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Abstract. Let M be a von Neumann algebra equipped with a faithful normal finite trace 7, and let
S (M, T) be an x-algebra of all 7-measurable operators affiliated with M. For z € S (M, 7) the generalized
singular value function p(z) : t — p(t;z), ¢ > 0, is defined by the equality p(t;z) = inf{||zpl|m :
p? =p* =p € M, 7(1 —p) < t}. Let ¢ be an increasing concave continuous function on [0, c0) with
¥(0) = 0, ¥(o0) = oo, and let Ay(M,7) = {z €S (M,7): |z|p = [J7 u(t;z)dip(t) < oo} be the non-
commutative Lorentz space. A surjective (not necessarily linear) mapping V : Ay (M, 7) = Ay(M,7) is
called a surjective 2-local isometry, if for any z,y € Ay (M, 7) there exists a surjective linear isometry
Vet Ay(M,T) = Ay (M, 7) such that V(z) =V, y(x) and V(y) = Va4 (y). It is proved that in the case
when M is a factor, every surjective 2-local isometry V : Ay (M, 7) — Ay (M, 7) is a linear isometry.
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1. Introduction

Let " be a complex separable infinite-dimensional Hilbert space, let (Cg,| - |lcg)

be a Banach ideal of compact linear operators in H generated by symmetric sequence space
(E,| - ||g) C co, and let V' be a surjective 2-local isometry on Cg, that is, V : Cg — Cg
is a surjective (not necessarily linear) mapping such that for any z,y € Cg there exists
a surjective linear isometry V. on Cg for which V(z) = V, 4(x) and V(y) = V;4(y). In the
papers |1, 2| it is shown that in the case when Cg is separable or has the Fatou property,
Crg # C,, every surjective 2-local isometry on Cg is a linear isometry. In the proof of this
statement is essentially used explicit description of all surjective linear isometries on Cg [1, 3|.

Banach ideals (Cg, || - ||c,) of compact linear operators are examples of non-commutative

symmetric spaces £(M, 7) of measurable operators affiliated with a von Neumann algebra M
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equipped with a faithful normal semifinite trace 7 (see, for example, |4, Ch.2, § 2.5]).
It is natural to expect that for these non-commutative symmetric spaces with the Fatou
property, every surjective 2-local isometry V : E(M,7) — E(M,7) is a linear map.
Unfortunately, the method of proof of a similar statement for Banach ideals (Cg, || - |lc,) can
not be applied here, since there is no description of surjective linear isometries V' : (M, 1) —
E(M,T). At the same time, in the case of non-commutative Lorentz and Marcinkiewicz
spaces, such a description of surjective linear isometries was obtained in the paper [5]. Using
this description, we obtain the following description of surjective 2-local isometries of non-
commutative Lorentz spaces.

Theorem 1. Let M be an arbitrary factor with a faithful normal finite trace T, and let
(Ay(M,T),||-]ly) be a non-commutative Lorentz space. Then every surjective 2-local isometry
Vi Ay(M, 1) = Ay(M,T) is a linear isometry.

2. Preliminaries

Let H be an infinite-dimensional complex Hilbert space, let B(#) be the C*-algebra
of all bounded linear operators in H, and let 1 be the unit in B(#). Let M C B(H)
be a von Neumann algebra on Hilbert space H equipped with a faithful normal semifinite
trace 7 (see, for example, [6]). A linear operator x : © (x) — H, where the domain © (x) of x
is a linear subspace of H, is said to be affiliated with M if yz C zy for all y € M’, where M’
is the commutant of M. A linear operator z : © (x) — H is termed measurable with respect
to M if z is closed, densely defined, affiliated with M and there exists a sequence {p,} -,
in the lattice P (M) of all projections of M, such that p, T 1, p,(H) C D (z) and 1 — p,
is a finite projection (with respect to M) for all n. The collection S (M) of all measurable
operators with respect to M is a unital x-algebra with respect to strong sums and products.

Let x be a self-adjoint operator affiliated with M and let {€*} be a spectral measure of x.
It is well known that if = is a closed operator affiliated with M with the polar decomposition
x = ulz|, then v € M and e € M for all projections e € {el*l}. Moreover, 2 € S(M) if and
only if x is closed, densely defined, affiliated with M and em()\, 00) is a finite projection for
some A > 0.

An operator z € S (M) is called T-measurable if there exists a sequence {p, } - ; in P (M)
such that p, T 1, pp, (H) C D (z) and 7(1 — p,,) < oo for all n. The collection S (M, ) of
all T-measurable operators is a unital #-subalgebra of S (M). It is well known that a linear
operator z belongs to S (M, 7) if and only if x € S(M) and there exists A = A(z) > 0 such
that 7(el®l(X, 00)) < 0.

The generalized singular value function wp(z) : ¢t — wp(t;z), t > 0, of the operator x €
S (M, ) is defined by setting |7|

p(t;x) = inf{||xp\| cpeP M), 7(1 —p) < t} = inf {5 >0: 7(ell(s,00)) < t}.

A non-zero linear subspace £(M, 1) C S (M, 1) with the Banach norm |- ||g( a4, is called
a symmetric space if the conditions

re&EM,T), yeSM,7), wm(y) < pu(z) foral t>0,

imply that y € E(M, 7) and [|yllgrr) < [12llerm,n-
It is known that in the case 7(1) < oo it is true

S(M)=8(M,7) and M CEM,T)C Li(M,T)
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for each symmetric space £(M, 1), where

[e.e]

LiM,T1) = {x eSWM,7): ||z]h = /,ut(x) dt < oo}

0

In addition,
M . E(M,T) . M g E(MaT)’

and
lazbllem,ry < llallaec 10llac- lzlle,r
for all a,b € M, x € E(M,T).

Let 1) be an increasing concave continuous function on [0,00) with (0) = 0, ¥(c0) =
tlim () = oo, and let
— 00

Awwnﬂz{xesmmﬂ:nmwz/uwmdww<w}

0

be the non-commutative Lorentz space. It is known that (Ay(M,7),|| - ||y) is a symmetric
space (8], and the norm ||-||,, has the Fatou property, that is, the conditions 0 < z3, € Ay (M, 7)
for all k, and supy.q [|zx|l¢ < 0o, imply that there exists 0 < x € Ay (M, 7) such that z T

and [|zly = supgy [[@kly-
Denote by My (M, 7) the set of all x € S (M, 7) for which

t

1
Jells, = sup—o [ (ssa)

0

is finite. The set My (M, 7) with the norm || - [|pr, is a symmetric space which is called
a Marcinkiewicz space.

Denote by Mg(M,T) the closure of M in My, (M, 7). It is known [9] that the conjugate
space of (Ay(M,T),| - ||y) is identified with (M¢(M 7), || - la,,), and the conjugate space

of (Mg(M,T), | - l[az,,), under the condition lg% @ =0 s identified with(Ay (M, 7), || - |ls)-

The duality in these pairs of spaces is realized via the bilinear form (z,y) = 7(zy). It should
be pointed out that the spaces (Ay, (M, 7), - |ly), (My(M,7),|-]|lr,) and (MSJ(M,T), -llaz,)
are symmetric spaces |4, Ch.2, § 2.6], [8].

3. Isometries of Non-Commutative Lorentz Spaces

Let M C B(H) be a von Neumann algebra on Hilbert space H. A linear bijective mapping
®: M — M is called a Jordan isomorphism if ®(2%) = (®(x))? and ®(z*) = (®(x))* for all
x e M.

If &: M — M is a Jordan isomorphism, then there exists a central projection z € M such
that ®,(x) = ®(z) - 2z, z € M, is an x-homomorphism, and ®,. (z) = ®(x)- (1 — 2), z € M,
is an *-antihomomorphism (see, for example, [10, Ch. 3, § 3.2.1]). Consequently, if M is a factor
then a Jordan isomorphism & : M — M is an x-homomorphism or *-antihomomorphism.

If 7 is a faithful normal finite trace on von Neumann algebra M then a Jordan isomorphism
®: M — M is continuous with respect to measure topology ¢, generated by trace 7 (see, for
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example, [11, Ch.5, §3, Proposition 1|). Therefore, ® extends to a t,-continuous Jordan
isomorphism ®: S (M,7) — S(M,7). In addition, if 7(®(z)) = 7(z) for all z € M
then pu(t; ®(x)) = w(t;z) for all z € S(M,7), in particular, ®(E(M,7) = E(M,7)) and
H‘f’(.’L’)Hg(M?T) = ||lzlle(m,r) for all z € E(M, 7), that s, &: E(M,T) = E(M,T) is a surjective
linear isometry for any symmetric space (€(M,7), || - lg(at,r))-

Thus, it is true the following

Proposition 1. Let M be an arbitrary von Neumann algebra with a faithful normal finite
trace T, and let ®: M — M be a Jordan isomorphism such that 7(®(x)) = 7(x) for allx € M.
Then for every symmetric space (£(M,7),| - [le(m,r)) the mapping V: E(M,7) — E(M,T)
given by the equality V(z) = u- ®(z) - v, z € E(M,7), u, v are unitary operators in M,
is a surjective linear isometry.

We need the following description of surjective linear isometries of the spaces
(Ay(M, 1), - ||) and (Mg(M,T), | - llaz,) [5, Theorems 5.1, 6.1].

Theorem 2. Let M be an arbitrary von Neumann algebra with a faithful normal finite
trace T, and let V : Ay(M, 1) = Ay(M,T) (respectively, V : Mg(M,T) — Mg(M,T))
be a surjective linear isometry. Then there exist uniquely an unitary operator u € M and
a Jordan isomorphism ® : M — M such that V(z) = u - ®(z) and 7(®(x)) = 7(z) for all
xr e M.

4. Local Isometries of Non-Commutative Lorentz Spaces

Let (X, | - |x) be an arbitrary Banach space over the field K of complex or real numbers.
A surjective (not necessarily linear) mapping 7: X — X is called a surjective 2-local
isometry [2|, if for any x,y € X there exists a surjective linear isometry V,,: X — X
such that T'(z) = V, y(x) and T'(y) = Vo (y). It is clear that every surjective linear isometry
on X is a surjective 2-local isometry on X. In addition,

T(A\z) = Vyaz(Az) = AV e (2) = AT'(2)

for any x € X and A € K.

Consequently, in order to establish linearity of a 2-local isometry T, it is sufficient to show
that T'(x +y) = T(z) + T(y) for all z,y € X.

Since

IT(x) = T(W)llx = Vay(x) = VauyW)llx =z —yllx forall z,yeX,

it follows that T is continuous map on (X,| - |/x). In addition, in the case a real Banach
space X (K = R), every surjective 2-local isometry on X is a linear map (see Mazur—Ulam
Theorem [12, Ch. 1, §1.3, Theorem 1.3.5.]). In the case a complex Banach space X (K = C),
this fact is not true.

Using the description of all surjective linear isometries on a separable Banach symmetric
ideal Cg [3| (respectively, on a Banach symmetric ideal Cg with Fatou property [1]), Cg # Cp,,
in the papers |1, 2| it is proved that every surjective 2-local isometry T : Cp — Cp is a linear
isometry.

The following Theorem is a version of the above results for the spaces Ay(M,7) and
MY (M, 7).

Theorem 3. Let M be an arbitrary factor with a faithful normal finite trace T, and let
T: Ay(M,7) = Ay(M,7) (respectively, T : M)(M,T) — MJ)(M,T)) be a surjective 2-local
isometry. Then T is a linear isometry.



2-Local Isometries of Non-Commutative Lorentz Spaces 9

< Fix z,y € M and let V., @ Ay(M,7) = Ay(M,7) be a surjective isometry such
that T'(x) = V,y(z) and T(y) = V3 4(y). By Theorem 2, there exist uniquely an unitary
operator u € M and a Jordan isomorphism ® : M — M such that V, ,(a) = u - ®(a)
and 7(®(a)) = 7(a) for all a € M. Since M is a factor it follows then ® : M — M is an
s-isomorphism or ® is an *-anti-isomorphism.

We assume that @ is an #-isomorphism (in the case when ® is an s-anti-isomorphism,
the proof is similar).

We have

T(T(x) - (T(Y)) = 7(Vay(x) - (Vay(y)))
=7(u-@(x)- (u-2(y)") = 7(u- e(zy") - u") = 7(2(2y")) = 7(2y").

Consequently, 7(T'(z) - (T'(y))*) = 7(xy*) for all z,y € M.
If z,y,2z € M, then

T(T(@+y)-(T(2)) =7((z +y)z"), 7(T(x) T(2)%) = 7(xz"),

T(T(y) - T(2)") =7(y- 2").
Therefore
T((T(x+y) = T(x) =T(y) - (T(2)") =0
for all z € M. Taking z =z +y, 2 = x and z = y, we obtain

((T(x+y) = T(x) =T(y) - (T(z+y) - T(z) - T(y))") =0,

that is, T(x + y) = T(x) + T(y) for all z,y € M.

Since the Lorentz space Ay (0, 00) of measurable functions on a semi-axis [0, 00) is separable
space [13, Ch. 2I, §5], it follows that the non-commutative Lorentz (Ay(M,7),] - ||y) has
an order continuous norm |14, Proposition 3.6], that is, |||y J 0 whenever z, € Ay (M, T)
and z,, | 0. Consequently, the factor M is dense in the space A (M, 7). Since T is a continuous
mapping on Ay (M, 7) it follows that T'(x +y) = T'(x) + T (y) for all z,y € Ay(M, ), that is,
T is a surjective linear isometry.

For the space Mg(M,T), the proof of the linearity of the surjective 2-local isometry
T: Mg(/\/l, T) — Mg(M, T) repeats the previous proof. >

References

1. Aminov, B. R. and Chilin, V. I. Isometries of Perfect Norm Ideals of Compact Operators, Studia
Mathematica, 2018, vol. 241, no. 1, pp. 87-99. DOI: 10.4064 /sm170306-19-4.

2. Molnar, L. 2-Local Isometries of some Operator Algebras, Proceedings of the Edinburgh Mathematical
Society, 2002, vol. 45, pp. 349-352. DOI: 10.1017/S0013091500000043.

3. Sourour, A. Isometries of Norm Ideals of Compact Operators, Journal of Functional Analysis, 1981,
vol. 43, no. 1, pp. 69-77. DOI: 10.1016/0022-1236(81)90038-0.

4. Lord, S., Sukochev, F. and Zanin, D. Singular Traces. Theory and Applications, Berlin/Boston, Walter
de Gruyter GmbH, 2013.

5. Chilin, V. I., Medzhitov, A. M. and Sukochev, F. A. Isometries of Non-Commutative Lorentz Spaces,
Mathematische Zeitschrift, 1989, vol. 200, no. 4, pp. 527-545. DOI: 10.1007/BF01160954.

6. Takesaki, M. Theory of Operator Algebras I, New York, Springer-Verlag, 1979.

7. Fack, T. and Kosaki, H. Generalized s-Numbers of 7-Measurable Operators, Pacific Journal of
Mathematics, 1986, vol. 123, no. 2, pp. 269-300. DOI: 10.2140/pjm.1986.123.269.

8. Chilin, V. I. and Sukochev, F. A. Weak Convergence in Non-Commutative Symmetric Spaces, Journal
of Operator Theory, 1994, vol. 31, no. 1, pp. 35-55.

9. Clach, L. J. On the Conjugates of Some Operator Spaces, I, Demonstratio Mathematica, 1985, vol. 18,
no. 2, pp. 537-554. DOI: 10.1515/dema-1985-0213.



10 Alimov, A. A. and Chilin, V. L.

10. Bratteli, O. and Robinson, D. W. Operator Algebras and Quantum Statistical Mechaniks, N.Y.—
Heidelber—Berlin, Springer-Verlag, 1979.

11. Sarymsakov, T. A., Ayupov, Sh. A., Khadzhiev D. and Chilin V. I. Uporyadochennye Algebry [Ordered
Algebras|, Tashkent, FAN, 1983 [in Russian]|.

12. Fleming, R. J., Jamison, J. E. Isometries on Banach Spaces: Function Spaces, Florida, Boca Raton,
Chapman-Hall/CRC, 2003.

13. Krein, M. G., Petunin, Ju. I. and Semenov, E. M. Interpolation of Linear Operators, Translations
of Mathematical Monographs, vol. 54, American Mathematical Society, 1982.

14. Dodds, P., Dodds. Th. K.-Y and Pagter, B. Noncommutative Kothe Duality, Transactions of the
American Mathematical Society, 1993, vol. 339, no. 2, pp. 717-750. DOIL: 10.1090/S0002-9947-1993-
1113694-3.

Received 20 June, 2019

AxroMm A. ALiMOV

Tashkent Institute of Design, Construction

and Maintenance of Automobile Roads,

20 Amir Temur Av., Tashkent 100060, Uzbekistan,
Associate Professor

E-mail: alimovakrom63@yandex.ru

VLADIMIR I. CHILIN

National University of Uzbekistan,

Vuzgorodok, Tashkent 100174, Uzbekistan
Professor

E-mail: vladimirchil@gmail.com, chilin@ucd.uz

BirajgukaBka3ckuit MaTeMaTHIeCKUE Ky DHAT

2019, Tom 21, Boiyck 4, C. 5-10

2-JIOKAJIbHBIE NBOMETPUN HEKOMMYTATUBHBIX ITPOCTPAHCTB JIOPEHITA
Amavos A. AL, Yy B. 1.2

! TammKkeHTCKMit MHCTHTYT 110 IIPOEKTHPOBAHMUIO, CTPOHTETLCTBY
7 9KCIIyaTalliy aBTOMOOHMJIBHBIX J[OPOT,
V36ekucran, 100060, Tamkent, np. Amupa Temypa, 20
2 HanmonasibHbli yHHBepCcHTeT Y36eKHCTaHA,
VY3bekucran, 100174, Tamxkent, Bysropomok

E-mail: alimovakrom63@yandex.ru,
vladimirchil@gmail.com, chilin@ucd.uz

Annorammsa. ITycts M anrebpa don Helimana ¢ TOYHBIM HODMAJBHBIM KOHEIHBIM CJIEJIOM T, W IyCTh
S (M, 7) uaBOMOTHBHAs asrefpa BCeX T-U3MEPHUMBIX OIEPATOPOB, IIPUCOEJINHEHHBIX K asnrebpe M. s one-
paropa x € S (M, T) Hesospacraiomas nepecranoska u(x) : t — u(t;z), ¢ > 0, oupemensiercs ¢ HOMO-
upio pasenctsa u(t;x) = inf{|lzpllm : p® = p* = p € M, 7(1 —p) < t}. Iycrs ¢ Bospacraomast
BOrHyTasi HenpepbiBHast dyHKims Ha [0,00), miast xkoropoit ¥(0) = 0, ¥(o0) = oco. Iycrs Ay(M,7) =
{z e SM,7): |lzlly = [;° u(t; )dy(t) < co} mexommyraTmsroe mnpocrpancrso Jlopenna. CiopbeKTuBHOE
(me obs3aTensHO MuHEitHOE) oTOGpaxkerne V : Ay (M, T) — Ay (M, T) HasBIBaeTCS CIOPBHEKTHBHON 2-7TOKAb-
HOI M30MeTpumel, ecyu JyIst JoObIX T,y € Ay (M, T) cylmecTByer Takas CIOpbEKTHBHAS JIMHEHHAsT N30MeTPHst
Ve t Ap(M,7) = Ay(M,T), uro V(z) = Vay(z) u V(y) = Vay(y). dokasano, uro B ciydae, korma M
ectb GakTOp, Kaxkaasi CIOPbeKTHBHasl 2-jIoKasbHast usoMerpust V @ Ay (M, 7) — Ay(M, T) ecTb nuHeiiHas
U30MeTpHs.
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