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Abstract. In this research, we delve into the study of Riemann solitons within the context of Lorentzian
pr-wave manifolds. Our investigation aims to systematically classify all vector fields that are associated
with Riemann solitons on these specific manifolds. A significant aspect of our work is to identify which
of these vector fields can be categorized as the gradient type. Furthermore, we demonstrate that any
vector field that has the potential to be linked with Riemann solitons can be classified into several
categories, namely, Ricci bi-conformal, Killing, and Ricci collineation vector fields. This classification
not only enhances our understanding of the geometric properties of these manifolds but also sheds light
on the intricate relationships between the various types of vector fields and Riemann solitons. The analysis
also gives explicit conditions for the steady and non-steady cases. Gradient Riemann solitons occur only
in the steady case, while the potential vector fields may additionally be Killing, Ricci collineation, or Ricci
bi-conformal vector fields.
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1. Introduction

Ricci flow, introduced by Hamilton [1] in the late 20th century, serves as a generalization
of the Einstein metric. Specifically, for a pseudo-Riemannian manifold denoted as (M,g(t)),
the Ricci flow is characterized by

∂

∂t
g(t) = 2Sg(t),

where Sg(t) represents the Ricci curvature tensor. The manifold (M,g) qualifies as a Ricci
soliton [2] whenever

LY g + 2S = 2λg,

for some vector field Y and a real constant λ. In cases where Y = 0, the Ricci solitons
correspond to Einstein manifolds. If Y = gradh for some smooth function h, then (M,g) is
classified as a gradient Ricci soliton. Initially explored in the context of Riemannian geometry,
Ricci solitons have also been examined under pseudo-Riemannian conditions, particularly
focusing on the Lorentzian scenario [3, 4]. Various physical implications and applications of
both the Ricci flow and Ricci solitons have been discussed in the literature [5–9].
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The notion of Riemann flow on the manifold (M,g), characterized by the Riemann
curvature tensor R, was introduced by Udrişte [10, 11] and is defined by the equation

∂

∂t
G (t) = −2R(g(t)),

where G = 1
2g ⊙ g and for two (0, 2)-tensors, ω and ϑ the symbol ⊙ is defined by:

(ω ⊙ ϑ)(W1,W2, U1, U2) = ω(W1, U2)ϑ(W2, U1) + ω(W2, U1)ϑ(W1, U2)

− ω(W1, U1)ϑ(W2, U2)− ω(W2, U2)ϑ(W1, U1),

applicable to all vector fields W1, W2, U1, U2. The manifold (Mn, g) is called a Riemann
soliton [12] and is represented as (Mn, g, µ, V ) whenever

2R + µg ⊙ g + g ⊙ LV g = 0, (1.1)

for a specific vector field V and a constant µ. The classification of the Riemann soliton
as expanding, shrinking, or steady is determined by the sign of µ, where µ > 0 indicates
expansion, µ < 0 indicates contraction, and µ = 0 signifies a steady state. If V = gradh for
some smooth function h, the soliton is termed a gradient Riemann soliton, which leads to the
modified equation

2R + µg ⊙ g + 2g ⊙∇2f = 0.

From (1.1), we have

2R(W1,W2, U1, U2) = −2µ
[
g(W1, U2)g(W2, U1)− g(W1, U1)g(W2, U2)

]

−
[
g(W1, U2)LV g(W2, U1) + g(W2, U1)LV g(W1, U2)

]

+
[
g(W1, U1)LV g(W2, U2) + g(W2, U2)LV g(W1, U1)

]
.

(1.2)

By contracting W1 and U2 in the previous equation, we obtain

2S(W2, U1) = −2((n − 1)µ + divV )g(W2, U1)− (n− 2)LV g(W2, U1).

A variety of research has been undertaken on Riemann solitons in the framework of manifolds.
For instance, Biswas et al. [13] explored Riemann solitons on almost co-Kahler manifolds,
while Venkatesha et al. [14, 15] concentrated on Riemann solitons within the fields of contact
geometry and nearly Kenmotsu manifolds. Additional information can be found in the studies
cited in references [16–21]. Also, a vector field Y is referred to as a Ricci bi-conformal vector
field, as described in [22], if it satisfies the conditions

LY g = αg + βS, LY S = αS + βg,

for some smooth functions α and β. Also, see [23–27]. Ricci bi-conformal vector fields
find applications across various fields, notably in General Relativity, where they elucidate
the connection between gravitational fields and the geometric structure of spacetime. In
Mathematical Physics, they are essential for analyzing solutions to Einstein’s equations and
their associated geometric attributes. Furthermore, in the field of Geometric Analysis, these
vector fields contribute to the investigation of manifold properties by examining curvature
and conformal structures.

On the other hand, a Lorentzian manifold that possesses a parallel light-like vector field
is referred to as a Brinkmann wave, as noted in [28]. A Brinkmann wave manifold, denoted
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as (M,g), is classified as a pp-wave if tr(3,5)(4,6)(R⊗R) = 0, where R is the curvature tensor.
In the work referenced as [29], Schimming demonstrated that a pp-wave manifold in (n + 2)
dimensions can be expressed in coordinates (x, y, z1, . . . , zn) where

g = 2dxdy + f(dy)2 +

n∑

k=1

(dzk)
2

with the condition that ∂xf = 0. In the work referenced as [30], Leistner established
an alternative characterization of pp-wave manifolds. Specifically, he demonstrated that a
Brinkmann-wave manifold, which features a parallel light-like vector field X along with the
induced parallel distributions D and D⊥, qualifies as a pp-wave if and only if R fulfills the
condition expressed in equation

R(U, V ) : D
⊥ → D (1.3)

for all vectors U, V in the tangent bundle TM . This condition can also be interpreted as
R(W1,W2) = 0 for any vectors W1, W2 belonging to D⊥. Consequently, it can be inferred
that pp-wave manifold exhibits Ricci isotropy, indicating that the image of the Ricci operator
is entirely light-like and that the scalar curvature is zero, as noted in [30]. Additionally,
Leistner proposed a novel category of non-irreducible Lorentzian manifolds that satisfy the
condition in (1.3) but are associated with a recurrent vector field X, characterized by the
relation ∇X = ω ⊗X, where ω is a one-form defined on M . These manifolds are referred to
as pr-waves, as per [30]. Furthermore, a local coordinate description akin to that of pp-wave
manifolds was provided in [30]: a Lorentzian manifold (M,g) of dimension n+2 > 2 is classified
as a pr-wave if, in the vicinity of any point o ∈ M , there exist coordinates (x, y, z1, . . . , zn)
such that the metric g takes the form:

g = 2dxdy + f(dz)2 +

n∑

k=1

(dzk)
2, (1.4)

where f is a smooth function on (M,g). Batat in [31], examined the curvature characteristics
and Ricci solitons associated with Lorentzian pr-wave manifolds.

The arrangement of this document is outlined as follows. In Section 2, we provide an in-
depth examination of the geometric frameworks pertaining to Lorentzian pr-waves manifolds.
Section 3 focuses on the identification of Riemann solitons found within these specific
manifolds. Notably, we demonstrate that these manifolds are capable of hosting various vector
fields, leading to the emergence of Riemann solitons, with a crucial finding that these Riemann
solitons display gradient properties solely in the steady state.

2. PR-Waves Manifolds

Let ∇ denote the Levi-Civita connection of the manifold (M,g). We denote its associated
curvature tensor as R, adhering to the sign convention defined by the equation:

R(V,W ) = ∇[V,W ] −
[
∇V ,∇W

]

and the Ricci tensor S of g is described by S(V,W ) = tr(Z → R(V,Z)W ). In this paper, we
will operate under the assumption that n > 1. Regarding the coordinate vector field basis
{∂x, ∂y , ∂z1 , . . . , ∂zn}, for which equation (1.4) is applicable, the non-zero components of the
metric are defined as

gxy = 1, gyy = f, gzizi = 1 for 1 6 i 6 n.
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Therefore, the covariant derivatives of coordinate vector fields that may not vanish are
expressed as

∇∂x∂y =
1

2
fx∂x,

∇∂y∂y =
1

2
(ffx + fz)∂x −

1

2
fx∂y −

1

2

n∑

k=1

fzk∂zk ,

∇∂zi
∂y =

1

2
fzi∂x for 1 6 i 6 n.

(2.1)

By inserting equation (2.1) into equation (1.3), we determine that the only curvature
components that may be non-zero, for 1 6 i, j 6 n, are

R(∂x, ∂y)∂x = −
1

2
fxx∂x,

R(∂x, ∂y)∂zi = R(∂zi , ∂y)∂x = −
1

2
fxzi∂x,

R(∂x, ∂y)∂y = −
1

2
ffxx∂x +

1

2
fxx∂y +

1

2

n∑

k=1

fxzk∂k,

R(∂zi , ∂y)∂zj = −
1

2
fzizj∂x,

R(∂zi , ∂y)∂y = −
1

2
ffxzi∂x +

1

2
fxzi∂y +

1

2

n∑

k=1

fzizk∂zk .

Hence

Rxyxy = −
1

2
fxx, Rxyziy = −

1

2
fxzi , Rziyyzj =

1

2
fzizj . (2.2)

By applying equation (2.2), we obtain

S(∂x, ∂y) =
1

2
fxx, S(∂y, ∂y) =

1

2

(
ffxx −

n∑

k=1

fzkzk

)
,

S(∂zi , ∂y) =
1

2
fxzi for 1 6 i 6 n,

(2.3)

being zero otherwise. We examine a general vector field represented as V = X∂x + Y ∂y +∑n
k=1 Zk∂zk on Lorentzian pr-waves manifolds. Here, the components X,Y,Zi for i = 1, . . . , n

are smooth functions of the coordinates (x, y, z1, . . . , zn). We derive the following results:

(LV g)(∂x, ∂x) = 2∂xY,

(LV g)(∂x, ∂y) = ∂xX + f∂xY + ∂yY,

(LV g)(∂x, ∂zi) = ∂xZi + ∂ziY,

(LV g)(∂y , ∂y) = Xfx +

n∑

k=1

Zkfzk + Y fy + 2(∂yX + f∂yY ),

(LV g)(∂y , ∂zi) = ∂ziX + f∂ziY + ∂yZi,

(LV g)(∂zi , ∂zj ) = ∂ziZj + ∂zjZi.

(2.4)
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The Lie derivative of the Ricci tensor S in the direction of V is expressed as

(LV S)(∂x, ∂x) = (∂xY )fxx,

(LV S)(∂x, ∂y) =
1

2
(∂xX)fxx +

1

2

(
ffxx −

n∑

k=1

fzkzk

)
∂xY +

1

2

n∑

k=1

(∂xZk)fxzk

+
1

2
(∂yY )fxx +

1

2
Xfxxx +

1

2
Y fxxy +

1

2

n∑

k=1

Zkfxxzk ,

(LV S)(∂x, ∂zi) =
1

2
(∂xY )fxzi −

1

2
(∂ziY )fxx,

(LV S)(∂y , ∂y) =
1

2
V

(
ffxx −

n∑

k=1

fzkzk

)
+ (∂yX)fxx

(2.5)

+(∂yY )

(
ffxx −

n∑

k=1

fzkzk

)
+

n∑

k=1

(∂yZk)fxzk ,

(LV S)(∂y , ∂zi) =
1

2
V (fyzi) +

1

2
(∂yY )fxzi −

1

2
(∂ziX)fxx

−
1

2
(∂ziY )

(
ffxx −

n∑

k=1

fzkzk

)
−

1

2

n∑

k=1

(∂ziZk)fxzk ,

(LV S)(∂zi , ∂zj ) =
1

2
(∂ziY )fxzj +

1

2
(∂zjY )fxzi .

3. Riemann Solitons on Lorentzian PR-Waves Manifolds

In the following, we explore the presence of Riemann solitons within Lorentzian pr-waves
manifolds. According to the findings presented in (1.2), Lorentzian pr-waves manifold qualifies
as a Riemann soliton with a potential vector field V = X∂x + Y ∂y +

∑n
k=1 Zk∂zk if and only

if

2Rxyxy = −2µg(∂x, ∂y)
2 − 2g(∂x, ∂y)(LV g)(∂x, ∂y) + g(∂y, ∂y)(LV g)(∂x, ∂x),

2Rxyziy = −g(∂x, ∂y)(LV g)(∂y , ∂zi) + g(∂y , ∂y)(LV g)(∂x, ∂zi),

2Rziyyzi = −2µg(∂y, ∂y)g(∂zi , ∂zi)− g(∂zi , ∂zi)(LV g)(∂y , ∂y)− g(∂y , ∂y)(LV g)(∂zi , ∂zi),

2Rziyyzj = −g(∂y, ∂y)(LV g)(∂zi , ∂zj ), i 6= j,

2Rxzixzi = g(∂zi , ∂zi)(LV g)(∂x, ∂x),

2Rxziyzi = 2µg(∂x, ∂y)g(∂zi , ∂zi) + g(∂x, ∂y)(LV g)(∂zi , ∂zi) + g(∂zi , ∂zi)(LV g)(∂x, ∂y),

2Rxziyzj = g(∂x, ∂y)(LV g)(∂zi , ∂zj ), i 6= j,

2Rxyzix = g(∂y, ∂x)(LV g)(∂x, ∂zi).

By utilizing equations (1.4) and (2.2) in the preceding equations, we obtain

−fxx = −2µ− 2(LV g)(∂x, ∂y) + f(LV g)(∂x, ∂x),

−fxzi = −(LV g)(∂y , ∂zi) + f(LV g)(∂x, ∂zi),

fzizi = −2µf − (LV g)(∂y , ∂y)− f(LV g)(∂zi , ∂zi),

fzizj = −f(LV g)(∂zi , ∂zj ), i 6= j,

0 = (LV g)(∂x, ∂x),

0 = 2µ+ (LV g)(∂zi , ∂zi) + (LV g)(∂x, ∂y),
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0 = (LV g)(∂zi , ∂zj ), i 6= j,

0 = (LV g)(∂x, ∂zi).

From the fourth and seventh equations of the above system, it is obtained fzizj = 0 for i 6= j.
We also have

(LV g)(∂x, ∂x) = (LV g)(∂x, ∂zi) = (LV g)(∂zi , ∂zj ) = 0, i 6= j,

(LV g)(∂x, ∂y) =
1

2
fxx − µ,

(LV g)(∂y , ∂zi) = fxzi ,

(LV g)(∂y , ∂y) = −µf − fzizi +
f

2
fxx,

(LV g)(∂zi , ∂zi) = −µ−
1

2
fxx.

(3.1)

By substituting (2.4) into the equations mentioned above, we derive

∂xY = 0, (3.2)

∂xZi + ∂ziY = 0, (3.3)

∂ziZj + ∂zjZi = 0, i 6= j, (3.4)

∂xX + f∂xY + ∂yY =
1

2
fxx − µ, (3.5)

∂ziX + f∂ziY + ∂yZi = fxzi, (3.6)

Xfx +
n∑

k=1

Zkfzk + Y fy + 2(∂yX + f∂yY ) = −µf − fzizi +
f

2
fxx (∀ i ∈ {1, . . . , n}), (3.7)

2∂ziZi = −µ−
1

2
fxx (∀ i ∈ {1, . . . , n}). (3.8)

Equation (3.2) yields
Y = Y (y, z1, . . . , zn).

Deriving the equation (3.3) with respect to zj for all i, j = 1, 2, . . . , n, we get

∂zj∂xZi + ∂zj∂ziY = 0.

From (3.4), and considering that ∂zj∂xZi = −∂zj∂ziY , we derive

∂zj∂xZi = ∂zj∂ziY = 0, for all i, j = 1, 2, . . . , n such that i 6= j.

Also, (3.8) and considering ∂zj∂xZi = 0, we deduce fxxxzi = 0 for i = 1, . . . , n. We derive (3.4)
with respect to zk for k 6= i, j, we find

∂zk∂zjZi + ∂zk∂ziZj = 0,

and so
∂zi∂zjZk + ∂zi∂kZj = 0, ∂zj∂zkZi + ∂zj∂ziZk = 0,

which give

∂zj∂zkZi = 0, for all i, j, k = 1, 2, . . . , n such that i 6= j, k 6= i, j.
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Then we can write

Y =

n∑

i=1

Ai(y, zi)

and

Zi = −(∂ziAi(y, zi))x+
n∑

k=1,
k 6=i

Bik(zk, y)

for some smooth functions Ai and Bik such that ∂zjBij = ∂ziBji. Inserting the last equation
in (3.8), it follows that

−2(∂zi∂ziAi(y, zi))x = −µ−
1

2
fxx, i = 1, 2, . . . , n.

Since fxxxzi = 0, we get ∂zi∂ziAi(y, zi) = A(y), i = 1, 2, . . . , n, for some function A. Therefore,

Ai(y, zi) =
1

2
A(y)z2i +Ai1(y)zi +Ai2(y)

and
fxx = −2µ+ 4A(y)x

for some smooth functions Ai1 and Ai2. We also get

Y =
1

2
A(y)

n∑

i=1

z2i +

n∑

i=1

Ai1(y)zi + Ã(y), (3.9)

and

Zi = −(A(y)zi +Ai1(y))x+

n∑

k=1,
k 6=i

Bik(zk, y), (3.10)

where Ã(y) =
∑n

i=1Ai2(y). Equation (3.5) gives

∂xX = −
1

2
A′(y)

n∑

i=1

z2i −

n∑

i=1

A′
i1(y)zi − Ã′(y)− 2µ+A(y)x

and consequently we obtain

X = −2µx+
1

2
A(y)x2 −

1

2
A′(y)x

n∑

i=1

z2i − x

n∑

i=1

A′
i1(y)zi − Ã′(y)x+ X̃(y, z1, . . . , zn) (3.11)

for some smooth function X̃. Applying (3.9), (3.10), and (3.11) to (3.6), we arrive at

∂ziX̃ + f (A(y)zi +Ai1(y))− 2
(
A′(y)zi +A′

i1(y)
)
x+

n∑

k=1,
k 6=i

∂yBik(zk, y) = fxzi . (3.12)

Taking derivative (3.12) with respect to zj and using fzizj = 0 for i 6= j, we infer

∂zj∂ziX̃ + fzj (A(y)zi +Ai1(y)) +
n∑

k=1,
k 6=i

∂zj∂yBik(zk, y) = 0. (3.13)

By differentiating equation (3.12) twice with respect to x, we have

(−2µ+ 4A(y)x) (A(y)zi +Ai1(y)) = 0 (∀ i ∈ {1, . . . , n}).
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Then −2µ+ 4A(y)x = 0 or A(y)zi +Ai1(y) = 0 for i = 1, . . . , n. If A(y)zi +Ai1(y) = 0, then
A(y) = Ai1(y) = 0 for i = 1, . . . , n. Equation (3.13) becomes ∂zj∂ziX̃ + ∂zj∂yBij(zj , y) = 0.

Similarly, ∂zi∂zj X̃ + ∂zi∂yBji(zi, y) = 0. Since ∂ziBji(zi, y) + ∂zjBij(zj , y) = 0, we obtain

∂zi∂zj X̃ = ∂zi∂yBji(zi, y) = 0 for all i 6= j. Therefore, we can write

Bij(zj , y) = Bij(y), X̃ =

n∑

k=1

X̄i(y, zi),

and ∂ziX̄i(y, zi) +B′
i(y) = fxzi for some smooth functions X̄i where Bi(y) =

∑n
k=1,
k 6=i

∂yBik(y).

Now we have ∂zi∂ziX̄i = fxzizi . Using (3.7) we deduce that fzizi = fzjzj for i, j = 1, 2, . . . , n.
Hence,

∂zi∂ziX̄i = D(y), X̄i =
1

2
D(y)z2i +Di1(y)zi +Di2(y)

for some smooth functions D(y), Di1, and Di2. Consequently, we find

fxzi = D(y)zi +Di1(y) +B′
i(y), X̃ =

1

2
D(y)

n∑

k=1

z2k +
n∑

k=1

Dk1(y)zk + D̄(y),

where D̄ =
∑n

k=1Dk2(y). Consequently, for any i ∈ {1, . . . , n}, it follows that

Y = Ã(y), X = −2µx+
1

2
D(y)

n∑

k=1

z2k +
n∑

k=1

Dk1(y)zk + D̄(y), Zi = Bi(y), fxx = −2µ.

Next, we derive (3.7) with respect to x, we infer

(−2µx+ X̃)(−2µ) +

n∑

k=1

Zkfxzk + Ã(y)fxy + 2fxÃ
′(y) = −fxzizi (3.14)

and by differentiating again with respect to x, we have

µ2 − µÃ′(y) = 0.

Then µ = 0 or µ = Ã′(y). If µ = 0, then fxzi = D(y)zi +Di1(y) +B′
i(y), fxx = 0,

Y = Ã(y), X =
1

2
D(y)

n∑

k=1

z2k +

n∑

k=1

Dk1(y)zk + D̄(y), Zi = Bi(y), (3.15)

and

X̃fx +
n∑

k=1

Zkfzk + Ã(y)fy + 2(∂yX̃ + fÃ′(y)) = −fzizi . (3.16)

Now, if µ 6= 0 then µ = Ã′(y) and Ã(y) = µy + a for some constant a. Then, we obtain
fxzi = D(y)zi +Di1(y) +B′

i(y), fxx = −2µ,

Y = µy + a, X = −2µx+
1

2
D(y)

n∑

k=1

z2k +

n∑

k=1

Dk1(y)zk + D̄(y), Zi = Bi(y) (3.17)

and

(−2µx+ X̃)fx +

n∑

k=1

Zkfzk + (µy + a)fy + 2(∂yX + fµ) = −2µf − fzizi . (3.18)
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If we consider A(y)zi + Ai1(y) 6= 0 and −2µ + 4A(y)x = 0 then µ = 0, A(y) = 0, and
Ai1(y) 6= 0. In this case, fxx = 0,

Y =

n∑

i=1

Ai1(y)zi + Ã(y), X = −x

n∑

i=1

A′
i1(y)zi − Ã′(y)x+ X̃,

Zi = −Ai1(y)x+
n∑

k=1
k 6=i

Bik(zk, y),
(3.19)

∂ziX̃ + fAi1(y)− 2A′
i1(y)x+

n∑

k=1,
k 6=i

∂yBik(zk, y) = fxzi, (3.20)

and

Xfx +
n∑

k=1

Zkfzk + Y fy + 2(∂yX + f∂yY ) = −fzizi . (3.21)

Theorem 3.1. The Lorentzian pr-waves manifold with metric (1.4) is a Riemann soliton

(M,g, µ, V ) of type

I) steady and V admits (3.15)–(3.16);
II) steady and V admits (3.19)–(3.21);
III) non-steady and V admits (3.17)–(3.18).

From (1.4), we can conclude that Riemann soliton on Lorentzian pr-waves manifolds is
gradient soliton with V = ∇h = −f∂xh∂x + ∂yh∂x + ∂xh∂y +

∑n
k=1 ∂zkh∂zk for some smooth

function h, if and only if 



∂xh = Y,

∂yh = X + fY,

∂zih = Zi, i = 1, 2, . . . , n.

(3.22)

By taking the derivative from the first equation and the second equation (3.22) with respect
to y and x, respectively, we conclude that ∂yY = ∂xX+fxY . Similarly, we have ∂ziY = ∂xZi,
∂ziX + fziY + f∂ziY = ∂yZi, and ∂ziZj = ∂zjZj for i 6= j. In the case I) the last equations
imply that

Ã′(y) = fxÃ(y), D(y)zi +Di1(y) + fziÃ(y) = B′
i(y).

If Ã(y) = 0 then Y = 0, D(y) = 0, Di1(y) = B′
i(y), and fxzi = 2B′

i(y). Taking the derivative
of (3.16) with respect to zj for j 6= i, we get

Bj(y)fx + 2

(
D̃(y) +

n∑

k=1

Bkzk

)
B′

j(y) +Bj(y)fzjzj + 2B′
j(y) = 0

and by differentiating the previous equation once more with respect to zk for k 6= j, we obtain

Bj(y)B
′
k(y) +B′

j(y)Bk(y) = 0.

Therefore, Bj(y) = bj for some constants bj , j = 1, 2, . . . , n. Hence, in this case we have

h =

∫
D̃(y)dy +

n∑

k=1

bkzky +

n∑

k=1

bkzk + c (3.23)
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for some constant c. If Ã(y) 6= 0 then fxzi = 0 and D(y) = 0, Di1(y) = −B′
i(y). In this case,

we get

h = Ã(y)x+

∫
fÃ(y) dy +

∫
D̃ dy +

n∑

k=1

(∫
Bk(y) dy

)
zk +

n∑

k=1

Bk(y)zk + c1 (3.24)

for some constant c1. For case II), ∂yY = ∂xX+fxY yields −3µ = fx(µy+a) and consequently
µ = 0 which is a contradiction. For case III) ∂ziY = ∂xZi leads to Ai1(y) = 0, again
a contradiction. Therefore we conclude:

Corollary 3.1. The Lorentzian pr-waves manifold with metric g is a steady gradient

Riemann soliton with potential function h that satisfies (3.23) or (3.24).

Remark 3.1. A vector field Y is classified as a conformal if it satisfies LY g = 2fg, where
f is a smooth function. In the special case where f = 0, the vector field Y is referred to as a
Killing vector field. Conformal vector fields have been extensively analyzed in works such as
[32, 33, 34]. From (3.1) we conclude a potential vector field of Riemann soliton on Lorentzian
pr-waves manifold is a Killing if and only if µ = 0, and fxx = fxzi = fzizi = 0.

Remark 3.2. A vector field Y is referred to as a Ricci collineation if it satisfies the
condition LY S = 0, where LY represents the Lie derivative and S denotes the Ricci tensor.
Based on Theorem 3.1 and equation (2.5), any potential vector field associated with a Riemann
soliton on a Lorentzian pr-waves manifold is a Ricci collineation vector field if

nV (fz1z1) + 2nÃ′(y)fz1z1 + 2
n∑

k=1

B′
k(y)fxzk = 0, V (fyzi) + Ã′(y)fxzi = 0.

Remark 3.3. According to Theorem 3.1 and equation (2.5), any potential vector field
V associated with a Riemann soliton on a pr-wave manifold qualifies as a Ricci bi-conformal
vector field for α = β = 0 such that

nV (fz1z1) + 2nÃ′(y)fz1z1 + 2
n∑

k=1

B′
k(y)fxzk = 0, V (fyzi) + Ã′(y)fxzi = 0.

In the work of Batat [31], it was established that a pr-wave manifold (M,g) is
(i) conformally flat if and only if its defining function f can be represented as

f = F (y)x+H(y) +

n∑

k=1

(
1

2
G(y)zk + Lk(y)

)
zk;

(ii) flat if and only if

f = F (y)x+H(y) +

n∑

k=1

Lk(y)zk,

where F,G,Lk are smooth functions.

Corollary 3.2. Any Riemann soliton on conformally flat Lorentzian pr-waves manifolds

is steady.
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РИМАНОВЫ СОЛИТОНЫ НА ЛОРЕНЦЕВЫХ
pr-ВОЛНОВЫХ МНОГООБРАЗИЯХ

Азами Ш.1

1 Международный университет им. Имама Хомейни,
Казвин 34149-16818, Иран

E-mail: azami@sci.ikiu.ac.ir

Аннотация. В данном исследовании мы изучаем римановы солитоны в контексте лоренцевых мно-
гообразий типа PR-волн. Наша работа направлена на систематическую классификацию всех векторных
полей, ассоциированных с римановыми солитонами на указанных многообразиях. Важным аспектом на-
шего исследования является выявление тех из них, которые могут быть отнесены к градиентному типу.
Кроме того, мы показываем, что любое векторное поле, потенциально связанное с римановыми солито-
нами, может быть классифицировано по нескольким категориям: биконформное Риччи, киллингово и
коллинеационное Риччи. Данная классификация не только углубляет наше понимание геометрических
свойств этих многообразий, но и проясняет сложные взаимосвязи между различными типами таких
полей и римановыми солитонами. Анализ также дает явные условия для стационарного и нестационар-
ного случаев. Градиентные солитоны Римана возникают только в стационарном случае, в то время как
потенциальные векторные поля могут дополнительно быть киллинговскими, коллинеационными Риччи
или биконформными Риччи.

Ключевые слова: лоренцевы многообразия PR-волн, риманов солитон, биконформное Риччи век-
торное поле.
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