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Àííîòàöèÿ. Â ðàçëè÷íûõ ïðèêëàäíûõ çàäà÷àõ ÷àñòî íóæíî âîññòàíîâèòü êàêóþ-ëèáî õàðàêòå-

ðèñòèêó îáúåêòà ïî íåêîòîðîé èí�îðìàöèè (êàê ïðàâèëî, íåïîëíîé èëè íåòî÷íîé) î äðóãèõ åãî

õàðàêòåðèñòèêàõ. Ñóùåñòâóþò ðàçëè÷íûå ïîäõîäû ê ðåøåíèþ àíàëîãè÷íûõ çàäà÷. Â äàííîé ðàáîòå

èñïîëüçîâàëñÿ ïîäõîä, îñíîâàííûé íà èäåÿõ Àíäðåÿ Íèêîëàåâè÷à Êîëìîãîðîâà (â ðàáîòàõ î n-ïîïå-
ðå÷íèêàõ) î íàèëó÷øèõ ñðåäñòâàõ ïðèáëèæåíèÿ êîíå÷íîìåðíûìè ïîäïðîñòðàíñòâàìè. Ñóòü ìåòîäà

çàêëþ÷àåòñÿ â òîì, ÷òî èùåòñÿ íàèëó÷øåå ñðåäñòâî àïïðîêñèìàöèè íà öåëîì êëàññå. �àññìàòðèâàåò-

ñÿ çàäà÷à îäíîâðåìåííîãî âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé âñåõ ïîðÿäêîâ îò 1 äî
(n−1)-ãî âêëþ÷èòåëüíî íà êëàññå ïîñëåäîâàòåëüíîñòåé ñ îãðàíè÷åííîé n-îé ðàçäåëåííîé ðàçíîñòüþ.
Ïðè ýòîì ïðåîáðàçîâàíèå Ôóðüå äàííîé ïîñëåäîâàòåëüíîñòè èçâåñòíî ïðèáëèæåííî íà íåêîòîðîì

îòðåçêå â ñðåäíåêâàäðàòè÷íîé íîðìå. Ïîñòðîåíî ñåìåéñòâî îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ.

Ñðåäè íàéäåííûõ ìåòîäîâ åñòü òå, êîòîðûå èñïîëüçóþò ìèíèìàëüíóþ èí�îðìàöèþ î ïîñëåäîâà-

òåëüíîñòè, ïðåäâàðèòåëüíî ¾ñãëàæèâàÿ¿ åå. Íàéäåíî òî÷íîå çíà÷åíèå îïòèìàëüíîé ïîãðåøíîñòè

âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé. Ïðåäåëüíûì ïåðåõîäîì èç ïîëó÷åííûõ ðåçóëü-

òàòîâ âûòåêàåò íåïðåðûâíûé ñëó÷àé.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå âîññòàíîâëåíèå, îïåðàòîð ðàçäåëåííîé ðàçíîñòè, ïðåîáðàçîâàíèå

Ôóðüå.

Mathematial Subjet Classi�ation (2000): 65K10.

1. Ââåäåíèå

Âïåðâûå çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ �óíêöèîíàëîâ áûëà ïîñòàâëåíà

Ñ. À. Ñìîëÿêîì â ðàáîòå [1℄. Îí æå äîêàçàë, ÷òî ñðåäè îïòèìàëüíûõ ìåòîäîâ âîññòà-

íîâëåíèÿ íà âûïóêëîì ìíîæåñòâå åñòü ëèíåéíûé. Â îáùåì ñëó÷àå ìåòîä îïòèìàëü-

íîãî âîññòàíîâëåíèÿ ëèíåéíûõ îïåðàòîðîâ ïî ïðèáëèæåííîé èí�îðìàöèè ðàçðàáîòàí

�. �. Ìàãàðèëîì-Èëüÿåâûì è Ê. Þ. Îñèïåíêî â ðàáîòå [2℄. Â äàííîé ðàáîòå ðàññìàòðè-

âàåòñÿ çàäà÷à îäíîâðåìåííîãî âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé ðàç-

ëè÷íûõ ïîðÿäêîâ â ñðåäíåêâàäðàòè÷íîé íîðìå íà êëàññå ïîñëåäîâàòåëüíîñòåé ñ îãðàíè-

÷åííîé n-é ðàçäåëåííîé ðàçíîñòüþ ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ñàìîé

ïîñëåäîâàòåëüíîñòè. Àíàëîãè÷íàÿ çàäà÷à âîññòàíîâëåíèÿ ïðîèçâîäíîé êàêîãî-ëèáî ïî-

ðÿäêà (èëè ñàìîé �óíêöèè) íà ñîáîëåâñêîì êëàññå ðàññìàòðèâàëàñü â ðàáîòå [3℄. Ïðå-

äåëüíûì ïåðåõîäîì èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàåò íåïðåðûâíûé ñëó÷àé, èññëåäî-

âàííûé â ðàáîòå [3℄. Îäíîâðåìåííîå âîññòàíîâëåíèå ðàçäåëåííûõ ðàçíîñòåé ïî íåòî÷íî
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çàäàííîé ñàìîé ïîñëåäîâàòåëüíîñòè ðàññìàòðèâàëîñü â ðàáîòå [4℄. Â ðàáîòå [5℄ èçó÷àëàñü

çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ íåêîòîðîé �èêñèðîâàííîé ðàçäåëåííîé ðàçíîñòè

ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ñàìîé ïîñëåäîâàòåëüíîñòè â ðàâíîìåðíîé

ìåòðèêå.

2. Îñíîâíûå ïîíÿòèÿ

Ïóñòü n ∈ N. Ïóñòü l2,h(Z), h > 0, � ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé x = {xj}j∈Z
òàêèõ, ÷òî

∑
j∈Z |xj|2 < ∞, ñ íîðìîé ‖x‖l2,h(Z) =

(
h
∑

j∈Z |xj |2
)1/2

. �àññìîòðèì êëàññ

ïîñëåäîâàòåëüíîñòåé

W
n
2,h =

{
x ∈ l2,h(Z) :

∥∥∆n
hx
∥∥
l2,h(Z)

6 1
}
.

Ïðåîáðàçîâàíèåì Ôóðüå ïîñëåäîâàòåëüíîñòè x = {xj}j∈Z ∈ l2,h(Z) ÿâëÿåòñÿ �óíêöèÿ

(Fx)(ω) = h
∑

j∈Z

xj e
−ijhω ∈ L2([−π/h, π/h]),

îïåðàòîðà ðàçäåëåííîé ðàçíîñòè ïåðâîãî ïîðÿäêà � �óíêöèÿ

(
F∆1

hx
)
(ω) = h

∑

j∈Z

xj+1 − xj
h

e−ijhω =
eihω − 1

h
(Fx)(ω),

ïðåîáðàçîâàíèåì Ôóðüå îïåðàòîðà ðàçäåëåííîé ðàçíîñòè ïîðÿäêà m � �óíêöèÿ

(
F∆m

h x
)
(ω) =

(eihω − 1)m

hm
(Fx)(ω).

Ñòàâèòñÿ çàäà÷à îäíîâðåìåííîãî îïòèìàëüíîãî âîññòàíîâëåíèÿ îïåðàòîðîâ âñåõ ðàç-

íîñòåé (∆1
hx,∆

2
hx, . . . ,∆

n−1
h x) ïîñëåäîâàòåëüíîñòè x ∈ W n

2,h ïðè óñëîâèè, ÷òî åå ïðå-

îáðàçîâàíèå Ôóðüå íà îòðåçêå [−σ;σ], 0 < σ 6 π/h, íàì èçâåñòíî ñ òî÷íîñòüþ äî

δ : ‖Fx(ω) − y(ω)‖L2([−σ;σ]) 6 δ, δ > 0.
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìîòðèì âñåâîçìîæíûå îòîáðàæåíèÿ ϕ(y) =

(ϕ1(y), ϕ2(y), . . . , ϕn−1(y)), ϕk(y) : L2([−σ;σ]) → l2,h(Z), 1 6 k 6 n− 1.
Îáîçíà÷èì ∆ = (∆1,∆2, . . . ,∆n−1).
Ïîãðåøíîñòüþ ìåòîäà ϕ íàçûâàåòñÿ âåëè÷èíà

e
(
W

n
2,h, F,∆, δ, ϕ

)
= sup

x∈W n
2,h, y∈L2([−σ;σ]),

‖Fx(ω)−y(ω)‖L2([−σ;σ])6δ

√√√√
n−1∑

k=1

pk
∥∥∆k

hx− ϕk(y)
∥∥2
l2,h(Z)

.

Çäåñü p = (p1, p2, . . . , pn−1), pk > 0, 1 6 k 6 n − 1, � âåñîâûå êîý��èöèåíòû, îäíî-

âðåìåííî íå ðàâíûå 0, âàðüèðóÿ êîòîðûå ìîæíî îòäàâàòü ïðåäïî÷òåíèå áîëåå òî÷íîìó

âîññòàíîâëåíèþ îïåðàòîðà êàêîé-ëèáî ðàçíîñòè.

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E
(
W

n
2,h, F,∆, δ

)
= inf

ϕ:L2([−σ;σ])→(l2,h(Z))n
e
(
W

n
2,h, F,∆, δ, ϕ

)
.

Ìåòîä ϕ̂, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçîâåì îïòèìàëüíûì ìåòîäîì.
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3. Îñíîâíûå ðåçóëüòàòû

Ïóñòü x � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

n−1∑

k=1

pkx
k
n =

n−1∑

k=1

pk
k

n

(
δ2

2π

)n−k
n

x.

�àññìîòðèì îáå ÷àñòè óðàâíåíèÿ. Ôóíêöèÿ y =
∑n−1

k=1 pkx
k
n
âîãíóòà, limx→0 y

′ = 0. Ôóíê-

öèÿ y =
∑n−1

k=1 pk
k
n

(
δ2

2π

)n−k
n x � ïðÿìàÿ ñ ïîëîæèòåëüíûì óãëîâûì êîý��èöèåíòîì, ïðî-

õîäÿùàÿ ÷åðåç íà÷àëî êîîðäèíàò. Ýòî îçíà÷àåò, ÷òî ïðè x > 0 ãðà�èêè ýòèõ �óíêöèé

èìåþò åäèíñòâåííóþ òî÷êó ïåðåñå÷åíèÿ, ò. å. äàííîå óðàâíåíèå âñåãäà èìååò åäèíñòâåí-

íûé êîðåíü.

Ââåäåì îáîçíà÷åíèÿ

σ̂ =

{
2
h arcsin hx

1
2n

2 , x
1
2n < 2

h ,
π
h , x

1
2n >

2
h ,

t(ω) =
4 sin2 ωh

2

h2
, ωσ = t(σ).

Òåîðåìà 1. Ïóñòü n ∈ N, δ > 0. Òîãäà

E
(
W

n
2,h, F,∆, δ

)
=





(
n−1∑
k=1

pk

(
δ2

2π

)n−k
n

)1/2

, σ > σ̂,

(
n−1∑
k=1

pkω
k
σ

(
δ2

2π

(
k
n

) k
n−k

n−k
n + ω−n

σ

))1/2

, σ < σ̂.

Âñå ìåòîäû

ϕ̂k(y) =




∆k

hF
−1(αk(ω)y(ω)), ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),

ãäå

αk(ω) =





λ̂1+θk(ω)

λ̂1+λ̂2tn(ω)
, ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),
(1)

à θk(·) äëÿ ïî÷òè âñåõ ω ∈ (−σ;σ) óäîâëåòâîðÿþò óñëîâèþ

n−1∑

k=1

pkt
k(ω)|θk(ω)|2 6 λ̂1λ̂2t

n(ω)

(
λ̂1 + λ̂2t

n(ω)−
n−1∑

k=1

pkt
k(ω)

)
, (2)

â êîòîðîì

λ̂1 =





n−1∑
k=1

pk

(
δ2

2π

)− k
n (

1− k
n

)
, σ > σ̂,

n−1∑
k=1

pkω
k
σ

(
k
n

) k
n−k

(
1− k

n

)
, σ < σ̂,

λ̂2 =





n−1∑
k=1

pk
k
n

(
δ2

2π

)n−k
n

, σ > σ̂,

n−1∑
k=1

pkω
k−n
σ , σ < σ̂,

ÿâëÿþòñÿ îïòèìàëüíûìè.
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4. Äîêàçàòåëüñòâî

Äîêàæåì, ÷òî

E
(
W

n
2,h, F,∆, δ

)
> sup

x∈W n
2,h,

‖Fx(ω)‖L2([−σ;σ])6δ

√√√√
n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

. (3)

Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè x ∈ W n
2,h òàêîé, ÷òî ‖Fx(ω)‖L2([−σ;σ]) 6 δ, è äëÿ ëþáîãî

ìåòîäà ϕ èìååì

(
2

n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

)1/2

=

(
n−1∑

k=1

pk
∥∥∆k

h(x)−∆k
h(−x) + ϕ(0) − ϕ(0)

∥∥2
l2,h(Z)

)1/2

6

(
n−1∑

k=1

pk
∥∥∆k

h(x)− ϕ(0)
∥∥2
l2,h(Z)

+

n−1∑

k=1

pk
∥∥∆k

h(−x)− ϕ(0)
∥∥2
l2,h(Z)

)1/2

6

(
2
n−1∑

k=1

sup
x∈W n

2,h,

‖Fx(ω)‖L2([−σ;σ])6δ

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

− ϕ(0)

)1/2

6

(
2e2
(
W

n
2,h, F,∆, δ, ϕ

))1/2
,

ò. å. äëÿ ëþáîãî ìåòîäà ϕ

e
(
W

n
2,h, F,∆, δ, ϕ

)
> sup

x∈W n
2,h,

‖Fx(ω)‖L2([−σ;σ])6δ

√√√√
n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

.

Èç äàííîãî íåðàâåíñòâà ñëåäóåò íåðàâåíñòâî (3).

Ýòî îçíà÷àåò, ÷òî êâàäðàò ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ íå ìåíüøå çíà-

÷åíèÿ ýêñòðåìàëüíîé çàäà÷è

n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

→ max,
∥∥∆n

hx
∥∥
l2,h(Z)

6 1,
∥∥Fx(ω)

∥∥
L2([−σ;σ])

6 δ. (4)

Ïåðåéäåì ê êâàäðàòó çàäà÷è è ïðèìåíèì òåîðåìó Ïëàíøåðåëÿ. Çàäà÷à (4) ïðèíèìàåò

âèä

1

2π

n−1∑

k=1

pk

π/h∫

−π/h

|eihω − 1|2k
h2k

∣∣Fx(ω)
∣∣2 dω → max, (5)

σ∫

−σ

∣∣Fx(ω)
∣∣2 dω 6 δ2,

1

2π

π/h∫

−π/h

|eihω − 1|2n
h2n

∣∣Fx(ω)
∣∣2 dω 6 1.

Ïîëîæèì

ω0 =





2
h arcsin

(
h
2

(
δ2

2π

)− 1
2n

)
, σ > σ̂,

2
h arcsin

(
sin hσ

2

(
k
n

) 1
2(n−k)

)
, σ < σ̂.

(6)
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�àññìîòðèì ñëó÷àé σ > σ̂. Òî÷êà x0 = 2π
δ2

� òî÷êà êàñàíèÿ ïðÿìîé y = λ̂1 + λ̂2x è

�óíêöèè ỹ =
∑n−1

k=1 pkx
k
n
(ñì. ðèñ. 1). Ïðè σ > σ̂ â ñèëó ìîíîòîííîñòè �óíêöèè ỹ âûïîë-

íÿåòñÿ äâîéíîå íåðàâåíñòâî ωn
σ > ωn

σ̂ > x0. Ýòî îçíà÷àåò, ÷òî àðãóìåíò �óíêöèè àðêñèíóñ
â ðàâåíñòâå (6) íå ïðåâûøàåò 1 ïðè σ > σ̂.

Y

X

ỹ0

x0 ωn
σ̂ ωn

σ

ỹ =
n−1∑
k=1

pkx
k

n

y = λ̂2x

y = λ̂1 + λ̂2x

(2/h)2n

�èñ. 1.

�àññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé xm(·), äëÿ êîòîðûõ

(Fxm)(ω) =




D, ω ∈

[
ω0 − 1

m ;ω0

]
,

0, ω /∈
[
ω0 − 1

m ;ω0

]
.

Ïîëîæèì D = δ
√
m. Òîãäà

σ∫

−σ

∥∥Fxm(ω)
∥∥2
L2([−σ;σ])

dω =

ω0∫

ω0−
1
m

D2 dω =
D2

m
= δ2.

Êðîìå òîãî,

1

2π

π/h∫

−π/h

tn(ω)
∥∥Fxm(ω)

∥∥2
L2([−π;π])

dω =
1

2π

ω0∫

ω0−
1
m

tn(ω)D2 dω

=
δ2m

2π

ω0∫

ω0−
1
m

(
4

h2
sin2

hω

2

)n

dω 6
δ222n sin2n hω0

2

2πh2n
= 1.

Òåì ñàìûì �óíêöèè xm(·) äîïóñòèìû â çàäà÷å (5). Ñëåäîâàòåëüíî, ïðè D = δ
√
m çíà-
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÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû

1

2π

n−1∑

k=1

pk

π/h∫

−π/h

tk(ω)
∥∥Fxm(ω)

∥∥2
L2([−π/h,π/h])

dω =
1

2π

n−1∑

k=1

pk

ω0∫

ω0−
1
m

tk(ω)D2 dω

=
δ2m

2π

n−1∑

k=1

pk

ω0∫

ω0−
1
m

4k

h2k
sin2k

hω

2
dω >

n−1∑

k=1

pk
δ222k sin2k

h(ω0−
1
m)

2

2πh2k
.

Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ïðè m → ∞ ñòðåìèòñÿ ê âåëè÷èíå

∑n−1
k=1 pk

(
δ2

2π

)n−k
n
.

Â ñëó÷àå σ < σ̂ î÷åâèäíî, ÷òî ω0 < σ < π
h . �àññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé

xm(·) òàêóþ, ÷òî

(Fxm)(ω) =





D1, ω ∈
[
ω0 − 1

m ;ω0

]
,

D2, ω ∈
[
σ;σ + 1

m

]
,

0, ω /∈
[
ω0 − 1

m ;ω0

]
∪
[
σ;σ + 1

m

]
.

Âîçüìåì

D1 = δ
√
m, D2 =


2 sin

h(σ+ 1
m)

2

h




−n√√√√m

(
2π − δ2ωσ

n

(
k

n

) n
n−k

)
.

Òîãäà

σ∫

−σ

∥∥Fxm(ω)
∥∥2
L2([−σ;σ])

dω =

σ+ 1
m∫

σ

D2
1 dω = δ2.

Àíàëîãè÷íî

1

2π

π/h∫

−π/h

tn(ω)
∥∥Fxm(ω)

∥∥2
L2([−π/h,π/h])

dω =
1

2π




ω0∫

ω0−
1
m

tn(ω)D2
1 dω +

σ+ 1
m∫

σ

tn(ω)D2
2 dω




6
1

2π


δ2

(
2

h
sin

hω0

2

)2n

+
D2

2

m

(
2

h
sin

h
(
σ + 1

m

)

2

)2n

 = 1.

Òàêèì îáðàçîì, �óíêöèè xm(·) òàêæå äîïóñòèìû â çàäà÷å (5). Çíà÷èò, ïðè óêàçàííûõ

âûøå çíà÷åíèÿõ δ, D1 è D2, çíà÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû

1

2π

n−1∑

k=1

pk

π/h∫

−π/h

tk(ω)
∥∥Fxm(ω)

∥∥2
L2([−π/h,π/h])

dω =
1

2π

n−1∑

k=1

pk




ω0∫

ω0−
1
m

tk(ω)D2
1dω +

σ+ 1
m∫

σ

tk(ω)D2
2dω




>
1

2π

n−1∑

k=1

pk


δ2

(
2

h
sin

h
(
ω0 − 1

m

)

2

)2k

+


2 sin

h(σ+ 1
m)

2

h




−2n(
2π − δ2ωσ

n

(
k

n

) n
n−k

)
ωk
σ


 .
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Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ïðè m → ∞ ñòðåìèòñÿ ê

n−1∑

k=1

pkω
k
σ

(
δ2

2π

(
k

n

) k
n−k n− k

n
+ ω−n

σ

)
.

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî

E
(
W

n
2,h, F,∆, δ

)
>





(
n−1∑
k=1

pk

(
δ2

2π

)n−k
n

)1/2

, σ > σ̂,

(
n−1∑
k=1

pkω
k
σ

(
δ2

2π

(
k
n

) k
n−k

n−k
n + ω−n

σ

))1/2

, σ < σ̂.

Ïîñòðîèì îïòèìàëüíûå ìåòîäû. Îïòèìàëüíûå ìåòîäû áóäåì èñêàòü ñðåäè ìåòîäîâ

âèäà ϕk(y) = Λky, ãäå Λk : L2([−σ;σ]) → l2,h(Z) � ëèíåéíûé íåïðåðûâíûé îïåðàòîð,

äåéñòâèå êîòîðîãî â îáðàçàõ Ôóðüå èìååò âèä

F (Λky)(ω) =

{
(eihω−1)k

hk αk(ω)y(ω), ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),

ãäå �óíêöèÿ αk(ω) ∈ L∞((−σ;σ)), αk(ω) = 0, ω /∈ (−σ;σ), 1 6 k 6 n− 1.

Äëÿ îöåíêè ïîãðåøíîñòè òàêèõ ìåòîäîâ ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

n−1∑

k=1

pk
∥∥∆k

hx− Λky
∥∥2
l2,h(Z)

→ max,

∥∥Fx(ω)− y(ω)
∥∥
L2([−σ;σ])

6 δ, x ∈ W
n
2,h, y ∈ L2([−σ;σ]).

Ïåðåïèøåì ýòó çàäà÷ó â îáðàçàõ Ôóðüå:

1

2π

π/h∫

−π/h

n−1∑

k=1

pkt
k(ω)

∣∣Fx(ω)− αk(ω)y(ω)
∣∣2 dω → max,

σ∫

−σ

∣∣Fx(ω)− y(ω)
∣∣2 dω 6 δ2,

1

2π

π/h∫

−π/h

tn(ω)
∣∣Fx(ω)

∣∣2 dω 6 1.

(7)

Èñïîëüçóÿ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî, ïîëó÷àåì

∣∣Fx(ω)− αk(ω)y(ω)
∣∣2 =

∣∣Fx(ω)(1− αk(ω)) + αk(ω)(Fx(ω) − y(ω))
∣∣2

=

∣∣∣∣∣∣
αk(ω)

√
λ̂1√

λ̂1

(
Fx(ω)− y(ω)

)
+

1− αk(ω)√
λ̂2 tn(ω)

√
λ̂2 tn(ω)Fx(ω)

∣∣∣∣∣∣

2

6 qk(ω)
(
λ̂1

∣∣Fx(ω)− y(ω)
∣∣2 + λ̂2 t

n(ω)
∣∣Fx(ω)

∣∣2
)
,

ãäå qk(ω) =
|αk(ω)|

2

λ̂1
+ |1−αk(ω)|

2

λ̂2tn(ω)
.
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Ó÷èòûâàÿ óñëîâèÿ â çàäà÷å (7), èìååì

1

2π

π/h∫

−π/h

n−1∑

k=1

pkt
k(ω)

∣∣Fx(ω)− αk(ω)y(ω)
∣∣2 dω 6 ‖Q(·)‖L∞((−σ;σ))

(
λ̂1δ

2 + λ̂2

)
,

ãäå Q(ω) =
∑n−1

k=1 pkt
k(ω)qk(ω).

Åñëè ‖Q(·)‖L∞((−σ;σ)) 6 1, òî çíà÷åíèå çàäà÷è (7)

λ̂1
δ2

2π
+ λ̂2 =





n−1∑
k=1

pk

(
δ2

2π

)n−k
n

, σ > σ̂,

n−1∑
k=1

pkω
k
σ

(
δ2

2π

(
k
n

) k
n−k

n−k
n + ω−n

σ

)
, σ < σ̂,

íå ïðåâîñõîäèò λ̂1
δ2

2π + λ̂2 6 E2(W n
2,h, F,∆, δ).

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò îöåíêà ñâåðõó ïîãðåøíîñòè îïòèìàëüíîãî âîñ-

ñòàíîâëåíèÿ. Òåì ñàìûì ìåòîäû, â êîòîðûõ ak(·), k = 1, . . . , n − 1, âûáðàíû òàê, ÷òî

‖Q(·)‖L∞((−σ;σ)) 6 1, áóäóò îïòèìàëüíûìè.
Ïîêàæåì, ÷òî óñëîâèå ‖Q(·)‖L∞((−σ;σ)) 6 1 ýêâèâàëåíòíî âûðàæåíèþ (2) â óñëîâèè

òåîðåìû. Èìååì

Q(ω)=

n−1∑

k=1

pkt
k(ω)qk(ω)=

n−1∑

k=1

pkt
k(ω)

(
λ̂1+λ̂2t

n(ω)

λ̂1λ̂2tn(ω)

∣∣∣∣αk(ω)−
λ̂1

λ̂1+λ̂2tn(ω)

∣∣∣∣
2

+
1

λ̂1+λ̂2tn(ω)

)
.

Ïóñòü θk(ω) = αk(ω)
(
λ̂1 + λ̂2t

n
)
− λ̂1.

Òîãäà óñëîâèå ‖Q(·)‖L∞((−σ;σ)) 6 1 ýêâèâàëåíòíî óñëîâèþ (2).

�àññìîòðèì �óíêöèþ

g(t) = −
n−1∑

k=1

pkt
k + λ1χ[−σ,σ] + λ2t

n, t ∈
[
0, 4/h2

]
.

Â ñèëó âîãíóòîñòè �óíêöèè ỹ =
∑n−1

k=1 pkx
k/n

â ñëó÷àå σ > σ̂ áóäåò âûïîëíÿòüñÿ íåðà-

âåíñòâî ỹ 6 λ̂1 + λ̂2x äëÿ âñåõ x ∈ [0;ωn
σ ] (ñì. ðèñ. 1). Òàê êàê ωn

σ > ωn
σ̂ , íåðàâåíñòâî∑n−1

k=1 pkx
k/n < λ̂2x âûïîëíÿåòñÿ ïðè x ∈ (ωn

σ ; (2/h)
2n]. Ýòî îçíà÷àåò íåîòðèöàòåëüíîñòü

�óíêöèè g(t) ïðè âñåõ t ∈ [0, 4/h2].
Â ñëó÷àå σ < σ̂ ïðÿìàÿ y = λ̂2x ïåðåñåêàåò ãðà�èê �óíêöèè ỹ =

∑n−1
k=1 pkx

k/n
â òî÷-

êå ωn
σ , ïðÿìàÿ y = λ̂1 + λ̂2x êàñàåòñÿ äàííîé �óíêöèè â òî÷êå x0 < ωn

σ , ò. å. è â ýòîì

ñëó÷àå �óíêöèÿ g(t) > 0.
Òàêèì îáðàçîì, â ñèëó íåîòðèöàòåëüíîñòè �óíêöèè g(t) ïðàâàÿ ÷àñòü íåðàâåíñòâà (2)

íåîòðèöàòåëüíà.

Âåðõíÿÿ è íèæíÿÿ îöåíêè ïîãðåøíîñòè ñîâïàäàþò, ÷òî äîêàçûâàåò îïòèìàëüíîñòü

ìåòîäà.

Ïóñòü W n
2 (R) = {f(·) ∈ L2(R) : f (n−1) ∈ LAC(R), f (n)(·) ∈ L2(R)} � ñîáîëåâñêîå

ïðîñòðàíñòâî, ãäå LAC(R) � ìíîæåñòâî �óíêöèé, àáñîëþòíî íåïðåðûâíûõ íà êàæäîì

êîíå÷íîì îòðåçêå. �àññìîòðèì êëàññ �óíêöèé

W
n
2 (R) =

{
f(·) ∈ W

n
2 (R) :

∥∥f (n)(·)
∥∥
L2(R)

6 1, (Ff)(·) ∈ L2(R)
}
,
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ãäå (Ff)(·) � ïðåîáðàçîâàíèå Ôóðüå �óíêöèè f . Áóäåì ñ÷èòàòü, ÷òî äàíà �óíêöèÿ

y(·) ∈ L2([−σ;σ]) òàêàÿ, ÷òî ‖(Ff)(·) − y(·)‖L2([−σ;σ]) 6 δ, ãäå δ > 0 � çàäàííàÿ âåëè-

÷èíà ïîãðåøíîñòè.

Çàìåòèì, ÷òî, â ïðåäåëå ïðè h → 0 k-ÿ ðàçäåëåííàÿ ðàçíîñòü ïîñëåäîâàòåëüíîñòè

x ∈ W n
2,h ïåðåõîäèò â ïðîèçâîäíóþ k-ãî ïîðÿäêà �óíêöèè f(·) ∈ W

n
2 (R),

lim
h→0

t(ω) = ω2, lim
h→0

ωσ = σ2, lim
h→0

σ̂ =

(
δ2

2π

)− 1
2n

(
n−1∑

k=1

pk
k

n

) 1
2(k−n)

.

Íå îáîñíîâûâàÿ ñòðîãî ïðåäåëüíûé ïåðåõîä, ïðèâåäåì ðåçóëüòàò, êîòîðûé ïîëó÷àåò-

ñÿ ñ ïîìîùüþ òàêîãî ïåðåõîäà (ýòîò ðåçóëüòàò ìîæåò áûòü ïîëó÷åí è íåïîñðåäñòâåí-

íî, èñïîëüçóÿ òó æå ñõåìó ðàññóæäåíèé): ïîãðåøíîñòü îäíîâðåìåííîãî îïòèìàëüíî-

ãî âîññòàíîâëåíèÿ ïðîèçâîäíûõ âñåõ ïîðÿäêîâ (D1f(·), D2f(·), . . ., Dn−1f(·)) �óíêöèè
f(·) ∈ W

n
2 (R) ðàâíà

E
(
W

n
2 (R), F,D, δ

)
= lim

h→0
E
(
W

n
2,h, F,∆, δ

)

=





(
n−1∑
k=1

pk

(
δ2

2π

)n−k
n

)1/2

, σ >

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

(
n−1∑
k=1

pkσ
2k

(
δ2

2π

(
k
n

) k
n−k

n−k
n + σ−2n

))1/2

, σ <
(

δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

ãäå D = (D1,D2, . . . ,Dn−1).
Âñå ìåòîäû

ϕ̂k(y) =

{(
F−1(αk(ω)y(ω))

)(k)
, ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),

ãäå

αk(ω) =





λ̂1+θk(ω)

λ̂1+λ̂2ωn
, ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),

à θk(·) äëÿ ïî÷òè âñåõ ω ∈ (−σ;σ) óäîâëåòâîðÿþò óñëîâèþ

n−1∑

k=1

pkω
2k
∣∣θk(ω)

∣∣2 6 λ̂1λ̂2ω
2n

(
λ̂1 + λ̂2ω

2n −
n−1∑

k=1

pkω
2k

)
,

â êîòîðîì

λ̂1 =





n−1∑
k=1

pk

(
δ2

2π

)− k
n (

1− k
n

)
, σ >

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

n−1∑
k=1

pkσ
2k
(
k
n

) k
n−k

(
1− k

n

)
, σ <

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

λ̂2 =





n−1∑
k=1

pk
k
n

(
δ2

2π

)n−k
n

, σ >

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

n−1∑
k=1

pkσ
2(k−n), σ <

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,



Âîññòàíîâëåíèå îïåðàòîðîâ ðàçäåëåííîé ðàçíîñòè 103

ÿâëÿþòñÿ îïòèìàëüíûìè, è ïðè

pk =

{
1, k = r,

0, k 6= r

ìû ïîëó÷àåì ðåçóëüòàò, àíàëîãè÷íûé ðåçóëüòàòó, ïîëó÷åííîìó ïðè âîññòàíîâëåíèè ïðî-

èçâîäíîé �óíêöèè ïîðÿäêà r â ðàáîòå [3℄.

Çàìå÷àíèå 1. Åñëè ïðåîáðàçîâàíèå Ôóðüå ïîñëåäîâàòåëüíîñòè ñ îãðàíè÷åííîé n-é
ðàçäåëåííîé ðàçíîñòüþ íà îòðåçêå [−σ;σ] èçâåñòíî ïðèáëèæåííî, òî ñ óâåëè÷åíèåì ïî-

ëóäëèíû îòðåçêà σ ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ óìåíüøàåòñÿ, íî ëèøü äî
îïðåäåëåííîãî ïðåäåëà: ïðè σ > σ̂ ýòà ïîãðåøíîñòü ïîñòîÿííà, ò. å. çà ïðåäåëàìè îòðåçêà
[−σ̂; σ̂ ] èí�îðìàöèÿ î ïðåîáðàçîâàíèè Ôóðüå ïîñëåäîâàòåëüíîñòè èç äàííîãî êëàññà íå

íóæíà.
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Abstrat. In various appliations, it is often neessary to reonstrut some harateristi of an objet

from some information (usually inomplete or inaurate) about its other harateristis. There are various

approahes to solving similar problems. In this paper, we used an approah based on the ideas of Andrei

Nikolaevih Kolmogorov onerning the best means of approximation by �nite-dimensional subspaes. The

essene of the method lies in the fat that the best means of approximation on the whole lass is sought. We
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onsider the problem of simultaneous reovery of operators of divided di�erenes of a sequene of all orders

from 1 to (n−1)th inlusive, in a lass of sequenes with bounded nth divided di�erene. The Fourier transform
of this sequene is known inaurately at a ertain interval sequene in the mean square norm. A family of

optimal reovery methods is onstruted. Among the methods found are those that use minimal sequene

information, pre-smoothing it. The exat value of the optimal error of reovering divided-di�erene operators

is found. The passage to the limit from the obtained results implies a ontinuous ase.

Key words: optimal reovery, operator of a divided di�erene, Fourier transform.
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