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htÌ�Í�Î�Ï[Ì�Í�Ð	Ñ2Î�Ò�Ó�Ô�Î³Ï,Ô�Õ£Î�Ö2Ð	×2Ô�Ø#Ì�Ù	Ð2ÎÚÏ4Ù2Ô�Û�Ð'Ü�Ý	×2Ô�Þ2Î�Ò�Ò�Ô�Ø2ß�Ý	×2Ô�Ð2Ò�Ü#Ô�Õ2à'á!Ð'ÜØâ×2Î�Ì�Ö2ã�Ù2Ô�ÏäÏ4Ð	×2Î�ß
Ñ£Ì�Ò�Í�ÔtÝ	×	Ð	Ø�Ô�Õ2Ð	ÍÓåÐ	æ�ç�Ñ2Î�Ù	Ð	èéÝ	×#à	Ï4ê6ÜëÐëÔ�ì�×£Ì�Í�Ù	ê6Üåæ�Ì�Õ�Ì�ÑëÕ	Ö2àåç�×£Ì�Ø�Ù2Î�Ù	Ð	íëÙ2Î�Ó'Ö�Ì�Ò�Ò�Ð	Ñ2Î�Ò�Ó�Ô�í
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Ø�Ü#Ô�Õ2Ð	ÍbØ]Õ�Ì�Ù	Ù2Ô�Î[ç�×£Ì�Ø�Ù2Î�Ù	Ð2Î,Ö2Ð	Ù2Î�í	Ù2Ô	ï�UMÐ	Ù2Î�í	Ù	ê]Î�Ô�ì�×£Ì�Í�Ù	ê]Î�æ�Ì�Õ�Ì�Ñ	ÐV×£Ì�Ò�Ò�Ï[Ì�Í�×	Ð	Ø#Ì�Ö2Ð2Ò�ã2ß�Ø]Ñ£Ì�Ò�Í�\
Ù2Ô�Ò�Í�Ð�ß	Øâõ ��û'ù'ö�÷¢ï

fóÙ£Ì�Ò�Í�Ô�à'á Î�í�×£Ì�ì�Ô�Í�ÎVÝ	×2Î�Õ	Ö�Ì�Û�Ì�Î�Í�Ò�àtÏ,Î�Í�Ô�Õ2Ð	Ó'ÌÚÐ	æ�ç�Ñ2Î�Ù	Ð	àòÔ�ì�×£Ì�Í�Ù2Ô�í�æ�Ì�Õ�Ì�Ñ	ÐòÕ	Ö2àâÙ2Î�Ö2Ð	Ù2Î�í'\
Ù2Ô�Û�Ô³Ð	Ù	Í�Î�Û�×2Ô�\ Õ2Ð2îdîdÎ�×2Î�Ù	Þ	Ð£Ì�Ö2ã�Ù2Ô�Û�Ôâç�×£Ì�Ø�Ù2Î�Ù	Ð	àtÍ�Ð	Ý£Ìâ_V×2Î�Õ2Û�Ô�Ö2ã�Ï[Ì³Ø³Ñ£Ì�Ò�Í�Ù	ê6ÜtÝ	×2Ô�Ð	æ�Ø�Ô�Õ2Ù	ê6Ü
Í�×2Î�Í�ã�Î�Û�Ô=Ý2Ô�×#à�Õ2Ó'Ì=ÒOØ�ê1×2Ô�ô Õ£Î�Ù	Ù	ê]Ï à�Õ2×2Ô�Ï1ï

WOÍ�Ì�Ó�ß�×£Ì�Ò�Ò�Ï[Ì�Í�×	Ð	Ø#Ì�Î�Í�Ò�à³Ø Ô�ì�Ö�Ì�Ò�Í�Ð
Ω ≡ ΩT ×Ωl

Ð	Ù	Í�Î�Û�×2Ô�\ Õ2Ð2îdîdÎ�×2Î�Ù	Þ	Ð£Ì�Ö2ã�Ù2Ô�ÎOç�×£Ì�Ø�Ù2Î�Ù	Ð2Î
Í�Ð	Ý£Ìª_V×2Î�Õ2Û�Ô�Ö2ã�Ï[Ì`Í�×2Î�Í�ã�Î�Û�Ô=Ý2Ô�×#à�Õ2Ó'Ì=ÒOØ�ê1×2Ô�ô Õ£Î�Ù	Ù	ê]Ïmà�Õ2×2Ô�Ï

∂

∂ x

(
∂2u(t, x)

∂ t2
+ λ

T∫

0

K(t, s)
∂u(s, x)

∂ s
ds

)

= p(t)β(x) + f

(
x,

T∫

0

l∫

0

H(s, y)u(s, y) dy ds

)
ú�ö�ý

ÒOç�Ò�Ö£Ô�Ø�Ð	à	Ï4Ð

u(0, x) = ϕ1(x), ut(0, x) = ϕ2(x), x ∈ Ωl,
ú ù�ý

u(t, 0) = ψ(t), t ∈ ΩT ,
ú���ý

u(t0, x) = η(x), 0 < t0 < T, x ∈ Ωl,
ú���ý

Û�Õ£Î
p(t) ∈ C(ΩT )

ß
f(x, γ) ∈ C(Ωl × R)

ß
ϕk(x) ∈ C1(Ωl)

ß
k = 1, 2

ß
ψ(t) ∈ C2(ΩT )

ß
ψ(0) =

ϕ1(0) = ϕ2(0) = 0
ß
K(t, s) =

∑n
i=1 ai(t) bi(s)

ß
0 < ai(t), bi(s) ∈ C(ΩT )

ß
η(x) ∈ C1(Ωl)

ß
β(x) ∈ C(Ωl) �

îMç�Ù	Ó	Þ	Ð	àðØ�Ô�Ò�Ò�Í�Ì�Ù2Ô�Ø�Ö£Î�Ù	Ð	à¥ß
ΩT ≡ [0, T ]

ß
Ωl ≡ [0, l]

ß
λ �

Ò�Ý2Î�Ó	Í�×£Ì�Ö2ã�Ù	ê1í
Ý£Ì�×£Ì�Ï,Î�Í�×�ß

0 <
∫ T
0

∫ l
0 |H(t, x)| dx dt <∞ ï

jMÔ�Õ ×2Î�ñ Î�Ù	Ð2Î�Ï Ô�ì�×£Ì�Í�Ù2Ô�í æ�Ì�Õ�Ì�Ñ	Ð ú�ö�ý ûAú���ýéÝ2Ô�Ù	Ð2Ï[Ì�Î�Ï Ý£Ì�×	ç îMç�Ù	Ó	Þ	Ð	í {u(t, x) ∈
C2,1(Ω), β(x) ∈ C(Ωl)}

ß	ç�Õ£Ô�Ø�Ö£Î�Í�Ø�Ô�×#à'èHá!ç�è ç�×£Ì�Ø�Ù2Î�Ù	Ð	èøú�ö�ý�ÐÄç�Ò�Ö£Ô�Ø�Ð	à	Ïþú ù�ý ûAú���ý�ï

� C��Äz#Êgz�v��£Çgz �ðÉ#z#x[z#Êgz ú�ö�ý ûAú���ý

fmç�×£Ì�Ø�Ù2Î�Ù	Ð	Ðåú�ö�ý�Ò�Õ£Î�Ö�Ì�Î�Ïðæ�Ì�Ï,Î�Ù	ç
utx(t, x) = ϑ(t, x)

ï2KyÔ�Û�Õ�Ì=Ô�Ù2Ô`Ý	×	Ð2Ô�ì�×2Î�Í�Ì�Î�ÍªØ�Ð'Õ

∂ϑ(t, x)

∂t
+ λ

T∫

0

K(t, s)ϑ(s, x) ds = p(t)β(x) + f

(
x,

T∫

0

l∫

0

H(s, y)u(s, y) dy ds

)
.

ú�!�ý

l Ý2Ô�Ï,Ô�á!ã�èXÔ�ì�Ô�æ�Ù£Ì�Ñ2Î�Ù	Ð	à

ci(x) =

T∫

0

bi(s)ϑ(s, x) ds
ú�"�ý

ç�×£Ì�Ø�Ù2Î�Ù	Ð2Îªú�ö�ý�Ý2Î�×2Î�Ý	Ð	ñ Î�Í�Ò�àâØ=Ò�Ö£Î�Õ2ç�èHá Î�ÏëØ�Ð'Õ£Î�#

∂ϑ(t, x)

∂t
= −λ

n∑

i=1

ai(t) ci(x) + p(t)β(x) + f

(
x,

T∫

0

l∫

0

H(s, y)u(s, y) dy ds

)
.
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foÒ�Ð'Ö2çVÝ2Ô�Ò�Í�Ì�Ù2Ô�Ø�Ó	Ð=æ�Ì�Õ�Ì�Ñ	Ð`Ý	×£Ì�Ø#Ì�à!Ñ£Ì�Ò�Í�ã���Í�Ô�Û�ÔHØ�ê1×£Ì�ô!Î�Ù	Ð	à=Ò�ç�Í�ãOÙ2Î�Ý	×2Î�×	ê1Ø�Ù	ê]Î]îMç�Ù	Ó	Þ	Ð	Ð
Ò�Ø�Ô�Ð'ÜòÌ�×	Û�ç'Ï,Î�Ù	Í�Ô�Ø2ï£jOç�Í�Î�ÏåÐ	Ù	Í�Î�Û�×	Ð	×2Ô�Ø#Ì�Ù	Ð	àòÝ2Ô

t
Ð	æMÝ2Ô�Ò�Ö£Î�Õ2Ù2Î�Û�Ô=×£Ì�Ø�Î�Ù2Ò�Í�Ø#Ì`Ý2Ô�Ö2ç�Ñ£Ì�Î�Ï

ϑ(t, x) = D1(x)− λ
n∑

i=1

t∫

0

ai(s) ds · ci(x) + q(t)β(x)

+ t f

(
x,

T∫

0

l∫

0

H(s, y)u(s, y) dy ds

)
,
ú � ý

Û�Õ£Î
D1(x)∈C1(Ωl) �

Ý	×2Ô�Ð	æ�Ø�Ô�Ö2ã�Ù£Ì�àâîMç�Ù	Ó	Þ	Ð	à¥ß#Ó�Ô�Í�Ô�×£Ì�à³Ý2Ô�Õ	Ö£Î�ô`Ð	Í=Ô�Ý	×2Î�Õ£Î�Ö£Î�Ù	Ð	è ß
D1(0)=0

ß
q(t) =

∫ t
0 p(s)ds

ï
jMÔ�Õ£Ò�Í�Ì�Ø�Ö2à'àåú � ý�Øòú�"�ý�ß	Ð2Ï,Î�Î�Ï

ci(x) =

T∫

0

bi(s)

[
D1(x)− λ

n∑

i=1

s∫

0

ai(θ) dθ · ci(x)

+ q(s)β(x) + s f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)]
ds.

ú ü�ý

jO×	Ð2Ï,Î�Ï Ô�ì�Ô�æ�Ù£Ì�Ñ2Î�Ù	Ð2Î

Bi(x) =

T∫

0

bi(s)

[
D1(x) + q(s)β(x) + s f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)]
ds.

ú���ý

jOç�Ò�Í�ã

Aij =

T∫

0

bi(s)

s∫

0

ai(θ) dθ ds > 0.
ú�ö���ý

KyÔ�Û�Õ�ÌªØ�ê1×£Ì�ô!Î�Ù	Ð2Î Øtú ü�ý6æ�Ì�Ý	Ð	ñ Î�Ï ØªØ�Ð'Õ£Î!Ò�Ö£Î�Õ2ç�èHá Î�í�Ò�Ð2Ò�Í�Î�Ï4êiÌ�Ö2Û�Î�ì�×£Ì�Ð	Ñ2Î�Ò�Ó	Ð'Ü�ç�×£Ì�Ø�Ù2Î�\
Ù	Ð	íoú l�J e ý #

ci(x) + λ
n∑

j=1

Aij cj(x) = Bi(x), i = 1, . . . , n.
ú�ö�ö�ý

l�J e ú�ö�ö�ý1Ô�Õ2Ù2Ô�æ�Ù£Ì�Ñ	Ù2ÔÚ×£Ì�æ�×2Î�ñ!Ð2Ï[Ì`Ý	×	ÐÄÖ2èOì�ê6ÜÄÓ�Ô�Ù2Î�Ñ	Ù	ê6Ü
Bi(x)

ß2Î�Ò�Ö2ÐòØ�ê1Ý2Ô�Ö2Ù	à	Î�Í�Ò�à�Ò�Ö£Î�\
Õ2ç�èHá Î�ÎOç�Ò�Ö£Ô�Ø�Ð2Î�#

∆(λ) =

∣∣∣∣∣∣∣∣∣

1 + λA11 λA12 . . . λA1n

λA21 1 + λA22 . . . λA2nïïï ïïï ï ï ï ïïï
λAn1 λAn2 . . . 1 + λAnn

∣∣∣∣∣∣∣∣∣
6= 0.

ú�ö�ù�ý

FbÝ	×2Î�Õ£Î�Ö2Ð	Í�Î�Ö2ã
∆(λ)

Øtú�ö�ù�ý1Î�Ò�Í�ãÚÏ4Ù2Ô�Û�Ô�Ñ'Ö£Î�ÙtÔ�Í�Ù2Ô�Ò�Ð	Í�Î�Ö2ã�Ù2Ô
λ
Ò�Í�Î�Ý2Î�Ù	Ð�Ù2ÎMØ�ê1ñ Î

n
ï e ×£Ì�Ø�\

Ù2Î�Ù	Ð2Î
∆(λ) = 0

Ð2Ï,Î�Î�Í=Ù2Îdì�Ô�Ö£Î�Î
n
×£Ì�æ�Ö2Ð	Ñ	Ù	ê6ÜÄÓ�Ô�×	Ù2Î�í�ï���Í�ÐâÓ�Ô�×	Ù	Ðâà'Ø�Ö2à'èHÍ�Ò�àâÒ�Ô�ì�Ò�Í�Ø�Î�Ù	Ù	ê]Ï4Ð

Ñ	Ð2Ò�Ö�Ì�Ï4Ðåà�Õ2×£ÌÄÐ	Ù	Í�Î�Û�×2Ô�\ Õ2Ð2îdîdÎ�×2Î�Ù	Þ	Ð£Ì�Ö2ã�Ù2Ô�Û�Ôtç�×£Ì�Ø�Ù2Î�Ù	Ð	àóú�ö�ý�ï¥RV×	ç�Û�Ð2Î=æ�Ù£Ì�Ñ2Î�Ù	Ð	à
λ
à'Ø�Ö2à'èHÍ�\

Ò�àå×2Î�Û�ç�Ö2à'×	Ù	ê]Ï4Ð�ß,Ý	×	ÐëÓ�Ô�Í�Ô�×	ê6Üåç�Ò�Ö£Ô�Ø�Ð2Îú�ö�ù�ýVØ�ê1Ý2Ô�Ö2Ù	à	Î�Í�Ò�à¥ï4RdÖ2ào×2Î�Û�ç�Ö2à'×	Ù	ê6Üåæ�Ù£Ì�Ñ2Î�Ù	Ð	í
λ



��� "�����$����â��������#�d�����Ä�	$A������" -	� ����
�
d��"y��$�	��������$ - � -  #"���
�$A��$	�����6"y����� - ������� � �

Ò�Ð2Ò�Í�Î�Ï[Ì�ú�ö�ö�ý1Ð2Ï,Î�Î�ÍÄÎ�Õ2Ð	Ù2Ò�Í�Ø�Î�Ù	Ù2Ô�Î!×2Î�ñ Î�Ù	Ð2Î!Ý	×	ÐâÖ2èOì�Ô�í�Ó�Ô�Ù2Î�Ñ	Ù2Ô�í�Ý	×£Ì�Ø�Ô�í�Ñ£Ì�Ò�Í�Ð�ï�fTÙ£Ì�Ò�Í�Ô�à�\
á Î�ít×£Ì�ì�Ô�Í�Î!Õ	Ö2à�Í�Ì�Ó	Ð'Üt×2Î�Û�ç�Ö2à'×	Ù	ê6Ü�æ�Ù£Ì�Ñ2Î�Ù	Ð	í�Ý£Ì�×£Ì�Ï,Î�Í�×£Ì

λ
ç�Ò�Í�Ì�Ù£Ì�Ø�Ö2Ð	Ø#Ì�Î�Í�Ò�àÔ�Õ2Ù2Ô�æ�Ù£Ì�Ñ	Ù£Ì�à

×£Ì�æ�×2Î�ñ!Ð2Ï,Ô�Ò�Í�ãªÝ2Ô�Ò�Í�Ì�Ø�Ö£Î�Ù	Ù2Ô�ítÔ�ì�×£Ì�Í�Ù2Ô�íòæ�Ì�Õ�Ì�Ñ	Ðåú�ö�ý ûAú���ý�ï
l�Ù£Ì�Ñ£Ì�Ö�Ì`×2Î�ñ Î�Ù	Ð	à�l�J e ú�ö�ö�ý�æ�Ì�Ý	Ð2Ò�ê1Ø#Ì�Î�Ï Ø`Ø�Ð'Õ£Î

ci(x) =
∆i(λ, x)

∆(λ)
, i = 1, . . . , n,

ú�ö ��ý
Û�Õ£Î

∆i(λ, x) =

∣∣∣∣∣∣∣∣∣

1 + λA11 . . . λA1(i−1) B1(x) λA1(i+1) . . . λA1n

λA21 . . . λA2(i−1) B2(x) λA2(i+1) . . . λA2nïïï ïïï ïïï ïïï ïïï ï ï ï ïïï
λAn1 . . . λAn(i−1) Bn(x) λAn(i+1) . . . 1 + λAnn

∣∣∣∣∣∣∣∣∣
.

l�×2Î�Õ2Ð ��Ö£Î�Ï,Î�Ù	Í�Ô�ØÄÔ�Ý	×2Î�Õ£Î�Ö2Ð	Í�Î�Ö£Î�í
∆i(λ, x)

Ù£Ì�Ü#Ô�Õ2à'Í�Ò�à�îMç�Ù	Ó	Þ	Ð	Ð
Bi(x)

ï�f°Ò�Ø�Ô�èQÔ�Ñ2Î�×2Î�Õ2ã2ß
ØëÒ�Ô�Ò�Í�Ì�Ø�Î�îMç�Ù	Ó	Þ	Ð	í

Bi(x)
Ù£Ì�Ü#Ô�Õ2à'Í�Ò�à°Ý2Ô�Ó'ÌåÙ2Î�Ð	æ�Ø�Î�Ò�Í�Ù	ê]Î�îMç�Ù	Ó	Þ	Ð	Ð

D1(x)
ß
u(t, x)

Ð
β(x)

ï
fiÒ�Ì�Ï,Ô�ÏTÕ£Î�Ö£Î�ß ��Í�ÐoÙ2Î�Ð	æ�Ø�Î�Ò�Í�Ù	ê]ÎÄîMç�Ù	Ó	Þ	Ð	ÐÙ£Ì�Ü#Ô�Õ2Ð'Ö2Ð2Ò�ã�ØòÝ	×£Ì�Ø�Ô�íoÑ£Ì�Ò�Í�Ð l�J e ú�ö�ö�ý�ïgSOÍ�Ô�ì�ê
Ø�ê1Ø�Î�Ò�Í�ÐâÐ'ÜÄØ�Ù2ÎOæ�Ù£Ì�Ó'Ì=Ô�Ý	×2Î�Õ£Î�Ö2Ð	Í�Î�Ö£Î�í�ß£Ø�ê1×£Ì�ô!Î�Ù	Ð2ÎdØ�ú���ý�æ�Ì�Ý	Ð	ñ Î�ÏðØ=Ò�Ö£Î�Õ2ç�èHá Î�ÏåØ�Ð'Õ£Î�#

Bi(x) = D1(x)B1i + f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)
B2i + β(x)B3i,

Û�Õ£Î

B1i =

T∫

0

bi(s) ds, B2i =

T∫

0

s bi(s) ds, B3i =

T∫

0

q(s) bi(s) ds.

f ��Í�Ô�ÏðÒ�Ö2ç�Ñ£Ì�ÎdÒ�Ô�Û�Ö�Ì�Ò�Ù2ÔªÒ�Ø�Ô�í2Ò�Í�Ø�çÄÔ�Ý	×2Î�Õ£Î�Ö2Ð	Í�Î�Ö2àòÐ2Ï,Î�Î�Ï

∆i(λ, x) = D1(x)∆1i(λ) + f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)
∆2i(λ) + β(x)∆3i(λ),

Û�Õ£Î

∆ki(λ) =

∣∣∣∣∣∣∣∣∣

1 + λA11 . . . λA1(i−1) Bk1 λA1(i+1) . . . λA1n

λA21 . . . λA2(i−1) Bk2 λA2(i+1) . . . λA2nïïï ïïï ïïï ïïï ïïï ï ï ï ïïï
λAn1 . . . λAn(i−1) Bkn λAn(i+1) . . . 1 + λAnn

∣∣∣∣∣∣∣∣∣
, k = 1, . . . , 3.

KyÔ�Û�Õ�Ì=îdÔ�×2Ï4ç�Ö�ÌÄú�ö ��ý�æ�Ì�Ý	Ð2Ò�ê1Ø#Ì�Î�Í�Ò�àòØ`Ø�Ð'Õ£Î

ci(x) = D1(x)
∆1i(λ)

∆(λ)
+ f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)
∆2i(λ)

∆(λ)
+ β(x)

∆3i(λ)

∆(λ)
.

ú�ö ��ý

WOÍ�Ì�Ó�ß£Ï4ê°×2Î�ñ!Ð'Ö2Ðtl�J e ú�ö�ö�ý #

ci(x) + λ
n∑

j=1

Aij cj(x) = D1(x)B1i

+ f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)
B2i + β(x)B3i, i = 1, . . . , n,

ÐÄ×2Î�ñ Î�Ù	Ð	àÄÝ	×2Î�Õ£Ò�Í�Ì�Ø�Ð'Ö2Ð�Ø`Ø�Ð'Õ£ÎdîMç�Ù	Ó	Þ	Ð	íú�ö ��ý�ï



ü � � �#�����ª��
 +�5 < 5

jMÔ�Õ£Ò�Í�Ì�Ù2Ô�Ø�Ó'Ìtú�ö ��ý�Øòú � ý�Õ�Ì�Î�ÍªÒ�Ö£Î�Õ2ç�èHá Î�ÎMç�×£Ì�Ø�Ù2Î�Ù	Ð2Î�#

utx(t, x) = D1(x)− λ

n∑

i=1

t∫

0

ai(s) ds

{
D1(x)

∆1i(λ)

∆(λ)

+ f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)
∆2i(λ)

∆(λ)
+ β(x)

∆3i(λ)

∆(λ)

}

+ q(t)β(x) + t f

(
x,

T∫

0

l∫

0

H(θ, y)u(θ, y) dy dθ

)
.
ú�ö !�ý

jOç�Í�Î�ÏëÐ	Ù	Í�Î�Û�×	Ð	×2Ô�Ø#Ì�Ù	Ð	àòÝ2Ô
x
ÐâÝ2Ô

t
Ð	æÚú�ö !�ý�Ý2Ô�Ö2ç�Ñ£Ì�Î�Ï

u(t, x) = D2(x) +

t∫

0

E(s) ds+ t

x∫

0

D1(y) dy − λ
n∑

i=1

t∫

0

(t− s) ai(s) ds

×
x∫

0

{
D1(y)

∆1i(λ)

∆(λ)
+ f

(
y,

T∫

0

l∫

0

H(θ, z)u(θ, z) dz dθ

)
∆2i(λ)

∆(λ)
+ β(y)

∆3i(λ)

∆(λ)

}
dy

+ q(t)

x∫

0

β(y) dy +
t2

2

x∫

0

f

(
y,

T∫

0

l∫

0

H(θ, z)u(θ, z) dz dθ

)
dy,

ú�ö "�ý

Û�Õ£Î
D2(x)

ß
E(t) �

Ý	×2Ô�Ð	æ�Ø�Ô�Ö2ã�Ù	ê]ÎMÙ2Î�Ý	×2Î�×	ê1Ø�Ù	ê]ÎVîMç�Ù	Ó	Þ	Ð	Ð�ß�Ó�Ô�Í�Ô�×	ê]Îdì�ç�Õ2ç�Í`Ô�Ý	×2Î�Õ£Î�Ö2à'Í�ã�Ò�àÄÐ	æ
ç�Ò�Ö£Ô�Ø�Ð	íåú ù�ý�Ðoú���ý�ß

q(t) =
∫ t
0 q(s) ds

ï
WOæÚú�ö "�ý�ß	Ð2Ò�Ý2Ô�Ö2ã�æ�ç�àâç�Ò�Ö£Ô�Ø�Ð	àú ù�ý�Ðú���ý�ß	Ý2Ô�Ö2ç�Ñ£Ì�Î�ÏðÒ�Ö£Î�Õ2ç�èHá!Ð2ÎM×£Ì�Ø�Î�Ù2Ò�Í�Ø#Ì #

ϕ1(x) = D2(x), ψ(t) =

t∫

0

E(s) ds, ϕ2(x) =

x∫

0

D1(y) dy.

KyÔ�Û�Õ�Ì`Ð	Ù	Í�Î�Û�×£Ì�Ö2ã�Ù2Ô�ÎVç�×£Ì�Ø�Ù2Î�Ù	Ð2Îªú�ö "�ý�æ�Ì�Ý	Ð	ñ Î�Í�Ò�àâØ`Ø�Ð'Õ£Î

u(t, x) = Q(t, x) + µ(t)

x∫

0

β(y) dy + ν(t)

x∫

0

f

(
y,

T∫

0

l∫

0

H(s, z)u(s, z) dz ds

)
dy,

ú�ö � ý

Û�Õ£Î

Q(t, x) = ϕ1(x) + ψ(t) + ϕ2(x)

[
t− λ

n∑

i=1

t∫

0

(t− s) ai(s) ds
∆1i(λ)

∆(λ)

]
,

µ(t) = q(t)− λ
n∑

i=1

t∫

0

(t− s) ai(s) ds
∆3i(λ)

∆(λ)
,

ν(t) =
t2

2
− λ

n∑

i=1

t∫

0

(t− s) ai(s) ds
∆2i(λ)

∆(λ)
.



��� "�����$����â��������#�d�����Ä�	$A������" -	� ����
�
d��"y��$�	��������$ - � -  #"���
�$A��$	�����6"y����� - ������� ü'ö

WOÍ�Ì�Ó�ß�Ð2Ò�Ü#Ô�Õ2Ù	ç�èðæ�Ì�Õ�Ì�Ñ	çªú�ö�ý ûAú���ý�Ò�Ø�Î�Ö2ÐVÓVÐ	Ù	Í�Î�Û�×£Ì�Ö2ã�Ù2Ô�Ï4çdç�×£Ì�Ø�Ù2Î�Ù	Ð	èþú�ö � ý�ï e ×£Ì�Ø�Ù2Î�Ù	Ð2ÎOú�ö � ý
Ô�Í�Ù2Ô�Ò�Ð	Í�Î�Ö2ã�Ù2Ô Ô�Ò�Ù2Ô�Ø�Ù2Ô�íÚÙ2Î�Ð	æ�Ø�Î�Ò�Í�Ù2Ô�íÄîMç�Ù	Ó	Þ	Ð	Ð

u(t, x)
à'Ø�Ö2à	Î�Í�Ò�àªÐ	Ù	Í�Î�Û�×£Ì�Ö2ã�Ù	ê]Ïoç�×£Ì�Ø�Ù2Î�Ù	Ð2Î�Ï

Í�Ð	Ý£Ìtf6Ô�Ö2ã�Í�Î�×	×£Ì�Ø�Í�Ô�×2Ô�Û�Ô�×2Ô�Õ�Ì'ß�ÌtÔ�Í�Ù2Ô�Ò�Ð	Í�Î�Ö2ã�Ù2ÔîMç�Ù	Ó	Þ	Ð	ÐëØ�Ô�Ò�Ò�Í�Ì�Ù2Ô�Ø�Ö£Î�Ù	Ð	à
β(x)

à'Ø�Ö2à	Î�Í�Ò�à
Ð	Ù	Í�Î�Û�×£Ì�Ö2ã�Ù	ê]Ï ç�×£Ì�Ø�Ù2Î�Ù	Ð2Î�ÏëÍ�Ð	Ý£Ì`f6Ô�Ö2ã�Í�Î�×	×£Ì`Ý2Î�×	Ø�Ô�Û�Ô=×2Ô�Õ�Ì'ï

� C,r�|#Ã��g|��HzÃ���Ã�x[ÇgÃ2É#Çgz#ÊgÇgÃ����gz'É��g|#{�Ë	�HÃ£Å�Æ'ËmÃ����gz	Æ'ÇgÃ��ðÉ#z#x[z#ÊgË

e Ñ2Î�Í Õ£Ô�Ý2Ô�Ö2Ù	Ð	Í�Î�Ö2ã�Ù2Ô�Û�ÔÚç�Ò�Ö£Ô�Ø�Ð	àú���ý�Øòú�ö � ý�Õ�Ì�Î�Í

µ(t0)

x∫

0

β(y) dy + ν(t0)

x∫

0

f

(
y,

T∫

0

l∫

0

H(s, z)u(s, z) dz ds

)
dy = g(x),

ú�ö�ü�ý

Û�Õ£Î
g(x) = η(x)−Q(t0, x)

ï
jOç�Í�Î�ÏoÕ2Ð2îdîdÎ�×2Î�Ù	Þ	Ð	×2Ô�Ø#Ì�Ù	Ð	à³Ð	æªú�ö�ü�ý[Õ	Ö2à³îMç�Ù	Ó	Þ	Ð	Ð³Ø�Ô�Ò�Ò�Í�Ì�Ù2Ô�Ø�Ö£Î�Ù	Ð	à

β(x)
Ý2Ô�Ö2ç�Ñ£Ì�Î�ÏðÒ�Ö£Î�\

Õ2ç�èHá Î�ÎMÒ�Ô�Ô�Í�Ù2Ô�ñ Î�Ù	Ð2Î�#

β(x) = g(x)− F (t0) f

(
x,

T∫

0

l∫

0

H(s, z)u(s, z) dz ds

)
,

ú�ö ��ý

Û�Õ£Î
g(x) = g′(x)

µ(t0)

ß
F (t0) =

ν(t0)
µ(t0)

ï
jMÔ�Õ£Ò�Í�Ì�Ø�Ö2à'àðú�ö ��ý1Ø�ú�ö � ý�ß�Ô�Í�Ù2Ô�Ò�Ð	Í�Î�Ö2ã�Ù2ÔÄÔ�Ò�Ù2Ô�Ø�Ù2Ô�ítÙ2Î�Ð	æ�Ø�Î�Ò�Í�Ù2Ô�í�îMç�Ù	Ó	Þ	Ð	Ð

u(t, x)
Ô�Ó�Ô�Ù	Ñ£Ì�\

Í�Î�Ö2ã�Ù2Ô`Ý2Ô�Ö2ç�Ñ	Ð2ÏðÒ�Ö£Î�Õ2ç�èHá Î�ÎMÐ	Ù	Í�Î�Û�×£Ì�Ö2ã�Ù2Ô�Îdç�×£Ì�Ø�Ù2Î�Ù	Ð2ÎdÍ�Ð	Ý£Ì`f6Ô�Ö2ã�Í�Î�×	×£Ì`Ø�Í�Ô�×2Ô�Û�Ô=×2Ô�Õ�Ì #

u(t, x) = Ru(t, x) ≡ h(t, x) + Φ(t)

x∫

0

f

(
y,

T∫

0

l∫

0

H(s, z)u(s, z) dz ds

)
dy,

ú ù ��ý

Û�Õ£Î

h(t, x) = Q(t, x) + µ(t)

x∫

0

g(y) dy, Φ(t) = ν(t)− F (t0)µ(t).

RdÖ2àÄÝ	×2Ô�Ð	æ�Ø�Ô�Ö2ã�Ù2Ô�í�îMç�Ù	Ó	Þ	Ð	Ð
l(t, x) ∈ C(Ω)

×£Ì�Ò�Ò�Ï[Ì�Í�×	Ð	Ø#Ì�Î�Í�Ò�àtÒ�Ö£Î�Õ2ç�èHá`Ì�à³Ù2Ô�×2Ï[Ì #

‖l(t, x‖C = max
{∣∣l(t, x)

∣∣ : (t, x) ∈ Ω
}
.

r�|#Ã��g|��HzAC�
b 2��� �
1)

�/10 - �	$���V��� �³ 2��� - 
����

(10), (12)
*
µ(t0) 6= 0 �

2) ∆ = max{|h(t, x)| : (t, x) ∈ Ω} <∞ �
3) M = max

{∣∣∫ x
0 Φ(t) f (y, γ) dy

∣∣ : (t, x) ∈ Ω
}
<∞ �

4) |f(x, γ1)− f(x, γ2)| 6 L(x)|γ1 − γ2|
*
δ1 = |γ| 6

∫ T
0

∫ l
0 |H(t, x)| dx dt <∞ �

5) δ2 = max
{∫ x

0 |Φ(t)|L(y) dy : (t, x) ∈ Ω
}
<∞, ρ = δ1δ2 < 1

5
+�- �����ë�� ��ª������
� 2��������	$A����
'��$	$����m0���"��â"y� �ª��$	�	� {

u(t, x) ∈ C2,1(Ω), β(x) ∈ C(Ωl)
} - � �

"�����$ - �ò����������
(1)
8
(4)
5

C
I4Ì�Ò�Ò�Ï,Ô�Í�×	Ð2ÏmÒ�Ö£Î�Õ2ç�èHá!Ð	íÄÐ	Í�Î�×£Ì�Þ	Ð2Ô�Ù	Ù	ê1í�Ý	×2Ô�Þ2Î�Ò�ÒMÕ	Ö2à³ç�×£Ì�Ø�Ù2Î�Ù	Ð	àú ù ��ý #

u0(t, x) = 0, uk+1(t, x) = Ruk(t, x), k = 0, 1, 2, . . .
ú ù'ö�ý



ü�ù � �#�����ª��
 +�5 < 5

fóÒ�Ð'Ö2ç³ç�Ò�Ö£Ô�Ø�Ð	íòÍ�Î�Ô�×2Î�Ï4êTÐ	æÚú ù'ö�ý�Ý2Ô�Ö2ç�Ñ£Ì�Î�ÏðÒ�Ö£Î�Õ2ç�èHá!Ð2ÎMÔ�Þ2Î�Ù	Ó	Ð #

‖u1(t, x)− u0(t, x)‖C 6 max

{∣∣∣∣∣h(t, x) + Φ(t)

x∫

0

f(y, 0) dy

∣∣∣∣∣ : (t, x) ∈ Ω

}
6 ∆+M,

ú ù�ù�ý

‖uk+1(t, x)− uk(t, x)‖C 6 max

{
∣∣Φ(t)

∣∣

×
x∫

0

L(y)

T∫

0

l∫

0

|H(s, z)| ‖uk(s, z)− uk−1(s, z)‖C dz ds dy : (t, x) ∈ Ω

}

6 δ1 max

{
∣∣Φ(t)

∣∣
x∫

0

L(y) ‖uk(t, y)− uk−1(t, y)‖C dy : (t, x) ∈ Ω

}

6 ρ ‖uk(t, x)− uk−1(t, x)‖C .
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u(t, x) ∈ C(Ω)
ï¥P£Õ£Î�Ò�ã

Ý	×2Î�Õ2Ý2Ô�Ö�Ì�Û�Ì�Î�Í�Ò�à¥ß6Ñ	Í�Ô�Ù2Î�Ý2Ô�Õ2Ø�Ð	ô`Ù£Ì�à Í�Ô�Ñ	Ó'ÌÔ�Ý2Î�×£Ì�Í�Ô�×£ÌoÌ�Ø�Í�Ô�Ï[Ì�Í�Ð	Ñ2Î�Ò�Ó	ÐmÝ2Ô�Ý£Ì�Õ�Ì�Î�ÍoØ
C2,1(Ω)ì�Ö�Ì�Û�Ô�Õ�Ì�×#à�Ò�Ô�Ô�Í�Ù2Ô�ñ Î�Ù	Ð	è

u(t, x) = Ru(t, x) ∈ C2,1(Ω).
kO×2Ô�Ï,ÎMÍ�Ô�Û�Ô	ß2Ò�Ý	×£Ì�Ø�Î�Õ	Ö2Ð	Ø#ÌªÔ�Þ2Î�Ù	Ó'Ì=Ò�Ó�Ô�×2Ô�Ò�Í�Ð�Ò�Ü#Ô�Õ2Ð2Ï,Ô�Ò�Í�Ð

‖uk+1(t, x)− u(t, x)‖C 6
ρk+1

1− ρ
(∆ +M).

jMÔ�Õ£Ò�Í�Ì�Ø�Ö2à'àª×2Î�ñ Î�Ù	Ð2Î1ç�×£Ì�Ø�Ù2Î�Ù	Ð	à�ú ù ��ýgØdîdÔ�×2Ï4ç�Ö2çÄú�ö ��ý�ß�Ô�Õ2Ù2Ô�æ�Ù£Ì�Ñ	Ù2ÔVØ�Ô�Ò�Ò�Í�Ì�Ù2Ô�Ø�Ð2ÏØ�Í�Ô�×	ç�è
Ù2Î�Ð	æ�Ø�Î�Ò�Í�Ù	ç�èiîMç�Ù	Ó	Þ	Ð	è

β(x)
ï
B

FbÍ�Ï,Î�Í�Ð2Ï1ß2Ñ	Í�Ô`ç�Ò�Ö£Ô�Ø�Ð2Î
µ(t0) 6= 0

Ø`Í�Î�Ô�×2Î�Ï,Î ��Ó	Ø�Ð	Ø#Ì�Ö£Î�Ù	Í�Ù2ÔªÒ�Ö£Î�Õ2ç�èHá Î�Ï4ç³ç�Ò�Ö£Ô�Ø�Ð	è #

p(t) 6= λ
n∑

i=1

ai(t)
∆3i(λ)

∆(λ)
.

� C,Â �gË	�H|�� �g|#{�|#ÇgË � Ã����gz	Æ'ÇgÃ��ðÉ#z#x[z#ÊgË
I4Ì�Ò�Ò�Ï,Ô�Í�×	Ð2ÏðÝ	×2Ô�Ò�Í�Î�í	ñ!Ð	íâÝ	×	Ð2Ï,Î�×�ï	fmÔ�ì�Ö�Ì�Ò�Í�Ð

Ω ≡ Ω1 ×Ω1
×2Î�ñ`Ì�Î�ÏåÐ	Ù	Í�Î�Û�×2Ô�\ Õ2Ð2îdîdÎ�×2Î�Ù'\

Þ	Ð£Ì�Ö2ã�Ù2Ô�Îdç�×£Ì�Ø�Ù2Î�Ù	Ð2ÎdÒMØ�ê1×2Ô�ô Õ£Î�Ù	Ù	ê]Ï à�Õ2×2Ô�Ï

∂

∂ x

(
∂2u(t, x)

∂ t2
+

1∫

0

t · s∂u(s, x)
∂ s

ds

)
=

(
1 +

t

3

)
· β(x) ú ù	��ý

Ý	×	Ðâç�Ò�Ö£Ô�Ø�Ð	à�Ü
u(0, x) = 3x, ut(0, x) = 1, u(t, 0) = t,

ú ù�!�ý

u

(
1

2
, x

)
=

1

2
x2 + 3x+

1

2
,

ú ù�"�ý

Û�Õ£Î
β(x) ∈ C

(
Ω1

)
�
îMç�Ù	Ó	Þ	Ð	à³Ø�Ô�Ò�Ò�Í�Ì�Ù2Ô�Ø�Ö£Î�Ù	Ð	à¥ß

Ω1 ≡ [0; 1]
ï
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fmç�×£Ì�Ø�Ù2Î�Ù	Ð	Ðåú ù	��ý�Ò�Õ£Î�Ö�Ì�Î�Ï æ�Ì�Ï,Î�Ù	ç
utx(t, x) = ϑ(t, x)

ï2KyÔ�Û�Õ�Ì=Ô�Ù2Ô`Ý	×	Ð2Ô�ì�×2Î�Í�Ì�Î�ÍÚØ�Ð'Õ

∂ϑ(t, x)

∂ t
+

1∫

0

t s ϑ(s, x) ds =

(
1 +

t

3

)
β(x).

ú ù � ý

l Ý2Ô�Ï,Ô�á!ã�èXÔ�ì�Ô�æ�Ù£Ì�Ñ2Î�Ù	Ð	à

c(x) =

1∫

0

s ϑ(s, x) ds
ú ù�ü�ý

ç�×£Ì�Ø�Ù2Î�Ù	Ð2Îªú ù	��ý�Ý2Î�×2Î�Ý	Ð	ñ Î�Í�Ò�àâØªÒ�Ö£Î�Õ2ç�èHá Î�ÏåØ�Ð'Õ£Î�#

∂ϑ(t, x)

∂ t
+ t c(x) =

(
1 +

t

3

)
β(x).

jOç�Í�Î�ÏëÐ	Ù	Í�Î�Û�×	Ð	×2Ô�Ø#Ì�Ù	Ð	àâÝ2Ô
t
Ð	æMÝ2Ô�Ò�Ö£Î�Õ2Ù2Î�Û�Ôª×£Ì�Ø�Î�Ù2Ò�Í�Ø#Ì Ý2Ô�Ö2ç�Ñ£Ì�Î�Ï

ϑ(t, x) = D1(x)−
t2

2
c(x) +

(
t+

t2

6

)
β(x),

ú ù���ý

Û�Õ£Î
D1(x) �

Ý	×2Ô�Ð	æ�Ø�Ô�Ö2ã�Ù£Ì�àòîMç�Ù	Ó	Þ	Ð	à¥ß'Ó�Ô�Í�Ô�×£Ì�àâÝ2Ô�Õ	Ö£Î�ô`Ð	ÍÚÔ�Ý	×2Î�Õ£Î�Ö£Î�Ù	Ð	è ï
jMÔ�Õ£Ò�Í�Ì�Ø�Ö2à'àåú ù���ý�Øòú ù�ü�ý�ß	Ð2Ï,Î�Î�Ï

c(x) =
4

9
D1(x) +

1

3
β(x).

ú�� ��ý

KyÎ�Ý2Î�×	ã2ß2Ý2Ô�Õ£Ò�Í�Ì�Ø�Ö2à'àòØ�ê1×£Ì�ô!Î�Ù	Ð2ÎÚú�� ��ý�Øòú ù���ý�ß	Ð2Ï,Î�Î�Ï Ò�Ö£Î�Õ2ç�èHá Î�ÎMÒ�Ô�Ô�Í�Ù2Ô�ñ Î�Ù	Ð2Î�#

utx(t, x) =
9− 2t2

9
D1(x) + t β(x).

ú��'ö�ý

jOç�Í�Î�ÏëÐ	Ù	Í�Î�Û�×	Ð	×2Ô�Ø#Ì�Ù	Ð	àâÝ2Ô
x
ÐÄÝ2Ô

t
Ð	æªú��'ö�ý�Ý2Ô�Ö2ç�Ñ£Ì�Î�Ï

u(t, x) = D2(x) +

t∫

0

E(s) ds+
27t− 2t3

27

x∫

0

D1(y) dy +
t2

2

x∫

0

β(y) dy,
ú���ù�ý

Û�Õ£Î
D2(x)

ß
E(t) �

Ý	×2Ô�Ð	æ�Ø�Ô�Ö2ã�Ù	ê]ÎVîMç�Ù	Ó	Þ	Ð	Ð�ß	Ó�Ô�Í�Ô�×	ê]ÎdÝ2Ô�Õ	Ö£Î�ô Ì�Í³Ô�Ý	×2Î�Õ£Î�Ö£Î�Ù	Ð	è ï
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u(t, x) = 3x+ t+
t2

2

x∫

0

β(y) dy.
ú�����ý

e Ñ2Î�ÍåÕ£Ô�Ý2Ô�Ö2Ù	Ð	Í�Î�Ö2ã�Ù2Ô�Û�Ô ç�Ò�Ö£Ô�Ø�Ð	à?ú ù�"�ýªØþú�����ý=Õ�Ì�Î�Í ∫ x
0 β(y) dy = 4x2

Ð'Ö2Ð
β(x) = 8x

ï
jMÔ�Õ£Ò�Í�Ì�Ø�Ö2à'à ��Í�ÔTØ?ú�����ý�ßdÝ2Ô�Ö2ç�Ñ	Ð2Ï

u(t, x) = 2t2x2 + 3x + t
ïdjMÔ�Õ£Ò�Í�Ì�Ù2Ô�Ø�Ó'ÌþÝ2Ô�Ö2ç�Ñ2Î�Ù	Ù	ê6Ü

Ø�ê1ñ Îo×2Î�æ�ç�Ö2ã�Í�Ì�Í�Ô�Ø
β(x) = 8x

Ð
u(t, x) = 2t2x2 + 3x + t

ØóÝ2Î�×	Ø�Ô�Ù£Ì�Ñ£Ì�Ö2ã�Ù2Ô�Î Ð	Ù	Í�Î�Û�×2Ô�\
Õ2Ð2îdîdÎ�×2Î�Ù	Þ	Ð£Ì�Ö2ã�Ù2Ô�Î ç�×£Ì�Ø�Ù2Î�Ù	Ð2ÎÄú ù	��ý1Õ�Ì�Î�Í³Í�Ô�ô Õ£Î�Ò�Í�Ø�Ô

8x
(
1 + t

3

)
≡ 8x

(
1 + t

3

) ïAkO×2Ô�Ï,Î!Í�Ô�Û�Ô	ß
îMç�Ù	Ó	Þ	Ð	à

u(t, x) = 2t2x2 +3x+ t
ç�Õ£Ô�Ø�Ö£Î�Í�Ø�Ô�×#à	Î�Í=Ý2Ô�Ò�Í�Ì�Ø�Ö£Î�Ù	Ù	ê]Ïëç�Ò�Ö£Ô�Ø�Ð	à	Ïäú ù�!�ý[Ð�ú ù�"�ý�ï2l[Ö£Î�\

Õ£Ô�Ø#Ì�Í�Î�Ö2ã�Ù2Ô	ßA×2Î�ñ Î�Ù	Ð2Î�Ï°Ô�ì�×£Ì�Í�Ù2Ô�í�æ�Ì�Õ�Ì�Ñ	Ðmú ù	��ý ûAú ù�"�ýbØ³Ô�ì�Ö�Ì�Ò�Í�Ð
Ω ≡ Ω1 × Ω1

à'Ø�Ö2à	Î�Í�Ò�à�Ý£Ì�×£Ì
îMç�Ù	Ó	Þ	Ð	í {

2t2x2 + 3x+ t; 8x
} ï
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