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Abstract. Order-to-topology continuous operators and order-to-norm bounded operators have been
recently studied by many authors mostly in the framework of Banach lattices. In the present note, we
extend some of results obtained by these authors to the setting of operators from an ordered Banach space
to a topological vector space. We present several conditions providing topological boundedness of such
operators, and investigate uniform boundedness principle for collectively qualified families of operators,
and establish uniform boundedness of power order-to-norm bounded operator semigroups on an ordered
Banach space with a closed generating cone. We prove that every collectively order-to-topology bounded
set of operators from an ordered Banach space to a topological vector space is collective ru-to-topology
continuous and provide conditions under which such sets are uniformly bounded.
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1. Introduction

Order-to-topology continuous and order-to-norm bounded operators have been studied
recently by different authors [1-7|. In the present note, some of their results are extended
to the setting of topological vector spaces and new conditions for automatic boundedness of
operators are given. We abbreviate normed, topological, ordered, ordered normed, and ordered
Banach vector spaces as NS, TVS, OVS, ONS, and OBS, respectively. In what follows, vector
spaces are real, operators are linear, symbol .Z(X,Y") stands for the space of operators from
a vector space X to a vector space Y, Bx for the closed unit ball of a NS X, and x,, | 0 for
a decreasing net in an OVS such that inf, z, = 0. A net (z,) in an OVS X

— order converges to x (o-converges to x, or 4 N x) if there exists a net gg | 0 in X such
that, for each 3 there is ag such that +(z, — ) < gg for a > ag;
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— relative uniform converges to = (ru-converges to x, or I, RN x) if, for some u € X
there exists an increasing sequence (ay,) of indices with +(z, — ) < %u for a > «,.
We need the following classes of operators.

DEFINITION 1.1. An operator 1" between OVSs X and Y is

a) order bounded if T[a,b] is order bounded for every order interval [a,b] in X (the set of
such operators will be denoted by (X, Y)).

b) ru-continuous if Tz, — 0 in Y whenever z, — 0 (shortly, T € .Z.(X,Y)).

An operator T from OVS X to TVS (Y, 1) is

¢) order-to-topology continuous if Tz — 0 whenever z, — 0 (shortly, T € Z,.(X,Y)).
If Y is a NS, the set of such operators is denoted by %,.(X,Y).

d) ru-to-topology continuous if Tx, — 0 whenever z, —= 0 (shortly, T € Z,o(X,Y)).
If Y is a NS, the set of such operators is denoted by Z,.(X,Y).

e) order-to-topology bounded if T[a,b] is T-bounded for every [a,b] C X (shortly, T €
Zop(X,Y)). If Y is a NS, the set of such operators is denoted by Z,,,(X,Y).

Clearly, all sets of operators mentioned in Definition 1.1 are vector spaces. We also
recall several definitions concerning collective convergences and collectively qualified sets of
operators (see, [2-4; 8-10]). For convenience, we say that a family % = {(2%)aeca}pep of nets
in a TVS X = (X, 7) indexed by the same directed set A collective T-converges to 0 (briefly,

% <" 0) whenever, for each U € 7(0) there exists oy with 22 € U for all @ > agy and b € B.

DEFINITION 1.2. A set 7 of operators between OVSs X and Y is

a) collectively order bounded (7 € Lg(X,Y)), if T[a,b] is order bounded for every
[a,b] C X.

A set .7 of operators from an OVS X to a TVS (Y, 7) is

b) collectively order-to-topology continuous (T € Lyre(X,Y)), if Txq — 0 whenever
To — 0. If additionally Y is a NS, we write .7 € Lone(X,Y).

¢) collectively ru-to-topology continuous (T € Lpo(X,Y)), if T2, 0 whenever
To — 0. If additionally Y is a NS, we write .7 € Lyne(X,Y).

d) collectively order-to-topology bounded (7 € Lymnp(X,Y)), if Ta,b] is T-bounded for
every [a,b] C X. If additionally YV is a NS, we write .7 € Ly, (X,Y).

A set .7 of operators from a TVS (X,€) to a TVS (Y,7) is

e) collectively continuous (T € Lo(X,Y)), if Tx4 — 0 whenever z, 0.
f) collectively bounded (7 € Ly(X,Y)), if ZU is 7-bounded whenever U is {-bounded.

The o-versions of Definitions 1.1 and 1.2 are obtained via replacing nets by sequences,
and the corresponding spaces (classes) are denoted by Z7 (X,Y) (L7..(X,Y)), etc. Let X

oTC oTC
and Y be OVSs. Then 1.7 + 199, 71 U 5 € Ly (X,Y) for every r1,79 € R and nonempty
subsets 71, 75 of Loy (X,Y). The same is true for Lo o(X,Y), Ly(X,Y), L7 .(X,Y), etc.
The present note is organized as follows. Theorem 2.1 asserts collective ru-to-topology
continuity of collectively order-to-topology bounded sets. In Theorem 2.2, conditions for the
inclusion Lyr(X,Y) C Ly (X,Y) are given. Theorem 2.3 gives conditions for the inclusion
LOTb(X7 Y) - Lb(Xa Y)

For the terminology and notations that are not explained in the text, we refer to [11, 12].

2. Main Results

We start with the following theorem which tells us that collectively order-to-topology
bounded sets quite often agree with collectively ru-to-topology continuous sets.
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Theorem 2.1. Let X be an OVS and (Y,7) a TVS. Then L,(X,Y) C Ly(X,Y).
If additionally X is generating then Ly ,(X,Y) = L,7.(X,Y).

< If, on the contrary, .7 € Lyp(X,Y) \ Lyre(X,Y) then, for some 2, — 0 there exists
an absorbing U € 7(0) such that, for every « there exist o/ > a and T, € 7 with Tpxy ¢ U.

Since x4 — 0, for some u € X there exists an increasing sequence (a,) of indices with
tnr, < u for @ > a,. It follows from 7 € L,4(X,Y) that J[—u,u] € NU for some
N € N. Since nz, € [~u,u] for a > oy and [an]) > ay, then nzp, ) € [~u,u], and hence
T, (n2q,)) € NU for every n. In particular, Ty (%[4,)) € U, which is absurd. We conclude
Lo(X,Y) C L o(X,Y).

Now, suppose X is generating, and let .7 € Ly+(X,Y)\Lyp(X,Y). Since X = X — X
and .7 ¢ Lyp(X,Y), there exist z € X, and an absorbing U € 7(0) with 7 [—z,z] € nU
for every n € N. Therefore, T,,z,, ¢ nU for all n and some sequences (z,) in [—z,z] and
(T,) in 7. Since Lz, =% 0 and F € L,(X,Y), there exists a sequence (ny) such that
T(%xn) € U for all n > ni and T € 7. Then T,,z,, € niU, which is a contradiction. So,
Ly7e(X,Y) C Lyp(X,Y), and hence Loy (X, Y) = Lo (X, Y). >

Corollary 2.1. Every order-to-topology bounded operator from an OVS X to a TVS
(Y, 7) is ru-to-topology continuous. Assuming in addition that X is generating, £,»(X,Y) =
Lrre(X,Y).

The following result can be viewed as a topological version of [4, Theorem 2.1] (in the
vector lattice setting see also |2, Theorem 2.1|), [11, Lemma 1.72| and [13, Theorem 2.1].

Theorem 2.2. Let X be an Archimedean OVS with a generating cone and (Y,7) a TVS.
Then Lyro(X,Y) C Lyp(X,Y).

< We argue to a contradiction supposing 7 € Lgy(X,Y) \ Lyp(X,Y). Theorem 2.1
implies 7 ¢ L,.(X,Y). So, Tx, £ 0 for some net (o) in X such that z, =00.
Since X is Archimedean then z, — 0, and hence Tz, — 0 because of 7 € Lore(X,Y).
The obtained contradiction completes the proof. >

Corollary 2.2. Every order-to-topology continuous operator from an Archimedean OVS
with a generating cone to a T'VS is order-to-topology bounded.

It is well known that L.(X,Y) = Ly(X,Y) whenever X and Y are NSs. The following
result can be viewed as a partial extension of |2, Theorem 2.1] and [4, Theorem 2.8|.

Theorem 2.3. Let X be an OBS with a closed generating cone and (Y,7) a TVS. Then
Lons(X,Y) C Ly(X,Y).

< Let 7 € Lyp(X,Y). Suppose, on the contrary, .7 ¢ Ly(X,Y). By the Krein—Smulian
theorem (cf. [12, Theorem 2.37]), aBx C Bx N X4 — Bx N X for some o > 0, and hence
7 (BxNX4) is not 7-bounded. Then, there exists an absorbing U € 7(0) with 7 (BxNX,) €

nU for every n € N. So, for some sequences (z,,) in Bx N X4 and (7,) in 7 we have
Thxyn ¢ n3U for all n. Set

o
zi=- =D nlr, € Xy,
n=1

Since J € Lyp(X,Y) then 7[0,2] C NU for some N € N. It follows from n~2z,, € [0,x]
that Ty, (n~2z,) € NU C nU for large enough n. This is absurd, because T,,(n"2xz,,) ¢ nU for
all n. >

Norm completeness of X is essential in Theorem 2.3. For example, an operator T €
ZL(coo) defined by Tz = (D =, zx)er is order-to-norm bounded, yet not bounded. To see
that the condition X, — X = X is essential, it is enough to take any unbounded operator T'
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on a Banach space X with a trivial cone X, = {0}. The closeness of X} in a Banach space X
is also essential [4, Example 2.12b)]. The next corollary is a kind of Uniform Boundedness
Principle for families of operators which need not be continuous a priori.

Corollary 2.3. Every collectively order-to-norm bounded set of operators from an OBS
with a closed generating cone to a NS is uniformly bounded.

Corollary 2.4. Every order-to-norm bounded operator from an OBS with a closed
generating cone to a NS is bounded.

The following corollary of Theorem 2.3 provides an automatic continuity result that
extends the well known fact (see, for example, [12, Theorem 2.32|) that every positive operator
from an OBS with a closes generating cone to an OBS with a closed cone is continuous.

Corollary 2.5. Every order bounded operator from an OBS with a closed generating cone
to an ONS with a normal cone is continuous.

Since in NSs bounded linear operators are continuous, and since weak compact sets are
bounded in Banach spaces, we obtain the following consequence of Theorem 2.3.

Corollary 2.6. Every operator from an OBS with a closed generating cone to a Banach
space is continuous whenever it takes order intervals onto relatively weak compact sets.

Collective boundedness of a semigroup generated by a single operator is known as power
boundedness of the operator. We say that an operator 7" on an ordered TVS (X,7) is
power order-to-topology bounded if the set |J;2 ; T7"[a,b] is 7-bounded for every [a,b] in X.
An operator semigroup . on an ordered TVS (X, 7) is order-to-topology bounded if the
set Upe.o T'la,b] is T-bounded for every [a,b] in X. The next two corollaries deal with these
notions.

Corollary 2.7. Every power order-to-norm bounded operator on an OBS with a closed
generating cone is power bounded.

Corollary 2.8. Every power order-to-norm bounded operator semigroup on an OBS with
a closed generating cone is uniformly continuous.

Since Ly(X,Y) C Lyp(X,Y) whenever X is a normal OVS and Y is a NS, the next
collective extension of [3, Proposition 1.5] follows from Theorems 2.1 and 2.3.

Proposition 2.1. Let X be an OBS with a closed generating normal cone and Y a NS.
Then Lypo(X,Y) = Lonp(X,Y) = Ly(X,Y).

Corollary 2.9. Let X be an OBS with a closed generating normal cone and Y a NS.
Then Zno(X,Y) = Lonp(X,Y) = L(X,Y).

By [4, Theorem 2.4|, Z.(X,Y) = Z,(X,Y) whenever X and Y are OVSs with generating
cones. Therefore, we have one more consequence of Proposition 2.1 that provides conditions
for automatic boundedness of ru-continuous operators.

Corollary 2.10. Let X be an OBS with a closed generating normal cone and Y an OVS
with a generating normal cone. Then %,.(X,Y) C %4(X,Y).

Proposition 2.2 [4, Proposition 2.11|. Let X and Y be OBSs with closed generating
cones, and X~ # @&. Then every 7 € Ly (X,Y) is uniformly bounded iff Y, is normal.

< If Yy is not normal, then the interval [0,yp] is not bounded for some yg € X, . Pick
fo# 0in X~ and take zo € X with fo(zo) = 1. Then, {fo ® y}yc[0,y0] € Lob(X,Y). However,
the set {fo ® y}ye[0,y0) 15 DOt uniformly bounded since

U (fo@y)(wo) = [0, 0]

ye[oﬂy(ﬂ

is not bounded.
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If Y, is normal, then L, (X,Y) C L, (X,Y) by [4, Proposition 2.6]. The rest follows
from Proposition 2.1. >
The following proposition is an extension of [3, Lemma 2.1].

Proposition 2.3. Let X be a normal OBS and (Y, ) a Banach space with a dual topology:.
Then Z2 .(X,Y) C ZLo(X,Y).

oTC

<1 On the way to contradiction, assume T' € £

0 (X, YY)\ Zonp(X,Y) Then T'[0, u] is not
bounded for some u € X. Since X is normal, [0,u] is bounded, say sup,c ) [|z|| < M. Pick
a sequence (uy) in [0,u] with ||[Tu,| > n2™, and set

(e}
Yn = |- || — Z27kuk for n e N.

k=n

Then y, 1> 0. Let 0 < yo < wy, for all n € N. Since 0 < yy < 2114 and
28 "u| < M2 — 0 then yo = 0 by [12, Theorem 2.23]. So, ¥, | 0, and hence 3, % 0.
We deduce from T € .£2 .(X,Y) that Ty, — 0. Since the topology 7 is dual then Ty, — 0.

oTC
Therefore, the sequence (T, y;,) is norm bounded. This is absurd because

|Tyn+1 — Tyn| = |T(27"un)|| = n (VneN). >

Corollary 2.11. Every order-to-topology o-continuous operator from a normal OBS to
a Banach space with a dual topology is order-to-norm bounded.
Combining Corollaries 2.11 and 2.4, gives the last result of our note.

Corollary 2.12. Every order-to-topology o-continuous operator from an OBS with
a closed generating normal cone to a Banach space with a dual topology is bounded.
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Awnnoranusi. [lopsakoBo-TOIOIOrMTYeCKN HEIPEPBIBHBIE OMEPATOPHI U OIIEPATOPHI, TEPEBOIAIINE TOPS/I-
KOBbIe MHTEPBAJIbl B OI'DAHUYEHHBIE 10 HOPME MHOXKECTBA, M3Yy4YaJIHCh B IIOCJIE/IHUE I'OJbl MHOIMMU aBTOPa-
MH, B OCHOBHOM, B KOHTEKCTe OAHAXOBBIX PENIeTOK. B HacTosIeil 3aMeTke HEKOTOPBIE U3 PE3yJILTATOB, IO-
JIy9J€HHbIEe 9TUMU aBTOPAMH, PACHPOCTPAHAIOTCA Ha CJIy4ail OIepaTopoB, JMEHCTBYIOMMX U3 YIOPSIOYEHHOIO
bGaHaxoBa MPOCTPAHCTBA B TOIOJIOTMYECKOE BEKTOPHOE ITPOCTPAHCTBO. YCTAHABIMBAECTCS HECKOJIBKO YCJIOBUIA,
06eceYnBaroNUX TOMOJOTHYECKYI0 OTPAHUYEHHOCTD BBINIEYIIOMSIHYTHIX OINEPATOPOB, W WCCJIEYeTCsl IIPUH-
[IMII PABHOMEPHON OrPAHUYIEHHOCTH JJIsi PA3JIMIHBIX COBMECTHO KBAJU(MUIIMPOBAHHBIX CEMENCTB OIEePATOPOB.
Cpenin IpoYero, JI0Ka3blBaeTCsi PABHOMEPHAs OIPAHUYEHHOCTH OIEPATOPHBIX MOJIyTPYII, OrPAHUYEHHBIX 10
HOpPME Ha BCSIKOM IOPSIIKOBOM MHTEPBAJIE U JEHCTBYIONUX B YIIOPSIOYEeHHOM GaHAXOBOM IIPOCTPAHCTBE C 3a-
MKHYTBIM MTOPOKIAIONINM KOHYCOM. B 3aMeTKe Tak:kKe yCTaHABIMBAETCS, YTO KarXKJ0€ COBMECTHO MOPSTKOBO-
TOIOJIOTUYIECKH OTPAHUYEHHOE MHOXKECTBO OIIEPATOPOB M3 YIIOPSAOYEHHOrO0 OaHAXOBa MPOCTPAHCTBA B TOIO-
JIOTHYECKOEe BEKTOPHOE MPOCTPAHCTBO Oy/eT KOJJIEKTUBHO I'U-TOIOJIOTUYECKU HENPEPBIBHBIM, U MPUBOISITCS
YCJIOBUsI, 00ECIIEYNBAIOIIIE PABHOMEDPHYIO OTPAHNYEHHOCTh TAKUX MHOYKECTB.

KuroueBrie ciioBa: ymnopsi09€eHHOE BEKTOPHOE MPOCTPAHCTBO, TOIMIOJIOTMYECKOE BEKTOPHOE IIPOCTPAH-
CTBO, YIOPSITOYEHHOE OAHAXOBO MPOCTPAHCTBO, MOPSAIKOBO-TOIOJIOTUIECKH OMPAHMYEHHBIN OIIepaTop, Mopsii-
KOBO-TOITOJIOTMYIE€CKH HEIIPEPBIBHBIIN OIlepaTop.
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