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Àííîòàöèÿ. (n + 1)-ìåðíàÿ ãåîìåòðèÿ ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè çàäàåòñÿ íåêîòîðîé

íåâûðîæäåííîé è äè��åðåíöèðóåìîé �óíêöèåé ïàðû òî÷åê f íà ìíîãîîáðàçèè M , ÿâëÿþùèìñÿ

èíâàðèàíòîì ãðóïïû äâèæåíèé ðàçìåðíîñòè (n + 1)(n + 2)/2. Ïîëíîé êëàññè�èêàöèè òàêèõ ãåî-

ìåòðèé ðàçìåðíîñòè n + 1 ïîêà íåò, íî õîðîøî èçâåñòíû îòäåëüíûå ïðèìåðû: ãîåìåòðèÿ åâêëèäà,

ñèìïëåêòè÷åñêàÿ ãåîìåòðèÿ, ãåîìåòðèè ïîñòîÿííîé êðèâèçíû. Â ïîñëåäíåå âðåìÿ ìåòîäîì âëîæå-

íèÿ áûëè íàéäåíû íåêîòîðûå ðàíåå íåèçâåñòâûå ãåîìåòðèè ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè.

Ìåòîä âëîæåíèÿ äàåò âîçìîæíîñòü íàõîæäåíèÿ �óíêöèé f , çàäàþùèõ (n + 1)-ìåðíûå ãåîìåòðèè
ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè, ïî �óíêöèÿì θ èçâåñòíûõ n-ìåðíûõ ãåîìåòðèåé ëîêàëüíîé

ìàêñèìàëüíîé ïîäâèæíîñòè. Ýòà çàäà÷à ñâîäèòñÿ ê ðåøåíèþ �óíêöèîíàëüíûõ óðàâíåíèé ñïåöèàëü-

íîãî âèäà, ÿâëÿþùèõñÿ ñëåäñòâèåì èíâàðèàíòíîñòè �óíêöèè ïàðû òî÷åê f îòíîñèòåëüíî ãðóïïû

äâèæåíèé. Òàêèå óðàâíåíèÿ ðåøàþòñÿ â äàííîé ðàáîòå. Äè��åðåíöèðîâàíèåì îíè ñâîäÿòñÿ ñíà÷àëà

ê �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèÿì, îò êîòîðûõ ðàçäåëåíèåì ïåðåìåííûõ ïåðåõîäèì

ê äè��åðåíöèàëüíûì óðàâíåíèÿì. Çàòåì ðåøåíèÿ ïîñëåäíèõ óðàâíåíèé ïîäñòàâëÿåì â èñõîäíûå

�óíêöèîíàëüíûå óðàâíåíèÿ, ïîñëå ÷åãî ïîëó÷àåì îêîí÷àòåëüíûé ðåçóëüòàò.

Êëþ÷åâûå ñëîâà: �óíêöèîíàëüíîå óðàâíåíèå, �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíåíèå,

äè��åðåíöèàëüíîå óðàâíåíèå.

Mathematial Subjet Classi�ation (2000): 39b62.

Ââåäåíèå

Íà ïðèìåðå õîðîøî èçâåñòíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ Êîøè ïðîèëëþñòðèðóåì

ìåòîä ðåøåíèÿ:

g(u+ v) = g(u) + g(v),

ãäå g � �óíêöèÿ êëàññà C1
, u è v � íåçàâèñèìûå ïåðåìåííûå. Ýòî óðàâíåíèå ñíà÷àëà

äè��åðåíöèðóåì ïî ïåðåìåííûì u è v: g′(u+v) = g′(u), g′(u+v) = g′(v). Äàëåå âû÷èòàåì
èç ïåðâîãî óðàâíåíèÿ âòîðîå è ðàçäåëÿåì ïåðåìåííûå: g′(u) = g′(v) = a = const. Çàòåì
èíòåãðèðóåì è ðåçóëüòàò ïîäñòàâëÿåì â èñõîäíîå óðàâíåíèå, ïîñëå ÷åãî çàïèñûâàåì îò-

âåò: g(u) = au. Òàêèì ñïîñîáîì â äàííîé ðàáîòå ðåøàþòñÿ �óíêöèîíàëüíûå óðàâíåíèÿ,

ïîÿâëÿþùèåñÿ ïðè êëàññè�èêàöèè ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ìå-

òîäîì âëîæåíèÿ [1�3℄.

Ïîä (n + 1)-ìåðíîé ãåîìåòðèåé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ïîíèìàåòñÿ

ãåîìåòðèÿ ìíîãîîáðàçèÿ M , çàäàâàåìàÿ íåêîòîðîé íåâûðîæäåííîé è äîñòàòî÷íî äè�-

�åðåíöèðóåìîé �óíêöèåé f : M × M → R (íå îáÿçàòåëüíî ìåòðèêîé), ÿâëÿþùàÿñÿ
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èíâàðèàíòîì ãðóïïû äâèæåíèé ðàçìåðíîñòè (n+1)(n+2)/2. Ñóòü ìåòîäà âëîæåíèÿ ñî-
ñòîèò â ïîèñêå �óíêöèé f , çàäàþùèõ (n+1)-ìåðíûå ãåîìåòðèè ëîêàëüíîé ìàêñèìàëüíîé
ïîäâèæíîñòè, ïî �óíêöèÿì θ ðàíåå èçâåñòíûõ n-ìåðíûõ ãåîìåòðèåé ëîêàëüíîé ìàêñè-

ìàëüíîé ïîäâèæíîñòè, ïðè÷åì �óíêöèÿ f èùåòñÿ â âèäå

f(x, y) = ψ
(

θ(x, y), xn+1, yn+1
)

, (0.1)

ãäå θ(x, y) = θ(x1, . . . , xn, y1, . . . , yn), à (x1, . . . , xn, xn+1) è (y1, . . . , yn, yn+1) � êîîðäèíàòû

òî÷åê x è y ñîîòâåòñòâåííî. Çàïèñûâàÿ óñëîâèå ëîêàëüíîé èíâàðèàíòíîñòè �óíêöèè f
îòíîñèòåëüíî ãðóïïû äâèæåíèé [4℄, ïîëó÷àåì �óíêöèîíàëüíîå óðàâíåíèå

n
∑

k=1

(

Xk(x)
∂θ

∂xk
+Xk(y)

∂θ

∂yk

)

∂ψ

∂θ
+Xn+1(x)

∂ψ

∂xn+1
+Xn+1(y)

∂ψ

∂yn+1
= 0. (0.2)

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ íàèáîëåå âàæíûå ÷àñòíûå ñëó÷àè, êîãäà ïîñëåäíèå

àðãóìåíòû â �óíêöèè (0.1) ïðåäñòàâëÿþòñÿ â âèäå êîìáèíàöèé w = xn+1 − yn+1
è

z = xn+1 + yn+1
. Òîãäà óðàâíåíèå (0.2) ñâîäèòñÿ ê (1.8) è (1.9), îò êîòîðûõ ïðèõîäèì

ê (1.10) è (1.11). �åçóëüòàòû, ïîëó÷àåìûå â ýòîé ñòàòüå, áóäóò èñïîëüçîâàòüñÿ ïðè íà-

õîæäåíèè ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ìåòîäîì âëîæåíèÿ.

Âûøå ñ�îðìóëèðîâàííàÿ çàäà÷à ðåøàëàñü â ðàáîòàõ [1�3℄:

θ(x, y) =

n
∑

k=1

εk
(

xk − yk
)2
, εk = ±1,

θ(x, y) = x1y2 − x2y1 (ñì. â [2℄),

θ(x, y) =
[

(x1 − y1)
2 + (x2 − y2)

2
]

e
2 γ arctg

x2−y2
x1−y1 ,

θ(x, y) =
[

(x1 − y1)
2 − (x2 − y2)

2
]

e
2 βAr(c) th

x2−y2
x1−y1 ,

θ(x, y) = (x1 − y1)
2 e

2
x2−y2
x1−y1

(ñì. â [3℄).

Óðàâíåíèÿ (1.10) è (1.11) òàêæå ðåøàëèñü â ðàáîòå [5℄, â êîòîðîé

θ(x, y) =

n
∑

k=1

εkx
kyk, εk = ±1.

Çàìåòèì, ÷òî çàäà÷ó âëîæåíèÿ ìîæíî òàêæå ðåøàòü è àíàëèòè÷åñêè, ò. å. èñêàòü

ðåøåíèå óðàâíåíèÿ (0.2) â âèäå ðÿäîâ Òåéëîðà [6, 7℄.

1. Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

�àññìîòðèì äè��åðåíöèðóåìóþ êëàññà C4
�óíêöèþ f : Sf → R, ãäå Sf ⊂ R

n+1 ×
R
n+1

� îòêðûòàÿ è ïëîòíàÿ îáëàñòü îïðåäåëåíèÿ. Ïóñòü U0 ⊂ R
n+1

� íåêîòîðàÿ êî-

îðäèíàòíàÿ îêðåñòíîñòü, x, y ∈ U0, ïðè÷åì 〈x, y〉 ∈ Sf . �àññìîòðèì îêðåñòíîñòè òî-

÷åê x è y: U(x) ⊂ U0 è U(y) ⊂ U0, ïðè÷åì 〈x′, y′〉 ∈ Sf äëÿ ëþáûõ x′, y′, x′ ∈ U(x),
y′ ∈ U(y). Îáîçíà÷èì ÷åðåç U(〈x, y〉) ⊂ R

n+1 × R
n+1

íåêîòîðóþ îêðåñòíîñòü ïàðû 〈x, y〉:
U(〈x, y〉) ⊂ U(x)× U(y), â êîòîðîé �óíêöèÿ f èìååò îäèí èç ñëåäóþùèõ âèäîâ:

f(x, y) = σ (θ(x, y), w) , (1.1)

f(x, y) = κ (θ(x, y), z) , (1.2)



Îá îäíîì ñåìåéñòâå �óíêöèîíàëüíûõ óðàâíåíèé 71

ãäå θ, σ, κ � �óíêöèè êëàññà C4
â ýòîé îêðåñòíîñòè, θ(x, y) = θ(x1, . . . , xn, y1, . . . , yn),

(x1, . . . , xn, xn+1), (y1, . . . , yn, yn+1) � êîîðäèíàòû òî÷åê x è y ñîîòâåòñòâåííî,

w = xn+1 − yn+1
, z = xn+1 + yn+1

. Äîïîëíèòåëüíî ïîòðåáóåì, ÷òîáû â ïðîèçâîëüíîé

ñèñòåìå êîîðäèíàò â U0 è â ëþáîé òî÷êå èç U(〈x, y〉) âûïîëíÿëèñü íåðàâåíñòâà [5℄:

∂θ

∂xi
6= 0,

∂θ

∂yi
6= 0, (1.3)

∂σ

∂θ
6= 0,

∂σ

∂w
6= 0, (1.4)

∂κ

∂θ
6= 0,

∂κ

∂z
6= 0. (1.5)

Ýòè òðåáîâàíèÿ ÿâëÿþòñÿ íåîáõîäèìûìè ïðè îïðåäåëåíèè ãåîìåòðèè ëîêàëüíîé ìàêñè-

ìàëüíîé ïîäâèæíîñòè. Åñëè îíè íå âûïîëíÿþòñÿ, òî çàäà÷à âëîæåíèÿ äëÿ ãåîìåòðèè

ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè, î êîòîðîé êðàòêî ãîâîðèëîñü âî ââåäåíèè, íå

èìååò ðåøåíèÿ.

Òàêæå áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèÿ f � äâóõòî÷å÷íûé èíâàðèàíò äåéñòâèÿ

íåêîòîðîé ãðóïïû Ëè â ïðîñòðàíñòâå R
n+1

[6℄. Ìíîæåñòâî òàêèõ äåéñòâèé çàäàåò ãðóïïó

Ëè ïðåîáðàçîâàíèé ïðîñòðàíñòâà R
n+1

. Ïðîèçâîëüíûé îïåðàòîð àëãåáðû Ëè ýòîé ãðóï-

ïû ïðåîáðàçîâàíèé â îêðåñòíîñòè U(x) èìååò âèä [8℄

X = X1∂x1 + · · · +Xn∂xn +Xn+1∂xn+1 , (1.6)

ãäå Xs = Xs(x
1, . . . , xn, xn+1) � �óíêöèè êëàññà C3

â îêðåñòíîñòè U(x) ⊂ U0 ⊂ R
n+1

,

s = 1, . . . , n+1. ×åðåç îïåðàòîðû çàïèñûâàåòñÿ êðèòåðèé ëîêàëüíîé èíâàðèàíòíîñòè [4℄:

X(x)f(x, y) +X(y)f(x, y) = 0. (1.7)

�àâåíñòâî (1.7) ðàñïèñûâàåì äëÿ �óíêöèé (1.1) è (1.2), ïîñëå ïðîñòûõ ïðåîáðàçîâà-

íèé ïîëó÷àåì

[X] = (Xn+1(x)−Xn+1(y))ϕ(θ,w), (1.8)

[X] = (Xn+1(x) +Xn+1(y))λ(θ, z), (1.9)

ãäå ââåäåíî ñîêðàùàþùåå îáîçíà÷åíèå:

[X] =
n
∑

k=1

(

Xk(x)
∂θ

∂xk
+Xk(y)

∂θ

∂yk

)

,

ïðè÷åì ϕ(θ,w) = − ∂σ
∂w
/∂σ
∂ϑ

è λ(θ, z) = −∂κ
∂z
/∂κ
∂θ

� �óíêöèè êëàññà C3
â U(〈x, y〉), à òàêæå

ϕ 6= 0, λ 6= 0, ïîñêîëüêó èíîå ïðîòèâîðå÷èò íåðàâåíñòâàì (1.4) è (1.5). Óðàâíåíèÿ (1.8)

è (1.9) ÿâëÿþòñÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûìè îòíîñèòåëüíî íåèçâåñòíûõ êîì-

ïîíåíò îïåðàòîðà (1.6), à òàêæå �óíêöèé σ è κ, è âûïîëíÿþòñÿ òîæäåñòâåííî ïî êîîð-

äèíàòàì òî÷åê x è y â îêðåñòíîñòè U(〈x, y〉).
Äè��åðåíöèðóÿ óðàâíåíèÿ (1.8) è (1.9) ïî ïåðåìåííûì xn+1

è yn+1
, à òàêæå ââîäÿ ñî-

êðàùàþùåå îáîçíà÷åíèå Y = Xn+1, ïîëó÷àåì íîâûå �óíêöèîíàëüíî-äè��åðåíöèàëüíûå

óðàâíåíèÿ â îêðåñòíîñòè U(〈x, y〉):
(

(Y (x))′xn+1 + (Y (y))′yn+1

)

ϕ′

w + (Y (x)− Y (y))ϕ′′

ww = 0, (1.10)

(

(Y (x))′xn+1 + (Y (y))′yn+1

)

λ′z + (Y (x) + Y (y))λ′′zz = 0. (1.11)
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Îñíîâíûì ñîäåðæàíèåì äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùèõ òåîðåì.

Òåîðåìà 1. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíå-

íèå (1.10), ãäå w = xn+1 − yn+1
, Y 6= const, ϕ′

w 6= 0, èìååò ðåøåíèÿ

Y = C
(

x1, . . . , xn
)

, ϕ = a(θ)w + b(θ); (1.12)

Y = rxn+1 + c, ϕ = a(θ)
1

w
+ b(θ); (1.13)

Y = r
(

xn+1
)2

+ c, ϕ = a(θ)
1

w
+ b(θ); (1.14)

Y = r cos
(

ωxn+1 + α
)

+ c, ϕ = a(θ) ctg
ωw

2
+ b(θ); (1.15)

Y = reωx
n+1

+ c, ϕ = a(θ)
eωw

eωw − 1
+ b(θ); (1.16)

Y = r ch
(

ωxn+1 + α
)

+ c, ϕ = a(θ) cth
ωw

2
+ b(θ); (1.17)

Y = r sh
(

ωxn+1 + α
)

+ c, ϕ = a(θ) th
ωw

2
+ b(θ), (1.18)

ãäå r, c, α = const, C(x1, . . . , xn) 6= const, a(θ), b(θ) � �óíêöèè êëàññà C3
, a(θ) 6= 0.

Òåîðåìà 2. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíå-

íèå (1.11), ãäå z = xn+1 + yn+1
, Y 6= 0, λ′z 6= 0, èìååò ðåøåíèÿ:

Y = C
(

x1, . . . , xn
)

, λ(θ, z) = a(θ)z + b(θ); (1.19)

Y = rxn+1 + c, λ = a(θ)
1

rz + 2c
+ b(θ); (1.20)

Y = r cos
(

ωxn+1 + α
)

, λ = a(θ) tg
ωz + 2α

2
+ b(θ); (1.21)

Y = reωx
n+1

, λ = a(θ)e−ωz + b(θ); (1.22)

Y = r ch
(

ωxn+1 + α
)

, λ = a(θ) th
ωz + 2α

2
+ b(θ); (1.23)

Y = r sh
(

ωxn+1 + α
)

, λ = a(θ) cth
ωz + 2α

2
+ b(θ), (1.24)

ãäå r, c, α = const, C(x1, . . . , xn) 6= const, a(θ), b(θ) � �óíêöèè êëàññà C3
, a(θ) 6= 0.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 1. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíîå óðàâíåíèå

C(x)− C(y) = ξ(θ(x, y), w), (2.1)

ãäå C(x) = C(x1, . . . , xn) � �óíêöèÿ êëàññà C3
, ξ � �óíêöèÿ êëàññà C1

, èìååò ðåøåíèå

C(x) = c = const. (2.2)

⊳ Ïðîäè��åðåíöèðóåì óðàâíåíèå (2.1) ïî êîîðäèíàòå xn+1
, ïîëó÷èì ξ′w = 0. Çíà÷èò,

ξ(θ(x, y), w) = ξ(θ(x, y)). Òîãäà óðàâíåíèå (2.1) ïðèìåò âèä

C(x)− C(y) = ξ(θ(x, y)). (2.3)



Îá îäíîì ñåìåéñòâå �óíêöèîíàëüíûõ óðàâíåíèé 73

Äàëåå âûäåëÿþòñÿ äâà ñëó÷àÿ: ξ′θ = 0 è ξ′θ 6= 0.
1. Åñëè â (2.3) ξ′θ = 0, òî C(x)− C(y) = onst. �àçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì (2.2).

2. Åñëè æå â (2.3) ξ′θ 6= 0 â U(〈x, y〉), òî äëÿ íåêîòîðîé êîîðäèíàòû xi

∂C(x)

∂xi
= ξ′θ

∂θ(x, y)

∂xi
6= 0, i = 1, . . . , n.

Äàëåå îò êîîðäèíàò xi ïåðåõîäèì ê íîâûì êîîðäèíàòàì x′i ïî �îðìóëàì x′1 =
x′1, . . . , x′i−1 = x′i−1

, x′i = C(x1, . . . , xn), x′i+1 = x′i+1, . . . , x′n = x′n. Íåñëîæíî äîêà-

çàòü, ÷òî ÿêîáèàí â äàííîé çàìåíå êîîðäèíàò ðàâåí

∂C(x)
∂xi è ïîýòîìó îòëè÷åí îò íóëÿ.

Òîãäà â íîâûõ êîîðäèíàòàõ óðàâíåíèå (2.3) ïðèìåò âèä x′i − y′i = ξ(θ(x, y)), ñëåäîâà-
òåëüíî, ïî òåîðåìå î íåÿâíîé �óíêöèè, â U(〈x, y〉) áóäåì èìåòü θ = η(x′i − y′i), ãäå η �
íåêîòîðàÿ �óíêöèÿ êëàññà C1

. Ïîýòîìó

∂θ
∂x′j = 0, j 6= i, ÷òî ïðîòèâîðå÷èò íåðàâåíñòâó

èç (1.3). Òàêèì îáðàçîì, ñïðàâåäëèâà �îðìóëà (2.2). ⊲

Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 2. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíîå óðàâíåíèå

C(x) + C(y) = ξ(θ(x, y), z),

ãäå C(x) = C(x1, . . . , xn) � �óíêöèÿ êëàññà C4
, ξ � �óíêöèÿ êëàññà C1

, èìååò ðåøåíèå

C(x) = c = const.

3. Äîêàçàòåëüñòâî òåîðåìû 1

Â ýòîì ïàðàãðà�å ¾ïî óìîë÷àíèþ¿ âñå óðàâíåíèÿ ðåøàþòñÿ â îêðåñòíîñòè U(〈x, y〉).
Âíà÷àëå çàìåòèì, ÷òî Y = const òîãäà è òîëüêî òîãäà, êîãäà Y (x) − Y (y) = 0. Ïðÿìîå
óòâåðæäåíèå î÷åâèäíî. Äëÿ äîêàçàòåëüñòâà îáðàòíîãî óòâåðæäåíèÿ ïðèìåíÿåì ðàçäåëå-

íèå ïåðåìåííûõ: Y (x) = Y (y) = const. Ïî óñëîâèþ òåîðåìû Y 6= const, ñëåäîâàòåëüíî,
Y (x)− Y (y) 6= 0. Òîãäà îò óðàâíåíèÿ (1.10) ïðèõîäèì ê íîâîìó

(Y (x))′
xn+1 + (Y (y))′

yn+1

Y (x)− Y (y)
= −ϕ

′′

ww

ϕ′

w

. (3.1)

Äè��åðåíöèðóÿ ýòî óðàâíåíèå ñíà÷àëà ïî xn+1
, à çàòåì ïî yn+1

, ïîñëå ÷åãî ïåðâûé

ðåçóëüòàò ñêëàäûâàåì ñî âòîðûì, ïîëó÷àåì ðàâåíñòâî

((Y (x))′′xn+1 + (Y (y))′′yn+1)(Y (x)− Y (y)) − ((Y (x))′xn+1)
2 + ((Y (y))′yn+1)

2 = 0. (3.2)

Ýòî ðàâåíñòâî ÿâëÿåòñÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèåì, êîòîðîå âû-

ïîëíÿåòñÿ òîæäåñòâåííî â îêðåñòíîñòè U(〈x, y〉).
Âîçìîæíû äâà ñëó÷àÿ: (Y (x))′

xn+1 = 0 è (Y (x))′
xn+1 6= 0.

Â ïåðâîì ñëó÷àå èç óðàâíåíèÿ (1.10) ïîëó÷àåì ϕ′′

ww = 0, ñëåäîâàòåëüíî, ñïðàâåäëèâî
ðåøåíèå (1.12).

Âî âòîðîì ñëó÷àå òîæäåñòâî (3.2) äè��åðåíöèðóåì ïî ïåðåìåííûì xn+1
è yn+1

, ïîñëå

÷åãî äåëèì íà íåíóëåâîå ïðîèçâåäåíèå (Y (x))′
xn+1(Y (y))′

yn+1 6= 0 è ðàçäåëÿåì ïåðåìåííûå,

çàòåì ïîëó÷àåì äè��åðåíöèàëüíîå óðàâíåíèå

(Y (x))′′′xn+1 + µ(Y (x))′xn+1 = 0, µ = const. (3.3)
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Ýòî óðàâíåíèå èìååò ñëåäóþùèå ðåøåíèÿ:

ïðè µ = 0

Y = A
(

x1, . . . , xn
)(

xn+1
)2

+B
(

x1, . . . , xn
)

xn+1 + C
(

x1, . . . , xn
)

;

ïðè µ > 0

Y = A
(

x1, . . . , xn
)

cosωxn+1 +B
(

x1, . . . , xn
)

sinωxn+1 + C
(

x1, . . . , xn
)

, ω =
√
µ;

ïðè µ < 0

Y = A
(

x1, . . . , xn
)

eωx
n+1

+B
(

x1, . . . , xn
)

e−ωxn+1

+ C
(

x1, . . . , xn
)

, ω =
√−µ.

Çàòåì íàéäåííîå ïîäñòàâëÿåì â (3.2) è ïîëó÷àåì:

ïðè µ = 0

Y = rxn+1 + C
(

x1, . . . , xn
)

; (3.4)

Y = r
(

xn+1
)2

+ c; (3.5)

ïðè µ > 0

Y = r cos
(

ωxn+1 + p(x1, . . . , xn)
)

+ c, ω =
√
µ; (3.6)

ïðè µ < 0

Y = A
(

x1, . . . , xn
)

eωx
n+1

+ c, ω = ±
√
−µ; (3.7)

Y = r ch
(

ωxn+1 + p
(

x1, . . . , xn
))

+ c, ω =
√−µ; (3.8)

Y = r sh
(

ωxn+1 + p
(

x1, . . . , xn
))

+ c, ω =
√−µ; (3.9)

ïðè÷åì r, c = const, r 6= 0.
Äàëåå �óíêöèþ (3.4) ïîäñòàâëÿåì â óðàâíåíèå (3.1):

2r

rw + C(x1, . . . , xn)− C(y1, . . . , yn)
= −ϕ

′′

ww

ϕ′

w

. (3.10)

Ê óðàâíåíèþ (3.10) ïðèìåíÿåì ëåììó 1, ïîëó÷àåì C(x1, . . . , xn) = c = const. Çíà÷èò,
óðàâíåíèå (3.10) ïðèíèìàåò áîëåå ïðîñòîé âèä:

2

w
= −ϕ

′′

ww

ϕ′

w

.

Èíòåãðèðóÿ ïîñëåäíåå, ïîëó÷àåì ϕ = a(θ) 1
w
+ b(θ). Îáúåäèíÿÿ íàéäåííîå ñ (3.4), ïîëó-

÷àåì (1.13).

Ôóíêöèþ (3.5) ïîäñòàâëÿåì â óðàâíåíèå (3.1), â ðåçóëüòàòå, êàê è âûøå, ïîëó÷àåì

ϕ = a(θ) 1
w
+ b(θ). Îáúåäèíÿÿ íàéäåííîå ñ (3.5), ïîëó÷àåì (1.14).

Òåïåðü �óíêöèþ (3.6) ïîäñòàâëÿåì â óðàâíåíèå (3.1) è ïðèìåíÿåì òðèãîíîìåòðè÷å-

ñêèå �îðìóëû:

−ω sin(ωxn+1 + p(x)) + sin(ωyn+1 + p(y))

cos(ωxn+1 + p(x))− cos(ωyn+1 + p(y))

= ω
sin ωz+p(x)+p(y)

2 cos ωw+p(x)−p(y)
2

sin ωz+p(x)+p(y)
2 sin ωw+p(x)−p(y)

2

= ω ctg
ωw + p(x)− p(y)

2
= −ϕ

′′

ww

ϕ′

w

,



Îá îäíîì ñåìåéñòâå �óíêöèîíàëüíûõ óðàâíåíèé 75

ãäå, íàïðèìåð, p(x) = p(x1, . . . , xn), ñëåäîâàòåëüíî,

p(x)− p(y) = −2ωw − 2arcctg
ϕ′′

ww

ωϕ′

w

.

Ïðèìåíÿÿ ê ýòîìó ðàâåíñòâó ëåììó 1, ïîëó÷àåì p(x1, . . . , xn) = α = const. Â ðåçóëüòàòå

èìååì óðàâíåíèå

ω ctg
ωw

2
= −ϕ

′′

ww

ϕ′

w

,

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì ϕ = a(θ)ctgωw
2 + b(θ). Â èòîãå ïðèõîäèì ê (1.15).

(3.7) ïîäñòàâëÿåì â (3.1):

ω
A(x)eωx

n+1

+A(y)eωy
n+1

A(x)eωxn+1 −A(y)eωyn+1
= ω

A(x)/A(y) + e−ωw

A(x)/A(y) − e−ωw
= −ϕ

′′

ww

ϕ′

w

,

ãäå, íàïðèìåð, A(x) = A(x1, . . . , xn), ñëåäîâàòåëüíî

A(x)/A(y) = e−ωwϕ
′′

ww − ωϕ′

w

ϕ′′

ww + ωϕ′

w

.

Ëîãàðè�ìèðóÿ ïîñëåäíåå âûðàæåíèå è ïðèìåíÿÿ ëåììó 1, ïîëó÷àåì A(x1, . . . , xn) = r =
const. Òîãäà áóäåì èìåòü äè��åðåíöèàëüíîå óðàâíåíèå

ω
1 + e−ωw

1− e−ωw
= −ϕ

′′

ww

ϕ′

w

,

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì ϕ = a(θ) 1
1−e−ωw + b(θ). Îáúåäèíÿÿ íàéäåííîå ñ (3.1), ïî-

ëó÷àåì (1.16).

È, íàêîíåö, �óíêöèè (3.8) è (3.9) ïîäñòàâëÿåì â óðàâíåíèå (3.1) è ïðèìåíÿåì ñâîé-

ñòâà ãèïåðáîëè÷åñêèõ �óíêöèé, ïîòîì, êàê è âûøå, ñ òðèãîíîìåòðè÷åñêèìè �óíêöèÿìè,

óñòàíàâëèâàåì, ÷òî p(x1, . . . , xn) = α = const. Â èòîãå ïðèõîäèì ê óðàâíåíèÿì

ω cth
ωw

2
= −ϕ

′′

ww

ϕ′

w

, ω th
ωw

2
= −ϕ

′′

ww

ϕ′

w

.

Èíòåãðèðóÿ ïîñëåäíèå óðàâíåíèÿ, ïîëó÷àåì ϕ = a(θ)()thωw
2 + b(θ). Îáúåäèíÿÿ íàéäåí-

íîå ñ (3.8) è (3.9), èìååì (1.17) è (1.18).

Òåîðåìà 1 äîêàçàíà.

4. Äîêàçàòåëüñòâî òåîðåìû 2

Ýòà òåîðåìà äîêàçûâàåòñÿ êàê è òåîðåìà 1, ïîýòîìó íåêîòîðûå ðàññóæäåíèÿ áó-

äåì îïóñêàòü. Êàê è âûøå ¾ïî óìîë÷àíèþ¿ âñå óðàâíåíèÿ ðåøàþòñÿ â U(〈x, y〉). Âíà-
÷àëå çàìåòèì, ÷òî Y = 0 òîãäà è òîëüêî òîãäà, êîãäà Y (x) + Y (y) = 0. Â ïðÿ-

ìóþ ñòîðîíó ýòî î÷åâèäíî. Â îáðàòíóþ ñòîðîíó ïðèìåíÿåì ðàçäåëåíèå ïåðåìåííûõ:

Y (x) = −Y (y) = const = 0. Ïî óñëîâèþ òåîðåìû Y 6= 0, ñëåäîâàòåëüíî Y (x) + Y (y) 6= 0.
Òîãäà îò óðàâíåíèÿ (1.11) ïðèõîäèì ê íîâîìó:

(Y (x))′
xn+1 + (Y (y))′

yn+1

Y (x) + Y (y)
= −λ

′′

zz

λ′z
. (4.1)
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Äè��åðåíöèðóåì ýòî óðàâíåíèå ñíà÷àëà ïî xn+1
, çàòåì ïî yn+1

, ïîñëå ÷åãî èç ïåðâîãî

ðàâåíñòâà âû÷èòàåì âòîðîå:

((Y (x))′′xn+1 − (Y (y))′′yn+1)(Y (x) + Y (y))− ((Y (x))′xn+1)
2 + ((Y (y))′yn+1)

2 = 0. (4.2)

Âîçìîæíû äâà ñëó÷àÿ: (Y (x))′
xn+1 = 0 è (Y (x))′

xn+1 6= 0.
Â ïåðâîì ñëó÷àå óðàâíåíèå (1.11) èìååò ðåøåíèå (1.19).

Âî âòîðîì ñëó÷àå òîæäåñòâî (4.2) äè��åðåíöèðóåì ïî ïåðåìåííûì xn+1
è yn+1

, ïîñëå

÷åãî äåëèì íà íåíóëåâîå ïðîèçâåäåíèå (Y (x))′
xn+1(Y (y))′

yn+1 6= 0 è ðàçäåëÿåì ïåðåìåííûå,

çàòåì ïîëó÷àåì äè��åðåíöèàëüíîå óðàâíåíèå (3.3). �åøåíèÿ ýòîãî óðàâíåíèÿ, íàéäåí-

íûå â òåîðåìå 1, ïîäñòàâëÿåì â (4.2):

ïðè µ = 0
Y = rxn+1 + C

(

x1, . . . , xn
)

; (4.3)

ïðè µ > 0
Y = r cos

(

ωxn+1 + p(x1, . . . , xn)
)

, ω =
√
µ; (4.4)

ïðè µ < 0
Y = A

(

x1, . . . , xn
)

eωx
n+1

, ω = ±√−µ; (4.5)

Y = r ch
(

ωxn+1 + p
(

x1, . . . , xn
))

, ω =
√
−µ; (4.6)

Y = r sh
(

ωxn+1 + p
(

x1, . . . , xn
))

, ω =
√−µ; (4.7)

ïðè÷åì r, c = const, r 6= 0.
Äàëåå, ïîñòóïàåì êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1, ò. å. �óíêöèè (4.3)�(4.7)

ïîäñòàâëÿåì â óðàâíåíèå (4.1) è ïðèìåíÿåì ëåììó 2, à çàòåì ðåøàåì. Â èòîãå ïîëó-

÷àåì (1.20)�(1.24).

5. Çàêëþ÷åíèå

Óñëîâèÿ (1.3) äàþò ñóùåñòâåííûå îãðàíè÷åíèÿ íà âûáîð �óíêöèè θ. Òàê, íà ïëîñêî-
ñòè R

2
�óíêöèþ θ ìîæíî áðàòü â âèäå:

θ(x, y) = x1y1 + x2y2, θ(x, y) = (x1 − y1)
2 + (x2 − y2)

2, θ(x, y) = (x1 − y1)
2 + (x2 − y2)

3,

θ(x, y) = x1y2 − x2y1, θ(x, y) =
[

(x1 − y1)
2 + (x2 − y2)

2
]

e
2γ arctg

x2−y2
x1−y1 , θ(x, y) =

x2 − y2
x1 − y1

,

ò. å. äëÿ ýòèõ �óíêöèé äîêàçàííûå çäåñü ðåçóëüòàòû âåðíû. À, íàïðèìåð, äëÿ �óíêöèé

θ(x, y) = x1y1 + x2, θ(x, y) = (x1 − y1)
2 + (y2)

2
äîêàçàííîå âûøå íåñïðàâåäëèâî.
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Abstrat. The (n+1)-dimensional geometry of loal maximummobility is given by some non-degenerate

and di�erentiable funtion f of the pair of points on the manifold M , whih is à motion group invariant of

dimension (n+1)(n+2)/2. There is no omplete lassi�ation of suh geometries of dimension n+1, but some
examples are well known: Eulidean geometry, sympleti geometry, onstant urvature geometry. Reently,

some previously unknown geometries of loal maximummobility has been found using the embedding method.

The embedding method enables one to �nd funtions f that de�ne (n + 1)-dimensional geometries of loal
maximummobility by funtions θ of known n-dimensional geometry of loal maximum mobility. This problem

is redued to the solution of funtional equations of a speial type, whih are a onsequene of the invariane

of the funtion f of the pair of points with respet to the motion group. Suh equations are solved in this

paper. By di�erentiation, they are �rst redued to funtional di�erential equations, from whih we pass to

di�erential equations by separating the variables. Then the solutions of the latter are substituted into the

original funtional equations, after whih we get the �nal result.

Key words: funtional equation, funtional di�erential equation, di�erential equation.
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