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Abstract. Order-to-topology continuous operators and order-to-norm bounded operators have been
recently studied by many authors mostly in the framework of Banach lattices. In the present note, we
extend some of results obtained by these authors to the setting of operators from an ordered Banach space
to a topological vector space. We present several conditions providing topological boundedness of such
operators, and investigate uniform boundedness principle for collectively qualified families of operators,
and establish uniform boundedness of power order-to-norm bounded operator semigroups on an ordered
Banach space with a closed generating cone. We prove that every collectively order-to-topology bounded
set of operators from an ordered Banach space to a topological vector space is collective ru-to-topology
continuous and provide conditions under which such sets are uniformly bounded.
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1. Introduction

Order-to-topology continuous and order-to-norm bounded operators have been studied
recently by different authors [1–7]. In the present note, some of their results are extended
to the setting of topological vector spaces and new conditions for automatic boundedness of
operators are given. We abbreviate normed, topological, ordered, ordered normed, and ordered
Banach vector spaces as NS, TVS, OVS, ONS, and OBS, respectively. In what follows, vector
spaces are real, operators are linear, symbol L (X,Y ) stands for the space of operators from
a vector space X to a vector space Y, BX for the closed unit ball of a NS X, and xα ↓ 0 for
a decreasing net in an OVS such that infα xα = 0. A net (xα) in an OVS X

– order converges to x (o-converges to x, or xα
o
−→ x) if there exists a net gβ ↓ 0 in X such

that, for each β there is αβ such that ±(xα − x) 6 gβ for α > αβ;
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– relative uniform converges to x (ru-converges to x, or xα
ru
−→ x) if, for some u ∈ X+

there exists an increasing sequence (αn) of indices with ±(xα − x) 6 1
n
u for α > αn.

We need the following classes of operators.

Definition 1.1. An operator T between OVSs X and Y is
a) order bounded if T [a, b] is order bounded for every order interval [a, b] in X (the set of

such operators will be denoted by Lob(X,Y )).
b) ru-continuous if Txα

ru
−→ 0 in Y whenever xα

ru
−→ 0 (shortly, T ∈ Lrc(X,Y )).

An operator T from OVS X to TVS (Y, τ) is
c) order-to-topology continuous if Txα

τ
−→ 0 whenever xα

o
−→ 0 (shortly, T ∈ Loτc(X,Y )).

If Y is a NS, the set of such operators is denoted by Lonc(X,Y ).
d) ru-to-topology continuous if Txα

τ
−→ 0 whenever xα

ru
−→ 0 (shortly, T ∈ Lrτc(X,Y )).

If Y is a NS, the set of such operators is denoted by Lrnc(X,Y ).
e) order-to-topology bounded if T [a, b] is τ -bounded for every [a, b] ⊆ X (shortly, T ∈

Loτb(X,Y )). If Y is a NS, the set of such operators is denoted by Lonb(X,Y ).

Clearly, all sets of operators mentioned in Definition 1.1 are vector spaces. We also
recall several definitions concerning collective convergences and collectively qualified sets of
operators (see, [2–4; 8–10]). For convenience, we say that a family B = {(xbα)α∈A}b∈B of nets
in a TVS X = (X, τ) indexed by the same directed set A collective τ -converges to 0 (briefly,

B
c−τ
−−→ 0) whenever, for each U ∈ τ(0) there exists αU with xbα ∈ U for all α > αU and b ∈ B.

Definition 1.2. A set T of operators between OVSs X and Y is
a) collectively order bounded (T ∈ Lob(X,Y )), if T [a, b] is order bounded for every

[a, b] ⊆ X .
A set T of operators from an OVS X to a TVS (Y, τ) is

b) collectively order-to-topology continuous (T ∈ Loτc(X,Y )), if T xα
c−τ
−−→ 0 whenever

xα
o
−→ 0. If additionally Y is a NS, we write T ∈ Lonc(X,Y ).

c) collectively ru-to-topology continuous (T ∈ Lrτc(X,Y )), if T xα
c−τ
−−→ 0 whenever

xα
ru
−→ 0. If additionally Y is a NS, we write T ∈ Lrnc(X,Y ).
d) collectively order-to-topology bounded (T ∈ Loτb(X,Y )), if T [a, b] is τ -bounded for

every [a, b] ⊆ X. If additionally Y is a NS, we write T ∈ Lonb(X,Y ).
A set T of operators from a TVS (X, ξ) to a TVS (Y, τ) is

e) collectively continuous (T ∈ Lc(X,Y )), if T xα
c−τ
−−→ 0 whenever xα

ξ
−→ 0.

f) collectively bounded (T ∈ Lb(X,Y )), if T U is τ -bounded whenever U is ξ-bounded.

The σ-versions of Definitions 1.1 and 1.2 are obtained via replacing nets by sequences,
and the corresponding spaces (classes) are denoted by L σ

oτc(X,Y ) (Lσ
oτc(X,Y )), etc. Let X

and Y be OVSs. Then r1T1 + r2T2,T1 ∪ T2 ∈ Lob(X,Y ) for every r1, r2 ∈ R and nonempty
subsets T1, T2 of Lob(X,Y ). The same is true for Loτc(X,Y ), Lrτc(X,Y ), Lσ

rτc(X,Y ), etc.
The present note is organized as follows. Theorem 2.1 asserts collective ru-to-topology

continuity of collectively order-to-topology bounded sets. In Theorem 2.2, conditions for the
inclusion Loτc(X,Y ) ⊆ Loτb(X,Y ) are given. Theorem 2.3 gives conditions for the inclusion
Loτb(X,Y ) ⊆ Lb(X,Y ).

For the terminology and notations that are not explained in the text, we refer to [11, 12].

2. Main Results

We start with the following theorem which tells us that collectively order-to-topology
bounded sets quite often agree with collectively ru-to-topology continuous sets.
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Theorem 2.1. Let X be an OVS and (Y, τ) a TVS. Then Loτb(X,Y ) ⊆ Lrτc(X,Y ).
If additionally X+ is generating then Loτb(X,Y ) = Lrτc(X,Y ).

⊳ If, on the contrary, T ∈ Loτb(X,Y ) \ Lrτc(X,Y ) then, for some xα
ru
−→ 0 there exists

an absorbing U ∈ τ(0) such that, for every α there exist α′ > α and Tα ∈ T with Tαxα′ /∈ U .
Since xα

ru
−→ 0, for some u ∈ X+ there exists an increasing sequence (αn) of indices with

±nxα 6 u for α > αn. It follows from T ∈ Loτb(X,Y ) that T [−u, u] ⊆ NU for some
N ∈ N. Since nxα ∈ [−u, u] for α > αn and [αn]

′ > αn then nx[αn]′ ∈ [−u, u], and hence
Tαn

(nx[αn]′) ∈ NU for every n. In particular, TαN
(x[αN ]′) ∈ U , which is absurd. We conclude

Loτb(X,Y ) ⊆ Lrτc(X,Y ).

Now, suppose X+ is generating, and let T ∈ Lrτc(X,Y )\Loτb(X,Y ). Since X = X+−X+

and T /∈ Loτb(X,Y ), there exist x ∈ X+ and an absorbing U ∈ τ(0) with T [−x, x] 6⊆ nU
for every n ∈ N. Therefore, Tnxn /∈ nU for all n and some sequences (xn) in [−x, x] and
(Tn) in T . Since 1

n
xn

ru
−→ 0 and T ∈ Lrτc(X,Y ), there exists a sequence (nk) such that

T ( 1
n
xn) ∈ U for all n > nk and T ∈ T . Then Tn1

xn1
∈ n1U , which is a contradiction. So,

Lrτc(X,Y ) ⊆ Loτb(X,Y ), and hence Loτb(X,Y ) = Lrτc(X,Y ). ⊲

Corollary 2.1. Every order-to-topology bounded operator from an OVS X to a TVS

(Y, τ) is ru-to-topology continuous. Assuming in addition that X+ is generating, Loτb(X,Y ) =
Lrτc(X,Y ).

The following result can be viewed as a topological version of [4, Theorem 2.1] (in the
vector lattice setting see also [2, Theorem 2.1]), [11, Lemma 1.72] and [13, Theorem 2.1].

Theorem 2.2. Let X be an Archimedean OVS with a generating cone and (Y, τ) a TVS.

Then Loτc(X,Y ) ⊆ Loτb(X,Y ).

⊳ We argue to a contradiction supposing T ∈ Loτc(X,Y ) \ Loτb(X,Y ). Theorem 2.1

implies T /∈ Lrτc(X,Y ). So, T xα 6
c−τ
−−→ 0 for some net (xα) in X such that xα

ru
−→ 0.

Since X is Archimedean then xα
o
−→ 0, and hence T xα

c−τ
−−→ 0 because of T ∈ Loτc(X,Y ).

The obtained contradiction completes the proof. ⊲

Corollary 2.2. Every order-to-topology continuous operator from an Archimedean OVS

with a generating cone to a TVS is order-to-topology bounded.

It is well known that Lc(X,Y ) = Lb(X,Y ) whenever X and Y are NSs. The following
result can be viewed as a partial extension of [2, Theorem 2.1] and [4, Theorem 2.8].

Theorem 2.3. Let X be an OBS with a closed generating cone and (Y, τ) a TVS. Then

Loτb(X,Y ) ⊆ Lb(X,Y ).

⊳ Let T ∈ Loτb(X,Y ). Suppose, on the contrary, T /∈ Lb(X,Y ). By the Krein–Smulian
theorem (cf. [12, Theorem 2.37]), αBX ⊆ BX ∩ X+ − BX ∩X+ for some α > 0, and hence
T (BX∩X+) is not τ -bounded. Then, there exists an absorbing U ∈ τ(0) with T (BX∩X+) 6⊆
nU for every n ∈ N. So, for some sequences (xn) in BX ∩ X+ and (Tn) in T we have
Tnxn /∈ n3U for all n. Set

x := ‖ · ‖ −

∞
∑

n=1

n−2xn ∈ X+.

Since T ∈ Loτb(X,Y ) then T [0, x] ⊆ NU for some N ∈ N. It follows from n−2xn ∈ [0, x]
that Tn(n

−2xn) ∈ NU ⊆ nU for large enough n. This is absurd, because Tn(n
−2xn) /∈ nU for

all n. ⊲
Norm completeness of X is essential in Theorem 2.3. For example, an operator T ∈

L (c00) defined by Tx = (
∑

∞

k=1 xk)e1 is order-to-norm bounded, yet not bounded. To see
that the condition X+ −X+ = X is essential, it is enough to take any unbounded operator T
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on a Banach space X with a trivial cone X+ = {0}. The closeness of X+ in a Banach space X
is also essential [4, Example 2.12 b)]. The next corollary is a kind of Uniform Boundedness
Principle for families of operators which need not be continuous a priori.

Corollary 2.3. Every collectively order-to-norm bounded set of operators from an OBS

with a closed generating cone to a NS is uniformly bounded.

Corollary 2.4. Every order-to-norm bounded operator from an OBS with a closed

generating cone to a NS is bounded.

The following corollary of Theorem 2.3 provides an automatic continuity result that
extends the well known fact (see, for example, [12, Theorem 2.32]) that every positive operator
from an OBS with a closes generating cone to an OBS with a closed cone is continuous.

Corollary 2.5. Every order bounded operator from an OBS with a closed generating cone

to an ONS with a normal cone is continuous.

Since in NSs bounded linear operators are continuous, and since weak compact sets are
bounded in Banach spaces, we obtain the following consequence of Theorem 2.3.

Corollary 2.6. Every operator from an OBS with a closed generating cone to a Banach

space is continuous whenever it takes order intervals onto relatively weak compact sets.

Collective boundedness of a semigroup generated by a single operator is known as power
boundedness of the operator. We say that an operator T on an ordered TVS (X, τ) is
power order-to-topology bounded if the set

⋃

∞

n=1 T
n[a, b] is τ -bounded for every [a, b] in X.

An operator semigroup S on an ordered TVS (X, τ) is order-to-topology bounded if the
set

⋃

T∈S
T [a, b] is τ -bounded for every [a, b] in X. The next two corollaries deal with these

notions.

Corollary 2.7. Every power order-to-norm bounded operator on an OBS with a closed

generating cone is power bounded.

Corollary 2.8. Every power order-to-norm bounded operator semigroup on an OBS with

a closed generating cone is uniformly continuous.

Since Lb(X,Y ) ⊆ Lonb(X,Y ) whenever X is a normal OVS and Y is a NS, the next
collective extension of [3, Proposition 1.5] follows from Theorems 2.1 and 2.3.

Proposition 2.1. Let X be an OBS with a closed generating normal cone and Y a NS.

Then Lrnc(X,Y ) = Lonb(X,Y ) = Lb(X,Y ).

Corollary 2.9. Let X be an OBS with a closed generating normal cone and Y a NS.

Then Lrnc(X,Y ) = Lonb(X,Y ) = Lb(X,Y ).
By [4, Theorem 2.4], Lrc(X,Y ) = Lob(X,Y ) whenever X and Y are OVSs with generating

cones. Therefore, we have one more consequence of Proposition 2.1 that provides conditions
for automatic boundedness of ru-continuous operators.

Corollary 2.10. Let X be an OBS with a closed generating normal cone and Y an OVS

with a generating normal cone. Then Lrc(X,Y ) ⊆ Lb(X,Y ).

Proposition 2.2 [4, Proposition 2.11]. Let X and Y be OBSs with closed generating

cones, and X∼ 6= ∅. Then every T ∈ Lob(X,Y ) is uniformly bounded iff Y+ is normal.

⊳ If Y+ is not normal, then the interval [0, y0] is not bounded for some y0 ∈ X+. Pick
f0 6= 0 in X∼ and take x0 ∈ X with f0(x0) = 1. Then, {f0 ⊗ y}y∈[0,y0] ∈ Lob(X,Y ). However,
the set {f0 ⊗ y}y∈[0,y0] is not uniformly bounded since

⋃

y∈[0,y0]

(f0 ⊗ y)(x0) = [0, y0]

is not bounded.
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If Y+ is normal, then Lob(X,Y ) ⊆ Lonb(X,Y ) by [4, Proposition 2.6]. The rest follows
from Proposition 2.1. ⊲

The following proposition is an extension of [3, Lemma 2.1].

Proposition 2.3. Let X be a normal OBS and (Y, τ) a Banach space with a dual topology.

Then L σ
oτc(X,Y ) ⊆ Lonb(X,Y ).

⊳ On the way to contradiction, assume T ∈ L σ
oτc(X,Y ) \ Lonb(X,Y ) Then T [0, u] is not

bounded for some u ∈ X+. Since X is normal, [0, u] is bounded, say supx∈[0,u] ‖x‖ 6 M . Pick
a sequence (un) in [0, u] with ‖Tun‖ > n2n, and set

yn := ‖ · ‖ −
∞
∑

k=n

2−kuk for n ∈ N.

Then yn ↓> 0. Let 0 6 y0 6 yn for all n ∈ N. Since 0 6 y0 6 21−nu and
‖21−nu‖ 6 M21−n → 0 then y0 = 0 by [12, Theorem 2.23]. So, yn ↓ 0, and hence yn

o
−→ 0.

We deduce from T ∈ L σ
oτc(X,Y ) that Tyn

τ
−→ 0. Since the topology τ is dual then Tyn

w
−→ 0.

Therefore, the sequence (Tnyn) is norm bounded. This is absurd because
∥

∥Tyn+1 − Tyn
∥

∥ =
∥

∥T
(

2−nun
)∥

∥ > n (∀n ∈ N). ⊲

Corollary 2.11. Every order-to-topology σ-continuous operator from a normal OBS to

a Banach space with a dual topology is order-to-norm bounded.

Combining Corollaries 2.11 and 2.4, gives the last result of our note.

Corollary 2.12. Every order-to-topology σ-continuous operator from an OBS with

a closed generating normal cone to a Banach space with a dual topology is bounded.
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К АВТОМАТИЧЕСКОЙ ОГРАНИЧЕННОСТИ НЕКОТОРЫХ ОПЕРАТОРОВ
МЕЖДУ УПОРЯДОЧЕННЫМИ И ТОПОЛОГИЧЕСКИМИ

ВЕКТОРНЫМИ ПРОСТРАНСТВАМИ

Емельянов Э. Ю.1
1 Институт математики им. С. Л. Соболева,

Россия, Новосибирск, 630090, пр. ак. Коптюга, 4

E-mail: emelanov@math.nsc.ru

Аннотация. Порядково-топологически непрерывные операторы и операторы, переводящие поряд-
ковые интервалы в ограниченные по норме множества, изучались в последние годы многими автора-
ми, в основном, в контексте банаховых решеток. В настоящей заметке некоторые из результатов, по-
лученные этими авторами, распространяются на случай операторов, действующих из упорядоченного
банахова пространства в топологическое векторное пространство. Устанавливается несколько условий,
обеспечивающих топологическую ограниченность вышеупомянутых операторов, и исследуется прин-
цип равномерной ограниченности для различных совместно квалифицированных семейств операторов.
Среди прочего, доказывается равномерная ограниченность операторных полугрупп, ограниченных по
норме на всяком порядковом интервале и действующих в упорядоченном банаховом пространстве с за-
мкнутым порождающим конусом. В заметке также устанавливается, что каждое совместно порядково-
топологически ограниченное множество операторов из упорядоченного банахова пространства в топо-
логическое векторное пространство будет коллективно ru-топологически непрерывным, и приводятся
условия, обеспечивающие равномерную ограниченность таких множеств.

Ключевые слова: упорядоченное векторное пространство, топологическое векторное простран-
ство, упорядоченное банахово пространство, порядково-топологически ограниченный оператор, поряд-
ково-топологически непрерывный оператор.
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