, CyIeCTBYeT MOJ0KUTEIbHbII
onepatop m3 E B F, coBmagarommuii ¢ A ma xKouyce ET, KoTopeIil 0603HaYMM TOil Ke GyKBOif
A. U3 onpenenenust A sugno, aro p(z) < A(|z|) mas npoussonshoro z € E. Tlpu 3amene x
wa —z oy p(—) < A(jal), mostoy, p(x)| < p(x) V p(—z) < A(ls]) (= € B). >

1.2. IlokaxkeM Temeph, 9TO MPU HEKOTOPBIX YCIOBUIX KOMIIO3UIINAS KBASUINHENHBIX Ollepa-
TOpPOB OyIeT KBasuamHeitHo. B cirydae 6aHaxOBBIX MPOCTPAHCTB 3TO YTBEPKIACHUE JOKAZAHO
B [5], cm. Takxe [4; IIpmi. 3.



12 E. K. Bacaena, A. I. Kycpaes

Ilyctp X — BekTOpHOE mpocTpaHCTBO, F; — BekTOpHas perretka, a F' — K-mpoct-
pamrcrso. Paccvorpum cybauneiinsie oneparopsr P, QQ € Sbl(X, E) u p,q € SbI(E, F), npuuem
MPEIOIOKUM, 9TO p 1 q Mazkopupyembl. Torma oneparop R = (p — q) o (P — Q) npeacraBum
B BHJIe Pa3HOCTH JBYX CyOJIHHEHHBIX OMEePaTOPOB.

< Paccmorpum cybsmneiinbiit oneparop P X Q : X — E X E u jmHelHbBIH onepaTop
m: E x E — E, onpenenennble popMyIaMu

(P x Q)(z) = (P(z), Q(z)); w(er,e2) =e1 — ea.

HexaproBsl npomssesenns F X F u F X F paccMaTpuBaioTCs, KaK OOBITHO, ¢ MOKOOPIMHAT-
HBIMU ONIEPAIMSAMY U MOPsaKoM. Kak BuaHO, nmeer mMecto npejacrasienne R = pr(P x Q) —
qr(P x Q).

DTO COOTHOIIIEHUE HE TaeT HaM TpeOyeMoro Mpe/ICTaBIeHns B BUJE PA3HOCTHU CyOTUHEHBIX
OTIEPATOPOB, TAK KAK PT W @M HE SBISIOTCS BO3PACTAIONMME omnepaTopamvu. CremnoBaTenbHo,
HYKHO TIOCJIeTHIE 3aMEHUTH Ha BO3PACTAIOIIIE OTIEPATOPEI P U ¢ TAK, YTOOBI COXPAHUTE TIPe/I-
craBnenne R = p(P x Q) — ¢(P x Q). Cuauana 3amernm, 9t0o CyOamHelHbIi omepaTop 7 u3
MIPEIyIOPS0UEHHOT0 BEKTOPHOTO MPOCTPAHCTBa Z B F' OyjeT BO3pacTaroluM B TOM U TOJIb-
KO B ToM cayuae, e 1r(z) < 0 mpu 2z < 0. B camom zesie, mocsieaee ycaosue, OU€BHIHO,
Heobxomumo. Ecim e 0HO BBITIOMHEHO, TO BeAKuil omeparop T € Or MOMOKUTETEH, TaK KaK
—Tz<p(—2) <0z z € Z1, em. [7; 2.1.1(2)].

ITycts Teneps perynsipusie onepatopbl A, As € L™ (E, F') TakoBbl, 9T0 /IS KaXkKJ0T0 n3
onepaTopoB p U q BeIMonHeHo yeaosue 1.1 (2). Toraa ad e, eo € E1 BuINOIHEHb HepaBeHCTBA

2(€2)
2(€2)

plea —eq)
q(e2 —e1)

p(e2) + p(—e1)
q

A
(e2) +g(—e1) <A

NN

< €9
< €9

Otn HEPaBEHCTBa MOXKHO TIEepenncaThb B BUE

pr(—(e1,e2)) — A(—(e1,e2)) <0, gm(—(e1,e2)) — A(—(e1,e2)) <O,

rae onepatop A : E X E — F onpenensiercss bopmynoit A(aq,as):= Aq(ar) — As(asz) (a1, a9 €
E). Tlocneaane COOTHOIIEHUsI TIOKA3BIBAIOT, UTO CyO/IMHEHHBIE OTepaTopbl p = pm — A u ¢ =
gm — A Bozpacraromme. Kpome Toro, 09eBuHbIM 00pa30M BBINONHAETCS PaBeHCTBO R = p( P X

Q) —q(PxQ). >

2. Inddepeniiupyemocts o Amamapy

2.1. llycts E u F' — mekoropnie K-tpoctpancrea. PaccMorpum orobpazkenue g : F — F,
muddepeHEpyeMoe 0 HANpaBJeHusIM B Touke ¢y € core (dom g). Bosbmem mampas/ienune
u € E n snement d € F. Ilpeanonoxunm, uro aas a000i nocienosarensuoctu (e,) C FE,
en 4 0 uMeeT MecTo COOTHOIIEHTE

’ —
nf sup gleo +au’) —gleo) | _ 0.

m€N0<a<1/m7 |u’—u\<em [0

Torma d mazuIBaIOT Npousdsodnoti Adamapa g 6 mouke €y N0 HANPAGACHUIN U U ODOZHAUAIOT
g'(ep)u:= d. Takoe obGo3HAYEHME OMPABJAHO T€M OYEBUIHBIM HAO/IOJACHUEM, UTO €CJIU CyIIe-
CTByeT Mpou3BOjAHAsS Agamapa, TO CYIIECTBYeT W mpom3BoaHas Iuxu (B TOH Ke TOUYKE 110
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TOMY K€ HAMPABJIEHWIO) U UX 3HAYEHUs COBMAIAIOT. Takum o6pa3oM, mpou3BoAHyI0 ATamapa
g B TOYKE €g 10 HAMPABJIEHUIO U MOXKHO OMPEIeInTh (DOPMYyIaMu

g(eo + au') — g(eq)

gleo + ) — gleo)

g (eo)u:= inf  sup = sup Inf
meN 0<a<1/m7 [0 meN 0<Ia<1/m, [0
|v —u|<em [u' —u|<em

Ecnu npoussonnag Anamapa ¢'(eg)u cyuiecTByer Jist KasKI0ro Hampasjaenus u € F, To ro-
BOPAT, 9TO oTOOpaxkenue g dudgepenyupyemo no Adamapy B TOUKE €.

Onpenenenne mpomssognoii Amamapa ynpomaerca, ecim F — perynaproe K-mpocr-
panctBo. Hamommumm, uro K-mpocTpancTBO F' HA3LIBAIOT pPE2YAAPHOLIM, €CIU s JI000M
[IOCJIEI0BATEILHOCTH BJIOXKEHHBIX HogmMHOxkects F D A7 D ... D A, D ... Takux,
410 a = inf, sup(4,), cymecrByior KoHeuHble mogmuHOXKecTBa Al C Ay, 19 KOTODPBIX
o-lim,,_, oo sup(A}) = a. Moxuo nokazars, uro K-npocrpanctBo F Gyger peryaspHbIM, ecan
OHO YJIOBJIETBOpsieT JBYM TpeboBanusaMm: 1) F' umeer cuemmwiti mun, T. €. Jt060€ TOIMHONKE-
CTBO, COCTOSINEE U3 TIONAPHO JU3BIOHKTHBIX MHOXKECTB, HEe Oosnee dem cuetHo; 2) B F' BBI-
HOJHAETCS NpuHyun Juazonaiu, T. e. JUls o000l JBOHHON mociegoBaTeabHOCTH (e, ;) C F,
MMEIOIIel TPeSeNbl ey, 1= o-limy_,o0 €y, 1 (n € N) u e:= o-lim,,_, €, cymecTByeT cTporo Bos-
pacTaoIas I0CIe0BaTeIbHOCTE HATypaabHEIX uncen (ky,) Takas, 910 € = o-limy, o0 €k, -
(noxpobrocTH cM., Hampumep, B [8]).

2.2. Ilycrs F — peryasiproe K-npocrparcrso. daement d € F 6yner npousBonroii Ana-
Mapa orobpazkennsi g : FE — F° B Touke ey € core (dom g) mo manpasiennro v € E B ToM 1
TOJILKO B TOM CJIy4ae, eCIH Jis JIIObIX mnociaegoBareaprocreii (a,) C R u (u,) C E rtakux,

(0)
910 Qi J 0 1 Uy, —> U EMeeT MecTO COOTHOIIIEHHE

g(eo + antn) — g(eo) g(eo + anun) — g(eo)

d = o-lim = inf sup
n—00 ap, meN p>m ap,
. ey + apuy) —gle
— sup inf g(eo + anup) — g( 0)‘
mENan (679

<1 HeobxommmocTs ovueBuaHA U BEpHA Jaxke 0e3 mpezmnosoxkenus: o peryaspuoctu F. lo-
KazkKeM JOCTATOYHOCTD. IIpenmosokumM, 9T0 11 d BBIIOJHAETCA YKa3aHHOE B (DOPMYJINPOBKE
ycinosue. Bozemem nocnenosarensuocts (e,) C E, e, | 0, u o6ozaaanm

eo + au’') —g(e
Cm = sup 9(co ) — 9(eo) _d‘_
0<a<l/m,|u'—u|<em a
Hy»xHuo gokazark, aro ¢ := infy, ¢, = 0. B cuny peryasipuoctu F s kaxkzgoro m € N
CYMIECTBYIOT KOHETHBIE TIOIMHOKECTBA {1, - -+, U i(m) } C (0, 1/m) 1 {tm 1, Uy y(m) } C
[ — €m,u + €] Takue, uToO
ey + am u —gle
C;n:: sup ‘g( 0 m,l m,l) g( 0) _d‘ ﬂc.
0<I<I(m) Qm,l

[TocTpoum HOBYIO noOCIEM0BATENBHOCTL (Uy) C E, 3amymeposas noapsiy cHadassa TPyT-

my {u11,..., U1y}, 3aTem {ugq,...,ug o) u T. a. Tounee, momaraeM u, = Upyj TpH

n=1Im-1)+krmemeN 1<k<I(m)nl):=0. OueBugHo, 910 NOCIEI0BATEH-

HOCTB (uy,) o-cxomuTcsa K u. [Ipojenas To ke caMoe ¢ TOCIeJI0BATEbHOCTHI0 KOHEIHBIX MHO-

wectB ({Qm,1,- s Qi i(m) })meN, TOMYIHIM CXOAATILYTOCS K HYJIFO YHCIOBYIO TIOCTIEI0BATE b

HOCTD (@v,). Ecomm mpm stom (o) He siBisiercst yOBIBArOIEil, TO 3aMEHUM ; HA SUDjs,, (.
=
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(0)
Urak, ap | 0 u uy, —> 4, TOSTOMY B COOTBETCTBHUU C HAIIAM MPEIOI0KEHIEM

0 = o-lim 9(co + antin) = 9(¢0) _ d| = olimc, =c. >
n—00 Qp, n—00

2.3. B paccmarpuBaemoii curyanuu gudepeHnupyeMocTs 1m0 AjaMapy 0ToOparKeHust
¢ He TapaHTUpyeT HeNpPEepLIBHOCTH TPOU3BOAHON no HamnpasienusMm ¢'(eg)(-) B omiuume ot
ciaydasi, korna B =R" u F = R [4]. Paccmorpum zBa caydasi, korjaa auddeperiuupyemoe 1o
Anamapy oTobpazkeHue uMeeT TPOU3BOIHYIO [0 HAIPABJIECHUSIM, HEIIPEPBIBHYIO B CJIE Iy IOIIEM
cmbiciie. Orobpaxkenne ¢ @ E — F Ha30BeM mo-Henpepuérovim B TOUKe ug € F, ecau st
n060it ocenoBarensuoctu (e,) C E, e, | 0 BomoHasiercs

inf —sup  |o(u) —¢(uo)| = 0.

neN lu—uo|<en
N3 coobparkennii, CXOAHBIX C 2.2 MOYXKHO TOJYYUTh, 4TO ecau F — peryaspHoe K-mpoct-
PAHCTBO, TO MO-HENPEPBIBHOCTH O3HAYAET CEKBEHIMAIbHYIO O-HEPEPBIBHOCTL. HamomMHuM,
uro MHOXKeCTBO U C F Ha3bIBAIOT HOPMAAbHbIM, €CTU s JIo0bIX ui,ue € U, e € E u3
u; < e ug caeayer e € U.

Ilycre orobpazkenne g : EE — F° quggepennupyemo no Junn B Touke ey € core (dom g).

IIpenmonoxkum, dro cyiecTByroT HOpMaJbHoe MHOXKecTBO U C E u mo-HenpepsiBHbIH CyO-
smHeiinbli oneparop p : E — F rtakue, uro ey € core (U) u

lg(u1) — g(u2)| < p(ur —u2) (ui,us € U).

Torna g auggepennupyemo mo Azamapy B TOYKe €y H IPOHU3BOJHAS IO HAIPABICHHIM
g'(eo) () mo-menpepnisHa.

< Bozbmenm mampassenne u € E, mociaegoBarensuocTn (o) C Ru (e,) C E, 1y KOTOPBIX
ap 4 0me,l 0. Jlerko BugeTh CripaBegInBOCTh COOTHOTIEHMIH

g(eg + au’) — g(eo)

sup — g'(eo)u
0<a<l/n,|u' —ul<en «Q
J— I J—
o |fetew gl o gl o) gl + au)
0<a<l/n «Q 0<a<l/n,|u —u|<en «Q
< sup (LTI iyl y wup p ) o
0<a<l/n Q |u’ —u|<en

13 KOTOPBIX BUIHA AuddepeHimpyeMocTs 1o AjjamMapy O0TOOpakeHWsl ¢ B TOYKE €) M0 Ha-
[IPABJIEHHIO U.

ITo ycnosuio €y € core (U), crano 6uITh, cymecTByer uncao £ > 0 takoe, 1aro eg + e(u +
e1) € U nnsa seex 0 < € < gg. Ecn |u' — u| < ey, To ¢ yaerom nopmansaoctu U jjis Tex ke €
MOXKeM Harmmcarhb eg+eu’ € e+ e[u—en, ute,] C eg+[e(u—er),e(u+er)] C U. Urak, ecim
I<ax< 1/m <¢gm |u' — u| < en, TO €eg + oau' € Un COpaBeJIuBLI OIIEHKU, ITOKa3bIBAIOIIINE
mo-HenpepbIBHOCTE ¢ (€g):

I — —
|g'(eg)u'—g'(eo)u| < sup g(eO+aU) g(eﬂ) - g(€0+au) g(e(])
0<a<l/m «Q «Q

<pw' —u) < sup p(u' —u) —>0. >
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2.4. Ilycre K-npocrparcrBo F peryaspro. Eciu orobpakenune g : B — F° augepen-
mupyemo 1o Agamapy B Touke ey € core (dom g), To nponssoanas no Hanpasaeausm g (eg)(+)
CeKBEHIHAILHO O-HEIPEPBIBHA.

<1 Bocrosb3yeMcst ycTaHOBJIEHHBIM B 2.2 BapuaHTOM Jguddepertupyemoctu o A mamapy
B cayuae peryiagpHoro K-mpocrpancrsa F. Bosbmewm mocienosarensaoctu (o) C R u (uy,) C

o
E, nnst KoTopeix oy | 0 1 uy Q> u. [lomoxmm

g(eo + anug) — gleo)
Om

dgn:= sup — ¢'(eo)uk

m>n

[To onpezaenenuio MPOM3BOAHOMN MO HATIPABAEHUAM 0-1imy, o0 dj, ,, = 0 Ju1a KaZK10T0 PUKCHPO-
panaoro k € N. B cuny npeanosnoxkenus o peryasgpaocTu F' CyIecTByeT CTPOTO BO3PACTAIO-
Iasl MOC/Ie0BATEbHOCTD HATYPATBHBIX YHCeN (1)) Takasd, 9To o-limy o0 dipn, = 0. OTciona
BBIBOJIUM

g(eo + an, ug) — g(eo)
Qnp

— ¢'(eo)ug

16/ (eo)ur — ¢ (eo)u] < ‘
k

(0)

g(eo + o, ur) — g(eo) <dpo w0
S N )

(&70)

_|_

—g'(eo)u

k

TIe W 1= SUPp, >k |O‘ﬁi (g(eo +ay,, Un) —g(eo)) —4'(eg)ul ﬂ 0 1o onpe/jieJIeHUI0 TPOU3BOIHOI
Anmamapa. >

3. KBasuauddepeHnmnaa KOMIIO3UITAN

Ksazuguddepennupyemocts komnozunuu (reopembr 3.1 u 3.2) orobpazkenuii 1eicTByI0-
X u3 6aHaxoBa MPOCTPAHCTBA B 6aHaxX0BO K -TIPOCTPAHCTBO ycTaHoBjeHa B pabore B. @. Jle-
mbsiHoBa 1 A. M. Py6unosa [5]. Huxke sror pesysbrar 0606imen Ha oroGparkeHusi 1eHCTBYTO-
e B MPOU3BOJIbHBIE K -TIPOCTPAHCTBA.

Krasumuddepennupyemocts cynpemyma u nHOUMYyMA Oy I€HA KAK CIEICTBUE TEOPEMBI
0 KOMITO3UIINH, HE3aBUCUMOE JOKA3aTeTHCTBO 9TOT0 hakTa mMeercsd B [6]. CraisipHblii BapranT
Teopembl 3.5 umMeercsi, Hanpumep, B [3, 4].

3.1. Teopema. Ilyctp X — BekTOpHOE npoctpaHcTBo, . F' — K-nnpoctpaHcTBa. Ilycth
orobpazxkenne [ : X — E' auddpepennupyemo no nanpasaennsv B Touke Ty € core (dom f),
a orobpazkenne g : B — F° nucpepenmmpyemo mo Anamapy B Touke f(xg) € core (domg),
npmaem g'(f(x))(-) — mo-menpeprsisroe orobpakenne. Torna orobpaskenne go f mudgepen-
IIEPYEMO 0 HAIPABJIEHHSIM B TOYKE Tg U

(go f)l(xo) = gl(f(fﬂo)) ° f’(fﬂo)-
< Bossmem npomssBosbHOe Hanpasiaenne h € X n gaa a > 0 obozHaumm

v(e, h):= o~ (f(zo + ah) — f(z0) — af (zo)h),
w(a,u)i= at (g(f(x0) + au) — g(f (20)) — ag'(f (w0))u).
Tak wak orobpaxkenue f auddepeHnupyeMo MO HANPABIEHUSIM B TOYKE I, TO

o-limy o v(e, h) = 0 u, 3maunt, u(a, h):= f'(zo)h+v(a, h) (), f'(xo)h mpu a | 0. ocneanee
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OBHAMAET, ITO €y i= SUPgcq<1/n [U(a, h) — f'(z0)h| | 0. Ucnomsya BBesentbie obozHateHis
MOZKEM HaIMnCaThb

(9 [)(@o+ ah) = g(f(zo + ah)) = g(f (o) + af'(z0)h + aw (e, b))
= g(f(x0) + au(a, h)) = g(f(z0)) + ag'(f(z0))u(e, h) + aw(a, u(a, h)).

YauTeiBast TONBKO 9TO YCTAHOBJEHHOE COOTHOIIEHUE, Mo-HempepbiBHOCTE ¢ (€g)(+) u onpese-
sierne guddepennmpyemMocta mo A mamMapy, BBIBOIUM

(g o f)(wo + ah) — (g © f)(x0)

sup —g’(f(:vo))(f'(:vo)h)‘
0<a<l/n o
< suwp (|9 (Fl@o))ulash) = g'(F(@0))(f (w0} )] + [, ula 1))
0<a<l/n
< sup lg'(f (z0))u — ¢'(f (z0)) (f' (zo)h)| + sup lw (v, u)| QNS
lu—f"(zo)h|<en 0<a<1/n,

lu—f"(zo)h|<en

Orcroma cnenyer cymecrBoBanue mpousBoauoii (g o f)(zo)(h) n cupaBesMBOCTL paBeHCTBA
(g 0 f)(@o)(h) = g'(f(20))(f'(w0)(R)). >

3.2. Teopema. Ilycrte X — BexkTopHOe npocrpauctBo, E u F' — K-npocrparcrsa. Ilycrs
orobpaxkenne f : X — E' kBasumuddepennupyemo B touke ry € core (dom f), a orobpa-
xenne g @ E — F° kBasmaucgepeHupyeMo u ogHOBpeMeHHO auppepermupyemo mo Axa-
Mmapy B Touke e := f(xg) € core(dom g), npuuem npomssoanas g'(ey)(-) mo-menpepriBHA.
IIpenmonoxum, ceepx toro, uro kBazuauggepennnan Dg(eg) onpenensercsa mapoii mops-
koBO orpammiennsix B L™ (FE, F) onoprbix muoxkects 0g(eq) m 0g(eq). Torma orobparemnme
g o f kBasumanchpepentmpyemo B Touxke o. Ecmm 9g(eq) U dgleg) C [Ay, Ao] amsa HexoTophIx
A1, Ay € L™(E, F), 1o kBasuangdepennnan D(go f)(zg) = [0(go f)(zo), (g0 f)(z¢)] moxer
O6BITH BBIYUCIECH IO CAEAYIOIHM (DOpMYaaM:

Agofllw)= |J aFPo),  dlgoflxo)= |J a(Pe),

Cedg(eo) Cedg(eo)

e
Po(zg):=(C — A1) sup S(zg) + (A2 —C) sup T(zg).
Sedf(zo) T65f(:v0)

<1 Cornacuo 1.2 u Teopeme 3.1 orobpaxkenue g o f kazuauddepeHnupyeMo B TOUKe Lo U
CTIPABEINBO PABEHCTBO

(90 f)(z0) =4 (f(z0)) o f'(w0) = (p—¢q) o (P - Q),

rie oneparopsl P, Q € Sbl(X, E) u p,q € Sbl(E, F') yI0BIeTBOPSAIOT COOTHOIIEHUSAM

dp = dg(eo), Oq = dg(eo), OP = 0f(z0), 0Q = df (o),

a OTepaToOpPhl P U ¢ MOYKHO BBHIOPATH €Ie U MaskopupyeMbiMu. Tak ke, Kak u B 1.2, TOJI0KAM
A= (A1, —Ag) (A: (ar,a2) = Ai(ar) — Ag(ag)), p=pm — A, ¢:=qn — A, m(e1,e2) = e1 — eq.
B coorsercremm ¢ 1.2 (go f)'(z0) = p(P x Q) — ¢(P x Q), cnenoparensno, d(go f)(zo) = dp1
u d(g o f)(zg) = Oq1, tme p1 := p(P x Q) u ¢1 := q(P x Q). 3mecy kak u B 1.2 (P X
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Q)(z) = (P(z),Q(x)). Tak Kak p — BO3pacTAOIINil CyOIMHEHHBIN OIEPATOD, TO CIPABEIINBO
pasenctBo (cm. [7; 2.1.6 (3)])

op = |J 2P x Q).
Seop
[Tpumenum teneps dbopmyry [7; 1.4.14 (4)]:
Op=0(pr—A)={(Com—A): C € 9p}.
Taxum 00pa3oM, CIIpaBeIIUBO MPe/ICTABICHUE

opr= | 0((C = M)P+ (A2 — O)Q).
Ceop
AH&.HOI‘I/I‘IHO YyCTaHaBJANBACTCA IPEACTABJICHUE
o1 = | 0((C— AP + (A2 — C)Q).

C€eoq

Ocraerca 0603HAYNUTH

Po(zg):=(C — A1) sup S(zg)+ (A —C) sup T(zy). >
Sedf(wo) Tedf (o)

3.3. Ilyctp orobpaxenus fi,...,fn: X — E aupdepenupyempr Mo HanpaBIeHHSIM B
rouke xq. Torga orobpaxkenue f:= fiV---V f, rakxke aupgepeHupyemMo 1mo HalpaBIeHUusIM
B TOYKE T( U HMEET MECTO (popMyJia

f'(zo)h = V {Zaz‘f{(mo)h},

(alr"’an)ern(xo) 1=1

rae
Cn(zo):=Th(zo; f1,---y fn)i= {(al, coyap) s ap € Ortht(E),

Y =1Ig, Y apfrlzo) = f(fvo)}-
k=1 k=1

<1 KoregnonmopoxK JeHHbII KaHOHUYIeCKuli CyOimHeitHbIi ortepaTop &, : E" — E, oueBnmHO,
MO-HEIPEPBIBEH U YIOBJIETBOPAET HEPABEHCTBY

len(u) —en(u)| < p(u—u')  (u,u' € E"),

rae p(u) := eylu| (em. [7; 2.1.1]). B coorsercreun ¢ 2.3 &, nuddepennupyem 1o Aznamapy B
JII000#1 TOUKe, a ero MpOU3BOIHAS 0 HAMPABJIEHUIM mo-HernpepbiBHA. s z € X momoxkum
o(z) == (fi(x),..., fu(x)), caurag p(z) = +oo, ecm fi(r) = +o0o xoTsi6BI A5t OfHOTO K.
dcno, uro nomyvennoe orobpaxenune ¢ : X — (E™)" auddepennupyemo no HarmpasIeHusiM B
touke o u @' (zg)h = (f{(zo)h, ..., f(zo)h) ana Beex h € X. Takum 06pazoM, K KOMIIOZUIIUN
€n © ¢ mpuMmernMa, Teopema 3.1. Tax kak f = e, 0 ¢, To momyanm dopmyTy

f'(mo)h = e7,(0(0)) © @' (wo)h (b € X).
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Ocraercst 3amernts, uro d(el, (¢(zg)) = I'n(zg), crenoBarensHo,

en (o(zo))u = \/ Zakek (u=(e1,...,e5) € E"). >

(Oq 7---aan) el (:EO) k=1

3.4. Ilycrw orobpaxenus fi,...,fn: X — E aupdepennupyempr Mo HanpaBIeHHSIM B
rouke Tq. Torga orobpaykenue g:= fi A--- A f,, Takxke guhgepeHupyeMo Mo HATTPABICHUSIM
B TOYKE Ty U HMEET MECTO (popMyJia

g'(zo)h = A {Z Oéz‘f{(wo)h},
i=1

(@1 yeeesan) € An (o)

e
Ap(zo):= Ap(zo; f1y--y fn)i= {(al, o) o € Orth™(E),

Y ok =1Ip, Y apfrlzo) = 9(360)}-
k=1 k=1

< JIokazaTeabCTBO MPOBOAWTCS TaK ¥Ke, KaK W B 3.3, HO ¢ TOH pasHureii, 910 GhopMmyia
muddepennupoBanus 10 HanpasaeansM u3 3.1 npumenseTcss K koMnozuun Yo, rae p(u) =
—en(—u)=erA---Nep (u=(e1,...,e,) € E"). >

3.5. Teopema. Ilycre orobpaxkenust fi,...,fm : X — FE kBazugudpeperqupyemol
B Touke xg € core(dom f). IMonoxum f := f1 V-V fp mwg:= fi AN+ A fn. Torna
orobpaxkeaus f u ¢ KBasuauhgepeHIupyeMbl B TOUYKE g U JJIs KBas3ugupgepeHuaioB
Df(zo) = [0f (z0), 0f (20)] m Dg(z0) = [0g(w0), Og(x0)] Hmeror MecTo npecraptenus

n

ofwo) = U D en(0fule) + Y 0iw0)),  Bf(wo) = D Ofulwo).
k=1

(al,...,an) an(mo) k=1 I#k

n

99(z0) = Y dfulwe),  glwo) = U X a0+ afiw).
k=1

(@1 5eesan) € Ap(z0) k=1 I#k

< OrpanuunMcs JOKA3aTeThCTBOM [Ijisi 0TODpakeHusi f; oToOpaxkeHue g paccMaTpUBa-
erca aHajgorudHo. U3 mpemtoxenus 3.3 cienyer audpepeHIIMIPYEMOCTh 110 HAPABICHUSIM
oTobpaxkenusi f B TOUKE I(, IPUIEM

fl(@o)h = \/ {Zaif{(:vo)h} (h € X).

(ala---aan) ern(:EO) 1=1

B cuny xBazugud depennupyemoct 0ToOpaskeHuit f; B TOUKe T UMEIOT MECTO TIPE/ICTABIEHNUST
f1.(zo)h = pr(h)—qr(h) (k =1,...,n; h € X), rae pg, qr, — cyGnuneitabie oneparopsl. Beegem
CJIeAYIOITIe 0003HATECHIA:

Q(h):= qr(h), pi(h):=pr(h) + > a(h), P(h):= (pi(h),....ph(h)) € E" (h€ X).
k=1 I£k
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Kak Bunno, P : X — E" u Q : X — E — cybiuHeiiHble OonepaTopbl. Y YNTHIBasi BBEJIEHHbBIE
0003HAYMEHNSI, HAMUIIEM CIEAYIONIYIO [ENOYKY PABEHCTR:

fl(-730)h = sup {Zaz(pz(h) _Qi(h))}

(@1yean) €Tn(z0) | ;=1
{ > ai(pi(h Qi(h))} + ) qi(h) —
=1
= sup { azpz aiQi(h) + qz(h)) } - Q(h’)

= sup
(al,...,an € Fn -'»CO

(a1yerytn) €Tp(z0)

= sup
(a1yerytn) €Tp(z0)

azpz + Z a]Qz ) - Q(h)
J#i

= sup > aipi(h) = Q(h) = ey (p(0)) o P(h) = Q(h),
(@1yesan) €Tn(0) ;4
rae o(xo) = (fi(zo), ..., fo(z0)). Utak, f'(z¢) = €, (¢(z0)) o P — Q, ciegoBarensHo, 0mo6-
paxenne [ kpasuauddepeHnupyeMo B TOUKe g, npudeMm Jf(zg) = 8(5%(@(350)) o P) u
9f (z0) = 0Q. OcTaeTcs BEMUCIATEL COOTBETCTBYIOMHE Cy6auddbepertrabt 8(5%((p(m0))oP)
1 0Q), 9TO HECTIOKHO cenarh npusiekas dhopmysbt 2.1.6 (3) n 1.4.12 (1) us [7]:

8(6;(90(,%0)) o P) = U J(AoP)= U Z o (apz' + Z an)a

Aeer, (¢(z0)) (a1, san) €Tn(20) =1 J#

n n
3@232 gi = E 0q;.
=1 =1
[Tonyuenubie COOTHOIIIEHNST COBIAIAIOT C TPEOYEMBIMU C TOYHOCTBHIO 10 0003HAUEHU. [>

4. JlesuHTerpupoBaHue kBa3uand pepeHInaion

B rexyrmem naparpade TexXHUKA Je3MHTETPUPOBAHUS TPUMEHSIETCs K KBazuauddepeHim-
ajaM. YCTaHABJIUBAETCs, UTO B CIENUAJBHBIX CIy9IasdX BBITOIHIETCS AHAJIOT KJIACCUIECKOTO
«IIETTHOTO TIPABUJIAY MCUUCAEHUS — KBas3uanddepeHIua Cymnepno3uiin PABHAETCs CyIePTIo-
sunmu KBas3suaAndepeHnaion.

4.1. Teopema. IlycTp BBITOJHEHBI YCIOBHS TEOPEMBI 3.2 U, CBEPX TOI'O, O0OINAas HUKHSIS
rpamnma A m obmas Bepxmss rpannna Ay muoxects 0g(eqg) m Ogleg) BxomsaT B moIOCY, HO-
poskrennyro omeparopom Marapay. Torma xpazuanchgpepentmar Do(zo) = [0p(zq), Op(xo)]
MOKeT OBITH BBIYUCICH IO (DOpMyIaMm

(g o f)(z0) = (9g(wo) o m — A) © (3f (w0) x Of (w0)),

A(go f)(xo) = (Dg(z0) om — A) 0 (9f (x0) x Of (20))-
< B 3.2 66110 yeranorneno npegacrasnenue (go f) (zg) = po(P x Q) —qo (P x Q). Orcrona
BUJIHO, UTO €CJIU P U ¢ — cyOmHeiiHbie onepaTopbl Marapam, 1o B cuty Teopembr 4.5.2 u3 [7]
UMEI0T MeCTO (hOPMYJIBI

Ago f)(wo) = Ipod(P x Q) —8God(P x Q) =dpo (AP x dQ) — 8o (AP x IQ).



20 E. K. Bacaena, A. I. Kycpaes

Bemovunm, uro p=ponm—Au ¢:=qom — A, tne A((a1,a2)) = A1(a1) — Ag(ag) u m(er, ez) =
e1 — eg. Iosromy, yunteias uneitnocts 7 : B2 — En A : E2 — F n npusiekas dopmyry
[7; 1.4.14 (4)], nonyunm 9p = (Op) om — A u dq¢ = (9q) o m — A. Tem cambim, TIpUXOIUM K
COOTHOIIIEHUSIM

(g f)(wo) = (Bpom—A) o (P x OT),  B(go f)(ze) = (dgom— A) o (AP x IT),
SKBUBAJIEHTHBIM TpeOyembiM. Tak, ocTtaercs mokasarh, 94To p — onepatop Marapam, Tak Kak
MarapaMoBOCTb OIMEpATOpa ¢ YCTAHABJIUBAETCS TOUHO Tak yke. Ho coryacuo Teopeme [7; 4.4.7]
HY?KHO JINIIH TIOKA3aTh, 9TO OMOPHOE MHOXKECTBO Jp COCTOUT M3 oneparopos Marapa.

B cuny mammx npeamosnoxkenuit Sg:= |Aq| + |Ay| — onmeparop Marapam. Tak xax dp C
[—S0, So], To B cuty Teopemsi |75 4.4.7] p — Takxke omeparop Marapam. Pacemorpum onepatop
P=Pr— (A1, —As). Tax kak Ay u Ay oneparoper Marapam, To P — cybamneiinsrii onepatop
Marapam.

Cybmnd depentman dp B 601ee NogPOOHOH 3aMUCH UMEET BUJI

p={T=M, L) ELT(EXE—E): T=Sorm—(A1,—A3), S € dp},

npuuem T (e1,ez) = T'(e1) + T'(e2). Orciona BumHo, uro 71 = S — A; u Th = Ay — S. Takum
obpaszomM,
IT:| < S|+ |Ai] €250 (i=1,2),

u, ciegoBarenbuo, 11 u T — omeparopsr Marapawm.

Bosbmewm tenephb snevents d € F u ej, ey € ET takue, uro 0 < d < T (er,e3) = Tiey +
They. Torga d = dy + dy minga wekoropeix 0 < d; < Tie; (i = 1,2). Tak xax T; — onepaTopsl
Marapam, To cymecrsyior e; € E raxue, uro Tj(e}) = d; u, creposarensno, T (e}, e)) = d. >

4.2. Jlng ranpHefiero Heo0Xo4uMO IPHIAT CMBICT BblpazkeHusaM BuAa Y . D fe(zo) B Tom
cydae, ecmu (fg) — GeckoHednoe cemeiicTBO KBasuAnbdEPEHIIPYEMBIX B TOUKE Lo 0TOOPa-
Kenwii. Bocmonb3yemcst TeM, 9TO Omeparop CyMMHDPOBAHUs sIBISETCS omeparopoM Marapam
Ha K-npocrpancrse I (A, E) (cm. [7; 4.4.2(3)]). Hycrs, kak 06b19H0, X — BEKTOPHOE MPO-
cTpaHcTBa, a £ n F' — HekoTopble K-pocTpaHCcTBa.

(1) Bosbmewm rakoii perymasipusiii oneparop T : E — F, aro S:= |T'| — oneparop
Marapam. O6ozuauny cumsonom Ag f-amrebpy Z(Fr), rae Fr:= T(E)%. Torna [CS.(X, E)]
u [CS.(X, F)] MokHO CHAOAUTH CTPYKTYPOIi pereToyno ymopsaodeHaoro Ag-momxys. Boee
TOro, CyIecTByeT eJuHCTBeHHOe Ag-/nHeiinoe perysspraoe orobpaxenne [hr] : [CS (X, E)] —
[CS.(X, F)], asa koroporo [hr]([U,{0}]) = [T oU, T~ oU] npu Bcex U € CS.(X, E).

< Ilycrs cragana oneparop Marapam T = S nosoxuresen. s omopHON0 MHOXKECTBA
U € CS.(X,E), U = Op, muoxectBo T oU := {SoU : U € U} Takxke OymeT OMOPHBIM,
nockosibky S ol = S o dp = 9(S op) B cuy [7; reopema 4.5.2]. Tem cambiM BO3HHMKaeT
orobpaxkenue h:= hg : CS.(X, E) — CS.(X, F), neiicrBytoree mo npasuiay hg(U) = Sol.
Hecommenmo, 1To 370 oTobpazenue ajmuTusHo. Kpome Toro, ono Gyaer u Ag-ommoposmo,
rae Ag:= Z(Fs). B camom zene, cormacuo [7; 4.4.3(2,3)] cymecrByer Koiblesoii u perie-
Tounblit m3oMopdusm h' uz f-anrebper Z(Fs) Ha NpaBUILHYIO MOJAPEIIETKY W MOJKOIBIO B
Z(Eg) rakoit, uro mo S = S o h(w) nna Beex a € Z(Fg). Takum o6pasom oneparop S Oyzer
Ag-nuneiHbIM, ecin paceMaTpuBarTh F u F' ¢ ecrecTBeHHON CTpyKTypoit Ag-momynga. Tak kak
Ay C A:= Orth(F'), ro A-xounveckas pemerka CS.(X, F') 6yaer takyxke u Ag-KOHMIECKOIT
pertetkoii. B 1o ke Bpewms, crpykTypy Ag-koundeckoii pererku B CS.(X, E) MOXKHO ompe-
nenuthb, nonaras ol := h'(a)U nis Beex m € Z(Fg). lpu stom hg craner Ag-momyiuaeiinbM
0TODOparKeHmeM.
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Mozxno mocrponts Ag-monyias [CS.(X, E)]a, n Orth(E)-monyns [CS.(X, E)] Tak, dro
9THU JBa MOAYJs OyIyT COBMAAATh IO 3amacy 3JeMEHTOB, a MOIYJbHbIE CTPYKTYPBI COTJIACO-
BaHBI, T. €. YMHOXKEHIE Ha SJIeMeHThl Ay MHIynmpyercss yMHOKeHueM Ha dneMenTsl Orth(E)
(cm. [7; Teopema 1.5.6]). To ke camoe cupaBeInBO U OTHOCUTEIBHO Ag-KOHUYECKOH pereTkn
CS.(X, F). Cornacuo Teopeme |7; 1.5.6] cymectByer eauncTBenHOE Ag-THHEliHOE 0TOGparKe-
uue [hg] : [CS.(X, E)] — [CS.(X, F)], nns xoroporo [hs]([U,{0}]) = [S o U,{0}] npu Bcex
UeCS.(X,E).

Bosbmem Teneps peryssipubiii onepatop T : E — F takoii, uto S := |T| — omepatop
Marapam. Buoeb 1o Teopeme [7; 4.4.3] oneparopst T u T Takxke Gyayr Ag-uneiinbivu. B
COOTBETCTBUHU CO CKA3AHHBIM BBIIIE CYIIECTBYIOT Ag-JMHEAHBIE TOMIOKUTENIbHBIE OMepaTOpbl
[hr+], [hr-] @ [CSe(X, E)] — [CSc(X, F)]. Honoxkus [hr] := [hp+] — [hp-], nonyaum Ap-
JUHeRHbI peryagpuslii omeparop u3 [CS.(X, E)| B [CS (X, F)]. >

(2) Hycrs T, S, Ag — re xe, uro u B (1). Torna QL(X, E) u QL(X, F) mox-
HO CHAOJUTH CTPYKTYPOIl PEIIeTOYHO yIopsagodeHHoro Ag-moayisa. Bosee Toro, cymecTByer
equacTennoe Ag-nmneiinoe peryssproe orobpasxenne [h] @ QL(X,E) — QL(X, F), gra
roroporo [hT](p) = Tt o p — T~ p npm Beex p € SbI(X, E).

< Ecmn T = S, 10 ouesnsno, uro orobpaxenne [h°]: QL(X, E) — QL(X, F)], neiicrpy-
foree 1o nipasuity [ — S o [, aBasiercss Ag-JIMHEHHBIM 1 TIOJIOXKUTEIbHBIM. B o0mmeM ciiyuae
nomaraem [h7]:= [AT] = KT ]. >

Omneparop D, neiicrytommii na QL(X, F) u QL(X, F') 0603Ha4nM COOTBETCTBEHHO CHUM-
Bosiamu Dg u Dp.

(3) IHycrs T : E — F — peryasipusiii oneparop, npudem |T| — omneparop
Marapam. Torna
Dr o [k'] = [hr] o Dp.

< Bosbpmem kBazummHeitnblii oneparop [:= p — q, tae p,q € Sbl(X, E). Toraa, nucnonb3ys
(1), (2) u [7; 4.5.3], mocIe10BATETEHO BBIBOIIM:

oDg(1) = [hr]([0p, 0q]) = [hr]([0p,{0}]) — [r]([9q. {0}])
= [T+ © apaT_ © ap] - [T+ o aan_ o aQ]
= [0(T" op), AT~ o p)] = [0(T" ©q), (T~ o q)]
=Dp(TTop—T op)—Dp(T T oq—T 0gq)
=Dp(T"(p—q)) —~Pr(T"(p—q)) =Dro[h']. >
B manbmeiimem a1g OpOCTOTHI M BBIPA3UTENLHOCTH 0003HaueHnii nmumem D Bmecto D u
Dr, a Taxke T o D Bumecto [hr] o D u D o T smecto Dr o [hT].

4.3. Teopema. Ilycts f: X — E kBasuauggepeHupyeMoe B TOUKE Ty OTODpasKeHHe
nl' : E — F peryispHbiii MOPsAKOBO HEIPEPBIBHBIH OMEPATOP TAKOH, 94TO |T| — omepaTop
Marapam. Torga T o f takke kBasuguchgpepeHIupyeMo B TOUKE Ty U

D(T o f)(x()) =To Df(IE(])

Unade rosops, ana kpasumudgepennnana D(T o f)(xg) = [0(T o f)(z0), (T o f)(w0)] mmeror
MECTO NPEJCTABICHHS

AT o f)(xo) =T" 0df(wo) + T~ 09f(wo), (T o f)(wo) =T"0df(wo) +T o3f(zo).

< U3z teopemnr 3.1 mememnenno ciemyer crupasemusocth dbopmynst (T o f)(zg) =
T o f'(zp); TpebyeMble TIpH TOM YCIOBUS BBIMOJHAIOTCA TPUBUATBHBIM 00pAa30M, TAK KAk
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T nuneen, pery/sped W mopsiikoBo HempepbiseH. [lo yenosuio f/'(z9) € QL(X, E), a BBumy
4.2(2) T o f'(z9) € QL(X, F). takum o6pasom, orobpazkenue T o f’ kpasumuddepennupye-
MO B TOUKe Zo. Ocraercs nmpumenuts omneparop D k pasenctsy (T o f)(xg) = T o f'(zg) m
BOCIIOJIB30BAThCs npejiokernem 4.2 (3). >

(2) Crout BBImEUTH YaCTHBIH Caydail popmysn kBasuandepeHImpoBanus u3
(1), xorma T : E — F — jmmeiinsiii oneparop Marapam. B stom ciyuae dopmyssr s
soraucenns D(T o f)(zg) = [0(T o f)(w0), 0(T o f)(wg)] ympomaiorcs:

Q(Tof)(xo) :TOQf(,’EU), E(TOf)(x()) :Togf(mg).

4.4. Paccmorpum Bomipoc 0 KBazuaudepeHmpyeMocTu 6eCKOHETHON CyMMbl. 3aduKcu-
pyem memycroe muoxkectBo A. CumBonom [1(A, E), kak 06b19HO, 0603HAYMM COBOKYITHOCTH
BCEX O-CYMMHPYEMBIX CEMeNCTB 37eMeHTOB F, mHjekcoBaHHBIX mocpeiacTBoMm A. Bozbmewm
cemeiictBo orobpaxkenuii fo, : X — E (o € A) u nycrs 2 € core (dom f,) mna Bcex
(¢ € A). Byzem roBopuTh, 9TO 3TO CEMEHCTBO PasHOCMENEHHO KEasududdepenuupyemo B
TOUKE o TO HampasJeHWio h € X, ecin cymecTByeT yOBIBAIOMIAS K HYJIIO TOCTEI0BATE b
HOCTB (cn(+)) C 11 (A, E) Takast, 410

falzo +th) — fa(zo)
t

sup < en()

0<t<l/n

s Bcex « € Aun €N
B crenyiomeit Teopeme Berpazkenne 0-y - D fo (o) ciepyer nonmmars B cooTBeTcTBIM C

4.2. Tounee, ecnn
0y Dfa= [o—Z 9fa(@0), 0y falzo ]

a€A acA acA

npuyeM 0-y_ - o Uy — MHOXKeCTBO ymHeiinbx oneparopos T' € L(X, E), npeJcTaBuMbIX B BUJe
Tr =0 ,cpTaz (z € X), rne Ty, € Uy s Beex o € A.

Teopema. Ilycts X — BekTopHOE mpoctpancTBo, E — npowmssoasaoe K-npocrpaHcTBO,
A — mpomnsponpaoe muoxkectBo. Ilycrh fo : X — E (a0 € A) — o-cymmmpyemoe cemeiicTBo
orobpazkeruii u onpeneaum oroopakerne f: X — E' paBeHCTBOM

1) =03 fala) (x € X).

a€cA

Ipennonoxnm, uro xy € core (dom fy) mrs Becex a € A u cemerictBo (fo)acA PaBHOCTEHEHHO
KBasHII(pPepeHupyeMo 10 HAIPABJICHAAIM B TOUKe xo. Ecam maa moboro a € A cymectByror

Pas o € SBI(X, E) takne, uro fl(x0) = pa—qo (a € A) u npm 310M (pa(h))aca,(Ga(h))aca €
I1(A, E), o orobpazkenne [ kBazmauchhepeHIIIPYEMO B TOUKE Ly M CIIPaBeAInBa hopMmyia

Df(e0) = D 03 fa ) (20) = 03 D).
acA acA
Taxmm obpazom, ecin Df (xg) = [0f (0), Of (m0)], To

Qf(mo)=Q<0—Zfa(fco)) =0 dfalxo), 9f(x0) =5< > falwo) ) =0 0fa(z0)-

acA acA acA acA
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< Pacemorpum omeparop Marapam ¥ u3 [1(A, E) B E, onpenensiemblii (hopmyioit

Y (eq)aca F 0-) eq.
a€A

Omnpenenum oneparop ¢ : X — 11(A, E) paBencTsom

o(z):= (fa(®))acA-

HAcuo, aro mquddepeHnupyeMoCcTsb (p M0 HATPABIECHUSIM B TOYKE L() BHITEKAET U3 TPEIITOI0XKE-
HUS O PABHOCTENEHHOM auddepeHImpyeMOCT 10 HANPABJIEHUAM B CUJTY CJIEIYIONIEH OIeHKN:

¢(zo + th) — p(z0)
t

sup < (Cn(a))aeA (n € N)

0<t<l/n

ITpu sTOM TTpOM3BOAHAS IO HATIPABIEHUAM UMEET BUJT

¢ (wo)h = (falo)h) = P(h) = Q(h),

acA

rie P : h = (pa(h))aca 1 Q : b — (qa(h))aca. Beuay Hammx npezanonoxkenuit nocies-
HI€ COOTHOIIEHUsI KOPPEKTHO Ompenessitor cybsuneiinsie omepatopsl P, Q : X — [1(A E),
CJIeIOBATEIFHO, ¢ KBazuanddepeHnupyeMo B To4Uke To. Tak Kak f := 3 o ¢, TO COTJIacHO
4.3 orobpaxenue f Takxke KBazuaudpepeHmpyeMo B TOUKe zg U ero KBasuanddepeHiuali
BBIUUCISIETCS C MTOMOIIBIO (DOPMY.JT

0f (w9) = AT o F)(z0) = Lo AF (x) = 0-y_ dfalwo),
acA

9f(w0) = (T 0 F)(z0) = Lo OF (z0) = 0-y_ Dfalmo). >
acA

4.5. B zaknouenne naparpada 3aiimemcst yeaoBuaMEu KBazuaudGepeHmpyeMoCcT WHTe-
rpanbnoro oneparopa. Ilycrs (2, X, ) — BeposTHOCTHOE TIPOCTPAHCTBO, X — cenapabenbHOe
6aHAXOBO MPOCTPAHCTBO, & F/ — TOPSIIKOBO TO/HAs GaHAXOBA PEIeTKa C TMOPSIKOBO HEIpe-
peiBHOIT HOpMOiL. Paccmorpum cemeitcto (fy,)weq oTobpaxennii f, : X — E' ksasumudde-
PEHIMpYeMbIX B TOUKe xo € core (dom f,). IIpeamonoxkum, 910 mpu JH060M & U3 HEKOTOPOTO
muokectBa U C X orobpaxkenune w +— f,(z) nouarn BCcogy npunnmaer 3uadenus u3 F u
uuTerpupyemo o boxuepy. Torma moxkHo onpenenunTs orobpaxenue f: X — E', monaras

fm:Ammww

mpu z € U u f(x) = 400 npu z ¢ U. BeigcHUM Tpu KakKuxX yCIOBHsSX OTOOpazkenme f
kBazuuddepenipyemo B Touke g € core (U). Ilycrs f! (z0)h npoussoguas f, B Touke zg
1o HampasJsenuto h. B cuny kBasumuddepenimpyemMoctu f, cnpaBeiinBo MpeACTaB/IeHNE

f&(fvo) = Puw — qu;

TJ€E P, qu : X — E — cybiuHeiinble onepaTopsl npu Jji000M w € ).
CemeitctBO (fy)weq HAB0BEM PAGHOCTNENEHHO KEA3UOUPPHEPEHUUPYEMDbIM B TOUKE L) TIO
HanpaBjaeHnio h € X, ecin CyIIeCcTBYeT TOCIeJ0BATETHFHOCTh HHTETPUPYEMBIX OTOOParKeHMit
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(n), ¥ : Q — E, yobIBaOIIAs U 0-CXOAIIASACS K HYJIIO TOYTH BCIOJLY, JJisl KOTOPOIi BBITTOJTHEHA
OTTEHKA

sup fw(on + th) — fw(mﬂ) < Q/)n(w)
0<t<1/n t

st Bcex w € Qun €N

Teopema. Ilycte X — 6aHAXOBO NMPOCTPAHCTBO, a F — MOpsAKOBO mojHas GaHAXOBA
penrerka ¢ mopsiikoBo Herpepwisaol HOpMo#. ITycts (fy,)weq u f — Te ke, uro m BhImeE.
Orobpazkerme ¢ : X — LY(Q,%, u, E) onpenemnm comocrapus x € U Kaacc SKBHBAJICHT-
HOCTH HHTErpupyemoii Bektop-pyHkunn w v f,(x) n nonoxus ¢(x) = +oo npu x ¢ U.
Ipennonoxnm, aro cemeriictso (f,)wen paBHOCTENEHHO AHDEPEHIUPYEMO 10 HANDABICHH-
M B TOUYKE To H JIIs 100010 w € ) npon3BoJHas 10 HanpasaenusM f (xg) gomyckaer takoe
NpeJICTaBIeHne B BUJE PA3HOCTH CyOInHERHbIX onepaTtopoB f| (o) = pw — quw, 9T0 0TOGpaske-
"I W — Py (h) 1w — q,(h) marerpupyemsr mo Boxuaepy npu Bcex h € X . Torya orobpazkemnne
f xBasmauchpepeHupyeMo B TOUKE () U HMEET MECTO MPEICTABICHUE

D =D du.

f(a0) = [ Dotao) du

Tounee, kpasmmrgpgpepennman Df(zo) = [0f (z0), 0f (x0)] omuceBaercs cremyrommm obpazom:
0f (o) = [ Bptan)ds. Tfta) = [ Tolau) du.

< Ilpm cpenaHnBIX JOMyMIEHUAX omepaTop I, : L' (), %, u, E) — E, onpenenseMblii HHTe-
rpasom Boxuepa

D)= [ uw)du(w) (we I3, B),

siBJIsieTCsl JinHeiiHbIM onepatopom Marapawm (cwm. [7; 4.4.2 (5)]). Beegem aBa HOBBIX oneparopa
PQ:X — L' (9,3, u, E) mocpeactsom dhopmy

P(h):w = pu(h), Q(h):wwr qu(h) (ke X).
W3 yciosus paBaOCTEenenHoM auddepeHnpyeMoCTr 110 HATPABICHUAM CIEIYeT

th) —
sup @(zo + th) — ¢(o) <m0,

0<t<1/n l

OTKYJla BUJIHO, UTO (o auddepeHiupyeMo Mo HANpPABIEHUSIM B TOYKE Ty U MPU ITOM i
moboro h € X mpomssogmast mo Hanpasiaenuio ¢ (zg)h npeacrasager coboit oroGparkenue
w > fl(xo)h. Ho 310 Baeder cnpaseamsocTh npeacrasaenns ¢’ (zg) = P — @, o3ragaoniero
KBa3uIuhbepeHmpyeMocTh oTobpaxkeHus ¢ B Touke Tg. Tak xax f = I, o ¢, To IpuMeHnMa
reopema 4.3 (1), B coorBercTBUM ¢ KOTOPO#i f KBazuauddEPEeHIMPYyeMO B TOUKE g U

Df(wo) = I 0 Dp(xo) = I, 0 [OP, 0,

9TO U TpeOOBAIOCH. [>

4.6. B ciyuae cenapabenpaoro X yCTaHOBJIEHHYIO TEOPEMY yIAAETCs YTOIHUTH C TIOMOIIBIO
reopembl Illrpaccena. Ecim (U, )wenq — cemeiictBo omopubix MuHOXKecTB U, € CS (X, E), TO
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cuMBooM [ Uy, dpu(w) obo3HavaeM MHOKECTBO Beex JmHefHbIX omeparopos T € L(X, E),
npeacTaBUMBIX B BUE

To = /Q Ty (@) dp(w) (z € X),

rie (Ti,)weq — TaKoe ceMeiicTBO JMHeHHBIX omepaTopos u3 X B K, uro T, € U, aig moduTu
BCex w € Q m pnga moboro € X orobpaxenne w — Tw(x) narerpupyemo no Boxuepy.

Teopema. Ilycrs (f,)weq u f — Te ke, uro u Beime. IIpeamnonokum, 4To ceMeicTBO
(fw) paBHOCTENEHHO MUbPEPEHIMPYEMO IO HATIPABJIEHUSIM B TOYKE L) U JIs JI0060r0 w € €
Mponu3BOHAS MO HanpasjaeHusM f! (o) gomyckaer Takoe mpeJcTaBieHHne B BHJE PA3SHOCTH
cybommnretinpix onepatopos fl(zo) = pw — qu, 9T0 orobpakenns w > p,y(h) 1w — qu(h)
urTerpupyembl 1o Boxuepy npu Bcex h € X . Torna orobparkenne f kBazuanpgepeHupyemMmo
B TOUYKE T( H HMEET MECTO IPEeJCTABICHHE

Df(a0) = [ Dfuao) du(o).
Tounee, kpasmmrpgpepennman Df(zo) = [0f (z0), 0f (x0)] omuceBaercs cremyrommm obpazom:

91 (o) = /Q 8fs(r0) dp(w),  Tf (o) = /Q Bs(0) dps(w).

< Tak kak BBITONHEHBI BCe ycaoBust Teopembl 3.6, 10 Df(zg) = I, o (xg) = [0P,0Q] =
[0(1, o P),0(I, o Q)]. Ocraerca npusneub Teopemy IllTpaccena o nesunTerpupoBanuu [7;
4.5.8]. >
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