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T
�[�������������������������/���������/���/�����������������������X�����n������� �������	����������/���������f¡H��¢��H� £��7���/��������¤�����������¥��§¦����/�/�3�������w�������/���/���

Tn ¨ �����������/���/����� ���������/�����§¦����/�/�3�������L�������/©����¦«ª,��������� 1
m+1

∑m
n=0 T

kn

�/�/¥f�/¬N����������������R�������/��������¬N®L���>�/�����/�������������������/�������>������¢��/��������� ¦f����©�����
{kn} ¯�° �����/���������/���7�������/���������������/���[�/�/¥2�����/������� ¦������������X� lp ©F�/���������/���/��������¦n± 1 6 p < ∞ ² ���/�/¥�����/������� ¦������������[�

L1 �������/�/¥��/���/�����/����������� ¦������/������� ¦������������X� Lp ©F�/���������/���/��������¦n± 1 < p <∞ ²�¯³h�5����������� ������� �	�/��� ¨ ���X�������/�������n¡H��¢��H�[£´�7���/�������X���/�/�������/�������[�!�/�/¥f�/¬N��� ¦f�����/������� ¦n������������2���������/������������� ¦
p
©F��� ��¢������ ¦���������¦������ ¦X�����L��������¦��/�����/�������������������/��������� ¯

µh¶	·�¸'¹�º/»9¹2¼�¶	½/º/¾#¿���������¦������w����������������¥������L���������
p
©F��� ��¢����/���������������/�����/�������������/��� ¨ �������/���/��������¥L������©�����H� ¯

AHD {«yHÀ/ÁLÀ#�NvNÀ
cXÂ/Ã3Â/Ä«ÂÆÅ	Ç�È�É�Ê�Ë�Ì3Â	Í7Î	Ë�Â�Ï	Ð3ÑÒÐ3ÓXÔ�Â/Õ�Â�Ð3Å	Ì3É�Ö	Ì3Â/Õ�Â�Ê�×«Ø�Ë�Å	Ñ

T
ÈtÃ3É�ÙXÐHÉ�Ú�Ê�Å	È�Ì3Â�ÛjÔ�Ø�ÌHØ�Ü#Â/È�Â�Û

Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É X Ê�Ã3É�Ï3Ì	Å3É[QRÉ�Ç�Ø�Ã3Â
An(T ) =

1
n+1

∑n
k=0 T

k Ê�Ü#Â�Ï3Ñ'Ë�Ê�ÑÞÈ X È!Ê�Å'Ð3ß�Ì3Â/ÖàÂ Ý É�ÃHØ�Ë�Â/Ã'áÌ3Â/Ö!Ë�Â Ý Â�ÐHÂ/Õ�Å	Å�âãÊ�Û2äåÍ�ÌHØ Ý Ã	Å3Û,É�Ã�Í'æ ç'Í�Õ�Ðwä/ç'Í�è�é�êãë�ä g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�Í�Ï	Ð3ÑnÐ3ÓXÔ�Â/Õ�ÂhÊ�Â�Ü'ÃHØ�Ì	Ñ'Ó[ì«É�Õ�ÂXÛ,É�Ã	íÂ/Ë�Â�Ô/ÃHØ�×!É�Ì	Å	Ñ
τ : (Ω,F , µ) → (Ω,F , µ)

Í�Õ�ÏHÉ
(Ω,F , µ)

aîÅ	Ç�Û,É�Ã	Å3Û,Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�Ê Ý Â�Ð	áÌ3Â/Ö
σ
á§Ú�Â/Ì3É�Î	Ì3Â/Ö´Û,É�Ã3Â/Ö

µ
Í,Ê�Ã3É�Ï3Ì	Å3ÉÆQRÉ�Ç�Ø�Ã3Â

An(T )
Ê�Ü#Â�Ï3Ñ'Ë�Ê�ÑïÊ�Å'Ð3ß�Ì3Â�È

Lp := Lp(Ω,F , µ)
Í

1 < p < ∞ âðÇ�ÏHÉ�Ê�ß
(Tf)(ω) = f(τ(ω))

ä g Ê�Ð3í�ÎHØ/É�Í3Ú�Â/Õ�Ï�Ø
µ
añÈ�É�Ã3Â�Ñ'Ë�Ì3Â�Ê�Ë�ÌHØ�Ñ�Û,É�ÃHØoÅ

τ
a Ý É�áÃ3É�Û,É�Ä!Å	È#Ø�Ó[ì«É�É Ý Ã3É�Â�Ô/ÃHØ�Ç�Â/È#Ø�Ì	Å3É�Í'ò�Ã	Õ�Â�Ï3Å	Î3É�Ê�Ú'Ø�ÑàË�É�Â/Ã3É�ÛLØ!]�Ð3í'ÛLØXalcRØ�Ì3Ê�Â/ÌHØæ ó�êBí�Ë�È�É�Ã#×«Ï�Ø/É�Ë�Í

Î	Ë�Â«Ï	Ð3ÑÞÐ3ÓXÔ�Â/Õ�Â
f ∈ Lp

Í
1 6 p <∞ Í'Å3Û,É�É�ËÛ,É�Ê�Ë�Â>Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß
∥∥∥∥∥

1

n+ 1

n∑

j=0

(T kjf)(ω)−
∫

Ω

f dµ

∥∥∥∥∥
p

→ 0

Ï	Ð3Ñ5È�Ê�É�Ü5Ê�Ë�Ã3Â/Õ�ÂÆÈ�Â/Ç�ÃHØ/Ê�Ë/Ø�Ó[ì!Å'Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö k0 < k1 < . . .
ÌHØ�Ë�í�ÃHØ�Ð3ß�Ì	ô9ÜÒÎ	Å3Ê�É�Ðwä

g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�ÍLÂ/Ë�Ê�Ó9Ï�Ø�Ê�ÐHÉ�Ï3í�É�Ë�Í,Î	Ë�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß {T n(f)}∞n=0

Ê�Ü#Â�Ï3Å	Ë�Ê�ÑõÊ�Ð�Ø/Ô�Â�È
LpÏ	Ð3ÑàÈ�Ê�É�Ü

f ∈ Lp
æåö�÷'Í	Õ�ÐwäHç'Í'í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3ÉÞö�ä ø�ê�ä

g Ê�È�Ñ'Ç�ÅùÊ>ò�Ë�Å3Û2Í7É�Ê�Ë�É�Ê�Ë�È�É�Ì	Ì3Â	ÍNÈ�Â/Ç�Ì	Å	Ú'Ø/É�Ë�Ç�Ø�Ï�Ø�ÎHØ�ÂÆÈ�ô9ÏHÉ�ÐHÉ�Ì	Å	ÅúÚ'Ð�Ø/Ê�Ê�Ø�Ô�Ø�ÌHØ�Ü#Â/È�ô9Ü Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È
X
Í�È!Ú�Â/Ë�Â/Ã	ô9ÜûÊ�Ð�Ø/Ô�Ø�ÑàÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(x)}∞n=0

Ý Ã	ÅÞÏHÉ�Ö3Ê�Ë�È�Å	ÅÐ3Å	Ì3É�Ö	Ì3Â/Õ�ÂÞÊ�×«Ø�Ë�Å	Ñ
T
È
X
È/ÐHÉ�Î3É�ËàÊ�Å'Ð3ß�Ì	í�ÓlÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ßûÊ�Ã3É�Ï3Ì	Å'Ü�QRÉ�Ç�Ø�Ã3Â 1

n+1

∑n
j=0 T

kj
Ï	Ð3Ñ

Ú'Ø�×«ÏHÂ/Ö Ý Â�Ï Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T kj}∞j=0
Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n}∞n=0

ä
M[Ô�Â/Ç�ÌHØ�Î	Å3ÛõÎ3É�Ã3É�Ç

C (X)
Û7Ì3Â�×!É�Ê�Ë�È�ÂÞÈ�Ê�É�ÜàÐ3Å	Ì3É�Ö	Ì	ô9ÜÆÊ�×«Ø�Ë�Å	Ö�È>Ô�Ø�ÌHØ�Ü#Â/È�Â�Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É

(X, ‖ · ‖X )
Í�ØRÎ3É�Ã3É�Ç

N
a@Û7Ì3Â�×!É�Ê�Ë�È�Â!È�Ê�É�ÜÊ�Ë�Ã3Â/Õ�ÂfÈ�Â/Ç�ÃHØ/Ê�Ë/Ø�Ó[ì!Å'Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�ÌHØ�Ë�í#áÃHØ�Ð3ß�Ì	ô9Ü>Î	Å3Ê�É�Ðwä#K�Â/È�Â/Ã#Ñ'Ë�Í'Î	Ë�ÂfÔ�Ø�ÌHØ�Ü#Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â X Å3Û,É�É�Ë!Ê�È�Â/Ö3Ê�Ë�È�Â!]�Ð3í'ÛLØ[a^cRØ�Ì3Ê�Â/ÌHØ

ü© ý�þ�ÿ��2° ���/����� °L¯��9¯ ��ª7��������� ¯��9¯



� �[��3 - 
�� 8��>8 *�� �	�	�	$Æ� 8��>8
Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È#Ø

A ⊂ C (X)
Í'É�Ê�Ð3ÅÏ	Ð3Ñ>Ð3ÓXÔ/ô9Ü

T ∈ A , x ∈ X
Í�Ð3Å3Ô�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�áË�É�Ð3ß�Ì3Â�Ê�Ë�ß {T n(x)}∞n=0

Ì3ÉRÊ�Ü#Â�Ï3Å	Ë�Ê�ÑÆÊ�Ð�Ø/Ô�Â	Í'Ð3Å3Ô�ÂoÊ�Ð�Ø/Ô�Ø�Ñ�Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ßò�Ë�Â/Ö Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�áÊ�Ë�Å�Úûò�ÐHÉ�Û,É�Ì	Ë�í
x0 ∈ X

È/ÐHÉ�Î3É�ËÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß ∥∥ 1
n+1

∑n
j=0 T

kj (x)− x0
∥∥
X

→ 0
ä

TLÐHÉ�Ï3í�É�ËÞÂ/Ë�Û,É�Ë�Å	Ë�ß3Í3Î	Ë�Â>Ê�Â/Õ�Ð�Ø/Ê�Ì3ÂÆæåö�÷'Í	Õ�ÐwäHç'Í'í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3ÉÞö�ä ø�ê�í�Ê�ÐHÂ/È�Å3É
∥∥∥∥∥

1

n+ 1

n∑

j=0

T kj (x)− x0

∥∥∥∥∥
X

→ 0
(
∀ {kj}∞j=0 ∈ N, x0 ∈ X

)

È�Ê�É�Õ�Ï�ØoÈ/ÐHÉ�Î3É�ËÞÊ�Ð�Ø/Ô/í�ÓjÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(x)}∞n=0

ä	mXÃ	Å�ò�Ë�Â�Û Ê Ý Â�Û,Â/ì!ß�ÓØ�Ã	Õ�í'Û,É�Ì	Ë�Â/È!Å	Ç�ÏHÂ/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È#ØfÅ3Û Ý Ð3Å	Ú'Ø	�	Å	Å5â�
�
ðë → â�
ðë7ÈfË�É�Â/Ã3É�Û,É
1.1

ÃHØ/Ô�Â/Ë�ô æåö�ê�Í�í�Ê�Ë/Ø�ÌHØ�È/Ð3Å'á
È#Ø/É�Ë�Ê�Ñ ÍNÎ	Ë�Â�Ê�Ð�Ø/Ô/ô�Û Ý Ã3É�ÏHÉ�ÐHÂ�Û Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T nx}∞n=0

Â�Ô�Ñ'Ç�Ø�Ë�É�Ð3ß�Ì3ÂtÑ'È/Ð3Ñ	É�Ë�Ê�Ñ ò�ÐHÉ�á
Û,É�Ì	Ë

x0
ä

K�Â/È�Â/Ã#Ñ'Ë�Í�Î	Ë�Â�Ô�Ø�ÌHØ�Ü#Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â X Å3Û,É�É�Ë5í�Ê�ÐHÂ/È�Ì3Â�É�Ê�È�Â/Ö3Ê�Ë�È�Â5]�Ð3í'ÛLØÆa cRØ�Ì3Ê�Â/ÌHØ
Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È#Ø

A ⊂ C (X)
Í�É�Ê�Ð3ÅÆÏ	Ð3ÑûÐ3ÓXÔ�Â/Õ�Â

T ∈ A
Ê�Ð�Ø/Ô�Ø�Ñ�Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�áÊ�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(x)}∞n=0

Ý Ã	Å5È�Ê�É�Ü x ∈ X
Å3Û,É�É�Ë�Û,É�Ê�Ë�ÂûË�Â/Õ�Ï�ØûÅ5Ë�Â�Ð3ß�Ú�Â�Ë�Â/Õ�Ï�Ø'Í�Ú�Â/Õ�Ï�Ø

Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß 1
n+1

∑n
j=0 T

kj (x)
Ê�Ü#Â�Ï3Å	Ë�Ê�Ñ Ý ÂtÌ3Â/Ã3Û,É�È X Ï	Ð3ÑùÚ'Ø�×«ÏHÂ/Õ�Â

x ∈ X
ä�WXÊ�á

Ì3Â	ÍBÎ	Ë�ÂàÊ�È�Â/Ö3Ê�Ë�È�Â�]�Ð3í'ÛLØ>a cRØ�Ì3Ê�Â/ÌHØàÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
A
Í�È�Â�Â�Ô/ì«É«Õ�Â/È�Â/Ã#Ñ Í�Ê�Å'Ð3ß�Ì3É�É«í�Ê�ÐHÂ/È�Ì3Â/Õ�Â

Ê�È�Â/Ö3Ê�Ë�È#Ø>]�Ð3í'ÛLØfadcRØ�Ì3Ê�Â/ÌHØoÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
A
ä

OnÐ3ÑïÕ�Å'Ð3ß�Ô�É�Ã	Ë�Â/È#Ø Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø H Ê�È�Â/Ö3Ê�Ë�È�Âù]�Ð3í'ÛLØ5a cRØ�Ì3Ê�Â/ÌHØ Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
C (H)Ì3É�Ç�Ø�È�Å3Ê�Å3Û,Â Ý Â�Ð3í�Î3É�Ì3ÂÞÈÃHØ/Ô�Â/Ë/Ø�Ü æåö�ÍNö�ø'Íwö � ê�ä�UXÃ3Â�Û,ÉfË�Â/Õ�Â	ÍHÈtæåö�êNí�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì3Âàí�Ê�ÐHÂ/È�Ì3Â�É«Ê�È�Â/Ö'áÊ�Ë�È�Â�]�Ð3í'ÛLØÞa cRØ�Ì3Ê�Â/ÌHØÞÏ	Ð3Ñ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø L1

Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
C (L1)

ÍwØàÈûÃHØ/Ô�Â/Ë�É�æ �ê,a Ï	Ð3Ñ
Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È Lp

Í
1 < p < ∞,

Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3ÂÞÛ7Ì3Â�×!É�Ê�Ë�È#Ø
A
È�Ê�É�Ü Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô9Ü�Ð3Å	Ì3É�Ö	Ì	ô9ÜÊ�×«Ø�Ë�Å	ÖûÈ

Lp
ä g Ë�Âf×!ÉhÈ�Ã3É�Û7Ñ Í#È!ÃHØ/Ô�Â/Ë�É!æ ø�ê Ý Ã	Å	È�É�ÏHÉ�Ì	ô Ý Ã	Å3Û,É�Ã	ô Ô�Ø�ÌHØ�Ü#Â/È�ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È X ÍÚ�Â/Ë�Â/Ã	ô�ÉnÌ3ÉnÂ�Ô�Ð�Ø�Ï�Ø�Ó[ËÊ�È�Â/Ö3Ê�Ë�È�Â�Ûõ]�Ð3í'ÛLØ!adcRØ�Ì3Ê�Â/ÌHØoÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â

C (X)
ä

g ÃHØ/Ô�Â/Ë�Éúæ � ê[ÏHÂ/Ú'Ø�Ç�Ø�Ì3Â	Í9Î	Ë�ÂÒÏ	Ð3Ñ Ð3ÓXÔ�Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/Õ�ÂúÐ3Å	Ì3É�Ö	Ì3Â/Õ�ÂùÊ�×«Ø�Ë�Å	Ñ T Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È#Ø
Lp
Í
1 < p <∞, 0 6 f ∈ Lp,

Ê�Ð�Ø/Ô�Ø�ÑÞÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(f)}∞n=0È/ÐHÉ�Î3É�ËÞÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß
∥∥∥∥∥

1

n+ 1

n∑

j=0

T kj (f)− f0

∥∥∥∥∥
Lp

→ 0
(
∀ {kj}∞j=0 ∈ N, f0 ∈ Lp

)
.

VhÌHØ�ÐHÂ/Õ�Å	Î	Ì3Â�É>Ê�È�Â/Ö3Ê�Ë�È�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô9Ü�Ð3Å	Ì3É�Ö	Ì	ô9Ü�Ê�×«Ø�Ë�Å	Ö5ÈûÙRí�Ì	Ú��	Å3Â/ÌHØ�Ð3ß�Ì	ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì'áÊ�Ë�È#Ø�Ü�MhÃ'Ð3Å	ÎHØoÊRÃHØ�È�Ì3Â�Û,É�Ã	Ì3Â>Õ�Ð�Ø�Ï3Ú�Â/ÖÆÌ3Â/Ã3Û,Â/Ö�MhÃ'Ð3Å	ÎHØ Ý Â�Ð3í�Î3É�Ì3Â>È�æåö�ó�ê�äenØ�Ð3Å	Î	Å3ÉÊ�È�Â/Ö3Ê�Ë�È#Ø�]�Ð3í'ÛLØa cRØ�Ì3Ê�Â/ÌHØàÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø�Ü Lp
Í
1 6 p < ∞,

Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
C (Lp)

ÈoÊ�Ð3í�ÎHØ/É Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì	ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�ÈÊRÛ,É�Ã3Â/ÖàÏHÂ«Ê�Å'Ü Ý Â/ÃûÌ3É[í�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì3Â	äHPXÇ�È�É�Ê�Ë�É�ÌË�Â�Ð3ß�Ú�ÂÊ�ÐHÉ�Ï3í�Ó[ì!Å	Ö�Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë g ä	\ÆÓhÐ	ÐHÉ�ÃHØ«Å�� ä	YNØ/Û7Å'ÐHÂ/È#ØÆæåö���Í'Ë�É�Â/Ã3É�ÛLØø'ä é�ê�ä
� À#x��NÀ���� AHDãAHD��h 3�����

T �
�	�	$B���	$ - �����o�����B�Þ$�� �/��$���! - 
 - �l1#" - ����"���$B����
'�Þ1 - ���B��� - 
��#"

��������$ - �������
lp, 1 6 p <∞ 8�+�-�$ ���X����%>��&'� -�$/-)( �B������$B���

x ∈ lp
1 - ���B��� - 
�����������$ - ����� {T n(x)}�����*� - �+! - ���B���,%à�

x0 ∈ lp

� - �Ò��� - ����� - 
>� - � ���� ��#��� * � -�$ ��� ∥∥ 1

n+1

∑n
j=0 T

kj (x)−x0
∥∥
p
→ 0����%û
'���-! {kj}∞j=0 ∈ N

8
MhË�Û,É�Ë�Å3ÛÆË/Ø�Ú	×!ÉLÌ3É�Ï�Ø�È�Ì	Ó[ÓùÃHØ/Ô�Â/Ë�íoæåö�ö�ê�Í�Õ�ÏHÉ�Ê Ý Â�Û,Â/ì!ß�ÓùÊ�È�Â/Ö3Ê�Ë�È#ØhØ/Ê�Å3Û Ý Ë�Â/Ë�Å	Î3É�Ê�Ú�Â/Ö«Õ�Ð�Ø�Ï	áÚ�Â�Ê�Ë�Å È�ô9ÏHÉ�Ð3Ñ	É�Ë�Ê�ÑùÚ'Ð�Ø/Ê�ÊÞÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9Ü Ê�Å3Û,Û,É�Ë�Ã	Å	Î	Ì	ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�áÊ�Ë�É�Ö�Í'Ï	Ð3ÑûÚ�Â/Ë�Â/Ã	ô9Ü�Ê�Â�Ü'ÃHØ�Ì	Ñ	É�Ë�Ê�ÑÆÈ#Ø�Ã	ÅHØ�Ì	Ë>Ë�É�Â/Ã3É�Û7ôZö�äåö�ä
M[Ê�Ì3Â/È�ÌHØ�Ñ.�3É�Ð3ß�ÌHØ/Ê�Ë�Â�Ñ'ì«É�Ö ÃHØ/Ô�Â/Ë�ôdÊ�Â�Ê�Ë�Â/Å	Ë�È Ý Â�Ð3í�Î3É�Ì	Å	Å ò�Ã	Õ�Â�Ï3Å	Î3É�Ê�Ú�Â/ÖùË�É�Â/Ã3É�Û7ôñ]�Ð3í#á

ÛLØa cRØ�Ì3Ê�Â/ÌHØ�âðÈ#Ø�Ã	ÅHØ�Ì	Ë/ØàË�É�Â/Ã3É�Û7ô ö�äåö�ë2Ï	Ð3Ñ�ÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9ÜõâðÚ�Â�Û Ý ÐHÉ�Ú�Ê�Ì	ô9ÜHë p á§È�ô Ý í�Ú'Ð3ô9ÜÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì	ô9ÜlÅ'ÏHÉ�Ø�Ð3ß�Ì	ô9ÜlÔ�Ø�ÌHØ�Ü#Â/È�ô9ÜlÃ3É�Ä«É�Ë�Â/Ú Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�ë�änO!Â/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È�Âò�Ë�Â/ÖõË�É�Â/Ã3É�Û7ô Ê�í�ì«É�Ê�Ë�È�É�Ì	Ì3Â5Å3Ê Ý Â�Ð3ß�Ç�í�É�ËúÊ�È�Â/Ö3Ê�Ë�È�Â p á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å�ÍLÎ	Ë�ÂÒÂ/Ë�Ð3Å	ÎHØ/É�ËÒÌHØ�Ä Ý Â�Ï	áÜ#Â�Ï�Â/ËÛ,É�Ë�Â�ÏHÂ/ÈÃHØ/Ô�Â/Ë�ô@æåö�ö�ê�ä



� " $/- �����������	��%5��� - "w���������� 3���
��� ��$B� - $��!
 �/��$���! - 
�0 !"w��������	��!�1 - ���B��� - 
�����������$ - ������� é

� D	� �NÀ/ÁLy����Nv�
'À�~	�H��oÀ���yHÀ/ÁLÀ#�Nv��

mXí�Ê�Ë�ß
s(K)

a Ð3Å	Ì3É�Ö	Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂXÈ�Ê�É�Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö>Ú�Â�Û Ý ÐHÉ�Ú�Ê�Ì	ô9Ü�â
K = C

ë
Å'Ð3ÅàÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9ÜÒâ

K = R
ë�Î	Å3Ê�É�ÐwÍ

E
añÔ�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�ÉnÅ'ÏHÉ�Ø�Ð3ß�Ì3Â�ÉRÐ3Å	Ì3É�Ö	Ì3Â�É Ý Â�Ï Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È�Â>È

s(K)
âãÊ�È�Â/Ö3Ê�Ë�È�Â>Å'ÏHÉ�Ø�Ð3ß�Ì3Â�Ê�Ë�ÅÆÏ	Ð3Ñ

E
Â/Ç�ÌHØ�ÎHØ/É�Ë�ÍHÎ	Ë�Â«Å	Çní�Ê�ÐHÂ/È�Å	Ö

x ∈ E
Í
y ∈ s(K)Å |y| 6 |x| Ê�ÐHÉ�Ï3í�É�ËÈ�Ú'Ð3Ó[Î3É�Ì	Å3É y ∈ E ë�äeRÂ�Ê�Å	Ë�É�ÐHÉ�Ûlò�ÐHÉ�Û,É�Ì	Ë/Ø

x = {ξn}∞n=1 ∈ E
ÌHØ�Ç�ô2È#Ø�Ó[Ë Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È�Â suppx = {n ∈ N :

ξn 6= 0} È�ÂÆÛ7Ì3Â�×!É�Ê�Ë�È�É N
È�Ê�É�Ü5ÌHØ�Ë�í�ÃHØ�Ð3ß�Ì	ô9ÜÒÎ	Å3Ê�É�ÐwäwmRÂ�Ê�Ú�Â�Ð3ß�Ú	í

dimE = ∞ Í�Ë�Â
suppE =⋃

x∈E suppx
É�Ê�Ë�ß!Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�É Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È�Â«È

N
Í/Å Ý Â/ò�Ë�Â�Û7í�Í�Ç�Ø/Û,É�Ì	Ñ'Ñ

N
ÌHØ

suppE
Í#Û,Â�×oÌ3Â

Ê�Î	Å	Ë/Ø�Ë�ß3Í3Î	Ë�Â
suppE = N

ä
M[Ô�Â/Ç�ÌHØ�Î	Å3ÛbÎ3É�Ã3É�Ç

c00
Ð3Å	Ì3É�Ö	Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�È s(K)

ÍBÊ�Â�Ê�Ë�Â�Ñ'ì«É�ÉoÅ	Ç>ÙRÅ	Ì	Å	Ë�Ì	ô9Ü Ý Â�áÊ�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�È�Å'Ï�Ø
x = {ξ1, ξ2, . . . , ξn(x), 0, 0, . . .}

ä�PXÇfÃHØ�È�É�Ì3Ê�Ë�È#Ø
suppE = N

Ê�ÐHÉ�Ï3í�É�Ë�Í
Î	Ë�ÂÆÏ	Ð3Ñ5Ð3ÓXÔ�Â/Õ�Â

k ∈ N
Ê�í�ì«É�Ê�Ë�È�í�É�ËtË/Ø�Ú�Â�É

x = {ξn}∞n=1 ∈ E
ÍNÎ	Ë�Â

λ = |ξk| 6= 0
äNmRÂ/ò�Ë�Â�Û7í

Ï	Ð3Ñ Â/Ã	Ë/Ø
ek = {0, . . . , 0, 1, 0, . . .} Í,Õ�ÏHÉÆÉ�Ï3Å	Ì	Å��HØÒÊ�Ë�Â/Å	Ë5ÌHØ k á�Â�ÛlÛ,É�Ê�Ë�É�ÍLÈ�É�Ã	Ì3Â5Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

ek 6
1
λ |x| ∈ E

Í'Î	Ë�ÂoÈ/ÐHÉ�Î3É�Ë>È�Ú'Ð3Ó[Î3É�Ì	Å3É
ek ∈ E

ä�I�Ë�ÂoÂ/Ç�ÌHØ�ÎHØ/É�Ë�ÍHÎ	Ë�Â
c00 ⊂ E

ä
mXí�Ê�Ë�ß ‖ · ‖E aZÔ�Ø�ÌHØ�Ü#Â/È#Ø!Û,Â/Ì3Â/Ë�Â/Ì	ÌHØ�ÑàÌ3Â/Ã3ÛLØfÌHØ

E
ä�mRÂ�Ê�ÐHÉ�Ï3Ì3É�ÉRÂ/Ç�ÌHØ�ÎHØ/É�Ë�Í	Î	Ë�ÂfÅ	ÇXí�Ê�ÐHÂ/È�Å	Ö

x, y ∈ E
Å |x| 6 |y| Ê�ÐHÉ�Ï3í�É�Ë�Í Î	Ë�Â ‖x‖E 6 ‖y‖E

ä g ò�Ë�Â�Û Ê�Ð3í�ÎHØ/É Ý Ø�Ã	í (E, ‖ · ‖E)
ÌHØ�Ç�ô2È#Ø�Ó[Ë

��������������� �"!�#�$%�'&�()��� �+*�,-��.0/1,2����.0/������ âã]9PRmfë�È
s(K)

æ 3	Í�Õ�Ðwä � Í�è �ê�ä/mXÃ	Å!ò�Ë�Â�Û�ÈXÊ�Å'Ð3ínÃHØ�È�É�Ì'á
Ê�Ë�È#Ø

suppE = N
Í#]9PRm

(E, ‖ · ‖E)
Ñ'È/Ð3Ñ	É�Ë�Ê�ÑûÙRí�Ì'Ï�Ø/Û,É�Ì	Ë/Ø�Ð3ß�Ì	ô�ÛúÅ'ÏHÉ�Ø�Ð3ß�Ì	ô�Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�Ûæ 3'Í'Õ�Ðwä � Í�è �ê�ä

K�Â/È�Â/Ã#Ñ'Ë�ÍHÎ	Ë�Â>]9PRm
(E, ‖ · ‖E)

Å3Û,É�É�Ë Ý Â/Ã#Ñ�Ï3Ú�Â/È�ÂÌ3É Ý Ã3É�Ã	ô2È�Ì	í�Ó^Ì3Â/Ã3Û7í�Í3É�Ê�Ð3Å�Å	Çní�Ê�ÐHÂ/È�Å	Ö

0 6 x(n) ↓ 0, x(n) ∈ E, n ∈ N,

Ê�ÐHÉ�Ï3í�É�Ë�Í�Î	Ë�Â ‖x(n)‖E → 0
ä�PXÇ�È�É�Ê�Ë�Ì3Âïæ 3	ÍLÕ�Ðwä � Í2è 'Í�Ë�É�Â/Ã3É�ÛLØ �ê�Í�Î	Ë�ÂÒÅ'ÏHÉ�Ø�Ð3ß�Ì3Â�ÉtÔ�Ø�ÌHØ�Ü#Â/È�Â

ÙRí�Ì'Ï�Ø/Û,É�Ì	Ë/Ø�Ð3ß�Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â (E, ‖ · ‖E)
È
s(K)

Ê�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3ÂúË�Â/Õ�Ï�ØÒÅïË�Â�Ð3ß�Ú�Â Ë�Â/Õ�Ï�Ø'ÍÚ�Â/Õ�Ï�ØoÌ3Â/Ã3ÛLØ ‖ · ‖E Ý Â/Ã#Ñ�Ï3Ú�Â/È�Â>Ì3É Ý Ã3É�Ã	ô2È�ÌHØ'ä
]2Ø�ÌHØ�Ü#Â/È#ØûÃ3É�Ä«É�Ë�Ú'Ø

(E, ‖ · ‖E)
ÌHØ�Ç�ô2È#Ø/É�Ë�Ê�Ñ

p
á ���	*�4)5�&���6 â

1 6 p < ∞ ë�Í�É�Ê�Ð3ÅÒÊ�í�ì«É�Ê�Ë�È�í�É�Ë
Ë/Ø�Ú'Ø�ÑÆÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë/Ø

M > 0
Í3Î	Ë�ÂoÏ	Ð3ÑûÐ3ÓXÔ�Â/Õ�Â>Ú�Â/Ì3É�Î	Ì3Â/Õ�ÂÞÌHØ/Ô�Â/ÃHØoò�ÐHÉ�Û,É�Ì	Ë�Â/È {xi}ni=1 ⊂ E

È�É�Ã	Ì3Â
Ê�ÐHÉ�Ï3í�Ó[ì«É�ÉXÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â�7

∥∥∥∥∥

(
n∑

i=1

|xi|p
) 1

p
∥∥∥∥∥
E

6M

(
n∑

i=1

‖xi‖pE

) 1
p

.

enØ�Å3Û,É�Ì	ß�ÄoØ�ÑúÊ�Ã3É�Ï3ÅúË/Ø�Ú	Å'Ü Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë
M

ÌHØ�Ç�ô2È#Ø/É�Ë�Ê�ÑúÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö
p
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å Ý Ã3Â�Ê�Ë�ÃHØ�Ì'áÊ�Ë�È#Ø

E
ÅÆÂ�Ô�Â/Ç�ÌHØ�ÎHØ/É�Ë�Ê�ÑÆÎ3É�Ã3É�Ç

M (p)(E)
ä

UnØ�×«Ï�Ø�ÑõÔ�Ø�ÌHØ�Ü#Â/È#Ø�Ã3É�Ä«É�Ë�Ú'Ø
E
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ ö�á§È�ô Ý í�Ú'ÐHÂ/Ö�Í Ý Ã	Å ò�Ë�Â�Û M (1)(E) = 1

äLUXÃ3Â�Û,É
Ë�Â/Õ�Â	Í

p
á§È�ô Ý í�Ú'Ð�Ø�ÑÒÔ�Ø�ÌHØ�Ü#Â/È#ØÆÃ3É�Ä«É�Ë�Ú'Ø�È�Ê�É�Õ�Ï�ØÆí�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�ËtÈ�É�Ã�Ü'Ì3É�Ö p á�Â#�3É�Ì	Ú�É�ÍwË�äNÉ�äwÊ�í�ì«É�áÊ�Ë�È�í�É�Ë«Ë/Ø�Ú'Ø�ÑàÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë/Ø

M > 0
Í�Î	Ë�ÂfÏ	Ð3ÑÐ3ÓXÔ�Â/Õ�Â!Ú�Â/Ì3É�Î	Ì3Â/Õ�ÂoÌHØ/Ô�Â/ÃHØ Ý Â Ý Ø�Ã	Ì3Â!Ï3Å	Ç08 Ó[Ì	Ú	Ë�Ì	ô9Üò�ÐHÉ�Û,É�Ì	Ë�Â/È {xi}nn=1 ⊂ E

È�É�Ã	Ì3ÂoÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

∥∥∥∥∥

n∑

i=1

xi

∥∥∥∥∥
E

6M

(
n∑

i=1

‖xi‖pE

) 1
p

.



ó �[��3 - 
�� 8��>8 *�� �	�	�	$Æ� 8��>8
� D � À#x��NÀ������f~�� ������� �	����xH� �5y ��À
	 ��� ���HÀ�~	�H���

���	� ���xHy � v ÁLÀ ��~	�H����	 �Nx �)
�� �	���)
'y����	Nx �/~,À/ÁLxHy���
'À�~	�H�Nx �)
'À
�
UnØ�Úí�×!É[Â/Ë�Û,É�ÎHØ�ÐHÂ�Ê�ß!È�ÂnÈ�È�É�ÏHÉ�Ì	Å	Å�Í�Ï	Ð3ÑoÐ3ÓXÔ�Â/Õ�ÂRÐ3Å	Ì3É�Ö	Ì3Â/Õ�Â!Â/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì3Â/Õ�Â«Â Ý É�ÃHØ�Ë�Â/ÃHØ T ÍÏHÉ�Ö3Ê�Ë�È�í�Ó[ì«É�Õ�Â5È5]9PRm

(E, ‖ · ‖E) ⊂ s(K)
Í,Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß ∥∥ 1

n+1

∑n
j=0 T

kjx − x0
∥∥
E

→ 0
Ï	Ð3Ñ

È�Ê�É�Ü {kj}∞j=0 ∈ N
Å�Ì3É�Ú�Â/Ë�Â/Ã3Â/Õ�Â

x0 ∈ E
È�Ê�É�Õ�Ï�ØÞÈ/ÐHÉ�Î3É�ËàÊ�Ð�Ø/Ô/í�Ó@Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß/áÌ3Â�Ê�Ë�Å {T n(x)} È E Úàò�ÐHÉ�Û,É�Ì	Ë�í

x0
ä3TLÐHÉ�Ï3í�Ó[ìoØ�ÑÞË�É�Â/Ã3É�ÛLØ!í�Ê�Ë/Ø�ÌHØ�È/Ð3Å	È#Ø/É�ËÞÊ�È�Â/Ö3Ê�Ë�È�Âo]�Ð3í'ÛLØna

cRØ�Ì3Ê�Â/ÌHØ!Ï	Ð3ÑûÚ'Ø�×«ÏHÂ/Õ�ÂÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â/Õ�Â p á§È�ô Ý í�Ú'ÐHÂ/Õ�ÂÆâ p > 1
ë9]9PRm

E ⊂ s(K)
ä

� À#x��NÀ���� � DãAHD �h 3�����
(E, ‖ · ‖E) �

������� - $B���/$ - ����"�$ - �
p
"ð
�021� 	�	� - �R����1���"��*��������$ - �'�/��$��#"

! - 
 - �#�w��������$ - �n1 - ��1#" - ����"���$B����
 - 

s(K)

�X� - $B������$B� - �
p
"ð
�021� 	�	� - �����

M (p)(E) = 1
*
p > 1

8
+�-�$ ���X����%��&'� -�$/- �	�	$B���	$ -�$/- ���o������%

T : E → E
�3f�����*� - ���+! - ���3� - ������


(E, ‖ · ‖E)
1 - ���B� "

� - 
�����������$ - ����� {T n(x)} � ( �B������$B�� x0 ∈ E ���B���3 3���>�+! - ���3� - �����
∥∥∥∥∥

1

n+ 1

n∑

j=0

T kj (x)− x0

∥∥∥∥∥
E

→ 0

����%û
'���-! {kj}∞j=0 ∈ N
8

C
SLÊ�Ð3Å

T n(x) → x0
Ê�Ð�Ø/Ô�Â5È

E
ÍLË�Â

T n+1(x) = T (T n(x)) → T (x0)
Ê�Ð�Ø/Ô�Â5Å Ý Â/ò�Ë�Â�Û7í

T (x0) = x0
ä g Ê�Ð3í�ÎHØ/É

x0 6= 0
Ç�Ø/Û,É�Ì	Ñ	É�ÛÒò�ÐHÉ�Û,É�Ì	Ë

x0
ÌHØ

(x−x0)
Í�ÅÔ/í�ÏHÉ�Û5Ê�Î	Å	Ë/Ø�Ë�ß3Í#Ì3É�Â/Õ�ÃHØ�Ì	Å'á

Î	Å	È#Ø�ÑÞÂ�Ô/ì!Ì3Â�Ê�Ë�Å�Í�Î	Ë�Â
T n(x) → 0

Ê�Ð�Ø/Ô�Â	ä'YNØ�Ú	Å3ÛúÂ�Ô/ÃHØ�Ç�Â�Û2Í#Ï	Ð3Ñ>ÏHÂ/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È#Ø«í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å	Ñ
Ë�É�Â/Ã3É�Û7ô Ê�ÐHÉ�Ï3í�É�Ë>í�Ê�Ë/Ø�Ì3Â/È�Å	Ë�ß3ÍHÎ	Ë�Â>Ê�Ð�Ø/Ô�Ø�Ñ�Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß

T n(x) → 0
È
E
È/ÐHÉ�Î3É�ËÞÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß

∥∥∥∥∥
1

n+ 1

n∑

j=0

T kj (x)

∥∥∥∥∥
E

→ 0

Ý Ã	Å n→ ∞ Ï	Ð3ÑàÐ3ÓXÔ�Â/Ö Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {kj}∞j=0 ∈ N
ä

mRÂ�Ê�Ú�Â�Ð3ß�Ú	í
T
Ê�×«Ø�Ë�Å3É�Í'Ë�Â ‖T n+1(x)‖E 6 ‖T n(x)‖E

Í#Å Ý Â/ò�Ë�Â�Û7í Ý Ã3É�ÏHÉ�Ð limn→∞ ‖T n(x)‖EÊ�í�ì«É�Ê�Ë�È�í�É�Ë�ä�SLÊ�Ð3Åfò�Ë�Â/Ë Ý Ã3É�ÏHÉ�Ð«ÃHØ�È�É�ÌfÌ	í�Ð3Ó«Í�Ë�Â2í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3É�Ë�É�Â/Ã3É�Û7ô 'äåöLÂ/Î3É�È�Å'Ï3Ì3Â	ä�mXÃ3É�Ï Ý Â�áÐHÂ�×oÅ3Û2Í#Î	Ë�ÂRò�Ë�Â/Ë Ý Ã3É�ÏHÉ�ÐÞÃHØ�È�É�Ì α 6= 0
ä
� Ø/Û,É�Ì	Ñ'Ñ Í#É�Ê�Ð3ÅÌ3É�Â�Ô�Ü#Â�Ï3Å3Û,Â	Í�ò�ÐHÉ�Û,É�Ì	Ë

x
ÌHØXò�ÐHÉ�Û,É�Ì	Ë x

α

Í
Û,Â�×oÌ3ÂÊ�Î	Å	Ë/Ø�Ë�ß3Í3Î	Ë�Â

limn→∞ ‖T n(x)‖E = 1
ä

� Ø/ÙRÅ	Ú�Ê�Å	Ã	í�É�Û
δ > 0

Å È�ô�Ô�É�Ã3É�ÛjÌHØ�Ë�í�ÃHØ�Ð3ß�Ì3Â�ÉàÎ	Å3Ê�ÐHÂ
t
Ë/Ø�Ú�ÍNÎ	Ë�Â�Ô/ôdÈ�ô Ý Â�Ð3Ì	Ñ�ÐHÂ�Ê�ß5Ì3É�ÃHØ�á

È�É�Ì3Ê�Ë�È�Â
t
1
p
−1

< δ
2

äNmRÂ�Ê�Ú�Â�Ð3ß�Ú	í
1 + 2ps < 2p(s + 1)

Ï	Ð3Ñ5È�Ê�É�Ü
s ∈ N

Í�Ë�ÂÆÊ�í�ì«É�Ê�Ë�È�í�É�ËtË/Ø�Ú�Â�É
ε ∈ (0, 1)

Í3Î	Ë�Â
(
(1 + ε)p + 2ps

) 1
p < 2(s+ 1)

1
p − (s+ 1)ε

â�ö�ë
Ï	Ð3ÑûÈ�Ê�É�Ü

s = 1, . . . , t− 1
ä

T�Â/Õ�Ð�Ø/Ê�Ì3Â�ÃHØ�È�É�Ì3Ê�Ë�È�í
limn→∞ ‖T n(x)‖E = 1

Í Ê�í�ì«É�Ê�Ë�È�í�É�ËûË/Ø�Ú�Â�É
k ∈ N

ÍBÎ	Ë�ÂÞÈ�É�Ã	Ì3ÂûÌ3É�ÃHØ�á
È�É�Ì3Ê�Ë�È�Â

∥∥T k(x)
∥∥
E
< 1 + ε.

â ø�ë
J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û Â Ý É�ÃHØ�Ë�Â/Ã Ý Ã3Â�É�Ú	Ë�Å	Ã3Â/È#Ø�Ì	Å	Ñ Pr

È
E
ÌHØ>Ð3Å	Ì3É�Ö	Ì	í�ÓZÂ�Ô�Â�ÐHÂ/Î	Ú	í

Lin{e1, . . . , er}Â/Ã	Ë�Â/È
e1, e2, . . . , er ∈ E

Í'Ë�ä3É�ä

Pr({ξn}∞n=1) = {ξ1, . . . , ξr, 0, 0, . . .} =

r∑

n=1

ξnen.

M[Ô�Â/Ç�ÌHØ�ÎHØ�ÑÞÎ3É�Ã3É�Ç
I
Ë�Â�×«ÏHÉ�Ê�Ë�È�É�Ì	Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/ÃÞÈ E Í�È!Ê�Å'Ð3í Ý Â/Ã#Ñ�Ï3Ú�Â/È�Â/ÖûÌ3É Ý Ã3É�Ã	ô2È�Ì3Â�Ê�Ë�ÅàÌ3Â/Ã'áÛ7ô ‖ · ‖E

Å3Û,É�É�Û2Í�Î	Ë�Â ‖(I −Pr)T
k(x)‖E → 0 Ý Ã	Å r → ∞ ä	TLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í3Ê�í�ì«É�Ê�Ë�È�í�É�Ë«Ë/Ø�Ú�Â�É

r ∈ N
Í'Î	Ë�ÂoÈ�É�Ã	Ì3ÂoÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

∥∥(I − Pr)T
k(x)

∥∥
E
< ε.

â �ë



� " $/- �����������	��%5��� - "w���������� 3���
��� ��$B� - $��!
 �/��$���! - 
�0 !"w��������	��!�1 - ���B��� - 
�����������$ - ������� �

YNØ�ÚjÚ'Ø�Ú
Pr(E) = Lin{e1, . . . , er}

a Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�ÉúÐ3Å	Ì3É�Ö	Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â È E
Å

T k+j(x) → 0
Ê�Ð�Ø/Ô�Â Ý Ã	Å j → ∞ Í'Ë�ÂoÌHØ�Ö'ÏHÉ�Ë�Ê�Ñ�Ë/Ø�Ú�Â�É

d ∈ N
Í�Ï	Ð3ÑûÚ�Â/Ë�Â/Ã3Â/Õ�Â

∥∥PrT
k+j(x)

∥∥
E
< ε

â � ë
Ý Ã	Å�È�Ê�É�Ü j > d

ä
MhË�Û,É�Ë�Å3Û2Í3Î	Ë�ÂoÅ	ÇRÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È ‖Pr(x)‖E 6 ‖x‖E

Å ‖(I − Pr)(x)‖E 6 ‖x‖E
Ê�ÐHÉ�Ï3í�É�Ë�Í3Î	Ë�Â

‖Pr‖E→E 6 1, ‖I − Pr‖E→E 6 1.
â é�ë

mRÂ/Ú'Ø�×!É�ÛõË�É Ý É�Ã	ß3Í	Î	Ë�Â
∥∥Tm1(x) + . . .+ Tms(x)

∥∥
E
6 2s

1
p ,

â ó�ë
Õ�ÏHÉ

k 6 m1 < m2 < . . . < ms
Í
s 6 t

Å
mi+1 −mi > d

Ï	Ð3ÑàÈ�Ê�É�Ü
i = 1, . . . , s− 1

ä
O!Â/Ú'Ø�×!É�ÛÒÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âàâ ó�ë�Í�Å3Ê Ý Â�Ð3ß�Ç�í�Ñ>Å	Ì'Ï3í�Ú��	Å	Ó Ý Â s ä�OnÐ3Ñ s = 1

Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âàâ ó�ëNÈ�É�Ã	Ì3Â
È>Ê�Å'Ð3íàÈ�ô�Ô�Â/ÃHØoÎ	Å3Ê�Ð�Ø

ε
ä3mXÃ3É�Ï Ý Â�ÐHÂ�×oÅ3Û2ÍHÎ	Ë�ÂoÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âtâ ó�ë�È�É�Ã	Ì3Â«Ï	Ð3Ñ s < t

Å Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�áË�É�Ð3ß�Ì3Â�Ê�Ë�ß
m1,m2, . . . ,ms+1

í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ëí�Ú'Ø�Ç�Ø�Ì	Ì	ô�Û È�ô2Ä«ÉRË�Ã3É�Ô�Â/È#Ø�Ì	Å	Ñ	Û2äHYwÂ/Õ�Ï�Ø
∥∥Tm1(x) + . . .+ Tms+1(x)

∥∥
E
=
∥∥Tm1−k

(
T k(x) + Tm2−m1+k(x)

+ . . .+ Tms+1−m1+k(x)
)∥∥

E
6
∥∥T kx+ Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

∥∥
E

6
∥∥PrT

kx+ (I − Pr)
(
Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

)∥∥
E

+
∥∥(I − Pr)T

k(x)
∥∥
E
+
∥∥Pr

(
Tm2−m1+k(x) + . . . + Tms+1−m1+k(x)

)∥∥
E
.

g Ê�Å'Ð3íÞÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�â �ë�Å â � ë�Å3Û,É�É�Û2Í3Î	Ë�Â
∥∥(I − Pr)T

k(x)
∥∥
E
+
∥∥Pr

(
Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

)∥∥
E
< (s+ 1)ε.

mRÂ�Ê�Ú�Â�Ð3ß�Ú	í�Í5Ô�Ø�ÌHØ�Ü#Â/È#Ø Ã3É�Ä«É�Ë�Ú'Ø
E

Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ
p
á§È�ô Ý í�Ú'ÐHÂ/Ö Ê@Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö

p
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å

M (p)(E) = 1
Í	Ë�Â

E
í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�ËÈ�É�Ã�Ü'Ì3É�Ö

p
á�Â#�3É�Ì	Ú�ÉnÊRË�Â/Öû×!ÉRÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö�Í�Ë�ä3É�ä

∥∥∥∥∥

n∑

i=1

xi

∥∥∥∥∥
E

6

(
n∑

i=1

‖xi‖pE

) 1
p

È>Ê�Ð3í�ÎHØ/É�Í	Ú�Â/Õ�Ï�Øoò�ÐHÉ�Û,É�Ì	Ë�ô {xi}ni=1 ⊂ E Ý Â Ý Ø�Ã	Ì3ÂoÏ3Å	Ç08 Ó[Ì	Ú	Ë�Ì	ônäYNØ�Ú Ú'Ø�Ú ò�ÐHÉ�Û,É�Ì	Ë�ô
(I − Pr)(T

m2−m1+k(x) + . . . + Tms+1−m1+k(x))
Å
PrT

k(x) Ý Â Ý Ø�Ã	Ì3ÂÏ3Å	Ç08 Ó[Ì	Ú	Ë�Ì	ônÍ�Ë�Â	Í/Å3Ê Ý Â�Ð3ß�Ç�í�Ñ Ý Ã3É�Ï Ý Â�ÐHÂ�×!É�Ì	Å3É[Å	Ì'Ï3í�Ú��	Å	Å�â ó�ëwÅ>Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È#Øâ ø�ë�ÍHâ é�ë�Í Ý Â�Ð3í�Î	Å3ÛÊ�ÐHÉ�Ï3í�Ó[ì!í�ÓjÂ#�3É�Ì	Ú	í 7
∥∥PrT

k(x) + (I − Pr)
(
Tm2−m1+k(x) + . . . + Tms+1−m1+k(x)

)∥∥
E

6

(∥∥PrT
k(x)

∥∥p
E
+
∥∥(I − Pr)

(
Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

)∥∥p
E

) 1
p
6
(
(1 + ε)p + 2ps

) 1
p .

TLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	ÍHÈ>Ê�Å'Ð3íàÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È#ØÆâ�ö�ë�Å3Û,É�É�Û2Í	Î	Ë�Â
∥∥Tm1(x) + . . .+ Tms+1(x)

∥∥
E
6
(
(1 + ε)p + 2ps

) 1
p + (s+ 1)ε < 2(s+ 1)

1
p .

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í	Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âtâ ó�ë�È�É�Ã	Ì3Â«Ï	Ð3ÑûÚ'Ø�×«ÏHÂ/Õ�Â
s 6 t

ä
mXí�Ê�Ë�ß {ni}∞i=0

a Ý Ã3Â/Å	Ç�È�Â�Ð3ß�ÌHØ�ÑùÊ�Ë�Ã3Â/Õ�ÂÆÈ�Â/Ç�ÃHØ/Ê�Ë/Ø�Ó[ìoØ�Ñ Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß5ÌHØ�Ë�í�ÃHØ�Ð3ß/áÌ	ô9ÜRÎ	Å3Ê�É�ÐwÍ�Å Ý í�Ê�Ë�ß N > k
a´ÏHÂ�Ê�Ë/Ø�Ë�Â/Î	Ì3ÂXÔ�Â�Ð3ß�Ä«Â�ÉLÌHØ�Ë�í�ÃHØ�Ð3ß�Ì3Â�É�Î	Å3Ê�ÐHÂ	ä�YwÂ/Õ�Ï�Ø

N = k+mt+r
Í



ç �[��3 - 
�� 8��>8 *�� �	�	�	$Æ� 8��>8
Õ�ÏHÉ

0 6 r < t
ÍHÅ

m
É�Ê�Ë�ßÞÌHØ�Ë�í�ÃHØ�Ð3ß�Ì3Â�É!Î	Å3Ê�ÐHÂ	ÍHÏ	Ð3ÑÆÚ�Â/Ë�Â/Ã3Â/Õ�Â

m > d
ä�PRÊ Ý Â�Ð3ß�Ç�í�ÑÆÏHÂ/Ú'Ø�Ç�Ø�Ì	Ì3Â�ÉÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âtâ ó�ë�Í Ý Â�Ð3í�Î	Å3Û2Í3Î	Ë�Â

∥∥∥∥∥

N∑

j=0

T nj (x)

∥∥∥∥∥
E

6

∥∥∥∥∥

k+r∑

j=0

T nj (x)

∥∥∥∥
E

+

m∑

s=1

∥∥∥∥∥

t−1∑

j=0

T nk+r+s+jm(x)

∥∥∥∥
E

6 (k + r + 1)‖x‖E +m · 2 · t
1
p.

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í

1

N + 1

∥∥∥∥∥

N∑

j=0

T nj (x)

∥∥∥∥∥
E

6
(k + r + 1)‖x‖E

N + 1
+

2mt
1
p

tm
=

(k + r + 1)‖x‖E
N + 1

+ 2t
1
p
−1
,

ÅÆÊ�Â/Õ�Ð�Ø/Ê�Ì3Â>È�ô�Ô�Â/Ã	í
t
Í

lim
N→∞

1

N + 1

∥∥∥∥∥

N∑

j=0

T nj (x)

∥∥∥∥∥
E

6 2t
1
p
−1

< δ.

YNØ�ÚÆÚ'Ø�Ú
δ > 0 Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì3Â�É�ÍHË�Â

lim
n→∞

1

n+ 1

∥∥∥∥∥

n∑

j=0

T kj (x)

∥∥∥∥∥
E

= 0.

� D � �Nv �[À ��
mXÃ	Å	È�É�ÏHÉ�Û Ý Ã	Å3Û,É�Ã	ô Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì	ô9Ü�Ê�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì	ô9ÜûÔ�Ø�ÌHØ�Ü#Â/È�ô9ÜÞÅ'ÏHÉ�Ø�Ð3ß�Ì	ô9Ü Ý Â�Ï Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È

(E, ‖ · ‖E) ⊂ s(K)
Í�Ï	Ð3ÑûÚ�Â/Ë�Â/Ã	ô9ÜûÈ�É�Ã	ÌHØ«Ë�É�Â/Ã3É�ÛLØ�'äåö�ä

� DãAHD mXí�Ê�Ë�ß
Φ
a ÙRí�Ì	Ú��	Å	ÑtMhÃ'Ð3Å	ÎHØ'Í�Ë�ä�É�ä

Φ : [0,∞) → [0,∞)
a È�ô Ý í�Ú'Ð�Ø�Ñ�Ì3É Ý Ã3É�Ã	ô2È�ÌHØ�ÑÈ>Ì	í�ÐHÉRÙRí�Ì	Ú��	Å	Ñ Í�Ï	Ð3ÑûÚ�Â/Ë�Â/Ã3Â/Ö

Φ(0) = 0
Å
Φ(u) > 0 Ý Ã	Å u 6= 0

ä3mXí�Ê�Ë�ß

lΦ = lΦ(N) =

{
x = {ξn}∞n=1 ∈ s(K) :

∞∑

n=1

(
Φ

( |ξn|
λ

))
<∞ Ï	Ð3ÑûÌ3É�Ú�Â/Ë�Â/Ã3Â/Õ�Â

λ > 0

}

a Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂûMhÃ'Ð3Å	ÎHØ Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�ÍBÊ�ÌHØ/Ô�×!É�Ì	Ì3Â�É!Ì3Â/Ã3Û,Â/Ö�_RÓ[Ú�Ê�É�Û,Ô/í�Ã	Õ�Ø

‖x‖Φ = inf

{
λ > 0 :

∞∑

n=1

(
Φ

( |ξn|
λ

))
6 1

}

âãÊ�Û2äåÍ7ÌHØ Ý Ã	Å3Û,É�Ã�Í�æåö�	ÍNË�ä2ö�ÍNÕ�Ðwä � êãë�äLWXÊ�Ì3Â	Í7Î	Ë�Â (lΦ, ‖ · ‖Φ)
É�Ê�Ë�ß5Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�É�Ô�Ø�ÌHØ�Ü#Â/È�Â

Å'ÏHÉ�Ø�Ð3ß�Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÞÈ s(K)
ä

K�Â/È�Â/Ã#Ñ'Ë�Í Î	Ë�Â ÙRí�Ì	Ú��	Å	Ñ MhÃ'Ð3Å	ÎHØ
Φ

í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë
∆2
á§í�Ê�ÐHÂ/È�Å	Ó È Ì	í�ÐHÉ�Í É�Ê�Ð3Å

lim supu→0
Φ(2u)
Φ(u) < ∞ ä g ò�Ë�Â�ÛbÊ�Ð3í�ÎHØ/É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�MhÃ'Ð3Å	ÎHØ (lΦ, ‖ · ‖Φ)

Ñ'È/Ð3Ñ	É�Ë�Ê�ÑÒÊ�É Ý Ø�ÃHØ�á
Ô�É�Ð3ß�Ì	ô�Û æåö�'Í'Ë�ä�ö�Í'Õ�Ðwä � Í'Ë�É�Â/Ã3É�ÛLØ � ä �'ä � ê�ä�T�Â/Õ�Ð�Ø/Ê�Ì3Â>Ë�É�Â/Ã3É�Û,Éfé'ä é«Å	Ç>æåö�é�êwÔ�Ø�ÌHØ�Ü#Â/È#Ø«Ã3É�Ä«É�Ë�Ú'Ø

lΦÑ'È/Ð3Ñ	É�Ë�Ê�Ñ
p
á§È�ô Ý í�Ú'ÐHÂ/ÖàâãÊ7Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö 1 ë�È2Ë�Â�Û�ÅRË�Â�Ð3ß�Ú�Â�È�Ë�Â�Û�Ê�Ð3í�ÎHØ/É�Í�Ú�Â/Õ�Ï�ØhÙRí�Ì	Ú��	Å	Ñ Φ(u1/p)È�ô Ý í�Ú'Ð�ØûÌHØ (0, 1)

Å
lim supu→0

2Φ(u1/p)

Φ((2u)1/p)
> 1

äwYNØ�Ú	Å3Û Â�Ô/ÃHØ�Ç�Â�Û2ÍwÊ�Â/Õ�Ð�Ø/Ê�Ì3Â�Ë�É�Â/Ã3É�Û,É 'äåö�Í Ý Ã	Å
È�ô Ý Â�Ð3Ì3É�Ì	Å	Å Ý Â�Ê�ÐHÉ�Ï3Ì	Å'Ü�í�Ê�ÐHÂ/È�Å	Ö�Ï	Ð3Ñ p > 1

ÈàÊ�Ð3í�ÎHØ/É�ÍHÚ�Â/Õ�Ï�Ø
Φ
í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë

∆2
á§í�Ê�ÐHÂ/È�Å	Ó

È>Ì	í�ÐHÉ�Í Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂûMhÃ'Ð3Å	ÎHØ (lΦ, ‖ · ‖Φ) Å3Û,É�É�ËÊ�È�Â/Ö3Ê�Ë�È�Â]�Ð3í'ÛLØ!adcRØ�Ì3Ê�Â/ÌHØ'ä
� D � D mXí�Ê�Ë�ß

c0
a Ô�Ø�ÌHØ�Ü#Â/È#ØõÃ3É�Ä«É�Ë�Ú'ØõÈ�Ê�É�Ü Ê�Ü#Â�Ï3Ñ'ì!Å'Ü#Ê�ÑjÚ Ì	í�Ð3Ó Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö

x = {ξn}∞n=1

Ú�Â�Û Ý ÐHÉ�Ú�Ê�Ì	ô9Ü�â ÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9ÜHëLÎ	Å3Ê�É�Ðwä'M[Ô�Â/Ç�ÌHØ�Î	Å3Û Î3É�Ã3É�Ç x∗ = {ξ∗n}∞n=1

Ì3É�È�Â/Ç�á
ÃHØ/Ê�Ë/Ø�Ó[ì!í�Ó Ý É�Ã3É�Ê�Ë/Ø�Ì3Â/È�Ú	í Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ÅùÎ	Å3Ê�É�Ð |x| = {|ξn|}∞n=1 ∈ c0

ä � Ø/ÙRÅ	Ú�Ê�Å	Ã	í�É�Û



� " $/- �����������	��%5��� - "w���������� 3���
��� ��$B� - $��!
 �/��$���! - 
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1 6 p, q < ∞ Å5ÃHØ/Ê�Ê�Û,Â/Ë�Ã	Å3Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÆ_nÂ/Ã3É�Ì��HØ lp,q È�Ê�É�Ü�Ë/Ø�Ú	Å'Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö
{ξn}∞n=1 ⊂ c0

Í�Ï	Ð3ÑàÚ�Â/Ë�Â/Ã	ô9Ü

‖{ξn}‖p,q =
( ∞∑

n=1

(ξ∗n)
q
(
n

q
p − (n− 1)

q
p

)) 1
p

<∞.

PXÇ�È�É�Ê�Ë�Ì3Â	Í�Î	Ë�Â Ý Ã	Å 1 6 q 6 p < ∞ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â (lp,q, ‖ · ‖p,q)
É�Ê�Ë�ßàÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â�ÉoÔ�Ø�ÌHØ�Ü#Â�áÈ�ÂûÊ�Å3Û,Û,É�Ë�Ã	Å	Î	Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�ÖbâãÊ�Û2äåÍBÌHØ Ý Ã	Å3Û,É�Ã�Í�æ é	ÍBÕ�Ðwä � ÍNè � êãë�Í Ý Ã	Åò�Ë�Â�Û

lp,q q
á§È�ô Ý í�Ú'ÐHÂ��fÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö

q
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å M (q)(lp,q) = 1

æ �'Í3í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3É 'ä �ê�äBTLÐHÉ�á
ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í�ÈÞÊ�Ð3í�ÎHØ/É

1 < q 6 p < ∞ Ô�Ø�ÌHØ�Ü#Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â (lp,q, ‖ · ‖p,q)
Å3Û,É�É�ËàÊ�È�Â/Ö3Ê�Ë�È�Â

]�Ð3í'ÛLØfadcRØ�Ì3Ê�Â/ÌHØ'ä
� D � D mXí�Ê�Ë�ß

(E, ‖ · ‖E)
a Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì3Â�É�Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�É�Ê�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â�É p á§È�ô Ý í�Ú'ÐHÂ�ÉÔ�Ø�ÌHØ�Ü#Â/È�ÂûÅ'ÏHÉ�Ø�Ð3ß�Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÆÈ s(K)

ÍBÕ�ÏHÉ
p > 1

äNT�Â/Õ�Ð�Ø/Ê�Ì3ÂÒæåö�'ÍBË�äwø'ÍBÕ�ÐwäLö�ÍBí�Ë�È�É�Ã'á
×«ÏHÉ�Ì	Å3É5ö�ä � ä ø�ê�È

E
Ê�í�ì«É�Ê�Ë�È�í�É�Ë5Ì3Â/Ã3ÛLØ ‖ · ‖′E

Í7ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�ÌHØ�Ñ Ì3Â/Ã3Û,É ‖ · ‖E
Í,Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â

Ú�Â/Ë�Â/Ã3Â/Ö Ý Ø�ÃHØ (E, ‖ · ‖′E)
É�Ê�Ë�ß

p
á§È�ô Ý í�Ú'ÐHÂ�É�Ô�Ø�ÌHØ�Ü#Â/È�Â Å'ÏHÉ�Ø�Ð3ß�Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂúÈ s(K)ÊÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö

p
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å M (p)((E, ‖ · ‖′E)) = 1

äLTLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í7Ï	Ð3Ñ
(E, ‖ · ‖′E)

È�É�Ã	Ì3Â
í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3ÉnË�É�Â/Ã3É�Û7ô 'äåö�ä

� D � DHg Ê�Å'Ð3íÆæåö�'Í#Ë�ä	ø'Í#Õ�Ðwä�ö�Í#Ë�É�Â/Ã3É�ÛLØÞö�ä ��ä ��ê�Ð3ÓXÔ�Ø�ÑÞÔ�Ø�ÌHØ�Ü#Â/È#ØfÃ3É�Ä«É�Ë�Ú'Ø'Í'Å3Û,É�Ó[ìoØ�ÑÈ�É�Ã�Ü'Ì	Ó[Ó
r
á�Â#�3É�Ì	Ú	ínÏ	Ð3Ñ

r > 1,
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ

p
á§È�ô Ý í�Ú'ÐHÂ/Ö>Ô�Ø�ÌHØ�Ü#Â/È�Â/ÖoÃ3É�Ä«É�Ë�Ú�Â/Ö«Ï	Ð3ÑfÐ3ÓXÔ�Â/Õ�Â 1 < p < r

ä�TLÐHÉ�á
ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	ÍNÊ�Â/Õ�Ð�Ø/Ê�Ì3Â Ý ä � ä àÐ3ÓXÔ�Â�ÉÔ�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�ÉûÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â�ÉàÔ�Ø�ÌHØ�Ü#Â/È�Â�Å'ÏHÉ�Ø�Ð3ß�Ì3Â�É
Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÒÈ s(K)

ÍNí�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ì«É�É�È�É�Ã�Ü'Ì3É�Ö
r
á�Â#�3É�Ì	Ú�É Ý Ã	Å r > 1

Í7Å3Û,É�É�Ë5ò�Ú	È�Å	È#Ø�á
ÐHÉ�Ì	Ë�Ì	í�ÓîÌ3Â/Ã3Û7í ‖ · ‖′E

Í�Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3ÂúÚ�Â/Ë�Â/Ã3Â/Ö
(E, ‖ · ‖′E)

Â�Ô�Ð�Ø�Ï�Ø/É�ËúÊ�È�Â/Ö3Ê�Ë�È�Â�Ûd]�Ð3í'ÛLØta
cRØ�Ì3Ê�Â/ÌHØ'ä

PXÇ�È�É�Ê�Ë�Ì3Â	ÍwÎ	Ë�Â�ÈÆÊ�Ð3í�ÎHØ/É
1 < p < q < ∞ ÙRí�Ì	Ú��	Å	Ñ ‖ · ‖p,q

É�Ê�Ë�ß Ý Â�Ð3ÌHØ�ÑÒÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�ÌHØ�ÑÚ	È#Ø�Ç�Å	Ì3Â/Ã3ÛLØ>ÌHØ«È�É�Ú	Ë�Â/Ã	Ì3Â/ÖÆÃ3É�Ä«É�Ë�Ú�É
lp,q
Í'í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ìoØ�ÑÆÈ�É�Ã�Ü'Ì3É�Ö

p
á�Â#�3É�Ì	Ú�Éæ ��ê�Í Ý Ã	Å�ò�Ë�Â�ÛÌHØ

lp,q
Ê�í�ì«É�Ê�Ë�È�í�É�ËRÌ3Â/Ã3ÛLØ ‖·‖(p,q) Í�ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�ÌHØ�ÑoÚ	È#Ø�Ç�Å	Ì3Â/Ã3Û,É ‖·‖p,q Í/Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3ÂRÚ�Â/Ë�Â/Ã3Â/Ö

(lp,q, ‖·‖(p,q))
É�Ê�Ë�ßXÔ�Ø�ÌHØ�Ü#Â/È�ÂXÊ�Å3Û,Û,É�Ë�Ã	Å	Î	Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�ÖtâãÊ�Û2äåÍ�ÌHØ Ý Ã	Å'áÛ,É�Ã�Í,æ é'Í�Õ�Ðwä � Íwè � êãë�ä mRÂ/ò�Ë�Â�Û7í�Å	ÇoÊ�Ú'Ø�Ç�Ø�Ì	Ì3Â/Õ�Â�È�ô2Ä«É«Ê�ÐHÉ�Ï3í�É�Ë�Í Î	Ë�ÂàÊ�í�ì«É�Ê�Ë�È�í�É�ËûÌ3Â/Ã3ÛLØ ‖ · ‖′p,q

Í
ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�ÌHØ�ÑùÌ3Â/Ã3Û,É ‖ · ‖(p,q)

Í7Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â�Ú�Â/Ë�Â/Ã3Â/Ö Ý Ø�ÃHØ (lp,q, ‖ · ‖′p,q)
Å3Û,É�É�Ë5Ê�È�Â/Ö3Ê�Ë�È�Â

]�Ð3í'ÛLØfadcRØ�Ì3Ê�Â/ÌHØ'ä
g Ç�Ø�Ú'Ð3Ó[Î3É�Ì	Å3É�Ç�Ø/Û,É�Ë�Å3Û2Í�Î	Ë�Â Ý Ã	Å3Û,É�Ã	ô Å	Ç Ý í�Ì	Ú	Ë�Â/È � ä 9Å � ä � È�ô9ÏHÉ�Ð3Ñ'Ó[Ë[Ú'Ð�Ø/Ê�Ê�ô Ô�Ø�ÌHØ�Ü#Â/È�ô9Ü

Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�ÈÞÊ Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�ÛïÂ/Ë�È�É�Ë�Â�Û ÌHØ Ý Ã3Â�Ô�ÐHÉ�Û7í�ö�é«Å	Çæåö�ö�ê�ä
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