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Abstract. In this paper, we conclude that the hypersurfaces of Vaisman—Gray manifolds have generalized
Kenmotsu structures under some conditions for the Lee form, Kirichenko’s tensors and the second
fundamental form of the immersion of the hypersurface into the manifold of Vaisman—Gray class. Moreover,
the components of the second fundamental form are determined when the foregoing hypersurfaces have
generalized Kenmotsu structures or any special kind of it or Kenmotsu structures, such that some
of these components are vanish. Also, some components of Lee form and some components of some
Kirichenko’s tensors in the Vaisman—Gray class are equal to zero. On the other hand, the minimality of
totally umbilical, totally geodesic hypersurfaces of Vaisman—Gray manifolds with generalized Kenmotsu
structures are investigated. In addition, we deduced that the hypersurface of Vaisman—Gray manifold
that have generalized Kenmotsu structure is totally geodesic if and only if it is totally umbilical and some
components of Lee form are constants.
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1. Introduction

In 1972, K. Kenmotsu introduced a new class of almost contact metric manifolds [1].
In 2002, S. V. Umnova [2| introduced a generalization of Kenmotsu manifolds that studied
later by I. K. Erken et al. [3] and N. Heidari et al. [4] under the title nearly Kenmotsu
manifolds. Whereas, A. Abu-Saleem and A. R. Rustanov [5] investigated some curvature
identities of a special subclass of that class introduced by S. V. Umnova [2]. Additionally,
H. M. Abood and M. Y. Abass [6] constructed a new manifold which is a generalization of
Kenmotsu manifold and they called it a manifold of Kenmotsu type.

On the other hand, M. B. Banaru and V. F. Kirichenko [7] focused on the hypersurfaces
of almost Hermitian manifolds that have almost contact metric structures. They also derived
the complete first group of Cartan’s structure equations. Continued in the same way,
L. V. Stepanova et al. [8] discussed the hypersurfaces of the Kéhlerian manifolds that have
quasi-Sasakian structure. Moreover, M. B. Banaru and G. A. Banaru [9] demonstrated that
a minimal hypersurfaces of a Kéhlerian manifold, equipped with an almost contact metric
Kirichenko—Uskorev structure that found in [10], is totally umbilical if and only if it is totally
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geodesic. Also, M. B. Banaru et al. [11] showed that 2-hypersurfaces and 3-hypersurfaces of
the almost Hermitian manifolds of class W, admit almost contact metric structures.

Therefore, in this article, we studied the hypersurfaces of Vaisman—Gray manifold which
equipped with generalized Kenmotsu structure in Section 3, after the preliminaries in
Section 2.

2. Preliminaries

We symbolize by M™ a smooth manifold M of dimension n and X (M) is the Lie algebra
of smooth vector fields over M.

DEFINITION 1 [12]. An almost contact metric manifold (shortly, ACM-manifold) is the
smooth manifold M?"*! equipped with the quadruple (®,¢,7,g), where ® is a (1, 1)-tensor,
¢ € X(M), nisthe dual of £, and g is the Riemannian metric such that the following conditions
hold:

(&) =0, nE)=1, no®=0, **=-id+n®¢,

9(BX, Y) = g(X,Y) —n(X)n(Y) (VX,Y € X(M)).

DEFINITION 2 [13]. An almost Hermitian manifold (shortly, AH-manifold) is the smooth
manifold N?™ equipped with the pair (J, h), where J is a (1, 1)-tensor and A is the Riemannian
metric such that the following hold:

J?=—id, h(JX,JY)=h(X,Y) (VX,Y € X(N)).

DEFINITION 3 [14]. A generalized Kenmotsu manifold (shortly, GK-manifold) is an AC' M-
manifold (M?"*1 &, ¢ 7, g) which satisfies the following identity:

Vx(®)Y + Vy(®)X = V)X —n(X)2Y (VX,Y € X(M)),

where V is the Riemannian connection (i. e. Levi-Civita connection) of the metric g on M.
On the other hand, the ACM-manifold (M?"*!,®, ¢, n, g) becomes Kenmotsu manifold if the
above identity reduces to the following:

Vx(D)Y = —g(X,®Y)¢ — n(Y)OX (VXY € X(M)).

DEFINITION 4 [13]|. A Vaisman-Gray manifold (shortly, V' G-manifold) is an AH-manifold
(N2™ J. h) which satisfies the following identity:
1

2 =T {W(X, X)6F(Y) — h(X,Y)§F(X) — h(JX,Y)SF(JX)}

Vx(P)(XY) = —5e

(VX,Y € X(N)),

where F(X,Y) = h(JX,Y), § is the codifferential operator and V is the Riemannian
connection (i. e. Levi-Civita connection) on N.

REMARK 1. The method of associated G-structure (briefly, AG-structure) space intro-
duced by V. F. Kirichenko [15] and used by A. R. Rustanov et al. [16] in Russian version
and exists in [5] as an English translation. So, the authors can learn more about this
method from these citations. Also, we summarize the AG-structure space of AC M-manifold
(ML & €. n,g) as follow:
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Suppose that {£ = eg,e1,...,en, P(e1),...,P(ey)} is an orthonormal basis of X (M), then
Kirichenko’s method produced another basis as

{¢ =e0,e1,...,6n,64,.--,€a ),
where
1 1 .
€ = — (ea — \/—1<I>ea), € = — (ea + \/—1<I>ea), a=1,2,...,n, a=a+n.
2 V2
So, we get
1 0 0 ' 0 0 0
(95)=10 O L,|, (&) =[0 V-1I, o) , (1)
0 I, O 0 0] —/ =11,
where [, is n X n identity matrix and ¢,57 =0,1,...,2n.

On the other hand, the AG-structure space of AH-manifold (N?™,J,h) is summarized
by [15]:

Suppose that {é1,...,6émn,J(€1),...,J(En)} is an orthonormal basis of X(N), then
Kirichenko’s method produced another basis as {€1,...,m,&j,...,E5}, where

e (hkl):G)n Ig) (JZ“)Z(J—_on —\/?_11m>’ ¥

where b=1,2,....,m,b=>b+m, and k,l = 1,2,...,2m.

Theorem 1 [14]. The first group of Cartan’s structure equations of GK-manifold of
dimension 2n + 1 on the AG-structure space is given as the following:

1) dw = Fypw® Awb + F%® wy A wy;
2) dw® :wg/\wb+C“bcwb/\wc—|— %F“bwb/\w—5gwb/\w;
3) dw, = —wg A wp + Cape w® A wC + %Fab W Aw— 63(,% A w, where

ab __ 0 ab ba __ abc __ -1 a
T e R A T
/—1 .
Fyp=—V-1 @275), Fop + Fpg =0, Cabe = _T g,c’

clabd = ¢abe Qb = Ce, Clupg = Caper FP = Fp,

(I)ik are the components of Vx(®)Y on the AG-structure space, |[...| is the anti-symmetric
operator of their indices, a,b,c = 1,2,...,n, @ = a + n and W, Fob are the complex
conjugate of C%¢, F respectively.

DEFINITION 5 [17]|. The GK-manifold is called

1) a special generalized Kenmotsu manifold of the first kind (briefly, SGK;-manifold) if
Cabc = Cape = 0;

2) a special generalized Kenmotsu manifold of the second kind (briefly, SGKs-manifold)
if Fob = F,;, = 0;
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3) a Kenmotsu manifold if C% = Cpe =0 and F® = F,, = 0.
Theorem 2 [18|. The first group of Cartan’s structure equations of VG-manifold of
dimension 2m on the AG-structure space is given as the following:
1) dw® = wi A w® 4+ B we A wyy 4+ B wy A we;
2) dw, = —wb Awp + B¢ we A WP + Bape w? A w€, where
\/__1

be V1 b be T a
Bave — T J[%’é], B[a ] — B¢ 67 Babe = Bape,  Bape = _T J[Cll),c]7

B[abc} = Babe; Bcb = O‘[a(sg}’ ng = a[a(sg]v B—gb = B(ib?

a

« is the Lee form, J;k are the components of %X(J)Y on the AG-structure space and
a,b,c=1,2,...,m,a=a+m.

Theorem 3 [7]. An ACM-manifold (M**~! ® ¢, n,g) which is a hypersurface of an
AH-manifold (N?",.J, h) has the following first family of Cartan’s structure equations:

do® = wf N + BE W Awy+ By Ao+ (VEBY" +v/=Tof) o’ Aw

7 oz 1 -7 1 -
+ <\/—_10“b —V2Brab _ E ng — ﬁ B“b"> wi A w,

dwg = —wgAw5+B§5wéAw’3+Bd,;5w5Awé+ (\/iBgn_ V—lffg) wp Aw
N 1
- <V_1Uaé+\/§BnaB+ 7

L = b
2ng+_BaBn>w A w,

valat
dw = \/EBn&l;wd/\wi’—i—\/iB"&i’wa/\wg—l— (\/iBgld—\/iBzg—Q\/—lag) wg/\wa

+ (Byp, + By +V=To3) w AW’ + (B + Bl = V=Top) w Awy,
where
5 v=1 _ V=1 .
B =B, By =By, B™=5=Ji Bue= "5 Jie
V=1 V=1 . S - -
B = == J . By="5— e BP=By B =B" Buc =By,

and o : X(M) x X(M) — X (M) is the second fundamental form of the immersion of the hy-
persurface M>"~1 into the manifold N*" which is symmetric (0ij =04i, 4,7 =1,2,...,2n—1)
such that VxY = VxY + o(X,Y) with V and V are the Riemannian connections of N
and M respectively (see [19]). Further, a, b,e =1,2,...,n—1, while a,b,c = 1,2,...,n and
w=w"=w,.

DEFINITION 6 [20]. A submanifold (M?"~!, g) of Riemannian manifold (N2, h) is said to
be totally umbilical if

Tij = AGijs

where o is the second fundamental form, A is constant and 4,7 =1,2,...,2n — 1.

DEFINITION 7 [21]. A submanifold (M?"~!, g) of Riemannian manifold (N2, h) is said to
be totally geodesic if the second fundamental form o vanish (i. e., o = 0).

DEFINITION 8 [7]. A submanifold (M?"~! g) of Riemannian manifold (N?" h) is said
to be minimal if it satisfies g**op,s = 0, for all p,s = 1,...,2n — 1, where ¢g’* and o), are
the components of g~ and the second fundamental form o respectively.
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3. GK-Manifolds as Hypersurfaces of VG-Manifolds

Theorem 4. The hypersurface of a Vaisman-Gray manifold (N?",J, h) admits a gene-
ralized Kenmotsu structure if and only if its second fundamental form o has the following
components:

3 - -
Oah = V_l{_Fa5+\/§Bna5+_ 7

Béfm’ Bﬁn?m B o 0,

nbn —

abe — abc'
<1 Suppose that N is V G-manifold, then Theorem 2 gives:
Bl*d = B® B = By, Bigy = Bae: B’ =al%Y,  BY = agdy,
where a,b,c =1,2,...,n. Therefore, comparing Theorem 3 with Theorem 1, we have
1) BI = 0, B = (%, of = /=T {VIBI + 57}, o = —/=1{V2 B 1+ 1 B +
LB&5”+§F5‘B}-

2 2

2) ng = O’ B = Cabc’ & =V -1 {\/§B +5b} Oab = V {\/_Bnab + 5 v Bn

a
T | _ _ .
~ 3) \/iBn&l; ab’ \/_Bnab Fab 9 \/f; {Bgl,w - BZg}a Onb = \/__1{Bnim + 325}7
ob = _\/_1~{Bnb"+ng}. ) )

Since B = B;B = 0, then a® = az = 0. So, we have B = Bl = ?ﬁb = BZJ) = 0.
Now, sir~1(:e o is ~symmetrie then Olnf) = 0. Regafds item 3) above we get B[PB]" =B
0 = BI"n = Bnbn and this implies that O = ot = 0. As well as, Tlah) = ol@ = 0 and this
implies that \/53"[&5] + %B[di’]" + %F[&i’} = 0. Then, we get:

nbn

5

\/§Bndl;+LB&I;n+§Fdl;:0:> LBdB"—i—iFai’:O.

V2 2 V2

So, we obtain the results. Also, equating the values of ag in items 1), 3) and uses the above

results, we have
—v/—1
V2

Since Bgla = a[”ég‘ﬂ = "5“ and Ba = 2an5b, then o™ + a,, = 2v/2. So, from the above
discussion we attain the requlrement D

(B2 - g} = VAL (VB + ). B+ B = VA

Corollary 1. The hypersurface of V G-manifold does not has conditions more that the con-

ditions of above theorem as well as B¢ — B;. =0, if it has SGK1-structure.
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<1 The proof is the same of proof Theorem 4 and the addition condition is attain from
Definition 5. >

Theorem 5. The generalized Kenmotsu hypersurface (M?"~1,®,¢,n,g) of a Vaisman-—
Gray manifold is totally umbilical if and only if, it has

o 7 - 1
Bnab:Bnab’ B .:=B 5. Opp=\= \/—1{1— Ean}

<1 Suppose that M is totally umbilical GK-hypersurface of V G-manifold, then according
to Definition 6, we have o;; = Ag;;. So, if we use the values of o in Theorem 4 and elements
of g in Remark 1, that given by:

(0] (0] I, 1
(gij): 0 Gnn =1 0 o LJ=12,....2n -1,
..l o )

and substitute them in the last equation, we obtain

a a / 1 n
Tnn = Ann = A, 0g :)\955:)‘55 — A= _1{1_504 }7 Udi):)\géi)zo

3 - 1 - 3 - 5 -
= §F55+\/§Bnd?)+ﬁBd?)n:O = §Fa5+\/§Bna5_§FaB:O = Fai;:\/iBnaB'

Since F; ) = F.; and Bﬂ[fﬁ;} = B, ;;» then we have the result. The converse also hold true. >

Corollary 2. The GK-hypersurface of V G-manifold is totally geodesic if and only if, it
is totally umbilical with o™ = oy, = V/2.

<1 The proof is directly form Theorem 5, Definition 7 and Definition 6. >

Theorem 6. The generalized Kenmotsu hypersurface of a Vaisman—Gray manifold is
minimal if and only if, it has o(£,£) = 0.

<1 According to Definition 8, we getting on the following;:

gpso_ps _ gdbadiy + g&bo,&z + gdbo,&i) + g&bo_dg + gnno,nn =0
<= gabdég + gabUaz +opn =0 <= gabUaB + gaBU_ng + o,y = 0.

Then from Theorem 4, the foregoing equation reduce to géz’aég—gégaég—i—ann =0<= oy, =0.
So, we have 0(§,&) = 0. >

Theorem 7. The hypersurface of a Vaisman—Gray manifold has SGKs-structure if and
only if, o has the following components:

_ - - 1 -
0 =V-1V2B,, o;=0,=0, of=-V-1 {1 N ﬁa"}ég’

> = niih . 1 G
oo s, el Lol

where

bé abé 5 Hnb
=0, B =0" B;=Cge Bpp, = B"" =0,

Bndg — B&Bn — B .

nab —
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< Definition 5 and Theorem 1 given Cartan’s structure equations (first group) of SGKs-
manifold as follows:
dw® = Wi Awb 4+ C%wp A we — W’ Aw,

dwa = —wg N wp + Cabc wb A w’ — 52 wp N\ w, (3)
dw = 0.

Now, comparing equation 3 with Theorem 3 and take into account the technique of the proof
of Theorem 4, we have the results. >

Theorem 8. The hypersurface of a Vaisman—Gray manifold admits Kenmotsu structure
if and only if, o has the same components in Theorem 7 under the same condition with
B = B_; = 0.

abe
<1 The claim of this theorem is attains from Theorem 7 by using the definition of Kenmotsu
manifold that mentioned in Definition 5. >
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Awnunoraiusi. B manHO# cTaThe yCTAHOBJIEHO, YTO TMIIEPIIOBEPXHOCTH MHOroobpasuit Baitcmana — I'pest
“MeroT 0000ITeHHbIe CTPYKTYPbl Kenmorny npu HEKOTOPBIX ycaoBusx mis ¢gpopmbl Jlu, Tenzopos Kupuaenko
7 BTOPO#l DYHIAMEHTAJIBHOM (POPMBI HOTPYKEHUsT TUIIEPIIOBEPXHOCTH B MHOroobpasme Kiacca Baiicmama —
I'pesi. Bosee Toro, KOMIOHEHTHI BTOPOH (DyHIaAMEHTAJIBLHON (POPMBI ONPEENSIOTCs, KOT/Ia, BBIIIEYTOMSIHY-
Thble TUIIEPIIOBEPXHOCTH UMEIOT 000BIIEHHbIE CTPYKTYPbl KeHMoIly miim Kakoil-inbo ee CrieruaibHbIA BUJ UJIH
cTpyKTypbl KenMolry, Takue, 9T0 HEKOTOPbIE U3 3TUX KOMIIOHEHTOB 00paIaioTcs B HOJb. [Ipu 5T0M, HEKOTOpPDBIE
KOMIIOHEHTHI (pOpMBI JI 1 HEKOTOPBIE KOMITOHEHTHI TeH30poB Kupudenko B Kjiacce Baiicmana — ['pest obpaina-
I0TCs B HOJIb. V3y4daercst Tak»Ke MUHUMAJILHOCTD BIIOJTHE OMOMJIMYECKUX BIIOJIHE IeOIe3UIECKUX TUIIEPIOBEPX-
HocTeit MHOTOOOpa3mit Baitcmana — I'pest ¢ 06obmennpivu crpykrypamu Kenmorry. Kpome Toro, mokaszano,
YTO THITEPIIOBEPXHOCTH MHOroobOpasust Baiicmana — ['pest, mmeroriero o6ob61enHyo cTpykrypy Kenmorry, siB-
JISIETCS BIIOJIHE TE€0JIE3UIECKOI TOTJA U TOJILKO TOTA, KOT/Ia OHA BIIOJIHE OMOMIMIHA U HEKOTOPbIE KOMIIOHEHTDI
dopwmer JIn mocTosHHEI.

KuroueBbie cJioBa: MOYTH KOHTAKTHBIE METPUYECKHE MHOroobpasusi, modTu MHOroobpasusi Kenmorry,
MHOTroOOpasus Baiicmana — ['pest, TUIIEPIIOBEPXHOCTH MOYTH IPMUTOBBIX MHOIOOOPa3Hid.
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