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@EB,�tEs~®`s#¯[r[s
O]°2±~²2³�´�´�µ?´!¶2³�°2³�·,³�¸	¸2±~¹º´�»�°	¼�½	»�¼�°2±~¹�¾�´�»�°2³�¿EÀ�ÁP»�´�Â�¾kÃ�À�Ä�À�¿EÀ�Å�¼�¶	°EÀ�¾~ÆE³�¸	Ç	ÂÈÅ'Ç2·�Ç	½�±�ÉÊ»�³�Å�É

¸2±�ÆE±~Ë�Ç	¿2³�´�½	Ç2·�Ç�¶	°2±~²2³�´�´�À~·�ÇºÌ�Í�Î2Ï�ÐÑÎ'Ä2Ç	¸EÀ~·�Ç	½�³WÒÓÀ�Ë�À�ÁPÔ�³�Ë�±�À�¶	¶EÀ�°EÀ�»~ÀÕÌ Ö�×'Ø�Ð�ÇkÄ2°�Ù
_Ú°EÀ~Û�±~»~À�ÅÜÌ Ý�×�Í�Í�ÐUÇ	Ã�¼�¿2³�¸	µÞÃ�À�Ä�À�¿	Çß±~¶	»�Ç2·`À�Æ2à�¸2±~Ë�±á¼�¶	°EÀ�¾~ÆE³�¸	Ç	Â�Î5±~¶	Ç2´�µ1¾#À~³�·�µi³�´�±�±~»�¾�³�»~É

´�»�¾�³�¸	¸2±�¸2³�Æ2Ç	¸2³�¹	¸	µi·�ÇÕÇ	¸	»�³�Ë�°EÀ�Æ2à�¸	µi·�Ç�Çk°EÀ�Ã�¸2±�´�»�¸	µi·�Ç�¼�°EÀ�¾�¸2³�¸	Ç	Â	·�Ç�Î�ÄE±~½'À�Ã�À�¸	µâ¸2³�±�Û�Å#±�Ä2Ç'É
·�µi³M¼�´�ÆE±~¾�Ç	ÂÕ±~¶	»�Ç2·`À�Æ2à�¸2±�´�»�Ç�ÎE¸EÀ�¹'ÄE³�¸	µâ¼�´�ÆE±~¾�Ç	Â�¼�¶	°EÀ�¾~Æ2Â	³�·,±�´�»�Ç�ÇkÄ2°�Ù

O]°2³�Ä	Æ�À�Ë�À~³�·`À�Âã°EÀ~Û�±~»~Àk¶2±�´�¾�Â'Ô�³�¸EÀ�Ç2´�´�ÆE³�ÄE±~¾#À�¸	Ç	ÁdÃ�À�Ä�À�¿ã±~¶	»�Ç2·`À�Æ2à�¸2±~Ë�±Õ¼�¶	°EÀ�¾~ÆE³�¸	Ç	ÂÈÆ2Ç'É
¸2³�¹	¸	µi·�Çº´�Ç2´�»�³�·`À~·�Çä´Ó¶2³�°2³�·,³�¸	¸2±~¹º´�»�°	¼�½	»�¼�°2±~¹�Î�±~¶	Ç2´�µ1¾#À~³�·�µi·�Çº°EÀ�Ã�¸2±�´�»�¸	µi·�ÇºÇãÇ	¸	»�³�Ë�°2±�É
Ä2Ç2åWåW³�°2³�¸	²	ÇEÀ�Æ2à�¸	µi·�Çæ¼�°EÀ�¾�¸2³�¸	Ç	Â	·�Çä»�Ç	¶EÀ�_5±�Æ2à�»�³�°	°EÀ'Ùá_?±�Ä2¸2±�·ç´�Æ2¼�¿EÀ~³èÄE±~½'À�Ã�À�¸2±È¸2³�±�Û�Å#±�É
Ä2Ç2·,±�³èÇãÄE±�´�»~À�»�±~¿	¸2±�³k¼�´�ÆE±~¾�Ç2³�±~¶	»�Ç2·`À�Æ2à�¸2±�´�»�Çæ¾�åW±~°2·,³=¶	°	Ç	¸	²	Ç	¶EÀ�·`À�½�´�Ç2·�¼'·`À�OM±~¸	»�°#Â'Ë�Ç'É
¸EÀkÌ�Í�Ï�×�Í�é~ÐÑÎ�À!¾ÓÄ2°	¼�Ë�±�·æ´�Æ2¼�¿EÀ~³M¶2±�Æ2¼�¿2³�¸2±ÓÄE±�´�»~À�»�±~¿	¸2±�³W¼�´�ÆE±~¾�Ç2³Y±~¶	»�Ç2·`À�Æ2à�¸2±�´�»�Ç�Ù

ê B`ë�ìEo�p�m	¯[ìEtEí�mÈî#m#®`m#ï[r
^�À~´�´�·,±~»�°	Ç2·ßÃ�À�Ä�À�¿	¼�±Ó¸EÀ�Å#±�ð�ÄE³�¸	Ç	Ç�·�Ç	¸	Ç2·�¼'·`À=åM¼�¸	½	²	Ç2±~¸EÀ�Æ�À

I(u, v) = c′1x(t1) + c′2 y(T ) ñ Í�ò
¶	°	Ç�±~Ë�°EÀ�¸	Ç	¿2³�¸	Ç	Â�Å





x(t+ 1) =
t∑

τ=t0

A(t, τ)x(τ) +B(t)u(t), t ∈ T1 = {t0, t0 + 1, . . . , t1 − 1} ,

x(t0) = x0,

ẏ(t) =
t∫

t1

C(t, τ) y(τ) dτ +D(t) v(t), t ∈ T2 = [t1, T ] ,

y(t1) = c′3x(t1).

ñ Ï�ò

ó© ô�õ�öy÷Uø x��|��x����~}��iù'¡~ú�¡
1 ù	x�������x!�����~�����~}���xY�~����������x��~�|���������~�|z�z�}|��û���}Wü�����z�x!�~x�v����~���~�=��x|�����è�~�����~��}|v���z�}��~��}]ý�v|}|����x����z�û�x��~�|�����M��}|�����������~�������y�~x��~��þNÿ�����������	U� ô � ô�õ�ö�
 � ô����� � ô�� � õ�÷ � ö ¡
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GEÄE³�´�à

t0
Î
t1
Î
T
Î
x0
Ã�À�Ä�À�¸	µWÎ`¶	°	Ç	¿2³�·ç°EÀ�Ã�¸2±�´�»�à

t1 − t0 � ¸EÀ�»�¼�°EÀ�Æ2à�¸2±�³k¿	Ç2´�ÆE±	Î
c1
Î
c2
Î
c3 �Ã�À�Ä�À�¸	¸	µi³È¶2±�´�»�±�Â'¸	¸	µi³È¾�³�½	»�±~°	µWÎ

x(t) ∈ R
n Î y(t) ∈ R

m � ¾�³�½	»�±~°	µ ´�±�´�»�±�Â'¸	Ç	Â ´�Ç2´�»�³�·�µWÎ
A(t, τ) ∈ R

n×n Î B(t) ∈ R
n×r Î C(t, τ) ∈ R

m×m Î D(t) ∈ R
m×q � ´�±�±~»�¾�³�»�´�»�¾�³�¸	¸2±èÄ2Ç2´�½	°2³�»�¸	µi³

ÇÓ¸2³�¶	°2³�°	µ1¾�¸	µi³iÇ	Ã�¾�³�´�»�¸	µi³U·`À�»�°	Ç	²	µ5ÉÑåM¼�¸	½	²	Ç	Ç�Î
u(t) � r

ÉÑ·,³�°	¸	µ1¹=¾�³�½	»�±~°=¼�¶	°EÀ�¾~Æ2Â'ÁPÔ!Ç'Å�¾�±~Ã�É
ÄE³�¹2´�»�¾�Ç	¹ä´�±ÕÃ�¸EÀ�¿2³�¸	Ç	Â	·�ÇäÇ	Ã=Ã�À�Ä�À�¸	¸2±~Ë�±�¸2³�¶	¼�´�»�±~Ë�±�Çá±~Ë�°EÀ�¸	Ç	¿2³�¸	¸2±~Ë�±È·�¸2±�ð!³�´�»�¾#À

U
Î
v(t) �

q
ÉÑ·,³�°	¸	µ1¹�½	¼�´�±~¿	¸2±�ÉÊ¸2³�¶	°2³�°	µ1¾�¸	µ1¹�¾�³�½	»�±~°�¼�¶	°EÀ�¾~Æ2Â'ÁPÔ!Ç'Å�¾�±~Ã�ÄE³�¹2´�»�¾�Ç	¹�´�±YÃ�¸EÀ�¿2³�¸	Ç	Â	·�ÇÕÇ	Ã]Ã�À�É
Ä�À�¸	¸2±~Ë�±=¸2³�¶	¼�´�»�±~Ë�±=ÇÕ±~Ë�°EÀ�¸	Ç	¿2³�¸	¸2±~Ë�±�·�¸2±�ð!³�´�»�¾#À

V
Î'»�Ù2³�Ù

{
u(t) ∈ U ⊂ R

r, t ∈ T1,
v(t) ∈ V ⊂ R

q, t ∈ T2.
ñ Ö�ò

� »�°	Ç'ÅÕ±~Ã�¸EÀ�¿EÀ~³�»�Ã�¸EÀ�½�»�°EÀ�¸2´�¶2±~¸	Ç	°2±~¾#À�¸	Ç	Â�Ù
OWÀ�°	¼

(u(t), v(t))
´�¾�µ1Ò�³�¶	°	Ç	¾�³�ÄE³�¸	¸	µi·�Çº´�¾�±~¹2´�»�¾#À~·�Çã¸EÀ�Ã�±~¾�³�·��
	
�������������������������� �"!�#

�$�WÎ2À�´�±�±~»�¾�³�»�´�»�¾�¼�ÁPÔ!Ç	¹�¶	°2±~²2³�´�´
(u(t), v(t), x(t), y(t)) � �
	
��������������%���&	
' �"����	(�WÙ

) B+*Èì ,.-0/�q,m213,[r3,[m54�s#¯[r76wí3,[r[p's8,[r76æí�m#ï[s#o�p'tEm
rf¯[s#ì 9�:�ì�®`r.-PìEsÕræ®`ìEo�p�m	p'ìEï[¯[ìEs;/�o~q,ìEtEr[sÕì 1[p'r.-Pm�q=<E¯[ìEo�p'r

O]¼�´�»�à
(u(t), v(t), x(t), y(t)) � ±~¶	»�Ç2·`À�Æ2à�¸	µ1¹ ¶	°2±~²2³�´�´�ÙHFPÛ�±~Ã�¸EÀ�¿	Ç2·Ú¶	°2±~Ç	Ã�¾�±�Æ2à�¸	µ1¹NÄE±�É

¶	¼�´�»�Ç2·�µ1¹ç¶	°2±~²2³�´�´
(ū(t), v̄(t), x̄(t), ȳ(t)),

Ë�ÄE³
ū(t) = u(t) + ∆u(t)

Î
v̄(t) = v(t) + ∆v(t)

Î
x̄(t) = x(t) + ∆x(t)

Î
ȳ(t) = y(t) + ∆y(t),

ÇßÃ�À�¶	Ç	Ò�³�·?åW±~°2·�¼�Æ2¼áÄ	Æ2Âw¶	°	Ç	°EÀ�Ô�³�¸	Ç	ÂßåM¼�¸	½'É
²	Ç2±~¸EÀ�Æ�À

∆I(u, v) = c′1∆x(t1) + c′2∆y(T ). ñ é�òcºÄ2°	¼�Ë�±~¹k´�»�±~°2±~¸	µfÂ	´�¸2±	Î�¿	»�±W¶	°	Ç	°EÀ�Ô�³�¸	Ç2³
(∆x(t),∆y(t))

»�°EÀ~³�½	»�±~°	Ç	Ç
(x(t), y(t))

Û~¼�ÄE³�»Y¼�ÄE±�É
¾~ÆE³�»�¾�±~°#Â'»�à�¼�°EÀ�¾�¸2³�¸	Ç	Â	· ñ Ø�ò�Ç ñ Ý�ò




∆x(t+ 1) =

t∑
τ=t0

A(t, τ)∆x(τ) +B(t)∆u(t), t ∈ T1,

∆x(t0) = 0,

ñ Ø�ò




∆ẏ(t) =

t∫
t1

C(t, τ)∆y(τ) dτ +D(t)∆v(t), t ∈ T2,

∆y(t1) = c′3∆x(t1).

ñ Ý�ò

OM±�´�½�±�Æ2à�½	¼ ñ Ø�òiÇ ñ Ý�òUÂ'¾~Æ2Â'ÁP»�´�Â�´�±�±~»�¾�³�»�´�»�¾�³�¸	¸2±�Æ2Ç	¸2³�¹	¸	µi· ¸2³�±�Ä2¸2±~°2±�Ä2¸	µi·â°EÀ�Ã�¸2±�´�»�¸	µi·ÇkÇ	¸	»�³�Ë�°2±�É Ä2Ç2åWåW³�°2³�¸	²	ÇEÀ�Æ2à�¸	µi·æ¼�°EÀ�¾�¸2³�¸	Ç	Â	·�Ç�»�Ç	¶EÀ!_5±�Æ2à�»�³�°	°EÀ�±~»�¸2±�´�Ç	»�³�Æ2à�¸2±
∆x(t)

Î
∆y(t),»�±ÓÇ'Åk°2³�Ò�³�¸	Ç	ÂÕ·,±�ðÓ¸2±=¶	°2³�ÄE´�»~À�¾�Ç	»�à�Ì�Í�Ø�×�Í?>�Ð[¾Ó¾�Ç'ÄE³

∆x(t) =

t−1∑

s=t0

R(t− 1, s)B(s)∆u(s), ñA@ ò

∆y(t) =

t∫

t1

Q(t, ξ)D(ξ)∆v(ξ) dξ + c′3Q(t, t1)∆x(t1), ñ >�ò

Ë�ÄE³
R(t, τ)

Ç
Q(t, ξ) � ·`À�»�°	Ç	¿	¸	µi³]åM¼�¸	½	²	Ç	Ç�´�±�±~»�¾�³�»�´�»�¾�¼�ÁPÔ!Ç'Åè°EÀ�Ã�·,³�°	¸2±�´�»�³�¹�Î	Â'¾~Æ2Â'ÁPÔ!Ç2³�´�Â

°2³�Ò�³�¸	Ç	Â	·�Ç�Ã�À�Ä�À�¿



R(t, s− 1) =

t∑
τ=s

R(t, τ)A(τ, s),

R(t, t) = E1,

ñCB ò
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Q̇ξ(t, ξ) =

t∫
ξ

Q(t, α)C(α, ξ) dα,

Q(t, t) = E2,

ñ Í���ò

Ë�ÄE³
E1

Ç
E2 � ³�Ä2Ç	¸	Ç	¿	¸	µi³Y·`À�»�°	Ç	²	µn´�±�±~»�¾�³�»�´�»�¾�¼�ÁPÔ!Ç'Å�°EÀ�Ã�·,³�°	¸2±�´�»�³�¹�Ù

J�À�ÆE³�³�Î	¶	°2³�ÄE´�»~À�¾~ÆE³�¸	Ç2³ ñ >�ò�´M¼�¿2³�»�±�·ä¶	°2³�ÄE´�»~À�¾~ÆE³�¸	Ç	Â ñA@ ò�Ã�À�¶	Ç2´�µ1¾#À~³�»�´�Â�¾Ó¾�Ç'ÄE³

∆y(t) =

t∫

t1

Q(t, ξ)D(ξ)∆v(ξ) dξ +

t1−1∑

s=t0

F (t, s)B(s)∆u(s), ñ Í�Í�ò

Ë�ÄE³
F (t, s) = R(t1 − 1, s) c′3Q(t, t1).R]Ã ñA@ ò�Ç ñ Í�Í�ò�Â	´�¸2±	Î	¿	»�±

∆x(t1) =

t1−1∑

s=t0

R(t1 − 1, s)B(s)∆u(s), ñ Í�Ï�ò

∆y(T ) =

T∫

t1

Q(T, ξ)D(ξ)∆v(ξ) dξ +

t1−1∑

s=t0

F (T, s)B(s)∆u(s). ñ Í�Ö�ò

OM±���»�±�·�¼kÇ	Ã ñ é�ò�¶2±�Æ2¼�¿EÀ~³�·1Î	¿	»�±

∆I(u, v) = c′1 ∆x(t1) + c′2 ∆y(T ) =

t1−1∑

s=t0

c′1R(t1 − 1, s)B(s)∆u(s)

+

T∫

t1

c′2Q(T, ξ)D(ξ)∆v(ξ) dξ +

t1−1∑

s=t0

c′2 F (T, s)B(s)∆u(s)

=

T∑

s=t0

[
c′1R(t1 − 1, s) + c′2F (T, s)

]
B(s)∆u(s) +

T∫

t1

c′2Q(T, ξ)D(ξ)∆v(ξ) dξ.

ñ Í�é�ò

OM±�Æ�À�Ë�À�Â
ψ(s) = −

[
c′1R(t1 − 1, s) + c′2F (T, s)

]
, ñ Í�Ø�ò

p(ξ) = −c′2Q(T, ξ), ñ Í�Ý�ò¾�¾�³�ÄE³�·w±�Û�±~Ã�¸EÀ�¿2³�¸	Ç	Â	�
H(s, u(s), ψ(s)) = ψ′(s)B(s)u(s),

M(ξ, v(ξ), p(ξ)) = p′(ξ)D(ξ) v(ξ),Ë�ÄE³WåM¼�¸	½	²	Ç	Ç
H(·) Ç M(·) � À�¸EÀ�ÆE±~Ë�Ç�åM¼�¸	½	²	Ç	Ç�Z'À~·�Ç'Æ2à�»�±~¸EÀ � OM±~¸	»�°#Â'Ë�Ç	¸EÀ'Ù

Q�±~Ë�Ä�À=åW±~°2·�¼�Æ�À!¶	°	Ç	°EÀ�Ô�³�¸	Ç	Â ñ Í�é�ò�Ã�À�¶	Ç2´�µ1¾#À~³�»�´�Â�¾Ó¾�Ç'ÄE³

∆I(u, v) = −
t1−1∑

s=t0

[H(s, ū(s), ψ(s)) −H(s, u(s), ψ(s))]

−
T∫

t1

[M(ξ, v̄(ξ), p(ξ)) −M(ξ, v(ξ), p(ξ))] dξ.

ñ Í @ ò
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RM´�¶2±�Æ2à�Ã�¼�Âä¾�µ1°EÀ�ð!³�¸	Ç	Â

ψ(t)
Ç
p(t)

Î�¸EÀ�¹'ÄE³�·n¼�°EÀ�¾�¸2³�¸	Ç2³�Î,½�±~»�±~°2±�·�¼á¼�ÄE±~¾~ÆE³�»�¾�±~°#Â'ÁP» ��»�Ç
åM¼�¸	½	²	Ç	Ç�Ù`OM±Ó±~¶	°2³�ÄE³�ÆE³�¸	Ç	Á åM¼�¸	½	²	Ç	Ç

ψ(t)

ψ(t− 1) = −
[
c′1R(t1 − 1, t− 1) + c′2F (T, t− 1)

]
.

FU»�´�Á5Ä�À=´]¼�¿2³�»�±�·æ¼�°EÀ�¾�¸2³�¸	Ç	Â ñCB ò5Û~¼�ÄE³�·æÇ2·,³�»�à
ψ(t− 1) = −

[
c′1R(t1 − 1, t− 1) + c′2Q(T, t1) c

′
3 R(t1 − 1, t− 1)

]

= −
[
R(t1 − 1, t− 1)

[
c1 + c′2 c

′
3Q(T, t1)

]]

= −
[
t1−1∑

τ=t

A(τ, t)
[
c′1R(t1 − 1, τ) + c′2R(t1 − 1, τ) c′3 Q(T, t1)

]
]
=

t1−1∑

τ=t

A′(τ, t)ψ(τ).

XWÀ�¹'ÄE³�·w¸EÀ�¿EÀ�Æ2à�¸2±�³W¼�´�ÆE±~¾�Ç2³MÄ	Æ2Â ��»�±~¹�åM¼�¸	½	²	Ç	Ç�Ù,OM±=±~¶	°2³�ÄE³�ÆE³�¸	Ç	Á
ψ(t1 − 1) = −

[
c′1R(t1 − 1, t1 − 1) + c′2F (T, t1 − 1)

]

=
[
c1 + c′2Q(T, t1) c

′
3 R(t1 − 1, t1 − 1)

]
= −

[
c1 − c′3 p(t1)

]
.c�±~Ë�Æ�À~´�¸2±�±~¶	°2³�ÄE³�ÆE³�¸	Ç	Á åM¼�¸	½	²	Ç	Ç

p(t)
Ç2·,³�³�·

ṗ(t) = −c′2Q̇t(T, t).

FU»�´�Á5Ä�À=´]¼�¿2³�»�±�·æ¼�°EÀ�¾�¸2³�¸	Ç	Â ñ Í���ò5Û~¼�ÄE³�·æÇ2·,³�»�à

ṗ(t) = −
T∫

t

c′2Q(T, ξ)C(ξ, t) dξ =

T∫

t

C ′(ξ, t) p(ξ) dξ,

p(T ) = −c′2Q(T, T ) = −c2.c`ÆE³�ÄE±~¾#À�»�³�Æ2à�¸2±	ÎE¾�³�½	»�±~°'ÉÑåM¼�¸	½	²	Ç	Â
(ψ(t), p(t))

Â'¾~Æ2Â	³�»�´�ÂÕ°2³�Ò�³�¸	Ç2³�·æÃ�À�Ä�À�¿	Ç

ψ(t− 1) =

t1−1∑

τ=t

A′(τ, t)ψ(τ), ψ(t1 − 1) = −
[
c1 − c′3 p(t1)

]
,

ṗ(t) =

T∫

t

C ′(ξ, t) p(ξ) dξ, p(T ) = −c2.

RM´�¶2±�Æ2à�Ã�¼�Â�åW±~°2·�¼�Æ2¼�¶	°	Ç	°EÀ�Ô�³�¸	Ç	Â ñ Í @ ò�Î�ÄE±~½'À�ð!³�·f´�ÆE³�Ä2¼�ÁPÔ�³�³M¼�»�¾�³�°#ð�ÄE³�¸	Ç2³�Ù
��s#ì ,[s�-Pmá@EB	;Ó��� - 06���2��������$ - �����=� - 0� 2�����2� -��~-  	0#"���
��6��$	���

(u(t), v(t))

!���������� ñ Í�ò 8 ñ Ö�ò$6� -����	- ���2� - �è� - ������� - �~$ -�* ��� -�� /f������
'��� �

λ(t) ∈ U * t ∈ T1 * µ(t) ∈ V * t ∈ T2 
�/10 - �	$��'�	�6� �� -�- ��
'��������
'��$	$ - � -�- ��$ -�� ��$	���
t1−1∑

t=t0

[H(t, λ(t), ψ(t)) −H(t, u(t), ψ(t))] 6 0, ñ Í?>�ò

T∫

t1

[M(t, µ(t), p(t)) −M(t, v(t), p(t))] dt 6 0. ñ Í B ò



� ���������� - 06���2��������$ -��~-  	0#"���
��6��$	�����	�	$6���	$ - �ã���6������� - � Ý @
C � �"	����5	
�
����	
�������PJ!±~¶	¼�´�»�Ç2·1Î�¿	»�±�¼�°EÀ�¾�¸2³�¸	Ç2³ (u(t), v(t)) ±~¶	»�Ç2·`À�Æ2à�¸2±	ÙMJ!±~½'À�ð!³�·1Î�¿	»�±¾�µ1¶2±�Æ2¸	Â'ÁP»�´�Â�´�±�±~»�¸2±~Ò�³�¸	Ç	Â ñ Í?>�ò�Ç ñ Í B ò�Ù`_N´�Ç'Æ2¼�±~¶	»�Ç2·`À�Æ2à�¸2±�´�»�Ç�¼�¶	°EÀ�¾~ÆE³�¸	Ç	Â (u(t), v(t))

Ç	Ã
åW±~°2·�¼�Æ2µH¶	°	Ç	°EÀ�Ô�³�¸	Ç	Â ñ Í @ ò]´�ÆE³�Ä2¼�³�»�Î�¿	»�±kÄ	Æ2ÂÈÆ2Á]Û~µ5Å (ū(t), v̄(t))

¾�µ1¶2±�Æ2¸	Â	³�»�´�Âº´�ÆE³�Ä2¼�ÁPÔ�³�³
´�±�±~»�¸2±~Ò�³�¸	Ç2³ �

−
t1−1∑

t=t0

[H(t, ū(t), ψ(t)) −H(t, u(t), ψ(t))] −
T∫

t1

[M(t, v̄(t), p(t)) −M(t, v(t), p(t))] dt > 0. ñ Ï ��ò

RM´�¶2±�Æ2à�Ã�¼�ÂÕ¶	°2±~Ç	Ã�¾�±�Æ2à�¸2±�´�»�à
(ū(t), v̄(t))

Î2±~¶	°2³�ÄE³�Æ2Ç2·ß³�Ë�±=´�ÆE³�Ä2¼�ÁPÔ!Ç2·w±�Û~°EÀ�Ã�±�· �
{
ū(t) = λ(t),

v̄(t) = v(t).
ñ Ï'Í�ò

cß¼�¿2³�»�±�· ñ Ï'Í�ò�Ç	ÃYåW±~°2·�¼�Æ2µ ñ Ï ��ò5´�ÆE³�Ä2¼�³�»�Î2¿	»�±
t1−1∑

t=t0

[H(t, λ(t), ψ(t)) −H(t, u(t), ψ(t))] 6 0.

L`´�Æ2ÇÕð!³M¶2±�ÆE±�ðÓÇ	»�à
{
ū(t) = u(t),

v̄(t) = µ(t),Ç	ÃWåW±~°2·�¼�Æ2µ ñ Ï ��ò5´�ÆE³�Ä2¼�³�»�Î2¿	»�±
T∫

t1

[M(t, µ(t), p(t)) −M(t, v(t), p(t))] dt 6 0.

XM³�±�Û�Å#±�Ä2Ç2·,±�´�»�à�ÄE±~½'À�Ã�À�¸EÀ'Ù
	 	
��������	�
�!	
�������=O]°2³�Ä2¶2±�ÆE±�ðÓÇ2·1Î[¿	»�±�¾�µ1¶2±�Æ2¸	Â'ÁP»�´�Âã¼�´�ÆE±~¾�Ç	Â ñ Í?>�òUÇ ñ Í B ò�Î�Ç�ÄE±~½'À�ð!³�·1Î¿	»�±Õ¾ ��»�±�·â´�Æ2¼�¿EÀ~³=¼�¶	°EÀ�¾~ÆE³�¸	Ç2³

(u(t), v(t))
Â'¾~Æ2Â	³�»�´�Âº±~¶	»�Ç2·`À�Æ2à�¸	µi·âÄ	Æ2Âã°EÀ~´�´�·`À�»�°	Ç	¾#À~³�·,±~¹

Ã�À�Ä�À�¿	Ç�Ù
a]´�¸2±	Î	¿	»�±

∆I(u, v) = I(ū, v̄)− I(u, v) = −
[

t1−1∑

s=t0

[H(s, ū(s), ψ(s)) −H(s, u(s), ψ(s))]

+

T∫

t1

[M(ξ, v̄(ξ), p(ξ)) −M(ξ, v(ξ), p(ξ))]dξ

]
> 0,

»�Ù`³�Ù
I(ū, v̄) > I(u, v)

Ä	Æ2Âæ¾�´�³�Å
(ū(t), v̄(t))

ÙNc`ÆE³�ÄE±~¾#À�»�³�Æ2à�¸2±	Î1¿	»�±�¼�¶	°EÀ�¾~ÆE³�¸	Ç2³
(u(t), v(t))Â'¾~Æ2Â	³�»�´�ÂÕ±~¶	»�Ç2·`À�Æ2à�¸	µi·1Ù�Q�³�±~°2³�·`ÀÓ¶2±�Æ2¸2±�´�»�à�ÁçÄE±~½'À�Ã�À�¸EÀ'Ù

B

� B�ÈìEo�p�m	p'ìEï[¯[ìEs /�o~q,ìEtEr[sÕì 1[p'r.-Pm�q=<E¯[ìEo�p'r
_ ��»�±�·ß¶	¼�¸	½	»�³Y°EÀ~´�´�·`À�»�°	Ç	¾#À~³�»�´�Âã´�Æ2¼�¿EÀ�¹�¸2³�Æ2Ç	¸2³�¹	¸2±~Ë�±kåM¼�¸	½	²	Ç2±~¸EÀ�Æ�À'ÙPO]¼�´�»�à�»�°2³�Û~¼�³�»�´�Â

¸EÀ�¹	»�Ç�·�Ç	¸	Ç2·�¼'·wåM¼�¸	½	²	Ç2±~¸EÀ�Æ�À
I(u, v) = ϕ(x(t1)) + φ(y(T )) ñ Ï�Ï�ò



Ý�> � ���������	�6��
�� 4��]4
¶	°	Ç�±~Ë�°EÀ�¸	Ç	¿2³�¸	Ç	Â�Å ñ Ï�ò�Î ñ Ö�ò�Ù,GEÄE³�´�à ϕ(x) Î φ(y) � Ã�À�Ä�À�¸	¸	µi³U¸2³�¶	°2³�°	µ1¾�¸2±YÄ2Ç2åWåW³�°2³�¸	²	Ç	°	¼�³�·�µi³
¾�µ1¶	¼�½'Æ2µi³Y´�½'À�Æ2Â'°	¸	µi³YåM¼�¸	½	²	Ç	Ç�Ù

Q�±~Ë�Ä�À'Î�Ç2´�¶2±�Æ2à�Ã�¼�ÂÓåW±~°2·�¼�Æ2¼YQ�³�¹'ÆE±~°EÀ'Î�¶	°	Ç	°EÀ�Ô�³�¸	Ç2³5åM¼�¸	½	²	Ç2±~¸EÀ�Æ�À ñ Ï�Ï�ò�Î�´�±�±~»�¾�³�»�´�»�¾�¼�ÁPÔ�³�³¼�¶	°EÀ�¾~ÆE³�¸	Ç	Â	·
(u(t), v(t))

Ç
(ū(t), v̄(t))

Î	Ã�À�¶	Ç2´�µ1¾#À~³�»�´�Â�¾Ó¾�Ç'ÄE³

∆I(u, v) = ϕx(x(t1))∆x(t1) + φy(y(T ))∆y(T ) + o1(‖∆x(t1)‖) + o2(‖∆y(T )‖).
FU»�´�Á5Ä�À'Î2Ç2´�¶2±�Æ2à�Ã�¼�ÂÕ¶	°2³�ÄE´�»~À�¾~ÆE³�¸	Ç	Â ñ Í�Ï�ò�Ç ñ Í�Ö�ò�Î2Û~¼�ÄE³�·äÇ2·,³�»�à

∆I(u, v) =

t1−1∑

s=t0

[ϕx(x(t1))R(t1 − 1, s) + φy(y(T ))F (T, s)]B(s)∆u(s)

+

T∫

t1

φy(y(T ))Q(T, s)D(s)∆v(s) ds.

OM±�Æ�À�Ë�À�Â
ψ(s) = − [ϕx(x(t1))R(t1 − 1, s) + φy(y(T ))F (T, s)] ,

p(s) = −φy(y(T ))Q(T, s),

H(t, u(t), ψ(t)) = ψ′(t)B(t)u(t),

M(t, v(t), p(t)) = p′(t)D(t) v(t),

åW±~°2·�¼�Æ2¼�¶	°	Ç	°EÀ�Ô�³�¸	Ç	ÂÕåM¼�¸	½	²	Ç2±~¸EÀ�Æ�À ñ Ï�Ï�ò�Ã�À�¶	Ç	Ò�³�·w¾Ó¾�Ç'ÄE³

∆I(u, v) = −
t1−1∑

t=t0

[H(t, ū(t), ψ(t)) −H(t, u(t), ψ(t))]

−
T∫

t1

[M(t, v̄(t), p(t)) −M(t, v(t), p(t))] dt+ o1 (‖∆x(t1)‖+ o2 (‖∆y(T )‖) .
ñ Ï�Ö�ò

IU¸EÀ�ÆE±~Ë�Ç	¿	¸2±è·,±�ðÓ¸2±Ó¶2±~½'À�Ã�À�»�à2Î2¿	»�±�¾�³�½	»�±~°'ÉÑåM¼�¸	½	²	Ç	Â
(ψ(t), p(t))

Â'¾~Æ2Â	³�»�´�Â�°2³�Ò�³�¸	Ç2³�·æÃ�À�É
Ä�À�¿	Ç

ψ(t− 1) =

t1−1∑

τ=t

A′(τ, t)ψ(τ),

ψ(t1 − 1) = −ϕx(x(t1)) + c′3 p(t1),

ṗ(t) =

T∫

t

C ′(τ, t) p(τ) dτ, p(T ) = −φy(y(T )).

OM±=¶	°2³�Ä2¶2±�ÆE±�ð!³�¸	Ç	Á
ϕ(x)

Î
φ(y) � ¾�µ1¶	¼�½'Æ2µi³WÄ2Ç2åWåW³�°2³�¸	²	Ç	°	¼�³�·�µi³YåM¼�¸	½	²	Ç	Ç�Ù���»�±è±~Ã�¸EÀ�É

¿EÀ~³�»�Î2¿	»�±
{
o1(‖∆x(t1)‖ > 0,

o1(‖∆y(T )‖) > 0.
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OM±���»�±�·�¼kÇ	Ã ñ Ï�Ö�ò5´�ÆE³�Ä2¼�³�»=¸2³�°EÀ�¾�³�¸2´�»�¾�±

∆I(u, v) = I(ū, v̄)− I(u, v) > −
t1−1∑

t=t0

[H(t, ū(t), ψ(t)) −H(t, u(t), ψ(t))]

−
T∫

t1

[M(t, v̄(t), p(t)) −M(t, v(t), p(t))] dt.

R]ÃM¶2±�´�ÆE³�Ä2¸2³�Ë�±è¸2³�°EÀ�¾�³�¸2´�»�¾#À=´�ÆE³�Ä2¼�³�»
��s#ì ,[s�-Pm ê B��5���	���1 	$	���	�	�

ϕ(x)
*
φ(y)


�/10� 	�	�	/ * � - ����� - 06���2��������$ - �����Õ� - 0� 2�����2� -��~-
 	0#"���
��6��$	���

(u(t), v(t))

Y���������� ñ Ï�Ï�ò * ñ Ï�ò * ñ Ö�ò � - ������� - �~$ -�* ��� -�� /ä�����=
'��� � λ(t) ∈ U * t ∈ T1 *

µ(t) ∈ V * t ∈ T2 
�/10 - �	$��'�	�6� ��� -�- ��
'��������
'��$	$ - � -�- ��$ -�� ��$	���
t1−1∑

t=t0

[H(t, λ(t), ψ(t)) −H(t, u(t), ψ(t))] 6 0, ñ Ï�é�ò

T∫

t1

[M(t, µ(t), p(t)) −M(t, v(t), p(t))] dt 6 0. ñ Ï�Ø�ò

���
	������������� OM±�Æ2¼�¿2³�¸	¸	µi³ã¼�´�ÆE±~¾�Ç	ÂÜ±~¶	»�Ç2·`À�Æ2à�¸2±�´�»�ÇâÂ'¾~Æ2Â'ÁP»�´�ÂâÀ�¸EÀ�ÆE±~Ë�À~·�Çâ°2³�Ã�¼�Æ2à�»~À�É
»�±~¾2Î	¶2±�Æ2¼�¿2³�¸	¸	µ5ÅkÄ	Æ2Â�Ã�À�Ä�À�¿�¼�¶	°EÀ�¾~ÆE³�¸	Ç	Â�Î2±~¶	Ç2´�µ1¾#À~³�·�µ5Å�Æ2Ç	¸2³�¹	¸	µi·�Ç�Ä2Ç2åWåW³�°2³�¸	²	ÇEÀ�Æ2à�¸	µi·�Ç
ÇY°EÀ�Ã�¸2±�´�»�¸	µi·�Ç!¼�°EÀ�¾�¸2³�¸	Ç	Â	·�Ç!»�Ç	¶EÀU_5±�Æ2à�»�³�°	°EÀ'Ù`FU¸	Ç!·,±~Ë�¼�»U¸EÀ�¹	»�Ç!¶	°	Ç'ÆE±�ð!³�¸	Ç	Â!¾U°EÀ�Ã�Æ2Ç	¿	¸	µ5Å
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¸	Ç	Â	·�Ç�_5±�Æ2à�»�³�°	°EÀ'Ù
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