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Abstract. The paper considers a loaded wave equation. Its peculiarity is that in characteristic variables
& =xz—y,n=z+y, the loaded components are a linear combination of unknown functions, which depend
only on £ or 7. Moreover, the loaded part of this equation is a solution to the wave equation. For such an
equation a representation of all its solutions is obtained. The problem is investigated in the case where
the carrier is one of the characteristics of the wave equation, a setting known to be ill-posed for the usual
string oscillation equation. For the Cauchy problem, the same characteristic carrier is considered. For a
normal wave equation, such a formulation is known to be ill-posed. When some nonlocal conditions of a
point nature are satisfied, the existence and uniqueness theorem for the given problem is proved, and the
solution is written out explicitly. This shows the effect of the load as a regulator of the ill-posed problem.
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1. Introduction

Consider the equation

Ou(z,y) = 4[Au(z — y,0) + pu(z + y,0)], (1)

where o2 o2
=25 "33 (2)

Oz oy

is the wave operator, and A and p are real constants.

In less than fifty years since the publication of the work [1], in which the definition of
loaded equations was first introduced, a significant number of publications focusing on loaded
differential equations have emerged. Note only some of them [2-5].

It is important to know that the loaded differential equation in the domain D € R™ has
the form

Lu(z) + Mu(z) = f(2), (3)

where L is a differential operator with respect to z € D, and M is an operator containing
traces of operations from the function u(z) on a manifold Dy of dimension strictly less than n,
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Dy € D (as usual, D denotes the closure of D). The term Mu(z) is called the load in (3),
and the manifold D)y is usually called the trace of the load [1-3].

The main feature of (1) is that its load Au(x —y,0) + pu(x +y,0) is a linear combination
of the values of the sought solution at the intersection points of the line y = 0 with the
characteristics of the wave equation emitted from the point (z,y). Such a load is usually
called characteristic load. The works [1, 6, 7] are devoted to the study of the Darboux and
Goursat problem forstrictly and weakly hyperbolic equations with characteristic loads.

The presence of a load in a differential equation can significantly affect the formulation
and correctness of problems. This is especially evident in the case of hyperbolic equations.
For example, the load traces of two model equations

Uy — Uy = Au(x,0), Uy —uy = Au(z —y,0), and uz —uy = Au(z +y,0),

are the same: they lie on the z-axis. However, their general solutions

xT

w(z,y) = flx+y) + A / AN £ (1) d,

and
u(z,y) = (1= Ay)f(z +y)

are fundamentally different.

As is known, the Cauchy problem plays an important role in describing all solutions of
partial differential equations [8, p. 73]. The Cauchy problem and control problems for loaded
hyperbolic equations of the first and second orders with load traces located on a line parallel to
the time axis (i. e., with spatially nonlocal loads) were solved in [9-11]. The Cauchy problem
for a class of nonlinear first-order partial differential equations with load traces located on a
finite union of straight lines parallel to the spatial axis (i. e., with loads nonlocal in time) was
considered in [12-14].

For the classical one-dimensional wave equation

Du(z,y) =0, (4)

the fundamental role in the study of initial-boundary value problems and their physical
interpretation, is played by the d’Alembert formula,

u(z,y) = f(z —y) +g9(z +y), (5)

which gives the general representation for solutions of the equation (4).

It is known that for (4), the initial data given on the characteristic line cannot be chosen
arbitrarily. They must satisfy some compatibility condition. Moreover, the corresponding
homogeneous Cauchy problem with data given on one of the characteristics, say, on the line
x +y = 0, has an infinite number of non-trivial solutions of the form u(x,y) = F(z + y),
where F(t) is an arbitrary sufficiently smooth function satisfying F'(0) = F’(0) = 0.

In this work, we study the Cauchy problem for the equation (1), namely, in the case when
the Cauchy data are specified on the characteristic line, i. e., we study the characteristic
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Cauchy problem. We show that the loaded term in the equation (1) plays a regularizing role:
the characteristic Cauchy problem turns out to be correct, in contrast to the case of the
equation (4). We find an analogue of the formula (5) for the equation (1), prove the existence
and uniqueness theorem of solutions for the problem under consideration, and construct an
explicit representation for the solutions.

2. Statement of the Problem

Let © be a domain in the plane of z and y, bounded by the segments of characteristics
AC:zx—y=0,AD:2+y=0,BC:x+y=1, BD: 2z —y =1 of the operator (2), i. e.,

Q:{(:c,y):0<x—y<1,0<x+y<1}.

DEFINITION 1. A function u(x,y) is called a regular solution of the equation (1) in the
domain Q if u(z,y) € C(Q) N C%(Q) and u(x,y) satisfies (1) at any point (x,7) € Q.

Let p be a given real number such that 0 < p < 1. Let us denote the characteristic of the
operator (2) passing through the points with coordinates (p/2,p/2) and ((1+p)/2,(p—1)/2)
by 7 and the point with coordinates (p/2, —p/2), ((1 +p)/2,(1 —p)/2) by 71. Obviously, the
point with coordinates (p,0) belongs to v and to 7.

PROBLEM 1: Find a regular solution of the equation (1) satisfying the conditions

u‘v =7(z), 0<z<1, (6)
1 Ou
_ = 1
V2 0t |, v(r), 0<z<l, (7)

where 77 is the normal to ~.
PROBLEM 2: Find a regular solution of the equation (1) satisfying the conditions

u‘ﬂﬂ =7(x), 0<z<]1, (8)
1 Ou
E%WI—V(.’E), 0<$<1, (9)

where 77 is the normal to ;.

3. D’Alembert Formula

Proposition 1. Let u(x,y) be a regular solution of the equation (1) in Q2. Then there
exist functions f(t) and g(t) such that

Tty
u(z,y) = flx—y)+ g +y) — Mz +y) / [f(t) + g(t)] at
Tty o (10)
e =y) [ [£0)+9(0)] dr
T—y

Conversely, a function of the form (10) is a regular solution of (1) if

f(t), g(t) € C[0,1] N C%0,1). (11)
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< Let u(z,y) be a regular solution of the equation (1), and let

E=x—y and n=uzx+y, (12)
and
o= (E2, 1)

In terms of independent variables £ and 7, and the dependent variable v(&, ), the equation (1)
takes the form

ven = Av(§,€) + po(n, ). (13)

Obviously, the transformation
n n
Vg = v(&n) + A [ oltst)di - g [oie.t) (14)
3 3

equivalently reduces (13) to the equation
Vey = 0. (15)
If we take £ = 7, then from (14), we obtain
V(&:€) = (&, ) (16)
Considering that the general solution (15)

V(&) = f(&)+gn)

and taking into account (16), inverting (14), we get
7 "
o6 = 1O +9tn) — M [ [10)+g0)] de+ué [ 110 +g@]ar  an)
3 3

Returning to the variables x and y, we obtain the formula (10). This proves that a regular
solution of the equation (1) can be represented in the form (10).

A simple direct calculation shows that for any functions f(t) and g(t) satisfying (11), the
function (10) is a regular solution of the equation (1). >

4. Main Results
Theorem 1. Let 7(z) € C*[0,1] N C?(0,1), v(x) € C?[0,1] N C3(0,1), and let X # 0,

Vip) = A+ w)7(p), v'(p)=X7(p)+ v

Then the solution to the Cauchy problem (6), (7) for equation (1) exists, is unique and has
the form

u(zy) = 3 V(0 +9) + 7w —y) — (e +y— p)[ple +y) — vz — )]

1

o’ 2 (18)
— v +y) —v)] + 5 A+ )y + 2y —yp) = 17(p).
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< In terms of the variables (12), the conditions (6) and (7) take the form

v(&ap) = 7(5) and ’Un(g,p) = V(g)’ (19)
and from (17) we obtain
£6) + 96) + (6 = ) [ 17(0)+ g(0)] dt = ), (20)
3
90 =X [ 170+ 9]t + (€ = W[F0) + )] = (&) (21)
3

Without loss of generality, we may assume that the normal 77 forms an acute angle with
the Oz-axis.

Replacing & everywhere in (20) and (21) with p, we get

f®) +9p) =), 4'p)=vP) + - ppr(p). (22)

From (21), taking into account (22), we have

[v(p) + u(& = p)7(p) — v(&)] (23)

> =

/ [F(t) + 9()] dt =
3

From (20), taking into account (23) for f(£), we get

£(6) = 7€) + 3 (1 = ) [1(©) — W(p) — & — D)7(0)] — 9(1). (2

From (23) after differentiation with respect to &, taking into account (24), for g(n) we
obtain

g(n) = 5 [V'(n) = pr(p)] = 7(n) = % (un — Xp) [v(n) —v(p) — u(n —p)r(p)] +9(p)  (25)

It also follows from (23) that

[v(n) = v (&) — p(n — &)7(p)]. (26)

> =

n
/ [£(t) + g()] dt =
3

Substituting into (17) the expressions for f(£), g(n) and fg[f(t) + g(t)]dt, defined by
formulas (24), (25) and (26), respectively, after some simple transformations, we obtain
1
v(&n) = 3V () +7&) —7(m) = (0 = p) [v(n) = ()]

= L= —v®)] + 5 [(A+ w0 - O —p) ~ 7).

Returning to the variables x and y leads to (27). >
Theorem 2. Let 7(z) € C1[0,1] N C?(0,1), v(x) € C?[0,1] N C3(0,1), and let p # 0,

Vp) = A+ wr(p), v'(p)=n[r'(p)+vp)].
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Then the solution to the Cauchy problem (8), (9) for equation (1) exists, is unique and has
the form

u(m,w:%u’<x—y>+7<x+y>—<m—y—p>[u<x—y>—u<m+y>]

— %y v(z—y) —vip)] + 2 200+ 1) (v* — =y + yp) — 1] 7(p).

(27)
The proof of Theorem 2 is carried out in a completely similar way to the proof of
Theorem 1.

REMARK 1. The condition A # 0 is essential. Indeed, it is easy to see that the homogeneous
Cauchy problem (6), (7) for (1) has an infinite number of solutions of the form

T+y
w(w,y) = flz+ )+ ule —y) / ST~ p (1) g,

p

where f(£) is an arbitrary twice continuously differentiable function satisfying the condition
f(p) = f'(p)=0.

REMARK 2. Formula (27) implies that the domains of influence and definition, when the
Cauchy data are specified on v for the equation (1), coincide with the domains of influence
and definition for the Cauchy problem for the wave equation (4) when the initial data are
given on the segment {(z,y) : 0 <z < 1,y = 0}.

5. Conclusion

The solvability of Problem 1 in the case where Uu is replaced by a strictly hyperbolic
operator of general form with variable coefficients is equivalently reduced, using the Riemann
method, to the solvability of a Volterra integral equation of the second kind, from which
existence and uniqueness follow.

In this paper we show that loaded terms in hyperbolic equations can play the role of a
regularizer. We present such an equation for which the characteristic Cauchy problem, i. e.,
the problem with data given on the characteristic lines, is well-posed, unlike the classical
wave equation. In addition, this effect allows us to develop a theory of basic boundary
value problems for equation (1), which significantly complements and expands the theory
of boundary value problems for the one-dimensional wave equation.

References

1. Nakhushev, A. M. On the Darboux Problem for One Degenerate Loaded Second-Order Integro-Diffe-
rential Equation, Differential Equations, 1976, vol. 12, no. 1, pp. 103-108 (in Russian).

2. Dzhenaliev, M. T. and Ramazanov, M. I. Nagruzhennye uravneniya kak vozmushcheniya differen-
tsial’'nykh uravneniy [Loaded Equations as Perturbations of Differential Equations|, Almaty, Fylym,
2010, 336 p. (in Russian).

3. Nakhushev, A. M. Nagruzhennye uravneniya i ikh primeneniya [Loaded Equations and Their Applica-
tions|, Moscow, Nauka, 2012, 232 p. (in Russian).

4. Nakhusheva, V. A. Differentsial’nye uravneniya matematicheskikh modeley nelokal nykh protsessov [Dif-
ferential Equations of Mathematical Models of Nonlocal Processes|, Moscow, Nauka, 2006, 173 p.
(in Russian).

5. Serbina, L. I. Nelokalnye matematicheskie modeli perenosa v vodonosnykh sistemakh [Nonlocal Mathe-
matical Models of Transport in Aquifer Systems|, Moscow, Nauka, 2007, 167 p. (in Russian).



Characteristic Cauchy Problem 23

6.

10.

11.

12.

13.

14.

Attaev, A. Kh. Goursat Problem for Loaded Degenerate Second Order Hyperbolic Equation with Geller-
stedt Operator in Principal Part, Vestnik Samarskogo Gosudarstvennogo Tekhnicheskogo Universiteta,
Seriya Fiziko-Matematicheskie Nauki [Journal of Samara State Technical University, Series Physical
and Mathematical Sciences|, 2016, vol. 20, no. 1, pp. 7-21 (in Russian). DOI: 10.14498 /vsgtul452.
Attaev, A. Kh. Goursat Problem for Loaded Hyperbolic Equation, Reports of Adyghe (Circassian)
International Academy of Sciences, 2016, vol. 16, no. 3, pp. 9-12 (in Russian).

Courant R. Uravneniya s chastnymsi proizvodnymi [Partial Differential Equations], Moscow, Mir, 1964,
832 p. (in Russian).

Attayev A. Kh. The Cauchy Problem for a Loaded Linear Differential Equation of the First Order,
Bulletin of KRAUNC. Physical and Mathematical Sciences, 2023, vol. 44, no. 3, pp. 9-18 (in Russian).
DOI: 10.26117/2079-6641-2023-44-3-9-18.

Attaev A. Kh. Boundary Control Problem for a Loaded String Vibration Equation, Differential Equa-
tions, 2020, vol. 56, no. 5, pp. 635-640. DOI: 10.1134,/S0012266120050080.

Attaev, A. Kh. Boundary Value Problems for a Loaded Wave Equation, Bulletin of the Karaganda
University. Mathematics Series, 2017, no. 2 (86), pp. 8-13 (in Russian). DOI: 10.31489,/2017M2/8-13.
Borok, V. M. and Zhitomirsky, Ya. I. Cauchy Problem for Linear Loaded Differential Equations.
I. Uniqueness, [zvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 1981, no. 9, pp. 5-12 (in Russian).
Borok, V. M. and Zhitomirsky, Ya. I., Cauchy problem for linear loaded differential equations. II. Well-
Posedness, Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 1981, no. 10, pp. 3-9 (in Russian).
Borok, V. M. and Zhitomirsky, Ya. I. The Cauchy Problem for a Certain Class of Loaded
Equations, Russian Mathematical Surveys, 1979, vol. 34, no. 1, pp. 219-220. DOI: 10.1070/
RM1979v034n01ABEH002877.

Received March 19, 2025

AnaToLy KH. ATTAEV

Institute of Applied Mathematics and Automation KBSC RAS,
89 A Shortanov St., Nalchik 360000, Russia,

Leading Researcher of Department of Mixed Type Equations
E-mail: attaev.anatoly@ya.ru

https: //orcid.org/0000-0001-5864-6283

BragukaBka3ckuii MaTreMaTHIeCKUH Ky PHAJT
2026, Tom 28, Berryck 3, C. 17-24

XAPAKTEPUCTUYECKAA 3AJIAYA KOIIU I HATPYZKEHHOT'O
BOJIHOBOI'O YPABHEHU

Arraes A. X1

! Mucruryr npuxiagsoit MaTemMarnky u apromaruzanun KBHI] PAH,
Poccust, 360000, Hanbuuk, yi. [llopranosa 89 A

E-mail: attaev.anatoly@ya.ru

Amnnoranus. B pabore paccmarpuBaeTcsi OJJHOMEPHOE HAIrPYKEHHO€e BOJIHOBOe ypaBHeHue. OcobeHHOCTHIO
TaKO! HAI'PY3KU ABJISETCS TO, YTO B XaPAKTEPUCTHIECKUX IEPEMEHHBIX & = & — Y, 1) = T+ HArPy>KEHHbIE KOM-
[IOHEHTBI IPEJICTABJISIOT COOON JIMHEHHY 0 KOMOMHAIIMIO HEM3BECTHBIX (DYHKIIUH, 3aBUCAIIUX TOJIBKO OT £ UJIH 7).
JIJ1s1 MICXOMHOrO BOJIHOBOI'O YPABHEHHMsI IIOJIYYEHO IIPEJICTABJIEHNE BCEX €0 PEIIeHUM, sIBJISIONIEECs aHAJIOIOM
[IpEJ/ICTaBJIEHNST OOINEro perreHnsi OOBIMHOIO ypaBHeHUs KoJiebaHnusi cTpyHBI. s Hero mcciaemoBaHa 3a/1ada,
B KOTODPOI HOcUTeseM JaHHbIX Kol sBjIgercd ojjHa U3 XapaKTEPUCTUK PACCMATPUBAEMOrO HAIPYXKEHHOI'O
BOJIHOBOTO ypaBHeHus. [[jis1 0OOBIYHOrO ypaBHEHUsT KOJIeDaHUsl CTPYHBI TaKasl 3a/a4a siBJISETCS HEKOPPEKTHOI.
IIpu BbITONIHEHNHM HEKOTOPBIX HEJIOKAJIBHBIX YCJIOBUN TOUYEYHON MPHUPOJbBI JOKA3aHA TeopeMa CYIEeCTBOBAHUS
U €IMHCTBEHHOCTH DPEIeHUs, & CAMO OHO BBIIHCAHO B SIBHOM BHJI€. DTO MOKA3bIBAET BJIMsIHUE HATPY3KHU KaK
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peryssaTopa Jjis HEKOPPEKTHOU 3ajaun. Peryngpusanus 3agaun Komum ¢ JaHHBIMEA Ha XapaKTEPUCTUKAX [IPO-
UCXOUT 38 CUeT HaJU4YUsl HArPY’KEHHBIX CJIaraeMbIX CIEIMAJIbHOTO BUJIA, Ka¥KJ0€ M3 KOTOPBIX OTBEYAeT 33
KOPPEKTHOCTb Ha COOTBETCTBYIOIIEN XapaKTEPUCTHUKE.

KiroueBble ciioBa: Harpy»kKeHHOE ypaBHEHUE, BOJHOBOE ypaBHEHMe, BOJIHOBOI oneparop, dopmysa la-
nambepa, XapakKTepucTrudeckas 3agada Korm.
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