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O JIBYX KJIACCAX IIPOCTPAHCTB KETE — ®PEIIIE,
B KOTOPBIX KAKJIOE OOIIOJIHAEMOE TTOAITPOCTPAHCTBO
NMEET BA3UC

B. II. Kongakos, A. U. Edpumon

PaccmaTpuBaoTca JBa TIOAMHOXKECTBa Kaaccos parunesa (d;), 1 = 1,2, mpocrpancts Kére — ®@peme,
cozepKalye, B 4acTHOCTH, npocrpancrsa Jparmmesa Ly tunos 1 u 0 coorsercrsenno. Kaxkmoe mo-
TIOTHAEMO€ TTOAIIPOCTPAHCTBO JIFOO0OTO TPOCTPAHCTBA M3 ITHUX ITOIMHOYKECTB nMeeT 0e3yCIOBHBIN 6a3uc u

M30MOP(MHO MOIXOAANEMY KOOPANHATHOMY ITOIITPOCTPAHCTBRY.

B paGore [1] 6bL10 MOKA3aHO, UTO B MPOCTPAHCTBE CTEMEHHBIX PSAJOB KOHEYHOTO THUIIA
(onpeneserne cm., Hanpumep, B [1, 2]) sr060e j010IHSIEMOE TTOATPOCTPAHCTBO MMeeT 0HA3WC
7 m30MOP(MHO MOAXOIANIEMY KOOPAUHATHOMY TOAMPOCTPAHCTBY, T. €. MOAIMPOCTPAHCTBY, II0-
POXKIAEMOMY HEKOTOPOi 4YacThio OCHOBHOTO 6Gasuca (oproB). 3arem B [3, 4] sTOT pesyabrar
OBl PACIPOCTPAHEH Ha PACIIMPSIONINECs: MOJAKIacchl Kiaacca (dg), Beegennoro B [5] (¢ ecre-
CTBEHHBIM DACIIPOCTPAHEHWEM Ha Caydvaii mpoctpancTB Kére, He ABIAIOMINXCS STEPHBIMHE).
B o630pax [6, 7] ormMe4anock, 9T0 K MOMEHTY WX HAIMCAHUS HE OBbLIO M3BECTHO TIO/K/IACCOB
napyroro kjacca (di), BBeJIEHHOTO B TOi e pabore [5|, ¢ OTMEUeHHBIM CBONCTBOM JIOTIOJI-
HACEMBIX TTOAIIPOCTPAHCTB. HeKOTOprM UCKJIIOYEHUEM ABJIAJINCH TaK HA3bIBAEMbIE «PDYYHBIC»
IPOCTPAHCTBA B CMBICTE 8] min 67109HO-pa3peKeHHbIe TPOCTPAHCTBA B CMBICTE [9], B KOTOPBIX
POEKTOPHI  ABTOMOPMU3MBI UMEIOT CPABHUTEIHLHO TPOCTOH BHI, 00yCIOBIEHHBIN Pa3PesKeH-
HOCTBIO ompejesoneii marpuiil Kére (moapoduee cum. |9, 10]). Heckonbko moszxke ObLIO 110-
Ka3aHO CYyIIEeCTBOBaHME 0A3MCOB B JIOTNOMHSAEMBIX TOANMPOCTPAHCTBAX SAJEPHBIX MPOCTPAHCTB
CTeleHHbIX psajoB beckorednoro tuna ([11-13]) u coBcem HeJaBHO — B NPOCTPAHCTBAX KJacca
Jparunesa Ly tuma 1 [14].

B macrosimeii pabore cpejiy CIeTHO-THIBOEPTOBBIX mpocTpancTB Kére kiacca (dy), nmero-
MUX YIOPsiZOUnBaeMblii 6asuc (B cMbicsie [15] uam ero MOKHO HA3BaTH OJIOYHO-TTPABIIBHBIM
B CMBICJIE TPABUIBHOCTH 13 [5]), BBIJEIEH TIOAKIACC, COMepKAIIMIl [IeJIMKOM N3BECTHBIH K/1ace
npoctpancts Ly tuna 1 ((f), u3 [5] mam [16]), B mpocTpancTBaxX KOTOPOTO KazKI0€ JOTOJI-
HSIEMOE TOANPOCTPAHCTBO MMeeT 6a3uc M n30MOPMHO MOAXOAANIEMY KOOPAUHATHOMY TTOIMPO-
crpanctBy (Teopema 1 muxke). [IpoBepka ormedeHHOTO hakTa (Hammdms 6a3MCa) TPOBOIUTCS
NMPpUMEHEHNEM METO/Ja «TYIHNKOBOTO» NPOCTPAHCTBA W MHTEPIIOJIAIINN OII€EPATOPOB B BECOBBLIX
IPOCTPAHCTBAX IO AHAJOIWH ¢ MeToankoil [1| (cm. Takxe [14-17)).

AHAIOrMIHO OTMCHIBAETCS M HEKOTOPBIH TOK/IACC TPOCTPAHCTB Kaacca (da) ¢ OnmmcanHbIM
BBIIIIE CBOIICTBOM, M cozepzKammii n3BecTHble Kinacchl Ly n Ly tuna 0 u3 (3, 4] u [6] (Teopema
2 HUKE).

© 2003 Koungaxos B. I1., Edbumos A. 1.



O aByx kjaccax npocrpancts Kére — @permie 51

1. O603HavueHUs U NPEABAPUTEIbHBbIE CBEIEHUS

IIycts @ = [ar(n)]rnen — OeckoHedHast MaTpuma IefiCTBUTENBHBIX UHCET  C
0 < ay(n) < apq1(n), sup, a,(n) >0 maa scex ,n € Nu 1 < p < oo.

IIpocmpancmeom Kéme HA3BIBAIOT IPOCTPAHCTBO JECTBATEILHLIX NI KOMILUIEKCHBIX UH-
CJIOBBIX TTOC/IEAOBATEIBHOCTEN

bl = {€ = @hen 617 = S leuPatto) <400 r €],

Hazenennoe Habopom mosyHOpM (|| - ||+ )ren, 3aJar0mumM TOMOMOTHI0 (IPpU P = 00 MOJTYHOPMBI
| - || mo onpemenennIo ABAAIOTCSA SUP-TIOTYHOPMAMHU).

ITocpencTBoM JHHEHON MHTEpIONSIME i pocTpancTBa Kére [,[a] MoryT 6bITH ompe-
JiesieHbl Dy HKITH

ar(t) = ar(n) + (t - n)(arJrl(n) - ar(n))a n<t<n+1, n,r €N,

KOTOpBIE OyJIeM HAa3LIBATH GECOGLIMU PYHKUUAMU.

Bazuc (x,) c4€THO-HOPMUPOBAHHOTO MPOCTPAHCTBA E HA3BIBAIOT Npacuavhvim (B CMBIC-
ae [5]), ecim cymiectByer Takasi CHCTEMa HOPM, ONpeJeJsiioliasi TONooruio B F, dro
|lznllr/l|Znllr4+1 4 O mpu n 1 oo mns moboro r € N. CoorsercrByioniyio Takomy BbIGOPY
cucteMbl HOpM Martpuny a = [a,(n) = ||ep]||r]rnen Ag npaBuabHOTO 6asmca OpTOB (€,) HIpPo-
crparcTBa Kére To)Ke HA3BIBAIOT MPABUJIBHON. 3aMEHOW MpaBUJIBHON MaTPHUIbl HA IKBUBA-
JIEHTHYIO, B CJIy4dae HeOOXOAMMOCTH, MOXKHO 00ECIeINTh CTPOrYI0 MOHOTOHHOCTD ay (M) TO 1 U
7, @ BMECTe C TeM U CTPOTYI0 MOHOTOHHOCTH (byHKIWMi a,(t) o ¢. Berogy muxe npu pacemor-
PEHMUU TMPOCTPAHCTB € MPABUILHBIM 0a3MCcOM OyeT MpPeoaaraTbCs HaaIudne B MIPOCTPAHCTRE
HENmpepbIBHON HOPMBIL. [10CI€10BATENBHOCTD EIMHUIHBIX OPTOB (€n)neN, €n = (0in)ieN, AB-
ngercst Ge3ycnoBHBIM 6asucoM B lpla] ¢ |leylly = a,(n) u B ToM ciaydae, Korma sToT 6azuC
SIBJISIETCsI IPABUJIBHBIM, MOXKHO TpejrnoiaraTh 6e3 yrparsl o0uHocTr st Marpuibl Kére [a]
BBITIOJTHEHUE YCJIOBUMA:

1)ai(n)=1,neN, ar(n)too(ntoo), reN\{l}k

2) pns moboro r € N, afjr—% 40 mpmntoo.

Buecw yeaosue (2) obecrneunBaercst BHIGOPOM CHCTEMBI HOPM W3 OIPE/IEeJeHUs] TPABUIIb-

HocTn Gasuca (ep)nen, a ycinosue (1), B ciaydae HEOOXOAMMOCTH, MOXKeT ObIThH 0GecrevYeHo
1

JWIATOHATBHBIM IPEOOPA3OBANIEM € — s—xen, 1 € N, T. e. mepexonom K m30MOpdHOMY

o)

MIPOCTPAHCTBY, ompeaensgeMomy maTpuiieit Kére [Zl(n)

ITpu takom BeIGOpe Marpuubl Kére [a] coorercrByomme dyukunu ar(t), t > 1, r € N
Gy/IyT CTPOTO MOHOTOHHBIMH, a 3HAYHT, I mMerommvu obpaTabie a, (u) (v € {a,(t), t > 1},
r € N).

BamMeTnM, 9TO B BaXKHBIX YACTHBIX CIydagx OpocTpaHcTB Kére ¢ mpaBuIbHBIME Gasuca-
My opToB (hyHKIMHU ar(t) M 0OpaTHbIE K HUM NOSABIAIOTCS €CTECTBEHHBIM 0Opa3oM 6e3 uc-
moJIb30BaHusT uHTepnoaannu. Hanpuwmep, gyis npoctpancts Kére suna lofal, tme ay(n) =
exp f(Arbn), Ar T A, A = —1,0,1 wm oo, a f — HeueTHass HempepbIBHAs (DYHKIUS, OMpe-
JleJIeHHast Ha, IeHCTBUTEILHON OCH, YIOBIETBOPSAET YCIOBUSIM:

1) () 1 00 mpu £ 1 o

2) limy_ o0 % = 0 ga moboro 6 > 1 (yceaosue 6GuicTporo pocta f);
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3) mna gioboro @ > 1 f(0t) — f(t) T oo mpu t T oo, (by > 0)peny — TPOU3BOTH-
Ha, nMmeroTcs ecrecTBeHnble MyHKmN ar(t) = exp f(At) (r € N, ¢t > 0) u obparubie um
a7 () = £/~ (Inw).

ITpocrpancreo Kére — ®perte E ¢ 6a3ucom opros (e,) orHoCcaT K Kiaccy (d;), i = 1,2,
€CJIN BBITIOJIHSAETCSl COOTBETCTBEHHO ycioue (1) mam (2):

(1) 3r(1) Vr 3s(r), C >0
lenls < Clealrlenlsery (n=1,2,...);
(2) Vr 3s(r) V¢, 3C >0
lenlrlenlt < Clealspy (n=1,2,...).

3 ycnosus (dg) ¢ mOMOIIBIO MHIYKTUBHOTO TIPOIECCa MOKHO BhIOpaTh Kouctantel C(r) > 0
TaK, 9TOOB! BBIIOIHSIOCH yeaoBue (dg):

Vr3s(r) vt lenllrllenlle < llenl3y (n=1,2,...),

e uenonbayercs Hosast cuctema #opM (|| - |l = C7H(r)| - |), sxBEBanenTHAS MCXOAHOM. DTH
[POCTPAHCTBA SBJSAIOTCs 06061mennem npocrpancts Kére, onpenensiembix (sorapudymndecku
BBITyKJIbIMT) (byHaKIusivu Iparnnesa n3 [5] u mpocrpancts L, ynomuuasmmxcs B [6].
HanmoMHNM W3BECTHOE YCIOBHE WHTEPIOJIANNN JIMHEHHOTO OIepaTopa, JIeHCTBYIONEro B
cemeficTBax BECOBBIX TpocTpaHcTs (cMm. [18]).
[Iycts 3a7aHBl TApaMeTpUYeCKHe CeMeiiCTBa MIIE0EPTOBBIX IPOCTPAHCTB

Hy, = ly(ax(n)) = {s — (&) Sl m) = | < oo} A <A< N,
n=1

Gy = ly(by(n)) = {£=(§n)r 3 [enl?6 () = €13 <oo}, N <N <N,
n=1

Hy, CH\C Hy,, Gy CGx CGy,,

u oniepaTop T, onpeie/IEHHBII Ha JIOTHOM MHOYKECTBE BO BCeX mpocTpancTBax H )y, gomyckaer
[POJIOI?KEHNE [10 HEIPEPBIBHOCTU JI0 OrPAHMYEeHHOro orobpaxkenust T : Hy, — § PURRLEP:
orpaHHYeHHOr0 orobpaxkenusa 1': Hy, —+ G X,

Ecnu Bermosneno ciemyromiee ycioBue

VA M SN KA, AAN) 0 ALK AN) < Ag, C=C (N, A(N)) >0

by, (n) by, (n)

ay, (m) ’ AN, (m)

by (n)
ax(\) (m)

<Cmax{ } Vm,n € N, (1)
T0 oneparop 1’ jionycKaeT NpojioJizKeHne 10 orpanndentoro orobpaxenus 1" : Hyy — Gy

BameTnM, U4TO 3TO yCI0BUE UHTEPIO/IAIIN OIEPATOPA OUEBUIHO [Tl BECOBBIX MTPOCTPAHCTE
¢ abcomorHbiMm Gasucamu, T. e. cemeiicts Buga li(ay(n)), a B [18] nokazano, uro oHO XKe
ABJISIETCA U YCJIOBHEM HHTEPIIOJISIIUN OllepaTopa B ceMeficTBax mpocTpaHcTs [y(ax(n)) ¢ 1 <
p < o0.

Huxke anst mpocrpancts Kére ¢ mpaBuibubiM 6a3ucom OyayT pacCcMaTpUBATLCS TTapHbBIE
KOMTIOBHIINN BECOBBIX (byHKImiT ¢ mx obparabivu Buaa as(a, '(+)). JLnsg kpaTkocTn Bese aTu
KOMIIO3UIINY OY/yT HAZBIBATHCS MAPHBIMU KOMIIO3UIIUAM.
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ONPEAENEHUE 1. Bymem rosoputh, uto mpasuibHasg marpuria Kére [a,(n)] ompenesns-
eTcst TTOCIEI0BATEIHbHOCTRIO BECOBBIX (DYHKINI ¢ yIMOPSAI09EeHHOCTHIO TAPHBIX KOMIO3UIN €
oOpaTHbIME (DYHKIUSIME, €CIA BBIOTHEHO YCIOBHUE

3Ir(1) Yr 3s(r), C(r) >0
ar(a;(ll)(t)) < C(r)as(r)(ar_l(t)) Vi > 1.
g kparkoctn, Takue maTpuibl Kére 6yneM naspiBath Marpunamu Kérte co coiicTBoM (s1).

B wacrroCcTH, J1I060€ MPOCTPAaHCTBO Kaacca (f)o omperenserca KaHOHMYECKO# MaTpuied
(u3 onpeenenusi) co coiicrBamu (s1) u (da).

ONPEJEJNEHUE 2. Byzem ropoputs, uro npasuibHas Marpuiia Kére [a,(n)] onpexensiercs
TIOC/IEIOBATEIHHOCTHIO BECOBBIX (DYHKIINI C 0OPATHOM yIOPSIOUEHHOCTHIO TTAPHBIX KOMIIO3H-
nwit ¢ obpaTHbIMU (DYHKIUSIMU, €CJIM BBITIOJTHEHO YCIOBUE

Vr 3s(r),C(r) >0 Vs> s(r) : as(as_(i)(t)) < C(r)as(r)(ar_l(t)) Vt.

Hnga kparkocrn, Oyjem HazpiBaTh Takue Marpuibl Kére marpunavu Kére co croiicrBoMm (S2).

Ecam npocrpanctso Kére us knacca (f)1, TO ero Tomonornst MOKeT BCerja ObITh 3a/aHa
marpuueit Kére co cpoiictBoMm (s2), mHampumep, a,(n) = exp f((1 — 277)by,). 3amernm, 910
KJsiaccel npocrpancts Kére, coorsercTByionmx Marpuiam co cpoiicrBamu (S1) n (S2), MoryT
MepPeceKaThCs.

2. Pe3yabTaThl

Teopema 1. Ilycts E = Iy ([aT(n)], (lé\/[(")», e M(n) < oo, n € N, — 6uounoe
cueTHO-ruIL0epTOoBO npocTpancTBo Kére kinacca (dy), onpenensieMoe NpaBUIbHON MAaTPHIELH
[ar(n)] co cofictBoM (s2) (06paTHOF yHOPSI0YEHHOCTH MAPHBIX KOMIIO3HLHH ¢ 00PATHBIMH
byHKIMIAMD).

Tora npou3BOJIbHOE J0MOIHIEMOE MoAIpocTpaHcTBO F' B K n3oMopgHO HEKOTOPOMY KO-
OpJIMHATHOMY IOJIPOCTPaHCTBY B E Buga E =y ([ar(m(n))], (lQL("))>, e (m(n)) — mocre-
JI0BATEJIbHOCTD HATYPAaJbHBIX umces1 6e3 moproperuii u L(n) < M(n), n € N.

< Tak kak E u3 kmacca (dp), marpury Kére [a] mpennonaraem BBIGpAHHO!N Tak, 9UTO
Vr 3s(r), C(r) >0

a%(n) < C(r)as(r)(n), a(n)=1 (n=1,2,...).

[Ipu 3TOM OBIITHOCTH PACCYXKAECHUI HE YTPAUUBAETCS, IOCKOJBKY TPUBOJISIIEE K 3TOMY TPens-
pa30BaHue, ONMMCAHHOE BBIIIE, COXpaHser yciaosue (83). Ilycts P — HEKOTODBIN HENPEPLIBHbIH
JTHEHHBIN TpoekTop 3 E Ha F, KOTOPBIM CYIIECTBYET MO OMpeeIeHnIo AomoTHgeMocTn F' B
FE. DToMy npoekTopy COOTBETCTBYET WHBOJIOTUBHBIN onepatop J = 2P — I, 1. e. uzomopduzm
co coiictBoM J? = I (31ech I — ToxaecTBennsiii onepatop B E). Ecm ycnosne mempepsis-
HOCTH P 3ammchIBaeTCs B BUIE

Vr 3s(r), C(r) > 0: |Pe|, < C(r)lelsw)s € € B,

rae MOxKeM CUYUTATb

el =Y len(e)Paf(n), r € N
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(el, — xoopauHATHBIE (DYHKIIMOHATBI 6a3uca OPTOB (€5,)), TO YCJIOBHE HENPEPBIBHOCTH J MMeeT
BUJI

| Tel, < C(r)lelsr), €€ E, reN, C(r) =3C(r),

U BBUJy MHBOJIOTUBHOCTH J

lel, < C(r)|Jelsey, e € B, r €N
Bgegem nosyio cucremy wopwm (|| - ||5):

lell? = le|? + | Je|?, e€ E, r€N.

DTa cucTemMa HOPM SKBUBAJEHTHA MCXOMHOM, TakK Kak mpu jrobom r € N

ely < llels < Dlely € B (D(r) = I+ (C0)R),

[ Tellr = llellr ([[Pellr <llellr), r €N, e€ E.

Beesiem TynukoBbIii BeC Go (M) = @y (N), 1, KAK yKa3aHO BbIIIE, HEYyOBIBAIOILY IO HETIPEPHIBHYTO
byHRIHIO a00(1), 1 <t < 0o. Barem ompeesmM mapy «TyIHKOBBIX» HOPM

2 _ - i llell? 2 2
Jeleo= 3 57 gy < lelie = Z|e )PaZ(n),

r=1

rae D(r) rakoso, uro |le|, < D(7)|e|s, co cBoiicTBOM |Je[x < |€[oo, € € X = span(ep)o ;.
O6o3uaunm monosHerns X 00 ruabbepToBeiM HOpMaM || - |1 # | - [oc wepes Hy u Hoo cO-
orBercTBeHHO. QueBnaHO, TpU 3TOM Hy TOXKIECTBEHHO BJIOXKEHO B Hy u, B ciiyuae HE0OXO0-
JIMMOCTH, YMHOYKEHUEM HOPMBI || - |1 Ha TOAXO/sIIIee YMCI0 MOKHO JOOUTHCS, 9TOOBI HOPMa
|- [o=const - || - |1 yroBrerBopsiia HepaBeHCTBY | - [0 <] - [oo-

ITycrs (h;) oproronamsrerii 6aswc oxrospemenno B Hy n Hy, cocrosimmii u3 wactu (hyj) ey,
nopoxatommeit PHe, m wact (hy) e, , mopoxparomeit (I — P)Hq

Cunraa nocrenoareabuocts (hj) sHopMuposannoit B (Ho,] - [o), ompenesmm uncia t; u3
CITeLYIOMNX PABEHCTB |hj[oo= @oo(t;), BHIOMpAs KaxkabIil pa3 t; PABHBIM MAKCHMATLHOMY
SHAYEHUIO U3 BCEX, YIOBIETBOPSIONINX PABEHCTRY, YTO BO3MOXKHO, TAK KAK JAHHBIN TYTHKOBBI
BEC ABJIsieTCs HEyObIBaroMiei OyHKIIeld.

Hnga maper nipoctpancts Ho, C Hy o0pasyeM ceMeiicTBO MPOMEXKYTOYHBIX MPOCTPAHCTB
H,, nyrem nonojiHenus JTUHEHHON 0601049KN 6a3uca OPTOB (€y, )92 | M0 «HCKYCCTBEHHBIM» HOD-

MaM
00

*2 ! 2 2¢4.
lell;* =Y 1B (e)?a7(t)), e € Xo,
i=1
!

rie h; — ko3¢ dunuenTarie GyHKINOHATBL OOIIEr0 OPTOrOHAIBHOIO 6asuca (hj) (311 PpyHK-
[IMOHAJIBI MOXKHO BBIPA3UTh B TEPMUHAX CKAJSPHOTO Mpoussemenus (-, -)g).

Hpyroe cemeiicTBO Tuib6epTOBBIX TPOCTPAHCTB {G, } mosyunm myrem monosaerust X OT-
HOCUTEJIHHO €CTECTBEHHBIX HOPM

lel? = Zle (e)?az (n)
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U TYIUKOBOW HOPMBI
o.¢]
el = > len(e) a3 ().
n=1

JIyist yKa3aHHBIX CeMefCTB UIbOEPTOBBIX TPOCTPAHCTB, CONIACHO TIOCTPOEHUIO, UMEEM TOK 1e-
crennble Biokenns Goo C Hoo, Gg(0) C Ho, 1, ¢ IpyTOit CTOPOHDI, €CTECTBEHHBIE BJIOKEHHS!
Hy C Gy, Ho C G,. IlocpencrBom mpoBepku ycioBus uaTeproanuu (1) omepaTopos, ocy-
IIECTBIISIOIINX YKA3aHHbIE BJIOYKEHNU, TOKAZKEM, 9TO TI0CJIeJ0BATEILHOCTE HOPM (||-[|X)92 9k-
BHBAJIEHTHA [OCTEI0BATETLHOCTH HOPM (| - |»)$2,, 3aai01ieii HCXOTHY IO TOIOIOrH0 B F. 910
u Gyzer o3Hauarh, 4to (h;) — 2-abcomoTHbI 6a3uc (Kak 6asmc OPTOB CUETHO-IHILOEPTOBA
npocrpancTBa Kére), a snaant, (hj)jc, — 2-abcomoraerii (6e3ycnosrerii) 6asnuc B F.

C oxmoit cToponbl, ToxKaecTBeHHbIe BaAOKeHUs Goo B Hoo m Gyg) B Ho MOXKHO paccmar-
pHUBaTh Kak JinHeiiHbI oneparop Tjq Ha span(e,), KOTOPBI JOMyCKAeT PACIPOCTPAHEHUE 0
OrPaHMYEHHOTO ONepaTopa B KayKI0M M3 KPalHUX TMPOCTPAHCTB

Tid : Goo — Heg, Tiq gs((]) — Hy.

V6emumes, 9To Ipu JFO00M 7 3TOT OIEpPaTOp JOMYCKAT PACIPOCTPAHEHHE 10 OTPAHUIEHHOTO
omepaTopa
ﬂd : gs(r) — H’l‘a

rae $(r) > r. D10 JacT HAM OJJHY CEPHUIO OIEHOK HOPM
vr 35(71)’ C('r) >0 ||€H: < C(T)|€|s('r)a €c Es(r)-

Ykazaunast uHTEpnosys T;y BO3MOXKHA TPU BHIMOJTHEHUN Yea0Bug uHTepnoasmun (1), ko-
TOpPOE TPU JAHHOM BBIOOPE MHIEKCOB MMEET KOHKPETHBIN BHU/I

MgBmax{am(t_j), 1 - } Vi, 7,
a(r)(7) oo (1)~ as(0)(1)

rae B > 0 — HekoTOpag KOHCTaHTa, KOTOpasi MOXKeT 3aBucerh oT r u s(r). B 9Tux mepasen-
CTBaX PACCMOTPHUM JIBA BO3MOYKHBIX CJIydasi:
a) tj > u Torna
ar(t)) ar (1)
——=I% < A(r)
aoo(t;)

ar(tj) . aoo(tj)
avn @ S )

, Tak KaK s(r) > r,

e koucTanTa A(r) BeIOUpaercs Tak, 9To0bl HEPABEHCTBA BBIIOIHSINCH IPH tj < 7.
0) t; < i ¥ B 9TOM CIydae COTIACHO ycaoBuio (di)

ar(t;) < ar(i) < C(T)m

ar(t;) 1
7]. < C("" — -
Qs(r) (4) as(0) (4)
Takwum obpazom, ycmoBrue uHTEPHOIATNY 7 T;g TeCTBUTEIHHO BBITIOIHIETCSI U <UCKYC-
CTBEHHBIE» HOPMBI || « ||X MasKOpUPYIOTCS €CTeCTBEHHBIME HOPMAMHU MTPOCTPAHCTBA.
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UT06BI JOKA3ATh JPYTYIO CEPUI0 HEPABEHCTE
Vr 3s(r), A(r) >0

lelr < A(r)lell§y: e € Xo,

MIOKAaYKeM BBITIOJTHEHIE YCIOBHS MHTEPIOJISINNA OePATOPa TO)K,D;eCTBeHHOI‘O Boxkerusa T, L{
KOTOPBIi JI0TyCKaeT pacrpocTpanenue 10 orpannuentoro oreparopa Ti' @ Ho — Go, T,
Hy — §G,.

Jltst KaxXk 1070 (DUKCUPOBAHHOTO 3HAYEHNWS WHIEKCA I' eCTeCTBEHHON HOpPMBI B F mogbepem
cBoe 3HaveHne ¢ = ¢(r) Tak, YTOOBI BBINOJHAINCH HepaBeHcTBa: 1 < S(r) < ¢(r), TIe s(r)
onpe;iesiero u3 yesiosus (s2). Tpn kaz oM BriGope g yciosne nureprossui oneparopa T, ',
a TOYHee, HEPEPBIBHOCTH BJIOZKEHNST Ti;l : Hy(;y — Gr, MMeeT KOHKPeTHBIN BUJ

Qq(r .o
<Dmax{1, 7} Vi, j € N.
oo ()

B oHOM M3 BOBMOKHBIX CTyHUaeB, a UMEHHO, a(f) = a((ti), maeenm

Qs (r) (tz) S As(r) (tl)

B(T) aoo(ti) - as(T)(a’;l(aS(T) (tz)))’

COIJIACHO CBOMCTBY (S82), Tye koucranta B(r) obecneunpaer nepasenctBa npu t; < S(r), u
Toraa

asm(ts) __ an(j)

B ) 2 (@ @ ()

CrenoBarenbHO,

, as(r)(ti) ar(j) ar(j)
B( ) aoo(ti) z as(r)(j) Qqg(r) (.7)

B cryuae a,(j) < agq)(ti) ouenano, daro

U BJTOYKEHIE Tigl : Hy(;y = Gy n0Ka3ano, a BMECTe € TeM TIOJHOCTBIO JOKA3aHa SKBUBAJIEHT-
HOCTH CHCTEMBI «UCKyCCTBeHHBIX» HOPM (|| - ||*) cucreme wopwm (| - ), 3amatomeit nexommyro
Tomosioruio £, OTciona ciefyer, 9To mocie[0BaTebHOCTD (hj) sBagercs 2-abCoMIOTHBIM 6a-
3ucoM mpocTpancTBa F n ero moanociaenosarensHocTs (hj)jc, — 2-abCOMOTHBIM 6a3mcom B
F'. CoryacHo Teopeme O €UHCTBEHHOCTHU 0e3yC0BHOTO 0a3mca B yKA3aHHBIX MPOCTPAHCTBAX
(cm., [19; Teopema 5| mnm [20; Teopema 3|) 6asuc (hj) kBasudIKBUBAIEHTEH O6A3NCY €UHIIHBIX
OPTOB, a MOJIPOCTPAHCTBO F', MOpOKJaeMoe MOIOCIeI0BATEBHOCTBIO (hj) ey, H30MOPdHO
KOOPJAMHATHOMY MOITIPOCTPAHCTBY, TOPOKIAEMOMY TOJAMNOCIEI0BATETHLHOCTHIO OPTOB, KBA3M-
skBUBaIEHTHON (h})jcy. D>

Cuencreue 1. Ilycte E =1y ([aT(n)], (léw(n)», e M(n) < oo, n € N, — 6soanoe
cueTHO-ruIL0EpTOBO MpocTpaHcTBo Kére, ompenensemoe npaBuabHON Marpuueii [a,(n)] co
CBOHCTBOM (82), M BBIIOJHEHBI YCIOBHUS:

(1) ai(n) > 1, neN;

(2) Jim iizsg;g ; = 0 mrsa moboro s(1) < s(2), s(1) > 1.
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Tormga Jiroboe gonosiaseMoe noanpocrpanctBo F B E u30MophHO HEKOTOPOMY CBOEMY KO-
OpAWHATHOMY MOJIIPDOCTPAHCTBY. B YaCTHOCTH, 3TO YTBEP2KJICHHWE BEPHO [IJId BCEX CYETHO-
ru1bbepToBeIX npoctpancTB Ly tuma 1, rpe f — (yHKIHA OLICTPOro pocTa, Y/O0BJIETBOPSIO-
Irast yCJIOBHUIO BBITYKJIOCTH.

< Jocrarouno 3amerutsb, uro ycaosus (1) u (2) oueBnaabiv 06pa3oM 00eCeanBaoT mpu-
HAJJIEXKHOCTH mpocTpancTBa F kmacey (dy). >

Teopema 2. Ilycte E =1y ([ar(n)], (lé\/‘[("))>, e M(n) < oo, n € N, — 6sounoe
CHeTHO-ruI0EpPTOBO npocTpancTBo Kére Knacca (d9), onpenensiemoe npaBuIbHON MaTpuUIei
[ar(n)] co coiictBamu (d3) u (s1) (ymopsmodeHHOCTH MAPHBIX KOMIIO3HI[UE C OODATHBIMU
byHKIHIAMD).

Torra mpou3BOILHOE JOMOIHSIEMOE MoAIpocTpaHcTBO F' B K n3oMopgHO HEKOTOPOMY KO-
OPJMHATHOMY IOIPOCTPaHCTBY B E Brja lo ([aT (m(n))], (l2L (")>>, rie (m(n)) — mocaenoBa-
TeJIbHOCTH HATYPaJbHBIX umces 6e3 moproperuii u L(n) < M(n), n € N.

< Kak u B mokazare/sbCTBe MPEIBIAYINEl TEOPEMBI TTOBTOPUM IMTOCTPOEHNE BECOBBIX KO-
OPJIMHATHBIX «TYIHUKOBBIX» MPOCTPAHCTB M MAPAMETPUUECKUX CeMEHCTB IUabOepTOBBIX MPO-
crparcts {H)} n {G)}. OueHnBasi «MCKyCCTBEHHBIE»> HOPMBI CBEPXY KaHOHMYECKUMM, KaK
W BBINIE, TIPUXOJNM K TIPOBEPKE yCaoBus uaTepnoainuu (1), KOTopoe mpu JaHHOM BBIGOPE
UHJIEKCOB UMeeT BUJ

ar(t;)

r\%j
as(r)(i)

iy J @(ti) - a1(t;) ey
s B { oo (1) as(o)(i)} G5 €N,

rae B > 0 — mekoTopas KOHCTaHTa, KOTOpast MOXKeT 3aBuceth or r u $(r). B atux mepasen-
CTBaX PACCMOTPHUM JIBA BO3MOXKHBIX CJIyUas:
a) tj > a, 1 (C(r)agy (i), rae C(r) > 1 u s(r) u3 ycnosus (s1), u Toraa

a'r(tj) r r as('r)(i) r r as(r)(i)

o () < A(r)O( )aoo(ar’l(C(r)as(,«)(z')) < A(r)C(r) o)
a a?"(t]) T LOO(tJ) TaK KaK S(T T
Gs(r) i) < Aulr) aoo(i) (r)>r.

(31ech koncTanTa A(r) MOAGHpaeTCa TaK, YTOOBI HEPABEHCTBO OBIIO CHPABEIINBO IPH tj < T).
6) t; < a, '(C(r)as (i) u ¢ ncnonszosannem ycosust (s1) momydaem

ar(ty) _ ar(tpai(ty) _ C(r)as)(i)ai(t)) C(T)al(tj) <o) ax(t;)
~N 3 B N — N 3 3
Qs(r) (Z) as(r)(z)al (tj) as(r)(z)al (aT I(C(T‘)GS(T)(l))) r (Z) @s(0) (Z) ’
a’T(tJ) < C r al(tj) .
Qs(r) i) Qs(0) (4)
Takwum obpazom, ycmoBrue nHTEPHOIATNY A7 T;g TeCTBUTEIHHO BBITIOIHIETCSI U «UCKYC-
CTBEHHBIE» HOPMBI || « ||X MasKOpUPYIOTCS €CTECTBEHHBIME HOPMAMHU MTPOCTPAHCTBA.

YrobbI J0Ka3aTh APYTYIO CEPUI0 HEPABEHCTB
Vr Jp(r), A(r) >0

el < Al e € Xo,
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MIOKasKeM BBITIOTHEHNE YCIOBUS WHTEPIOISINNA OIepPaTOpPa TOXKIECTBEHHOI'O BJIOXKEHUS Tz.gl,
KOTOPBIil JOMYyCKAeT PacIpOCTpaHEeHNe 0 OIPAHUYEHHOTO OMepaTopa Tigl : Hy — Go, T; :
Hy — §,.

Jltst KaxXk 1070 (DUKCUPOBAHHOTO 3HAYEHNWS WHIEKCA I' eCTeCTBEHHON HOpPMBI B F mogbepem
cBoe 3Havenne q = ¢(r) Tax, 9TOOBI BRIMOTHAMICH HepasencTBa: 7 < s(r) < g(r), Tae s(r)
onpezeneno u3 ycnosus (ds). IIpu kaxk10M BBIGOPE ¢ YCTIOBHE MHTEPIOAIMN OIEPATOPA Tigl,
a TOYHee, HEIPEPHLIBHOCTH BJIOYKEHIS Ti;l : Hy(yy — Gy, UMeET KOHKDETHBIH BH]T

% < Dmax{l, %} (1,5 € N).

B omgmoMm u3 BO3MOYXKHBIX CIy9aeB, a UMEHHO, J > t;, UMeeM

as(r)(ti) S as(r)(ti) . ar(ti)
POV are®) 2@ ~ a8’

ar (tl)

corsiacuo croiicTBy (d2), rie koncranta B(r) > 1 obecneunBaer HepaseHncrsa npu t; < s(r), u
Toraa

ar(j)
B(r > ~
" @)~ )
TaK Kak t; < 7. CiaemoBaTeanbHO,
B(r) as(r)(ti) S ar(]) > ar(])
Qoo (tZ) as(r)(]) Qq(r) (.7)
B ciyuae j < ¢; 09eBUIHO, 9TO '

Qs(r) (tz)

U BJIOXKEHUE Tigl : Hyy = Gy MOKa3aHO, a BMECTE € TeM TOJHOCTBIO JIOKA3aHA YKBUBAJIEHT-
HOCTb CHCTEeMbl «UCKyCcCTBeHHBIX» HOpM (|| - [|}) Jro6oit cucreme nopm Buza (| - |3), 3amato-
et ucxozgHyto Tomnosnoruio F. Orciona ciegyer, uTo mocuenoBaTeabHoCcTh (hj) gBagerca 2-
abcomoTHBIM Ga3wmcoM npocTparcTBa F u nogmnociesoBareabHocTs (hj)jc, — 2-abCOMIOTHBIM
6a3ucom B F'. Kak u B KOHITE I0KA3aTEIHCTBA TEOPEMBI 1 TpebyeMoe yTBEPXK/IeHUE CIeAYeT 13
TEOPEMBI O €JMHCTBEHHOCTH 0e3yCI0BHOTO Oa3mca B PACCMATPUBAEMBIX MPOCTPAHCTBAX (CM.

[20; Teopema 7]). >
Ciencreue 2. Ilycts E =l ([aT(n)], (léw(n))), e M(n) < oo, n € N, — 6o4noe

cueTHO-ruIL0epTOBO MpocTpaHcTBo Kére, ompenensemoe npaBuibHON Marpuueii [a,(n)] co
cBoiicTBOM (S1), M BBIIIOJIHEHBI YCIOBHSI:

(1) ar(n) <1, Vryn eN;

(2) lim iﬁjﬁgéi 0 mpm s(1) < 5(2), s(1) > 1.

Torza JIIO60€ JIOIOJIHsIeMOE moArpocTpancTtBo F' B E m30MOpHO HEKOTOPOMY CBOEMY KO-
OPJAHHATHOMY MOJNPOCTPAHCTBY. B dacTHOCTH, 9TO YTBEDXKJIEHHE BEPHO JJIsI BCEX CUYETHO-
rub0epToBEIX npoctpancTs Ly tnna 0, rae f — (yHKIHA OBICTPOrO poCTa, YAOBIETBOPSIO-
1[asi yCJAOBHIO BBITYKJIOCTH.

< Jocrarouno 3amerutsb, uro yciosust (1) u (2) oueBnaabiv 06pa3oM 06eCIeInBaOT npu-
HA/IEKHOCTS npoctpanctsa B kmacey (dy) u yenosme (dy). >
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BameTnM, 9TO /I OCTABIINXCA He PA30OPAHHBIMH B JAHHOII paboTe mpocTpancTs L ¢ THia
00 BBITOMHSOTC yeaosust (1) u (2) cregcrsust 1 u cBoiicTBo (81), @ gyist mpocTpancTs Ly Tuma
—1 BemmonasroTcs yenosus (1) u (2) ciaeacrsus 2 u CBOHWCTBO (s2).

Jlna m3ydeHms BOOPOCA O CYIIECTBOBAHMU OA3MCOB B JIOMOJHSEMBIX IIOIIPOCTPAHCTBAX
HEKOTODBIX NpejcTaBuTeseil kaacca npocrpancts Kére tuna (f)eo B [11-13] ncnonszosascs
apyroii (6osee CIOXKHBIN) TOAXOJ. 37eCh MOXKHO OTMETHTh HEKOTOpOe OOOOIIeHWe M3BEeCT-
HBIX PE3YJIbTATOB O 0a3mcax B «00O0OIIEHHO-PYUHBIX® JOMOJTHIEMBIX MOAMPOCTPAHCTBAX TPO-
crpancTs Kére ykazannoro kiacca (f)eo (cp. 8-10).

[Iycrs g(-) — HEOoTpHUIATEIBHAS, MOHOTOHHO BO3pacTarotias Ha [0, o) muddepenimpyemas
BYHKITHSA CO CBONCTBOM

Ya > 1 ﬂio npu t 1 oo.
g(at)
B npoctpanctse Kére E = Is[g(ray)] npoektop P HA30BEM 0606WeHHO-PY4HbIM , €CTTA TIMEETCS
npesxcrasierne npocrpancrsa Kére E = ls[g(p(r)ay)] co crporo Bospacratomeit ¢yHKiueit
©(+), mpu KOTOpOii YCJI0BME HEMPEPBIBHOCTH TpoekTopa P umeer Buj

|Jel, < lelp41, €€ B, r=1,2...,
rae J =2P —1I, a|- |, — KaHOHWYeCKNe HOPMBI U3 onpejenenus npocrpancrea Kére E, n

o(r)
P er—1)

OueBnyiHo, B CIydae KOHKPETHOTO mpocrpancTsa Kére ¢ g(t) = expt (wm g(t) = exp f(t))
OOBIYHbIE PYUYHBIE TPOEKTOPBI U3 [8] yI0BIETBOPSIOT YKA3AHHBIM YCIOBUSIM.

=L < +4o0.

Teopema 3 (cp. |8, 9, 17|). B mpocrpancrse Kére E = lo[g(ray,)] ykasanmoro Bmaa
u3 kaacca (dy) obpa3 kaxgoro 0600MIEHHO-PYYHOrO MPOEKTOPAa HMEeT 6e3yCI0BHBI bas3uc,
KBA3HUIKBHUBAJICHTHBIH JaCTH OA3UCa €UHUIHBIX OPTOB.

< BwibpaB, coryiacHO Ompee/IeHn0 000DIIEHHO-PYYHOT0 TpoeKTopa P, mpeacTaBieHue
npocrpancrea B = la[g(p(r)ay)], onpenennm cpasy dersipe «TYNUKOBbIe» HOPMBL. IlepBasi
HOpMa, OTIPEIEIAETCA TOCTATOYHO TPOU3BOIHHO

el = Y lei(e)Pg* (p(r(i))ai),
=1

rye (p(r(2))) MOXKHO B3sITh MOHOTOHHO PacTyIeil, 4T06bl HOpMa | - | OblIa KOHEYHA Ha MI0T-
HOM MHOXKecTBe w3 PE, mampumep, u3 ycaoBusi KoHedHOCTH |Pejloo (1 = 1,2,...). 3mech
(e;) — Gazuc opros u (€}(-)) — mocIe0BATENBHOCTE KOOPAMHATHBIX (DYHKIMOHAIOB. BBOjIsI
BeToMoTaTebHble THIB6epToBb HopMbl |e||2 = |e|? + |Je|? < 2lel;41 (r = 1,2,...) u ompese-
asist Tounble kKoucrautsl D(r) > 0 Vr € N |e|, < D(r)|e|s, nonoxum

o 2 2
|e|2 — |e|k < 7T_|62
ool < k2D2(k) 6
2 - |€|k 1 ”er 1 _ < 9lel?
|€|002 k2D2 X Z k_QDQ - ”eHOO X |e|oo

JJId 9JIEMEHTOB IIJIOTHOTO B FE MHOXKecTBA.
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O iHOBpEMEHHO OTIpeIesTioTcs iBe audepeHImpyeMbie MOHOTOHHO BO3PACTAOIINE (DYHK-
o

o 9 o 9 _
b =S EE g S,
k=2

Tak:ke Kak B JJOKa3aTeJIbCTBE TeopeMbl 1 BOo3bMeM 00mmuii oproroHanbusiii 6asuc (h)5°, B
JBYX IUIb0EPTOBBIX pocTpancTBax Hy C Ho, momyueHHbIX monosHenneM E 1o HopmaM || -||oo
u ||-[|1 cooTBeTcTBEHHO, KOTOPHII cocTapen w3 ABYX qacteit (h;)icy, (hi)ien, , TOPOX TaTOTIIX
maoTHBIE oaMHOKecTBa B PE u (I — P)E. Dot 6a3uc npejmnoaaraeM HOpMUPOBAHHBIM B H1,
T. e. ||hi]1 = 1. Torpa, nockosnbky E He npeanonaraercs ruab0epToBbIM (B 9TOM CIydae BCe
SICHO), UMeeM
sup [|hilloc = 00
K

U OIpeJIeTNM TIoCIe0BaTeIbHOCTH auces (¢;), (b;) caemyomum o6pasom:
[hill% = @1(c;) = Da(by) (i=1,2,...).

Tem camMbIM OIpeIeNIAIOTCS JBE CUCTEMBI «HMCKYCCTBEHHBIX» HOPM, aHAJOTUIHBIE OTHOM
CHACTEME «MCKYCCTBEHHBIX» HOPM M3 JOKa3aTeIbCTBA TEOPEMBI 1,

o0

lell;® = hi(e)Pg* (o(r)es).

=1

Jeli= "> Ihi(e) P (w(r)bi) (r=1,2,...).
=1

JloCcTOBHO TOBTOPUWB PACCYKAEHUS JOKA3ATETLCTBA TeOpPEMBI 1, MOXKHO TPOBEPUTDL YCJIOBUS
MHTEPIIO/ISNNY OTIEPATOPOB TOXKIECTBEHHBIX BJIOXKEHU THIHOEPTOBBIX MPOCTPAHCTB, Oy Ya-
€MBIX TOMOJTHEeHNnEM F 10 MOCTPOEHHBIM MCKYCCTBEHHBIM W €CTECTBEHHBIM HOPMaM

lel7 = D lei(@)*g*(p(r)a;)  (r=1.2,...).
i=1

B pesynprare momydaeM, uro cucrema HopM (|| - |})9%2,; MaxKopupyeTcst eCTeCTBEHHBIME HOD-
Mamu, a cucrema HOpM (] - )92, MaKOpupyer CHCTeMY eCTECTBEHHBIX HOPM.

OcTtaercs POBEPUTH SKBUBAJIEHTHOCTh ITUX JBYX CUCTEM «HMCKYCCTBEHHBIX» HOpM. C oj1-
HOT CTOPOHBI, BBUY MOHOTOHHOCTH byHKIMK ¢(-) nmeem ¢; < b; mpu mo6om 7. robbl noka-
3aTh OIEHKU B JIPYTYI0 CTOPOHY, BOCIIOIB3YEMCs PABEHCTBOM

i g*(ek)ei) —g*(p(k —1)b) _
k=2

k2D2 (k)

CIIpaBEIMBLIM TP JII000M ¢, U ipuMmenuM (opmyay Jlarpamka K pa3HOCTH ABYX 3HAYEHUI
dbynxnnn g2 B Kaxk0M ciaraemoM. Torma 6yaem uMers

o (92) (O(k, D)p(k)e; — p(k = 1)b;]
2 2D2(k)

=0,

OTKY/1a
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CnenoBaTeibHO, BCE TPU CUCTEMBI «UCKYCCTBEHHBIX» U €CTECTBEHHBIX HOPM SKBUBAJIEHTHBI U
(h;) sBsieTcst 6e3yCIOBHBIM 6a3MCOM TPOCTPAHCTRA F, KBA3MIKBUBAIEHTHBIM 0A3UCY €MHUY-
HBIX OpTOB, coracHo [20]. Hacts sToro 6asmca mopoxkgaaer obpas mpoektopa PE u teopema
JloKazaHa. >

B [8, 9] ykazambl kyiaccel mpoctpancTB Kére, B KOTOPBIX BCE HEMPEPHIBHBIE JIMHEHHBIE
MIPOEKTOPHI SIBJISIOTCST 0D0DIIEHHO-PY IHBIMH.

IIpuBenentbie pe3yabTaThl JOBOJIHHO MPOCTO PACHPOCTPAHUTHL W HA mpocTpaHcTBa KéTe
Buza lofal x w(lév(z)), rae

T
w(léV(Z)) = {:1: = (z): z €YY, N(i) < +oo, i €N, |22 = Z |zill7,, 7 € N},
=1

a ls[a] — mpoctpancTeo Kére kak B Teopemax 1 u 2. VI3BeCTHO, UTO B yKA3aHHBIX MPOCTPAH-
cTBax JI060€e JIOTOTHSEMOe TIOAIPOCTPAHCTBO MPEJICTABJISAETCH B BUJIE JIEKAPTOBA ITPOU3BEIE-
uust F' X G, rae F' — pononasiemo 8 loal, a G — B w(lév(z)). B commoxuTene w(lév(z))
JIOTIOTHSIEMOE TIOATTPOCTPAHCTBO TaKKe M30MOPGHO KAKOMY-HUOYIb KOOPAUHATHOMY TIOIITPO-

CTPAHCTBY.
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