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OB OJJHOU ITPOBJIEME AJJAMAPA
1 CTJIAYKNBAHNU BHIITYKJIBIX OYHKIINN

I'. T'. BpaiitueB

Hopozomy yvwumenro nocsawaemcs

IIpuBogsiTcs y3kume Kiaacchl (DyHKIINI, B KOTOPBIX JJIsT TPOU3BOIBHOMN I1€10 (DYHKITUN MOYKHO HANTH IIPEI-
CTaBUTeJIEN, JAIOMNX TOYHBIE OIIEHKN CHU3Y M CBEPXY PA3JIMYHBIX XapPaKTEPUCTUK POCTa IeJIoi DyHKINN
C BO3MOYKHOCTBIO BBIYUC/IEHUSI TAKUX XapPAKTEPUCTHUK 10 TEHIOPOBCKUM KO3 duimenTaM OyHKIUH.

B 1892 romy K. Anamap [1] BBen noHsiTHsI TOpsiKa U THUNA 1eJ0i DYHKIMU U HAIIe
dOpPMYJIBI, OIPEIEISIONINEe BBEIEHHbIE BEJINYNHBI 110 KoadduipenTaM psga Teisopa mesbix
dyukiuii. Hekoropsrie neibie QyHKIME IIPU 9TOM MOTJIA UMETH IIPU MOJ0KUATEILHOM TTOPSIIKE

TUII, paBHI)II';I HYJIIO WJIAX 6€CKOHeqHOCTH, a THUII d)yHKH,I/H/I f(Z) Ipu IIOpsAJKE p OIIPEACJIAJICA
In My (r)
rP

dbopmyoit oy 1= lim , rie My (r) = max{|f(z)| : |2] < r}. Haunnag ¢ 2K. Anamapa,
r—00
MAaTEMATHKOB HHTEPECOBAJ BOIIPOC O HAXOXKJICHHU BO3MOXKHO GoJiee y3KUX KJIACCOB (byHKILHI

H rakux, B KOTOPbIX JijIst J11000i 1esioii dbyukiuu f(z) namuiacs 061 h(x) € H ¢ ycaoBuem

T 20,00 ()

U C BO3MOXKHOCTBIO BBIYUCIUTH 3Ty BEJIMYUHY (HA3BIBAEMYIO TUIOM f(2z) 110 OTHOIIEHHIO K
h(r)) no reitmopoBckuM Koabdurmentam f(z).

DTy 3aja1y s MOJIKIACCA TEeJIbIX (PYHKIINNA KOHETHOTO ITOJI0KUTETBHOIO MOPSIIKA Pe-
must 2K. Banmpon (2], BBeJd HOHsITHE YTOYHEHHOTO HOpsjKa. HakiajbiBasg Ha Takue [o-
PSJIKU JIOTIOJIHUTEIbHBIE TpeboBanus (Takue Kak JudOepeHimpyeMocTh JIOCTATOYHOE THUCIO
pa3 min 6eckonedHas nuddepeHImpyeMocTs U Jp. ), KJIACCHl YTOYHEHHBIX HOPSIIKOB, [IPIMe-
HSIEMBIX JIJI U3y9EHHsl CPABHUTEIBHOIO POCTA HEJIbIX (DYHKIH, TIOCTOSIHHO CYKATHUCh (CM.,
Hanpumep, [3, 4]). Muorue aBrops! pemasu 3aa41y K03bOUINEHTHOrO OMUCAHHST POCTA IEJIBIX
GYHKINNE HYJI€BOI'O MJIK OECKOHEYIHOIO IIOPSIIKOB, OIIPeaesIsisl JJorapuMMUIecKue, SIKCIIOHEHIIN-
aJIbHBIE, P, ¢ — MOPSIJKU ¥ THUIILI (M MHOTHE JPyrUe) U BBOJsl COOTBETCTBYIOIINE YTOYHEHHBIE
MTOPSIIKH.

BazkHOCTBb KO3(hPUIMEHTHON XapaKTepU3aIlnN I PA3JIMIHBIX IPOCTPAHCTB IEJIBIX (PYHK-
uit Halia yoeauresibHoe noareepkK ienne B padborax FO. @. Kopobeiinuka (cMm., Hanpumep, [5,
6]) 1 ero MHOrOYNCIIEHHBIX YUIEHUKOB, & TAKKe [0C/Ie/[0BaTe el CO3IaHHON UM IIKOJIbI. VIMeH-
HO, KoopauHaTHbI MeTon 661 HO. @. KopobeifHUKOM pa3BUT W NMPUMEHEH K UCC/IeI0BAHIIO
pasperumocTu quddepeHnnaabHbIX yPaBHEHNN OECKOHETHOTO MOPSAIKA B PA3JIMIHBIX 00X
KJIacCax aHAJIUTUIeCKUX (PYHKIUH ONpPEIeIeHHbIX UM IISTH THIIOB.

(© 2005 Bpaitues I. T
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YHUBEPCAJIBHOI MIKAJIBI POCTA MEIbIX (MYHKIUi, KOHEYHO, HE CYIIECTBYET, HO BO3MOXK-
HOCTbH MMETb 0ojiee y3Kuit Kjacc (PpyHKIHUH, ¢ KOTOPHIM MOXKHO OBLIO ObI CpaBHUBATH B TOM
WM UHOM CMBICJIE POCT MPOM3BOJIBHON Tesioit byHKIMM, mMeeT OosibIoe 3HadeHue. Takue
KJIACCHI HA3BIBAIOTCS IIJIOTHBIMEU KJjaccaMu (DYHKIHMI CpaBHEHHUsI POCTAa BO MHOXKECTBE BCEX
eJIBIX PYHKITAI Aoo.

Haubosiee mosiHOe pemrenune mpobembl  Ajnamapa IOJIy9eHO B IOCIEIHEE BpeMsi
B. A. OckoskoBbM |7, 8|, KOTOPBIM MOKA3aHO, 9TO KIAaCChl H., COCTOsAIIME U3 BO3PACTAIOIAX
na Ry, nBaxpl HenpepbiBHo juddepennupyembix dbyuknuit ®(z) ¢ @”(x) > 0, ymosaerso-
PSIFOIIIX YCIOBHUIO

T O(z)d"(x) )

2w N W
¢ KOHCTAHTOU ¥ > 1 SABJISIOTCS IJIOTHBIMHU KJjiaccaMu (DYHKIIMII CPABHEHUsI POCTA, & KJIACCHI
H, c~vy <1— TakoBLIMHU He SBJISAIOTCH.

YeoBue (k) gaeT TOYHYIO ACHMIITOTUIECKYIO OIEHKY JorapudMa MAKCHMYyMa, MOJLYJIs Tie-
Jioit pyHKIME cBepxy. Ho Bo MHOIUX BOIpocax aHaJIM3a BayKHOE 3HAUEHUE NUMEIOT W HUYKHUE
OTIEHKU TIEIBIX (DYHKITHIA, TIO3TOMY MBI paciiupsieM 3aady Amamapa, JOMOHSIS ee HAX0XK 16
HHEeM BO3MOXKHO Oosiee y3KMX KJiaccoB yHKmuit H Taknx, uTo s 1000 1emoit hyHKInn
f(2) momonmuTenbHO K (*) Haiimercs hy(z) € H ¢ ycmosuem

. InMy(r)
;= lim —————~
T T ha(r)

# 0,00 ()

U ¢ BO3MOXKHOCTBIO BBIYUC/IEHHUs U 9TOH BeJUIMHDI 110 KodddunmenTam psija Teiinopa dyHK-
mun f(z). Takue kiaaccsl byHKIUI Mbl HA30BEM KAGCCAMU PYHKUUL 08YCTNOPOHHERO CPaBHE-
HuA pocma (BEPXHEIO U HUXKHETO), WIH J8YCMOPOHHE NAOMMHBLMU B YKA3AHHOM CMBICIIE BO
MHOKECTBE BCEX TeJIbIX Dy HKIH Aoo.

Omenkn (%) u (#%) MOYKHO YTOUHATH U HAXOJWTH TaKMe KIacChl QYHKIMHA, B KOTOPBIX JIJIsT
Joboit nestoit pyukiun f(z) Hanumcs 661 dyakyu h(z) u hy(z) co ciepyomuMu yeaoBusaMuI

T (In My (r) — h(r)) =0, (1)
Tim (1n My(r) = (1) = 0. (wx44)

Taxum obpazoM, 1o, 0606weHmot npobaemoti Adamapa Mbl IOHUMAEM OTHICKAHIE BO3MOK-
HO 6osIee y3KUX KJ1accoB (bYHKIHIT, B KOTOPBIX Jist 110001 1iestoit pyHkimn f(z) HAUmch Obl
dbyHKIH, Jaole TOYHbIe ACHMITOTHYeCKHe OlleHKH M f(7) KaK CHU3Y, TaK U CBEPXY, IIPHIEM
C BO3MOYKHOCTBIO OIMCAHUS TEHIOPOBCKUX KodbdurmenTos f(z), yI0BIeTBOPAIONMX TAKUM
OLICHKAM.

DTa 3a7a49a OKa3aJach CBSI3aHHON € peryJsipusaliieil U IBYCTOPOHHEH AIMPOKCHMAIIneil
BBIIYKJILIX (PYHKIMIA U IOCIEeI0BaTEILHOCTE.

[Tpusenem pesysnbrar O. Kusenbmana [9], xkoropslii mokaszas, 4ro ecm y = @i(x) —
ypaBHEHHE JIOMAHOI, 3BEHbSIMHI KOTOPO SIBJISIOTCS OIOPHBIE IPsIMble K IpaduKy (PYHKIAN
o(x) = In My (e*) ¢ yrmoBbiMu K03 bUIIEHTaMH, TIOC/IEI0BATEIbHO PABHBIMU HATYPAJIBHBIM
qucIaM, TO It BeeX & € R BBIIOTHSAIOTCS HEPABEHCTBA

p1(z) < p(z) < p1(z) +C,

rne C' — abcomorHasg KoHCcTaHTa, In2 < C < In 3.
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Bravasie Mbl IPUBOJINM PE3YJIBTATHL O JIBYCTOPOHHEN AITPOKCUMAIINNA BBIITYKJIBIX (DYHK-
UM, KayKJIbIIH U3 KOTOPBIX MOXKET OBITH IIPUMEHEH JJIsT pellieHust 0600IIeHHON TpobieMbl A 1a-
Mapa, a 3aTeM JlaeM KodpDUIMEHTHBIE XapPaKTEPUCTHKH MEJIbIX (PYHKIUH, HEOOXOIUMBbIE JJIsI
pertiernst pobjieMbl A taMapa B pa3indHbIX (POpMax.

N3BectHO, YTO MJI TPAHCIEH/IEHTHOW, T. €. OTJIMYHON OT MHOTOYJIeHA, Ie0i (DyHKIuN
f(z) dyuknus p(x) = In My(e”) aBisgercs BBIIYKIIOH U yI0BIETBOPSIET YCIOBUIO

lim —= =
r—00 I

plz) _ )

BruceiBas 1 onmchbiBast B rpaduK BBITYKJIONH (DYyHKIIUHA JIOMAHbBIE C JOCTATOTHO MEJIKAMUI
3BeHbsiMH, B [10] mostydeH cieyronuii pesysibrar, TpuMblkaomuii K [9].

Teopema A. Ilycrs p(x) — Beimyk/as pyakmust Ha Ry, yoBaeTBopsiomast ycaoBmio (2).
CyIecTByoT KyCOUHO-JIHHEHHbIE BBIIYKJIble PyHKIuU p1(x) U o(x) Takme, 90 JiIsi JiH06Oro
x € Ry BBIIOJHSIIOTCST HEPABEHCTBA

p1(x) < p(z) < p2(z)

€O 3HAKAMH DAaBEHCTBA HA HEKOTOPOH IIOCIE0BATENIbHOCTH Ty | 00 1 o(z) = pi(x) + o(1),
' (x) = pi(x) +0o(l), 2 — o0, i = 1,2.

[Tox ¢'(z) B masibHeiineM noHUMaeM HPABYIO MPOU3BOAHYIO BBILYKJIOH dyHKImU ().

Brinykias perynagpusaius MyHKINM U TOCIEI0BATEILHOCTEN! NI'PAET BA2KHYIO POJIb TAKKE
B TEOPUH KBAa3HAHAJTUTUICCKHUX KJIACCOB (DYHKIMIL, UCIIONL3YeTCs IIPU PACCMOTPEHIH BECOBBIX
npocTpaHcTB (PYHKIMI U IOCIEI0BATEILHOCTEl, IPH 9TOM Ha PEryJIsApU30BaHHbIC (DYyHKIUN
4aCTO HAKJIAABIBAIOTCS JONOTHATEILHBIC YCJIOBHs, OMHIUM N3 KOTOPBIX sABIsgeTca auddepen-
UPYEMOCTb JIOCTATOYHOE YHCIO pa3. Kpome TOro, Hepeako Ijis pelleHus: SKCTPeMAasIbHbIX
U APYTUX 337a9 TpedyeTcs, YTOObl IpudInKaonie (PyHKIMA UMEJIH CTPOr0 BO3PACTAIOIINE
IPOU3BOJIHLIC, T. €. YTOOLI 3TH (DYHKIMK OBbLIN CTPOIO BLITYKJIBIMU, UM UMEIH HOJIOMKUTE -
HbI€ BTOPLIE ITPON3BO/IHLIC.

[TpumMeHsiss onpejleleHHbIe MPOIECChl CrUIaXKUBAHHA KyCOYHO-JIMHEHHBIX HJIA KyCOYHO-
apaboInIecKuX MayKOPaHT U MUHOPAHT BBIMYKJIBIX GyHKiwiA B [10] momyden ciemyrormmii
pesyJIbTaT:

Teopema B. Ilycts ¢(x) — Boimykias ¢yrakius Ha Ry, yroBaerBopsiomas ycaoBuio (2).
CymecrByror 6eckoHeqHO juggepeHiupyeMbie cTporo BblyKible yukiun 1(x) u Po(x)
(r. e. ¥(x) >0, i = 1,2) rakue, 4ro st moboro x € Ry BEIIOIHIIOTCS HEPABEHCTBA

1(2) < ple) <ea(z) 1 o@) = di(e) +o(l), © — o0, i = 1,2,
A €CJId JIOIIOJTHUTEJIbHO BBIIIOJIHACTCA )/CJTOBI/IG
¢(x) = @/ (x—0) = 0 mpnz — o, (3)

ro 1 ¢'(z) = YPj(x) +o(1), + — o0, i =1,2.

Hamnpueiiniee cykKeHne KJIaCcCOB allIPOKCUMUPYIONUX (DYHKIINN CBI3aHO ¢ HAJIOKEHUEM Ha
Takue PYHKIMU JOMOJHUTEIBHBIX yeaoBuit Tuna yeaosus B. A. Ockonkosa (1).

Umenno, obozuaunm yepes Ing = In(Ing_1) — k-to urepanuio jorapudma u gepes H,(yk),
v > 0, k € N — kyacc 6eckonevdno quddbepeHnupyeMbIX, CTPOro BBITYKJIbIX Ha R dyHKIWIA,
YIOBJIETBOPSIONTIX YCIOBUIO

x@(lnkcb(x). : .(1n1n<1>(:c) (1nc1>(x) (%{;;](f) —1> —1> —1)...—1>§’y.
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OueBnuano, uro misa Kaxkiaoro k € N umeem H§ C H,. Kpome Toro, Hyf) C H,(YI;) TSI

Y1 <7y u’ Hgk) C Hék) s k> k.

Cupaseyus cieytonmit pesysbrar (cp. [11] ).

Teopema C. Ilycre k € N. JLiust siro6oii Boirykioii Ha Ry yrkmum o(x), yjaoBiaerso-
pstroreii yenoputo (2), cymecrBytor ¢Gyukmun Py (x) u Po(x) uz xiaacca H 1(k) TaKme, ITO JIs
BCEX T CIIPABEIHBO

Dy (z) < p(r) < Po(7),
pudeM JJIsi HEKOTOPBIX HOCIEJ0BATEIbHOCTEH Ty — OO0 H Ty, — 00 BblIoiHsETCs P1(T)) =

o(Zpn) +0o(1), n — 0o u Pa(xy) = @(xy) + o(1), n — oc.
B 10 e Bpewmsi, juist smoboro vy < 1 Haifijercs: BbliykJiast pyHKIus o(x) co cBoiicrBoM (2)

Takas, 4To Jiis Beex P (x) € Hf(yk) 6y/1eT BBIIOIHATHCS lim ﬁgg% = +o0.

T—00
Paccmorpum HekoTopbie cBoiicTBa pyHKIHNI 13 Kaacco H. (k)
P p YHKIT JI 5
HBbI B jaJjibHelnmeM. Mol ¢iesraem 310 Jijist 6oJiee MUPOKOro Kiracca (OyHKITHIA.
Ob6ozHaunmM yepes H® Kjacc BBIMYKJIBIX JBaXK bl JuddepeHnupyeMbix Ha R GyHKImii
H(x), ynoBreTBopsifonux yciaoBusim (2) u

L [H@E'@)
xp{ H'(x)? }@' @)

, KOTOpbIe OyIyT HAM IT0JIe3-

B cuny yenosust (2) umeem lim H'(x) = oo, mosromy KaxKkiaas GyHKnus u3 kiacca H®
rT—00

SABJISIETCsI CTPOI0 BO3PACTAIONIEH IOJIOXKUTEIHLHON JJIsl JTOCTATOYHO OOIBIINX 3HAYEHUI apry-
MenTa. Kpome Toro, atu pyHKIME 00/1a1a10T CAEIYIONIUMEI CBOMCTBAMHU

IIpengoxxenne 1. Oyukun H(x) u3z knacca H® yoB1eTBOpsIOT yCJI0BHSIM:

Dyukimst m SIBJISIETCST BBIITYKJIOH JIJISI BCEX X > T MPHU HEKOTOPOM xg > 0, (5)
xr
xH'(x)
I =0 6
Ao ) (©)

< Vesosue (5) ciegyer u3 (4) HOCKOIBKY

( 1 )”:M<2_M>>O.

H(z) H3(x) [H' (z)]?
Ycnosue (6) BbITekaeT u3 ycoBust (5):

s~ ) (3) < (st~ a) = »

IIpennoxenue 2. Qyuxuuu H(x) uz knacca H® y1oBIeTBOPSIIOT YCIOBUIO

H(x)wH(x—#>, T — 00. (7)

<1 O6o3HauuB ¢ = , 1o popmyiie Teityiopa ¢ ocraTounbiM djaeHOM B popme Jlarpan-

1
H'(z)
2Ka MMeeM IIpU HeKOTopoM 0 : x —c < 0 < x

s [ ()

InH(zx) —InH(z—c) =
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IlepBoe cmaraemoe mpaBoil yacTu

H'(2) H'(z) H'(z)

H(@)  H(x)J/H(x) \ Hx)

— 0

B cuiy (6).
Bo BTOpOM CjlaraeMoM BBIpayKeHHe B KPYIVIBIX CKOOKAX He MPEBOCXOIUT €JIMHUIbI B CH-
ay (4). OcraBrniicsi COMHOXKUTEIb UMEET OIEHKY

2 [H’(H)r _HO) H(O) 1H(@z-1)

2 | HO)| — 2H'(z) H2(0) ~ 2H2(z —1)

. 1
MbI ucnosnb30Ban Bo3pactanne Mpou3BoAHbIX dyukuuit H(x) u TI(z) BBUMY BBIIYKJIOCTH

L~

nocteanux (cBoiictso (5)), a TakKe TO, YTO JIst JIOCTATOTHO OOJIBIINX T UMEEM ¢ = )
xT

lLbug>z—-1.p>

O paBeHCTBE HEKOTOPBIX XapaKTEPUCTUK POCTA IIeJbIX (pyHKIU

O60o3HauNM THIT 1 HUKHUN THI 110§t dyuKIwn f(z) orHOCHTEBHO h(T), COOTBETCTBEHHO,

oy, = lim In My(r) n oy, = lim In My(r)
My = 2 h(r) My T T h(r)

Nwmest B Buy perenne o000IIeHHOIT mpobyieMbl A tamMapa, HaM HeOOXOIUMO BBITHCIUTE 3TU
o0
xapakrepuctuku 1o kosbdunuentam Teiinopa dyuxiun f(z) = Y f,2". Oxsaxo ¢ koadbdu-
n=0

IIMEHTAMH HEIIOCPE/ICTBEHHO CBSI3aH He MAKCHMYM MOJIYJIsl 11eJ10fi (DYyHKIMH, a MAKCUMAJTbHbIH
wieH ee psajga Teiimopa pf(r) =: max | fp|r".
n

1 . 1
n,u,f(r) n o = 1 n,uf(r) nMeeT CMBICJI
Ry W Cuy = DTG

HalTH yCJIOBUS, IPU COOJIIOAECHUN KOTOPBIX BBINOJIHIIOTCS PABEHCTBA

IlosTomy, onpe/ienuB BeJIMIUHBL 0y, = lim
r—00

Opy = OMy, gﬂf :QMf' (8)

Mpr nokaxkem, uro st yHkiwii h(r) takux, uro h(e®) € H®, pasencrsa (8) mmeror
MECTO.
Teopema 1. Ilycrs ¢pyukmus h(r) rakosa, uro h(e®) € H®, Torga cupaBeinBbl paBeH-
crBa (8), T e.
T M) g )y M) ()
r—oo  h(r) r—oo  h(r) s—oo  h(r) s—oo  N(T)

< Ham nona 106s1rest 1pocTbie HEPaBEHCTBa, [IEPBOE U3 KOTOPBIX — CJIEJICTBIE HEPABEHCTB
Kommu. g k = k(r) < 1 mveem

1
1—k

ppllr) < My(kr) <Y [ falr™k® < pup(r) Y k™ = pg(r)
0 0




3-16 I'' I Bpaiiues

YuutsiBas, uro Inz < x, > 0, nojiyuyaeMm HEpaBeHCTBA

Inpg(kr)  InMy(kr) Inps(r) 1 h(r)
Wkr) S k) << h(r) +<1—1<:<r>>h<r>> |

Yro6bl paBeHCTBaA (8) MMEIN MECTO, JOCTATOYHO MPOBEPUTH, YTO MPU T — OO BBITOJIHSI-

IOTCSl YCJIOBUS

h(k(r) -r) ~ h(r), (9)
(1 —k(r))h(r) — . (10)

ITosrarast r = €*, k(r) = exp {—ﬁ}, C TIOMOTIIBIO ITPEJIIOXKEHUS 2 TTOJTydaeM

1 z )Y = — 00
=h (exp {x - T(x)}) = h(e"k(e")) = h(rk(r)), r )

u ycnosue (9) soimosneno. [Iposepum Boimosnenne (10):

(1= k(r)h(r) = (1 — k(e®))h(e”) = (1 ~exp {_H#(x)}) H(z) ~

o g [H@)
VIO e

O6a yciosust (9) u (10) BBIIOJIHEHBI, TAK YTO yTBEPKIEHHE TEOPEMbI CIIPABEJINBO. [>

3AMEYAHUE. B pabore [11| mokazano, 4To yTBEPXKIEHHE TEOPEMbI MMEET MECTO, eCJIH
In h(r) Bbimyka BBepx win BHU3 Ha Ry, a dyukuus h(r) ymosiaersopsier yciaosuto (6) wim
rh'(r) 0

COOTBETCTBEHHO HECKOJILKO 00Jiee CHIIBHOMY YCIOBHUIO rllnolo AOA(D)

Eme omun ¢1oco6 BBISICHEHHsI pOCTa 1esIol (DYHKIMH COCTOUT B TOM, YTO €€ MaKCHUMYyM
MO/LyJIsI CPABHUBAETCA C MAKCHMYMOM MOJYJISA «IIPAaBUILHBIX» IeabIXx pyHKOmii. B kagecrse
TAKUX «IIPABUILHBIX» (PYHKIUA MOI'YT ObITh B3ATHl (DYHKIMU CPABHEHMUS.

o0
Oyukuust A(z) = > Apz" HasbiBaercs gynkyuet cpasnenus, ecin A, > 0 st 1060ro n

n=0

A
u =5 | 0. U3 mociieipero yc/ioBus Cejyer, 4To Bee (hyHKIMN CPABHEHU ABISIOTCH e IbIMA.
n

BecbMa 110/1e3HBIM sIBJISETCS CIelylolnee CBOiicTBO (byHKIMUiT cpaBHEHUSI.
o0 ~
Teopema 2. s kaxkpoii pyuknun cpapuennst A(z) = Y. Apz", A, = exp{—®(n)},
n=0

®(x) € H®, BBIIIOIHSIETCST COOTHOIIIEHTE

In Ma(r) ~Inpa(r) ~ ®(nr), r— oo.

<1 C 01HO#1 CTOPOHBI,

mpa(e”) = sup {an—®(n)} < sup{a¢ — ()} = d(x).
n=0,1,2,... ¢=0
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C npyroii croponsl, ecau (, TakoBa, uro sup{z( — &)(C)} =x( — CT)((:I) u [(;] — menas gacTnb
¢20

Cz, TO B B B
Inpa(e®) = n:%upo {xn —®(n)} > 2[C] — ([¢]) = (G — 1) — ()

=2 — ®(C) —w = iliIO){fEC —0(Q)} —z = 0(z) — .
Takum obpasom, BeimosHsitorcst HepaseHcTBa ®(z) — x < Inpg(e®) < ®(z), u3 KOTOPHIX,
yaurbBas (2), nomydaeM Inpa(r) ~ ®(lnr). Ho B cuty Teopembr 1 takxke u In Ma(r) ~
O(Inr). >
Tun n mekawit Tun nenoit dynkuun f(z) orHocureabHO h(T) MOXKHO ONPEIETUTH CJIELY-
IOIMUM 00Pa3oM:
of =inf{r > 0: My(r) < expth(r), r > ro(7)},

COOTBETCTBEHHO,
ap=sup{p>0: Ms(r) <expuh(r), r>ro(u)}.

AHAJIOrNYHO 9TOMY BBOASITCS U CJIEYIOIIHE OHSTHUS.

Bemmuanna 04 = o4(f) = inf{r > 0: M¢(r) < A(7-r), r > ro(7)} HasbIBaETCA MUNOM
yenol pynkyuu f(z) omuocumervro gynryuu cpasnenus A(z) mimm upocro A-munom f(z).

Bemmanny o4 = g 4(f) = sup{t > 0: My(r) > A(7-7), r > ro(7)} Ha30BEM HUIHCHUM
munom yeaoti pyrrkyuy f(z) ommuocumenvro gyrrkyuu cpashenus A(z), wmm nusrcnum A-mu-

nom f(z).

o0
1O. A. Kasbmun [13| nokasas, uro juis nesoit dyuxiun f(z) = Y. f,2" uMeer mecro

n=0
dopuyna 04(f) = Tm {/[ful/Apn.

st onpesierniennst 04 u g 4 110 KodddurmenTam 1esioif HGyHKIMN HaM, Kak 1 B TeopeMe 1,
[OHAIOOUTCS 3AMEHUTH B OLPEJIEJICHUSIX ITUX BEJUUNH MAKCUMyM MOJLyJIs 1eJioif byHKImu
My (r) Ha ee MakCHUMAaJIBHBI YiIeH fif(7).

Teopema 3. Ilycrp f(z) — nenast ¢pynakuus u A(z) — pynkuust cpasaennsi. Torna
oa(f) =inf{r > 0: ps(r) < pa(r-r), r>ri(1)},

oa(f) =sup{r >0: pg(r) > pa(r-r), r>ry(r)}.

< Ecmm f(z) — muorounen, to yrepxenue oueBuano u o4(f) = 0. O6oznaunm o =
inf{7 > 0: psp(r) < pa(r-r), r>ri(r)}. Ecim f(z) — TpancienjienTnas remnas OyHKIM,

To ;s k > 1 BblmosHsieTcst lim :f f((,;?) = 0. [MosTomy st mobbIx T > o A(f) n k1 > 1 nveem
r—00

pr(r) < My(r) < A(rr) < palnt 1) =

kl MA(T . k‘l’l”)
k1 — 1 pa(r - kkir)

= pa(T - kkqr) < pa(T - kkyr)

IPU BCEX JIOCTATOYHO OOJIBIINX .
Orcrona 3akiodaeM, 9ro 0 < 7 - kkj. Yerpemusis k u ki K equnune, a 7 — K o4(f),
nonydaeM 0 < 04(f). C npyroit cTOPOHBI, 171 JIIOOBIX T > 0 U T > 71(T) UMeeM

My(r) < pp(kr) < pa(r-kr) < Ma(r-kr) = A(T - kr).
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Orcroma o omnpejesiennto o 4(f) nonyaaem o4(f) < 7k, 9r0 B CHily IPOU3BOJBLHOCTH YHCEJT
k > 1 u T > o BIeUYeT HEPABEHCTBO O A(f) < 0. BmecTte ¢ mpeaplayniuM 3TO NPUBOIUT K
[IEPBOMY YTBEPXKJIEHUIO TeOpeMbl. BTOpoe J0Ka3bIBaeTCsl AaHAJIOTUIHO. >

Breruucnenne tunos nesioit pyHKIINN
o ee TeJIOPOBCKUM Ko3addurnmeHTam

Hamomunm, aro conpsixennoit Kk dyukmun ¢(x) no H0ury (Penxenio — Jlexanapy) Hasbl-
Baercs byukius ¢(C) = sup{x( — ¢(x)}. Ormernm, aro Jyist GyHKIUI, YI0BIETBOPSIONIX
T

ycioBuio (2), cynpemym jrocturaercs. st BIMYKJIbIX (DYHKIWI (M TOJIBKO Jisl HUX) UMeeT
Mecto Jpoiicteentnast dopmyia: () := sup{x¢ — @(¢)}. Ilosromy st BbiyKIbIX dyHKIMIT
¢

v1(z), p2(x) m um conpsizkennbix o FOury dyuxmmit ©1(C), ¥2(¢) ycnosue p1(x) < wa(z)
st Beex o > 0 sxBuBaseHTHO ycroBuio ¢1(C) = @2(¢) mus Beex ¢ = 0.
O6oznaunm coupsizkennyto 1o FOnry dynkimio k Inpr(e”) depes g(y), n nycrs F, =

oo
exp{—g(n)}. Torma Inps(e®) = sup{zn + InF,}, ©. e. bynkuun ) F,2" u f(z) umeror
n n=0

OJIMHAKOBBIE MaKCUMAaJIbHBIE wienbl. Koaddunuentsr F),, HaspiBatoTcs peryspusaueii Hero-
rona — Anamapa |f,|, a Touku (n; —In F),) jexkaT Ha IpaHuIle BBITYKJIONH 0OOJOYKU TOYEK

(n; —In | ful).
Koadhdunmentnas xapakrepusaius TUIIOB NEIbIX (DyHKIUN onupaeTcs Ha TeopeMbl 1, 3
U CJIEJIYIONINE TPU JIEMMBI.

Jlemma 1. Ilycrs ¢ynxnust ¢(C) yaosierBopser yciaosmio (2). Yerosue In pip(r) < o(Inr)
acummrorndecku (T. e. JIsl BCEX T 2 T() BBIIOJIHSIETCS TOLJa H TOJBKO TOIJIA, KOIJIa ACHMII-
TOTHIECKH BbIIoIHsIeTcst yeaosue In | fr,| < —p(n), mwim korga In F,, < —@(n).

< Byziem npenmonarars /ij1st IPOCTOTHI, Y9TO HEPABEHCTBA BBIIOIHSIOTCS JIJIsl BCEX 3HATe-
Huit aprymentos. OOmmil cirydail JUIIb HE3HAYHTEJBHBIMI JIETAJISIME OTJINIAETCS OT ITOrO.
Ecma In iy (r) < o(Inr), T0

—InF, = sgp{nx —Inpsp(e®)} > sgp{nx — ()} = p(n).

Orcroma In | f,,| < InF,, < —¢(n).
Ecmm xe In|f,| < —¢(n), To

In iy (e”) = ma{an +1In|f,]} < max{en — 3(n)} < max{a¢ - GO} < pla). o

OrneHKY CHU3Y, KaK OOBIYHO, HE CTOJIb IIPOCTHI.

JIlemma 2. Ilycre ¢pyrknums ¢(() BblIyK/Ia, BO3PACTAET H YOBJETBOPSIET ycaoBHIO (2).
Ecmr Inpiy(r) = o(Inr), To InF,, > —p(n).
EcmInFy, > —¢(n), roInps(r) > ¢(Inr)(1 — o(1)).

< —In F,, = sup{nz — Inpu(e®)} < sup{nz — p(r)} = ¢(n) n nepBoe yTBEpPK/ICHNE JIOKA-
x x

3aHO. ﬂﬂﬂ JO0Ka3aTeJabCTBa BTOpOFO BaMeTI/IM, 910
o(z) = Stép{wé —9(Q)} = G — 9(Ca)-

O6osznauns m = [(], ¢ yaerom Toro, uto m < ( < m+ 1 u p(m) < ¢((;), moayvaem

In pu(e*) = max{nx + In F,,} > max{nz — @¢(n)} > mzx — g(m)
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> (G~ D~ 3(Ga) = 0(@) — 7 = p(a) <1 e

SAMEYAHUE. Bropoe yTBep:Kienne jeMMbI 2 MOXKHO YTOUHUTH, ecyiu DYHKIWS ¢ () y10-
»(x)
:D2

) = pla)1 = o).

BJIeTBOpsieT Gosiee cuyibHOMY, 4eM (2) yenosuo ¢ (x) — oo npum x — 00 — oo).

MmenHO, B 9TOM Cilydae CHPABEJIMBO YTBEPK/ICHUE:
Ecmn In Fy, > —@(n), To Inpus(r) = ¢(Inr) — o(1).

Coreyromunii TpoOCTOM BCIIOMOTATE/IBHBIN PE3YJILTAT MBI HE HAIILIN B JIUTEPATYPE, U MOITO-
MY JIJIsI TIOJTHOTBI M3JI0XKEHUS U YJI00CTBA, CCHIJIOK IIPUBOIUM €TO.

Jlemma 3. Ilycrs f(z) = Z fn2", g(z) = Z gn2" — nesvre Gyuxnnu u F, u Gy, — pe-

ryaspuzanun Hororona — AgzaMapa HOCJIG,Z[OB&TGJIBHOCTGH | fn] 1 |gn| coorBercTBenHO. Cripa-
BEJIJIUBBI CJIEJYIONIHE PABEHCTBA

= |fnl _

nﬂoo G

Tim Fy I ey Mf(r) F, . F, . Nf(r)

, lim — = lim — = lim
n n—00 Gn r—00 Mg(r) n—00 |gn| n?oo n r—00 ,U/g(r)

< O6oznaunm A = lim 2
rTr—00 Mg

pr(r) < A'pg(r). Teneps mist n > ng = ny(rg) noaydaem

) Host moboro € > 0, A’ = A+eur > rg=ro(c) umeem

,,nn TTL

|fn] < Fr < Aexp{—supnlnr —Inpy(r)} = A'G,,

r>ro

a rorja lim % < A’ = A+ e. Yerpemissa € K HyJIO, HOJTydaeM
n—oo "

m —=
n—>oo Gn n—oo Gy,

< A

C sipyroit cTopoHsl, jIst Jiroboro € > 0 u n > ng = no(e) Beimonusiercs | f,| < (B + €)Gy,.
Beibepem rg = 7¢(€) HACTOIBLKO GOMIBIITIM, YTOOBI IIPU 7 > 7' IIEHTPATIbHBIA HHIEKC N f = N ¢(T)
IIPEBOCXOIMIL N, T. €. Ny > Ng. Torga A TaKAX 7 IMeeM

pp(r) = |fu,[r" < (B +)Gryr™ < (B +e)pug(r)

A= Tm ,U«f(r>

< B+e.
r—00 f1g(r)

Orciona Beitekaer A = lim 27 (r)

11g(7) < B , 9TO BMECTEe C IPEAbIAYIIUM JTOKa3bIBACT IIPEIIOZKE-
r—oo H9

Hue. Bropoe yTBepK/IeHHE JIEMMbI CJIE/[yeT U3 yKe JOKA3aHHOTO PACCMOTPEHHEM OOPaTHBIX
OTHOIIIEeHNA. >

O6osnaunm yepes Ho(z) accoruuposannyto o Herorony ¢ H(z) dyukuuio: Ho(z) =
T — H,L(x)) Tenepsb y HAC €CTh BCe HEOOXOAMMOE, ITOOBI JIOKA3ATh OCHOBHBIE B 9TOM IIYHKTE
PEe3yJIbTATHIL.
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Teopema 4. Ilycrs ¢bynknus h(r) takosa, uro h(e®) = H(x) € H®, B(t) — obpar-
Hast pynkmus K H'(x), Ho(x) — acconuuposannasi no Hprorony ¢ H(x) dpyrkmus, a w(t) —
¢yukmms, obparnas K exp{Ho(5(x))}. Torga cupasesinBbr popMy bl

— lan(?") n — n
Jim = = =0, = m — = =
o h(r) "= (| falTH) T (F )
In M
lim In My (r) =0, = lim Ll (11)
r—oo  h(r) e w(F, ™)

< st Beex 0 > 0y, W TOTBKO JJIA HUX, BBIIOMHAIOTCA HepaBeHcTBa In iy (r) < oh(r),
r > ro(o). O6osuauus H(z) = h(e”), nomyanm HepaBeHCTBA

Inps(e”) <oH(x), o>o0u, v>x0(0). (12)

ITo nemme 1 ycnosue (12), B kKotopoM yno6Ho cuntars H(z) = H(xg) s Becex © < xp =
zo(0), sxBUBaIeHTHO ycioBuiO — In|f,| > ¥(n), wm ycrosuo —InF, > ¥(n), roe U(y)
siBJIsieTcs conpsizkernoii mo FOury x dyukmun o H (z). Haiinem sty dynknuo.

ITo onpenenenuto V(y) = sup{zy — cH(x)}. A Tak Kak CympemyM JOCTUTACTCS DU T =

x

08 (%), To st n > ng = o H'(z) nmeem

w05 (2) ot (3(2)) =t (3 2))-

Taxkum 06paszom, ycioBust (12) SKBUBAJIEHTHBI yCIOBUSIM

anexp{—nHo (ﬁ(%))} n > no,
[fal < exp {- nHO( ( )} n>mo,

KOTOpbIE JIerKo 1peobpazoath K Uy w(Fy, )

nJjm

n
o) njm K BUIY

n
—— <0, 0 >0y, n>n(o).

w(F, ™)

Takum 06pa3om, HOCTIe/Hee YCIOBUE SKBUBAJIEHTHO yCIoBuIO (12), 4To J0Ka3bIBAET IepBoe
yTBEpKIEHNE TeOpeMbl. AHAJIOTMYIHO, OMUPAsCh HA JEMMY 2, TPOBEPSIETCST U BTOpoe. [>

Teopema 5. Ilycrs f(z) = Z fn — nesas pynknns, F,, — perynsapuszamnus Herorona —

Annamapa K03(ppHIIHEHTOB [, U A — ¢yurnus cpapaenns. Torma cripaBeaIuBbl (pOPMYJIbI
n |f n n . n F n
oA oa(f)= lm {/—.
n—>oo n—>oo n n—00 An

< YTBepXKJEeHUEe OYEBHUIHO JjIsi MHOrOWIeHOB. Eciu f(z) — TpaHCIEeHJeHTHas Iesiast

(o)
HKIUSI, TO JUISI T > O A nkiua A®(z) = A2 A = t" A, gaBisiercss pyHKIUER
Y Yy n n Yy
n=0

A7 A
CPABHEHHUsI TAK KAK A‘.“ =752 | 0wm pa(T-7) = pas(r). Cornacuo emme 3 umeem

=l Wl

n— oo T"An n—>oo A:L n— oo A;L n—00 [I Ae (’r)
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T n T F,
Orciona t := lim {/ % = lim {/ 2> S T, 9T0 B CUIy HPOU3BOIBLHOCTH T > oa(f) maer

n—oo n—oo
t < oa(f). Ho gst smio6bix € > 0 u n > n(e) BblmosHseTCs 1”/£—" <ty =t+eumwm F, <
t?Ap. Orciona crefyer Juist IOCTATOYHO OOMBIMX T HepaBeHCTBO fif(1r) < pa(tir), KoTOpoe

ozHavaet, 9ro t+& > g A(f). Yerpemssis € K Hyo, noiay4daeM t > 0 4(f). ComnocraBus ¢ panee
IOJIy YeHHBIM HEPABEHCTBOM, mostydaeM t = o4 (f).

JlJ1s1 ToKa3aTe/IbCTBa BTOPOTO YTBEP K ACHUA MIOJIOKAM § = lim  { f;—". Ecnu n nocraTouno
n—oo n
BEJINKO, TO MMEEM IIOCIEIOBATEIBHO | % > s1 = max{0;s — ¢}, F,, > sTA, u, 3Haqur,
n

pr(r) = pa(sir) mis gocraTrodno 60abmux 7, T. €. 51 < 0 4(f). Dronpu e | 0 maer s < g4 (f).
Buaunr, s = 0, ecm g4(f) = 0. Eciim g 4(f) > 0, To B3sIB IPON3BOIBHO IIOIOKHUTETHHOE
T < a,(f), momyaaem pif(r) = pa(r-r), 7 > (7). Ilo memme 3 mosydaem

F, F,
lim —= =limuf—<r)>lms=h_m"—">7,

n—oo TN A, r—oo HA\T * T) n—00 n

qro gaer s = g 4(f) u, okonvarensbuo, s = g 4(f). >

Pazauynbie dpopmbl peirieHusi mpobJyieMbl A mamapa

Teopemnr 4 u 5 mator BMecTe ¢ Teopemoit C HeKOTOpoe pereHrne 0600IIEeHHON TPoHIeMbI

. k A ”

Apamapa, npemaras Jioboii kiace H 1( ), k € N, B KauecTBe MIOTHBIX B Ay, KIACCOB PyHKITHIA
JIBYCTOPOHHEI'O CPABHEHUsI POCTA.

Teopema 6. Ilycre m € N. /s smo6oii nesoii ¢gpyakmuu f(z) cymecrByror ¢yHKIn

hi(r), hi(e*) € H 1(m) , i = 1,2, takme, 4T0 11 Beex r > 0 BBIMOJIHSIOTCS HEPABEHCTBA
hi(r) <In Mg (r) < ho(r),

npmYeM JIIsl HeKOTOPBIX MOCIE0BaTe/IbHOCTEH r,(;)

DpAaBeHCTBa

— 00, k — o0, i = 1,2, cupaBeaInBbI

In My(ry) = hi(ri) +o(1), k — o0, i = 1,2.

Kpome TOro, BBIIIOIHSIIOTCS pABEHCTBA,

— InM — 1 — _
i AU ol AR e NN v L )
r—00 h(T) r—o00 h(’r’) n—oo ws (|f _%) n—oo o <an>
In M |
lim - f(r) = lim n,uf(r) = lim i 1

Baech w;(t) cBsaszaner ¢ hi(r) kax B Teopeme 4.

C apyroii croponsr, st moboro v € [0,1) mafigercs nenast Gyuknust f(z) Takas, 9ro
. InM . k
Tli,rilo nh(ﬁ)(r) = oo npn m060it dyrxmm h(r), h(e®) € HY ),

[Tocneanee yTBepxKIeHIE TEOPEMbI O3HAMAET, YTO IPH KaxkaoM m € N B paMKax KJIacCOB

)

Hgm), ~v > 0, nanbHeiiiiee cyxxenue H }m HEBO3MOYKHO.

)

m
Omako, onmupasich Ha TeopeMy 2, Kiaacchl H } MOYKHO CY3HUTh, paCCMaTpUBas COBOKYTI-

nocrn dynknuit { In A(r), A(r) = > e~ Pm)yn, O(z) € Hl(m)}, m € N.
n=0
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B reopeme 6 hopMyIibl JJIsl BBIYUCIEHUS] TUIIOB 1107 (DYHKIMU Oy YeHbl B 00IIel cuTy-
annu. B KaxKJI0M KOHKPETHOM CJIy4ae OHU MAaJIONPHUTOAHBI, U UX OCHOBHOE 3HAYEHUE COCTOUT
B TOM, YTO OHU JIOKA3BIBAIOT BO3MOYKHOCTH pelleHusl MpobieMbl Ajtamapa.

B pa6ore B. A. Ockosukosa (8] st byHKIwmit ogHOro nepementoro u B padore F0. @. Ko-
pobeiinnka [14] nyst dyHKIWA MHOIMX EPEMEHHBIX [PU BBIIOJHEHUH HEKOTOPBIX JIOMOJIHU-
TEJILHBIX YCJIOBUH TI0/IydeHbl 001mpe pOPMyJIbl BBIYACIEHUs TUNA NEJI0NH (PyHKIUK 110 €€ KO-
sdunmenram Teitopa, siBisionecs KOHKpeTu3anueii (popmys reopembl 6. AHaIOrMYHbIE
bopMyJIBI ¢ HIZKHUME IpPeJIelaMu U ¢ 3aMeHoil KoadduimenTos |f,| Ha uUX peryJsipusanun
F,, cupaBe yIuBbl U ISl BIYUCAEHUs] HUXKHEro Tulia 1eioi dpyskmun. OTMeTuM TakKe, 4To
B 3THX paboTax (akTHuecKn JO0Ka3aHO PABEHCTBO 0, = O\, PHU YCIOBHH, YTO (bYyHKIHUS
a(x) = xzh/(z) ynosrerBopsier yciosuio (6).

Kinacc Bcex dpyuknuii cpaBaenust oboznadum U.

Knace U siBiisieTcst IJIOTHBIM KJIACCOM BO MHOYKECTBE BCEX IEJIbIX (DyHKIUI B TOM CMBICIIE,
91O JIst BCsAKOIL restoit byukuun f(z) naiigercs rakas dyukuus A(z) € U, uaro o4(f) # 0,00
(em. [13]).

W 3nech onsiTh BosHUKaeT mpobiieMa AnaMapa HAXOXKIEHUsST BO3SMOXKHO 0oJjiee Y3KUX KJTac-
coB (pyHKIUiT cpaBHEHUs, IJIOTHBIX B 9T0M cMbicie. Tak B padore [15] A. FO. TTonos nokaszau,
YTO IJIOTHOW B KJIacce TEebIX (DYHKIUiT, MMEIOInX OeCKOHEUHBIH THIT TP JIOTapUMOMIIECKOM

HOPSIKE 2, SBJISETCA COBOKYIIHOCTL BCeX (DYHKIUI CpaBHEHUS C JOIOIHUTEILHBIM YCIOBAEM
: AnAn 2
lim &2ont2 — 1.

Ob6oznaanm Uﬂsk) = {A(z) : A(z) = > e=%m) n, o(x) € HA(,k)} ITockombKy 371€Ch
n=0

A, = e 2 10 AZ—:l = 2(M)=2(+1) | 0y kaxBI KITACC ng), k> 1, ~v > 0, cocrour u3
dyuKMit cpapaenns. O4deBuaHO, Ipu J0boMm k > 1, v > 0 u Uy(kﬂ) C Uy(k).

Chemyrorme pe3yJbTaThbl TOBOPSAT O TOM, YTO IpH JoO60M k > 1 B KauecTBe ILIOTHOTO
BO MHOXKECTBe BCEX IIeJIbIX (PYHKIMI Kjacca (PYHKIWI CpaBHEHUsI KaK CBEpXY, TaK U CHU3Y,
MOXKeT OBITH B3AT JIIOOOH M3 KJIacCOB Ul(k). B 1o ke Bpemsi KJacchbl Uw(k) ¢y € (0;1) mpm
Jg06oM k > 1 He MOIYT CJIY2KHUTH TAKMMH KjaccaMmy (pyHKIUI cpaBHEHHs, T. €. JajbHelilnee
CyKeHne B paMKax U,(Yk) npu jobom k > 1 yke HEBO3ZMOXKHO.

Teopema 7. Ilycrs k € N. JLius Besikoii nesoit tpancriengentHol ¢ynkinqun f(z) =

o0
7 fn2™ mabigyres dynknun ®1(x) € Hl(k) n Oo(z) € Hl(k) TaKmue, ITO

n=0

lim {Inip(e”) = @1(2)} =0 u lim {Inpp(e”) — Pa(x)} =0,

T—00 T—00

1pudeMm

Iim {In|fy| + ®1(n)} = Iim {InF, + ®1(n)} =0 u lim {In F, + ®2(n)} > 0.
n—o0 n—0o0 —00
Bueck omsite F,, — perymsipuzanust Herorona — Ajgamapa | fr|.
C apyroii croponsr, st Beskoro v € (0;1) mafinercs nenas ¢yuknus f(z) rtakas, 910
lim {In F}, + ®(n)} = oo upu Beex () € Hgk).

n—oo
< Io reopeme C st bynkimn ¢(x) = Inpp(e”) cymecrsytor dynkmun 1(x) n $o(z) us
(k)

KJI1acCa Hl TaKHe, 9TO JJIJId BCEX

D1 (2) < p(z) < Pa(2),
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IpUYeM IS HEKOTOPBIX MOC/IEI0BATEILHOCTEN Ty — 00 U Ty, — OO BBINOJHSAIOTCS COOTHOIIIE-
uust O1(Z,) = ©(Tn) +0(1), n — o0 u Pa(zy,) = w(xn) + 0o(1), n — 0.
B 1o xe Bpems, 1yist roboro vy < 1, Haiimercs Beinykiaas dyHKIws ¢(x) co cBoiicTBOM (2)

(k

Takast, 9T0 Jyist Bcex O (z) € Hy ) 6yser srmonmaTbes lim [p(z) — ®(z)] = +oo.
T— 00
Pacemorpum dyuknuio A(z) = Z Apz", e=Pa(n ). st =0,1,2,... BbIIOJHACTCS

In|fple™ <Inps(e®) < Po(x) n ln\fn| < <I>2(:1:) — nz, a TOrja

In|f,| <InF, < —sup{nz — Po(x)} = —&)2(7’1,),
T

T. e. |fn] < A,. Kpome Toro,

In pua(e”) = max{ne — Ba(n)} < sup{Cr — B5(0)} = Ba(a).
nz (0

O6oznaunm ¢ = lim |A—"|, q < 1. Ecm 661 ¢ < 1, T0 151 g1 € (g; 1) m mocraTouno 6obinmx
n—o0 n

T B cuity jeMMbl 3 uMesn Oul fif(1) < qipa(r), a Torma

Oo(z) +0(1) =lnpp(e”) <Inqipa(e’) <Ing + P2(z), 2z =z, — .

[Iporupopeune ykasbiBaeT Ha TO, uTo ¢ = 1. CjenoBarenbro, lim 5—” = lim % =1m
n n—oo n

lim [In | fn] + 52(”)] = lim [ln F,, + (T)Q(n)] =0.
Pacemorpnm Teneps dyuxiumio B(z) = > Bp2", B, = e~ P1(n), Iockomexy In pp(e”) =

G (z), tie y = G(() — ypasnenue nomanoit Hetorona — Anamapa dbynknun f(z), To yciosue
Qi (z) < Inpyp(e”) = G(x) sxBuBanentHo yciosmo G(¢) < ®1(¢). Torna InF,, = —G(n) >
—®i(n), re. Fy, 2B, ulnF, +®1(n) > 0. >
Teopema 8. Ilycre k € N. /lusa Besikoii mesoii TpaHcreraentHoi ¢yukmun f(z) =
[e.e] o0 o0
> fnz" maiimyres d)yHKI_U/H/I cpaBuennst A(z) = Y, Apz" € Ul(k), B(z) = Y. Bp2" € Ul(k)
n=0 n=0

n=0
rakne, 410 0 A(f) =1 n og(f) > 1, upuyem

n ‘fn 'rL . n F’n
A u op(f)= lim {/—=,
n—>oo n—>oo Ap n—00 By,

e F,, — perymspuzanus Herorona — Angamapa | f,|.

B o >xe Bpewmst, st mo6oro vy € (0; 1) masigercs: nestast pyukmus f(z) rakas, aro g 4(f) =
oo npu Beex A(z) € Uw(k).

< Ha camom sieste, pyHKIMHI, TIOCTPOEHHBIE IIPU JI0KA3ATEIbCTBE TEOPEMBI 7, IPUTOHBL 1
JUTs1 JTOKA3aTeIbCTBA TeOPEMBI 8. D10 sicHO st byHKImu A(z), MOCKOIbKY

[e.e] [e.e]
S Ml €D Aur” =

I ecitm 661 [y1st HEKOTOPBIX T < 1 u ro mpu Beex 1 > 1o BbImonusnock My(r) < A(t - r), To
1o JiemMe 1 IpeAplIynero ImyHKTa UMeJIn Obl IS BCeX JOCTATOYHO GOJBIINX 7' B HEKOTOPOTO
71 € (151) omenky pg(r) < pa(m-r) < qipa(r) ¢ IPOU3BOILHO MAJIBIM IIOJIOKHUTEIBHBIM (.
Ho sro, kak Mbl Buesnn, HeBosmoxkHo. CrefoBarenbho, o4(f) = 1.
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ITo mokazamnoii Teopeme 2 F,, > B, a torna og(f) = lim {/ g—" >1.>
n—oo

n
(k) .
Knacesr H;", k € N npurojue! n Jijis 6osiee TOIHOM, 4eM B TeopeMe 6 Kjaccudukanun

pocra 1esioii (bYHKINHI B CMBICTE (k%) 1 (skokokk).

o0
Teopema 9. IIycrb k € N. List siro60ii nesioii tpancueraenTror gyukmnun f(z) = > frz"
n=0
(k)

cymecrsyior Gyuxinun ®;(x) € Hy"’, i = 1,2, takme, 9T0 BBIIOIHIIOTCS DABEHCTBA

lim (In My (e*) — ®o(x)) =0, lim (In My (e”) — ®1(z)) =0,

T— 00 T—00

a JIJIAd KOSd)dDI/IHI/IeHTOB d)yHKI_U/H/I BBIIIOJIHAOTCS COOTHOIIICHI ST
1 ® — InF,+® In F,, + ®
n— oo n n—oo n n—oo n

> 0.

< B camowm gene, cymecrBoBanue takux ®;(x) € H fk), i = 1,2, rapaarupyer Teopema C.
o0 ~ (o @] ~
Hocrponm dbymkmmn A(z) = S e~ ®2Mn B(z) = Y e ®1(™" Kax u B Teopeme 8, mo-
n=0 n=0
kazbiBaeM, 410 04(f) = 1 u og(f) = 1. A s10 n0Cs1€e JorapudmMupoBanus jaer TpedyemMble
dopmyib. >

o0 ~
BAMEYAHUE. Ecin jpononanrensuo dyukuust B(z) = > Bpz", B, = e~ ®1(") pako-
n=0

Ba, uto = = o(®|(x)), © — oo (mampumep, ®/(xr) — oo, uro BieUeT % — 1), T0

n+1
B TeopeMe 8 MOXKHO yTBepXkKjarh, 4t0 op(f) = 1, u, coorsercreeHHo, B Teopeme 9 — 4T0
. InFpt®i(n) _
lim - = 0.

n—oo

B camom gseste, eciu 661 og(f) > 1, To miusg Hekoroporo T > 1 no Jyiemme 1 umesu Gbi
ACHMIITOTHYCCKH fif(7) = up(T - T), 9TO BIeYeT

®1(z) +o(1) =Inps(e®) = pup(e®™7) > ®(x +1In7) — (z +1n7), 2=z, — oo
A Torma mMenn 6b1
o(1) > ®1(z+In7) — P1(z) — (x +In7) > ®)(z)In7 — (z +In7) (x = T, — 00)

njim

P (z
o(1) > (LIHT—l x—InT — 00, ecmz=2,— 00,
T
9TO HEeBO3MOXKHO. IIpoTuBopeune nokaspiBaer Tpebyemoe pasencrso op(f) = 1.
ITpumensist MeTosBI paboThI [14], MOXKHO II€peHeCTH MOy YeHHbIe Pe3yJIbTATHL i Ha (QyHK-
I MHOI'MX IIepeMEHHBIX.
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