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TIPUHIINIT JIATPAHYKA JIJIsI TJIAJIKMX 3ATTAY
C OTPAHUYEHUSIMYI HA KOHYCE

I'. T. Marapua-UibsieB

Lopozomy Cemeny Camconosuny
Kymamenadse x ezo wecmudecamunemuio

Jloka3prBaercss mpuHIUI JlarpanKa Jijist SKCTPEMAIbHBIX 3339 B 0AHAXOBBIX MIPOCTPAHCTBAX C OTPAHU-
YeHUAMH THUIIa PaBEHCTB, HEPABEHCTB U BKJIIOYEHUIA.

B pabore mokasanbl HEOOXOAMMBIE YCIOBUST SKCTPEMYMAa B 3aJate
f(z) = extr, F(z)=0, G(z)eCy ze€C, (P)

e Cy u C — BBIMYKJIbIEe KOHYCHI B HOPMHUPOBAHHBIX TpocTpaHcTBax Z um X, dyHkiusa f
oupegesena va UN(Z+C), rne U — okpecrnocts Touku & € X, F'u G orobpazkator UN(Z+C)
COOTBETCTBEHHO B HOPMUPOBaHHBIE IIpocTpaHcTBa Y u Z. lloslydeHHbIE yCJIOBUST HAXOIATCS B
[OJTHOM COOTBETCTBUU C MPHUHIUIIOM JlarpaHKa CHsITHsI OrpaHUYeHUil (CM. 3aMedYaHue ToCse
dbopmynupoBku Teopemsbr 1).

Heobxomumble yesioBusi skctpemyma B (P) s caydast, korga Z = R™ u Cp = R” =
{z = (z1,...,2) € R" : ; < 0,1 < i < n} gokazansl B [1] Kak ciencreue aApyrux, 60-
Jiee obImx yrBepxKiennii. [Ipeiaraemoe 3/1ech JI0Ka3aTe/ILCTBO BIIOJHE HEITOCPEICTBEHHO U
[TOMHUMO CTaHJAPTHBIX TEOPEM OTIEJMMOCTH JIJIsT BBIITYKJIBIX MHOXKECTB, HUCIIOJIb3YeT, [0 CYIIe-
cTBY, Juib MeTos1, HpioTona nociieoBaresibHbIX pubsnzkennit. OHO COCTOUT U3 TPEX ITAIIOB.
CuauaJia MbI JIOKa3bIBaeM (KCII0JIb3Ysl, KAaK OCHOBHOI MHCTpYyMeHT, MeTo; HbioToHa) Teopemy
06 06paTHOM oreparope Jyist 0TOOparkeHuil, 3a/JaHHbIX Ha KOHyce (U3 KOTOPOii, B 4aCTHOCTH,
HEMEJIJICHHO CJIEJYIOT TeopeMbl Banaxa 06 00paTHOM omepaTope U OTKPBITOM OTOOPaYKEHNH ),
3aTeM, CHOBa MCITOJIb3yst MeTo/, HbloTOHA, TOKa3hIBAEM TaK HA3BIBAEMYIO TEOPEMY O ITOIPaB-
Ke U OIUPAasiCb HA 3TU TEOPEMbI U TEOPEMY OTIEJMMOCTH, TOJIyIaeM HEOOXOIUMBbIE YCJIOBUSI
sKcTpeMyMa B 3aa4e (P).

CuayaJjia HECKOJIBKO OIIPEJICJIEHU.

IMycrs X u'Y — HopMuposanubie npocrpancTsa, M — noavuoxkectso X u T € M. Bynem
rOBOPHTD, 9TO oToOpaxkenue F: M — Y duddepenyupyemo 6 T omHocumessHo MHONCECTNEA
M, ecru HafifeTcst Takoil JUHEHHBIN HenpepbiBHBIA omeparop A: X — Y, 4ro jjist Bcex .,
JUIST KOTOPBIX T + & € M crpaBeJTuBO MIpeJICTaB/IeHIe

F@G+1) = F(@) + Az + r(z),

rie ||r(2)|ly/||z]|x — 0 npu x — 0, x € M.
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Omueparop A 6ysem ob6ozuadars F'(T) u HasbiBaTh npoussodtoti omobpasicerus F 6 mowxe
T omnocumenvho muoocecmea M (3aBucuMocTb or MHOXKecTBa M HE OTMeuaeM, Tak Kak BCe-
rja 6yJIeT SICHO OTHOCUTEIBHO KAKOTO MHOXKECTBa Oepercst mponsBojnasi). Ecin M — oTKpbI-
TOE€ MHOYKECTBO, TO 3TO OOLIYHOE OIpEJIe/IeHIe IIPOU3BOAHON F' B TOUKe T M OHA OIpejeseHa
onHO3HAaTHO. B 00mIem cirydae 3T0, 0U€BHIHO, HE TaK.

Bynem rosopursk, uro orobpaxkenne F: M — Y cmpozo duddeperyupyemo 6 mouke T
ommocumenvrno mmuoxcecmea M, eciiu Haiinercs TMHERHbBIA HelIpepbIBHLIA onepaTop A: X —
Y Takoii, uTo mig moboro € > (0 cymecTByeT Takas OKPeCTHOCTh U TOYKHM T, 9TO JJIs BCEX
2, 2" € U N M BbIosHsgercs cOOTHOIIeHUe

IF(2') = F(2") = A2’ = 2")|ly <ella’ — 2" x.

Jlerko BuyieTh, 4T0 M3 crporoil auddepenupyemoctu F' B TOYKE T OTHOCUTEIHHO MHOXKE-
crBa M cnenyer muddepennupyeMocts F' B T OTHOCHTEIHHO 9TOTO MHOXKECTBA U TEM CAMBIM
A= F'(z).

Herpyano nokaszars, aro ecin I crporo mnddepennupyemMo B & orHOCUTENbHO M, TO
Haiifercs Takas okpectHoctb Uy C U touku T, uro F nenpepsisao ua Uy N M.

Ecim X — HopMupoBaHHOE IPOCTPAHCTBO, TO COUpsizKeHHoe K X obozHadaemM X* u
(x*,z) — 3smauenme smHeiinoro dyuxrmonamta r* € X* ma snemente x € X. Ecm Y —
JIpyroe HOpMUpOBaHHOE TpocTpaHcTBO U A: X — Y — JuHeiHbI HeIpephIBHBIN OIlepaTop,
o A*: Y* — X* obosHauyaer oreparop, CONPAXKEHHBIA K A.

Ecmu C' — xouyc B X, ro C* = {z* € X*: (z*,z) > 0, x € C'} Ha3BIBACTCS CONPAHCEHHBIM
xonycom x C. dcuo, aro C* — 3aMKHYTBHIN BBITYyKJIbIH KOHYC B X *.

SaMmbikanne MHOxkecTBa A obosnauaercs cl A.

Teopema 1 (Ilpunuun Jlarpanxka gaus 3agaqu (P)). Ilycrs B 3agage (P) X, Y, Z —
6anaxoBbI mpoctparcTBa, Cy u C' — BBIYKJIbIe 3aMKHYTBIC KOHYCHI B Z 1 X COOTBETCTBEHHO
u int Cy # &, U — okpecraocts Touku T € X, ¢pyuknust f: U N (T + C) — R u orobpazke-
mne G: U N (T + C) — Z aucppepennupyempbr B T orHocuresbao muoxkecrsa U N (T + C),
orobpazkernne F': UN (Z+ C) — Y crporo auggepenmnupyemo B T 0OTHOCUTEIBHO MHOXKECTBA
UN(+C) ummubo 1 F'(z)(C) # Y, mmbo F'(z)(C) — zamknyToe muoxecrso. Torna, ec-
JIH T — JIOKaJIbHBI 9KcTpeMyM B 3azade (P), To maiigyrcs muoxkurenu Jlarpamxka g = 0
(Ao <0), ecom 3aa4a na muanMyM (MakcuMyM), y* € Y* u 2* € —C{, He Bce paBHble HyIIO,
TaKHe, 4TO

Mof'(@) + (F'(@)y" +(G'(@)"z" € C. (%)

Ecmn F'(Z)(C) =Y u cymecrsyer rakoe h € Ker F'(Z), uro G'(Z)h € int Cy, 1o Ao # 0.

[TokakeMm, 9TO yTBEpKIEHNIE TEOPEMBI COOTBETCTBYeT IpuHnuiy Jlarpamxka. [lepernumem
zagaqay (P) B Bume
f(z) = extr, F(x)=0, G(z)—2z=0, (z,2)¢eC xC(). (P
Oyuknusa Jlarpamxka ompeessieTcst OObLIIYHbIM 00pa30M:

Lz, 2o, y", 2") = Aof(x) + (v, F(2)) + (=7, G(z) — 2),

rae N, y* u 2" — muoxkurenn Jlarpanka. Ecau ¥ — pemenue 3anaaun (P) u z = G(Z), To,
oueBnHo, (T,z) — pemenue (P').

[Mpunnun Jlarpanxa yTeepKaaer, aro ecyu (T, 2) — pemenne 3agaau (P'), To naiimgyres
rakue MHOKHTesH Jlarpamzxa, uro ¢ynknus Jlarpanxka (¢ JaHHBIME MHOXKHUTEJSME) YJ10-
BJIETBOPSIET HEOOXOJMMBIM YCJIOBHAM MHHUMYMa Ha MHOXKECTBE T€X OIDAHUYEHMi, KOTOPbIE
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B Hee He BKod9eHbl. Oynkmusa Jlarpamka, kak dysknug o, muddpepeHnupyemMa B I OTHOCH-
resibHo MHOXKecTBa U N (Z + C'). Tlpocras nposepka MOKa3bIBaeT, 4TO HEOOXOMMBbIE YCIOBUS
MUHIMYMa — 9TO HEOTPHUIATE/THbHOCTD MPOU3BOIHON JaHHON (yHKIMN Ha d1eMeHTax u3 C|
qT0 ectb (*). Heorpunaresbuocts npoussojnoit byuknuu Jlarpamxa va Cp, Kak HyHKIUN 2,
o3HavaeT, uto z* € —(.

[IpuBenem nBa ciaeacTBusi u3 TeopeMbl 1. IlepBoe n3 HUX — OTMeUYEHHOE BBIIIE yTBEPK I~
are u3 [1], qokasanHOe TaM Ipu GJIUBKUX IIPEIIOJIOKEHUAX. PacCMOTPUM 3a/1a4y

fo(x) —mextr, F(x)=0, fi(x)<0 (1<i<m), ze€C. (Py)

Caencrue 1. Ilycrs B 3azaue (P)) X, Y — 6anaxosbl npocrparctsa, C' — BBILYKJIbI
saMkHyThIH KoHyCc B X, U — okpecraocts Toukn T € X, ¢yaknuu fi: UN (T + C) — R,
i=0,1,...,m, mupdepennupyempl B T orHocurejibHO MHOKecTBa U N (T + C'), orobpazkenme
F:UN(Z+C) —Y crporo auddepennupyemo B T oraocuresbao maoxkecrsa U N (24 C) u
6o cl F'(Z)(C) £ Y, smbo F'(z)(C) — zamkHyTOe MHOKecTBO. Tora, eciiu T — JIOKAJIbHBIIH
srcrpeMyM B 3ajade (Py), To Haiigyres maoxkuresn Jlarparxka Ao = 0 (Mg < 0), ecan 3a1a4a
Ha MuaEMyM (MakcumyMm), y* € Y* u \; > 0, 1 < i < m, He Bce paBHbIe HyJIIO, TaKUe, 4TO

N fo(@) + (F'(@)'y" + Y Nifi(@) € C*.
i=1

Ecim F'(Z)(C) =Y u cymecrsyer takoe h € Ker F'(Z), uro (f/(Z),h) < 0,1 <i<m, o
o # 0.

OTMmeTuM elne BaxKHbIH YacTHBIA caydail, korga C' = X, T. €. pacCMOTPUM 39y
f0($) — extr, F(JJ) :Oa fl(x) gov I<i<m. (PQ)

Caencrsue 2. IIycrs B 3a1aue (Po) X, Y — 6anaxosbl ipocrpancrBa, U — 0KpecTHOCTh
roukn T € X, ¢pyuknuu f;: U — R, i = 0,1,..., m, agucppepernupyempr B T, orobpakeHne
F:U —Y crporo qupdepenrupyemo B T u smbo clIm F'(z) # Y, smbo Im F'(T) — samrHy-
Toe mojnpocrparcrBo. Torga, eciim T — JtoKaabHBI sKcTpeMyM B 3ajade (Py), To HaiigyTcs
muoxkuTesn Jlarpamxka Ao > 0 (Ag < 0), econ 3a7a4ua Ha MmuaaMyM (MakcumyMm), y* € Y* u
Ai 20, 1 <1< m, He Bce paBHbBIE HYJIIO, TAKHE, ITO

Mfo(@) + (F'(@)'y" + Y Nifi(@) = 0.
=1

Ecin Im F'(Z) =Y u cymecrsyer takoe h € Ker F'(Z), uro (f/(z),h) < 0,1 < i< m, o
Ao # 0.

O6BIYHO 5TO YTBEPIKAEHNE JOKA3BIBAETCS B IIPEJIIOJNOKEHUN CTPOroii nuddepeHnumpyemo-
cru dbysknumit f;, i =0,1,...,m (cM., Hanpumep, [2]), 94T0, KAK MbI BUUM, sIBJISIETCS JIAIITHUM.

Tenepb MBI cchOpMyJTUPYEM U JOKAYKEM TEOPEMY O TIPABOM OOPATHOM U TEOPEMY O TIOIPAB-
K€, & 3aTeM y2Ke JOKasKeM TeopeMy 1.

Bynem nmosszoBarhest caeayomumMu obo3HadeHnsMu. Ecim X — HOMUPOBAHHOE ITPOCTPaH-
ctBo, T € X u d > 0, to Us(Z; X) u Bs(Z; X) — cOOTBETCTBEHHO OTKDBITBIN U 3aMKHYThIi
mapbl B X ¢ HEHTPOM B T U PaJAyCOM 0.

Teopema 2 (o npasom obparuom). Ilycrs X, Y — 6anaxossr npocrpancrsa, C — BBIILYK-
sl 3aMKHYTHIH KoHye B X, A1 X — Y — symneiinbni nenpepoisubrii oneparop u A(C) =Y.
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Torga cymecrBytor Takoe orobpaxkenne R: Y — X u koncranra v > 0, uro A(R(y)) =y u
IRl x <Allylly ama seex y €Y.

< Cuavasia, ucnosb3yst reopemy Bapa (em. [3, . 70]), mocTpoum «modT» HpaBblil 06paT-
neiit K A. Tak kak A(C) =Y, 10 [J,cny A(C NUR(0; X)) =Y. Tlo Teopeme Bapa cymecrsyior
rakue N € N, yo € Y ur > 0, uro B, (yo;Y) C cl(A(CNUN(0; X))). Ecomm y € Br(y0;Y), TO
naiigerca x(y) € C NUyn(0; X), mast KoToporo

ly — Az(y)lly <r/2. (1)

IIycts Teneps y € Y, y # 0, u xg € C Takoit, aro Axg = —yg. [losoxkum

) =50 (2 (i + ) +0)

u R1(0) = 0. fcno, uro Ry(y) € C st Bcex y € Y.
Ecin y # 0, 1o ¢ yuerom (1) numeem

)
ly = AR )y = Hy gy, <y0 + y> o gl
" oy

Y

2
iyl , , Wy ©  lslly @)

= —\vo+ ==y | = Az | yo+ 7—— < 5=

oy Wl ST 2T 2

U, KpOME TOTO,
llly

IR < Y ) =l (3)

st mocTpoenust mpaBoro obparHoro K A Bocrnosbsyemest MerogoMm Heiorona. ITycrs y € Y.
PaccMoTpum 1mocsie10BaTE IbHOCTD

Tp =2Tp-1+ Ri(y—Azp—1), neN, z9=0. (4)
[TokazkeM, 9TO 3Ta IIOCJIEI0BATEILHOCTD (byHIaMeHTaIbHa. JeflcTBUTeIbHO, NCHOIL3YS T0-

ciefoBaresibio (4) (mocsie npuMeHeHusi K 00eUM 9acTsIM 3TOTO paBeHCTBa oneparopa A) u
(3), 6yaem nmeTnb

1 1
ly = Aznlly=lly = Azp-1 = ARi(y — Azp-1)|ly < Slly = Aznally <o < oyl (5)
Torna B cuity (4), (3) u (5) 6yger

7llylly (6)

|lzns1 = zallx = 1B1y — Azn) [ x <nilly = Azally < =5

1, CJIeJ0BaTeIbLHO, s JI00bIX 1, m € N BeIBOTUM
[Zn+m — Znllx < |Zntm — Tngm-1llx + -+ [|Tat1 — znllx

1 1 271 [lylly
S(W‘i‘-- 2n>’YHyH T_’O

opu n — 00, T. e. HocjaeaoBaTeabHOCTh {X,} dyHnamentanbHa. 13 (4) BITEKaer, 4To dTA
HOCJIEI0BATEILHOCTD PpUHAIEXKUT C' BCJIEJICTBAE BBITYKJIOCTH 9TOIO KOHYCA.
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[Monoxum R(y) = limy, o 2. Torma R(y) € C B cuny samkuayroctu C. Ilepexons
upeseny B (5), noixydaem, uro A(R(y)) = y. Jamnee, ucnonssys (6), nmeem

1
[Znllx < llzn — Zp-allx + ...+ |lz1]lx < <2n_1 +.t 1) llylly < 2nllylly-

[Tepexoas 3xech K npeseny, noaydaeM, 9ro |[R(y)||x < vllylly, tae v = 2y1. >

Ecim C = X, 10 MBI TIOJly9aeM COOTBETCTBYIOIIEE YTBEPKJICHUE (CM. JIEMMY O IIPABOM
obparnom) u3 Ilpusoxkenus k crarbe B. M. TuxomupoBa B JaHHOM HOMEpE. DTa JIEMMa PaB-
HOoCHJIbHa TeopeMe Banaxa 006 OTKPBITOM OTOOparKeHUHN Wi 00 0OpaTHOM OIlepaTope.

Teopema 3 (o mompaske). Ilyctes X, Y — 6anaxoBbl npocrpancrBa, C' — BBILYKJIbLiT
saMkHyTbIl KOHyc B X, U — okpecrHocTb Touknu T € X, orobpazkenne F: UN(x +C) =Y
crporo gucpgepennupyemo B T ornocurenbro muoxkecrsa T+ C u F'(Z)(C) = Y. Torna
Haiigyres okpecraocta Uy u Vi Toukn T u Hysns B X cooTBercTBeHHO, st Kotopbix Uy +Vy C
U, orobpazkenne p: UyN(Z+C') — VoNC u korucranra K > 0 rakne, aro F(z+¢(x)) = F(T)
1 lo@)lx < K|IF(z) - F@|ly ans seex z € Up (2 + O).

< Omneparop A = F'(Z) ymosaersopsier yciousim teopembl 1. ITycrs (cormacuo stoii
Teopeme) R — mpasblii o6parHbiii K A ¢ coorBercTByfomeil KoHcTanToii v. Tak kak F' crporo
muddepennupyemo B Z oraocuresibio T + C, o jyist € = 1/27 naiinyres Takue OKpeCTHOCTH
Uy u Vi rouku T u Hynst B8 X coorBercrBenHo, uro Uy + V) C U u s Beex x € U N (2 + C)
ny',y" € Vi N C cupasemmBo COOTHOIIEHNE

1
[F(x+y") = Flz+y") — Ay —y")|ly < 5Hy' - x. (7)

[Tycrs 6 > 0 rakoe, aro Us(0; X) C Vi. Iomoxkum Vy = Us(0; X) u Uy C U — 0OKpecTHOCTD
T rakasi, uro |[F(z) — F(Z)|ly < /4y nna Beex x € Ug N (Z + C).
Bosbpmem x € Uy. Paccmorpum mociieioBaTeIbHOCTh

Yn = Yn—1+ R(F(f) - F(:E + ynfl))v ne Nv Yo = 0. (8)

[oxazkeM 10 MHAYKIWH, 9TO Yy € Bs/o(0; X) N C st Beex n. Jlyist yo 3T0 BK/IIOWEHHE O¥e-
BuaHo. Ilpenmosroxkum, 9ro y, € 35/2(0; X)NnC, n =0,1,...,N. Jokaxkem, 970 U Yn4+1
NPUHAJJIEXKUT ITOMY MHOXKecTBy. U3 (8) coemyer, uro

A(yN—nyl) :F(f)—F(x-l-nyl). (9)

Ucnonb3ys nocienoBaresnsto (8) (¢ omenkoit jyist mpasoro obparnoro), (9) u (7) u 3arem
UTEepUpysl IPOIELy Py, OyieM uMerhb

—~

lyn+1 = ynllx <ANFE) = Fle+yn)lly =7I1F(@ +yn) = Fz+yv-1)
(10)

1
Ay~ —yv-1)llx < sllyy —ynv-allx < ... < 2—N||y1HX-

N —

Teneps 1o HepaseHcTBY Tpeyroiabauka, (10) u (8) (cHOBa ¢ OIEHKOI It TPABOro O6PATHOTO)
HoJTy 9aeM

N 1
Il < L =l ool =l < (g 4o 1) alls

I 1) 1)
<K[[F (@) - F(o)|y < 27@ =5

T. e. yn+1 € Bj2(0; X).
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[To npexnmonoxenuto uaayknuu yy € C. Torma u3 (8) BeiTekaer, 4t0 yn4+1 € yn + C C
C+C = C B cuny soimykyoctu C'. Takum o6pasom, yy, € Bjp(0; X)NC aisa seex n =0, 1,....

[MocnenoBarenbHocTsb {y, } dyHIaMenTambHa. JeiicTBUTENIbHO, 110 HEPABEHCTBY TPEYTOJIb-
auka 1 (10) jyist J106BIX HATYPAJIBHBIX 1L M 11 UMEIOT MECTO COOTHOIIEHHsI

”yn+m —Ynlly < ”yn+m ~Yntm—1lly + -+ Y1 — vally

1 1 2
S WJF-..JF on y1lly < 2—nHy1HY —0

npu n — oo. [omoxum ¢(z) = limy, oo Yn. dAcno, ut0 @(7) € Bj/e(0; X) N C (B cuy
samkuyToctu C). dasee, Tak kak F' menpepsisro Ha Ug N (T + C'), T0 ¢ yuerom (8), mosrydaem

|F@) ~ Fla+e(@)lly = lim [F@) ~ F+yo)lly = Im A~ va)ly =0,

T. e. F(z + ¢o(x)) = F().
Hasee mo wepasencTBy Tpeyroibauka, (10) u (8)

1ynllx < llyn = ynallx +- -+ lnllx SHF@) - Fz)]y.

[Tepexojist 31€ech K 1peieny, noiaydaeM, uro |o(z)||x < K||F(Z) — F(x)|y, toe K = 2v. >

< JTOKABATEJIBCTBO TEOPEMBI 1. CHavajia OTMETUM TPUBHAJIBHBIE CIIydYay BBIIOJIHE-
Hust coorHomenus (). Ecim f/(Z) = 0, To monarasi, nanpumep, A\g = 1, a y* = 0 u z* = 0,
nostyqaeM ().

Ecm G'(Z) = 0, To cHoBa nostygaem (*), 6epst B KadecTse 2* 060l HeHy/1eBoit dbyHKIH-
onaJs u nojtarast Ag = 0 u y* = 0.

[Iycrs cl F'(Z)(C) # Y. Jlerko Bugers, uro cl F/(Z)(C') — BbILyKJIbIi 3aMKHY THI KOHYC 1
TaK KaK OH He COBIIQJIA€T CO BCEM IPOCTPAHCTBOM, TO €r0 MOXKHO OTJIEJINTH OT TOYKU, eMy He
npuHaexkarteit. OTcoa ciieyeT, ITo CyIeCTBYET TaKoil HeHy/1eBoi (hyHKnmonana y* € Y™,
aro inf{(y*,y) : y € 1 F'(Z)(C)} > —o0. Jlerko HOHATH, YTO JaHHAsI HUXKHsisl IPAHb €CTh
uysb u 3Haant, (y*, F'(Z)z) > 0 aua seex x € C. Honaras \g = 0 u z* = 0, momyqaem (x).

Ecim muokectso F/(Z)(C) 3aMKHYTO M He coBIagaer ¢ Y, TO IOBTODsisl MPEIbILYIIEe
paccyzKjeHre, CHOBa, MoydaeM (k).

Urak, ocTanoch jgokasaTh cooTHomenue () mus ciaydas, korna f'(Z) # 0, G'(Z) # 0 n
F'(z)(C) =Y. IlpeanonoxumM cHadasa, 9To T — JIOKAJbHBIH MUHUMYM. PaccMoTpum 0To6-
paxenne F: UN(Z+ C) xRy x Cy — R xY x Z, oupenenennoe 1o npasuity F(z,«, z) =
(f(x)+a, F(z), G(x) — z). U3 muddepentupyemoctu f, F' u G B TOUYKEe T OTHOCUTEIBHO COOT-
BETCTBYIOIINX MHOXKECTB CJIEJIyeT, UTo JuHeitHbIi onepatop F'(Z,0,0): X xRxZ — RxY xZ,
F'(2,0,0)(z, e, 2) = ((f'(Z),x) + o, F'(Z)x, G'(T)x — 2z) ecTb npousBojHas orobpakenusi F
B Touke (Z,0,0) ornocuresbHO MHOXKecTBa (T + C') X Ry x Cj. Ilokaxkem, 4ro 3aMbIKaHue
muoxkecrsa F'(Z,0,0)(C x Ry x Cp) ne conagaer ¢ R X Y x Z.

[Tycts 29 € int Cy. Torga cymecrsyer 6 > 0 takoe, ato Us(zp; Z) C Cy. doraxkem, aro
muoxkectso F(Z,0,0)(C x Ry x Cp) me nepecekaercs ¢ mapom Us, ((—1,0,20); RxY x Z), rue
do = (1/2) min(8, 6 /4G (Z)|, 1, 1/4|f'(Z)]|). TIpeamnonoxkun, 9ro 3T0 HE TAK U CYNIECTBYET
touka (z,q,z) € C x Ry x Cy Takasi, 4ro

[(f'(@),2) + o+ 1 + [|[F'(@)z]y +|G'(@)x — 2 = 20llz < do.

IIycte y € Y u |lylly < do. Hockombky F'(Z)(C) = Y, To mo teopeme 1 Haiigercs T €
Uss,(0; X) N C raxoe, uro F'(T)z = —y. lonoxum T = x + T u nokaxeM, uro T € C,
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F(z)T =0, G'(Z)T € intCy u (f'(Z),T) < 0. HeiicTBuTesbHO, EPBbIE J[Ba COOTHOIICHUS
[IpoOBepsIOTCs dyieMmeHTapHo. Jlastee

IG'(@)Z - 2 = 20llz < NIG'(@)z — 2 = 20l 2z + |G/ (@)T] 2 < o + |G @) 7| x
<o+ [G'(@)lvd0 < 6/2+ |G' @)V (6/21G" (@) ]l7) = 6,

T. e. G'(Z)T — z € int Cy u 3nauutr, G'(Z)T € int Cy. Hakowner,

[(f'(@),7) + a+ 1| < [{f'(@),2) + a+ 1|+ [{f'(@),2)] < do+[F'@Z]x
< 0o +|1f @)lvd0 < 1/2+ 1" @)y (1 /21 f @)]l7) = 1,
T.e. (f(z),T) <O.

Tenepp HOKaxkKeM, YTO CYIIECTBOBAHHE TOYKH T C YCTAHOBJICHHBIMU CBOHCTBAMHM IIPO-
THBOPEYHUT TOMY, YTO T — JIOKAJbHbBIA MuHUMYM. J[jIsi 9TOr0 BOCIOJIB3yeMCsl TEOpeMoil 3.
Orobpazkerne F' yiosiierBopsieT ee ycjoBusiM. IlycTb oToOpazkeHne ¢ W3 3TOW TEOPEMBI.
Torna suist Bcex jgocrarodno mManabix t > 0 uvmeem F(T 4+ tT + (T + 7)) = F(T) = 0 u
le(@ + )| x < K[|F(@+1t2)|ly = K|[tF'(@)Z+ o(t)[ly = [[o(t)[ly, T e. ¢(Z + %) = o(t) npu
t | 0. O6ozuauum £(t) = o(Z + tT). dAcno, uro T + tT + £(t) € C upn nannwbix t. Hanee, us
muddepentupyemoctu G B T u Toro, uro G'(Z)T € int Cy cemyer BKIOUEHUE

G(@+1T+£(t) = G(@) +tG ()T + o(t) = G(Z) + t(G'(Z)T + o(t) /1) € Co,
a u3 nuddepennupyemoctu f B T u nepasenctsa (f'(T),T) < 0 ciemyer, ato

@+t +E(1) = f(@) + t{f(2),T) + o(t) = f(Z) +t((f'(2),7) + o(t) /1) < f(3).

Takum 06pas3om, B 11060 OKPECTHOCTH T €CTh JOIMyCTUMBIE B 3aja4e (P) TOYKH, Ha KOTOPBIX
sHavenue f Mmenbine, ueM f(Z). DTO IPOTUBOPEYUT TOMY, UTO T — JIOKAJTHHBIA MUHUMYM.

Urak, maoxectso cl F'(Z,0,0)(C x Ry x Cp), KOTOPOe €CTh, OUEBUJIHO, BBITYKJIbIH 3aM-
KHYTBII KoHyc, He coBnagaer ¢ R X Y x Z. Torma, TOUYHO 110 TeM 3Ke COOOParKeHUsIM, 9TO K
B HaJaJIe JOKa3aTeIbCTBa, CJIEYeT CYIIECTBOBAHNE TAKOTO HEHYJIEBOTO JIMHEHHOTO (hYHKIIO-
Hasa (Ao, y*, 2*) € R X Y* x Z*, uro

M((f (@), z) + o) + (", F'(D)z) + (%, G'(@)z —2) >0 Y(z,0,2) € C xRy x Cp.

[Monarast x =0 u z = 0, HonyqaeM aro Ag 2 0. Iomarasg a = 0 u x = 0, nosyuaem, 9T0
(2*,2) <0 mua Beex z € Cp, 1. e. 2* € —C(j. Hakonen, nomarast a = 0 u z = 0, npuxoauM K
COOTHOIIIEHUIO (*).

Eciu T — JIOKaJIbHBIA MAKCUMyM, TO B OIpEJIEJeHHH OTOOpakeHust F HaJ0 B3sTh
(f'(Z),x)—a B™mecro (f'(T), )+« 1 TOrIA COBEPIIEHHO AHAJIOTUYHbIE DACCY XK I€HUST TPUBOJIAT
K TOMY, 9T0 Ag < 0.

JokazkeM TioceaHee yTBepkIeHne teopembl. lomyctum, uro A9 = 0. Tak xaxk h €
Ker F'(z), o u3 (*) BbTekaer, aro (z*,G'(Z)h) > 0. Ho no ycaosuio G'(Z)h € Cp u no
nokazanHomy z* € —Cf, cuenoaressro, (z*,G'(Z)h) < 0, 1. e. (z*,G'(Z)h) = 0. Ilycrs
z € Z. Hockonbky G'(Z)h € int Cp, TO jjIs1 JOCTATOIHO MAJIOro € # 0 ClpaBeyInBO BKJIIO-
vyenne G'(T )h:l:f-:z € Cp u rem cambivm (2%, G'(Z)h £ ez) = £(2*,2) < 0, m. e. (z5,2) =0
u 3uaunt, z* = 0. Torga u3 coorHomenust (*) moaygaem, aro (y*, F'(Z)x) > 0 mias aoboro
x € C. Ho F'(Z)(C) =Y u rorma nocjie/iHee HEPABEHCTBO O3HAUAELT, UTO JIMHEHHBIH hyHKIH-
OHAJI HEOTPUIIATEJIEH HA BCEM IIPOCTPAHCTBE M T€M CaMbIM OH HYJIeBOi. Mbl IPUILIN K TOMY,
9TO BCe MHOXKHMTENU Jlarpanzka HyJeBble, YTO HEBO3MOXKHO U TaKUM o0paszoM, Ao # 0. >
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