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Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà îáîáùåííûì ìíîãîîáðàçèÿì Êåíìîöó, à èìåííî èññëåäîâàíèþ èõ

ñâîéñòâ èíòåãðèðóåìîñòè. Èññëåäîâàíèå âåäåòñÿ ìåòîäîì ïðèñîåäèíåííûõ G-ñòðóêòóð, ïîýòîìó âíà-

÷àëå ïîñòðîåíî ïðîñòðàíñòâî ïðèñîåäèíåííîé G-ñòðóêòóðû ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãî-

îáðàçèé. Äàëåå îïðåäåëÿþòñÿ îáîáùåííûå ìíîãîîáðàçèÿ Êåíìîöó (êîðî÷å GK-ìíîãîîáðàçèÿ), ïðè-

âîäèòñÿ ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé òàêèõ ìíîãîîáðàçèé. Îïðåäåëåíû ïåðâîå, âòîðîå

è òðåòüå �óíäàìåíòàëüíûå òîæäåñòâà GK-ñòðóêòóð. Ñ�îðìóëèðîâàíû îïðåäåëåíèÿ ñïåöèàëüíûõ

îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó (SGK-ìíîãîîáðàçèé) I è II ðîäîâ. Â ðàáîòå èññëåäóþòñÿ GK-

ìíîãîîáðàçèÿ, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðûõ âïîëíå èíòåãðèðóåìî. Ïîêàçàíî, ÷òî

ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíî-

ñòè ïåðâîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ, ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé. Ïîëó÷åíî ëîêàëü-

íîå ñòðîåíèå GK-ìíîãîîáðàçèÿ ñ çàìêíóòîé êîíòàêòíîé �îðìîé, ïðèâåäåíû âûðàæåíèÿ ïåðâîãî è

âòîðîãî ñòðóêòóðíûõ òåíçîðîâ. Òàêæå â ðàáîòå âû÷èñëåíû êîìïîíåíòû òåíçîðà Íåéåíõåéñà GK-

ìíîãîîáðàçèÿ. Ïîñêîëüêó çàäàíèå òåíçîðà Íåéåíõåéñà ðàâíîñèëüíî çàäàíèþ ÷åòûðåõ òåíçîðîâ N (1)
,

N (2)
, N (3)

, N (4)
, òî èññëåäóåòñÿ ãåîìåòðè÷åñêèé ñìûñë îáðàùåíèÿ â íóëü ýòèõ òåíçîðîâ. Ïîëó÷åíî

ëîêàëüíîå ñòðîåíèå èíòåãðèðóåìîé è íîðìàëüíîé GK-ñòðóêòóðû. Äîêàçàíî, ÷òî õàðàêòåðèñòè÷å-

ñêèé âåêòîð GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà. Ïóñòü M � GK-ìíîãîîáðàçèå. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû: 1) GK-

ìíîãîîáðàçèå èìååò çàìêíóòóþ êîíòàêòíóþ�îðìó; 2) F ab = Fab = 0; 3) N (2)(X,Y ) = 0; 4) N (3)(X) =
0; 5) M � SGK-ìíîãîîáðàçèå âòîðîãî ðîäà; 6) M � ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâå-

äåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Êëþ÷åâûå ñëîâà: îáîáùåííîå ìíîãîîáðàçèå Êåíìîöó, ìíîãîîáðàçèå Êåíìîöó, íîðìàëüíîå ìíîãî-

îáðàçèå, òåíçîð Íåéåíõåéñà, èíòåãðèðóåìàÿ ñòðóêòóðà, ïðèáëèæåííî êåëåðîâî ìíîãîîáðàçèå.

Mathematial Subjet Classi�ation (2000): 58A05.

1. Ââåäåíèå

Â 1972 ã. Êåíìîöó [1℄ ââåë â ðàññìîòðåíèå íîâûé êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷å-

ñêèõ ñòðóêòóð, õàðàêòåðèçóåìûõ òîæäåñòâîì

∇X(Φ)Y = 〈ΦX,Y 〉 − η(Y )ΦX, X, Y ∈ X (M).
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Ñòðóêòóðû Êåíìîöó åñòåñòâåííî âîçíèêàþò â êëàññè�èêàöèè Òàííî ñâÿçíûõ ïî÷òè

êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ãðóïïà àâòîìîð�èçìîâ êîòîðûõ èìååò ìàêñè-

ìàëüíóþ ðàçìåðíîñòü [2℄. Îíè îáëàäàþò ðÿäîì èíòåðåñíûõ ñâîéñòâ. Íàïðèìåð, ñòðóê-

òóðû Êåíìîöó íîðìàëüíû è èíòåãðèðóåìû, îíè íå ÿâëÿþòñÿ íè ñàñàêèåâûìè ñòðóê-

òóðàìè, íè êîñèìïëåêòè÷åñêèìè ñòðóêòóðàìè. Èçâåñòíû ïðèìåðû ñòðóêòóð Êåíìîöó

íà íå÷åòíîìåðíûõ ïðîñòðàíñòâàõ Ëîáà÷åâñêîãî êðèâèçíû (−1). Òàêèå ñòðóêòóðû ïî-

ëó÷àþòñÿ ñ ïîìîùüþ êîíñòðóêöèè êîñîãî (warped) ïðîèçâåäåíèÿ R ×f C
n
â ñìûñëå

Áèøîïà è Î'Íåéëà [3℄ êîìïëåêñíîãî åâêëèäîâà ïðîñòðàíñòâà è âåùåñòâåííîé ïðÿìîé,

ãäå f(t) = cet. Âñÿêîå êîí�îðìíî-ïëîñêîå ìíîãîîáðàçèå Êåíìîöó, à òàêæå ëîêàëüíî-

ñèììåòðè÷åñêîå ìíîãîîáðàçèå Êåíìîöó ëîêàëüíî ýêâèâàëåíòíî ìíîãîîáðàçèþ Êåíìîöó

òàêîãî òèïà [1℄. Êèðè÷åíêî Â. Ô. [4℄ äîêàçàë, ÷òî êëàññ ìíîãîîáðàçèé Êåíìîöó ñîâïàäàåò

ñ êëàññîì ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ïîëó÷àåìûõ èç êîñèìïëåêòè÷å-

ñêèõ ìíîãîîáðàçèé êàíîíè÷åñêèì êîíöèðêóëÿðíûì ïðåîáðàçîâàíèåì êîñèìïëåêòè÷åñêîé

ñòðóêòóðû.

Â ñâîåé äèññåðòàöèîííîé ðàáîòå [5℄ Óìíîâà Ñ. Â. èçó÷àëà ìíîãîîáðàçèÿ Êåíìîöó è

èõ îáîáùåíèÿ. Îíà âûäåëèëà êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ÿâëÿ-

þùèéñÿ îáîáùåíèåì ìíîãîîáðàçèé Êåíìîöó è íàçâàííûé êëàññîì îáîáùåííûõ (êîðî÷å,

GK-ìíîãîîáðàçèÿ) ìíîãîîáðàçèé Êåíìîöó. Óìíîâà Ñ. Â. âûäåëÿåò äâà ïîäêëàññà îáîá-

ùåííûõ ìíîãîîáðàçèé Êåíìîöó, íàçâàííûõ ñïåöèàëüíûìè îáîáùåííûìè ìíîãîîáðàçèÿ-

ìè Êåíìîöó (êîðîòêî, SGK-ìíîãîîáðàçèÿ) I è II ðîäà. Â ðàáîòå [5℄ äîêàçàíî, ÷òî îáîá-

ùåííûå ìíîãîîáðàçèÿ Êåíìîöó ïîñòîÿííîé êðèâèçíû ÿâëÿþòñÿ ìíîãîîáðàçèÿìè Êåí-

ìîöó ïîñòîÿííîé êðèâèçíû (−1). Êðîìå òîãî, äîêàçàíî, ÷òî êëàññ SGK-ìíîãîîáðàçèé

II ðîäà ñîâïàäàåò ñ êëàññîì ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ïîëó÷àåìûõ

èç òî÷íåéøèõ êîñèìïëåêòè÷åñêèõ ìíîãîîáðàçèé êàíîíè÷åñêèì ïðåîáðàçîâàíèåì òî÷íåé-

øåé êîñèìïëåêòè÷åñêîé ñòðóêòóðû, à òàêæå äàíî ëîêàëüíîå ñòðîåíèå ýòèõ ìíîãîîáðàçèé

ïîñòîÿííîé êðèâèçíû.

Â äàííîé ñòàòüå ìû èçó÷àåì ñâîéñòâà èíòåãðèðóåìîñòè îáîáùåííûõ ìíîãîîáðàçèé

Êåíìîöó. �àáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Âî ââåäåíèè ìû ïðèâîäèì ïðåäâà-

ðèòåëüíûå ñâåäåíèÿ, íåîáõîäèìûå â äàëüíåéøåì èçëîæåíèè, ñòðîèì ïðîñòðàíñòâî ïðè-

ñîåäèíåííîé G-ñòðóêòóðû. Â ï. 2 äàíî îïðåäåëåíèå îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó,

ïðèâåäåíà ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû, ñ�îðìóëèðîâàíî îïðåäåëåíèå SGK-ìíîãîîáðàçèé I è II

ðîäîâ. Èññëåäîâàíû GK-ìíîãîîáðàçèÿ, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòî-

ðûõ âïîëíå èíòåãðèðóåìî. Ïîêàçàíî, ÷òî ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà

èíòåãðàëüíûõ ïîäìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî �óíäàìåíòàëüíîãî

ðàñïðåäåëåíèÿ îáîáùåííîãî ìíîãîîáðàçèÿ Êåíìîöó, ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé

ñòðóêòóðîé. Ïîëó÷åíî ëîêàëüíîå ñòðîåíèå GK-ìíîãîîáðàçèÿ ñ çàìêíóòîé êîíòàêòíîé

�îðìîé, ïðèâåäåíû àíàëèòè÷åñêèå âûðàæåíèÿ ïåðâîãî è âòîðîãî ñòðóêòóðíûõ òåíçî-

ðîâ. Â ï. 3 èññëåäóþòñÿ ñâîéñòâà òåíçîðà Íåéåíõåéñà, ïîëó÷åíî ëîêàëüíîå ñòðîåíèå èí-

òåãðèðóåìîé è íîðìàëüíîé GK-ñòðóêòóðû. Äîêàçàíî, ÷òî õàðàêòåðèñòè÷åñêèé âåêòîð

GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. Òàêæå èññëåäîâàíî îáðàùåíèå â íóëü

òåíçîðîâ N (2)
, N (3)

, N (4)
. Îñíîâíûå ðåçóëüòàòû ñîñðåäîòî÷åíû â ïàðàãðà�àõ 2 è 3.

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè 2n+1, X (M) � C∞
-ìîäóëü ãëàäêèõ

âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M . Â äàëüíåéøåì âñå ìíîãîîáðàçèÿ, òåíçîðíûå ïîëÿ

è ò. ï. îáúåêòû ïðåäïîëàãàþòñÿ ãëàäêèìè êëàññà C∞
.

Îïðåäåëåíèå 1.1 [6℄. Ïî÷òè êîíòàêòíîé ñòðóêòóðîé íà ìíîãîîáðàçèè M íàçûâà-

åòñÿ òðîéêà (η, ξ,Φ) òåíçîðíûõ ïîëåé íà ýòîì ìíîãîîáðàçèè, ãäå η � äè��åðåíöèàëüíàÿ

1-�îðìà, íàçûâàåìàÿ êîíòàêòíîé �îðìîé ñòðóêòóðû, ξ � âåêòîðíîå ïîëå, íàçûâàåìîå
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õàðàêòåðèñòè÷åñêèì, Φ � ýíäîìîð�èçì ìîäóëÿ X (M), íàçûâàåìûé ñòðóêòóðíûì ýí-

äîìîð�èçìîì. Ïðè ýòîì

1) η(ξ) = 1; 2) η ◦ Φ = 0; 3) Φ(ξ) = 0; 4) Φ2 = −id+ η ⊗ ξ. (1.1)

Åñëè, êðîìå òîãî, íà M �èêñèðîâàíà ðèìàíîâà ñòðóêòóðà g = 〈·, ·〉 òàêàÿ, ÷òî

〈ΦX,ΦY 〉 = 〈X,Y 〉 − η(X)η(Y ), X, Y ∈ X (M),

òî ÷åòâåðêà (η, ξ,Φ, g = 〈·, ·〉) íàçûâàåòñÿ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé

(êîðî÷å, AC-ñòðóêòóðîé).

Ìíîãîîáðàçèå, íà êîòîðîì �èêñèðîâàíà ïî÷òè êîíòàêòíàÿ (ìåòðè÷åñêàÿ) ñòðóêòóðà,

íàçûâàåòñÿ ïî÷òè êîíòàêòíûì (ìåòðè÷åñêèì (êîðî÷å, AC-)) ìíîãîîáðàçèåì.
Êîñîñèììåòðè÷íûé òåíçîð Ω(X,Y ) = 〈X,ΦY 〉, X,Y ∈ X (M), íàçûâàåòñÿ �óíäàìåí-

òàëüíîé �îðìîé AC-ñòðóêòóðû [6℄.

Ïóñòü (η, ξ,Φ, g) � ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íà ìíîãîîáðàçèèM2n+1
.

Â ìîäóëå X (M) âíóòðåííèì îáðàçîì îïðåäåëåíû äâà âçàèìíî äîïîëíèòåëüíûõ ïðî-

åêòîðà m = η ⊗ ξ è l = id − m = −Φ2
[5, 6℄. Òàêèì îáðàçîì, X (M) = L ⊕ M,

ãäå L = Im(Φ) = ker η � òàê íàçûâàåìîå êîíòàêòíîå ðàñïðåäåëåíèå, dim L = 2n,
M = Imm = ker(Φ) = L(ξ) � ëèíåéíàÿ îáîëî÷êà õàðàêòåðèñòè÷åñêîãî âåêòîðà (ïðè÷åì l

è m ÿâëÿþòñÿ ïðîåêòîðàìè íà ïîäìîäóëè L è M ñîîòâåòñòâåííî).

Î÷åâèäíî, ðàñïðåäåëåíèÿ L è M èíâàðèàíòíû îòíîñèòåëüíî Φ è âçàèìíî îðòîãîíàëü-

íû. Î÷åâèäíî òàêæå, ÷òî Φ̃2 = −id,
〈

Φ̃X, Φ̃Y
〉

=
〈

X,Y
〉

, X,Y ∈ X (M), ãäå Φ̃ = Φ|L.
Ñëåäîâàòåëüíî, {Φ̃p, gp|L} � ýðìèòîâà ñòðóêòóðà íà ïðîñòðàíñòâå Lp.

Êîìïëåêñè�èêàöèÿ X (M)C ìîäóëÿ X (M) ðàñïàäàåòñÿ â ïðÿìóþ ñóììó X (M)C =

D
√
−1

Φ ⊕D
−
√
−1

Φ ⊕D0
Φ ñîáñòâåííûõ ïîäïðîñòðàíñòâ ñòðóêòóðíîãî ýíäîìîð�èçìà Φ, îòâå-

÷àþùèõ ñîáñòâåííûì çíà÷åíèÿì

√
−1, −

√
−1 è 0 ñîîòâåòñòâåííî. Ïðè÷åì ïðîåêòîðàìè

íà ñëàãàåìûå ýòîé ïðÿìîé ñóììû áóäóò, ñîîòâåòñòâåííî, ýíäîìîð�èçìû [6℄

π = σ ◦ l = −1

2
(Φ2 +

√
−1Φ), π̄ = σ̄ ◦ l = −1

2
(−Φ2 +

√
−1Φ),

m = id+Φ2, σ =
1

2
(id−

√
−1Φ), σ̄ =

1

2
(id+

√
−1Φ).

Îòîáðàæåíèÿ σp : Lp → D
√
−1

Φ è σ̄p : Lp → D
−
√
−1

Φ ÿâëÿþòñÿ ñîîòâåòñòâåííî

èçîìîð�èçìîì è àíòèèçîìîð�èçìîì ýðìèòîâûõ ïðîñòðàíñòâ. Ïîýòîìó ê êàæäîé òî÷-

êå p ∈ M2n+1
ìîæíî ïðèñîåäèíèòü ñåìåéñòâî ðåïåðîâ ïðîñòðàíñòâà Tp(M)C âèäà

(p, ǫ0, ǫ1, . . . , ǫn, ǫ1̂, . . . , ǫn̂), ãäå ǫa =
√
2σp(ea), ǫâ =

√
2σ̄p(ea); ǫ0 = ξp, ãäå {ea} � îðòî-

íîðìèðîâàííûé áàçèñ ýðìèòîâà ïðîñòðàíñòâà Lp. Òàêîé ðåïåð íàçûâàåòñÿ A-ðåïåðîì [6℄.

Ëåãêî âèäåòü, ÷òî ìàòðèöû êîìïîíåíò òåíçîðîâ Φp è gp â A-ðåïåðå èìåþò âèä

(Φj
i ) =





0 0 0
0

√
−1 In 0

0 0 −
√
−1 In



 , (gij) =





1 0 0
0 0 In
0 In 0



 , (1.2)

ãäå In � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n. Õîðîøî èçâåñòíî [6, 7℄, ÷òî ñîâîêóïíîñòü òà-

êèõ ðåïåðîâ îïðåäåëÿåò G-ñòðóêòóðó íà M ñî ñòðóêòóðíîé ãðóïïîé {1} × U(n), ïðåä-

ñòàâëåííîé ìàòðèöàìè âèäà





1 0 0
0 A 0
0 0 A





, ãäå A ∈ U(n). Ýòà G-ñòðóêòóðà íàçûâàåòñÿ

ïðèñîåäèíåííîé [6, 7℄.
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Ïîä÷åðêíåì, ÷òî ïðîñòðàíñòâî ïðèñîåäèíåííîé G-ñòðóêòóðû ñîñòîèò èç êîìïëåêñíûõ

ðåïåðîâ, ò. å. ðåïåðîâ êîìïëåêñè�èêàöèè ñîîòâåòñòâóþùèõ êàñàòåëüíûõ ïðîñòðàíñòâ.

Ïîýòîìó, äàæå èìåÿ äåëî ñ âåùåñòâåííûìè òåíçîðàìè, ìû, ãîâîðÿ îá èõ êîìïîíåíòàõ íà

ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû, ïîäðàçóìåâàåì êîìïîíåíòû êîìïëåêñíûõ

ðàñøèðåíèé ýòèõ òåíçîðîâ. Â ñâîþ î÷åðåäü, êîìïëåêñíûé òåíçîð ÿâëÿåòñÿ êîìïëåêñíûì

ðàñøèðåíèåì âåùåñòâåííîãî òåíçîðà òîãäà è òîëüêî òîãäà, êîãäà îí èíâàðèàíòåí îòíî-

ñèòåëüíî îïåðàòîðà êîìïëåêñíîãî ñîïðÿæåíèÿ. Ñëåäóÿ îáùåïðèíÿòîé òðàäèöèè, áóäåì

íàçûâàòü òàêîé òåíçîð âåùåñòâåííûì. Â ÷àñòíîñòè, ñóììà ÷èñòîãî êîìïëåêñíîãî òåíçîðà

è êîìïëåêñíî ñîïðÿæåííîãî åìó òåíçîðà ÿâëÿåòñÿ âåùåñòâåííûì òåíçîðîì.

Íà ïðîòÿæåíèè âñåé ðàáîòû áóäåì ïîäðàçóìåâàòü, ÷òî èíäåêñû i, j, k, . . . ïðîáåãàþò

çíà÷åíèÿ îò 0 äî 2n, èíäåêñû a, d, c, d, f, g, . . . � çíà÷åíèÿ îò 1 äî n, è ïîëîæèì â = a+ n,
ˆ̂a = a, 0̂ = 0. Ïîñêîëüêó Φ è g � òåíçîðû òèïîâ (1, 1) è (2, 0) ñîîòâåòñòâåííî, èõ êîìïî-
íåíòû íà ïðîñòðàíñòâå ðàññëîåíèÿ âñåõ ðåïåðîâ íàä M óäîâëåòâîðÿþò óðàâíåíèÿì

dΦi
j +Φk

j θ
i
k − Φi

kθ
k
j = Φi

j,kω
k, dgij − gkjθ

k
i − gikθ

k
j = gij,kθ

k, (1.3)

ãäå {ωi}, {θij} � êîìïîíåíòû �îðì ñìåùåíèÿ è �îðì ðèìàíîâîé ñâÿçíîñòè ∇ ñîîòâåò-

ñòâåííî, Φi
j,k, gij,k � êîìïîíåíòû êîâàðèàíòíîãî äè��åðåíöèàëà Φ è g â ýòîé ñâÿçíîñòè

ñîîòâåòñòâåííî. Áîëåå òîãî, â ñèëó îïðåäåëåíèÿ ðèìàíîâîé ñâÿçíîñòè ∇g = 0 è, çíà÷èò,

gij,k = 0. (1.4)

Ñ ó÷åòîì (1.2) è (1.4) ñîîòíîøåíèÿ (1.3) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû

ïåðåïèøóòñÿ â �îðìå [6℄

Φa
b,i = 0, Φâ

b̂,i
= 0, Φ0

0,i = 0, θ0a = −
√
−1Φ0

a,iω
i, θ0â =

√
−1Φ0

â,iω
i,

θa0 =
√
−1Φa

0,iω
i, θâ0 = −

√
−1Φâ

0,iω
i,

θa
b̂
=

√
−1

2
Φa

b̂,i
ωi, θâb = −

√
−1

2
Φa
b,iω

i, θ00 = 0, θij + θ
ĵ

î
= 0.

Êðîìå òîãî, çàìåòèì, ÷òî â ñèëó âåùåñòâåííîñòè ñîîòâåòñòâóþùèõ �îðì è òåíçîðîâ

ωi = ωî
, θij = θî

ĵ
, Φi

j,k = Φî

ĵ,k̂
, ãäå t → t̄ � îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ.

Ñ ó÷åòîì ýòèõ ñîîòíîøåíèé ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé ðèìàíîâîé ñâÿç-

íîñòè dωi = −θij ∧ ωj
ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî ìíîãîîáðàçèÿ íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû çàïèøåòñÿ â ñëåäóþùåé �îðìå [6℄:

1) dω = Cabω
a ∧ ωb + Cabωa ∧ ωb + Cb

aω
a ∧ ωb + Caω ∧ ωa + Caω ∧ ωa;

2) dωa = −θab ∧ ωb +Bab
cω

c ∧ ωb +Babcωb ∧ ωc +Ba
bω ∧ ωb +Babω ∧ ωb;

3) dωa = θba ∧ ωb +Bab
cωc ∧ ωb +Babcω

b ∧ ωc +Ba
bω ∧ ωb +Babω ∧ ωb,

ãäå ω = π∗(η), π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðèñîåäèíåííîé G-ñòðóêòóðû

íà ìíîãîîáðàçèå M ,

Bab
c = −

√
−1

2
Φa

b̂,c
; Babc =

√
−1

2
Φa

[b̂,ĉ]
; Ba

b =
√
−1Φa

0,b;

Bab =
√
−1

(

Φa

0,b̂
− 1

2
Φa

b̂,0

)

; Bab
c =

√
−1

2
Φâ
b,ĉ; Babc = −

√
−1

2
Φâ
[b,c];

Ba
b = −

√
−1Φâ

0,b̂
; Bab = −

√
−1

(

Φâ
0,b −

1

2
Φâ
b,0

)

;
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Cab = −
√
−1Φ0

[a,b]; Cab =
√
−1Φ0

[â,b̂]
;

Ca
b = −

√
−1

(

Φ0
â,b +Φ0

b,â

)

= Ba
b −Bb

a; Ca =
√
−1Φ0

a,0; Ca = −
√
−1Φ0

â,0.

Ïðè ýòîì

Babc = Babc, Bab = Bab, θba = −θab .

Ââåäåì îáîçíà÷åíèÿ:

Cabc =

√
−1

2
Φa

b̂,ĉ
; Cabc = −

√
−1

2
Φâ
b,c;

F ab =
√
−1Φ0

â,b̂
; Fab = −

√
−1Φ0

a,b.

(1.5)

Äëÿ òåíçîðíûõ êîìïîíåíò �îðìû ðèìàíîâîé ñâÿçíîñòè èìåþò ìåñòî ñëåäóþùèå ñî-

îòíîøåíèÿ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû [6℄:

1) θa
b̂
=

√
−1
2 Φa

b̂,i
ωi; 2) θâb = −

√
−1
2 Φa

b,iω
i; 3) θa0 =

√
−1Φa

0,iω
i;

4)θâ0 = −
√
−1Φâ

0,iω
i; 5) θ0a = −

√
−1Φ0

a,iω
i; 6) θ0â =

√
−1Φ0

â,iω
i;

7) θ00 = 0; 8) θij + θ
ĵ

î
= 0; 9) θ00,i = θab,i = θâ

b̂,i
= 0.

(1.6)

2. Îáîáùåííûå ìíîãîîáðàçèÿ Êåíìîöó

Ïóñòü (M2n+1,Φ, ξ, g = 〈·, ·〉) � ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå.

Îïðåäåëåíèå 2.1 [1℄. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, õàðàêòåðèçóåìàÿ

òîæäåñòâîì

∇X(Φ)Y = −η(Y )ΦX − 〈X,ΦY 〉 , X, Y ∈ X (M),

íàçûâàåòñÿ ñòðóêòóðîé Êåíìîöó.

Ìíîãîîáðàçèå, ñíàáæåííîå ñòðóêòóðîé Êåíìîöó, íàçûâàåòñÿ ìíîãîîáðàçèåì Êåíìî-

öó.

Ïîëîæèì â ýòîì òîæäåñòâå Y = X. Òîãäà ïîëó÷èì

∇X(Φ)X = −η(X)ΦX, X ∈ X (M).

Â ïîëó÷åííîì òîæäåñòâå ñäåëàåì çàìåíó X → X + Y (ïîëÿðèçàöèÿ ïî X), òîãäà

ïîëó÷èì

∇X(Φ)Y +∇Y (Φ)X = −η(Y )ΦX − η(X)ΦY, X, Y ∈ X (M). (2.1)

Îïðåäåëåíèå 2.2 [5℄. Êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, õàðàêòå-

ðèçóåìûõ òîæäåñòâîì (2.1), íàçûâàåòñÿ îáîáùåííûìè ìíîãîîáðàçèÿìè Êåíìîöó (êîðî÷å,

GK-ìíîãîîáðàçèÿìè).

�àñïèñàâ òîæäåñòâî (2.1) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû, ïîëó÷èì

ñëåäóþùåå.

Ïðåäëîæåíèå 2.1. Êîìïîíåíòû êîâàðèàíòíîãî äè��åðåíöèàëà ñòðóêòóðíîãî ýí-

äîìîð�èçìà íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû óäîâëåòâîðÿþò ñëåäóþùèì

ñîîòíîøåíèÿì:

1) Φ0
0,i = Φa

b,0 = Φâ

b̂,0
= 0; 2) Φ0

i,0 = Φi
0,0 = 0; 3) Φb

0,a = −Φâ

0,b̂
= −

√
−1δba;

4) Φâ
b,ĉ = Φa

b̂,c
= 0; 5) Φâ

0,b +Φâ
b,0 = 0; 6) Φa

0,b̂
+Φa

b̂,0
= 0;

7) Φ0
a,b +Φ0

b,a = 0; 8) Φ0
â,b̂

+Φ0
b̂,â

= 0; 9) Φ0
a,b̂

+Φ0
b̂,a

= 0;

10) Φĉ
a,b +Φĉ

b,a = 0; 11) Φĉ
ˆ̂a,b̂

+Φĉ

b̂,â
= 0.

(2.2)
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Ñ ó÷åòîì ïðåäëîæåíèÿ 2.1 ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé

ïðèìåò âèä [8℄

1) dω = Fabω
a ∧ ωb + F abωa ∧ ωb;

2) dωa = −θab ∧ ωb + Cabcωb ∧ ωc −
3

2
F abω ∧ ωb + δabω ∧ ωb; (2.3)

3) dωa = θba ∧ ωb + Cabcω
b ∧ ωc − 3

2
Fabω ∧ ωb + δbaω ∧ ωb,

ãäå

Cabc =

√
−1

2
Φa

b̂,ĉ
; Cabc = −

√
−1

2
Φâ
b,c; C [abc] = Cabc; C[abc] = Cabc;

Cabc = Cabc; F ab =
√
−1Φ0

â,b̂
; Fab = −

√
−1Φ0

a,b;

F ab + F ba = 0; Fab + Fba = 0; F ab = Fab.

(2.4)

Èç (2.3) ñëåäóåò

Ïðåäëîæåíèå 2.2 [5℄. Åñëè Cabc = Cabc = 0 è F ab = Fab = 0, òî GK-ìíîãîîáðàçèå

ÿâëÿåòñÿ ìíîãîîáðàçèåì Êåíìîöó.

Ïðåäëîæåíèå 2.2 äàåò ïðèìåðû GK-ìíîãîîáðàçèé.

Ñòàíäàðòíàÿ ïðîöåäóðà äè��åðåíöèàëüíîãî ïðîäîëæåíèÿ ïåðâîé ãðóïïû ñòðóêòóð-

íûõ óðàâíåíèé GK-ìíîãîîáðàçèé ïîçâîëÿåò ïîëó÷èòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2.1. Ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû èìååò âèä

1) dω = Fabω
a ∧ ωb + F abωa ∧ ωb;

2) dωa = −θab ∧ ωb + Cabcωb ∧ ωc −
3

2
F abω ∧ ωb + δabω ∧ ωb;

3) dωa = θba ∧ ωb + Cabcω
b ∧ ωc − 3

2
Fabω ∧ ωb + δbaω ∧ ωb;

4) dθab = −θac ∧ θcb +

(

Aad
bc − 2CadhChbc −

3

2
F adFbc

)

ωc ∧ ωd

+

(

−1

3
δabFcd+

2

3
δacFdb+

2

3
δadFbc

)

ωc∧ωd+

(

1

3
δabF

cd− 2

3
δcbF

da− 2

3
δdbF

ac

)

ωc∧ωd; (2.5)

5) dCabc + Cdbcθad + Cadcθbd + Cabdθcd = Cabcdωd − 2δ
[a
d F bc]ωd − Cabcω;

6) dCabc − Cdbcθ
d
a − Cadcθ

d
b − Cabdθ

d
c = Cabcdω

d − 2δd[aFbc]ωd − Cabcω;

7) dF ab + F cbθac + F acθbc = −2F abω;

8) dFab − Fcbθ
c
a − Facθ

c
b = −2Fabω.

Ïðè ýòîì

Aad
[bc] = A

[ad]
bc = 0; Ca[bcd] =

3

2
F a[bF cd]; FadC

dbc = 0;

è �îðìóëû êîìïëåêñíî ñîïðÿæåííûå.

Ïðîäè��åðåíöèðîâàâ âíåøíèì îáðàçîì óðàâíåíèÿ (2.5), ïîëó÷àåì

1) dAad
bc +Ahd

bc θ
a
h +Aah

bc θ
d
h −Aad

hcθ
h
b −Aad

bhθ
h
c = Aad

bchω
h +Aadh

bc ωh +Aad
bc0ω;

2) dCabcd + Chbcdθah + Cahcdθbh + Cabhdθch + Cabchθdh = Cabcdhωh + Cabcd0ω;

3) dCabcd − Chbcdθ
h
a − Cahcdθ

h
b − Cabhdθ

h
c − Cabchθ

h
d = Cabcdhω

h + Cabcd0ω.
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Ïðè ýòîì ñïðàâåäëèâû ñëåäóþùèå òîæäåñòâà:

1) Aad
b[ch] = 0; 2) A

a[dh]
bc = 0;

3) Aad
bc0 = −2Aad

bc − 4CadhChbc + F adFbc − 2δabF
dhFhc − 2δacF

dhFhb − 2δdbF
ahFhc;

4)
(

A
ag

b[c − 2CagfCfb[c

)

C|g|dh] = 0;

5)

(

Aah
b[c −

3

2
F ahFb[c

)

F|h|d] = 0;

6) CabcgCgdh = 0; 7) CabchFhd = 0;

8) 2F abFcd =
(

δadFch − δacFdh

)

F hb +
(

δbcFdh − δbdFch

)

F ha;

9) 2F abF cd = F acF db + F adF bc

è �îðìóëû êîìïëåêñíî ñîïðÿæåííûå.

Òîæäåñòâî F adCdbc = 0 íàçîâåì ïåðâûì �óíäàìåíòàëüíûì òîæäåñòâîì GK-ñòðóê-

òóðû; òîæäåñòâî Aad
b[cCgf ]d = 2CadhChb[cCgf ]d � âòîðûì �óíäàìåíòàëüíûì òîæäå-

ñòâîì; òîæäåñòâî Aad
b[cF|d|g] = 3

2F
adFb[cF|d|g] � òðåòüèì �óíäàìåíòàëüíûì òîæäå-

ñòâîì.

Îïðåäåëåíèå 2.3 [5℄. GK-ñòðóêòóðà íàçûâàåòñÿ: ñïåöèàëüíîé îáîáùåííîé ñòðóê-

òóðîé Êåíìîöó I ðîäà (êîðîòêî, SGK-ñòðóêòóðîé I ðîäà), åñëè Cdbc = Cdbc = 0; ñïåöè-
àëüíîé îáîáùåííîé ñòðóêòóðîé Êåíìîöó II ðîäà (êîðîòêî, SGK-ñòðóêòóðîé II ðîäà),

åñëè Fad = F ad = 0.
Çàìåòèì, ÷òî èç âèäà óðàâíåíèÿ (2.5(1)) âûòåêàåò òîæäåñòâî

dη(X,Y ) + dη(ΦX,ΦY ) = 0,

à òàêæå ðàâíîñèëüíîå åìó òîæäåñòâî dη(ΦX,Y ) = dη(X,ΦY ) äëÿ ëþáûõ X,Y ∈ X (M).
Â ñàìîì äåëå,

(dη)ab = dη(ǫa, ǫb) = −dη(Φǫa,Φǫb) = Fab, (dη)âb = dη(ǫâ, ǫb) = dη(Φǫâ,Φǫb) = 0,

(dη)
ab̂

= dη(ǫa, ǫb̂) = dη(Φǫa,Φǫb̂) = 0, (dη)
âb̂
= dη(ǫâ, ǫb̂)= −dη(Φǫâ,Φǫb̂)=F ab,

(dη)a0 = dη(ǫa, ξ) = −dη(Φǫa,Φξ) = 0, (dη)â0 = dη(ǫâ, ξ) = −dη(Φǫâ,Φξ) = 0,

(dη)0a = dη(ξ, ǫa) = −dη(Φξ,Φǫa) = 0, (dη)(0â) = dη(ξ, ǫâ) = −dη(Φξ,Φǫâ) = 0,

(dη)00 = dη(ξ, ξ) = −dη(Φξ,Φξ) = 0.

Îáðàòíî, î÷åâèäíî, ÷òî âûïîëíåíèå ýòèõ ñîîòíîøåíèé âëå÷åò ñïðàâåäëèâîñòü òîæ-

äåñòâà dη(X,Y ) + dη(ΦX,ΦY ) = 0 äëÿ ëþáûõ X,Y ∈ X (M).
Ïóñòü M � GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî. Äè��åðåíöèàëüíàÿ 1-�îðìà ω = η ◦ π∗, π � åñòåñòâåííàÿ ïðî-

åêöèÿ â ãëàâíîì ðàññëîåíèè ðåïåðîâ íàä ìíîãîîáðàçèåì M , à π∗ � ïîðîæäåííîå åé

óâëå÷åíèå π-ñâÿçíûõ âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M , ÿâëÿåòñÿ �îðìîé Ï�à��à

ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ, ò. å. êîáàçèñîì êîðàñïðåäåëåíèÿ àññîöèèðî-

âàííîãî ñ ïåðâûì �óíäàìåíòàëüíûì ðàñïðåäåëåíèåì L. Ïî êëàññè÷åñêîé òåîðåìå Ôðî-

áåíèóñà âïîëíå èíòåãðèðóåìîñòü ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ ðàâíîñèëüíà

ñóùåñòâîâàíèþ �îðìû θ, ÷òî dω = θ ∧ ω.

Òåîðåìà 2.2. GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî, ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì II ðîäà.
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⊳ Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé, åñëè

dη ∧ η = 0. Òàê êàê ω = π∗(η), π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðèñîåäèíåííîé

G-ñòðóêòóðû íà ìíîãîîáðàçèè M , èç (2.5(1)) ñëåäóåò, ÷òî äëÿ òîãî ÷òîáû ïåðâîå �óíäà-

ìåíòàëüíîå ðàñïðåäåëåíèå áûëî âïîëíå èíòåãðèðóåìî, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ñëàãàåìûå Fabω
a ∧ ωb ∧ ω è F abωa ∧ ωb ∧ ω áûëè ðàâíû íóëþ. Çíà÷èò, íåîáõîäèìî, ÷òî-

áû Fab = F ab = 0. Ñîãëàñíî îïðåäåëåíèþ 2.3 GK-ñòðóêòóðà ÿâëÿåòñÿ SGK-ñòðóêòóðîé

II ðîäà. ⊲

Ïîñêîëüêó âñÿêîå SGK-ìíîãîîáðàçèå II ðîäà ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî

òî÷íåéøå êîñèìïëåêòè÷åñêîìó ìíîãîîáðàçèþ [5℄, à òî÷íåéøå êîñèìïëåêòè÷åñêîå ìíîãî-

îáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà

âåùåñòâåííóþ ïðÿìóþ [6℄, òî ïðåäûäóùóþ òåîðåìó ìîæíî ñ�îðìóëèðîâàòü â ñëåäóþùåì

âèäå.

Òåîðåìà 2.3. GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî, ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî

êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Ïóñòü M � GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî. Òîãäà ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé òàêîãî ìíîãîîáðàçèÿ

èìååò âèä

1) dω = 0;

2) dωa = −θab ∧ ωb +Cabcωb ∧ ωc + δabω ∧ ωb;

3) dωa = θba ∧ ωb + Cabcω
b ∧ ωc + δbaω ∧ ωb.

Ïóñòü N ⊂ M � èíòåãðàëüíîå ìíîãîîáðàçèå ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî �óí-

äàìåíòàëüíîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ M . Òîãäà íà íåì åñòåñòâåííûì îáðàçîì

èíäóöèðóåòñÿ ïî÷òè ýðìèòîâà ñòðóêòóðà (J, g̃), ãäå J = Φ|
L

, g̃ = g|
L

. Òàê êàê �îðìà ω

ÿâëÿåòñÿ �îðìîé Ï�à��à ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ, òî ïåðâàÿ ãðóïïà

ñòðóêòóðíûõ óðàâíåíèé ïî÷òè ýðìèòîâîé ñòðóêòóðû íà N èìååò âèä

1) dω = 0;

2) dωa = −θab ∧ ωb + Cabcωb ∧ ωc;

3) dωa = θba ∧ ωb +Cabcω
b ∧ ωc.

Èñïîëüçóÿ òàáëèöó ¾Îáîáùåííûå êëàññû �ðåÿ � Õåðâåëëû¿ [6℄, ïîëó÷àåì, ÷òî ïî÷òè

ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ïîäìíîãîîáðàçèÿõ ìàêñèìàëüíîé

ðàçìåðíîñòè ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ M , ÿâëÿåòñÿ

ïðèáëèæåííî êåëåðîâîé ñòðóêòóðîé.

Òåîðåìà 2.4. Ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ïîä-

ìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ

GK-ìíîãîîáðàçèÿ M , ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé ñòðóêòóðîé.

Òåîðåìà 2.5. GK-ìíîãîîáðàçèå ñ çàìêíóòîé êîíòàêòíîé �îðìîé ÿâëÿåòñÿ SGK-

ìíîãîîáðàçèåì II ðîäà, ò. å. ìíîãîîáðàçèåì ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíûì ïðî-

èçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

⊳ Ïîñêîëüêó ω = ω0 = π∗(η), ãäå π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðè-

ñîåäèíåííîé G-ñòðóêòóðû íà ìíîãîîáðàçèè M , òî èç (2.5(1)) ñëåäóåò, ÷òî êîíòàêòíàÿ

�îðìà GK-ìíîãîîáðàçèÿ çàìêíóòà òîãäà è òîëüêî òîãäà, êîãäà Fab = F ab = 0, ò. å.
ñîãëàñíî îïðåäåëåíèþ 2.3, òîãäà è òîëüêî òîãäà, êîãäà ìíîãîîáðàçèå ÿâëÿåòñÿ SGK-

ìíîãîîáðàçèåì II ðîäà. À çíà÷èò, ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíûì ïðîèçâåäåíèþ

ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. ⊲
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�àññìîòðèì ñèñòåìû �óíêöèé íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû:

1) C = {Ci
jk}, ïîëîæèâ Ca

b̂ĉ
= Cabc

, C â
bc = Cabc, âñå îñòàëüíûå êîìïîíåíòû � íó-

ëåâûå; 2) F = {F i
j}, ïîëîæèâ F a

b̂
= F ab

, F â
b = Fab, âñå îñòàëüíûå êîìïîíåíòû F �

íóëåâûå.

Ïî Îñíîâíîé òåîðåìå òåíçîðíîãî àíàëèçà ñ ó÷åòîì (2.5(5))�(2.5(8)) ñåìåéñòâà �óíê-

öèé C è F îïðåäåëÿþò âåùåñòâåííûå òåíçîðíûå ïîëÿ òèïà (2, 1) è (1, 1) íà ìíîãîîá-

ðàçèè M , êîòîðûå ìû îáîçíà÷èì òåìè æå ñèìâîëàìè. Íàçîâåì ýòè òåíçîðû ïåðâûì è

âòîðûì ñòðóêòóðíûìè òåíçîðàìè GK-ñòðóêòóðû.

Òåîðåìà 2.6. Ñòðóêòóðíûå òåíçîðû GK-ñòðóêòóðû èìåþò ñëåäóþùèå âûðàæåíèÿ:

1) C(X,Y ) = −1

2
Φ ◦ ∇ΦY (Φ)ΦX = −1

2
Φ2 ◦ ∇ΦY (Φ)Φ

2X;

2) (X) = Φ ◦ ∇Φ2X(Φ)ξ − Φ2X = −Φ ◦ ∇X(Φ)ξ − Φ2X = −∇Xξ − Φ2X

= −Φ2 ◦ ∇ΦX(Φ)ξ − Φ2X = −Φ ◦ ∇ΦX(Φ)ξ − Φ2X (∀X,Y ∈ X (M)).

⊳ Â [8℄ ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå ïåðâîãî ñòðóêòóðíîãî òåíçîðà

C(X,Y ) =
1

4

{

Φ ◦ ∇Φ2Y (Φ)Φ
2X − Φ2 ◦ ∇Φ2Y (Φ)ΦX

}

= −1

4

{

Φ ◦ ∇ΦY (Φ)ΦX +Φ2 ◦ ∇ΦY (Φ)Φ
2X

}

(∀X,Y ∈ X (M)).

(2.6)

Ïðîäè��åðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî Φ2 = −id+η⊗ ξ, ïîëó÷èì ∇Y (Φ)ΦX+
Φ ◦ ∇ΦY (Φ)X = ξ∇Y (η)X + η(X)∇Y ξ. Â ïîñëåäíåì ðàâåíñòâå ñíà÷àëà ñäåëàåì çàìåíó

X → ΦX, à çàòåì íà ïîëó÷åííîå òîæäåñòâî ïîäåéñòâóåì îïåðàòîðîì Φ2
. Òîãäà ïîëó÷èì

Φ ◦ ∇Y (Φ)ΦX = Φ2 ◦ ∇Y (Φ)Φ
2X. Â ïîëó÷åííîì òîæäåñòâå ñäåëàåì çàìåíó Y → ΦY .

Òîãäà

Φ ◦ ∇ΦY (Φ)ΦX = Φ2 ◦ ∇ΦY (Φ)Φ
2X (∀X,Y ∈ X (M)). (2.7)

Ñ ó÷åòîì (2.7) ðàâåíñòâî (2.6) çàïèøåòñÿ â âèäå

C(X,Y ) = −1

2
Φ ◦ ∇ΦY (Φ)ΦX = −1

2
Φ2 ◦ ∇ΦY (Φ)Φ

2X (∀X,Y ∈ X (M)).

Íàïîìíèì [6, 9℄, ÷òî òðåòèé, ÷åòâåðòûé è ïÿòûé ñòðóêòóðíûå òåíçîðû ïî÷òè êîí-

òàêòíîé ìåòðè÷åñêîé ñòðóêòóðû èìåþò ñëåäóþùèå àíàëèòè÷åñêèå âûðàæåíèÿ:

1) D(X) = −1

2

{

Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ − 1

2
Φ ◦ ∇ξ(Φ)Φ

2X +
1

2
Φ2 ◦ ∇ξ(Φ)ΦX

}

;

2) E(X) = −1

2

{

Φ ◦ ∇Φ2X(Φ)ξ +Φ2 ◦ ∇ΦX(Φ)ξ
}

;

3) F (X) =
1

2

{

Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ
}

(∀X ∈ X (M)).

(2.8)

Ïðèìåíèâ ïðîöåäóðó âîññòàíîâëåíèÿ òîæäåñòâà [6, 7℄ ê ðàâåíñòâó Φb
0,a = −

√
−1δba,

ïîëó÷èì Φ2 ◦ ∇Φ2X(Φ)ξ − Φ ◦ ∇ΦX(Φ)ξ = −2ΦX äëÿ ëþáîãî X ∈ X (M). Ïîäåéñòâóåì
îïåðàòîðîì Φ íà îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà. Òîãäà Φ ◦∇Φ2X(Φ)ξ +Φ2 ◦∇ΦX(Φ)ξ =
2Φ2X äëÿ ëþáîãî X ∈ X (M).

Ïîñêîëüêó òðåòèé è ïÿòûé ñòðóêòóðíûå òåíçîðû äëÿ ëþáîãî X ∈ X (M) ñâÿçàíû
ñîîòíîøåíèåì D(X) = −3

2F (X), òî

Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ +Φ ◦ ∇ξ(Φ)Φ
2X − Φ2 ◦ ∇ξ(Φ)ΦX = 0 (∀X ∈ X (M)).
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Â (2.1) ïîëîæèì Y = ξ. Òîãäà ïîëó÷èì ∇X(Φ)ξ +∇ξ(Φ)X = −ΦX (∀X ∈ X (M)).
Â ïîñëåäíåì òîæäåñòâå ïîäñòàâèì ñíà÷àëà X → ΦX, à çàòåì X → Φ2X. Òîãäà

ïîëó÷èì

1) ∇ΦX(Φ)ξ +∇ξ(Φ)ΦX = −Φ2X;

2) ∇Φ2X(Φ)ξ +∇ξ(Φ)Φ
2X = ΦX (∀X ∈ X (M)).

(2.9)

Íà îáå ÷àñòè ðàâåíñòâà (2.9 (1)) ïîäåéñòâóåì îïåðàòîðîì Φ2
, à íà îáå ÷àñòè ðàâåíñòâà

(2.9 (2)) ïîäåéñòâóåì îïåðàòîðîì Φ. Òîãäà ïîëó÷èì

1) Φ2∇ΦX(Φ)ξ +Φ2∇ξ(Φ)ΦX = Φ2X;

2) Φ∇Φ2X(Φ)ξ +Φ∇ξ(Φ)Φ
2X = Φ2X (∀X ∈ X (M)).

(2.10)

Ïðîäè��åðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî η ◦ Φ = 0, ïîëó÷àåì

∇X(η)(ΦY ) + η ◦ ∇X(Φ)Y = 0 (∀X,Y ∈ X (M)). (2.11)

Â ÷àñòíîñòè, åñëè â ïîñëåäíåì ðàâåíñòâå ïîëîæèòü Y = ξ, òî η{∇X(Φ)ξ} = 0 äëÿ

ëþáîãî X ∈ X (M).
Ïðîäè��åðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî Φ2 = −id+ η ⊗ ξ, ïîëó÷àåì

∇X(Φ)ΦY +Φ ◦ ∇ΦX(Φ)Y = ξ∇X(η)Y + η(Y )∇Xξ.

Â ïîëó÷åííîì ðàâåíñòâå ñäåëàåì çàìåíó Y = ξ. Òîãäà ñ ó÷åòîì òîæäåñòâà ∇X(η)ξ = 0
äëÿ ëþáîãî X ∈ X (M), ïîëó÷èì òîæäåñòâî

Φ ◦ ∇ΦX(Φ)Y = ∇Xξ (∀X ∈ X (M)). (2.12)

Ñ ó÷åòîì (2.10) è (2.12) äëÿ (2.8(3)) èìååì

F (X) =
1

2

{

Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ
}

=
1

2
{∇Φ2Xξ − Φ ◦ ∇ΦXξ}

= Φ ◦ ∇Φ2X(Φ)ξ − Φ2X = −Φ ◦ ∇X(Φ)ξ − Φ2X = −∇Xξ − Φ2X

= −Φ2 ◦ ∇ΦX(Φ)ξ − Φ2X = −Φ ◦ ∇ΦX(Φ)ξ − Φ2X (∀X ∈ X (M)). ✄

3. Ñâîéñòâà èíòåãðèðóåìîñòè GK-ìíîãîîáðàçèé

Íàïîìíèì [6℄, ÷òî êîìïîíåíòû òåíçîðà Íåéåíõåéñà

NΦ(X,Y ) =
1

4
{Φ2[X,Y ] + [ΦX,ΦY ]− Φ[ΦX,Y ]− Φ[X,ΦY ]}

íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû èìåþò ñëåäóþùèé âèä:

1) N0
ab = −

√
−1

2
Φ0
[a,b]; 2) N0

âb = −N0
bâ = −

√
−1

2
Φ0
(â,b); 3) N0

âb̂
=

√
−1

2
Φ0
[â,b̂]

;

4) Na

b̂0
= −Na

0b̂
=

√
−1

4
Φa

b̂,0
−

√
−1

2
Φa

0,b̂
; 5) Na

b̂ĉ
=

√
−1Φa

[b̂,ĉ]
;

6) N â
b0 = −N â

0b =

√
−1

2
Φâ
0,b −

√
−1

2
Φâ
b,0; 7) N â

bc = −
√
−1Φâ

[b,c].

Îñòàëüíûå êîìïîíåíòû ýòîãî òåíçîðà òîæäåñòâåííî ðàâíû íóëþ.
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Ñ ó÷åòîì (2.2) êîìïîíåíòû òåíçîðà Íåéåíõåéñà NΦ(X,Y ) GK-ñòðóêòóðû íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ïðèìóò ñëåäóþùèé âèä:

1) N0
ab =

1
2Fab; 2) N0

âb̂
= 1

2F
ab; 3) Na

b̂0
= −Na

0b̂
= 3

4F
ab;

4) Na

b̂ĉ
= 2Cabc; 5) N â

b0 = −N â
0b =

3
4Fab; 6) N â

bc = 2Cabc.
(3.1)

Îñòàëüíûå êîìïîíåíòû ýòîãî òåíçîðà òîæäåñòâåííî ðàâíû íóëþ.

Òåîðåìà 3.1. Òåíçîð Íåéåíõåéñà îïåðàòîðà Φ GK-ñòðóêòóðû îáëàäàåò ñâîéñòâàìè:

1) NΦ

(

Φ2X,Φ2Y
)

+NΦ(ΦX,ΦY ) = 0;

2) NΦ

(

Φ2X,ΦY
)

−NΦ

(

ΦX,Φ2Y
)

= 0;

3) NΦ(X, ξ) = −1

4

{

Φ∇ΦXξ + 2∇Xξ +Φ2X
}

(∀X,Y ∈ X (M)).

⊳ 1): Ïðèìåíÿÿ ïðîöåäóðó âîññòàíîâëåíèÿ òîæäåñòâà [4, 7℄ ê ðàâåíñòâàì N0
ab̂

= N c

ab̂
=

N ĉ

ab̂
= 0, ïîëó÷èì òîæäåñòâî NΦ(Φ

2X,Φ2Y )+NΦ(ΦX,ΦY ) = 0 äëÿ ëþáûõ X,Y ∈ X (M).

2): Ñäåëàâ â ïîñëåäíåì òîæäåñòâå çàìåíó Y → ΦY , äëÿ ëþáûõ X,Y ∈ X (M) ïîëó-
÷àåì òîæäåñòâî NΦ(Φ

2X,ΦY )−NΦ(ΦX,Φ2Y ) = 0.
3): Âèä òåíçîðà Íåéåíõåéñà

NΦ(X,Y ) =
1

4

{

Φ2[X,Y ] + [ΦX,ΦY ]− Φ[ΦX,Y ]− Φ[X,ΦY ]
}

ñ ó÷åòîì �îðìóëû [X,Y ] = ∇XY −∇Y X, âûðàæàþùåé îòñóòñòâèå êðó÷åíèÿ ñâÿçíîñòè,

ïðèìåò âèä

NΦ(X,Y ) =
1

4
{∇ΦX(Φ)Y −∇ΦY (Φ)X +Φ∇Y (Φ)X − Φ∇X(Φ)Y } (∀X,Y ∈ X (M)).

Îòñþäà

NΦ(X, ξ) =
1

4
{∇ΦX(Φ)ξ +Φ∇ξ(Φ)X − Φ∇X(Φ)ξ} (∀X ∈ X (M)). (3.2)

Ïîëîæèì â (2.1) Y = ξ. Òîãäà ∇X(Φ)ξ + ∇ξ(Φ)X = −ΦX äëÿ ëþáîãî X ∈ X (M).
Ñ ó÷åòîì ïîëó÷åííîãî ðàâåíñòâà ñîîòíîøåíèå (3.2) ïðèìåò âèä

NΦ(X, ξ) = −1

4

{

Φ∇ΦXξ + 2∇Xξ +Φ2X
}

(∀X ∈ X (M)). ✄

Îïðåäåëåíèå 3.1 [6℄. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçûâàåòñÿ èíòå-

ãðèðóåìîé, åñëè NΦ = 0.

Òåîðåìà 3.2. Èíòåãðèðóåìàÿ GK-ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó.

⊳ Ïóñòü GK-ñòðóêòóðà ÿâëÿåòñÿ èíòåãðèðóåìîé. Òîãäà, ñîãëàñíî îïðåäåëåíèþ 3.1,

NΦ = 0. Ïîñëåäíåå ðàâåíñòâî ñ ó÷åòîì (3.1) ðàâíîñèëüíî ñîîòíîøåíèÿì F ab = Fab = 0;
Cabc = Cabc = 0. È ñîãëàñíî ïðåäëîæåíèþ 2.2 ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó. ⊲

Èçâåñòíî [10℄, ÷òî çàäàíèå òåíçîðà Íåéåíõåéñà ðàâíîñèëüíî çàäàíèþ ÷åòûðåõ òåíçî-

ðîâ N (1)
, N (2)

, N (3)
, N (4)

, à èìåííî:

N (1)(X,Y ) = NΦ(X,Y ) + 2 dη(X,Y )ξ; N (2)(X,Y ) = (LΦXη)(Y )− (LΦY η)(X);

N (3)(X) = (LξΦ)(X); N (4)(X) = (Lξη)(X) (∀X,Y ∈ X (M)),

ãäå LX � ïðîèçâîäíàÿ Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X.
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Âû÷èñëèì êîìïîíåíòû ýòèõ òåíçîðîâ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû.

Ó÷èòûâàÿ, ÷òî ω = ω0 = π∗(η), ãäå π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðè-

ñîåäèíåííîé G-ñòðóêòóðû íà ìíîãîîáðàçèå M , à òàêæå òî îáñòîÿòåëüñòâî, ÷òî íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ξa = ξa = 0, ξ0 = 1, ñîãëàñíî (1.1(1)) íàõîäèì,
÷òî íà ýòîì ïðîñòðàíñòâå

1) (dη ⊗ ξ)aij = (dη ⊗ ξ)âij = 0; 2) (dη ⊗ ξ)0ab = Fab;

3) (dη ⊗ ξ)0
âb̂

= F ab; 4) (dη ⊗ ξ)0âb = (dη ⊗ ξ)0
ab̂

= 0;

5) (dη ⊗ ξ)00a = (dη ⊗ ξ)0a0 = 0; 6) (dη ⊗ ξ)00â = (dη ⊗ ξ)0â0 = 0;

7) (dη ⊗ ξ)000 = 0.

(3.3)

Ñ ó÷åòîì ñîîòíîøåíèé (3.1) è (3.3) ïîëó÷àåì, ÷òî íà ïðîñòðàíñòâå ïðèñîåäèíåííîé

G-ñòðóêòóðû, òåíçîð N (1)(X,Y ) = NΦ(X,Y )+2 dη(X,Y )ξ èìååò ñëåäóþùèå êîìïîíåíòû:

1) (N (1))0ab =
5
2Fab; 2) (N (1))0

âb̂
= 5

2F
ab;

3) (N (1))a
b̂0

= −(N (1))a
0b̂

= 3
4F

ab; 4) (N (1))âb0 = −(N (1))â0b =
3
4Fab;

5) (N (1))a
b̂ĉ

= 2Cabc; 6) (N (1))âbc = 2Cabc,

(3.4)

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Îïðåäåëåíèå 3.2 [6, 10℄. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçûâàåòñÿ íîð-

ìàëüíîé, åñëè NΦ(X,Y ) + 2 dη(X,Y )ξ = 0.

Ïîíÿòèå íîðìàëüíîñòè áûëî ââåäåíî Ñàñàêè è Õàòàêåÿìîé [11℄ è ÿâëÿåòñÿ îäíèì èç

íàèáîëåå �óíäàìåíòàëüíûõ ïîíÿòèé êîíòàêòíîé ãåîìåòðèè, òåñíî ñâÿçàííûì ñ ïîíÿòèåì

èíòåãðèðóåìîñòè ñòðóêòóðû.

Òåîðåìà 3.3. Íîðìàëüíàÿ GK-ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó, à çíà÷èò,

ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíà êîñèìïëåêòè÷åñêîé ñòðóêòóðå.

⊳ Èç îïðåäåëåíèÿ 3.2 è (3.4) ñëåäóåò, ÷òî GK-ñòðóêòóðà ÿâëÿåòñÿ íîðìàëüíîé òî-

ãäà è òîëüêî òîãäà, êîãäà F ab = Fab = 0, Cabc = Cabc = 0. Ñîãëàñíî ïðåäëîæåíèþ 2.2

GK-ñòðóêòóðà ÿâëÿåòñÿ Êåíìîöó ñòðóêòóðîé. Ïîñêîëüêó ñòðóêòóðà Êåíìîöó ïîëó÷àåò-

ñÿ èç êîñèìïëåêòè÷åñêîé êàíîíè÷åñêèì êîíöèðêóëÿðíûì ïðåîáðàçîâàíèåì, òî íîðìàëü-

íàÿ GK-ñòðóêòóðà ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíà êîñèìïëåêòè÷åñêîé ñòðóêòó-

ðå. ⊲

Èç òåîðåì 3.2 è 3.3 ñëåäóåò

Òåîðåìà 3.4. Ïóñòü S = (ξ, η,Φ, g = 〈·, ·〉) � AC-ñòðóêòóðà. Òîãäà ñëåäóþùèå óòâåð-

æäåíèÿ ýêâèâàëåíòíû:

1) S = (ξ, η,Φ, g = 〈·, ·〉) � èíòåãðèðóåìàÿ GK-ñòðóêòóðà;

2) S = (ξ, η,Φ, g = 〈·, ·〉) � íîðìàëüíàÿ GK-ñòðóêòóðà;

3) S = (ξ, η,Φ, g = 〈·, ·〉) � ñòðóêòóðà Êåíìîöó.

Òåïåðü âû÷èñëèì êîìïîíåíòû òåíçîðà N (2)(X,Y ) = (LΦXη)(Y ) − (LΦY η)(X), ãäå
LX � ïðîèçâîäíàÿ Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X.
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Îïðåäåëåíèå 3.3 [6℄. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå, X � âåêòîðíîå ïîëå íà M ,

{Ft} � ñîîòâåòñòâóþùàÿ åìó ëîêàëüíàÿ îäíîïàðàìåòðè÷åñêàÿ ãðóïïà äè��åîìîð�èç-

ìîâ ìíîãîîáðàçèÿ, T � òåíçîðíîå ïîëå òèïà (r, s) íà M . Ïðîèçâîäíîé Ëè òåíçîðíîãî

ïîëÿ T â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X íàçûâàåòñÿ òåíçîðíîå ïîëå LXT íà M , â êàæ-

äîé òî÷êå p ∈ M îïðåäåëÿåìîå �îðìóëîé

(LXT )p = lim
t→0

1

t

(

(F−t)∗TFt(p) − Tp

)

.

Îïåðàòîð LX : T (M) → T (M), ñîïîñòàâëÿþùèé òåíçîðíîìó ïîëþ T ∈ T (M) òåíçîð-
íîå ïîëå LXT , íàçûâàåòñÿ îïåðàòîðîì äè��åðåíöèðîâàíèÿ Ëè â íàïðàâëåíèè âåêòîð-

íîãî ïîëÿ X.

Îïåðàòîð äè��åðåíöèðîâàíèÿ Ëè îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè [6℄:

1) îïåðàòîð LX ÿâëÿåòñÿ äè��åðåíöèðîâàíèåì òåíçîðíîé àëãåáðû T (M) ìíîãîîá-
ðàçèÿ, ñîõðàíÿþùèì òèï òåíçîðîâ è ïåðåñòàíîâî÷íûì ñ îïåðàòîðàìè ñâåðòêè;

2) LXf = X(f), ∀ f ∈ C∞(M);
3) LXY = [X,Y ], ∀X,Y ∈ X (M).
Çàìå÷àòåëüíûì îáñòîÿòåëüñòâîì ÿâëÿåòñÿ òî, ÷òî ïåðå÷èñëåííûå ñâîéñòâà îïåðàòîðà

äè��åðåíöèðîâàíèÿ Ëè îäíîçíà÷íî îïðåäåëÿþò ýòîò îïåðàòîð.

Çàìå÷àíèå 3.1 [6℄. Ïóñòü t � ïðîèçâîëüíûé òåíçîð òèïà (r, s) íà M . Âûðàæåíèå

LX(t)(X1, . . . ,Xr, u
1, . . . , us), áóäó÷è ëèíåéíûì ïî àðãóìåíòàì X1, . . . ,Xr, u

1, . . . , us, íå

ÿâëÿåòñÿ ëèíåéíûì ïî àðãóìåíòó X.

Ñ ó÷åòîì ïåðå÷èñëåííûõ ñâîéñòâ èìååì

LΦX(η(Y )) = LΦX

(

C
(1)
(1)η ⊗ Y

)

= C
(1)
(1)LΦX(η ⊗ Y )

= C
(1)
(1)LΦX(η) ⊗ Y + C

(1)
(1)η ⊗ LΦX(Y ) = LΦX(η)⊗ Y + η ⊗ LΦX(Y ),

ò. å. LΦX(η(Y )) = LΦX(η)⊗ Y + η ⊗ LΦX(Y ).
Ñ ó÷åòîì òîæäåñòâà [X,Y ] = ∇XY −∇Y X è ñâîéñòâ îïåðàòîðà äè��åðåíöèðîâàíèÿ

Ëè èç ïîëó÷åííîãî ðàâåíñòâà èìååì

LΦX(η)(Y ) = LΦX(η(Y ))− η(LΦXY ) = (ΦX)(η(Y ))− η([ΦX,Y ])

= (ΦX)(η(Y ))− η(∇ΦXY ) + η(∇Y (ΦX)) = {(ΦX)(η(Y ))− η(∇ΦXY )}
+ η{∇Y (Φ)X +Φ∇YX} = ∇ΦX(η)(Y ) + η{∇Y (Φ)X} + η{Φ∇Y X}

= ∇ΦX(η)(Y ) + η{∇Y (Φ)X},
ò. å.

LΦX(η)(Y ) = ∇ΦX(η)(Y ) + η{∇Y (Φ)X} (∀X,Y ∈ X (M)). (3.5)

�àññìîòðèì õàðàêòåðèñòè÷åñêèé âåêòîð GK-ìíîãîîáðàçèÿ. Ïîñêîëüêó ξ ÿâëÿåòñÿ

òåíçîðîì òèïà (0, 1), òî åãî êîìïîíåíòû {ξi} íà ãëàâíîì ðàññëîåíèè B(M) ðåïåðîâ íàäM

óäîâëåòâîðÿþò äè��åðåíöèàëüíûì óðàâíåíèÿì [6℄

dξi − ξkθik = ξi,jθ
j, (3.6)

ãäå {ξi,j} � ñèñòåìà �óíêöèé, ñëóæàùàÿ êîìïîíåíòàìè êîâàðèàíòíîãî äè��åðåíöèàëà

âåêòîðà ξ â ñâÿçíîñòè ∇. �àñïèñûâàÿ (3.6) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòó-

ðû, ñ ó÷åòîì ñîîòíîøåíèé ξa = ξâ = 0, ξ0 = 1, è âèäà òåíçîðíûõ êîìïîíåíò �îðìû

ðèìàíîâîé ñâÿçíîñòè [3℄:

1) θa
b̂
=

1

2
F abω + Cabcωc; 2) θâb =

1

2
Fabω + Cabcω

c;
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3) θa0 = δabω
b − F abωb; 4) θâ0 = δbaωb − Fabω

b; 5) θ0a = Fabω
b − δbaωb;

6) θ0â = F abωb − δabω
b; 7) θ00 = 0; 8) θij + θî

ĵ
= 0,

ïîëó÷èì

1) ξa
,b̂
= −F ab; 2) ξâ,b = −Fab; 3) ξa,b = δab ; 4) ξâ

,b̂
= δba,

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Òåîðåìà 3.5. Õàðàêòåðèñòè÷åñêèé âåêòîð ξ GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì

Êèëëèíãà.

⊳ Ïîñêîëüêó δab + δab = ξa,b + ξb̂,â = ξâ,b + ξb,â 6= 0, ò. å. 〈∇Xξ, Y 〉 + 〈X,∇Y ξ〉 6= 0 äëÿ

ëþáûõ X,Y ∈ X (M), òî ξ íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. ⊲

Àíàëîãè÷íî äëÿ êîíòàêòíîé �îðìû GK-ìíîãîîáðàçèÿ:

1) ηa,b = −Fab; 2) η
â,b̂

= −F ab; 3) η
a,b̂

= δba; 4) ηâ,b = δab , (3.7)

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Òåîðåìà 3.6. Êîíòàêòíàÿ �îðìà GK-ñòðóêòóðû íå ÿâëÿåòñÿ �îðìîé Êèëëèíãà.

Ñîãëàñíî ñîîòíîøåíèþ (3.5) N (2)(X,Y ) ïðèìåò ñëåäóþùèé âèä:

N (2)(X,Y ) = ∇ΦX(η)(Y ) + η{∇Y (Φ)X} −∇ΦY (η)(X) − η{∇X(Φ)Y }, (3.8)

äëÿ ëþáûõ X,Y ∈ X (M).
Èç (3.7) ñëåäóåò, ÷òî N (2)(X,Y ) = −N (2)(Y,X), çíà÷èò òåíçîð N (2)(X,Y ) êîñîñèì-

ìåòðè÷åí, ò. å. ÿâëÿåòñÿ 2-�îðìîé.

Íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû òîæäåñòâî (3.8) ïðèìåò âèä

N
(2)
ij = ηj,kΦ

k
i − ηi,kΦ

k
j + ηkΦ

k
i,j − ηkΦ

k
j,i. (3.9)

Ñ ó÷åòîì ñîîòíîøåíèé ηâ = ηa = 0, η0 = 1 è âèäà ìàòðèöû Φ íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû (1.2), èç (3.9) èìååì

1) N
(2)
ab = 4

√
−1Fab; 2) N

(2)

âb̂
= −4

√
−1F ab, (3.10)

îñòàëüíûå êîìïîíåíòû íóëåâûå.

Èç (3.10) íåïîñðåäñòâåííî ñëåäóåò ñëåäóþùàÿ

Òåîðåìà 3.7. Íà GK-ìíîãîîáðàçèè N (2)(X,Y ) = 0 òîãäà è òîëüêî òîãäà, êîãäà

F ab = Fab = 0.
Èç îïðåäåëåíèÿ 2.2 è òåîðåìû 3.7 ñëåäóåò

Òåîðåìà 3.8. GK-ìíîãîîáðàçèå ñ N (2)(X,Y ) = 0 ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì

II ðîäà.

Èñïîëüçóÿ ëîêàëüíîå ñòðîåíèå SGK-ìíîãîîáðàçèÿ II ðîäà [5℄, òåîðåìó 3.8 ìîæíî

ñ�îðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.9. GK-ìíîãîîáðàçèå ñ N (2)(X,Y ) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêó-

ëÿðíî òî÷íåéøå êîñèìïëåêòè÷åñêîìó ìíîãîîáðàçèþ.

Ïîñêîëüêó òî÷íåéøå êîñèìïëåêòè÷åñêîå ìíîãîîáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðî-

èçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ [5℄, òî ïðåäû-

äóùóþ òåîðåìó ìîæíî ñ�îðìóëèðîâàòü òàê:



18 Àáó-Ñàëååì À., �óñòàíîâ À. �., Õàðèòîíîâà Ñ. Â.

Òåîðåìà 3.10. GK-ìíîãîîáðàçèå ñ N (2)(X,Y ) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêó-

ëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñ-

ëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü

ãëîáàëüíûìè.

�àññìîòðèì òåïåðü òåíçîð

N (3)(X) = Lξ(Φ)(X) = Lξ(ΦX)−ΦLξX = [ξ,ΦX]− Φ[ξ,X]

= ∇ξ(ΦX)−∇ΦXξ − Φ(∇ξX −∇Xξ) = ∇ξ(Φ)X +Φ∇ξX

−∇ΦXξ − Φ∇ξX +Φ∇Xξ = ∇ξ(Φ)X −∇ΦXξ +Φ∇Xξ.

(3.11)

Òàêèì îáðàçîì, íà GK-ìíîãîîáðàçèè

N (3)(X) = ∇ξ(Φ)X −∇ΦXξ +Φ∇Xξ (∀X ∈ X (M)). (3.12)

Íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû òîæäåñòâî (3.12) ðàâíîñèëüíî ñîîò-

íîøåíèÿì

1)
(

N (3)
)a

b̂
= −3

√
−1F ab; 2)

(

N (3)
)â

b
= 3

√
−1Fab, (3.13)

îñòàëüíûå êîìïîíåíòû íóëåâûå.

Èç (3.13) è îïðåäåëåíèÿ 2.3 ñëåäóåò

Òåîðåìà 3.11. Íà GK-ìíîãîîáðàçèè N (3)(X) = 0 òîãäà è òîëüêî òîãäà, êîãäà

F ab = Fab = 0, ò. å. êîãäà ìíîãîîáðàçèå ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì II ðîäà.

Èñïîëüçóÿ ëîêàëüíîå ñòðîåíèå SGK-ìíîãîîáðàçèÿ II ðîäà [5℄, òåîðåìó 3.11 ìîæíî

ñ�îðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.12. GK-ìíîãîîáðàçèå ñ N (3)(X) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿð-

íî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñëè

ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü ãëî-

áàëüíûìè.

È, íàêîíåö, ðàññìîòðèì òåíçîð N (4)(X) = (Lξη)(X) äëÿ ëþáîãî X ∈ X. Èìååì

N (4)(X) = (Lξη)(X) = Lξ(η(X)) − η(LξX) = ξ(η(X)) − η([ξ,X])

= ∇ξ(η(X)) − η(∇ηX) + η(∇Xξ) = ∇ξ(η)(X) + η(∇ξX)− η(∇ξX)

+ η(∇Xξ) = ∇ξ(η)(X) + η(∇Xξ) = ∇ξ(η)(X),

ò. å.

N (4)(X) = ∇ξ(η)(X) (∀X ∈ X). (3.14)

Ñ ó÷åòîì (3.7) òîæäåñòâî (3.14) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ðàâ-

íîñèëüíî ñîîòíîøåíèÿì (N (4))i = 0, ò. å. N (4)(X) = 0.
Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 3.13. Íà GK-ìíîãîîáðàçèè N (4)(X) = 0.
�åçóëüòàòû òåîðåì 2.5, 3.9�3.12 ìîæíî ñ�îðìóëèðîâàòü â âèäå ñëåäóþùåé îñíîâíîé

òåîðåìû.

Îñíîâíàÿ òåîðåìà. Ïóñòü M � GK-ìíîãîîáðàçèå. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ

ýêâèâàëåíòíû:

1) GK-ìíîãîîáðàçèå èìååò çàìêíóòóþ êîíòàêòíóþ �îðìó ;

2) F ab = Fab = 0;
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3) N (2)(X,Y ) = 0;
4) N (3)(X) = 0;
5) M � SGK-ìíîãîîáðàçèå II ðîäà;
6) M � ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà

ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Åñëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âû-

áðàòü ãëîáàëüíûìè.
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Abstrat. The artile is devoted to generalized Kenmotsu manofolds, namely the study of their

integrability properties. The study is arried out by the method of assoiated G-strutures; therefore, the

spae of the assoiated G-struture of almost ontat metri manifolds is onstruted �rst. Next, we de�ne

the generalized Kenmotsu manifolds (in short, the GK-manifolds) and give the omplete group of strutural
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equations of suh manifolds. The �rst, seond, and third fundamental identities of GK-strutures are de�ned.

De�nitions of speial generalized Kenmotsu manifolds (SGK-manifolds) of the I and II kinds are given.

We onsider GK-manifolds the �rst fundamental distribution of whih is ompletely integrable. It is shown that

the almost Hermitian struture indued on integral manifolds of maximal dimension of the �rst distribution of

a GK-manifold is nearly Kahler. The loal struture of a GK-manifold with a losed ontat form is obtained,

and the expressions of the �rst and seond strutural tensors are given. We also ompute the omponents of the

Nijenhuis tensor of a GK-manifold. Sine the setting of the Nijenhuis tensor is equivalent to the spei�ation

of four tensors N (1)
, N (2)

, N (3)
, N (4)

, the geometri meaning of the vanishing of these tensors is investigated.

The loal struture of the integrable and normal GK-struture is obtained. It is proved that the harateristi

vetor of a GK-struture is not a Killing vetor. The main result is Theorem: Let M be a GK-manifold.

Then the following statements are equivalent: 1) GK-manifold has a losed ontat form; 2) F ab = Fab = 0;
3) N (2)(X,Y ) = 0; 4) N (3)(X) = 0; 5) M � is a seond-kind SGK manifold; 6) M is loally anonially

onirular with the produt of a nearly Kahler manifold and a real line.

Key words: generalized Kenmotsu manifold, Kenmotsu manifold, normal manifold, Nijenhuis tensor,

integrable struture, nearly Kahler manifold.
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