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Abstract. In this article, using a new calculus defined on fractal subsets of the set of real numbers, a
Sturm—Lioville type problem is discussed, namely the fractal Sturm—Liouville problem. The existence and
uniqueness theorem has been proved for such equations. In this context, the historical development of the
subject is discussed in the introduction. In Section 2, the basic concepts of F'*-calculus defined on fractal
subsets of real numbers are given, i.e., F*-continuity, F'“-derivative and fractal integral definitions are
given and some theorems to be used in the article are given. In Section 3, the existence and uniqueness of
the solutions for the fractal Sturm—Liouville problem are obtained by using the successive approximations
method. Thus, the well-known existence and uniqueness problem for Sturm-Liouville equations in ordinary
calculus is handled on the fractal calculus axis, and the existing results are generalized.
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1. Introduction

It is well-known that fractal calculus is a generalization of ordinary calculus. It is applied
for functions which are not differentiable on totally disconnected fractal sets. In 2009, Parvate
and Gangal [1]| defined the concept of F®-calculus on fractal subsets of real numbers. Later,
the relation of the F'®-integral and F'“®-derivative with classical Riemann integral and ordinary
derivative is investigated. Although the fractional derivative is not local, the F'®-derivative is
local and has many of the properties of the classical derivative. Due to these advantages, many
researchers are working on this subject (see [2-7]). In [4], Golmankhaneh and Tung studied
a fractal stochastic differential equation. In [5], the authors studied the Laplace and Sumudu
transforms in F“-calculus. The existence and uniqueness theorems for the linear and non-
linear fractal differential equations are proved in [6]. Recently, Cetinkaya and Golmankhaneh
studied a regular fractal Sturm—Liouville problems [2] defined by

— (DE)?y(@) + q(@)y(z) = My(z), x€[0,7], (1)

where A is a complex parameter, ¢(.) is a real-valued function and ¢ € L§ [0, 7]. They proved
some spectral properties of Eq. (1).
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On the other hand, there are some earlier articles of Kolwankar and Gangal concerning
local fractional derivatives exist [8-11]. In [§]|, Kolwankar and Gangal introduced the notion
of local fractional derivative. Later they extended this definition to directional-local fractional
derivatives for functions of many variables [11]. In [9], they reviewed a more direct method
to characterize the local behaviour of functions. The authors studied a local fractional analog
of the Fokker-Planck equation in [10].

As known, Sturm—Liouville problems defined as

d d
—<p£>+qy:)\y, —o<a<r<b<oo,

Cda

are one of the most studied differential equations in the literature. Especially when solving
partial differential equations with the Fourier method, its importance has increased even more.
Such problems are investigated in various situations and boundary conditions (see [12-16]).
In [12, 13, 15|, the authors studied some Sturm-Liouville problems with impulsive conditions.
The inverse problem for the Sturm-Liouville equation in the discrete state is worked out
in [17]. A Sturm-Liouville problem with some nonlocal boundary conditions is studied in [16].
The g-Sturm—Liouville problems obtained by taking the g-derivative instead of the classical
derivative in the Sturm-Liouville equation were studied in [18, 19].

In the present article, an existence theorem for Eq. (1) is obtained on the interval
[0,1] . Thus, the well-known existence and uniqueness problem for Sturm-Liouville equations
in ordinary calculus is handled on the fractal calculus axis, and the existing results are
generalized.

2. Preliminaries

In this section, our goal is to present some basic concepts concerning the theory of fractal
calculus (see [1, 2, 7]). Throughout the paper, we let F is a fractal subset of real numbers.

DEFINITION 1 [1]. Given a partition
Pr={a=2y<z1 <29<...<28 =0}

of I =[a,b] C R, we define ¢“ [F, P] by

n—l
; xl—’—; +1; H(Fa [xiaxiJrl])a

where 0 < a <1 and
1, fFNI#g
6 (F’ I) — ) 1 ) # )
0, otherwise.
Ifa=0b,0%[F,P]=0.
DEFINITION 2 [1]. Let 6 > 0 and a < b. Then the coarse-grained mass v§' (F, a,b) is defined
by

“(Fab)= inf o°[F P,
FFab) = ml ot P
where
|P| = max (zi11— )

for a partition P.
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DEFINITION 3 [1]. Let
v (F,a,b) = lim ~§ (F,a,b) .
0—0

DEFINITION 4 [1]|. The y-dimension of F'N [ is given as
dim, (FNI) = inf{a Y (Fya,b) = 0} = sup {a Y (Fya,b) = oo}

DEFINITION 5 [1].Let f : R — R be a function and x € F, where F' C R. Then the F-limit
of fis A, i.e.,
A=F—lim f(y)

Yy—T

if and only for any chosen positive number ¢, however small, there exists positive number ¢
such that, whenever |y — x| < §, then

[fly) — Al <e.
DEFINITION 6 [1]. A function f is the F-continuous at xz € F' if

F—1lim f (y) = f (z)

Yy—x

holds.

DEFINITION 7 [1]. Let « € (n,5) C R. If a function f is not constant over (n, ), then
is called the point of change of f. Let

Sch(f) = {z : x is the point of change of f}.

Then Sch (S%) is called a-perfect set, if Sch (S%) is a closed and every point of it is a limit
point.

DEFINITION 8 [1]. Let

VQ(F7GO7-%')7 ifx}ao,
sp@={7"C ,
—*(F,z,a0), otherwise,

where qg is arbitrary and fixed real number and let F' be an a-perfect set. Then the F'“-deri-
vative of f is given by

i LW —f(z) :
F —lim S (y)=S%(a)? if x € F,

0, otherwise,

DEf (a) = {

if the limit exists.
Theorem 1 [1]. If the functions f,g: R — R are F*-differentiable, then we have

i) Dy (fg) (x) = g (x) Dy f (x) + f (x) Dig (x),
it) Dy (af +bg) (x) = aDg f (x) + bDzg (x)

where a,b € R.
Theorem 2 [1|. The definite fractal integral of the function f is given by

o(x) = / f (v) 3y,
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where x € I, f is a bounded function on F' N1, and
DF/f fy =1 (@) xr (@),

Theorem 3 [1]. Suppose h : R — R is a F'*-differentiable function and Sch(f) is contained
in an a-perfect set F. Then we have

b

/gm %z = h(b)— h(a),

a

where g : R — R is a F-continuous function and
g(x)xr (x) = Dph(z).

Theorem 4 [1]. Let f,g € Cla,b], where Sch(f) C F. Moreover D% f exists and is
F-continuous on I. Then we have

T b

/bf(w) Fx+/DFf / dpydia= |1 @) [o0)dy

a a

Let Sch(f) be an a-perfect set and let

Then L§ [0, 1] is a Hilbert space endowed with the inner product

1
(f.9) = / fgdia
0

The a-Wronskian [2] of f, g is defined to be

W (x) = f (z) Dpg (x) — g (x) Dif (x), x€[0,1].

3. Main Results
Let us consider the following fractal Sturm-Liouville equation

— (D) y(@) + g()y(z) = My(z), =€ [0,1], (2)

where A is a complex parameter, ¢(-) is a real valued-function and ¢ € L§ [0, 1].

Theorem 5. Eq. (2) has a unique solution ¥ in L§ [0, 1] which satisfies

\II(O’)‘) = (1, D%\I](O? >\) = C2, ClaCQ,A € C. (3)
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< Let
O (2, \) = cos (VASE(z))
and
sin(\/XS%(x))
BaN=9 o 70 (4)
S%' (.%') ) A= 07
be a fundamental system of
(DE)? + Ay = 0, (5)
with W (®q(t, ), Po(t, \))AO0.
Let us construct a sequence [Z,,(x, \)]>°_; of successive approximations method by
El(CC, )\) = 61<I>1(x, )\) + 02‘1)2(56, )\),
Em+1(.%', )\) = 01‘131(1', )\) + CQCI)Q(.%', )\)
T / (@2, N1 (1, 0) — @1 (2, ) (8, )| a(t)Z (1 e (1) it
0
sin (\/XS%‘ (x)) (6)

= ¢1 cos(VASE (2)) + ca 7
T sin(ﬁsg(x)) ] o
V) cos(VASE (1)) ] B
VA _ .
sin(vass) | ABEmE A)xr (1) dit,
: |: —cos(\/XSF (@)%

where z € [0,1] and X € C.
Let A € C be fixed. Using Weierstrass M-test, we next claim that the uniform limit
of {E,(,\)}_; as m — oo exists and defines the solution of (2)-(3). Let |g(z)] < A,

|D;(x, \)| < 4/ @ (1=1,2), for 0 <z <1, and let Z;(x, \) < n(A). Then

cos(VASE (1))a(t)E1 (6, Nxr (1) diit

7 sin <\/XS§£ (x))
| =%
0
z sin \/— b
/COS(\/XS% (@)WQ@)EKL A)xr (t) dt

0

Z2(z, A) = Ex(z, )] <

_l’_

Hence
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and so generally

(V) A202(N) (S5 ()2
2! ’

[Z3(z, A) — Ea(z, A)[<

() AP (S (2))°
[E4(z, A) — Es(z, V)< SR

|Em+1($, >‘) - Em(x’ >‘)|<

It follows from Weierstrass M-test that the series
o0
Ev(@,A) + Y [Enga(z, ) — Em(z, V)] (8)
m=1

converge uniformly with respect to A due to the series

i (n(\)" A () (S5 ()™

m!

m=1
are convergent. Then the n-th partial sum

n—1

En(@,A) = E1(@,A) + Y [t (@A) = Epa(2, V)]

m=1

of this series approaches a function ¥(x, \) uniformly on [0, 1] as n—o0, where ¥(z, ) is the
sum series and

lim E,(z,\) = ¥(x, \).

n—oo
By the uniform convergence, letting m—o00 in (6), we see that

U(z,\) =c1Pi(x, \) + caPa(x, N)

T

+/ [%@,A)@l(t, A) — By (2, B (8, ) | g(0) (8, N xr (1) dit.
0

It is clear that U satisfies (2) and (3).
We next claim that (2)—(3) has unique solution. Conversely, ¢1(z, ) and pa(x, \) are two
solutions of (2)—(3). Define

A(.%'7 )‘) = 901(957 )‘) - 902('%'7 )‘)7
where z € [0, 1]. Then A is a solution of (2). It is evident that

A(0,\) = DEA(0, \) = 0.
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By integrating twice to Eq. (2), one gets

x t

A, ) = / / (g(s) — M)A (s, N)xr (3) s | dint

0 0

Let Ny = supgc <1 [A(z, A)|, and M) = supgc <1 [¢(z) — A|l. Then we obtain

T t
\mr—// A(s, \)xr (s) dfs | di
0
T t 2
SO(
gN)\M)\ / /XF(S) %s d%vt :N)\MA%.
0 0 .
We shall prove it by mathematical induction. We assume that
ga 2k
A, Wi CEEE g g 1, (10)

(2k)!

holds for a given k£ € N, and we prove it is true for k + 1. Hence

T t
A <m|—/ [a(s) = VAN (5) s | a
0
T ga ( )Zk‘ (Sa ($))2(k+1)
< Nk:-f—le‘-i-l / / ( F o gNk:-l—le‘-i-l F
A (2k)! Fs | it SN M )
0 0

Consequently, we see that A(z, ) =0 for all z € [0,1] due to

sga (x))Q(lH'l)
Li Nk:-f—le‘-i-l( F - 0.
p N M ey =0

This concludes the proof. >

Conclusion. We considered a fractal Sturm—Liouville equation. We applied the classical
method of the successive approximations in the theory of differential equations to fractal
differential equations. Thus, the existence and uniqueness theorem for the fractal Sturm-—
Liouville problem is proved.
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Amnnoranusi. B 310l crarbe, HCIOJIB3YsI HOBOE UCYHCJIEHUE, OIpPEeJIeHHOEe Ha (PPAKTAIbHBIX ITOJMHO-
2KEeCTBAX MHOXKECTBA JEHCTBUTENbHBIX YHCEs, 00Cy)kaaerca BapuanT mpobiembl [Iltypma — Jlnysmiis, a
nMeHHO dpakTaipHas npodsema [ltypma — JluyBuns. s Takux ypaBHEHU T0Ka3aHA TEOPEMa CYIIECTBO-
BaHUsSI U €JMHCTBEHHOCTH. B 3TOM KOHTEKCTe BO BBEIEHUM OOCYKJAETCs MCTOPUYECKOE PA3BUTHE TeMbl. Bo
BTOpPOM Taparpade IpejcTaBIeHbl OCHOBHBIE IOHsTUS F'“-ncuucienus, onpeiejieHHbie Ha (pPaKTaIbHbIX 101
MHOXKECTBAX MHOXKECTBA JIeHCTBUTEILHBIX unces. Janbl onpenenenus F*-menpepbiBaoctu, F*-npous3BogHoil
1 (bpaKTaIbHOrO MHTErpasa, a TakyKe HEKOTOPbIE TEOPEMbl, KOTOPbIE UCIIOIL3YIOTCA B cTaThe. B TperbeM ma-
parpade moJIydeHbl CyIeCTBOBAHNE U €UHCTBEHHOCTD pemnreHns dpakTaabHoi 3agaqn [ltypma — Jlnysumns
C TOMOIIBIO METOJIa IOCJIEI0OBATEIbHBIX MPUOInKeHuit. TakuM obpa3oM, Ha ocu (PPaAKTAILHOIO HUCUNCICHUST
pelaeTcs KJiacCuIecKasi IpobsieMa CyIeCTBOBAaHUS U eIMHCTBEeHHOCTH 15t ypaBHenus [IIrypma — JlnyBuis,
[P 3TOM O0ODIIMAIOTCS CYIIECTBYIONINE PE3YILTATHL.

KutroueBsble ciioBa: dpakraibube npobsemsl [Irypma — JInysuiis, npo6seMsl CyIiecTBOBAHUS.
AMS Subject Classification: 28A80, 34A08, 35A01.
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