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Àííîòàöèÿ. Â ïðîñòðàíñòâå öåëûõ �óíêöèé ýêñïîíåíöèàëüíîãî òèïà, ðåàëèçóþùåì ñèëüíîå ñîïðÿ-

æåííîå ê ïðîñòðàíñòâó Ôðåøå �óíêöèé, áåñêîíå÷íî äè��åðåíöèðóåìûõ íà âåùåñòâåííîì èíòåðâà-

ëå, ñîäåðæàùåì íà÷àëî êîîðäèíàò, èññëåäîâàíû ëèíåéíûå íåïðåðûâíûå îïåðàòîðû, ïåðåñòàíîâî÷-

íûå ñ îïåðàòîðîì Ïîììüå. Îíè çàäàþòñÿ ëèíåéíûì íåïðåðûâíûì �óíêöèîíàëîì íà óïîìÿíóòîì

ïðîñòðàíñòâå öåëûõ �óíêöèé, à çíà÷èò, ñ òî÷íîñòüþ äî ñîïðÿæåííîãî ê ïðåîáðàçîâàíèþ Ôóðüå �

Ëàïëàñà, áåñêîíå÷íî äè��åðåíöèðóåìîé �óíêöèåé íà èñõîäíîì èíòåðâàëå. Äàíà ïîëíàÿ õàðàêòåðè-

çàöèÿ �óíêöèîíàëîâ, îïðåäåëÿþùèõ óêàçàííûì îáðàçîì èçîìîð�èçìû. Äîêàçàíî, ÷òî èçîìîð�èçì

çàäàåòñÿ �óíêöèÿìè, íå ðàâíûìè 0 â íà÷àëå êîîðäèíàò (è òîëüêî èìè). Ñóùåñòâåííóþ ðîëü â äî-

êàçàòåëüñòâå ñîîòâåòñòâóþùåãî êðèòåðèÿ èãðàåò ìåòîä, èñïîëüçóþùèé òåîðèþ êîìïàêòíûõ îïåðà-

òîðîâ â áàíàõîâûõ ïðîñòðàíñòâàõ. Âûäåëåí êëàññ òåõ áåñêîíå÷íî äè��åðåíöèðóåìûõ íà èñõîäíîì

èíòåðâàëå �óíêöèé, êîòîðûå çàäàþò îïåðàòîðû èç óïîìÿíóòîãî êîììóòàíòà, áëèçêèå ê èçîìîð-

�èçìó. Òàêèå îïåðàòîðû èìåþò êîíå÷íîìåðíîå ÿäðî. Äëÿ èíòåðâàëà, îòëè÷íîãî îò âåùåñòâåííîé

ïðÿìîé, ìû îïðåäåëÿåì òàêæå êëàññ îïåðàòîðîâ èç êîììóòàíòà îïåðàòîðà Ïîììüå, íå ÿâëÿþùèõñÿ

ñþðúåêòèâíûìè. Ñîïðÿæåííûé ê ëèíåéíîìó íåïðåðûâíîìó îïåðàòîðó, ïåðåñòàíîâî÷íîìó ñ îïåðà-

òîðîì Ïîììüå, ðåàëèçóåòñÿ â ïðîñòðàíñòâå áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé êàê îïåðàòîð,

ïîëó÷åííûé �èêñèðîâàíèåì îäíîãî ñîìíîæèòåëÿ â ïðîèçâåäåíèè Äþàìåëÿ. Ñóùåñòâåííîå îòëè÷èå

ðàññìîòðåííîé ñèòóàöèè îò èññëåäîâàâøèõñÿ ðàíåå ñîñòîèò â îòñóòñòâèè öèêëè÷åñêèõ âåêòîðîâ ó

îïåðàòîðà Ïîììüå â èñõîäíîì ïðîñòðàíñòâå öåëûõ �óíêöèé.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ïîììüå, öåëàÿ �óíêöèÿ ýêñïîíåíöèàëüíîãî òèïà, ïðîñòðàíñòâî áåñ-

êîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé, êîììóòàíò, èçîìîð�èçì.

Mathematial Subjet Classi�ation (2000): 46E10, 30D15, 47L10, 26E10.

Ââåäåíèå

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ñâîéñòâà êîììóòàíòà îïåðàòîðà Ïîììüå D0 â ïðî-

ñòðàíñòâå HΩ öåëûõ �óíêöèé ýêñïîíåíöèàëüíîãî òèïà, èçîìîð�íîãî ñèëüíîìó ñîïðÿ-

æåííîìó ê ïðîñòðàíñòâó Ôðåøå E (Ω) �óíêöèé, áåñêîíå÷íî äè��åðåíöèðóåìûõ íà èí-
òåðâàëå Ω ⊆ R. �àíåå îïåðàòîð D0 è åãî îäíîìåðíîå âîçìóùåíèå D0,g0 èçó÷àëèñü â [1�4℄

â ñ÷åòíîì èíäóêòèâíîì ïðåäåëå E âåñîâûõ ïðîñòðàíñòâ Ôðåøå öåëûõ �óíêöèé (åñëè

g0 ≡ 1, òî D0 = D0,g0). Â. À. Òêà÷åíêî [5, 6℄ èñïîëüçîâàë îïåðàòîð D0,g0 â ñëó÷àå g0 = eP ,
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ãäå P � íåêîòîðûé ìíîãî÷ëåí (ñì. [1℄). Â [5, 6℄ îí äåéñòâóåò â (LB)-ïðîñòðàíñòâå öåëûõ

�óíêöèé, ðîñò êîòîðûõ îïðåäåëÿåòñÿ ρ-òðèãîíîìåòðè÷åñêè âûïóêëîé (ρ > 0) �óíêöèåé
ñî çíà÷åíèÿìè â (−∞,+∞]. Ñîïðÿæåííûé ê íåìó íàçâàí â [5℄ îïåðàòîðîì îáîáùåííî-

ãî èíòåãðèðîâàíèÿ. Êîíñòðóêöèè ïîäîáíîãî ðîäà â (LB)-ïðîñòðàíñòâå öåëûõ �óíêöèé

ýêñïîíåíöèàëüíîãî òèïà èñïîëüçîâàëèñü È. Ô. Êðàñè÷êîâûì-Òåðíîâñêèì [7℄. Â [1℄ áûë

èññëåäîâàí êîììóòàíò D0,g0 â êîëüöå âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â E. Ñâîé-
ñòâà àëãåáðû, îáðàçîâàííîé ñîïðÿæåííûì E′

ê E ñ óìíîæåíèåì, îïðåäåëÿåìûì îïåðà-

òîðîì ñäâèãà äëÿ D0,g0 , èçó÷åíû â [2℄, öèêëè÷åñêèå âåêòîðû è ñîáñòâåííûå çàìêíóòûå

èíâàðèàíòíûå ïîäïðîñòðàíñòâà D0,g0 â E îïèñàíû â [3, 4℄. Ñóùåñòâåííûì îòëè÷èåì ðàñ-

ñìàòðèâàåìîé çäåñü ñèòóàöèè îò èçó÷åííûõ ðàíåå êîíêðåòíûõ ñëó÷àåâ ÿâëÿåòñÿ íåêâàçè-

àíàëèòè÷íîñòü ïðîñòðàíñòâà E (Ω), èçîìîð�íîãî ñîïðÿæåííîìó ê HΩ (â [3, 4℄ ñîïðÿæåí-

íîå ê E ðåàëèçóåòñÿ êàê íåêîòîðîå ïðîñòðàíñòâî àíàëèòè÷åñêèõ �óíêöèé). Ñëåäñòâèåì

ýòîãî ÿâëÿåòñÿ îòñóòñòâèå öèêëè÷åñêèõ âåêòîðîâ ó îïåðàòîðà Ïîììüå â HΩ. Â ñèòóàöè-

ÿõ, èññëåäîâàííûõ â [3, 4℄, öèêëè÷åñêèìè âåêòîðàìè D0 ÿâëÿþòñÿ âñå �óíêöèè èç E,
îòëè÷íûå îò ìíîãî÷ëåíà (ò. å. èõ ¾áîëüøå¿, ÷åì �óíêöèé, íå ÿâëÿþùèõñÿ öèêëè÷åñêè-

ìè).

Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îïèñàíèå ëèíåéíûõ íåïðåðûâíûõ â HΩ îïå-

ðàòîðîâ, ïåðåñòàíîâî÷íûõ â HΩ ñ D0 è ÿâëÿþùèõñÿ èçîìîð�èçìîì HΩ èëè áëèçêèõ

ê íåìó. Âñÿêèé îïåðàòîð B èç êîììóòàíòà K (D0) îïåðàòîðà D0 çàäàåòñÿ íåêîòîðûì

ëèíåéíûì íåïðåðûâíûì �óíêöèîíàëîì ϕ íà HΩ. Ñ ó÷åòîì ðå�ëåêñèâíîñòè E (Ω) è òåî-
ðåìû Ïýëè � Âèíåðà � Øâàðöà ñîïðÿæåííîå ê HΩ ìîæíî îòîæäåñòâèòü ñ E (Ω), è òîãäà
ýëåìåíòû K (D0) îïðåäåëÿþòñÿ (îäíîçíà÷íî) �óíêöèÿìè èç E (Ω). Ïîêàçàíî, ÷òî èçîìîð-
�èçì çàäàåòñÿ òîé è òîëüêî òîé �óíêöèåé, êîòîðàÿ íå ðàâíà 0 â íà÷àëå êîîðäèíàò. Ïðè
ýòîì ñóùåñòâåííóþ ðîëü èãðàåò ìåòîä, èñïîëüçóþùèé òåîðèþ êîìïàêòíûõ îïåðàòîðîâ

â áàíàõîâûõ ïðîñòðàíñòâàõ. �àíåå â àíàëîãè÷íûõ âîïðîñàõ îí ïðèìåíÿëñÿ Â. À. Òêà-

÷åíêî [6℄. Â äðóãîì êðàéíåì ñëó÷àå, êîãäà áåñêîíå÷íî äè��åðåíöèðóåìàÿ â Ω �óíêöèÿ

îáðàùàåòñÿ òîæäåñòâåííî â 0 â íåêîòîðîé îäíîñòîðîííåé îêðåñòíîñòè íà÷àëà êîîðäè-

íàò (è èíòåðâàë Ω ñ ñîîòâåòñòâóþùåé ñòîðîíû îãðàíè÷åí), îíà çàäàåò íåñþðúåêòèâíûé

îïåðàòîð. Êàê ïîêàçàíî â [1℄, ñ ïîìîùüþ îïåðàòîðà ñäâèãà äëÿ îïåðàòîðà Ïîììüå â ñî-

ïðÿæåííîì H ′
Ω ê ïðîñòðàíñòâó HΩ ìîæíî ââåñòè àññîöèàòèâíîå è êîììóòàòèâíîå óìíî-

æåíèå. Åãî åñòåñòâåííîé ðåàëèçàöèåé â E (Ω) ÿâëÿåòñÿ ïðîèçâåäåíèå Äþàìåëÿ, èãðàþùåå
âàæíóþ ðîëü â ðàçëè÷íûõ âîïðîñàõ àíàëèçà (ñì., íàïðèìåð, ðàáîòû Ì. Ò. Êàðàåâà [8,

9℄). Ýòî ïðîèçâåäåíèå òîæå ñóùåñòâåííî èñïîëüçóåòñÿ â äîêàçàòåëüñòâàõ.

1. Âñïîìîãàòåëüíûå ñâåäåíèÿ

Ïóñòü Ω � èíòåðâàë â R, ñîäåðæàùèé 0; (Kn)n∈N � èñ÷åðïûâàþùàÿ Ω ïîñëåäîâà-

òåëüíîñòü îòðåçêîâ: Kn ⊂ intKn+1, n ∈ N; Ω =
⋃
n∈NKn. Ïðè ýòîì äëÿ ìíîæåñòâà

M ⊂ R ñèìâîë intM îáîçíà÷àåò âíóòðåííîñòü M â R. Áóäåì ñ÷èòàòü, ÷òî 0 ∈ K1. Ïóñòü

HM(x) := supy∈M (xy), x ∈ R, � îïîðíàÿ �óíêöèÿ ìíîæåñòâà M ⊂ R; A(C) � ïðîñòðàí-

ñòâî öåëûõ â C �óíêöèé.

Äàëåå äëÿ n ∈ N

HΩ,n :=

{
f ∈ A(C) : ‖f‖n := sup

z∈C

|f(z)|

(1 + |z|)n exp(HKn
(Im z))

< +∞

}
;

HΩ,n ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì ñ íîðìîé ‖·‖n. Ïðè ýòîì HΩ,n ⊂ HΩ,n+1, n ∈ N,

è ýòè âëîæåíèÿ íåïðåðûâíû. Ïîëîæèì HΩ :=
⋃
n∈NHΩ,n è ñíàáäèì HΩ òîïîëîãèåé èí-

äóêòèâíîãî ïðåäåëà ïðîñòðàíñòâ HΩ,n, n ∈ N, îòíîñèòåëüíî èõ âëîæåíèé â HΩ.
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Ïîëîæèì eλ(x) := e−iλx, x, λ ∈ C. Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà X ñèìâîë

X ′
îáîçíà÷àåò òîïîëîãè÷åñêîå ñîïðÿæåííîå ê X. Ïóñòü E (Ω) � ïðîñòðàíñòâî Ôðåøå âñåõ

áåñêîíå÷íî äè��åðåíöèðóåìûõ â Ω �óíêöèé. Ïî òåîðåìå Ïýëè � Âèíåðà �Øâàðöà [10,

òåîðåìà 7.3.1℄ ïðåîáðàçîâàíèå Ôóðüå � Ëàïëàñà F (ϕ)(λ) := ϕ(eλ), λ ∈ C, ϕ ∈ E (Ω)′, óñòà-
íàâëèâàåò òîïîëîãè÷åñêèé èçîìîð�èçì ñèëüíîãî ñîïðÿæåííîãî ê E (Ω) íà HΩ. Îòìåòèì,

÷òî E (Ω) ðå�ëåêñèâíî.
Ïóñòü L (HΩ) � ïðîñòðàíñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â HΩ. Îïåðà-

òîð Ïîììüå Dz, z ∈ C, îïðåäåëÿåòñÿ ðàâåíñòâîì

Dz(f)(t) :=

{
f(t)−f(z)

t−z , t 6= z,

f ′(z), t = z,

f ∈ HΩ. Ïî [1℄ Dz ∈ L (HΩ) äëÿ ëþáîãî z ∈ C.

Ñëåäóÿ [11, 12℄, ââåäåì ñäâèãè Tz, z ∈ C, äëÿ D0, ëèíåéíî è íåïðåðûâíî äåéñòâóþùèå

â HΩ: äëÿ f ∈ HΩ

Tz(f)(t) :=

{
tf(t)−zf(z)

t−z , t 6= z,

f(z) + zf ′(z), t = z.

Ïóñòü K (D0) � ìíîæåñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â HΩ, ïåðåñòà-

íîâî÷íûõ ñ D0 â HΩ, ò. å. êîììóòàíò D0 â êîëüöå L (HΩ).

Òåîðåìà 1. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) B ∈ K (D0).
(ii) Ñóùåñòâóåò �óíêöèîíàë ϕ ∈ H ′

Ω òàêîé, ÷òî B(f)(z) = ϕ(Tz(f)), z ∈ C, f ∈ HΩ.

⊳ Èç [1, òåîðåìà 15℄ ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû. ⊲

Äëÿ ϕ ∈ H ′
Ω ïîëîæèì Bϕ(f)(z) = ϕ(Tz(f)), z ∈ C, f ∈ HΩ.

Îïðåäåëèì áèíàðíóþ îïåðàöèþ ⊗ â HΩ : (ϕ ⊗ ψ)(f) := ϕz(ψ(Tz(f)), ϕ,ψ ∈ H ′
Ω,

f ∈ HΩ. Ïî [1, � 3℄ ïðîèçâåäåíèå ϕ⊗ψ êîððåêòíî îïðåäåëåíî; îíî àññîöèàòèâíî è êîììó-

òàòèâíî. Êðîìå òîãî [1, ñëåäñòâèå 18℄, îòîáðàæåíèå κ(ϕ) := Bϕ ÿâëÿåòñÿ èçîìîð�èçìîì
àëãåáð (H ′

Ω,⊗) è K (D0) (â ïîñëåäíåé ââîäèòñÿ îáû÷íîå îïåðàòîðíîå óìíîæåíèå).

2. Îñíîâíîé ðåçóëüòàò

Êàê îáû÷íî, D(R) � ïðîñòðàíñòâî âñåõ áåñêîíå÷íî äè��åðåíöèðóåìûõ â R �óíêöèé

ñ êîìïàêòíûì íîñèòåëåì. Äëÿ îáîáùåííîé �óíêöèè u ∈ D′(R) ñèìâîë supp(u) îáîçíà-
÷àåò íîñèòåëü u. Îòìåòèì ñâîéñòâî ðàâíîìåðíîé îãðàíè÷åííîñòè íîñèòåëåé îáîáùåííûõ

�óíêöèé F−1(Tz(f)), z ∈ C, äëÿ �èêñèðîâàííîé �óíêöèè f ∈ HΩ.

Ëåììà 1. Äëÿ ëþáûõ m ∈ N f ∈ HΩ,m, z ∈ C, íîñèòåëè F−1(D0(f)) è F−1(Tz(f))
ñîäåðæàòñÿ â Km.

⊳ Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà ìîäóëÿ, ïîëó÷àåì, ÷òî ‖D0(f)‖m < +∞ è

sup
t∈C

|Tz(f)(t)|

(1 + |t|)m+1 exp(HKm
(Im t))

< +∞.

Ïî òåîðåìå Ïýëè � Âèíåðà � Øâàðöà supp (F−1(D0(f))) ⊂ Km è supp (F−1(Tz(f))) ⊂
Km. ⊲

Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà X, ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà

A : X → X ýëåìåíò x ∈ X íàçûâàåòñÿ öèêëè÷åñêèì âåêòîðîì A â X, åñëè ñèñòåìà

{An(x) : n > 0} ïîëíà â X, ò. e. åå ëèíåéíàÿ îáîëî÷êà ïëîòíà â X.
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Ñëåäñòâèå 1. Îïåðàòîð D0 íå èìååò â HΩ íè îäíîãî öèêëè÷åñêîãî âåêòîðà.

⊳ Çà�èêñèðóåì f ∈ HΩ,m. Ïî ëåììå 1 íîñèòåëü êàæäîé îáîáùåííîé �óíêöèè

F−1(Dn
0 (f)), n > 0, ñîäåðæèòñÿ â Km. Âîçüìåì íåíóëåâóþ �óíêöèþ h ∈ D(R) òàêóþ,

÷òî (supp(h)) ∩ Km = ∅ è supp(h) ⊂ Ω. Òîãäà F−1(Dn
0 (f))(h) = 0 äëÿ ëþáîãî n > 0.

Çíà÷èò, ìíîæåñòâî

{
F−1(Dn

0 (f)) : n > 0
}
íå ÿâëÿåòñÿ ïîëíûì â ñèëüíîì ñîïðÿæåííîì

ê E (Ω), ñëåäîâàòåëüíî, ìíîæåñòâî {Dn
0 (f) : n > 0} íå ÿâëÿåòñÿ ïîëíûì â HΩ. ⊲

Ýòîò �àêò ïðèíöèïèàëüíî îòëè÷àåò ðàññìàòðèâàåìóþ çäåñü ñèòóàöèþ îò èçó÷åííûõ

ðàíåå. Îí âëå÷åò òàêæå, ÷òî ñåìåéñòâî ñîáñòâåííûõ çàìêíóòûõ D0-èíâàðèàíòíûõ ïîä-

ïðîñòðàíñòâ HΩ î÷åíü øèðîêîå.

Ïóñòü S(R) � ïðîñòðàíñòâî Øâàðöà âñåõ áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé

h : R → C òàêèõ, ÷òî limt→∞(|t|k|f (k)(t)|) = 0 äëÿ ëþáîãî k ∈ N. Ñèìâîëîì FS îáî-

çíà÷èì ïðåîáðàçîâàíèå Ôóðüå, äåéñòâóþùåå â ïðîñòðàíñòâå S′(R) îáîáùåííûõ �óíêöèé
ìåäëåííîãî ðîñòà íà R.

Äëÿ h ∈ S(R) ââåäåì �óíêöèþ k(h)(z) :=
∫ +∞
−∞

h(t)
t−z dt, z ∈ C\R.

Ëåììà 2. Ïóñòü h ∈ S(R) è A :=
∫ +∞
−∞ h(t) dt. Òîãäà limz→∞,

z∈C\R
(zk(h)(z)) = −A.

Ýòî óòâåðæäåíèå ñîäåðæèòñÿ â [13, ãë. 4, � 71℄. Ïîñêîëüêó �óíêöèè h è h1(t) := th(t)
ïðèíàäëåæàò S(R), òî íàéäåòñÿ C > 0 òàêîå, ÷òî äëÿ ëþáûõ t1, t2 ∈ R, äëÿ êîòîðûõ

|t1|, |t2| > 1, âûïîëíÿþòñÿ íåðàâåíñòâà |h(t1) − h(t2)| 6 C
∣∣ 1
t1

− 1
t2

∣∣
è |h1(t1) − h1(t2)| 6

C
∣∣ 1
t1

− 1
t2

∣∣
(ò. å. â òåðìèíîëîãèè [13℄ h è h1 óäîâëåòâîðÿþò óñëîâèþ H âáëèçè ∞). Êðî-

ìå òîãî, ñóùåñòâóþò ïðåäåëû lim z→∞,
Im z>0

k(h1)(z) è lim z→∞,
Im z<0

k(h1)(z), ðàâíûå 0. Ïîýòîìó

limz→∞,
z∈C\R

(zk(h)(z)) = −A ïî [13, ñ. 260℄.

Çàìå÷àíèå 1. (i) Ïðåîáðàçîâàíèå F̃ : ϕ 7→ (ϕ(eλ), λ ∈ Ω) ÿâëÿåòñÿ òîïîëîãè÷å-

ñêèì èçîìîð�èçìîì ñèëüíîãî ñîïðÿæåííîãî ê HΩ íà E (Ω). Ïðè ýòîì F̃ � îòîáðàæåíèå,

ñîïðÿæåííîå ê F : E (Ω)′ → HΩ îòíîñèòåëüíî äóàëüíûõ ïàð (E (Ω)′,E (Ω)) è (HΩ,H
′
Ω).

Ïîëàãàåì ϕ̂ := F̃ (ϕ), ϕ ∈ H ′
Ω. Äëÿ ëþáûõ ϕ ∈ H ′

Ω, n > 0, ñïðàâåäëèâî ðàâåíñòâî

ϕ̂(n)(0) = ϕt(t
n).

(ii) Îïåðàöèÿ ⊗ ïîñðåäñòâîì F̃ : H ′
Ω → E (Ω) èíäóöèðóåò â E (Ω) ïðîèçâåäåíèå Äþà-

ìåëÿ, ò. å. ϕ̂⊗ ψ = ϕ̂ ∗ ψ̂, ãäå

(g ∗ h)(t) =
d

dt

( t∫

0

g(t− τ)h(τ) dτ

)
= g(0)h(t) +

t∫

0

g′(t− τ)h(τ) dτ, g, h ∈ E (Ω).

(iii) Áèëèíåéíàÿ �îðìà 〈f, h〉 := F̃−1(h)(f), f ∈ HΩ, h ∈ E (Ω), çàäàåò äâîéñòâåííîñòü
ìåæäó HΩ è E (Ω). Ïðè ýòîì 〈f, h〉 = F−1(f)(h).

Ñîïðÿæåííûì ê îïåðàòîðó Bϕ : HΩ → HΩ, ϕ ∈ H ′
Ω, îòíîñèòåëüíî ýòîé äâîéñòâåííî-

ñòè ÿâëÿåòñÿ îïåðàòîð Aϕ̂ : E (Ω) → E (Ω), Aϕ̂(h) = ϕ̂ ∗ h.

Âûÿñíèì äàëåå, ïðè êàêèõ óñëîâèÿõ Bϕ ÿâëÿåòñÿ èçîìîð�èçìîì HΩ. Âíà÷àëå îõà-

ðàêòåðèçóåì èíúåêòèâíûå îïåðàòîðû Bϕ.

Ëåììà 3. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) Bϕ èíúåêòèâåí â HΩ.

(ii) ϕ̂(0) 6= 0.

⊳ (i)⇒(ii): Åñëè ϕ̂(0) = 0, òî Bϕ(1) = 0 (ñòîÿùàÿ â ñêîáêàõ �óíêöèÿ òîæäåñòâåííî

ðàâíà 1). Ïîýòîìó îïåðàòîð Bϕ íå ÿâëÿåòñÿ èíúåêòèâíûì.
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(ii)⇒(i): Ïóñòü f ∈ KerBϕ. Òîãäà ϕ(Tz(f)) = 0 äëÿ ëþáîãî z ∈ C. Ñëåäîâàòåëüíî,

F̃−1(ϕ̂)(Tz(f)) = 0 è F−1(Tz(f))(ϕ̂) = 0 äëÿ ëþáîãî z ∈ C. Ïî ëåììå 1 ñóùåñòâóåò

m ∈ N, äëÿ êîòîðîãî íîñèòåëè âñåõ îáîáùåííûõ �óíêöèé F−1(Tz(f)), z ∈ C, ñîäåðæàòñÿ

â Km. Âîçüìåì �óíêöèþ χ ∈ D(R) òàêóþ, ÷òî χ ðàâíà 1 â Km+1 è supp(χ) ⊂ Ω. Òîãäà
F−1(Tz(f)) (χϕ̂) = 0, z ∈ C. Òàêèì îáðàçîì,

F
−1
S (χϕ̂) (Tz(f) |R) = 0, z ∈ C.

Ôóíêöèÿ g := F
−1
S (χϕ̂) ïðèíàäëåæèò S(R) (ïðè ýòîì S(R) îòîæäåñòâëÿåòñÿ ñòàíäàðò-

íûì îáðàçîì ñ ïîäïðîñòðàíñòâîì S′(R)). Çíà÷èò,

+∞∫

−∞

tf(t)g(t)

t− z
dt = zf(z)

+∞∫

−∞

g(t)

t− z
dt, z ∈ C\R.

Ïîëîæèì

α(z) :=

+∞∫

−∞

tf(t)g(t)

t− z
dt, β(z) :=

+∞∫

−∞

g(t)

t− z
dt, z ∈ C\R.

Ïî ëåììå 2

lim
z→∞,z∈C\R

(zβ(z)) = −

+∞∫

−∞

g(t)dt = −χ(0)ϕ̂(0) 6= 0

(�óíêöèÿ tf(t)g(t), t ∈ R, ïðèíàäëåæèò S(R)). Ïîñêîëüêó limz→∞,
z∈C\R

α(z) = 0, òî

limz→∞ f(z) = 0 è, ñëåäîâàòåëüíî, f = 0. Çíà÷èò, KerBϕ = {0}. ⊲

Ââåäåì �óíêöèîíàëû δ0,n ∈ H ′
Ω, n > 0 : δ0,n(f) :=

in

n!f
(n)(0), f ∈ HΩ. Çàìåòèì, ÷òî

δ̂0,n(x) =
1
n!x

n
, x ∈ Ω, è κ(δ0,n) = Bδ0,n = Dn

0 [1, ëåììà 7℄ (îòîáðàæåíèå κ : H ′
Ω → K (D0)

ââåäåíî â � 1).

Ëåììà 4. Ïóñòü ϕ ∈ H ′
Ω è ϕ̂(j)(0) = 0, 0 6 j 6 n − 1, äëÿ íåêîòîðîãî n ∈ N. Òîãäà

ñóùåñòâóåò ψ ∈ H ′
Ω òàêîå, ÷òî ϕ = δ0,n ⊗ ψ. Åñëè ϕ̂(n)(0) 6= 0, òî ψ̂(0) 6= 0.

⊳ Ïîëîæèì ψ := F̃−1(ϕ̂(n)) è h := ϕ̂. Òîãäà

h(t) =
1

n!

d

dt

( t∫

0

(t− τ)nh(n)(τ) dξ

)
, t ∈ Ω,

ò. å. δ̂0,n ∗ h
(n) = h. Îòñþäà ñëåäóåò ðàâåíñòâî ϕ = δ0,n ⊗ F̃−1(h(n)). ⊲

Ââåäåì äóàëüíûå ïðåäíîðìû â H ′
Ω: ‖ϕ‖∗n := sup f∈HΩ,

‖f‖n61

|ϕ(f)|, n ∈ N, ϕ ∈ H ′
Ω.

Òåîðåìà 2. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) Bϕ ∈ K (D0,g0) � èçîìîð�èçì HΩ.

(ii) ϕ̂(0) 6= 0.

⊳ (ii)⇒(i): Èñïîëüçóåì ìåòîä äîêàçàòåëüñòâà Â. À. Òêà÷åíêî [6, òåîðåìà 2℄. Ïîñêîëüêó

äëÿ f ∈ HΩ, t 6= z
tf(t)− zf(z)

t− z
= f(z) + t

f(t)− f(z)

t− z
,

òî

Bϕ(f) = ϕ̂(0)f +B(f), B(f)(z) := ϕt(tDz(f)(t)), z ∈ C, f ∈ HΩ. (1)
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Ïîêàæåì, ÷òî B � ëèíåéíûé íåïðåðûâíûé îïåðàòîð â HΩ òàêîé, ÷òî äëÿ ëþáîãî

n ∈ N ñóæåíèå B íà HΩ,n � êîìïàêòíûé îïåðàòîð â HΩ,n. Çà�èêñèðóåì n ∈ N. Ïîëîæèì

Sn = {f ∈ HΩ,n : ‖f‖n 6 1}. Äëÿ ëþáîé �óíêöèè f ∈ Sn

|ϕt(tDz(f)(t))| 6 ‖ϕ‖∗n+1 sup
t∈C

|t||Dz(f)(t)|

(1 + |t|)n+1 exp(HKn+1
(Im t))

. (2)

Çà�èêñèðóåì ε > 0. Åñëè z ∈ C, |t− z| > 1
ε
, òî äëÿ ëþáîé �óíêöèè f ∈ Sn

|t||Dz(f)(t)|

(1 + |t|)n+1 exp(HKn+1
(Im t))

=
|t||f(t)− f(z)|

|t− z|(1 + |t|)n+1 exp(HKn+1
(Im t))

6 ε

(
|t|

1 + |t|
+ (1 + |z|)n exp(HKn

(Im z))

)
6 2ε(1 + |z|)n exp(HKn

(Im z)).

(3)

Åñëè æå |t − z| 6 1
ε
äëÿ z ∈ C, òî äëÿ ëþáîé �óíêöèè f ∈ Sn ïî ïðèíöèïó ìàêñèìóìà

ìîäóëÿ íàéäåòñÿ w ∈ C òàêîå, ÷òî |w − z| = 1
ε
è âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:

|t||Dz(f)(t)|

(1 + |t|)n+1 exp(HKn+1
(Im t))

6 ε
1

(1 + |t|)n exp(HKn+1
(Im t))

×((1 + |w|)n exp(HKn
(Imw)) + (1 + |z|)n exp(HKn

(Im z)))

6 ε

((
1 + (2/ε) + |t|

1 + |t|

)n
exp

(
2Cn
ε

)
+ (1 + |z|)n exp(HKn

(Im z))

)

6 ε

((
1 +

2

ε

)n
exp

(
2Cn
ε

)
+ (1 + |z|)n exp(HKn

(Im z))

)
,

(4)

ãäå Cn := max|ξ|=1HKn
(Im ξ) < +∞. Èç (2)�(4) ñëåäóåò, ÷òî

lim
z→∞

sup
f∈Sn

|B(f)(z)|

(1 + |z|)n exp(HKn
(Im z))

= 0.

Ïîñëåäíåå âëå÷åò îòíîñèòåëüíóþ êîìïàêòíîñòü B(Sn) â HΩ,n. Ïî ëåììå 3 îïåðàòîð Bϕ
èíúåêòèâåí. Ïîñêîëüêó ϕ̂(0) 6= 0, òî âñëåäñòâèå (1) îí ÿâëÿåòñÿ èçîìîð�èçìîì êàæäîãî

ïðîñòðàíñòâà HΩ,n, n ∈ N. Îòñþäà ñëåäóåò, ÷òî Bϕ � èçîìîð�èçì HΩ.

(i)⇒(ii): Åñëè ϕ̂(0) = 0, òî ïî ëåììå 3 Bϕ íå ÿâëÿåòñÿ èíúåêòèâíûì. ⊲

Ñëåäñòâèå 2. Ïóñòü ϕ ∈ H ′
Ω è ϕ̂(j)(0) = 0, 0 6 j 6 n− 1, ϕ̂(n)(0) 6= 0 äëÿ íåêîòîðîãî

n ∈ N. Òîãäà ñóùåñòâóåò ψ ∈ H ′
Ω, äëÿ êîòîðîãî Bϕ = Dn

0Bψ è Bψ � òîïîëîãè÷åñêèé

èçîìîð�èçì HΩ. Êðîìå òîãî, Bϕ : HΩ → HΩ èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé

îáðàòíûé.

⊳ Ïî ëåììå 4 ñóùåñòâóåò ψ ∈ H ′
Ω òàêîå, ÷òî ϕ = δ0,n ⊗ ψ è ψ̂(n)(0) 6= 0. Òîãäà

Bϕ = Bδ0,nBψ = Dn
0Bψ = BψD

n
0 . Ïî òåîðåìå 2 Bψ � èçîìîð�èçì HΩ. Ïîñêîëüêó îïå-

ðàòîð Dn
0 : HΩ → HΩ ñþðúåêòèâåí, ÿäðî KerBϕ = KerDn

0 n-ìåðíî (à çíà÷èò, òîïî-

ëîãè÷åñêè äîïîëíèìî â HΩ), òî Bϕ : HΩ → HΩ èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé

îáðàòíûé. ⊲

Îáðàòèìñÿ òåïåðü ê äðóãîé êðàéíåé ñèòóàöèè, êîãäà �óíêöèÿ ϕ̂ ÿâëÿåòñÿ ¾î÷åíü¿

ïëîñêîé â íà÷àëå êîîðäèíàò, ò. å. îíà ðàâíà 0 â íåêîòîðîé îäíîñòîðîííåé îêðåñòíîñòè

íà÷àëà êîîðäèíàò.

Çàìå÷àíèå 2. �àññìîòðèì ñëó÷àé, êîãäà èíòåðâàë Ω îòëè÷åí îò ïðÿìîé R. Òîãäà

Ω = (ω−, ω+), ãäå õîòÿ áû îäíî èç ω−
, ω+

êîíå÷íî. Ïóñòü, íàïðèìåð, ω+ ∈ (0,+∞).
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Ïðåäïîëîæèì, ÷òî ϕ̂ = 0 â íåêîòîðîé ïðàâîñòîðîííåé îêðåñòíîñòè íà÷àëà êîîðäèíàò.

Òîãäà íàéäåòñÿ íåíóëåâàÿ �óíêöèÿ h ∈ E (Ω) òàêàÿ, ÷òî h = 0 â (ω+, ω0] äëÿ íåêîòîðîãî
ω0 ∈ (0, ω+) è

∫ t
0 ϕ̂(t − τ)h(τ) dτ = 0 äëÿ ëþáîãî t ∈ Ω. Çíà÷èò, Aϕ̂(h) = ϕ̂ ∗ h = 0.

Îïåðàòîð Aϕ̂ : E (Ω) → E (Ω) ÿâëÿåòñÿ ñîïðÿæåííûì ê Bϕ : HΩ → HΩ (îòíîñèòåëüíî

äóàëüíîé ïàðû (HΩ,E (Ω))). Òàê êàê Aϕ̂ íåèíúåêòèâåí, òî ïî [14, ãë. 8, � 8.6℄ ImBϕ íå

ÿâëÿåòñÿ ïëîòíûì â HΩ è, òåì áîëåå, Bϕ : HΩ → HΩ íåñþðúåêòèâåí.

Àíàëîãè÷íî, åñëè ω−
êîíå÷íî è ϕ̂ = 0 â íåêîòîðîé ëåâîñòîðîííåé îêðåñòíîñòè íà÷àëà,

òî îïåðàòîð Bϕ : HΩ → HΩ íåñþðúåêòèâåí, ïðè÷åì åãî îáðàç äàæå íå ïëîòåí â HΩ.

Ïðèâåäåííûå ðàññóæäåíèÿ èìåþò íåïîñðåäñòâåííîå îòíîøåíèå ê òåîðåìå Òèò÷ìàðøà

î ñâåðòêå [15℄. Åå äîêàçàòåëüñòâî ñ èñïîëüçîâàíèåì òîëüêî òåîðèè �óíêöèé âåùåñòâåí-

íîãî ïåðåìåííîãî äàíî â [16, ãë. II℄, â [17℄ îíî ïðîâåäåíî ìåòîäàìè �óíêöèîíàëüíîãî

àíàëèçà. Î äåëèòåëÿõ íóëÿ ñâåðòêè Äþàìåëÿ ðå÷ü èäåò â ìîíîãðà�èè È. Äèìîâñêîãî

[18, � 1.1℄.
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Abstrat. In the spae of entire funtions of exponential type representing a strong dual to a Frehet

spae of in�nitely di�erentiable funtions on a real interval ontaining the origin, linear ontinuous operators

ommuting with the Pommiez operator are investigated. They are given by a ontinuous linear funtional on

this spae of entire funtions and hene, up to the adjoint of the Fourier�Laplae transform, by an in�nite

di�erentiable funtion on the initial interval. A omplete haraterization of linear ontinuous funtionals

de�ning isomorphisms by virtue of the indiated orrespondene is given. It is proved that isomorphisms are

determined by funtions that do not vanish at the origin (and only by them). An essential role in proving the

orresponding riterion is played by a method exploiting the theory of ompat operators in Banah spaes.

The lass of those funtions in�nitely di�erentiable on the onsidered interval that de�ne the operators from the

mentioned ommutant lose to isomorphisms is distinguished. Suh operators have �nite-dimensional kernels.

For an interval other than a straight real line, we also de�ne the lass of operators from the ommutant of the

Pommiez operator that are not surjetive. The adjoint of a ontinuous linear operator that ommutes with

Pommiez operators is realized in the spae of in�nitely di�erentiable funtions as an operator obtained by

�xing one fator in the Duhamel produt. The essential di�erene of the situation under onsideration from

the previously studied one is the absene of yli vetors of the Pommiez operator in the onsidered spae of

entire funtions.

Key words: Pommiez operator, entire funtion of exponential type, spae of in�nitely di�erentiable

funtions, ommutant, isomorphism.
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