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Àííîòàöèÿ. �àññìàòðèâàåòñÿ â òðåõìåðíîé îáëàñòè ëèíåéíîå èíòåãðî-äè��åðåíöèàëüíîå óðàâ-

íåíèå òèïà Áóññèíåñêà ÷åòâåðòîãî ïîðÿäêà ñ êîý��èöèåíòîì âîññòàíîâëåíèÿ è âûðîæäåííûì ÿä-

ðîì. �åøåíèå ýòîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ ðàññìàòðèâàåòñÿ â êëàññå íåïðåðûâíî-

äè��åðåíöèðóåìûõ �óíêöèé. Ñíà÷àëà èçó÷àþòñÿ âîïðîñû êëàññè÷åñêîé ðàçðåøèìîñòè íåëîêàëü-

íîé ïðÿìîé êðàåâîé çàäà÷è äëÿ ðàññìàòðèâàåìîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ Áóññè-

íåñêà ñ ïàðàìåòðîì ïðè èíòåãðàëüíîì ÷ëåíå. Èñïîëüçóþòñÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ è ìåòîä

âûðîæäåííîãî ÿäðà. Ïîëó÷àåòñÿ ñ÷åòíàÿ ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé. �åøåíèå ýòîé àëãåáðà-

è÷åñêîé ñèñòåìû óðàâíåíèé äëÿ ðåãóëÿðíûõ çíà÷åíèé ñïåêòðàëüíîãî ïàðàìåòðà ïðè èíòåãðàëüíîì

÷ëåíå çàäàííîãî óðàâíåíèÿ ïîçâîëÿåò ïîñòðîèòü ðåøåíèå íåëîêàëüíîé ïðÿìîé êðàåâîé çàäà÷è äëÿ

èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ â âèäå ðÿäà Ôóðüå. Óñòàíàâëèâàåòñÿ êðèòåðèé îäíîçíà÷-

íîé ðàçðåøèìîñòè ïðÿìîé êðàåâîé çàäà÷è ïðè �èêñèðîâàííûõ çíà÷åíèÿõ �óíêöèè âîññòàíîâëåíèÿ.

Ñ ïîìîùüþ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî è íåðàâåíñòâî Áåññåëÿ äîêàçûâàåòñÿ àáñîëþòíàÿ

è ðàâíîìåðíàÿ ñõîäèìîñòü ïîëó÷åííîãî ðÿäà Ôóðüå. Äëÿ ðåøåíèÿ ïðÿìîé êðàåâîé çàäà÷è òàêæå

äîêàçûâàåòñÿ íåïðåðûâíîñòü âñåõ ïðîèçâîäíûõ, âõîäÿùèõ â çàäàííîå óðàâíåíèå. Äàëåå, ñ ïîìîùüþ

äîïîëíèòåëüíîãî èíòåãðàëüíîãî óñëîâèÿ îäíîçíà÷íî îïðåäåëÿåòñÿ �óíêöèÿ âîññòàíîâëåíèÿ â âèäå

ðÿäà Ôóðüå. Óñòàíàâëèâàåòñÿ êðèòåðèé íåïðåðûâíîñòè ïðîèçâîäíûõ âòîðîãî ïîðÿäêà îò �óíêöèè

âîññòàíîâëåíèÿ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Èñõîäÿ èç íàéäåííûõ çíà÷åíèé �óíêöèè âîñ-

ñòàíîâëåíèÿ îäíîçíà÷íî îïðåäåëÿåòñÿ è îñíîâíàÿ èñêîìàÿ �óíêöèÿ êàê ðåøåíèå îáðàòíîé çàäà÷è

äëÿ ðàññìàòðèâàåìîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ. Êðîìå òîãî, èçó÷àåòñÿ óñòîé÷èâîñòü

ðåøåíèÿ èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ ïî �óíêöèè âîññòàíîâëåíèÿ.
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1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìíîãèõ ïðîöåññîâ, ïðîèñõîäÿùèõ â ðåàëüíîì ìèðå,

ïðèâîäèò ê èçó÷åíèþ ñìåøàííûõ, êðàåâûõ è îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñò-

íûõ ïðîèçâîäíûõ. Òåîðèÿ ñìåøàííûõ è êðàåâûõ çàäà÷, â ñèëó åå ïðèêëàäíîé âàæíîñòè,

â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ ðàçäåëîâ òåîðèè äè��åðåíöèàëüíûõ

óðàâíåíèé.
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Èññëåäîâàíèÿ ìíîãèõ çàäà÷ ãàçîâîé äèíàìèêè, òåîðèè óïðóãîñòè, òåîðèè ïëàñòèí

è îáîëî÷åê îïèñûâàþòñÿ äè��åðåíöèàëüíûìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ âû-

ñîêèõ ïîðÿäêîâ. Ñ òî÷êè çðåíèÿ �èçè÷åñêèõ ïðèëîæåíèé ïðåäñòàâëÿþò áîëüøîé èíòåðåñ

è äè��åðåíöèàëüíûå óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà (ñì., íàïðèìåð, [1�4℄).

Â ñëó÷àÿõ, êîãäà ãðàíèöà îáëàñòè ïðîòåêàíèÿ �èçè÷åñêîãî ïðîöåññà íåäîñòóïíà äëÿ

èçìåðåíèé, äîïîëíèòåëüíîé èí�îðìàöèåé, äîñòàòî÷íîé äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè

çàäà÷è, ìîãóò ñëóæèòü íåëîêàëüíûå óñëîâèÿ â èíòåãðàëüíîé �îðìå [5, 6℄.

Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ïðè èññëåäîâàíèè äè��åðåíöèàëüíûõ è èíòåãðî-

äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïðèìåíÿåòñÿ â ðàáîòàõ ìíîãèõ

àâòîðîâ, â ÷àñòíîñòè â [7�9℄.

Òåîðèÿ îáðàòíûõ çàäà÷ ïðåäñòàâëÿåò ñîáîé àêòèâíî ðàçâèâàþùååñÿ íàïðàâëåíèå ñî-

âðåìåííîé òåîðèè äè��åðåíöèàëüíûõ óðàâíåíèé. Ê îáðàòíûì çàäà÷àì îòíîñÿò çàäà÷è

îïðåäåëåíèÿ �èçè÷åñêèõ ñâîéñòâ îáúåêòîâ, íàïðèìåð: ïëîòíîñòü, êîý��èöèåíò òåïëî-

ïðîâîäíîñòè, óïðóãèå ìîäóëè â çàâèñèìîñòè îò êîîðäèíàò èëè â âèäå �óíêöèé äðóãèõ

ïàðàìåòðîâ. Çàìåòèì, ÷òî áåç óìåíèÿ ðåøàòü ïðÿìûå çàäà÷è íåâîçìîæíî èññëåäîâàòü

îáðàòíûå. Ëèíåéíûå îáðàòíûå çàäà÷è ðàññìàòðèâàëèñü âî ìíîãèõ ðàáîòàõ, â ÷àñòíîñòè

â [10�16℄. Â íàñòîÿùåå âðåìÿ ñîâåðøåíñòâóåòñÿ è ìåòîäèêà ðåøåíèÿ îáðàòíûõ çàäà÷.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü íåëîêàëüíîé îáðàòíîé çà-

äà÷è äëÿ èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ òèïà Áóññèíåñêà ÷åòâåðòîãî ïîðÿäêà

ñ âûðîæäåííûì ÿäðîì. Èòàê, â îáëàñòè Ω = {(t, x, y) : 0 < t < T, 0 < x, y < l} ðàññìàò-
ðèâàåòñÿ èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå âèäà

Utt(t, x, y)−
(

Uttxx(t, x, y) + Uttyy(t, x, y)
)

−
(

Uxx(t, x, y) + Uyy(t, x, y)
)

+ ν

T
∫

0

K(t, s)
(

Uxx(s, x, y) + Uyy(s, x, y)
)

ds = α(t)β(x, y), (3.1)

ãäå T è l � çàäàííûå ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà, ν � äåéñòâèòåëüíûé ñïåê-

òðàëüíûé ïàðàìåòð,

K(t, s) =

k
∑

i=1

ai(t)bi(s), ai(t), bi(s) ∈ C
2[0;T ], ai(t) 6= 0, t ∈ [0;T ];

α(t) ∈ C2[0;T ], α(t) 6= 0, t ∈ [0;T ].

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà �óíêöèé {ai(t)} è ñèñòåìà �óíêöèé {bi(s)},
i = 1, 2, . . . , k, ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè.

Äàííîå óðàâíåíèå ïðèíàäëåæèò ïñåâäîãèïåðáîëè÷åñêîìó òèïó è íàçûâàåòñÿ òàê-

æå èíòåãðî-äè��åðåíöèàëüíûì óðàâíåíèåì òèïà Áóññèíåñêà. Â ñëó÷àå, êîãäà ν = 0,
ñîîòâåòñòâóþùåå äè��åðåíöèàëüíîå óðàâíåíèå Áóññèíñêà îïèñûâàåò äâèæåíèÿ âîëí

â ñòðàòè�èöèðîâàííîé æèäêîñòè. �ðàâèòàöèîííûå âîëíû â æèäêîñòè ñî ñòðàòè�è-

öèðîâàííîé ïëîòíîñòüþ ïðåäñòàâëÿþò áîëüøîé èíòåðåñ â ìåòåîðîëîãèè è îêåàíîãðà-

�èè [3, ñ. 404, 405℄.

Çàäà÷à. Íàéòè â îáëàñòè Ω ïàðó �óíêöèé

U(t, x, y) ∈ C
(

Ω
)

∩ C1
(

Ω′
)

∩C2(Ω) ∩ C2+2+0
t,x,y (Ω) ∩C2+0+2

t,x,y (Ω), (3.2)

β(x, y) ∈ C2
{

0 < x, y < l
}

, (3.3)



Îïðåäåëåíèå êîý��èöèåíòà â íåëîêàëüíîé çàäà÷å 69

óäîâëåòâîðÿþùóþ óðàâíåíèþ (3.1) è ñëåäóþùèì óñëîâèÿì:

U(0, x, y) = U(T, x, y), 0 6 x, y 6 l, (3.4)

T
∫

0

U(t, x, y) dt = ϕ(x, y), 0 6 x, y 6 l, (3.5)

U(t, 0, y) = U(t, l, y) = U(t, x, 0) = U(t, x, l) = 0, 0 6 t 6 T, (3.6)

T
∫

0

Θ(t)U(t, x, y) dt = ψ(x, y), 0 6 x, y 6 l, (3.7)

ãäå Cr(Ω) � êëàññ �óíêöèé U(t, x, y), èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå ∂r

∂tr
U(t, x, y),

∂r

∂xr U(t, x, y), ∂r

∂yr
U(t, x, y) â îáëàñòè Ω; Cr+s+0

t,x,y (Ω) � êëàññ �óíêöèé U(t, x, y), èìåþ-

ùèõ íåïðåðûâíóþ ïðîèçâîäíóþ

∂r+s

∂tr∂xs U(t, x, y) â îáëàñòè Ω; Cr+0+s
t,x,y (Ω) � êëàññ �óíêöèé

U(t, x, y), èìåþùèõ íåïðåðûâíóþ ïðîèçâîäíóþ

∂r+s

∂tr∂ys
U(t, x, y) â îáëàñòè Ω; r è s � íà-

òóðàëüíûå ÷èñëà; �óíêöèÿ Θ(t) ∈ C[0, T ] íå îáðàùàåòñÿ â íóëü íà îòðåçêå [0, T ]; ϕ(x, y),
ψ(x, y) � çàäàííûå äîñòàòî÷íî ãëàäêèå �óíêöèè;

ϕ(0, y) = ϕ(l, y) = ϕ(x, 0) = ϕ(x, l) = 0,

Ω′ = Ω ∪ {x = 0} ∪ {x = l} ∪ {y = 0} ∪ {y = l},

Ω =
{

(t, x, y)
∣

∣ 0 6 t 6 T, 0 6 x, y 6 l
}

.

2. Ôîðìàëüíîå ðåøåíèå ïðÿìîé êðàåâîé çàäà÷è (3.1), (3.2), (3.4)�(3.6)

Íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (3.1) â îáëàñòè Ω ðàçûñêèâàåòñÿ â âèäå ñëåäóþ-

ùåãî ðÿäà Ôóðüå:

U(t, x, y) =
2

l

∞
∑

n,m=1

un,m(t) sin
πn

l
x sin

πm

l
y, (3.8)

ãäå

un,m(t) =
2

l

l
∫

0

l
∫

0

U(t, x, y) sin
πn

l
x sin

πm

l
y dx dy, n,m = 1, 2, . . . (3.9)

Ïðåäïîëàãàåòñÿ, ÷òî è �óíêöèÿ β(x, y) ðàçëàãàåòñÿ â ðÿä Ôóðüå:

β(x, y) =
2

l

∞
∑

n,m=1

βn,m sin
πn

l
x sin

πm

l
y, (3.10)

ãäå

βn,m =
2

l

l
∫

0

l
∫

0

β(x, y) sin
πn

l
x sin

πm

l
y dx dy, n,m = 1, 2, . . . (3.11)

Ïîäñòàâëÿÿ ðÿäû (3.8) è (3.10) â óðàâíåíèå (3.1), ïîëó÷àåì

u′′n,m(t) + λ2n,m un,m(t) = νλ2n,m

T
∫

0

k
∑

i=1

ai(t)bi(s)un,m(s) ds+ α(t)βn,m, (3.12)
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ãäå

λ2n,m =
µ2n,m

1 + µ2n,m
, µn,m =

π

l

√

n2 +m2.

Ñ ïîìîùüþ îáîçíà÷åíèÿ

τin,m =

T
∫

0

bi(s)un,m(s) ds (3.13)

óðàâíåíèÿ (3.12) ïåðåïèøóòñÿ â ñëåäóþùåì âèäå:

u′′n,m(t) + λ2n,m un,m(t) = νλ2n,m

k
∑

i=1

ai(t)τin,m + α(t)βn,m. (3.14)

Äè��åðåíöèàëüíûå óðàâíåíèÿ (3.14) ðåøàþòñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïî-

ñòîÿííûõ:

un,m(t) = cn,m cos λn,m t+ dn,m sinλn,m t+ ηn,m(t), (3.15)

ãäå

ηn,m(t) = νλn,m

k
∑

i=1

τin,m

t
∫

0

sinλn,m(t− s)ai(s) ds +
βn,m

λn,m

t
∫

0

sinλn,m(t− s)α(s) ds.

Óñëîâèå (3.4) ñ ó÷åòîì �îðìóëû (3.9) ïðèíèìàåò ñëåäóþùèé âèä:

un,m(0) =
2

l

l
∫

0

l
∫

0

U(0, x, y) sin
πn

l
x sin

πm

l
y dy dx

=
2

l

l
∫

0

l
∫

0

U(T, x, y) sin
πn

l
x sin

πm

l
y dy dx = un,m(T ). (3.16)

Äëÿ íàõîæäåíèÿ íåèçâåñòíûõ êîý��èöèåíòîâ cn,m è dn,m â (3.15) âîñïîëüçóåìñÿ óñëî-

âèåì (3.16). Òîãäà ïîëó÷àåì

un,m(t) = dn,m

[

sinλn,m t+
sinλn,mT

1− cos λn,mT
cos λn,m t

]

+ ξn,m(t), (3.17)

ãäå

ξn,m(t) =
ηn,m(T )

1− cos λn,m T
cos λn,mt+ ηn,m(t).

Òåïåðü âîñïîëüçóåìñÿ èíòåãðàëüíûì óñëîâèåì (3.5) è �îðìóëîé (3.9):

T
∫

0

un,m(t) dt =
2

l

l
∫

0

l
∫

0

T
∫

0

U(t, x, y) dt sin
πn

l
x sin

πm

l
y dy dx

=
2

l

l
∫

0

l
∫

0

ϕ(x, y) sin
πn

l
x sin

πm

l
y dy dx = ϕn,m. (3.18)
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Òîãäà èç (3.17) è (3.18) ïîëó÷àåì

ϕn,m =

T
∫

0

un,m(t) dt = dn,m

T
∫

0

[

sinλn,m t+
sinλn,m T

1− cos λn,m T
cos λn,m t

]

dt+ γn,m

=
dn,m

λn,m

[

1− cos λn,m T +
sin2 λn,m T

1− cos λn,m T

]

+ γn,m, (3.19)

ãäå

γn,m =

T
∫

0

ξn,m(t) dt.

Èòàê, äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîý��èöèåíòîâ dn,m òðåáóåì âûïîëíåíèÿ ñëå-

äóþùåãî óñëîâèÿ:

σn,m(T ) = 1− cos λn,m T 6= 0. (3.20)

Èç (3.19) íàõîäèì

dn,m =
λn,m

2
(ϕn,m − γn,m). (3.21)

Ïîäñòàâëÿÿ (3.21) â �îðìóëó (3.17), ïîëó÷àåì

un,m(t) =
λn,m

2
(ϕn,m − γn,m)δ0n,m(t) + ξn,m(t)

èëè

un,m(t) = ϕn,mBn,m(t) + ν

k
∑

i=1

τin,mDin,m(t) + βn,mEn,m(t), (3.22)

ãäå

Bn,m(t) =
λn,m

2
δ0n,m(t), δ0n,m(t) = sinλn,m t+

sinλn,m T

σn,m(T )
cosλn,m t,

Din,m(t) = hin,m(T )δ2n,m(t) + hin,m(t)−
λn,m

2
δ0n,m(t)

T
∫

0

hin,m(t) dt,

En,m(t) = δ1n,m(T )δ2n,m(t) + δ1n,m(t)−
λn,m

2
δ0n,m(t)

T
∫

0

δ1n,m(t) dt,

hin,m(t) = λn,m

t
∫

0

sinλn,m(t− s) ai(s) ds, i = 1, 2, . . . , k,

δ1n,m(t) =
1

λn,m

t
∫

0

sinλn,m(t− s)α(s) ds, λn,m =

√

µ2n,m

1 + µ2n,m
, µn,m =

π

l

√

n2 +m2,

δ2n,m(t) =
1

σn,m(T )

[

cos λn,m t−
δ0n,m(t)

2
sinλn,m T

]

.
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Ïîäñòàâëÿÿ (3.22) â (3.13), ïîëó÷àåì ñ÷åòíóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé

(ÑÑÀÓ):

τin,m + ν

k
∑

j=1

τjn,mHijn,m = Ψin,m, (3.23)

ãäå

Hijn,m = −

T
∫

0

bi(s)Djn,m(s) ds,

Ψin,m =

T
∫

0

bi(s)
[

ϕn,mBn,m(s) + βn,mEn,m(s)
]

ds.

(3.24)

ÑÑÀÓ (3.23) îäíîçíà÷íî ðàçðåøèìà ïðè ëþáûõ êîíå÷íûõ Ψin,m, åñëè âûïîëíÿåòñÿ

ñëåäóþùåå óñëîâèå:

∆n,m(ν) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + νH11n,m νH12n,m . . . νH1kn,m

νH21n,m 1 + νH22n,m . . . νH2kn,m
.

.

.

.

.

.

.

.

.

.

.

.

νHk1n,m νHk2n,m . . . 1 + νHkkn,m

∣

∣

∣

∣

∣

∣

∣

∣

∣

6= 0. (3.25)

Îïðåäåëèòåëü ∆n,m(ν) â (3.25) åñòü ìíîãî÷ëåí îòíîñèòåëüíî ν ñòåïåíè íå âûøå k.

Óðàâíåíèå ∆n,m(ν) = 0 èìååò íå áîëåå, ÷åì k ðàçëè÷íûõ êîðíåé. Ýòè êîðíè ÿâëÿþòñÿ

ñîáñòâåííûìè ÷èñëàìè ÿäðà èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (3.1). Äëÿ äðóãèõ

çíà÷åíèé ν óñëîâèå (3.25) âûïîëíÿåòñÿ. Äëÿ òàêèõ ðåãóëÿðíûõ çíà÷åíèé ν ñèñòåìà (3.23)

èìååò åäèíñòâåííîå ðåøåíèå ïðè ëþáîé êîíå÷íîé íåíóëåâîé ïðàâîé ÷àñòè. Ïîýòîìó ïðè

âûïîëíåíèè óñëîâèÿ (3.25) èìååòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé íåëîêàëü-

íîé îáðàòíîé çàäà÷è.

�åøåíèÿ ÑÑÀÓ (3.23) çàïèñûâàþòñÿ â âèäå

τin,m =
∆in,m(ν)

∆n,m(ν)
, i = 1, 2, . . . , k, (3.26)

ãäå

∆in,m(ν) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + νH11n,m . . . νH1(i−1)n,m Ψ1n,m νH1(i+1)n,m . . . νH1kn,m

νH21n,m . . . νH2(i−1)n,m Ψ2n,m νH2(i+1)n,m . . . νH2kn,m
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

νHk1n,m . . . νHk(i−1)n,m Ψkn,m νHk(i+1)n,m . . . 1 + νHkkn,m

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Ñðåäè ýëåìåíòîâ îïðåäåëèòåëåé ∆in,m(ν) íàõîäÿòñÿ Ψin,m. Â ñâîþ î÷åðåäü, â ñîñòà-

âå Ψin,m íàõîäÿòñÿ íåèçâåñòíûå âåëè÷èíû βn,m. Â ñàìîì äåëå, ýòè íåèçâåñòíûå âåëè÷èíû

íàõîäèëèñü â ïðàâîé ÷àñòè CÑÀÓ (3.23). ×òîáû âûâåñòè èõ èç çíàêà îïðåäåëèòåëÿ âû-

ðàæåíèå â (3.24) çàïèøåì â ñëåäóþùåì âèäå:

Ψin,m = ϕn,mΨ1in,m + βn,mΨ2in,m,

ãäå

Ψ1in,m =

T
∫

0

bi(s)Bn,m(s) ds, Ψ2in,m =

T
∫

0

bi(s)En,m(s) ds.
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Â ýòîì ñëó÷àå, ñîãëàñíî ñâîéñòâàì îïðåäåëèòåëåé èìååì

∆in,m(ν) = ϕn,m∆1in,m(ν) + βn,m∆2in,m(ν),

ãäå

∆jin,m(ν) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 + νH11n,m . . . νH1(i−1)n,m Ψj1n,m νH1(i+1)n,m . . . νH1kn,m

νH21n,m . . . νH2(i−1)n,m Ψj2n,m νH2(i+1)n,m . . . νH2kn,m
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

νHk1n,m . . . νHk(i−1)n,m Ψjkn,m νHk(i+1)n,m . . . 1 + νHkkn,m

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

j = 1, 2.

Òîãäà �îðìóëà (3.26) çàïèñûâàåòñÿ â âèäå

τin,m = ϕn,m
∆1in,m(ν)

∆n,m(ν)
+ βn,m

∆2in,m(ν)

∆n,m(ν)
, i = 1, 2, . . . , k. (3.27)

Ïîäñòàâëÿÿ (3.27) â (3.22), ïîëó÷àåì

un,m(t) = ϕn,m Fn,m(t) + βn,mMn,m(t), (3.28)

ãäå

Fn,m(t) = Bn,m(t) + ν

k
∑

i=1

∆1in,m(ν)

∆n,m(ν)
Din,m(t),

Mn,m(t) = En,m(t) + ν

k
∑

i=1

∆2in,m(ν)

∆n,m(ν)
Din,m(t).

Òåïåðü (3.28) ïîäñòàâëÿåì â ðÿä Ôóðüå (3.8):

U(t, x, y) =
2

l

∞
∑

n,m=1

[

ϕn,m Fn,m(t) + βn,mMn,m(t)
]

sin
πn

l
x sin

πm

l
y. (3.29)

3. Îáîñíîâàíèå ðàçðåøèìîñòè ïðÿìîé êðàåâîé çàäà÷è (3.1), (3.2), (3.4)�(3.6)

Ïðåäïîëîæèì, ÷òî β(x, y) � çàäàííàÿ ãëàäêàÿ �óíêöèÿ. �àññìîòðèì ñëó÷àé, êîãäà

íàðóøàåòñÿ óñëîâèå (3.20). Ïóñòü σn,m(T ) = 1 − cos λn,mT = 0 ïðè íåêîòîðûõ T . Ýòî

óñëîâèå ýêâèâàëåíòíî ðàâåíñòâó

cos λn,m T = 1, (3.30)

ãäå

λn,m =

√

µ2n,m

1 + µ2n,m
, µn,m =

π

l

√

n2 +m2.

Óðàâíåíèå (3.30) èìååò ðåøåíèÿ

Tk =
2πk

λn,m
, k ∈ N,

ãäå N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë.
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Äðóãèå çíà÷åíèÿ 0 < T , äëÿ êîòîðûõ óñëîâèå (3.20) âûïîëíÿåòñÿ, íàçûâàþòñÿ ðåãó-

ëÿðíûìè. Äëÿ ðåãóëÿðíûõ çíà÷åíèé T èìååò ìåñòî �îðìóëà (3.29). Ïîýòîìó ïðè âûïîë-

íåíèè óñëîâèÿ (3.20) ðåøåíèå ïðÿìîé êðàåâîé çàäà÷è (3.1), (3.2), (3.4)�(3.6) â îáëàñòè Ω
ïðåäñòàâëÿåòñÿ â âèäå ðÿäà (3.29).

Ïîêàæåì, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ îòíîñèòåëüíî �óíêöèé ϕ(x, y) è β(x, y)
ðÿä (3.29) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî. Çäåñü ïðè ëþáûõ n, m è ðåãóëÿðíûõ çíà-

÷åíèÿõ T ñïðàâåäëèâû îöåíêè

∞
∑

n,m=1

∣

∣un,m(t)
∣

∣ 6 C1

[

∞
∑

n,m=1

|ϕn,m|+

∞
∑

n,m=1

|βn,m|

]

, (3.31)

∞
∑

n,m=1

∣

∣u′′n,m(t)
∣

∣ 6 C1

[

∞
∑

n,m=1

|ϕn,m|+
∞
∑

n,m=1

|βn,m|

]

, (3.32)

ãäå 0 < C1 = const.
Äåéñòâèòåëüíî, äëÿ ðåãóëÿðíûõ çíà÷åíèé T ñïðàâåäëèâû ñîîòíîøåíèÿ

0 <
∣

∣σn,m(T )
∣

∣ =
∣

∣1− cos λn,mT
∣

∣ 6 2, 0 < λn,m < 1 è λn,m → 1 ïðè n,m→ ∞.

Äëÿ ãëàäêèõ �óíêöèé Fn,m(t) è Mn,m(t) èç (3.28) âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

C11 = max

{

max
t∈[0,T ]

∣

∣Fn,m(t)
∣

∣; max
t∈[0,T ]

∣

∣Mn,m(t)
∣

∣

}

<∞,

C12 = max

{

max
t∈[0,T ]

∣

∣F ′′

n,m(t)
∣

∣; max
t∈[0,T ]

∣

∣M ′′

n,m(t)
∣

∣

}

<∞.

Ïîýòîìó èç (3.28) ïîëó÷àåì

∞
∑

n,m=1

|un,m(t)| 6

∞
∑

n,m=1

[

|Fn,m(t)| |ϕn,m|+ |Mn,m(t)| |βn,m|
]

6

∞
∑

n,m=1

max
t∈[0,T ]

|Fn,m(t)| |ϕn,m|+
∞
∑

n,m=1

max
t∈[0,T ]

|Mn,m(t)| |βn,m|

6 C11

[

∞
∑

n,m=1

|ϕn,m|+

∞
∑

n,m=1

|βn,m|

]

.

Äè��åðåíöèðóÿ âûðàæåíèå (3.28) äâà ðàçà, ïîëó÷àåì

∞
∑

n,m=1

∣

∣u′′n,m(t)
∣

∣ 6

∞
∑

n,m=1

max
t∈[0,T ]

∣

∣F ′′

n,m(t)
∣

∣

∣

∣ϕn,m

∣

∣+

∞
∑

n,m=1

max
t∈[0,T ]

∣

∣M ′′

n,m(t)
∣

∣

∣

∣βn,m
∣

∣

6 C12

[

∞
∑

n,m=1

|ϕn,m|+

∞
∑

n,m=1

|βn,m|

]

.

Îòñþäà ñëåäóþò îöåíêè (3.31) è (3.32), ãäå C1 = max{C11;C12}.

Óñëîâèå À. Ïóñòü �óíêöèÿ ϕ(x, y) ∈ C2
(

[0; l]×[0; l]
)

íà ñåãìåíòå [0; l] èìååò êóñî÷íî-
íåïðåðûâíûå ïðîèçâîäíûå òðåòüåãî ïîðÿäêà è

ϕ(0, y) = ϕ(l, y) = ϕ(x, 0) = ϕ(x, l) = 0,
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ϕxx(0, y) = ϕxx(l, y) = ϕxx(x, 0) = ϕxx(x, l) = 0,

ϕyy(0, y) = ϕyy(l, y) = ϕyy(x, 0) = ϕyy(x, l) = 0.

Òîãäà ïóòåì èíòåãðèðîâàíèÿ ïî ÷àñòÿì òðè ðàçà ïî ïåðåìåííîé x èíòåãðàëà (3.18)

ïîëó÷àåì, ÷òî

ϕn,m = −

(

l

π

)3 ϕ′′′

n,m

n3
, (3.33)

ãäå

ϕ′′′

n,m =
2

l

l
∫

0

l
∫

0

ϕxxx(x, y) sin
πn

l
x sin

πm

l
y dx dy. (3.34)

Àíàëîãè÷íî ïóòåì èíòåãðèðîâàíèÿ ïî ÷àñòÿì òðè ðàçà ïî ïåðåìåííîé y èíòåãðàëà (3.34)

ïîëó÷àåì

ϕ′′′

n,m = −

(

l

π

)3 ϕV I
n,m

m3
, (3.35)

ãäå

ϕV I
n,m =

2

l

l
∫

0

l
∫

0

ϕxxxyyy(x, y) sin
πn

l
x sin

πm

l
y dx dy. (3.36)

Èç (3.33) è (3.35) ïîëó÷àåì, ÷òî

ϕn,m =

(

l

π

)6 ϕV I
n,m

n3m3
. (3.37)

Ñ ïîìîùüþ íåðàâåíñòâà Áåññåëÿ äëÿ äâîéíîãî èíòåãðàëà (3.36) ïîëó÷àåì îöåíêó

∞
∑

n,m=1

[

ϕV I
n,m

]2
=

4

l2

∞
∑

n,m=1





l
∫

0

l
∫

0

ϕxxxyyy(x, y)ϑn,m(x, y) dx dy





2

6
4

l2

l
∫

0

l
∫

0

[

ϕxxxyyy(x, y)
]2
dx dy <∞,

(3.38)

ãäå

ϑn,m(x, y) = sin
πn

l
x sin

πm

l
y.

Óñëîâèå Á. Ïóñòü �óíêöèÿ β(x, y) ∈ C2
(

[0; l]×[0; l]
)

íà ñåãìåíòå [0; l] èìååò êóñî÷íî-
íåïðåðûâíûå ïðîèçâîäíûå òðåòüåãî ïîðÿäêà è

β(0, y) = β(l, y) = β(x, 0) = β(x, l) = 0,

βxx(0, y) = βxx(l, y) = βxx(x, 0) = βxx(x, l) = 0,

βyy(0, y) = βyy(l, y) = βyy(x, 0) = βyy(x, l) = 0.

Òîãäà ïóòåì èíòåãðèðîâàíèÿ ïî ÷àñòÿì òðè ðàçà ïî ïåðåìåííîé x èíòåãðàëà (3.11)

ïîëó÷àåì, ÷òî

βn,m = −

(

l

π

)3 β′′′n,m

n3
, (3.39)
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ãäå

β′′′n,m =
2

l

l
∫

0

l
∫

0

βxxx(x, y) sin
πn

l
x sin

πm

l
y dx dy. (3.40)

Àíàëîãè÷íî òðèæäû èíòåãðèðóÿ ïî ÷àñòÿì ïî ïåðåìåííîé y èíòåãðàë (3.40), ïîëó÷à-

åì

β′′′n,m = −

(

l

π

)3 βV I
n,m

m3
, (3.41)

ãäå

βV I
n,m =

2

l

l
∫

0

l
∫

0

βxxxyyy(x, y) sin
πn

l
x sin

πm

l
y dx dy. (3.42)

Èç (3.39) è (3.41) ïîëó÷àåì, ÷òî

βn,m =

(

l

π

)6 βV I
n,m

n3m3
. (3.43)

Ñ ïîìîùüþ íåðàâåíñòâà Áåññåëÿ äëÿ äâîéíîãî èíòåãðàëà (3.42) ïîëó÷àåì îöåíêó

∞
∑

n,m=1

[

βV I
n,m

]2
=

4

l2

∞
∑

n,m=1





l
∫

0

l
∫

0

βxxxyyy(x, y)ϑn,m(x, y) dx dy





2

6
4

l2

l
∫

0

l
∫

0

[

βxxxyyy(x, y)
]2
dx dy <∞. (3.44)

Ó÷èòûâàÿ �îðìóëû (3.31), (3.37), (3.38), (3.43) è (3.44) è ïðèìåíÿÿ íåðàâåíñòâî

��åëüäåðà, äëÿ ðÿäà (3.29) ïîëó÷àåì

∣

∣U(t, x, y)
∣

∣ 6
2

l

∞
∑

n,m=1

∣

∣un,m(t)
∣

∣

∣

∣

∣
sin

πn

l
x
∣

∣

∣

∣

∣

∣
sin

πm

l
y
∣

∣

∣

6
2C1

l

[

∞
∑

n,m=1

|ϕn,m|+

∞
∑

n,m=1

|βn,m|

]

= γ1

[

∞
∑

n,m=1

1

n3m3

∣

∣ϕV I
n,m

∣

∣+

∞
∑

n,m=1

1

n3m3

∣

∣βV I
n,m

∣

∣

]

6 γ1





√

√

√

√

∞
∑

n,m=1

1

n6m6

√

√

√

√

∞
∑

n,m=1

∣

∣ϕV I
n,m

∣

∣

2
+

√

√

√

√

∞
∑

n,m=1

1

n6m6

√

√

√

√

∞
∑

n,m=1

∣

∣βV I
n,m

∣

∣

2





6
2γ1
l

√

√

√

√

∞
∑

n,m=1

1

n6m6







√

√

√

√

√

l
∫

0

l
∫

0

[

ϕxxxyyy(x, y)
]2
dxdy +

√

√

√

√

√

l
∫

0

l
∫

0

[

βxxxyyy(x, y)
]2
dxdy






<∞,

(3.45)

ãäå

γ1 =
2C1

l

(

l

π

)6

.

Èç (3.45) ñëåäóåò, ÷òî ðÿä (3.29) àáñîëþòíî è ðàâíîìåðíî ñõîäèòñÿ â îáëàñòè Ω.
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Äëÿ �óíêöèè (3.29) ïîêàæåì íåïðåðûâíîñòü âñåõ ïðîèçâîäíûõ, âõîäÿùèõ â óðàâíå-

íèå (3.1). Ôóíêöèþ (3.29) �îðìàëüíî ïðîäè��åðåíöèðóåì íóæíîå ÷èñëî ðàç:

Utt(t, x, y) =
2

l

∞
∑

n,m=1

[

ϕn,m F
′′

n,m(t) + βn,mM
′′

n,m(t)
]

sin
πn

l
x sin

πm

l
y, (3.46)

Uxx(t, x, y) = −
2

l

∞
∑

n,m=1

[

ϕn,m Fn,m(t) + βn,mMn,m(t)
]

(πn

l

)2
sin

πn

l
x sin

πm

l
y, (3.47)

Uyy(t, x, y) = −
2

l

∞
∑

n,m=1

[

ϕn,m Fn,m(t) + βn,mMn,m(t)
]

(πm

l

)2
sin

πn

l
x sin

πm

l
y, (3.48)

Uttxx(t, x, y) = −
2

l

∞
∑

n,m=1

[

ϕn,m F
′′

n,m(t) + βn,mM
′′

n,m(t)
]

(πn

l

)2
sin

πn

l
x sin

πm

l
y, (3.49)

Uttyy(t, x, y) = −
2

l

∞
∑

n,m=1

[

ϕn,mF
′′

n,m(t) + βn,mM
′′

n,m(t)
]

(πm

l

)2
sin

πn

l
x sin

πm

l
y. (3.50)

Ñ ó÷åòîì îöåíîê (3.32), (3.37), (3.38), (3.43), (3.44) è íåðàâåíñòâà ��åëüäåðà, äëÿ ðÿäà

(3.46) àíàëîãè÷íî (3.45) ïîëó÷àåì

∣

∣Utt(t, x, y)
∣

∣ 6
2

l

∞
∑

n,m=1

∣

∣u′′n,m(t)
∣

∣

∣

∣

∣
sin

πn

l
x
∣

∣

∣

∣

∣

∣
sin

πm

l
y
∣

∣

∣

6
2C1

l

[

∞
∑

n,m=1

|ϕn,m|+

∞
∑

n,m=1

|βn,m|

]

= γ1

[

∞
∑

n,m=1

1

n3m3

∣

∣ϕV I
n,m

∣

∣+

∞
∑

n,m=1

1

n3m3

∣

∣βV I
n,m

∣

∣

]

6
2γ1
l

√

√

√

√

∞
∑

n,m=1

1

n6m6







√

√

√

√

√

l
∫

0

l
∫

0

[

ϕxxxyyy(x, y)
]2
dxdy +

√

√

√

√

√

l
∫

0

l
∫

0

[

βxxxyyy(x, y)
]2
dxdy






<∞.

(3.51)

Àíàëîãè÷íî äëÿ ðÿäîâ (3.47) è (3.48) ïîëó÷àåì

∣

∣Uxx(t, x, y)
∣

∣ 6
2π2

l3

∞
∑

n,m=1

n2
∣

∣un,m(t)
∣

∣

∣

∣

∣
sin

πn

l
x
∣

∣

∣

∣

∣

∣
sin

πm

l
y
∣

∣

∣

6 γ2

[

∞
∑

n,m=1

n2
∣

∣ϕn,m

∣

∣+

∞
∑

n,m=1

n2
∣

∣βn,m
∣

∣

]

= γ2

[

∞
∑

n,m=1

1

nm3

∣

∣ϕV I
n,m

∣

∣+

∞
∑

n,m=1

1

nm3

∣

∣βV I
n,m

∣

∣

]

6
2γ2
l

√

√

√

√

∞
∑

n,m=1

1

n2m6







√

√

√

√

√

l
∫

0

l
∫

0

[

ϕxxxyyy(x, y)
]2
dxdy +

√

√

√

√

√

l
∫

0

l
∫

0

[

βxxxyyy(x, y)
]2
dxdy






<∞,

(3.52)
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∣

∣Uyy(t, x, y)
∣

∣ 6
2π2

l3

∞
∑

n,m=1

m2
∣

∣un,m(t)
∣

∣

∣

∣

∣
sin

πn

l
x
∣

∣

∣

∣

∣

∣
sin

πm

l
y
∣

∣

∣

6 γ2

[

∞
∑

n,m=1

m2
∣

∣ϕn,m

∣

∣+

∞
∑

n,m=1

m2
∣

∣βn,m
∣

∣

]

=γ2

[

∞
∑

n,m=1

1

n3m

∣

∣ϕV I
n,m

∣

∣+

∞
∑

n,m=1

1

n3m

∣

∣βV I
n,m

∣

∣

]

6
2γ2
l

√

√

√

√

∞
∑

n,m=1

1

n6m2







√

√

√

√

√

l
∫

0

l
∫

0

[

ϕxxxyyy(x, y)
]2
dxdy +

√

√

√

√

√

l
∫

0

l
∫

0

[

βxxxyyy(x, y)
]2
dxdy






<∞,

(3.53)

ãäå

γ2 =
2C1l

3

π4
.

Òî÷íî òàêæå è äëÿ ðÿäîâ (3.49) è (3.50) àíàëîãè÷íî (3.51)�(3.53) ëåãêî ïîêàçàòü, ÷òî

∣

∣Uttxx(t, x, y)
∣

∣ <∞,
∣

∣Uttyy(t, x, y)
∣

∣ <∞.

Òàêèì îáðàçîì, â îáëàñòè Ω �óíêöèÿ U(t, x, y), îïðåäåëÿåìàÿ ðÿäîì (3.29), óäîâëå-

òâîðÿåò óñëîâèÿì (3.2) ïðÿìîé çàäà÷è (3.1), (3.2), (3.4)�(3.6). Ñëåäîâàòåëüíî, êàæäîå

íåòðèâèàëüíîå ðåøåíèå ïðÿìîé çàäà÷è (3.1), (3.2), (3.4)�(3.6), óäîâëåòâîðÿþùåå óñëîâè-

ÿì çàäà÷è (3.2), ïðåäñòàâëÿåòñÿ â âèäå ðÿäà Ôóðüå (3.29) (ñì. [17, ãë. 6℄).

Äëÿ óñòàíîâëåíèÿ åäèíñòâåííîñòè ðåøåíèÿ ïîêàæåì, ÷òî ïðè îäíîðîäíîì èíòåãðàëü-

íîì óñëîâèè

T
∫

0

U(t, x, y)dt = 0, 0 6 x, y 6 l,

è íóëåâîé ïðàâîé ÷àñòè ïðÿìàÿ êðàåâàÿ çàäà÷à (3.1), (3.2), (3.4)�(3.6) èìååò òîëüêî òðèâè-

àëüíîå ðåøåíèå. Ñ ýòîé öåëüþ ïðåäïîëîæèì, ÷òî ϕ(x, y) ≡ 0, β(x, y) ≡ 0. Òîãäà ϕn,m ≡ 0,
βn,m ≡ 0 è èç �îðìóë (3.8) è (3.28) ñëåäóåò, ÷òî

l
∫

0

l
∫

0

U(t, x, y) sin
πn

l
x sin

πm

l
y dx dy = 0, n,m = 1, 2, . . .

Îòñþäà, â ñèëó ïîëíîòû ñèñòåì ñîáñòâåííûõ �óíêöèé

{
√

2
l
sin πn

l
x
}

,
{
√

2
l
sin πm

l
y
}

â L2[0, l], çàêëþ÷àåì, ÷òî U(t, x, y) ≡ 0 äëÿ âñåõ x, y ∈ [0, l] è t ∈ [0, T ].

Ñëåäîâàòåëüíî, åñëè âûïîëíÿþòñÿ óñëîâèÿ (3.20) è (3.25), òî äëÿ ïðÿìîé çàäà÷è (3.1),

(3.2), (3.4)�(3.6) ñóùåñòâóåò ðåøåíèå è ýòî ðåøåíèå åäèíñòâåííî â îáëàñòè Ω.
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4. Îáðàòíàÿ çàäà÷à (3.1)�(3.7)

Îïðåäåëèì êîý��èöèåíò âîññòàíîâëåíèÿ β(x, y). Ñ ýòîé öåëüþ âîñïîëüçóåìñÿ óñëî-

âèåì (3.7). Òîãäà èç (3.28) ïîëó÷àåì

ψn,m =
2

l

l
∫

0

l
∫

0

ψ(x, y) sin
πn

l
x sin

πm

l
y dx dy

=
2

l

l
∫

0

l
∫

0

T
∫

0

Θ(t)U(t, x, y) dt sin
πn

l
x sin

πm

l
y dx dy

=

T
∫

0

Θ(t)un,m(t) dt = ϕn,m χ1n,m + βn,m χ2n,m,

ãäå

χ1n,m =

T
∫

0

Θ(t)Fn,m(t) dt, χ2n,m =

T
∫

0

Θ(t)Mn,m(t) dt.

Îòñþäà îïðåäåëÿåì, ÷òî

βn,m =
ψn,m − ϕn,m χ1n,m

χ2n,m
. (3.54)

Ïîêàæåì, ÷òî â (3.54) χ2n,m 6= 0. Ñ ýòîé öåëüþ ïðåäïîëîæèì

χ2n,m =

T
∫

0

Θ(t)Mn,m(t) dt = 0. (3.55)

Ïðèìåíÿåì òåîðåìó î ñðåäíåì (ñì. [18, ñ. 419, òåîðåìà 3℄). Ïî óñëîâèþ ïîñòàíîâêè

çàäà÷è Θ(t) 6= 0, t ∈ [0, T ]. Òîãäà èç (3.55) ïîëó÷àåì, ÷òî

T
∫

0

Mn,m(t)dt = 0.

Àíàëèç �óíêöèè Mn,m(t) ïîêàçûâàåò, ÷òî ýòî âîçìîæíî, åñëè ñïðàâåäëèâî ñëåäóþùåå

ðàâåíñòâî:

T
∫

0

sinλn,m(T − t)α(t) dt = 0. (3.56)

Ïðèìåíÿåì òåîðåìó î ñðåäíåì (ñì. [18, ñ. 419, òåîðåìà 3℄) ê ðàâåíñòâó (3.56). Ïî

óñëîâèþ ïîñòàíîâêè çàäà÷è α(t) 6= 0, t ∈ [0, T ]. Òîãäà èç (3.56) ïîëó÷àåì, ÷òî

T
∫

0

sinλn,m(T − t) dt = 0.
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Âû÷èñëÿÿ ýòîò èíòåãðàë, ïðèõîäèì ê òðèãîíîìåòðè÷åñêîìó óðàâíåíèþ cos λn,mT = 1
λn,m

.

Ïîñêîëüêó 0 < λn,m < 1, òî äàííîå òðèãîíîìåòðè÷åñêîå óðàâíåíèå íå èìååò ðåøåíèÿ.

Îòñþäà çàêëþ÷àåì, ÷òî íàøå äîïóùåíèå (3.55) íå âåðíî. Ñëåäîâàòåëüíî, χ2n,m 6= 0.

Â ñèëó äîñòàòî÷íîé ãëàäêîñòè �óíêöèé ψ(x, y) è ϕ(x, y), ïîêàæåì, ÷òî ñëåäóþùèé
ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî:

β(x, y) =
2

l

∞
∑

n,m=1

ψn,m − ϕn,m χ1n,m

χ2n,m
sin

πn

l
x sin

πm

l
y. (3.57)

Óñëîâèå B. Ïóñòü �óíêöèÿ ψ(x, y) ∈ C2
(

[0; l]×[0; l]
)

íà ñåãìåíòå [0; l] èìååò êóñî÷íî-
íåïðåðûâíûå ïðîèçâîäíûå òðåòüåãî ïîðÿäêà è

ψ(0, y) = ψ(l, y) = ψ(x, 0) = ψ(x, l) = 0,

ψxx(0, y) = ψxx(l, y) = ψxx(x, 0) = ψxx(x, l) = 0,

ψyy(0, y) = ψyy(l, y) = ψyy(x, 0) = ψyy(x, l) = 0.

Òîãäà òðèæäû èíòåãðèðóÿ ïî ÷àñòÿì ïî ïåðåìåííîé x èíòåãðàë

ψn,m =
2

l

l
∫

0

l
∫

0

ψ(x, y) sin
πn

l
x sin

πm

l
y dx dy

ïîëó÷àåì, ÷òî

ψn,m = −

(

l

π

)3 ψ′′′

n,m

n3
, (3.58)

ãäå

ψ′′′

n,m =
2

l

l
∫

0

l
∫

0

ψxxx(x, y) sin
πn

l
x sin

πm

l
y dx dy. (3.59)

Àíàëîãè÷íî òðèæäû èíòåãðèðóÿ ïî ÷àñòÿì ïî ïåðåìåííîé y èíòåãðàë (3.59), ïîëó÷àåì

ψ′′′

n,m = −

(

l

π

)3 ψV I
n,m

m3
, (3.60)

ãäå

ψV I
n,m =

2

l

l
∫

0

l
∫

0

ψxxxyyy(x, y) sin
πn

l
x sin

πm

l
y dx dy. (3.61)

Èç (3.58) è (3.60) ïîëó÷àåì, ÷òî

ψn,m =

(

l

π

)6 ψV I
n,m

n3m3
. (3.62)

Ñ ïîìîùüþ íåðàâåíñòâà Áåññåëÿ äëÿ äâîéíîãî èíòåãðàëà (3.61) ïîëó÷àåì îöåíêó

∞
∑

n,m=1

[

ψV I
n,m

]2
6

4

l2

l
∫

0

l
∫

0

[

ψxxxyyy(x, y)
]2
dx dy <∞. (3.63)
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Ó÷èòûâàÿ �îðìóëû (3.31), (3.37), (3.38), (3.62) è (3.63) è ïðèìåíÿÿ íåðàâåíñòâî

��åëüäåðà, äëÿ ðÿäà (3.57) ïîëó÷èì

∣

∣β(x, y)
∣

∣ 6
2

l

∞
∑

n,m=1

(

|ψn,m|+ |ϕn,m| |χ1n,m|
) ∣

∣χ2,n,m

∣

∣

−1
∣

∣

∣
sin

πn

l
x
∣

∣

∣

∣

∣

∣
sin

πm

l
y
∣

∣

∣

6
2

l

∞
∑

n,m=1

(

|ψn,m|+ C1,1|ϕn,m|

T
∫

0

∣

∣Θ(t)
∣

∣ dt

)(

C1,1

T
∫

0

∣

∣Θ(t)
∣

∣ dt

)

−1

6
2

C2,1l

∞
∑

n,m=1

(

|ψn,m|+ C2,1|ϕn,m|
)

6
2

C2,1l

(

l

π

)3
[

∞
∑

n,m=1

1

n3m3

∣

∣ψV I
n,m

∣

∣+ C2,1

∞
∑

n,m=1

1

n3m3

∣

∣ϕV I
n,m

∣

∣

]

6
2l2

C2,1π3

√

√

√

√

∞
∑

n,m=1

1

n6m6





√

√

√

√

∞
∑

n,m=1

[

ψV I
n,m

]2
+ C2,1

√

√

√

√

∞
∑

n,m=1

[

ϕV I
n,m

]2





6 γ3

√

√

√

√

∞
∑

n,m=1

1

n6m6







√

√

√

√

√

l
∫

0

l
∫

0

[

ψxxxyyy(x, y)
]2
dxdy+C2,1

√

√

√

√

√

l
∫

0

l
∫

0

[

ϕxxxyyy(x, y)
]2
dxdy






<∞,

(3.64)

ãäå

γ3 =
2 l5

C2,1 π6
, C2,1 > C1,1

T
∫

0

∣

∣Θ(t)
∣

∣ dt.

Èç îöåíêè (3.64) ñëåäóåò, ÷òî ðÿä (3.57) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî â îáëàñòè

{0 < x, y < l}.
Àíàëîãè÷íî äîêàçûâàåòñÿ ñõîäèìîñòü ñëåäóþùèõ ðÿäîâ:

βxx(x, y) = −
2

l

∞
∑

n,m=1

ψn,m − ϕn,m χ1n,m

χ2n,m

(πn

l

)2
sin

πn

l
x sin

πm

l
y,

βyy(x, y) = −
2

l

∞
∑

n,m=1

ψn,m − ϕn,m χ1n,m

χ2n,m

(πm

l

)2
sin

πn

l
x sin

πm

l
y.

Ïîäñòàâëÿÿ (3.54) â (3.29), îêîí÷àòåëüíî îïðåäåëèì îñíîâíóþ íåèçâåñòíóþ �óíêöèþ

U(t, x, y):

U(t, x, y)=
2

l

∞
∑

n,m=1

[

ϕn,m

(

Fn,m(t)−Mn,m(t)
χ1n,m

χ2n,m

)

+ψn,m
Mn,m(t)

χ2n,m

]

sin
πn

l
x sin

πm

l
y.

(3.65)

Äëÿ ðÿäà (3.65) íåòðóäíî äîêàçàòü ñïðàâåäëèâîñòü îöåíîê, êîòîðûå âûøå äîêàçàíû

äëÿ ñëó÷àÿ ðÿäà (3.29). Ïðè ýòîì ðÿäû, ïîëó÷åííûå ïóòåì ïî÷ëåííîãî äè��åðåíöèðî-

âàíèÿ ðÿäà (3.65) ïî âñåì ïåðåìåííûì, áóäóò ñõîäèòüñÿ àáñîëþòíî è ðàâíîìåðíî.

Òåïåðü ïîêàæåì, ÷òî ðåøåíèå èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (3.1) U(t, x, y)
óñòîé÷èâî ïî �óíêöèè âîññòàíîâëåíèÿ β(x, y). Ïóñòü U1(t, x, y) è U2(t, x, y) � äâà ðàçëè÷-

íûõ ðåøåíèÿ êðàåâîé çàäà÷è (3.1), (3.2), (3.4)�(3.6), ñîîòâåòñòâóþùèå äâóì ðàçëè÷íûì

çíà÷åíèÿì �óíêöèè âîññòàíîâëåíèÿ β1(x, y) è β2(x, y), ñîîòâåòñòâåííî.
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Ïîëîæèì, ÷òî

∣

∣β1n,m − β2n,m
∣

∣ < δn,m,

ãäå δn,m � äîñòàòî÷íî ìàëûå âåëè÷èíû, ÷òî ðÿä

∑

∞

n,m=1 δn,m ñõîäèòñÿ.

Òîãäà ñ ó÷åòîì ýòîãî, â ñèëó óñëîâèé òåîðåìû, èç (3.29) èìååì

∣

∣U1(t, x, y)− U2(t, x, y)
∣

∣ 6
2

l

∞
∑

n,m=1

max
t∈[0;T ]

∣

∣Mn,m(t)
∣

∣

∣

∣β1n,m − β2n,m
∣

∣ <
2C11

l

∞
∑

n,m=1

δn,m,

ãäå C11 > maxt∈[0;T ] |Mn,m(t)|.

Îòñþäà îêîí÷àòåëüíî ïîëó÷àåì óòâåðæäåíèÿ îá óñòîé÷èâîñòè ðåøåíèÿ èíòåãðî-

äè��åðåíöèàëüíîãî óðàâíåíèÿ (3.1) ïî �óíêöèè âîññòàíîâëåíèÿ, åñëè ïîëîæèì

ε =
2C11

l

∞
∑

n,m=1

δn,m.

Òàêèì îáðàçîì íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ À è Á. Òîãäà ïðÿìàÿ çàäà÷à (3.1), (3.2), (3.4)�

(3.6) îäíîçíà÷íî ðàçðåøèìà â îáëàñòè Ω ïðè ðåãóëÿðíûõ çíà÷åíèÿõ ν è T , äëÿ êîòîðûõ

âûïîëíÿþòñÿ óñëîâèÿ (3.20) è (3.25). Ýòî ðåøåíèå U(t, x, y) îïðåäåëÿåòñÿ ðÿäîì (3.29).

Êðîìå òîãî, âîçìîæíî ïî÷ëåííîå äè��åðåíöèðîâàíèå ðÿäà (3.29) ïî âñåì ïåðåìåííûì

è ïîëó÷åííûå ðÿäû ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî.

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ À, Á è Â. Òîãäà �óíêöèè U(t, x, y) è β(x, y), êîòîðûå ÿâ-
ëÿþòñÿ ðåøåíèåì îáðàòíîé çàäà÷è (1)�(7), îäíîçíà÷íî îïðåäåëÿþòñÿ èç �îðìóë (3.57) è

(3.65). Ïðè ýòîì ðåøåíèå U(t, x, y) èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ (3.1) óñòîé-

÷èâî ïî �óíêöèè âîññòàíîâëåíèÿ β(x, y).

Ëèòåðàòóðà

1. Àõòÿìîâ À. Ì., Àþïîâà À. �. Î ðåøåíèè çàäà÷è äèàãíîñòèðîâàíèÿ äå�åêòîâ â âèäå ìàëîé ïîëîñòè

â ñòåðæíå // Æóðí. Ñðåäíåâîëæ. ìàò. î-âà.�2010.�Ò. 12, � 3.�Ñ. 37�42.

2. Òóðáèí Ì. Â. Èññëåäîâàíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ìîäåëè äâèæåíèÿ æèäêîñòè �åðøåëü �

Áàëêëè // Âåñòí. Âîðîíåæ. ãîñ. óí-òà. Ñåð. Ôèçèêà. Ìàòåìàòèêà.�2013.�� 2.�Ñ. 246�257.

3. Óèçåì Äæ. Ëèíåéíûå è íåëèíåéíûå âîëíû.�Ì.: Ìèð, 1977.�624 ñ.

4. Benney D. J., Luke J. C. Interations of permanent waves of �nite amplitude // J. Math. Phys.�1964.�

Vol. 43.�P. 309�313. DOI: 10.1002/sapm1964431309.

5. �îðäåçèàíè Ä. �., Àâàëèøâèëè �. À. �åøåíèÿ íåëîêàëüíûõ çàäà÷ äëÿ îäíîìåðíûõ êîëåáàíèé

ñðåäû // Ìàò. ìîäåëèðîâàíèå.�2000.�Ò. 12, � 1.�Ñ. 94�103.

6. Ïóëüêèíà Ë. Ñ. Íåëîêàëüíàÿ çàäà÷à äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ èíòåãðàëüíûìè óñëîâèÿìè

I ðîäà ñ ÿäðàìè, çàâèñÿùèìè îò âðåìåíè // Èçâ. âóçîâ. Ìàòåìàòèêà.�2012.�� 10.�Ñ. 32�44.

7. Èëüèí Â. À. Î ðàçðåøèìîñòè ñìåøàííûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêîãî è ïàðàáîëè÷åñêîãî óðàâíå-

íèé // Óñïåõè ìàò. íàóê.�1960.�Ò. 15, � 2 (92).�Ñ. 97�154.

8. Ëàæåòè÷ Í. Î ñóùåñòâîâàíèè êëàññè÷åñêîãî ðåøåíèÿ ñìåøàííîé çàäà÷è äëÿ îäíîìåðíîãî ãèïåð-

áîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà // Äè�. óðàâíåíèÿ.�1998.�Ò. 34, � 5.�Ñ. 682�694.

9. ×åðíÿòèí Â. À. Îáîñíîâàíèå ìåòîäà Ôóðüå â ñìåøàííîì çàäà÷å äëÿ óðàâíåíèé â ÷àñòíûõ

ïðîèçâîäíûõ.�Ì.: Ì�Ó, 1991.�112 ñ.

10. Êîíîíåíêî Ë. È. Ïðÿìàÿ è îáðàòíàÿ çàäà÷è äëÿ ñèíãóëÿðíîé ñèñòåìû ñ ìåäëåííûìè è áûñòðûìè

ïåðåìåííûìè â õèìè÷åñêîé êèíåòèêå // Âëàäèêàâê. ìàò. æóðí.�2015.�Ò. 17, � 1.�Ñ. 39�46. DOI:

10.23671/VNC.2015.1.7291.

11. Êîñòèí À. Á. Îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ èñòî÷íèêà â ïàðàáîëè÷åñêîì óðàâíåíèè ïî óñëîâèþ

íåëîêàëüíîãî íàáëþäåíèÿ // Ìàò. ñá.�2013.�Ò. 204, � 10.�Ñ. 3�46. DOI: 10.4213/sm8104.



Îïðåäåëåíèå êîý��èöèåíòà â íåëîêàëüíîé çàäà÷å 83

12. Ïðèëåïêî À. È., Òêà÷åíêî Ä. Ñ. Ñâîéñòâà ðåøåíèé ïàðàáîëè÷åñêîãî óðàâíåíèÿ è åäèíñòâåííîñòü

ðåøåíèÿ îáðàòíîé çàäà÷è îá èñòî÷íèêå ñ èíòåãðàëüíûì ïåðåîïðåäåëåíèåì // Æóðí. âû÷èñë. ìà-

òåìàòèêè è ìàò. �èçèêè.�2003.�Ò. 43, � 4.�Ñ. 562�570.

13. Þëäàøåâ Ò. Ê. Îá îáðàòíîé çàäà÷å äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåð-

âîãî ïîðÿäêà // Âåñòí. Òîìñê. ãîñ. óí-òà. Ìàòåìàòèêà è ìåõàíèêà.�2012.�� 2 (18).�Ñ. 56�62.

14. Þëäàøåâ Ò. Ê. Îáðàòíàÿ çàäà÷à äëÿ íåëèíåéíîãî óðàâíåíèÿ ñ ïñåâäîïàðàáîëè÷åñêèì îïåðàòî-

ðîì âûñîêîãî ïîðÿäêà // Âåñòí. Ñàìàð. ãîñ. òåõí. óí-òà. Ñåð. Ôèç.-ìàò. íàóêè.�2012.�� 3 (28).�

Ñ. 17�29. DOI: 10.14498/vsgtu1041.

15. Þëäàøåâ Ò. Ê. Îáðàòíàÿ çàäà÷à äëÿ îäíîãî íåëèíåéíîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ

òðåòüåãî ïîðÿäêà // Âåñòí. Ñàì�Ó. Åñòåñòâåííîíàó÷. ñåð.�2013.�� 9/1 (110).�Ñ. 58�66.

16. Þëäàøåâ Ò. Ê. Îáðàòíàÿ çàäà÷à äëÿ èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà òðåòüå-

ãî ïîðÿäêà ñ âûðîæäåííûì ÿäðîì // Âëàäèêàâê. ìàò. æóðí.�2016.�Ò. 18, � 2.�Ñ. 76�85. DOI:

10.23671/VNC.2016.2.5921.

17. Ïîëîæèé �. Í. Óðàâíåíèÿ ìàòåìàòè÷åñêîé �èçèêè.�Ì.: Âûñøàÿ øêîëà, 1964.�560 ñ.

18. Íèêîëüñêèé Ñ. Ì. Êóðñ ìàòåìàòè÷åñêîãî àíàëèçà. Òîì 1.�Ì.: Íàóêà, 1990.�528 ñ.

Ñòàòüÿ ïîñòóïèëà 17 íîÿáðÿ 2016 ã.

Þëäàøåâ Òóðñóí Êàìàëäèíîâè÷

Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé

óíèâåðñèòåò èìåíè àêàäåìèêà Ì. Ô. �åøåòíåâà,

êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò êà�åäðû âûñøåé ìàòåìàòèêè

�ÎÑÑÈß, 660014, Êðàñíîÿðñê, ïð. èì. ãàçåòû Êðàñíîÿðñêèé ðàáî÷èé, 31

E-mail: tursun.k.yuldashev�gmail.om

Vladikavkaz Mathematial Journal

2019, Volume 21, Issue 2, P. 67�84

A COEFFICIENT DETERMINATION IN NONLOCAL PROBLEM

FOR BOUSSINESQ TYPE INTEGRO-DIFFERENTIAL EQUATION

WITH DEGENERATE KERNEL

Yuldashev, T. K.

1

1
Siberian State Aerospae University,

31 Krasnoyarskiy Rabohiy Ave., Krasnoyarsk 660014, Russia

E-mail: tursun.k.yuldashev�gmail.om

Abstrat. In the three-dimensional domain a Boussinesq type linear integro-di�erential equation of the

fourth order with a restore oe�ient and a degenerate kernel is onsidered. The solution of this integro-

di�erential equation is onsidered in the lass of ontinuously di�erentiable funtions. First, we study the

lassial solvability of a nonloal diret boundary value problem for the onsidered Boussinesq integro-

di�erential equation with a parameter in the integral term. The method of separation of variables and the

method of a degenerate kernels are used. A ountable system of algebrai equations is obtained. The solution

of this algebrai system of equations for regular values of the spetral parameter in the integral term of

a given equation allows us to onstrut a solution of a non-loal diret boundary value problem for an integro-

di�erential equation in the form of a Fourier series. A riterion for the unique solvability of a diret boundary

value problem is established for �xed values of the restore funtion. Using the Cauhy�Bunyakovsky inequality

and the Bessel inequality, we prove the absolute and uniform onvergene of the obtained Fourier series. The

ontinuity of all the derivatives of the solution of the diret boundary value problem for a given equation

is also proved. Further, with the help of an additional integral ondition, the restore funtion is uniquely

determined in the form of a Fourier series. The riterion of ontinuity of seond order derivatives of the restore

funtion with respet to spae variables is established. Based on the found values of the restore funtion,

the main unknown funtion is uniquely determined as a solution to the inverse problem for the onsidering

integro-di�erential equation. In addition, the stability with respet to restore funtion of the solution of an

integro-di�erential equation is studied.

Key words: Boussinesq type integro-di�erential equation, fourth-order equation, degenerate kernel,

integral onditions, one valued solvability.
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