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ISÞ	ß�à�á3à�âWãäâ�å	Þ	æ�ç�è3é'á	Þ	ê\ëìå	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê\ëôç�áFò�õ�Þ3à�Þ	å	é	ëìõ�ê2ö�õ#ò�Þäå'÷fë¾Þ3í�[
æ�í/ø	å3â�èFà�Þ	Þ	ê\ë¾åäåiáFò�ö�Þ3í�í�ù/áFò�ö�Þ	ê\ë¾åäú	á	å'èFí�û!à�Þ	å	é	ë¾åäõüæ�å'î3á3íýåfò�þ�á3í�î3å	ÞFò/ë¾å	ã�àiÿ ç�áFò�õ�Þ3à�Þ	å3à
� áFò�Þ'î3ß�è3é���ã	á	ê7è�òcâ�ò/ë,í�èFà�ß/ò�������õcß�à�í/á	å	åQç�ú	á	ç�æ�í�â�ß�åQå�ò�õ�ß�í�ëTò�ß�å	ø3à�â�ã�í/æ�íSç�ú	áFò�õ/èFà�Þ	å	é	��õcí�ù�è�ò�[
â�ß�å�ç�â�ß�í�
	ø	å	õ�ê7÷�ú	á3í/ñ3à�â�â�í/õeâ�Þ3à�ö�ò�õ�å3â�å3ë¾ê\ë¾å=ú	á	å	áFò��à�Þ	å	é	ë¾å`å!î3á������������/g áFò/ù�í/ß/ò�÷�����j����Kí�[
æ�ò�ÞFò�� ��� ���Kõüâ�õ�é'ö�å â�á3à"!�à�Þ	å3à�ë í�î3Þ3í�
iõ#ò�á	åFò�ñ	å3í/Þ	Þ3í�
fö�ò�î�ò�ø	åfù/ê7è å	ö�ç�ø3à�Þ â�å	Þ	æ�ç�è3é'á	Þ	ê 

å	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê 
uí/ú3à�áFò�ß�í/á�âSé�î3á3í�ë#�Kí�!!å

(Tu)(x) = − 1

π

1∫

−1

u′(s)
s− x

ds

ã'ò�ã�í/ú3à�áFò�ß�í/á��	îFà"
3â�ß�õ�ç�$%�!å&
 å	ö
L2(−1, 1)

õ
L2(−1, 1)

�Fâeí�ù�è�ò/â�ß�ó'$oí/ú	á3à�îFà�èFà�Þ	å	é

D(T ) =

{
u(x) : u(x) ∈ AC[−1, 1], u(−1) = u(1) = 0,

1∫

−1

√
1− x2 u′2(x) dx <∞

}
,

æ�îFà
AC[−1, 1] ( ë¾Þ3í�û!à�â�ß�õ�í õ�â�à�÷�ò/ù�â�í�è)$hß�Þ3íxÞ3à�ú	á3à�á	ê2õ�Þ	ê7÷�ÞFòxí/ß�á3à�ö�ã�à

[−1, 1]
ðKç�Þ	ã	ñ	å&
��Fg

� ���FîFí/ã'ò�ö�ò�Þ3í&��ø	ß�íQí/ú3à�áFò�ß�í/á
T
â�å3ë,ë,à�ß�á	å	ø3à�Þ åxú3í�èFí�û`å	ß�à�èFà�Þ��	g�áFò/ù�í/ß�àhj��+* è�ò
3ðQò,���'���Fî	è3é

â�ã'ò�è3é'á	Þ3í/æ�í=ú	á3í/å	ö�õ�à�îFà�Þ	å	é
(Tu, u)

ú3í�è3ç�ø3à�Þ3í`Þ3à�áFò�õ�à�Þ3â�ß�õ�í

(Tu, u) =

1∫

−1


− 1

π

1∫

−1

u′(s)
s− x

ds


u(x) dx >

1∫

−1

u2(x)√
1− x2

dx (∀u(x) ∈ D(T )).
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	�ß�åÂá3à�ö�ç�è3ó�ß/ò�ß�ê îFí/ú	ç�â�ã'ò$hß`í�ù�í�ù���à�Þ	å3àcÞFòeâ�è3ç�øFò
 â�å	Þ	æ�ç�è3é'á	Þ3í/æ�íQå	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó/[
Þ3í/æ�í=í/ú3à�áFò�ß�í/áFò`õ�å'î�ò

(Bu)(x) = −b(x)
π

1∫

−1

[
b(s)u(s)

]′

s− x
ds, b(x) ∈ AC[−1, 1],

áFò/â�â�ëTò�ß�á	å	õ#ò/à�ë,í/æ�í�õ ú	á3í�â�ß�áFò�Þ3â�ß�õ�à�Oeà�ù�à�æ�ò
Lp(%)

�
p > 2

��â õ�à�â�í�ë
%(x) = (1 − x2)−1/2 å

í�ù�è�ò/â�ß�ó'$?í/ú	á3à�îFà�èFà�Þ	å	é
D(B) =

{
u(x) : u(x) ∈ AC[−1, 1], u(±1) = 0, u′(x) ∈ Lp′(σ)

} �3æ�îFà
p′ = p/(p − 1)

�
σ(x) = (1 − x2)(p

′−1)/2 � � á	å�þ�ß�å'÷�ç�â�èFí/õ�å	é�÷�í/ú3à�áFò�ß�í/á
B
é'õ/è3é	à�ß�â�é�â�å3ë,ë,à�ß/[

á	å	ø	Þ	ê\ëüå ú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ë ��ú	á	å	ø3à�ëfÿ^â�ë ��� ��� �

〈Bu, u〉 =
1∫

−1


−b(x)

π

1∫

−1

[
b(s)u(s)

]′

s− x
ds


u(x) dx >

1∫

−1

[
b(x)u(x)

]2
√
1− x2

dx (∀u(x) ∈ D(B)).

g áFò/ù�í/ß/ò�÷ O ��g7í�è3ó�ðeà�á3â»îFí/á3ðQò ��������åWò�õ�ß�í/áFò � ���Tç�â�ß/ò�Þ3í/õ/èFà�ÞFò�ëTò�ã�â�å3ëTò�è3ó�ÞFò�éWë,í/Þ3í/ß�í/Þ'[
Þ3í�â�ß�ó í/ú3à�áFò�ß�í/á3í/õ

T
å
B
��â�í�í/ß�õ�à�ß�â�ß�õ�à�Þ	Þ3í&��å�îFí/ã'ò�ö�ò�Þ	êoß�à�í/á3à�ë¾ê?íÂâ�ç���à�â�ß�õ�í/õ#ò�Þ	å	å å�à�î3å	Þ'[

â�ß�õ�à�Þ	Þ3í�â�ß�åWá3à"!�à�Þ	å	éuî	è3é�áFò�ö�è3å	ø	Þ	ê7÷�ã'è�ò/â�â�í/õ�Þ3à�è3å	Þ3à"
	Þ	ê7÷ â�å	Þ	æ�ç�è3é'á	Þ	ê7÷ å	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�[
á3à�Þ	ñ	åFò�è3ó�Þ	ê7÷uç�áFò�õ�Þ3à�Þ	å&
�âeé�î3á3í�ë��Kí�!!å���â�í�îFà�á#û�ò�!å'÷uþ�ß�åuí/ú3à�áFò�ß�í/á	ê �NJKà�ã�í/ß�í/á	ê\à!î3á	ç�æ�å3à
ã'è�ò/â�â�êfß/ò�ã	å'÷ ç�áFò�õ�Þ3à�Þ	å&
�ù/ê7è3å áFò�Þ3à�àKáFò/â�â�ë,í/ß�á3à�Þ	êäõ � 
���

güî�ò�Þ	Þ3í�
 áFò/ù�í/ß�àSå	ö�ç�øFò/à�ß�â�é â�å	Þ	æ�ç�è3é'á	Þ	ê 
 å	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê 
�í/ú3à�áFò�ß�í/á�âcé�î	[
á3í�ëüLNå'è3ó�ù�à�á	ß/ò

(Gu)(x) = − 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds

ã'ò�ãuí/ú3à�áFò�ß�í/á��FîFà"
3â�ß�õ�ç�$%�!å&
�å	öQú	á3í�â�ß�áFò�Þ3â�ß�õ#òÂõ�à"��à�â�ß�õ�à�Þ	Þ	ê7÷
2π
[ ú3à�á	å3í�î3å	ø3à�â�ã	å'÷ ðKç�Þ	ã	ñ	å&


Lp(−π, π)
�
1 < p <∞ ��õ`â�í/ú	á#é'û!à�Þ	Þ3í�à!âhÞ	å3ë�ú	á3í�â�ß�áFò�Þ3â�ß�õ�í

Lp′(−π, π)
�3âSí�ù�è�ò/â�ß�ó'$ í/ú	á3à�îFà�[

èFà�Þ	å	é

D(G) =



u(x) : u(x) ∈ AC[−π, π], u(−π) = u(π) = 0,

π∫

−π

|u′(x)|p′ dx <∞



 ,

æ�îFà
AC[−π, π] ( ë¾Þ3í�û!à�â�ß�õ�íxõ�â�à�÷ ò/ù�â�í�è)$hß�Þ3í=Þ3à�ú	á3à�á	ê2õ�Þ	ê7÷ ÞFò�í/ß�á3à�ö�ã�à

[−π, π] ðKç�Þ	ã	ñ	å&
��� á	å3ë,à�Þ	é'é�ë,à�ß�í�î3êýß�à�í/á	å	å�ß�á	å	æ�í/Þ3í�ë,à�ß�á	å	ø3à�â�ã	å'÷`á#é�îFí/õ � ������ç�â�ß/ò�Þ3í/õ/èFà�Þ3í&��ø	ß�í
G
é'õ/è3é	à�ß�â�é

â�å3ë,ë,à�ß�á	å	ø	Þ	ê\ë �¿ú3í/ß�à�Þ	ñ	åFò�è3ó�Þ	ê\ë �¾â�ß�á3í/æ�í ú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ë å ëTò�ã�â�å3ëTò�è3ó�Þ	ê\ë ë,í/Þ3í/ß�í/Þ	Þ	ê\ë
í/ú3à�áFò�ß�í/á3í�ë �#IKâ�ú3í�è3ó�ö�ç�é�þ�ß�å=â�õ�í�
3â�ß�õ#ò���ë,à�ß�í�îFí�ë ëTò�ã�â�å3ëTò�è3ó�Þ	ê7÷=ë,í/Þ3í/ß�í/Þ	Þ	ê7÷=í/ú3à�áFò�ß�í/á3í/õ,� ��
îFí/ã'ò�ö�ò�Þ	êäæ�èFí�ù�ò�è3ó�Þ	ê\àQß�à�í/á3à�ë¾ê í=â�ç���à�â�ß�õ�í/õ#ò�Þ	å	å�å�à�î3å	Þ3â�ß�õ�à�Þ	Þ3í�â�ß�åuá3à"!�à�Þ	å	é î	è3é áFò�ö�è3å	ø'[
Þ	ê7÷�ã'è�ò/â�â�í/õ�Þ3à�è3å	Þ3à"
	Þ	ê7÷ â�å	Þ	æ�ç�è3é'á	Þ	ê7÷ å	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê7÷ ç�áFò�õ�Þ3à�Þ	å&
Wâ`é�î3á3í�ë
LNå'è3ó�ù�à�á	ß/ò��mâ�í�îFà�á#û�ò�!å'÷ í/ú3à�áFò�ß�í/á

G
� � á	å	õ�à�îFà�Þ	ê?â�èFà�îFâ�ß�õ�å	é	�8å'è	è)$Sâ�ß�á	å	á	ç�$%�!å3à`ú3í�è3ç�ø3à�Þ'[

Þ	ê\àKá3à�ö�ç�è3ó�ß/ò�ß�ê �
g7â"$7î3ç�õ�áFò/ù�í/ß�à ù/ç�îFà�ëoú	á	å'îFà�á#û`å	õ#ò�ß�ó�â�é ú	á	å	Þ	é'ß�ê7÷ýõ ë,í/Þ3í/æ�áFò/ðKå	å � ���hí�ù�í/ö�ÞFò�ø3à�Þ	å&
Öå

í/ú	á3à�îFà�èFà�Þ	å&
��3ã'ò/â�ò$%�!å'÷#â�é ß�à�í/á	å	å�ë,í/Þ3í/ß�í/Þ	Þ	ê7÷�í/ú3à�áFò�ß�í/á3í/õ)� � ç�â�ß�ó
X ( õ�à"��à�â�ß�õ�à�Þ	Þ3í�àeá3à�[

ðSèFà�ã�â�å	õ�Þ3í�àcù�ò�ÞFò�÷#í/õ�íKú	á3í�â�ß�áFò�Þ3â�ß�õ�í&�
X∗ ( â�í/ú	á#é'û!à�Þ	Þ3í�àhâ7Þ	å3ë�ú	á3í�â�ß�áFò�Þ3â�ß�õ�íeå=í/ú3à�áFò�ß�í/á

ΛîFà"
3â�ß�õ�ç�à�ß�å	ö
X
õ
X∗ ��ß�mà'� Λ ∈ (X → X∗)

�¾Zhù�í/ö�ÞFò�ø	å3ëäø3à�á3à�ö 〈y, x〉 ö�ÞFò�ø3à�Þ	å3àxè3å	Þ3à"
	Þ3í/æ�íÞ3à�ú	á3à�á	ê2õ�Þ3í/æ�í ðKç�Þ	ã	ñ	å3í/ÞFò�è�ò
y ∈ X∗ ÞFò þ�èFà�ë,à�Þ	ß�à x ∈ X

�¾goøFò/â�ß�Þ3í�â�ß�å��,à�â�è3å
X ( æ�å'è3ó/[

ù�à�á	ß�í/õ�íQú	á3í�â�ß�áFò�Þ3â�ß�õ�í
H
��ß�í 〈y, x〉 â�í/õ�úFò�î�ò/à�ß�â\í�ù/ê2ø	Þ	ê\ëWâ�ã'ò�è3é'á	Þ	ê\ë ú	á3í/å	ö�õ�à�îFà�Þ	å3à�ë (y, x)

�
æ�îFà

x, y ∈ H
�mZcú3à�áFò�ß�í/á

Λ
â!è3å	Þ3à"
	Þ3í�
 í�ù�è�ò/â�ß�ó'$ í/ú	á3à�îFà�èFà�Þ	å	é

D(Λ) ⊂ X
ÞFò�ö�ê2õ#ò/à�ß�â�é �K���

 ����� ��� � ��à�â�è3åuî	è3é�è)$Sù/ê7÷ u, v ∈ D(Λ)
õ�ê2ú3í�è3Þ	é	à�ß�â�é Þ3à�áFò�õ�à�Þ3â�ß�õ�í 〈Λu − Λv, u − v〉 > 0



5 �	$��� �����"�$	0S�h�	$8������" -�� �������e�¥"m��$�		������
�$	0S�c #"���
�$8��$	���u�����	" - ��N�	��
����¥"m��� ���
å â�ß�á3í/æ�íüë,í/Þ3í/ß�í/Þ	Þ	ê\ë �hà�â�è3å 〈Λu − Λv, u − v〉 > 0

ú	á	å
u 6= v

�\j�í/Þ3í/ß�í/Þ	Þ	ê 
äí/ú3à�áFò�ß�í/á
Λ ∈ (D(Λ) → X∗)

ÞFò�ö�ê2õ#ò/à�ß�â�é �K���������K�����  ���K�  ����� ��� � �3à�â�è3å�å	ö!õ�ê2ú3í�è3Þ3à�Þ	å	é�Þ3à�áFò�õ�à�Þ'[
â�ß�õ#ò 〈f − Λv, u − v〉 > 0

î	è3é è)$Sù�í/æ�í
v ∈ D(Λ)

â�èFà�î3ç�à�ß�¿ø	ß�í
u ∈ D(Λ)

å
Λu = f

�mVTâ�è3å
Λ ( è3å	Þ3à"
	Þ	ê 
Wí/ú3à�áFò�ß�í/á��Nß�í í/ú	á3à�îFà�èFà�Þ	å3àxë,í/Þ3í/ß�í/Þ	Þ3í/æ�í å â�ß�á3í/æ�í ë,í/Þ3í/ß�í/Þ	Þ3í/æ�í í/ú3à�áFò�ß�í/áFò
â�í/õ�úFò�î�ò/à�ß=âhí/ú	á3à�îFà�èFà�Þ	å3à�ëýú3í�èFí�û`å	ß�à�è3ó�Þ3í/æ�í=å â�ß�á3í/æ�í�ú3í�èFí�û`å	ß�à�è3ó�Þ3í/æ�íxí/ú3à�áFò�ß�í/áFò�â�í�í/ß�õ�à�ß/[
â�ß�õ�à�Þ	Þ3í&�

�eò�ã í�ù/ê2ø	Þ3í&�	ø3à�á3à�ö
R
å
N
í�ù�í/ö�ÞFò�øFò$hß�â�é�ë¾Þ3í�û!à�â�ß�õ#ò`õ�â�à�÷ÂîFà"
3â�ß�õ�å	ß�à�è3ó�Þ	ê7÷ å ÞFò�ß�ç�áFò�è3ó/[

Þ	ê7÷ ø	å3â�à�è�â�í�í/ß�õ�à�ß�â�ß�õ�à�Þ	Þ3í&�8ò�ø3à�á3à�ö
p′ = p/(p− 1) ( â�í/ú	á#é'û!à�Þ	Þ3í�à�â

p
ø	å3â�èFí&�

� B s Ý'Ø¿|���z����¿|	Û,|���Õ¿Ý'Ò�Û,ÜFÔ¿|Fw�Ý'Ü�w�Õ¿Ô��/Ú�Û��mØ¿Ô¿|���|
Õ¿Ô¿Ý'Ò���Ø¿|���ÓTÕ���� Ò#Ø¿Ò#Ô��¿Õ¿z�Û,ÜFÔ¿|���|u|��¿Ò#Ø¿z	Ý'|FØ¿z�w �8ÓTØ¿|"!$#TÕ�Û,ÜF{FÒ#Ø¿Ý�z

� ç�â�ß�ó
1 < p <∞ å

p′ = p/(p−1)
�	Zhù�í/ö�ÞFò�ø	å3ë ø3à�á3à�ö

Lp(−π, π)
ë¾Þ3í�û!à�â�ß�õ�í!õ�â�à�÷`å	ö�ë,à�á	å'[

ë¾ê7÷ ú3í=Oeà�ù�à�æ�ç ÞFò=í/ß�á3à�ö�ã�à
[−π, π] õ�à"��à�â�ß�õ�à�Þ	Þ	ê7÷ 2π

[ ú3à�á	å3í�î3å	ø3à�â�ã	å'÷�ðKç�Þ	ã	ñ	å&
�âeã�í/Þ3à�ø	Þ3í�

Þ3í/á3ë,í�
 ‖u‖p =

( ∫ π
−π |u(x)|pdx

)1/p �¾JKí/á3ë¾ç õ�â�í/ú	á#é'û!à�Þ	Þ3í�ënú	á3í�â�ß�áFò�Þ3â�ß�õ�à
Lp′(−π, π)

í�ù�í�[
ö�ÞFò�ø	å3ë ø3à�á3à�ö ‖ · ‖p′

� � í�â�ß/ò�õ�å3ë õ â�í�í/ß�õ�à�ß�â�ß�õ�å3à�ðKç�Þ	ã	ñ	å	å
u(x) ∈ Lp(−π, π)

à�àQß�á	å	æ�í/Þ3í�ë,à�ß/[
á	å	ø3à�â�ã	å&
�á#é�î�_Qç�á	ó�à

u(x) ∼ a0
2

+

∞∑

n=1

(an cosnx+ bn sinnx) ,
ÿ ���

æ�îFà

a0 =
1

π

π∫

−π

u(x) dx, an =
1

π

π∫

−π

u(x) cos nxdx, bn =
1

π

π∫

−π

u(x) sinnxdx, n ∈ N,
ÿ �+�

à�â�ß�ó=ã�í/þ�ðeðKå	ñ	å3à�Þ	ß�ê á#é�î�òx_Qç�á	ó�àeðKç�Þ	ã	ñ	å	å
u(x)

�
HTèFà�î3ç�é ë,í/Þ3í/æ�áFò/ðKå	å�J �)� �3l2ò�á	å � ����	í/ú	á3à�îFà�è3å3ëÖâ�í/ú	á#é'û!à�Þ	Þ	ç�$nâ

u(x)
ðKç�Þ	ã	ñ	å&$

u(x) %

u(x) = − 1

π

π∫

0

u(x+ s)− u(x− s)

2 tg s
2

ds.

ISö�õ�à�â�ß�Þ3í � ���	â'� �+� �����3ø	ß�í`â�í/ú	á#é'û!à�Þ	ÞFò�é�ðKç�Þ	ã	ñ	å	é
u(x)

ú	á3à�îFâ�ß/ò�õ�å3ëTò=õ`õ�å'îFà

u(x) = − 1

π

π∫

−π

u(s)

2 tg s−x
2

ds = − 1

2π

π∫

−π

u(s) ctg
s− x

2
ds,

ÿ �+�

æ�îFàhå	Þ	ß�à�æ�áFò�è�ú3í/Þ	å3ëTò/à�ß�â�é õ`â�ë¾ê\â�èFàSæ�è�ò�õ�Þ3í/æ�í�ö�ÞFò�ø3à�Þ	å	é ú3í��Kí�!!å ( Oeà�ù�à�æ�ç+�'å â�í�í/ß�õ�à�ß�â�ß�õ�ç#[
$%�!å&
 à"
 ß�á	å	æ�í/Þ3í�ë,à�ß�á	å	ø3à�â�ã	å&
�á#é�î�_Qç�á	ó�àKå3ë,à�à�ß=õ�å'î�� ����&'� �(''���

u(x) ∼ −
∞∑

n=1

(bn cosnx− an sinnx) ,
ÿ*)��

æ�îFàKã�í/þ�ðeðKå	ñ	å3à�Þ	ß�ê
an
å
bn
í/ú	á3à�îFà�è3é�$hß�â�é ú3í=ðeí/á3ë¾ç�è�ò/ë ÿ �+�"�

R¾ò/â�â�ë,í/ß�á	å3ëÖß�à�ú3à�á	óxâ�å	Þ	æ�ç�è3é'á	Þ	ê 
�å	Þ	ß�à�æ�áFò�è3ó�Þ	ê 
uí/ú3à�áFò�ß�í/á
H
âSé�î3á3í�ëüLNå'è3ó�ù�à�á	ß/ò

%

(Hu)(x) =
1

2π

π∫

−π

u(s) ctg
s− x

2
ds,

ÿ �+�
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æ�îFà'�8ã'ò�ã�åuõ�ê !�à'�8å	Þ	ß�à�æ�áFò�è ú3í/Þ	å3ëTò/à�ß�â�é�õ â�ë¾ê\â�èFà�æ�è�ò�õ�Þ3í/æ�í ö�ÞFò�ø3à�Þ	å	é�ú3í �Kí�!!å ( Oeà�ù�à�æ�ç+�
H�áFò�õ�Þ	å	õ#ò�éWÿ �+��å ÿ �+�"�'ö�ò/ë,à�øFò/à�ë �3ø	ß�í

(Hu)(x) = −u(x) ����ÞFò�ø	å	ß�3õxâ�å'è3ç ÿ*)��

(Hu)(x) ∼
∞∑

n=1

(bn cosnx− an sinnx) .
ÿ '+�

� ç�â�ß�ó
u(x) ∈ Lp(−π, π)

�
v(x) ∈ Lp′(−π, π)

��Zhù�í/ö�ÞFò�ø	å3ë ã�í/þ�ðeðKå	ñ	å3à�Þ	ß�êüå'÷�á#é�îFí/õ�_Qç�á	ó�à
ø3à�á3à�ö

an
�
bn
å
cn
�
dn
�	â�í�í/ß�õ�à�ß�â�ß�õ�à�Þ	Þ3í&��Ymí/æ�î�ò � �&�	â'� �������¿â�ú	áFò�õ�à�î	è3å	õ�íxáFò�õ�à�Þ3â�ß�õ�í � ò�á3â�à�õ#ò�è3é

1

π

π∫

−π

u(x)v(x) dx =
a0c0
2

+

∞∑

n=1

(ancn + bndn) .
ÿ �'�

IKâ�ú3í�è3ó�ö�ç�éQáFò�õ�à�Þ3â�ß�õ�í � ò�á3â�à�õ#ò�è3é ÿ �'����âTç�ø3à�ß�í�ë â�í�í/ß�Þ3í�!�à�Þ	å&
 ÿ ���8åÂÿ '+��î	è3éSè)$Sù�í/æ�í
u(x) ∈

L2(−π, π)
ú3í�è3ç�øFò/à�ë

1

π

π∫

−π

(Hu)(x) ·u(x) dx =

∞∑

n=1

(bnan − anbn) = 0
å'è3å

(Hu, u) = 0 (∀u(x) ∈ L2(−π, π)),
ÿ �+�

ß��à'��â�å	Þ	æ�ç�è3é'á	Þ	ê 
eå	Þ	ß�à�æ�áFò�è3ó�Þ	ê 
�í/ú3à�áFò�ß�í/á
H
â¾é�î3á3í�ë LNå'è3ó�ù�à�á	ß/ò\é'õ/è3é	à�ß�â�éKú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ë

õQú	á3í�â�ß�áFò�Þ3â�ß�õ�à
L2(−π, π)

��Þ3íeÞ3à2é'õ/è3é	à�ß�â�éÂâ�ß�á3í/æ�íeú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ëýí/ú3à�áFò�ß�í/á3í�ë �#ß/ò�ãÂã'ò�ãxÞ3à
ç�îFí/õ/èFà�ß�õ�í/á#é	à�ßÂç�â�èFí/õ�å&$

% (Hu, u) > 0
�3à�â�è3å

u 6= 0
�

R¾ò/â�â�ë,í/ß�á	å3ë ß�à�ú3à�á	óüõ�ú	á3í�â�ß�áFò�Þ3â�ß�õ�à
Lp(−π, π)

�
1 < p < ∞ �7â�å	Þ	æ�ç�è3é'á	Þ	ê 
 å	Þ	ß�à�æ�á3í�[

î3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê 
�í/ú3à�áFò�ß�í/á
G
âKé�î3á3í�ëüLNå'è3ó�ù�à�á	ß/ò

(Gu) (x) = − 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds,

æ�îFà å	Þ	ß�à�æ�áFò�è ú3í/Þ	å3ëTò/à�ß�â�éÖõ â�ë¾ê\â�èFà æ�è�ò�õ�Þ3í/æ�í ö�ÞFò�ø3à�Þ	å	éüú3í �Kí�!!å ( Oeà�ù�à�æ�ç+�Tâ í�ù�è�ò/â�ß�ó'$
í/ú	á3à�îFà�èFà�Þ	å	é

D(G) =

{
u(x) : u(x) ∈ AC[−π, π], u(−π) = u(π) = 0,

π∫

−π

|u′(x)|p′ dx <∞
}
,

æ�îFà
AC[−π, π] ( ë¾Þ3í�û!à�â�ß�õ�íxõ�â�à�÷ ò/ù�â�í�è)$hß�Þ3í=Þ3à�ú	á3à�á	ê2õ�Þ	ê7÷ ÞFò�í/ß�á3à�ö�ã�à

[−π, π] ðKç�Þ	ã	ñ	å&
��
��Ò#|FØ¿Ò�!hz � B^@FB��c 3��� 


1 < p < ∞ 6�5 �	$��� �����"�$	02�W�	$8������" -�� �������e�¥"m��$�		������
�$	02� - 18�¥"�� �
� - "

G
� ���	" - � �N�	��
����¥"m���h�m���8����
� 3���K�3

D(G)


Lp′(−π, π)

� �'
���������� � ����" - � - 1 - � - �`�8������
 �
$	0\� * ���3�,������"����/$	0\�Ö� 1 - ����$�		������
�$	0\� * 1#"��������

〈Gu, u〉 = π
∞∑

n=1

n
(
a2n + b2n

)
(∀u(x) ∈ D(G)),

ÿ 
+�

���m�c� -�� ���c��		�8��$8��0
an
�
bn
- 1#"m�¥�m�����	�Q��� � 1 - � - "8�m ������ ÿ �+� 6



5 �	$��� �����"�$	0S�h�	$8������" -�� �������e�¥"m��$�		������
�$	0S�c #"���
�$8��$	���u�����	" - ��N�	��
����¥"m��� ���

C
Y¿ò�ãfã'ò�ãäâ�å	Þ	æ�ç�è3é'á	Þ	ê 
få	Þ	ß�à�æ�áFò�è3ó�Þ	ê 
 í/ú3à�áFò�ß�í/á

H
â�é�î3á3í�ë LNå'è3ó�ù�à�á	ß/òüîFà"
3â�ß�õ�ç�à�ß

� ����&'� �('('��eÞ3à�ú	á3à�á	ê2õ�Þ3í�å	ö
Lp′(−π, π)

õ
Lp′(−π, π)

ú	á	å è)$Sù�í�ë
p′ ∈ (1,∞)

�7ß�í�í/ø3à�õ�å'î3Þ3í&�
ø	ß�í`â�å	Þ	æ�ç�è3é'á	Þ	ê 
 å	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê 
uí/ú3à�áFò�ß�í/á

G
âSé�î3á3í�ëýLNå'è3ó�ù�à�á	ß/ò`îFà"
3â�ß�õ�ç�à�ß

å	ö
D(G)

õ
Lp′(−π, π)

�	ú3í�â�ã�í�è3ó�ã	ç
u′(x) ∈ Lp′(−π, π)

�
]!í/ã'ò�û!à�ë �Fø	ß�í=í/ú3à�áFò�ß�í/á

G
é'õ/è3é	à�ß�â�é�â�ß�á3í/æ�í`ú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ë � � ç�â�ß�ó

u(x) ∈ D(G)
�3Y¿ò�ã

ã'ò�ã`ðKç�Þ	ã	ñ	å	é
u(x)

ò/ù�â�í�è)$hß�Þ3íhÞ3à�ú	á3à�á	ê2õ�ÞFòhÞFòcí/ß�á3à�ö�ã�à
[−π, π] ��ß�íhâ�ú	áFò�õ�à�î	è3å	õ�íKâ�í�í/ß�Þ3í�!�à�Þ	å3à� ����&'� �+���

u′(x) ∼
∞∑

n=1

n (bn cosnx− an sinnx) .

gXâ�å'è3ç ÿ*)���å3ë,à�à�ë

u′(x) ∼
∞∑

n=1

n (an cosnx+ bn sinnx) .
ÿ ���+�

IKâ�ú3í�è3ó�ö�ç�é�áFò�õ�à�Þ3â�ß�õ�íWÿ ���+�"�Nâ�ç�ø3à�ß�í�ëXß�í/æ�í&�Nø	ß�í õ�â�å'è3çüÿ �+�
u′(x) = (Gu)(x)

��ÞFò í�â�Þ3í/õ#ò�Þ	å	å
áFò�õ�à�Þ3â�ß�õ#ò � ò�á3â�à�õ#ò�è3éWÿ �'��ú3í�è3ç�øFò/à�ë

1

π

π∫

−π

(
− 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds

)
u(x) dx =

∞∑

n=1

n
(
a2n + b2n

)
,

ß��à'��â�ú	áFò�õ�à�î	è3å	õ#òSîFí/ã'ò�ö�ê2õ#ò/à�ëTò�éÂðeí/á3ë¾ç�è�ò`ÿ 
+�"��ISöcðeí/á3ë¾ç�è3êäÿ 
+�mÞ3à�ú3í�â�á3à�îFâ�ß�õ�à�Þ	Þ3í!õ�ê2ß�à�ã'ò/à�ß�
ø	ß�íýí/ú3à�áFò�ß�í/á

G
é'õ/è3é	à�ß�â�éiú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ë �hß�2à'� 〈Gu, u〉 > 0 (∀u(x) ∈ D(G))

� �Sá3í�ë,à
ß�í/æ�í&�8å	ö=ðeí/á3ë¾ç�è3ê ÿ 
+�hâ�èFà�î3ç�à�ß�Nø	ß�í 〈Gu, u〉 = 0

ß�í/æ�î�ò åuß�í�è3ó�ã�í ß�í/æ�î�ò��Nã�í/æ�î�ò
an = bn = 0

(∀n ∈ N)
�3JKí=õ=þ�ß�í�ëÖâ�è3ç�øFò/à'�3õxâ�å'è3ç â�í�í/ß�Þ3í�!�à�Þ	å	éWÿ ���"�

u(x) ∼ a0/2
�3ß�Fà'�

u(x) = C = const
(∀x ∈ [−π, π]) � � í�â�ã�í�è3ó�ã	ç u(−π) = u(π) = 0

�Tß�í
C = 0

å��,ö�ÞFò�ø	å	ß� 〈Gu, u〉 = 0
è3å&!!ó

õ=â�è3ç�øFò/à
u(x) = 0

�	ß�3à'�
G ( â�ß�á3í/æ�í`ú3í�èFí�û`å	ß�à�è3ó�Þ	ê 
uí/ú3à�áFò�ß�í/á��

]!í/ã'ò�û!à�ë ß�à�ú3à�á	ó)��ø	ß�í í/ú3à�áFò�ß�í/á
G
é'õ/è3é	à�ß�â�é â�å3ë,ë,à�ß�á	å	ø	Þ	ê\ë � � ç�â�ß�ó

u(x) ∈ Lp(−π, π)
�

v(x) ∈ Lp′(−π, π)
�FZhù�í/ö�ÞFò�ø	å3ëüã�í/þ�ðeðKå	ñ	å3à�Þ	ß�ê å'÷Âá#é�îFí/õÂ_Qç�á	ó�àSø3à�á3à�ö

an
�
bn
å
cn
�
dn
�'â�í�í/ß/[

õ�à�ß�â�ß�õ�à�Þ	Þ3í&�FYmí/æ�î�ò��FâKç�ø3à�ß�í�ëfÿ ���+��å áFò�õ�à�Þ3â�ß�õ#ò
u′(x) = (Gu)(x)

�3å3ë,à�à�ë

(Gu)(x) ∼
∞∑

n=1

n (an cosnx+ bn sinnx) , (Gv)(x) ∼
∞∑

n=1

n (cn cosnx+ dn sinnx) .

� í/þ�ß�í�ë¾ç õ=â�å'è3ç áFò�õ�à�Þ3â�ß�õ#ò � ò�á3â�à�õ#ò�è3é ÿ �'��ú3í�è3ç�øFò/à�ë

1

π

π∫

−π

(Gu)(x)v(x) dx =

∞∑

n=1

n (ancn + bndn) ,

1

π

π∫

−π

u(x)(Gv)(x) dx =

∞∑

n=1

n (ancn + bndn) .

��ÞFò�ø	å	ß�
π∫

−π

(Gu)(x) · v(x) dx =

π∫

−π

u(x) · (Gv)(x) dx,

ß�3à'� 〈Gu, v〉 = 〈u,Gv〉 (∀u(x), v(x) ∈ D(G)).

ÿ �'���

ISö�áFò�õ�à�Þ3â�ß�õ#ò�ÿ �'���\õ�ê2ß�à�ã'ò/à�ß�Nø	ß�í í/ú3à�áFò�ß�í/á
G
é'õ/è3é	à�ß�â�é�â�å3ë,ë,à�ß�á	å	ø	Þ	ê\ë �Nß�8à'�

G = G∗ �Fæ�îFà
G∗ ( â�í/ú	á#é'û!à�Þ	Þ	ê 
uâ

G
í/ú3à�áFò�ß�í/á��
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]!í/ã'ò�û!à�ë �¿ø	ß�í í/ú3à�áFò�ß�í/á
G
é'õ/è3é	à�ß�â�é�ú3í/ß�à�Þ	ñ	åFò�è3ó�Þ	ê\ë ��]eè3é�þ�ß�í/æ�í áFò/â�â�ë,í/ß�á	å3ë �¿â�èFà�î3ç�é

ú	á	å3ë,à�á	ç ��� �`å	ö,� ) ��&'�"' �����3ã	õ#ò�î3áFò�ß�å	ø	Þ	ê 
�ðKç�Þ	ã	ñ	å3í/ÞFò�è
f(u) = 〈Gu, u〉 �8Y¿ò�ã�ã'ò�ãuë¾Þ3í�û!à�â�ß�õ�í

D(G)
ú'èFí/ß�Þ3íÂõxú	á3í�â�ß�áFò�Þ3â�ß�õ�à

Lp(−π, π)
ú	á	å�è)$Sù�í�ë

p ∈ (1,∞)
�
G = G∗ å D(G) = D(G∗)

�
ß�í � ))��&'��' ���

gradf(u) = Gu+G∗u = 2Gu
å'è3å

Gu =
1

2
gradf(u),

ß��à'�	è3å	Þ3à"
	Þ	ê 
uí/ú3à�áFò�ß�í/á
G
�	îFà"
3â�ß�õ�ç�$%�!å&
�å	ö

D(G)
õ
Lp′(−π, π)

�
p′ = p/(p − 1)

�3é'õ/è3é	à�ß�â�é
ú3í/ß�à�Þ	ñ	åFò�è3ó�Þ	ê\ë �

B

� B ��Ò#|FØ¿Ò�!h× w�Ú���Ò#w�Ý'}F|F}Fz	Ô¿Õ �ÖÕÖÒ/ÓTÕ¿Ô¿w�Ý'}FÒ#Ô¿Ô¿|Fw�Ý'Õ }
Lp(−π, π)

gnþ�ß�í�ëäú	ç�Þ	ã	ß�àxîFí/ã'ò�ö�ê2õ#ò$hß�â�éýß�à�í/á3à�ë¾ê í�â�ç���à�â�ß�õ�í/õ#ò�Þ	å	åýå�à�î3å	Þ3â�ß�õ�à�Þ	Þ3í�â�ß�åüá3à"!�à�Þ	å	é
î	è3éWáFò�ö�è3å	ø	Þ	ê7÷Wã'è�ò/â�â�í/õ�Þ3à�è3å	Þ3à"
	Þ	ê7÷ýâ�å	Þ	æ�ç�è3é'á	Þ	ê7÷Wå	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê7÷ýç�áFò�õ�Þ3à�[
Þ	å&
�âSé�î3á3í�ëüLNå'è3ó�ù�à�á	ß/ò���â�í�îFà�á#û�ò�!å'÷�í/ú3à�áFò�ß�í/á

G
�

g�õ�à�îFà�ëqõ áFò/â�â�ë,í/ß�á3à�Þ	å3àuÞ3à�è3å	Þ3à"
	Þ	ê 
ií/ú3à�áFò�ß�í/áiâ�ç�ú3à�á	ú3í/ö�å	ñ	å	ånÿ ß/ò�ã ÞFò�ö�ê2õ#ò/à�ë¾ê 
 ���F���
� �/��� ��� ��� �	� ���/��� ��� � ç�â�ß�ó õ�à"��à�â�ß�õ�à�Þ	Þ3í/ö�ÞFò�ø	ÞFò�éoðKç�Þ	ã	ñ	å	é

F (x, u)
í/ú	á3à�îFà�èFà�ÞFòüú	á	å

x ∈
[−π, π] � u ∈ R

�¿å3ë,à�à�ß�ú3à�á	å3í�î
2π

ú3í
x
å�ç�îFí/õ/èFà�ß�õ�í/á#é	à�ß ç�â�èFí/õ�å	é	ë �eò�áFò�ß�à�í�îFí/á	å

%
í/ÞFò�å	ö�[

ë,à�á	å3ëTòWú3í
x
ú	á	å ã'ò�û�îFí�ë ðKå	ã�â�å	á3í/õ#ò�Þ	Þ3í�ë

u ∈ R
å Þ3à�ú	á3à�á	ê2õ�ÞFò�ú3í

u
ú3í/ø	ß�å î	è3éÖõ�â�à�÷

x ∈ [−π, π] �'Zhù�í/ö�ÞFò�ø	å3ë ø3à�á3à�ö F í/ú3à�áFò�ß�í/áÂâ�ç�ú3à�á	ú3í/ö�å	ñ	å	å���ú3í/á3í�û�îFà�Þ	Þ	ê 
 ðKç�Þ	ã	ñ	å3à"

F (x, u) %

(Fu)(x) = F (x, u(x))
�	òKø3à�á3à�ö

L+
p (−π, π) (

ë¾Þ3í�û!à�â�ß�õ�í!õ�â�à�÷xÞ3à�í/ß�á	å	ñFò�ß�à�è3ó�Þ	ê7÷ ðKç�Þ	ã	ñ	å&
xå	ö
Lp(−π, π)

�
Jeò/ëiú3í/ÞFò�îFí�ù/å	ß�â�é â�èFà�î3ç�$%�`ò�éuß�à�í/á3à�ëTò�_ �Nl�áFò�ç�îFà�áFò��Nú	á	å	õ�à�îFà�Þ	ÞFò�é â!îFí/ã'ò�ö�ò�ß�à�è3ó�â�ß�õ�í�ë

õxë,í/Þ3í/æ�áFò/ðKå	å � ����&'� 
'�����
��Ò#|FØ¿Ò�!hz � B^@FB �c 3��� 


X 
 "m� �c�8���3���	
�$ - � �/��$���� - 
 - 1#" - ����"���$8����
 -�*
Λ ∈ (D(Λ) → X∗) 
"�����������
�$ - $8��1#"m�¥"�02
�$	02� �����3���3������
�$	02� � - $ - � - $	$	02� - 18�¥"���� - " �ý�	�	$8���	$ - � - ��������� 
 �

- 1#"m�¥�m���8��$	���
D(Λ) ⊂ X

�
A ∈ (X → X∗) 
 "�����������
�$ - $8��1#"m�¥"�02
�$	02�Ö� - $ - � - $	$	02�ü� -��

� ""		�8���	
�$	02� - 18�¥"���� - " 6¿+�- �����`1#"�� � � � - �
f ∈ X∗  #"���
�$8��$	�8�

Λu+Au = f
ÿ ���+�

�3�������c"m���x��$	�8�
u ∈ D(Λ)

6� ���	� * �#" - ���h� - � -�*8- 18�¥"���� - "
A
�'
���������� ������" - � - � - $ - � - $	$	0\� * � -

 #"���
�$8��$	�8� ÿ ���+� �3�������x� - �/$ -=- ��$ - "m���x��$	�8� 6
��������������������� �!���Nò/ë,à�ß�å3ë � �&��&'��� ) �����	ø	ß�í=ß�à�í/á3à�ëTò �����eù/ê7è�ò=â�ðeí/á3ë¾ç�è3å	á3í/õ#ò�ÞFòÂ_ �3l�áFò�[

ç�îFà�á3í�ëÖù�à�öQú	á3à�î3ú3í�èFí�û!à�Þ	å&
�áFò�î3åFò�è3ó�Þ3í�
�Þ3à�ú	á3à�á	ê2õ�Þ3í�â�ß�å�í/ú3à�áFò�ß�í/áFò
Λ
å è3å	Þ3à"
	Þ3í�â�ß�å�í�ù�è�ò�[

â�ß�åÂà�æ�íeí/ú	á3à�îFà�èFà�Þ	å	é
D(Λ)

�/]!í�â�ß/ò�ß�í/ø	Þ3í&�#ø	ß�í�ù/êXí/ú3à�áFò�ß�í/á
Λ
ù/ê7èxè3å	Þ3à"
	Þ	ê\ë ëTò�ã�â�å3ëTò�è3ó�Þ	ê\ë

ë,í/Þ3í/ß�í/Þ	Þ	ê\ëní/ú3à�áFò�ß�í/á3í�ëoâÂú'èFí/ß�Þ3í�
�õuú	á3í�â�ß�áFò�Þ3â�ß�õ�à
X
í�ù�è�ò/â�ß�ó'$ í/ú	á3à�îFà�èFà�Þ	å	é

D(Λ)
� '����

Oeà�æ�ã�íQõ�å'îFà�ß�ó)��ø	ß�íKî	è3éxà�î3å	Þ3â�ß�õ�à�Þ	Þ3í�â�ß�å á3à"!�à�Þ	å	éxõQß�à�í/á3à�ë,à �����2îFí�â�ß/ò�ß�í/ø	Þ3í&�'ø	ß�í�ù/êü÷#í/ß�éÂù/ê
í�î3å	Þ�å	öeí/ú3à�áFò�ß�í/á3í/õ

Λ
å'è3å

A
ù/ê7è�â�ß�á3í/æ�í=ë,í/Þ3í/ß�í/Þ	Þ	ê\ë �

��Ò#|FØ¿Ò�!hz � B � B �c 3��� 

p > 2

�
f(x) ∈ Lp′(−π, π)

6� ���	������� 1 - �����W
'��� �
x ∈ [−π, π] �
'��� �

u ∈ R

�021 - �	$��	�Q��� �  3��� - 
����

1) |F (x, u)| 6 a(x) + d1 · |u|p−1 * ���m� a(x) ∈ L+
p′(−π, π), d1 > 0;

2) F (x, u)
$8�2 ��02
������Q1 -

u;
3) F (x, u) · u > d2 · |u|p −D(x)

* ���m�
D(x) ∈ L+

1 (−π, π), d2 > 0,� - 1#"�� � � ��0 � �$�������$	��� � 1���"���������"��
λ > 0

 #"���
�$8��$	�8�

λ · F (x, u(x)) − 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds = f(x)

ÿ ���+�

�3�������=�¥���	$8����
'��$	$ - �\"m���x��$	�8�
u(x) ∈ D(G)

6



5 �	$��� �����"�$	0S�h�	$8������" -�� �������e�¥"m��$�		������
�$	0S�c #"���
�$8��$	���u�����	" - ��N�	��
����¥"m��� ���

C
�Nò�ú	å&!�à�ëýç�áFò�õ�Þ3à�Þ	å3àÂÿ ���+��õxí/ú3à�áFò�ß�í/á	Þ3í�ëüõ�å'îFà

%

λFu+Gu = f.
ÿ � )��

ISöýç�â�èFí/õ�å&
 �������+��õ�ê2ß�à�ã'ò/à�ß�Qø	ß�í í/ú3à�áFò�ß�í/á?â�ç�ú3à�á	ú3í/ö�å	ñ	å	å
F
îFà"
3â�ß�õ�ç�à�ßfÞ3à�ú	á3à�á	ê2õ�Þ3í å	ö

Lp(−π, π)
õ
Lp′(−π, π)

�më,í/Þ3í/ß�í/Þ3à�Þ å ã�í/þ�á	ñ	å	ß�å	õ�à�Þ��mú	á	å	ø3à�ëXî	è3éuè)$Sù�í/æ�í
u(x) ∈ Lp(−π, π)õ�ê2ú3í�è3Þ	é�$hß�â�é Þ3à�áFò�õ�à�Þ3â�ß�õ#ò ‖Fu‖p′ 6 ‖a‖p′ + d1‖u‖p−1

p
å 〈Fu, u〉 > d2‖u‖pp − ‖D‖1

�
R¾ò/â�â�ë,í/ß�á	å3ëýß�à�ú3à�á	ó=â�å	Þ	æ�ç�è3é'á	Þ	ê 
 å	Þ	ß�à�æ�á3í�[ïî3å3ðeðeà�á3à�Þ	ñ	åFò�è3ó�Þ	ê 
�í/ú3à�áFò�ß�í/á

G
� � í!ß�à�í/á3à�[

ë,à �����Âí/ú3à�áFò�ß�í/á
G
îFà"
3â�ß�õ�ç�à�ßuå	ö

D(G)
õ
Lp′(−π, π)

åWé'õ/è3é	à�ß�â�é�â�ß�á3í/æ�í�ú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ë �
òQö�ÞFò�ø	å	ß�	õ�â�å'è3ç=è3å	Þ3à"
	Þ3í�â�ß�å��	å â�ß�á3í/æ�í`ë,í/Þ3í/ß�í/Þ	Þ	ê\ëüí/ú3à�áFò�ß�í/á3í�ë �&�Sá3í�ë,àSß�í/æ�í&�	í/ú3à�áFò�ß�í/á

Gé'õ/è3é	à�ß�â�éÂëTò�ã�â�å3ëTò�è3ó�Þ	ê\ë�ë,í/Þ3í/ß�í/Þ	Þ	ê\ë�í/ú3à�áFò�ß�í/á3í�ë �#ß/ò�ãÂã'ò�ãÂÞ3à7îFí/ú	ç�â�ã'ò/à�ß`â�ß�á3í/æ�í!ë,í/Þ3í/ß�í/Þ'[
Þ3í/æ�í`áFò/â"!!å	á3à�Þ	å	é ÿ^â�á��������&��&'��� �'��� ���

Y¿ò�ã	å3ëií�ù/áFò�ö�í�ë �8î	è3éuí/ú3à�áFò�ß�í/á3í/õ
G = Λ

å
λF = A

õ�ê2ú3í�è3Þ	é�$hß�â�é�õ�â�à!ß�á3à�ù�í/õ#ò�Þ	å	é�ß�à�í�[
á3à�ë¾ê �����'�'HTèFà�îFí/õ#ò�ß�à�è3ó�Þ3í&��ç�áFò�õ�Þ3à�Þ	å3à`ÿ � )�����òKö�ÞFò�ø	å	ß�å=ç�áFò�õ�Þ3à�Þ	å3à`ÿ ���+����å3ë,à�à�ß�à�î3å	Þ3â�ß�õ�à�Þ	Þ3í�à
ÿ^â�ë �	ö�ò/ë,à�øFò�Þ	å3à ��������á3à"!�à�Þ	å3à

u ∈ D(G)
�
B

s Û,Ò/ÓTw�Ý'}FÕ¿Ò � B^@FB �c 3��� 

p > 2 
 � � � - �=������$ - �x�/�8��� -�*

f(x) ∈ Lp′(−π, π)
6T+�- �����= #"���
 �

$8��$	�8�

up−1(x)− 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds = f(x)

�3�������=�¥���	$8����
'��$	$ - �\"m���x��$	�8�
u(x) ∈ D(G)

6
HTèFà�î3ç�$%�!å3àQî3õ�à�ß�à�í/á3à�ë¾êní/ß�è3å	øFò$hß�â�é í/ß ß�à�í/á3à�ë¾ê ��� �xã'ò�ã�ú3íx÷�ò�áFò�ã	ß�à�á	çuí/æ�áFò�Þ	å	ø3à�Þ	å&


ÞFò!Þ3à�è3å	Þ3à"
	Þ3í�â�ß�ó)�Fß/ò�ã å ú3í`â�ß�á	ç�ã	ß�ç�á3àSîFí/ã'ò�ö�ò�ß�à�è3ó�â�ß�õ#ò��
��Ò#|FØ¿Ò�!hz � B � B �c 3��� 


p > 2
�
f(x) ∈ Lp(−π, π)

6  ���	�`�����=1 - �����Â
'��� �
x ∈ [−π, π] �x
'��� �

u ∈ R

�021 - �	$��	�Q��� �  3��� - 
���� �

1) |F (x, u)| 6 g(x) + d3|u|1/(p−1) * ���m� g(x) ∈ L+
p (−π, π), d3 > 0;

2) F (x, u)
$8�2 ��02
������Q1 -

u;
3) F (x, u) · u > d4|u|p/(p−1) −D(x)

* ���m�
D(x) ∈ L+

1 (−π, π), d4 > 0,� - 1#"�� � � ��0 � �$�������$	��� � 1���"���������"��
λ > 0

 #"���
�$8��$	�8�

λF (x, u′(x)) +
1

2π

π∫

−π

u(s) ctg
s− x

2
ds = f(x)

ÿ ���+�

�3�������=�¥���	$8����
'��$	$ - �\"m���x��$	�8�
u(x) ∈ Lp(−π, π) � u′(x) ∈ Lp′(−π, π)

�
u(±π) = 0

6

C
� í�è�ò�æ�ò�éuõÂç�áFò�õ�Þ3à�Þ	å	åüÿ ���+�

u′(x) = v(x)
å�ç�ø	å	ß�ê2õ#ò�é	��ø	ß�íÂß�í/æ�î�ò

u(x) =
∫ x
−π v(t) dt +

u(−π) =
∫ x
−π v(t) dt

�	ú	á	å'÷#í�î3å3ëüã�í/ú3à�áFò�ß�í/á	Þ3í�ë¾ç ç�áFò�õ�Þ3à�Þ	å&$

λFv + V v = f,
ÿ � '+�

æ�îFà
v ∈ Lp′(−π, π)

å

(V v)(x) =
1

2π

π∫

−π

( s∫

−π

v(t) dt

)
ctg

s− x

2
ds = (Hu)(x).

� í�â�ã�í�è3ó�ã	çiâ�å	Þ	æ�ç�è3é'á	Þ	ê 
 í/ú3à�áFò�ß�í/á
H
��õýâ�å'è3çÖß�à�í/á3à�ë¾ê j��7R,å3â�â�ò�� ��� &'� �('('�����îFà"
3â�ß�õ�ç�à�ß

Þ3à�ú	á3à�á	ê2õ�Þ3íKå	ö
Lp(−π, π)

õ
Lp(−π, π)

�/ß�íhå	ö7áFò�õ�à�Þ3â�ß�õ#ò
V v = Hu

õ�ê2ß�à�ã'ò/à�ß��ø	ß�íKí/ú3à�áFò�ß�í/á
VîFà"
3â�ß�õ�ç�à�ßWå	ö

Lp′(−π, π)
õ
Lp(−π, π)

�Tú	á	å	ø3à�ë ��õ â�å'è3çýðeí/á3ë¾ç�è3ê j��TR,å3â�â�ò�ú3à�á3à�â�ß/ò�Þ3í/õ�ã	å



��� � ���'��� - 
 576��=6

á3à�æ�ç�è3é'á	Þ3í/æ�íÂåuâ�å	Þ	æ�ç�è3é'á	Þ3í/æ�íÂå	Þ	ß�à�æ�áFò�èFí/õ � �&��&'� �(''�����FáFò�õ�à�Þ3â�ß�õ#ò
V v = Hu

å�áFò�õ�à�Þ3â�ß�õ#òuÿ 
+�"�
âKç�ø3à�ß�í�ë �	ø	ß�í

u(x) ∈ Lp(−π, π)
�
u′(x) ∈ Lp′(−π, π)

å
u(±π) = 0

�	å3ë,à�à�ë

〈V v, v〉 = 〈Hu, u′〉 = −〈u,Hu′〉 = 〈u,Gu〉 = 〈Gu, u〉 > 0 (∀ v ∈ Lp′(−π, π)).
ÿ ���'�

ISß/ò�ã���í/ú3à�áFò�ß�í/á
V
îFà"
3â�ß�õ�ç�à�ß!å	ö

Lp′(−π, π)
õ
Lp(−π, π)

å=é'õ/è3é	à�ß�â�éxâ�ß�á3í/æ�íeú3í�èFí�û`å	ß�à�è3ó�Þ	ê\ë
í/ú3à�áFò�ß�í/á3í�ë ��ø	ß�íKõ�ê2ß�à�ã'ò/à�ßQå	ö!ÿ ���'�"�/ú3í�â�ã�í�è3ó�ã	ç 〈Gu, u〉 > 0

ú	á	å
u 6= 0

ú3íSß�à�í/á3à�ë,à �����'�+�Sá3í�ë,à
ß�í/æ�í&�,â�í/æ�è�ò/â�Þ3í â�èFà�îFâ�ß�õ�å&$ �'��� å	ö � ��� &'� ��)��2è3å	Þ3à"
	Þ	ê 
Öë,í/Þ3í/ß�í/Þ	Þ	ê 
Öí/ú3à�áFò�ß�í/á

V
é'õ/è3é	à�ß�â�é

Þ3à�ú	á3à�á	ê2õ�Þ	ê\ë �
R¾ò/â�â�ë,í/ß�á	å3ë ß�à�ú3à�á	óQí/ú3à�áFò�ß�í/á=â�ç�ú3à�á	ú3í/ö�å	ñ	å	å

F
�/ISö2ç�â�èFí/õ�å&
 �������+�mõ�ê2ß�à�ã'ò/à�ßÂÿ^â�ë ���/ÞFò�ú	á	å'[

ë,à�á�� ���+��� ��� ����ø	ß�í!í/ú3à�áFò�ß�í/á
F
îFà"
3â�ß�õ�ç�à�ß�Þ3à�ú	á3à�á	ê2õ�Þ3í�å	ö

Lp′(−π, π)
õ
Lp(−π, π)

�'ë,í/Þ3í/ß�í/Þ3à�Þ
å ã�í/þ�á	ñ	å	ß�å	õ�à�Þ��

Y¿ò�ã	å3ë í�ù/áFò�ö�í�ë �cå3â�ú3í�è3ó�ö�ç�éäç�â�ß/ò�Þ3í/õ/èFà�Þ	Þ	ê\àýâ�õ�í�
3â�ß�õ#òÖí/ú3à�áFò�ß�í/á3í/õ
V
å
F
�\ú3í�è3ç�øFò/à�ë �

ø	ß�íuí/ú3à�áFò�ß�í/á
A = λF + V

îFà"
3â�ß�õ�ç�à�ßuå	öÂú	á3í�â�ß�áFò�Þ3â�ß�õ#ò
Lp′(−π, π)

õuâ�í/ú	á#é'û!à�Þ	Þ3í�à âxÞ	å3ë
ú	á3í�â�ß�áFò�Þ3â�ß�õ�í

Lp(−π, π)
åýé'õ/è3é	à�ß�â�éýÞ3à�ú	á3à�á	ê2õ�Þ	ê\ë ��â�ß�á3í/æ�í ë,í/Þ3í/ß�í/Þ	Þ	ê\ëìÿ ã'ò�ãÖâ�ç'ë,ëTòuë,í�[

Þ3í/ß�í/Þ	Þ3í/æ�í�åXâ�ß�á3í/æ�íWú3í�èFí�û`å	ß�à�è3ó�Þ3í/æ�íüí/ú3à�áFò�ß�í/á3í/õ��xå ã�í/þ�á	ñ	å	ß�å	õ�Þ	ê\ë �hHTèFà�îFí/õ#ò�ß�à�è3ó�Þ3í&�7ú3í
ß�à�í/á3à�ë,àQl�áFò�ç�îFà�áFò ( j�å	Þ	ß�å � ����&'� 
 ���mç�áFò�õ�Þ3à�Þ	å3àxÿ � '+��å3ë,à�à�ßÂà�î3å	Þ3â�ß�õ�à�Þ	Þ3í�àeá3à"!�à�Þ	å3à

v(x) ∈
Lp′(−π, π)

��JKí\ß�í/æ�î�ò2î�ò�Þ	Þ3í�à�ç�áFò�õ�Þ3à�Þ	å3àSÿ ���+�"��õhâ�å'è3çeâ�õ�é'ö�å
u′(x) = v(x)

��å3ë,à�à�ßSà�î3å	Þ3â�ß�õ�à�Þ	Þ3í�à
á3à"!�à�Þ	å3à

u(x) ∈ Lp(−π, π)
�
Bs Û,Ò/ÓTw�Ý'}FÕ¿Ò � B � B �c 3��� 

p > 2 
 � � � - �Q������$ - �!�/�8��� -�*

f(x) ∈ Lp(−π, π)
6m+�- �����Q #"���
�$8� �

$	�8�
(
u′(x)

) 1
(p−1) +

1

2π

π∫

−π

u(s) ctg
s− x

2
ds = f(x)

�3�������=�¥���	$8����
'��$	$ - �\"m���x��$	�8�
u(x) ∈ D(G)

6
]!í/ã'ò�ö�ò�ß�à�è3ó�â�ß�õ�í�â�èFà�î3ç�$%��à"
uß�à�í/á3à�ë¾ê �Nõ í/ß�è3å	ø	å3à`í/ß ß�à�í/á3à�ë ��� �xå ��� ���Ní�â�Þ3í/õ#ò�Þ3í ÞFòÂí�ù�[

áFò��à�Þ	å	å�í/ú3à�áFò�ß�í/áFò`â�ç�ú3à�á	ú3í/ö�å	ñ	å	å å ç�â�ß/ò�Þ3í/õ/èFà�Þ	å	å�ã�í/þ�á	ñ	å	ß�å	õ�Þ3í�â�ß�å�í�ù/áFò�ß�Þ3í/æ�íxí/ú3à�áFò�ß�í/áFò��
��Ò#|FØ¿Ò�!hz � B���B �c 3��� 


p > 2
�
f(x) ∈ D(G)

6  ���	�S�����K1 - �����Q
'��� �
x ∈ [−π, π] �e
'��� � u ∈ R
�021 - �	$��	�Q��� �  3��� - 
����

1)
9
3)
��� - "m���¾0

3.3
* 1#"��������ü
` 3��� - 
��	�

2) F (x, u)
����" - � - 
 - �"������������

1 -
u
* � - 1#"�� � � ��0 � �$�������$	��� �

λ > 0
 #"���
�$8��$	�8�

u(x) + λF


x,− 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds


 = f(x)

ÿ ���+�

�3�������=�¥���	$8����
'��$	$ - �\"m���x��$	�8�
u(x) ∈ D(G)

6

C
� á	å

λ = 0
ç�ß�õ�à�á#û�îFà�Þ	å3à î�ò�Þ	Þ3í�
üß�à�í/á3à�ë¾ê í/ø3à�õ�å'î3Þ3í&�Tú3í/þ�ß�í�ë¾çýâ�ø	å	ß/ò/à�ëoî�ò�èFà�à'�,ø	ß�í

λ > 0
���Nò�ú	å&!�à�ëýç�áFò�õ�Þ3à�Þ	å3àÂÿ ���+��õ=í/ú3à�áFò�ß�í/á	Þ3í�ëüõ�å'îFà

%

u+ λFGu = f.
ÿ ��
+�

g�õ�à�îFà�ë?Þ3í/õ�ç�$ôÞ3à�å	ö�õ�à�â�ß�Þ	ç�$ ðKç�Þ	ã	ñ	å&$
v(x)

��í�ù�í/ö�ÞFò�ø	å	õ
f(x) − u(x) = λv(x)

�7PSâ�Þ3í&��ø	ß�í
v(x) ∈ Lp(−π, π)

�
v(±π) = 0

å
v′(x) = λ−1 (f ′(x)− u′(x)) ∈ Lp′(−π, π)

��ß��à'�
v(x) ∈ D(G)

�
� í�îFâ�ß/ò�õ�å	õ

u = f − λv
õ=ç�áFò�õ�Þ3à�Þ	å3àxÿ ��
+�"�'ú3í�è3ç�ø	å3ë

FG(f − λv) = v.
ÿ �'�+�

ISö ç�â�èFí/õ�å&
�î�ò�Þ	Þ3í�
ýß�à�í/á3à�ë¾ê õ�ê2ß�à�ã'ò/à�ß�Tø	ß�íuí/ú3à�áFò�ß�í/áüâ�ç�ú3à�á	ú3í/ö�å	ñ	å	å
F
îFà"
3â�ß�õ�ç�à�ß�Þ3à�ú	á3à�[

á	ê2õ�Þ3í�å	ö
Lp′(−π, π)

õ
Lp(−π, π)

�mâ�ß�á3í/æ�í�ë,í/Þ3í/ß�í/Þ3à�Þ�å ã�í/þ�á	ñ	å	ß�å	õ�à�Þ��¿ú	á	å	ø3à�ë î	è3é�è)$Sù�í/æ�í
u(x) ∈ Lp′(−π, π)

õ�ê2ú3í�è3Þ	é�$hß�â�é Þ3à�áFò�õ�à�Þ3â�ß�õ#ò

‖Fu‖p 6 ‖g‖p + d3‖u‖p′ , 〈Fu, u〉 > d4‖u‖
p

p−1

p′ − ‖D‖1.



5 �	$��� �����"�$	0S�h�	$8������" -�� �������e�¥"m��$�		������
�$	0S�c #"���
�$8��$	���u�����	" - ��N�	��
����¥"m��� ��

��ÞFò�ø	å	ß�Qú3í ß�à�í/á3à�ë,à ��� �Xå	ö � ���Ââ�ç���à�â�ß�õ�ç�à�ßäí�ù/áFò�ß�Þ	ê 
 í/ú3à�áFò�ß�í/á

F−1 �SîFà"
3â�ß�õ�ç�$%�!å&
?å	ö
Lp(−π, π)

õ
Lp′(−π, π)

å�é'õ/è3é�$%�!å&
3â�éýâ�ß�á3í/æ�íuë,í/Þ3í/ß�í/Þ	Þ	ê\ë �Tí/æ�áFò�Þ	å	ø3à�Þ	Þ	ê\ënåWáFò�î3åFò�è3ó�Þ3í
Þ3à�ú	á3à�á	ê2õ�Þ	ê\ë �	ú3í�â�ã�í�è3ó�ã	çÂî	è3é ë,í/Þ3í/ß�í/Þ	Þ	ê7÷ í/ú3à�áFò�ß�í/á3í/õ=ú3í/Þ	é'ß�å	é áFò�î3åFò�è3ó�Þ3í`Þ3à�ú	á3à�á	ê2õ�Þ	ê 

å�îFà�ë¾å	Þ3à�ú	á3à�á	ê2õ�Þ	ê 
 â�í/õ�úFò�î�ò$hßeõeâ�å'è3ç�� ����èFà�ë,ëTò �'� �����'�Sá3í�ë,à2ß�í/æ�í&��í/ú3à�áFò�ß�í/á

F−1 é'õ/è3é	à�ß�â�é
ã�í/þ�á	ñ	å	ß�å	õ�Þ	ê\ë ÿ^â�ë �����'�'èFà�ë,ëTò ������� ���

� á	å3ë,à�Þ	å	õQí/ú3à�áFò�ß�í/á
F−1 ã=í�ù�à�å3ë�øFò/â�ß�é	ë�ç�áFò�õ�Þ3à�Þ	å	é�ÿ �'�+���/ú	á	å'÷#í�î3å3ë ã`ç�áFò�õ�Þ3à�Þ	å&$ Gf−

λGv = F−1v
å'è3å

F−1v + λGv = Gf,
ÿ �����

ß�3à'�'ú3í�è3ç�ø	å'è3å�ç�áFò�õ�Þ3à�Þ	å3àKõ�å'î�ò ÿ ���+�"�
�Nò/ë,à�ß�å3ë �¿ø	ß�í�ú3í�ß�à�í/á3à�ë,à �����

Gf ∈ Lp′(−π, π)
å��mã'ò�ã�ù/ê7èFí�ç�â�ß/ò�Þ3í/õ/èFà�Þ3íuú	á	å îFí/ã'ò�ö�ò�[

ß�à�è3ó�â�ß�õ�àeß�à�í/á3à�ë¾ê ��� ���
G
é'õ/è3é	à�ß�â�é ëTò�ã�â�å3ëTò�è3ó�Þ	ê\ë ë,í/Þ3í/ß�í/Þ	Þ	ê\ë í/ú3à�áFò�ß�í/á3í�ë �

Y¿ò�ã	å3ë í�ù/áFò�ö�í�ë �7í/ú3à�áFò�ß�í/á	ê
λG = Λ

å
F−1 = A

ç�îFí/õ/èFà�ß�õ�í/á#é�$hß�õ�â�à�ë?ß�á3à�ù�í/õ#ò�Þ	å	é	ë
ß�à�í/á3à�ë¾ê �����'�2HTèFà�îFí/õ#ò�ß�à�è3ó�Þ3í&�2ç�áFò�õ�Þ3à�Þ	å3àýÿ �����`å3ë,à�à�ß�á3à"!�à�Þ	å3à

v ∈ D(G)
å þ�ß�í á3à"!�à�Þ	å3à

à�î3å	Þ3â�ß�õ�à�Þ	Þ3í�õ�â�å'è3ç�â�ß�á3í/æ�í�
Wë,í/Þ3í/ß�í/Þ	Þ3í�â�ß�å�í/ú3à�áFò�ß�í/áFò
A = F−1 ��JKí ß�í/æ�î�ò���õ�â�å'è3ç â�õ�é'ö�å

u = f−λv ��ç�áFò�õ�Þ3à�Þ	å3àSÿ ��
+����ò2ö�ÞFò�ø	å	ßhåeî�ò�Þ	Þ3í�à�ç�áFò�õ�Þ3à�Þ	å3àSÿ ���+�"��å3ë,à�à�ßhà�î3å	Þ3â�ß�õ�à�Þ	Þ3í�à�á3à"!�à�Þ	å3à
u ∈ D(G)

�
B

s Û,Ò/ÓTw�Ý'}FÕ¿Ò � B � B �c 3��� 

p > 2 
 � � � - �!������$ - �!�/�8��� - �

f(x) ∈ D(G)
6¿+�- �����Q #"���
�$8��$	�8�

u(x) +


− 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds




p
p−1

= f(x)

�3�������=�¥���	$8����
'��$	$ - �\"m���x��$	�8�
u(x) ∈ D(G)
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p = 2
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(Gu)(x) = − 1

2π

∫ π

−π
u′(s) ctg s−x
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ds
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