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HAWJIVUIIEE BOCCTAHOBJIEHUE PEINIEHUSA 3AJTAYN IUPUXJIE
10 HETOYHO 3AJAHHOMY CIIEKTPY TPAHNYHON ®YHKIIIN

E. B. A6pamoBa

Bo MHOrux npukiaIHbX 3a/a9ax BOSHUKAET CUTYalusl, KOr/1a TPe0yeTcs BOCCTAHOBUTD 3HAaYeHMEe (DY HKITUKI
10 HEKOTOPO#i madopMarmu (0GBLIYHO HE TOIHOH U He ToHoH). O6mas 3ama49a 06 ONTHUMATEHOM BOCCTa-
HOBJIEHUU JIMHEHHOTO (DYHKIMOHAA HA KJacce DYHKINIA 110 KOHEYHON nH(OpMAaIuy BIEPBLIE TOIBUIACH B
pa6ore C. A. Cmonska. B nasbreliniem sTa TeMaTrka Moy 9uia JOCTATOYHO IMUPOKOE PA3BUTHE B CAMBIX
pas3ubx HampasJseHnsx. CyIecTByeT MHOXKECTBO ITOIXOJ0B K PEIIeHUI0 TMOJ0OHBIX 334a4. 31eCh MBI CJle-
JIyeM TIOJXO/y, KOTOPBIH mpe/ioaraer Hajau4due anpuopHoii uadopmaruu 06 06bekTe, XapaKTePUCTUKU
KOTOPOro TpebyeTcs BOCCTAHOBUTH. DTO MO3BOJIIET IIOCTABAUTH 33/1a49y O HAXOXK/IEHUU HAWJLYYIIero MeTo-
13 BOCCTAHOBJICHUS JAHHONW XapaKTEPUCTUKU CPEIV BCEX BO3MOXKHBIX METO0B BOCCTAHOBJIEHUs. Takoit
B3IJIs]] HA 33/1a91M BOCCTAHOBJIEHUs Uieosorudecku Bocxoaut K paboram A. H. Konmoroposa 30-x rr. mpo-
LIJI0r0 BEKa 0 HAXO0XKJIEHUW HAWJIYYIINX CPEACTB NpubanKeHus Juis KjiaccoB dyukiuil. Maremarudeckas
TEOpHsI, T/Ie U3YIAIOTCS 331a91 BOCCTAHOBJICHUST HA OCHOBE YKA3AHHOIO MOIX0/d, AKTUBHO PA3BUBAETCS B
TOCJIe/IHUE JIECATUIETUs], OOHAPYKMBas TECHbIE CBA3M C KJIACCUYECKUMHU 33a9aMU TEOPUU NPUOIUKEHUN
¥ WMesl PAa3JIMYHbIE TPUJIOKEHUd K 3ajadaM MPakTuku. Pabora mocedineHa 3a/ade HAWIydliero BOCCTa-
HOBJIEHUS pemteHus 3aga4n Jupuxie B MeTpuke Lo Ha IpsSIMOil B BepXHEH MOJIYIIJIOCKOCTH, TaPAJLIIETILHOM
ocu abcrce, mo ciaemyomel naHGOpManun 0 TPAHUIHON DYHKINA: TPAHUIHASA (DYHKIINAS TPUHAITIEIKUT
HEKOTOPOMY CO0O0/IEBCKOMY TPOCTPAHCTBY (hyHKIwmil, a ee mpeodbpazoBanme Pyphe n3BeCTHO IPUOIHKEH-
HO€ (B MeTpUKe Loo) HA KOHEIHOM OTPE3Ke, CAMMETPUIHOM OTHOCUTEIHHO Hy/id. [[0CTpOeH OnTuMAaThHBIH
MeTOJ], BOCCTAHOBJIEHUsI U HAW/IEHO TOYHOE 3HAYEHUE IMOTPENTHOCTH ONTUMAJIBHOrO BoccranoBenus. Cire-
JIyeT OTMETHUTD, 9TO ONTUMAJIHHBIA METO/I UCIIO/Ib3YeT, BOOOIE rOBOPs, HE BCIO JOCTYIIHYIO WH(pOpMAIHIO,
a Ty, KOTOPYIO UCIOIb3YeT, ONPEIEIEHHBIM 00PA30M «CIJIa’KHUBAET>.

KurodeBsle ciioBa: 3amaga Jlupuxiie, onTuManbHOe BOCCTAHOBIIEHHE, SKCTPEMasIbHAs 3312493, Ipeodpa-
3oBanue Pypsoe.

BBenenue

Pabora nocssitena 3a1a4e HaUIy dIiero BOCCTAaHOBJIEHUsT Pelliennst 3a1aun upuxiie B meT-
puke Lo Ha TpsIMOii B BEpXHEll MOJYIIOCKOCTH, MapasLIebHON ocu abCIuCe, 0 CJIeyIoIeit
nadopMaIMu 0 TpaHUYHON (DyHKIUM: rpaHndHas (MYHKINS TPUHAIIEKAT HEKOTOPOMY CO-
607IeBCKOMY TIPOCTPAHCTBY (hyHKIWHi, a ee mpeobpaszoBanue Pypbe U3BECTHO TPUOIUKEHHOE
(B MeTpuke Lyo) HA KOHEYHOM OTPE3KE, CHMMETPUIHOM OTHOCUTENLHO Hyssi. [locTpoen onTu-
MaJIbHBI METOJ] BOCCTAHOBJIEHUS W HAWIEHO TOYHOE 3HAYEHWE TOTPENTHOCTU OMTUMAIBHOTO
BoccTanoBjeHus. Cregayer OTMETUTh, YTO ONTUMAJIBHBIN METOJ WCIOIB3YeT, BOOOIIE TOBOPSI,
HE BCIO JOCTYIHYI0 HHGMOPMAIIHIO, & TY, KOTOPYIO UCIOJIb3YeT, OPEe/IeJIEHHBIM 00pa30M «CIJia-
ZKHUBaET».

Ob6maga 3amada 00 ONTUMAJILHOM BOCCTAHOBJIEHHN JIMHEHHOro (PYHKIIMOHAJIA HA KJIACCEe
dbyukIwmit 10 KoHewHOI MHOpPMaIMK BHepBble nosiBUIIAach B pabore [1]. B nanbreiimem sra
TEMATUKA TIOJyYdUJia JOCTATOYHO IMUPOKOE PA3BUTUE B CaMbIX DA3HBIX HAIIPABJIECHUAX (yKa—
JKeM JiIb 0030psl [2-4]). OTmernM emme paboTsl [5-7|, Te paccMaTpuUBAIOTCA OJM3KHE 110
MTOCTAHOBKAM 33/a4N.

© 2017 Aopamosa E. B.
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1. ITocTtanoBKa 3amaydu

Paccmorpum 3amaay dupuxite

Au(z,y) =0, (z,y) €R? y>0,
(1.1)

3aKJTIOYUAIONLYIOCS B HAXOXKJIEHUHM MapMOHIYECKON (DyHKIWMA u(-, ) B BepXHE{l MOJIyII0CKOCTH,
quist koropoit f(-) € Lo(R) siBisiercs rpannanoiit ¢yukrueit. Pasencrso u(-,0) = f(-) noxn-
maercs Tak: u(-,y) — f(-) mpu y — 0 B merpure La(R).

Mer Gysem Tpeboath erme, 9TOOb Sup,~q [[u(:, )|, @) < 0o. B arom ciyuae pemenue
3ajaun JlupuxJie eJMHCTBEHHO U 3aJaeTcs uHTerpasoM Ilyaccona

u(z,y) = [ Pz —t,y)f(t)dt,
/

riae P(z,y) = W (cMm., nanpumep, [8]).
PaccMOTpuM IPOCTPaHCTBO (PyHKIIHUI

i (®) = {f() € La(R) : fU""V(-) € LAC(R), f")(-) € Ly(R), F[f](-) € Lo(R)},

riae LAC(R) o6osnavaer muoxkecTBo yHKuunii Ha R, aGCOIIOTHO HENPEPBHIBHBIX HA KAXKJIOM
koneunoM orpeske, F[f](-) — npeobpazosanue Pypove dyukmun f(-) € Lo(R).
O6o3naunm wepe3s WJ (R) cobosesckuit kiace dyHKunii Ha IpsMOi

Wi(®) = { F() € #4o®) : ||FOC)| ey <1}

Crapurcst 3a/jada 0 HawjydIieM BoccTaHoBiaeHun (yHkimn u(-,Y) — pemennn 3aj1adu
Hupuxje va npamoit y = Y, rae Y > 0, mo ciaeaytoreit nadopManyu 0 TpaHuYIHON (DYHK-
mn f(-) € Wi (R): 3agano npubimkenno ee npeobpasosanne Pypoe F[f](-) mHa orpeske
[—0,0], 0 > 0, B Mmerpuke Lo ([—0,0]), . e. usBecrna dyukunus g(-) € Loo([—0,0]) Takas,
aro [[F[f](-) = 9(- )| Le ((-0.0]) < 6, T1E 6 > 0.

Baaua onTUMaIbHOrO BOCCTAHOB/EHUS (-, Y) OHUMaercs caeayomum oopasom. JIroboe
orobpazkenne m: Log[—0, 0] — La(R) obbasaserca memodom eoccmanosaenus. Iloepews-
HOCMb ITOTO METOJ[a, ONPEEsISAeTCs BeJInIUHO

€ Y, WTOO(R)767 o,m) = sup u(vY) _m(g()) .
S ) FOEWS o (R), | Iz
9(-)€Los[~0, 0],
IE1O) =9 oo (=0, 0] <O

Hac mntepecyer Benmunna

E(Y, W5 (R),6,0) = — PiUnUfHLQ(R) e(Y, W5 (R),d,0,m),

KOTOPasd HA3BIBACTCA NO2PEUWHOCTDIO ONMUMAADHO20 860CCTMAHOBACHUA, 1 T€ METOIbI fr\z, Ha
KOTOPBIX HHUZKHAA I'PaHb JOCTUTACTCHA:

E(Y, W5 (R),6,0) =e(Y,W;(R),8,0,m).

Otn METOAbl Mbl Ha3bIBa€M ONMUMAADHDIMU MEMOJAMU B0CCMAHOBAEHUA.
He.HbIO pa6OTI)I ABJIAETCA IIOCTPOEHNE OIITHUMAJIBHOTO METO/a U HaX0XKJE€HUE COOTBETCTBY-
IOHIeﬁ IIOTPEMHOCTH OIITUMaJIBHOT'O BOCCTaHOBJIEHUA B TIOCTABJIEHHOM 3aga1e.
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2. ®opmMyIMPOBKA OCHOBHOTO pP€3yJIbTaTa

1/(2r+1)
M) " , 00 = min{o,5}. Merox

Teopema 1. Ilyctb 6 > 0, 0 > 0, 0 = ( <2

~

m : Lo[—0,0] = La(R), geiictByrommii B obpazax @ypre mo npaBuiLy

2r
6 (1= e o) (£)7) 9, 1l < oo
0, & > oo,

Flim(g(:))](€) =

ABJIACTCA ONTHUMAJIbHBIM. HOFpeLHHOCTb ONTUMAJIBHOI'O BOCCTAHOBJICHHUA HMEET BHJT

; 52 Cove Ve 1 5200
E(Y‘)WQOO(R)767U) N\ ory (1 —e 0) e <0(2)T B w(2r + 1)>

3. [lokazareabCcTBO Teopembr 1

OneHKa CHU3y MOrPEIIHOCTHA OINTHMAJIbHOIO BOCCTaHOBJIeHUs. [lokazkeM, ITO 1I0-
rpemHocTs ontumanbHoro Boccranositenuss E(Y, W (R),0,0) He MeHbie 3HAYCHUS CJIE/TY-
IOIIeil SKCTpeMaJIbHON 3a/1a4un:

Hu('7Y)HL2(R) — max, f() € Wgoo(R)v HF[f](')HLOO([,Up]) < 67 (31)

T. €. BepXHeil TpaHl MaKCHMU3UPYeMOro (hyHKIIMOHAA TIPH JAHHBIX OIDAHMIEHUSIX.

IMycrs f(-) — ponycrumast pynkius B 3a1a4e (3.1). 3amernm, aro ecau f(+) gomnycruma, To
u — f(-) Toxke monyctuMa u eii coorsercTByet pemtenne —u(-, Y). Torga ms moboro merona m
nMeem

2[|uls Y|y gy = [l ¥) = m(0) = (=l Y) = m(O)] )

< JJul,Y) - m(O)HLQ(R) + | = ul,Y) - m(O)HLQ(R)

<2 sup u(+,Y) —m(0)
FOEW o (R), | lzam
IE 1N Loo (1= 0,07 SO
<2 sSup Hu(,Y)—m(g())HLQ(R) :26(Y7W2TOO(R)7570-7m)'
FOEWS (R),

g(')ELoo([favg])v
IE1O) =9 Lo (1-0,01) <O

Takum obpazowm,
Hu(-,Y)HLQ(R) < e(Y, Wi (R), 0, 0, m).

[Tepexosi ciieBa K BepXHei IpaHu 10 BCeM JoimycTuMbiM dyHKImsiM f(+), a cipaBa K HUKHed
IpaHu 10 BCeM MeTogaM m : Lo ([—0,0]) = La(R), momydaem

E(Y, W35 (R),d,0) > sup u(+,Y) ,
R S [ Iy
IEION L oo (=00 <O
E(Y, W3 (R),8,0) > S, (32)

rje S — suavenne 3ajaun (3.1).
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Haiizem Bemmamnny S, pemms 3agaay (3.1). Tak kak Flu(-,Y)]|(€) = e YIE F[f](¢) pns
Bcex £ € R (cm., manpumep, [8]), 1o cormacHo Teopeme ILnammepessi, KBajparT 3HAYEHUS
sagaqn (3.1) paBeH 3HAYEHUIO CJIEIYTOMIEi 3a1a49u:

L / e~ 2IEl [ F£](6)| d — max,

2
R (3.3)
FI©) <6 aans €€l /mF J(6)[2ag < 1.

ComocraBuM nmanHoi 3aade (yukimio Jlarpamka

LU OMO M) = —5- [ EPIQ)f de
R

g

+/A1(€) (!F[f](&)\ d€+)\2 ( /52T|F )2d51> . (3.4)

—0

Jlemma 1. Ecin mafinyres dynxipsa /):1() € Loo([—0,0]), /)\\1() > 0, uywucjo /)\\2 >0mn
gonycrumasi B 3aja4e (3.3) ¢yuaknus f(-) rakue, 9To

(a) L(f()vj‘\l()7}‘\2) = f()rélggl([[{) L(f()7/):1()73‘\2);

) [ (PRI - 8) e =o

—0

@%(;/&wm@%xl)a
R
TO f() — pemrenne 3amaqan (3.3).

< Ilycrs f(-) — momyctumasi dbyukmus B (3.3). Torma, yuursiBas 570 06CTOSITETBLCTBO,
a TakyKe HeOTPUIATEJIbHOCTb A1(+) n Ag, yciosust (a), (b), (¢), moayaum

g

_%/ewlél‘pm(@‘zdg > _%/62Y|€|‘F[f](§)|2df+ //)\\1(5) (‘F[f](f)‘z _52> dg

R R —o

+/)\\2 (;/£2T{F[‘f](§){2d§ 1) = L(f()v/)‘\l()v)‘Q) P L(A(')7)‘1(')7)\2)
R

g

- / e EIF(F]()]" de + / () ([FIFIE)[ - 02) de

—0

3 (zln JeFiFe de - 1) = Ca LG
R

R

T. e. f(-) — pemennue 3azaun (3.3). >
Bocrobayemcs: Tenepsb jemmoii 1, aro6bl HaiiTi permenue 3agaqn (3.3). PaccmorpuM gpa
caydas.
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1. ITycrs o > 0. Tosoxum

e—QYU
Ay =

T =9.
027’

dynkmms ]/”\() TakoBa, 4To ee npeobpaszosarne Oypre UMeEET BUI

P71 = {g o

IIpoBepum BbITIOJIHEHNE YC/IOBUIL JIEMMBIL. OueBusiHO, 9TO /)\\1() > 0, /):2 > 0, u mpocTas
npoBepka 1okaseiBaer, uro ¢yukuus f(-) momycruma B 3agade (3.3) ¥ BBINOJIHEHbI YCJIO-
Bus (b) u (¢) memwmer. IIpoBepum BeimosHenue yciosug (a). st sroro samummem (yHKIHIO
Jlarpanxa (3.4) B Buje

LUOMOM) =5 [P de
R

g

+/A1<s>(\Fm<s>\ )d€+/\2</52’"F )2d§1)

R

= %/ eIl 270 (&) x[—0 a](&)+A252T)\F[f](§){2dg— (52/)\1(5) d€+A2) ,
R

—0

e x|—o,0](-) — xapakrepuctuueckast (pyHKIUS OTpe3Ka [—a, o).
OteHnM TIEpBOE CJIAaraeMoe Ty IeHHOTO BhIpaKeHus ¢ A1(+) = A1(+) m Ay = Ag:

1
2T
R

ZLZ(_ o2Vl +2”X1(5)+X2£2T){F[f](g)ﬁd@r% /(_ o2V I€] +;2527~)‘F[f](§)‘2d€

5 R\[~5:5]

= i/ (— 6*2Y|§| + 27 % <672Y|£| _/):2 £2r> _}_3\\2 £2r> ‘F[f](f)‘2d§

(= e 21+ 2mX(€) - x[—0,0)(€) + 2o €7 )| FIFIO))

tae [ (Fe R [P dg

R\[-5; 5]

- / 62Y€<(§>2r—em'f'ff‘>> [FIA© g >0

R\[-5;75]
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~

Ho ecomn f(+) = f(+), 1o

1
2

( — I 1973, (€) X[ -0, 01(€) + Ao 52’"> [FIF©)[ de

~

CrenoBaTesbHO, BBINIOIHEHO U YCI0BHE (a) JIeMMBI, 1 TeM caMbIM f () — perenne 3a1aqu (3.3).
Takum obpazowm,

1 -~

S = g/e‘”'%[ﬂ(f)\zdg = —L(F) M () )
R
=5 [+ R = 51 (1),

—0

Buecre ¢ dopmynoii (3.2) 9170 03HAUAET, UTO B PACCMATPUBAEMOM CJIydae
52

2y

E(Y, W3, (R),0,0) > \/ (1—e2Y7). (3.5)

2. Ilycts 0 < 7. Ilonoxkum

1 -  ove (€ 2r
) = 1 (e el _ (277 () ) €l <o,

0, €| > o,
N e—2Yo
Ao =
2 0_27, )
0, €] < o,
[FIFIO) =1CdE+0o), [¢l=o0,
0, €] > o,
e C? = o — 26:—+017 a 0(-) — nesbra-pyHKIWs B TOUKE .

IIpoBepum BeIOTHEHWE ycaoBuit jgemmbl 1. QueBuaHO, 9TO /)\\1() >0 m /)\\2 > 0. Oynk-
ms f(-) momyernva B (3.3). Heiicteurensro, |F[f](€)|? < 62 ana n.s. € € [0, 0]. [lanee,

2r+1

202 2r
1 107 )

_ 1y 1o L — 0%\ o) 1.
o o2r+1 og?r  r+1

OueBnzno, aro yenosusg (b) u (¢) memmer Beimosasorcs. [Iposepum BeinosnHenne ycaosus (a).
Kak u panbme, npeobpasyem dyuknuio Jlarpanxa K Bugy

L(f():M(); A2) = i/(—e—ZYlfl+2m(€)x[—a,a](5)+A2§2")|F[f](g)|2dg

1 -~ 1
5 [N a = o (27
R

2
R
o

— 52/)\1(§)d§+)\2

—0
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OuenuBasi nepBoe cjaraemMoe MmoJy9eHHOro Beipaxkenust ¢ A1(+) = A1(+) 1 Ag = Ao, nosryuaem

1
2
R

( — e Rl 272 (€) x[—0, 0] + A2 52T) FIA©)I de

L[ e ((é) ] ewaflw) FL© e > 0

T or o
gl>0

ITpu s1OM 3HAuUeHWe 3roro ciaaraemoro Ha GyHkuuu f(-), KaK HETPYJIHO NPOBEPUTH, PABHO
uymo. CrenoBarensho, f(-) — pemenne 3amaun (3.3), U, 3HAYNT,

, 1 PN ~

=5 /62Y|£| ‘F[f](f)‘2 ¢ = —L(f('),)\l('),)\2)

o
2

~ ~ ) 1 o
_ 2 _ —2Yo —2Yo
=9 /Al(f)df—l-)\z——%ry (1—6 )—l—e <02r_—32r+1>'

—0

Orcrona u u3 dhopmynsr (3.2) ciegyer, 9T0 B pACCMATPUBAEMOM CJIydae

62

1 o
E(Y7 Wgw(R)véao—) > W (1 B e_QYU) +e e <O-27‘ o W) ’ (36)

OueHKa CBepXy M ONTUMAJIbHBIN MeTosn. ITokaxkeM, 9To MeTox 77 13 POPMYIHPOBKH
TeOpeM])I ABJIAETCA OIITUMAJIBHBIM. CHOBa paCCMOTpI/IM JBa Cﬂyqaﬂ.

1. Ilycts 0 > 0. Boime g1a JaHHOTO CIydas ObLIN OIpeTeIeHbl yHKITS Xl (+) u amcyo /):2.
O6o3HaUNM
1 — e=2Y(G—é) (g)” el <5

0, €

ITorpentHocTh MeTOA M PaBHA, 110 OMPEJIEJIeHII0, 3HAYEHUIO CIIeIyTONel SKCTpeMaTbHOM
3aJa¢n:

[u-,Y) = m(g)(')HLQ(R) —max, ||FIf](-) - 9(')HLOO([7(;,U]) <9, Hf(r)(')HLQ(R) s L

[Ipumenss teopemy Ilnanmmepesns, mOJyIuM, 9TO KBaJIpaT 3HAUYECHUS STON 3aJ]a9l PaBeH 3HA-
YEHUIO CJIeAYIONeil 3a1auu:

o [ (E) ~ (€916 — max,
R

a1(§) =

Q)

A\VARV/AN

(3.7)
FUIE - s <& mpuns <o, oo [|FAOP <L
R

Maxkcumusupyembrit B (3.7) dbyHKIMOHAN NIPEJICTABUM B BUJE CyMMBbI JIBYX WHTEIDAJIOB:

1

o / e 2| FIF)(€) — ar(6)g(€))]* de

R

=50 | TFNO ~ @@ e+ 5 [ PO P

5 €[>5
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OrneHnM TOABIHTErPAJIBHOE BHIPAYKEHNE B TIEPBOM CJIaraeMOM, WCIOJIb3ysl HepaBeHCTBO Ko-
mu — ByHSIKOBCKOTO:

eI (FIf1(6) — a1(€)g9(6))|* = e 2| (1 — a1 (&) FFI(E) + a1 (&) (FIFI(E) — 9(9))|

2

2

— e |10 R ey - O bR (FLAE) - 0(6))
\/}CﬁT 27T)\1(f)

<o (Lm0l *m@’i) (o6 255,011 6T

/):2 SQT 2T /):1 (6

HermocpeacTBeHHbIN TIOACTET TOKA3KIBAET, UTO

-2Vl (’1 —a1(9)? N lay (€)]? > _q

/):2 SQT 2w /):1 (5)

I/IHTerI/IpyH HoﬂyquHoe HepaBeHCTBO C yquOM 9TOTO0 06CTOHT€.HI)CTB& n qu/ITbIBaH OFpaHI/I-
yeHns B 3aja4e (3.7), IPUXOIUM K CJIEYIONIEH OleHKe Jjisi HHTerpaia cjiesa B (2.5):

L / I FIF1(€) — a1 (€)g(€)] de

2w
R
)\2 o 2 [~ 2 1 e 2Ylel 2
%/5 QP d+ [ 3@ FIA© - 9@ ds+ 52 [ S e IFUOP de
- —c |€]>G
,)\\ el o
2 [erfpefacs e [Aoder =0 [ eriefa
o - (3
YR v 2 o ~ 2r
;; & FIf)( )\2d§+52/)\1(§)d§<662r +§_7T <6—2Ylﬁl_e—2Yff (%) )df
R -0 -
_ _2vs
CnenosarebHO,

2
e(Y, W5 (R),0,0,m) < \/;T—Y (1—e2Y3).

Buecre ¢ omnenkoii (3.2) 910 03HAUAET, UTO P 0 > 0 METOA M 13 (HGOPMYTUPOBKH TEOPEMBI
ABJIAETCA ONTUMAILHBIM U CIIPABEIJINBO HYYKHOE BBIPAKEHHUE /IS TOTPEITHOCTH ONTHMAJIb-

HOT'O BOCCTAHOBJIEHU .
2. [lycrs 0 < 0. O603HATIM

_av(o—fel) (£)
e = {1 E) K
0, €]

PaCCy}K,Z[eHI/IH COBEPIIIEHHO aHAJIOTUYHO MPEAbIAYIIEMY CJ/Iy4dalO, IOJIy4daeM, 9TO

1 5 1
3 [ ENENE - @) de < 5y (1= 2 ) 7 (- 7).
R

g,

A\VARV/AN

ag.
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7 TIO3TOMY

I 92 1 o
B(Y, W;OO(R),(s, mm) < W (1 — G_QYU) + e~2Yo <o‘27" — W) .

Orcroma u u3 (3.6) ceyer, 9aTo mpu 0 < 0 MeTOI M 3 (GOPMYIUPOBKY TEOPEMBI ONTHMA-
JIEH U CIPpaBE/JINBa HY?KHOE€ BbIDazKE€HNE [Jid TIOTPENTHOCTU ONTHUMAJIBHOTO BOCCTAHOBJICHUA.
Teopema 1 mokazana.
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Abpamosa E. B.

THE BEST RECOVERY OF THE SOLUTION OF THE DIRICHLET PROBLEM
FROM INACCURATE SPECTRUM OF THE BOUNDARY FUNCTION

Abramova E. V.

In many applied problems appears a situation where it is necessary to recover the value of a function from
some information (usually not exact or complete). The general problem of the optimal recovery of a linear
functional on a class of functions from finite information first appeared in the works of S. A. Smolyak.
In the future this subject has received a fairly wide development in a variety of ways. There are many
approaches which solve similar problems. Here we follow the approach that assumes the existence of
a priori information about the object whose characteristics are to be recovered. This allows us to set
the problem of finding the best method for recovering this characteristic among all possible recovery
methods. This view of reconstruction tasks ideologically goes back to Kolmogorov’s work in the years
1930s on finding the best means of approximation for classes of functions. The mathematical theory,
where recovery problems are studied on the basis of this approach, has been actively developing in recent
decades, revealing close links with the classical problems of approximation theory and having various
applications to the problems of practice. This paper is devoted to the problem of best recovery of the
solution of the Dirichlet problem in the Lo metric on the line in the upper half-plane parallel to the
abscissa axis, according to the following information about the boundary function: the boundary function
belongs to some Sobolev space of functions, and its Fourier transform knows an approximate (in the Lo
metric) on finite segment symmetric with respect to zero. An optimal recovery method is constructed and
the exact value of the optimum recovery error is found. It should be noted that the optimal method uses,
generally speaking, not all available information, and the one that uses it, in a certain way, “smoothes
out”.

Key words: Dirichlet problem, optimal recovery, extremal problem, Fourier transform.
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O CXOIUMMOCTHU PABHOCTHBIX CXEM, ATIIIPOKCUMUPYIOIINX KPAEBYIO
SAIAYY JIJId ITCEBJIOITAPABOJIMYECKOT'O YPABHEHNA C BBIPO2KJTEHNEM

M. X. Bemirokos, B. 3. KanuykoeB, @®. A. Dpxkubosa

B pa6ore ucciaemyeTcs riceBaonapadoInIecKoe ypaBHEeHNE B TPEXMEPHOi 06/1acT. Y paBHEHUE TaKOTO BU1A
TIPeITo/IaraeT HAJUINe IUJINHIPUIECKOi niim chepudecKoil CMMMETPHH, ITO CPA3y MO3BOJISIET IIePEHTH OT
TPEXMEPHOH 3a/1a4u K OJHOMEPHOH 3aj1ade, HO C BBIPpOXKAeHHEM. B 3TOi CBsA3M IIPOBOAUTC MCCJIEI0OBAHME
Pa3penmMMOCTH YCTOWYMBOCTY PENIeHNH KPAEBOH 3a1a4un 19 BIPOXK JAIONIET0Cs TICEBI0TIapab0InIeCcKOro
YPABHEHUS TPETHEr0 TMOPSIIKA OOIIEr0 BUIA C IePEMEHHBIMI K03 DHUImeHTaMu ¢ yCI0BHEM TPETHEro Poa,
a TakKe Pa3HOCTHBIX CXEM, AllIPOKCUMUPYIOMHUX 3Ty 33129y Ha PABHOMEPHBIX ceTKax. OCHOBHON pe3yib-
TaT pa6OTI>I 3aKJJII0YaeTCd B JOKAa3aTEJIHCTBE aHpI/IOprIX OHQHOK, HOIIy‘IeHHbIX METOI0M SHepFeTI/I‘IeCKHX
HEPABEHCTB, IS PEIIeHus 331a49n Kak B anddepeHnnansbHoM, Tak U B pa3HocTHOM Bujze. Ilomydennbie
HepaBeHCTBa O3HaA4YawT yCTOfI‘II/IBOCTb pemeHI/m OTHOCHTEJIbHO HaYaJIbHBIX JaHHBIX U HpaBOﬁ YJacTu. B cnu-
J'Iy ﬂHHeﬁHOCTH paCCManI/IBaeMbIX 3aJa4 3THU HepaBeHCTBa TIO3BOJIAIOT yTBep)K,I[aTI), R uNe) HpI/I6III/I}KeHHOe
pelleHre CXOIUTCS K TOYHOMY DPENIeHWI0 paccMaTpuBaeMoil audepeHnuaJlbHoil 30a491 B TIPEATOI0Ke-
HUN Cy]_[[eCTBOBaHI/IH CaMoro pemeHI/m B KJIaCcCe OJOCTAaTOYHO IJIaOKHX d)yHKHI/Iﬁ Ha TEeCTOBBIX HpI/IMean
HpOBe,I[eHbI YUCJIEHHbIEC SKCHepI/IMeHTbI, HO,I[TBep)K,I[aIOH_[I/Ie TeOpeTI/I‘{eCKHe peByI[bTaTbI, HOIIy‘IeHHbIe B pa—
oore.

KuarodueBrble ciioBa: ypaBHeHUE C BBIPOXKIEHNEM, KPaeBas 33a71ada, YCJIOBUE TPETHETO POMa, AllPUOPHA
OIleHKa, PA3HOCTHAS CX€Ma, YCTOMYMBOCTH M CXOAUMOCTH PA3HOCTHOM CXEeMblI, ypaBHEHNE BJIArOIEPEHOCa,
TICeB0TIaPA0OIMYIECKOe YPABHEHHE.

BBenenune

WccnenoBannio ypaBHEHUI TICEBIOTAPAbOINIECKOT0 THUIA MOCBSIIIEHO 00J/IbI0Ee KOJInYe-
cTBO paboT M3-3a TOTO, YTO MHOTHE BOMPOCH (DUBUKU, MEXAHUKHU, OHOJIOTUN CBOJATCS K TAKHM
ypasHenusiv. Hanpumep, Bonpocs! dbusbrpannn KujAKoCTH B MOPUCTHIX cpegax [1] nepegauan
TeIsIa B reTeporeHHoi cpeje |2, 3|, Baaromepenoca B mouBo-rpyHTax (cm. [4], [5, c. 137])
MPUBOAAT K MOAUMUIIMPOBAHHBIM ypaBHEHUAM 1 dy3uH, KOTOPHIE ABJSIOTCA YPABHEHUSIMA
B YACTHBIX MPOM3BOIHBIX TICEBIOMAPAOOIMIECKOTO THUTIA.

B pa6ore I'. U. Bapen6narra, 0. II. ZKenrosa, 1. H. Kounnoii [6] moxyueno muneiinoe
TICEeBIONAapaboIMIecKoe ypaBHeHne

ou
OTICHIBAIOITEE HECTAIMOHAPHBIH TTPOIECe (PUIBTPAIUH KUJKOCTH B TPEITUHOBATON MOPUCTOH

cpeme. Tam ke OBLIO TOJIY9E€HO PACCMATPUBAEMOE HAMU B TaHHON pabOTe BBIPONKIAIOIIEECS
IICEBAO0MAapabOIMIECKOe YPABHEHNE

ou 1 1
8_7; B ;(xk(xﬂt)uz)x + ;(mn(m,t)uz)m-

© 2017 Bemrokos M. X., Kanuykoes B. 3., Opxubosa O. A.
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B pa6orax [7-10] npemiokeHbl Pa3sHOCTHBIE METOJbI PEIEHUs JIOKAJbHBIX ¥ HeJOKabHBIX
KPaeBBIX 3334 JJIsI ICEBIOIAPAbOINIeCKOT0 YPABHEHNA.

B nacrosimeit pabore TpUBOAUTCST MCCIEJ0BAHNE PEIIEHIsT TPEXMEPHOTO TICeBI0napabou-
YECKOI'0 ypaBHEHUS

% = Lu+ f(z,t), (x,t) € Qr, (%)

e

3
Lu= E Lou, x = (x1,29,73),
a=1

0 ou 0 0 ou

[epexoast K IMIMHIPUYECKOD cucTemMe KoopauHaT (r,¢,z) B CJaydae, KOrJa perieHne u =
u(r) He 3aBUCHT HU OT 2, HH OT ¢ (MMEET MeCTO OCeBas CUMMETpHs), (*) IPHHUMAET BUJI
(o6o3HauUM = = 71):

0 _ L ke, ), + L o, ), — s+ 1),

a B ciayvae cpepudeckoil cummerpun ypasHeHne (%) npumer BHL:

ou 1 1
o = 5 (@), + = (@l ), — al@ e+ f(a,0).
1. ITocranoBka 3ama4um

B zamkayTom mumaaape Qp = {(z,t) : 0 < x <1, 0 <t < T} paccMOTPHM CJIe/TyIONIyIO
HEJIOKAIbHYI0 KPAEBYIO 3a/1a9y:

0
6—?:Lu+f(:c,t), O<z<l, 0<t<T, (1.1)
lim 2™1I(z,t) =0, 0<t<T, (1.2)
z—0
T 1) = Bu(l ) — plt), 0<E<T, (13)
u(z,0) = up(z), 0<x <, (1.4)

roe
1 1
Lu = e (xmk(x,t)ux>z + o (xmn(x,t)ux)m —q(z, t)u.

Koadbdunmenter ypasuenus (1.1) u rpannansix yeaosuit (1.2)—(1.4) ymaoBreTBopsioT cie-
JIYFOIITAM YCTIOBUSIM:

0< o < k:(l‘,t), 77(%75) < o, |kt($vt)vnt(xvt)vq($’t)’/8(t)’ < 2. (1'5)

ITpeanonaraercs, aro 3amada (1.1)—(1.4) umeer egunCcTBEHHOE pemenue, 00/1aIaM0IIEE
HY2KHBIM 110 XOJIy U3JI0KEeHWs IPOM3BOJHBIME. ByjeM TakxkKe CUuTaTh, 9T0 KODMUIUEHTDI
ypasuenusi (1.1) u rpannunbix ycaosuii (1.2)—(1.4) yaoBieTBopsiior HEOOXOAMMBIM 110 XOJY
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W3JI0XKEHWS YCJIOBUAM [JIQJIKOCTH, 00ECTIeINBAIONIENl HYKHBIN MOPSAI0K alMIPOKCUMAIINT Pa3-
HOCTHOU CXeMbl. 3aMETUM, UTO MPU TOCTPOSHUN PA3HOCTHBIX CXeM Tpedyercs 0ojiee BhICOKad,
9eM TJIAJKOCTh PeIeHust u KO3 PUImeHToB ypaBHEeHNA:

ueC¥@r), n€C*@r), keC*@r), a.f€C*@r),

B(t), u(t) — dynkunu, wenpepwisusie Ha [0,7], I(x,t) = kuy + (nuy); — TOJHBI TIOTOK,
Qr ={(z,t): 0<zx <, 0<t<T}, co, c1, co — moOKUTENBbHBIE uncyaa, 0 < m < 2.

ITo xomy m3m0KeHmss OyJeM MCIOJIB30BATH MOJOKHUTEIbHBIE TMOCTOSHHBIE uncaa M;, i =
1,2,..., 3aBuCAIIUE TOJHKO OT BXOAHBIX HaHubIX 3agaun (1.1)—(1.4).

Bamerum, uro mpu & = 0 cTaBuTCa ycaoBue orpannydennoctu perenus |u(0,t)| < 0o, KOTO-
poe 3kBHUBaJIeHTHO ycsioBuio (1.2), ecan koadduunentsr ypasuenus ¢(0,t), f(0,t) — koneuHs!,
to ycnosue (1.2) moxkno 3amenuts TpeboBanuem I1(0,t) = 0.

2. Anrpuopnasi onieHKa B qudpepeHInajabHoll TPaAaKTOBKE

Jdemma 1 [12], [13, c. 73]. Hna moboii pyaxmmm u(z) € Clxg, ], meromei cyMmmupyeMyo
¢ kBagparoM Ha, [0, 1] IPOM3BOHYIO ¢ BECOM X2 Uy, CHPABELIHBO HEPABEHCTBO
2

g m m
s 0 < o)+ ool

_ 1 (1 1
Fﬂ6€>0,05—m(g+m),$025>0.

Teopema 1. ITycrs Bommosrennt yeaosus (1.5). Torma st pemiennst quchpepenimaibHOm
sayaan (1.1)—(1.4) copaBesinBa anpuopHasi OI€HKA

t
ol el el < an{ [ (10800 oo+ o).
0

e M 3aBHCHT TOJIBKO OT BXOJHBIX JJaHHBIX 3agaqn (1.1)—(1.4).

< B npeanosoxkennn cymecrsoBanus pemenns auddepennmansroii 3agaun (1.1)—(1.4)
B NUIMHZApPE (Qp TOJYyYUM AMPUOPHYIO OIEHKY JJIg ee pernenus. J[ig 3TOro BOCHOIb3yeMCs
METOJIOM SHEPTETUYECKUX HEPABEHCTB. ¥ MHOXKMUM ypasaenue (1.1) ckanspuo na x™u:

(ug, 2™ u) = (2" kug)e, v) + (™ ug)at, v) — (qu, z™u) + (f, z™u), (2.1)

e

l
(w0) = [wds, Julf = (v,
0

0
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l l

(@ nug)at, u / " nug)prude = (2" nuy tu‘o /(xmnux)tugg dx

0 ;! (2.4)

l
1d 1
= (xmnuz)tu‘f) 57 /xmnu dr — = /:cmntui dz.
0

YunteBag upeobpazoBanns (2.2)-(2.4), rpanmunsie yciosus (1.2)-(1.4) m moms3yscsk
HepasencTBoM Komm ¢ g, u3 (2.1) noaydnm

l
d m
7 /xmnui dx + con 2 uxH(Q)
0

m m 1 m
<L tu(l,#) + My ([|o B wal[; + llo B ull3) + 5llo% 7]

C nomomipio lemmbr 1, nepasencrsa Komm ¢ € u ycnosus (1.3) onennm neproe ciaraemoe
B TIPABOii YaCTH HEPABEHCTBA (2.5) ciemyrommm o6pa3oM:

(L t)u(l, 1) = 1M u(l, ) () — B(t)u(l,t))

m

—(,u2(t) +u?(l,t) — BQ(t)uz(l,t)> < %m/ﬂ(t) +M2(Hx%u|]§ + Hx%%Hﬁ). (2.6)

X

2
YuanreiBas onenky (2.6), uz (2.5) Haxomum

l
d, m d
E“x?u”é dt/x nu, dac—|—200Hx2umHo

< My ([l ullg+ o s ) + i ([l2% £II5 +12®). (27)
[Ipounrerpuposas (2.7) mo 7 ot 0 10 t, moaydaem

t

e allg + 2% walg + % wall, <M5/(Hw%\\§+ % ufy) dr
0
t

+ Mﬁ/ (2% 71l5 + #2(r) ) dr + M7<Hx%uoug + Hx%ugu(i), (2.8)
0
e

o %], = [ % uallyar.
0

Ha ocnosanun siemmbl I'ponyosia (em. [13, c. 152]) u3 (2.8) nosyunm nckoMyio arnpropHyto
OIEHKY

t
o2 a2+ %l + % s, < M( [ (13 112+ 520 )+ o + Hw%’o%),
0

rje M — 3aBucuT TOJIBKO OT BXOAHBIX JaHHBIX 3ajadn (1.1)—(1.4).
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W3 nosiyaennoit anpuopHOil OIEHKW CJIeIyeT eIWHCTBEHHOCTh DPEIeHus MCXOIHON 3asa-
qn (1.1)—(1.4), a TakKe HEMpPepbIBHAS 3aBUCUMOCTH DEIeHNs 3aa9i OT BXOJHBIX JAHHBIX HA

KazKJIOM BPEMEHHOM CJIO€ B HOpMe Hx%qu = Hx%uHi + Hx%umHi + Hx%umHét >

3. YcTOoiiYnBOCTh M CXOJUMOCTh PA3HOCTHOI CX€MbI

s pemenns 3agaun (1.1)—(1.4) npumennm MeTos KOHEUHBIX pasHocTeil. B 3amMkHyTOM
munHApe (Qp BBEIEeM paBHOMEpHYIO ceTky [11]:

Whr =Wp X Wy = {('rl)t])) T € Wp, tewT})
wp = {x; =ih, i=0,1,...,N, Nh=1},
ET:{tj:jT, 7=0,1,...,mg, mOT:T}.

Ha paBHomepnoii ceTke Wy, , quddepeniranbhoit 3amade (1.1)—(1.4) mocrasum B cooTBeT-
CTBHIe PA3HOCTHYIO cxeMmy Topska ammporcmMarms O(h% + 7m0 ):

2y = AOY T + MOy + 0, (2.8) € wpr,s (3.1)
0.5h _ _
alyi‘fg + (MY0), = o—— (yt,o - doyég)) — 1, t€w, (3.2)
—(anth + (e, ) = FBUY) + 053y — fia, € T, (33)
y(x,0) = up(x), x €Wy, (3.4)
e
AW = () — @y Ay = - (g A
By, = 2 (%4.5“1 Yz,i . iYi (t)y = W(CEFO{)%‘ Yz,i ot
K 3
—1)h2 2 =0.5
%Z-:1+M, i=1,2,... N—1, mg=42 7777
24x; 1, o #0.5,

y\?) = o+ (1—0)y, 0 — mapamerp, 0T KOTOPOTO 3ABUCAT TOYHOCTH PABHOCTHON CXEMBI 10 T.
B nansmeiimenm Gygem cuutars, uto o = 0.5, %) = 0.5(5+1), Y = +y.

| - 0.5hm » Yi — Yi-1
y=yl =yl ty), Z=1+—— G=y" y=y, pr="7"—,
Yit1 — Yi yr =y
Yo = % ye="——""r t=tjros=1t;+057,

a; = k(zi0s,%;), . =n(xi0s,t;), B=p+0.5hdy,
S [Fa@d), i=120 N1 (R, =12 N
‘ q(xi,fj), iZO,N, f(xi,fj), iZO,N,
_05h
Com+1

rae h, T — maru CeTKm.

11 4,0{), = %(Mj—f—O.S + 0.5h905\,>, Zi—o0.5 = x; — 0.5h,
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Anpuopnyio onenky pemenns pasHoctoit cxembl (3.1)-(3.4) mosyunm mMeTosoM 3HEpre-

THYIECKUX HepaBeHCTB. g sToro mepenutem cxemy npu o = 0.5:

1
7y =AY + Ay + o, (2.1) € wr,

1 0.5h ~ _
_a1Yx0+ ('Yly:v 0) T(%O‘f‘ doYo> —u1, tews,
1 _
- §aNYa:N+ Yz), N ) = _YN+05h%ytN f2, t€Wr,
) ), T € Wp,
e
_ 1 . 1 :
MDY = — (e 050i¥ei) = dYi, Ay = = (27057 v )
x xl- xt

L
[Mepenmmenm 3amaqy (3.5)-(3.8) B oneparopuoii hopme

2y =Nty + Ny + 2,

(3.5)

(3.6)

y(x7 0) = 07
e
Ay = ﬁ (mzr'rio.fﬂi@ + y)i,i)m - %(Q +19)i, (z,t) € wpr,
At (m+1)< a1 (J+y)z,0— do (y+y)0)
Alt)y = —y = 2(m+1) B
Oy Ay = 0.5h ) x =0,
_laN(?)'i'y)E,N—ﬁ(z]-i-y)N
Aty =2 055 ; =1,
Ay = z}” (xzr'rio.{)’iyf,i)mt, (x,t) € wpr, .
' iy
A* — (m+1) Y1Yz,0 — _ ~
* (’YW) , s0+ _ 0,??{”’
Ay = —~gEe r =, P
= g2 (l‘, t) € Whr,
=
1; xTr = O l

N . N
0.5h, i=N, ) ,

= E vih, h= = E uih =
(u,v] UV {h LN, Hu]‘o i:1u

i=1

IIpeamonoxum, 910
do = q(O t) co > 0.

YMHOKUM pasHocTHOE ypapuenue (3.9) ckamspuo wa Y = 2™ (7 + y):

(ﬁyt,mmY] = (K(f)y,me] + (K*y,me] + (6, me].

(3.11)

(3.12)
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[TpeoGpasyem CyMMBbI, BXOAsAIIUE B TOXKRAECTBO (3.12):

(fyt, xmy] _ <§(y —y), ™ () + y)]

G - Gy (ﬁmm’yz}t > Ml(Hx%y”g)t, (3.13)

T

o 1, m=0,m2>=1,
1 2—m
%, m€(0,1), h§h0: %,

Ay, z"Y] = (Ay,z™Y) + 0.5RA yn 2RV

d
( z" o 50Y5) ,Y> — (§xm,Y2> + 0.5hA Ty N Yy

1/, 1., 1., (3.14)
= 5( z;"o50Y7, (XY) ] + §$N—0.5GNXNYE,NYN - §x0.5a1X0Yx,0Y0
127 d 1 —
_§%QNXNYE,NYN - <§ﬂ?m,Y2> - §$%5Y1\2/;
——% .’L'm
(A y,q:WLY] = (A*y’me) + O.5hA*+yxﬁYN = ((xﬁo.{yy@)xt,Y) — ?N('yyx)tyNYN
3.15
= (o5 () Ya] 4 (s — N Yy — ]! Y, 1
(0.5 (vym)es Yo] + ( @%-05 = = | (V) YV = 255 (1192.0) Y0,
- xm
(@,2™Y] = (p,2™Y) + 0.5hpT Yy = (0, 2"Y) + o Yy, (3.16)
V4

[Tpuanmas Bo BEMManue npeobpasosanus (3.13)—(3.16), u3 (3.12) noxygaem

m 1
M1(|‘337?J”3>t S _5(5“?10.5@3%’ (xY) ] ( in0.5( ’ny)t,y}

1 7N (L
—255Y0 (5 a1x0Yz,0 + (’Yly:v,O)t) - (xﬁ_oﬁ - 7N> <§ ANXNYE NN+ (Wyf)t’NYN>

o ém 2 _l mpy2 m ~ﬁ
™Y 5 ENOYN = (9,2™Y) + i —"Yn.

2
(3.17)
Yuauresas (3.6), (3.7), uz (3.17) vaxogum
mo 2 1
My (Hx ? y]|o>t S 73 (55220.5@3%’ (XY)E] - (33?10.5(7%%,3%
d m 2 m 0.5h m m =~
_(596 Y ) + (p,2™Y) — e 500 — 0.5hTRi_ 53y N Yy (3.18)
1 — 0.5h ~ ~
—590%—0.5%5 N - mxﬁ%dOYoQ + 2N —0.502YN + 1205 Yo.
Omnennm cymMel, Bxoggamue B (3.18):
1 m .
- (xz—o 5aYz, (XY)E] =5 (mi,O 50X, Yf} B ( i0.50XT> Y3 Y}
1 (3.19)

1 m _
(e 2] - H(ettosonn oY) < PRI e
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—<$ﬁ0.5(7?ﬁ)tayf] = —<1,$20.5(7?J%)t} - (1’95?10.5%%3%] + (%afﬂﬁo.fﬂg}’ (3.20)

1 _ 1 _
—§<dxm,Y2) o sfiaYN — TR0 7BYR < Ma(a™,Y?) + MsY3 + Moli3,  (3:21)

1 m 2 m 2
(0.a™Y) < (I=2 Y5+ 1% ¢5). (3.22)
0.5k N
~ 1 Y0sYoYo — 0-5ha 53y N YN
0.5h ,, 1 B A
= 10 (%0 — vo)(Jo + yo) — 0.5hxy_q. 5% (v —yn)(N + yN) (3.23)
0.5h B
T T 1968?5(3/(2))1& — 0.5h2 % _o.552(y )t
0.5h 0.5hdg 0.5h
nt : ~ 2(m—+1) .
mY_ideQZ m v 7 _7mdy2
H1Tg.5t0 2(m + 1)3:0.5 0fp = H1To.5 (2.5th) 0 2m + 1)330_5 oYy
2(m+1

2(m + 1)agls ~9
< AME DT0550 o prm2 (3.4
0.5hdy H1 1. ( )

YunteiBag npeodbpasosanus (3.19)-(3.24), u3 (3.18) moxyvaem

m m 0.5h
M ([l 0ll5), + (17" ()] + Ml|EE V] + e )
+0.5haf_o52(yR)e < Ms(Z™Y, Yz] — (L7 " nyzYz| + (v, 772 (3.25)

M| 3 Y + §Hx%<pHO+M1o</7% + 3+ YR).
CrpaseinBa CJIeyoIIast
Jlemma 2 [13|. [na sroboii pyuknun y(x), 3amanHoii Ha cerke wy = {x; = ih, i =

1,2,..., N}, cupaBeinBo HEPABEHCTBO

2
0’

Jnax y(0) < ey + elo)] | %)

i€ € — IPOH3BOJIbHAS II0JIOXKHUTeIbHASI OCTOsSTHHAsA, ¢(g) = J%m (l—la:o + %), 0<d<x
0

C yduerom jemMbl 2 n Ha ocHOBaHWN HepaBencTsa Komm ¢ € u3 (3.25) Haxommm

0.5h ~
o 05 (U3t + 0.5ha’_o 532(y3)e
m+ (3.26)

< 4e|[FHV]G + M@ 2 3V + Maa() |75 g + Maa [l F o3 + 7 +73)-

My (=5 )l5), + (172, + Mo 73 Yol g+

[IpeoGpasyem BTOpOE cjlaraemoe B mpaBoil actu (3.26):

la%Y)E = ll2% @+ )5 <2l % a]lg + 2% o]f3). (3:27)
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IMepenmmem (3.26) npu € = % ¢ yuerom (3.27). Torga nomyanm

0.5h

m M m ~
ay ([l %)), + (17 w2, + T 7 ¥allg + s ) + 0.5ha’ o520 ) .

< Muale# g]l5 + Mas (|l ]y + 1% w]) + Mo ([l % ol + 75 + 7).

Yuuoxum 06e uactu (3.28) Ha 7 m npocymmmpyem no j' ot 0 10 j

CRT m 0.5h ;
a2
3’'=0
FO5 ka0 (y <szuxf lisZ( G N e

+ My Z (2% elly + 723 + 73) 7 + Moo (7% 25 + |2 % 0°][3)
Jj’'=0

0.5h ~
ma 11'87/5 (y8)2 + 05hx%—05%(y10\7)2
(3.29)
Omnennm ciaraemsre, Bxogsimme B (3.29)
j m 2 j m 2 m
Mg 3 [lo% gl + Mis D (7% oelly + [l %ol 7 < Mo o7
e 7 (3.30)
+M222( 70 0o+ 0% 07 1) 7+ Mas (I 42l + 12705 7
0.5h ., / o0\2 m =00\ s 07|12 072
m+1x0.5(yo) + 0502 _o55(yn)” < 24<Hya:”o +|ly ”0) (3.31)
7% 5015 + o9l < Mas ([l + 115°T5)- (3.32)
C yuerom (3.30)—(3.32) uz (3.29) naxomum
%5 + 1% o ]ig + Z 7% y7
< M e+ g 3 (172 421 ) (3.33)

j'=1

J
(3 (ol - )+ i+ uyoui).
§'=0
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Bribupast 7 TakuMm 00pa3oM, 4To s BCeX T < Tg, To = ﬁ, u3 (3.33) mosyuaem

%70l + 7% 62l + Z [EERE

<My > (Hf% v+ o5y ] ) (3.34)
=1
J
eata 3 (ool i+ )+ T+ 2.
§7=0

Ha ocrosanun sievmbl 4 u3 [15, ¢. 171] u3 (3.38) noayvaem

J
o + ) AQO(E:(wx%wui+a%+aaf+ww%ﬁ+wwﬂﬁ)- (335
3'=0

Yunresasg (3.35), u3 (3.34) mosyuaem anpuopHyIO ONEHKY

Hx%w+ﬂﬁ+wW%y?4u+—§:HffY

S M< > (lle%elly + a8 +73)7 + [1w8]3 + Hyo]ﬁ)a (3.36)

Jj'=0
rame M — momoKuTeabHas TTOCTOTHHASI, He 3aBUCAIIAst OT h u 7.

Teopema 2. IIycrp Beimorenst yeaosus (1.5) u (3.11). Torga cymectByror takme hy,
70, 4ro ecan T < 79, h < hg, 1o npu o = 0.5 jis pemennsi pazaocrHoi 3azaun (3.1)—(3.4)
crpaBeInBa arnpuopHasi orerka (3.36).

W3 mostyuennoit anpuopHOil OIEHKHU CJIeAyeT €MHCTBEHHOCTH, a TAKXKEe YCTOWIMBOCTD Pe-
IeHns pa3HOCTHOH 3ajaun (3.1)-(3.4) H0o HAYAILHLIM JaHHBIM U IPABON YACTH.

Iycrs u(x,t) — pemenne 3agaun (1.1)— (1 4), y(x;,t;) = y] — pemenne pasHOCTHOII 3a-
magn (3.1)-(3.4). O6oznaunm Uepes zf =yl — uf HOTPENIHOCTD, TJe uf = u(x;,t;). Torma,
nojcrasasg y = z + u B (3.1)-(3.4), noayunm 3amaqy aas z:

72 = AD)2T + A ()2 + Wi, (2,1) € wpr,y (3.37)

, 0.5h , _
alon:(E,g + ('lex,o)t =1 (Zt,O + doz((] )> -1, t€w,, (3.38)
— (G/NXNzg?j)\/’ + (’yzf)t N) = %Bz](\?) + 0.5hxz N — 12, t €Wy, (3.39)
2(z,0) =0, € wp, (3.40)

rme ¥ = O(MTT%), vy = O(h2 + Tma), vy = O(h2 + Tma) — TOTPENTHOCTH ATMTPOKCUMAIIAN
muddepentmansroit 3agaun (1.1)—(1.4) pasnocrhoii cxemoit (3.1)—(3.4) B k/acce permenuit
u = u(z,t) 3amaum (1)—(4).

ITpumensig anpuopnyio onenky (3.36) k pemenuto 3agaun (3.37)—(3.40), moayuaem

J
2% 7+ 7% 2 g+ D 7% (2 + 20 Jgr <

rame M — momoKuTeabHas TTOCTOTHHASI, HE 3aBUCAIIAst OT h u 7.

J
MY (305 + R+ 037, (341)
3'=0
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13 (3.41) mosryunm anpuopHyIO ONEHKY

o2+ 2+ 3 G+ 2 o < T Y (ol 4ok + ) (342)
Jj’'=0 Jj’'=0

13 anpuophoii ouenkn (3.42) ciegyer cXoAMMOCTDH pellieHns pasHoCcTHOI 3amaqan (3.1)—(3.4)
K perrernto nuddepentmanbroit 3amaun (1.1)—(1.4) mo mHopme

’

2

ot = o+ 3+ 3 G +

j'=0

]

Ha KaXKJOM CJI0€ TaK, 9TO €CJIU CyIIeCTBYIOT Takwme hg, 7g, T0 npu 0 = 0.5, 7 < 79, h < hg
CIIpaBEJINBA OllEHKA Haz(yjJrl —u/ +1)]|1 <M (h2+7'2), rae M — mosioxkunTesbHAS TOCTOSHHAS,

He 3aBHUCAINasg OT h 1 T.

YHucsieHHBIN 3KCOEPUMEHT. PacCMOTPUM CJIETYIONIYIO TECTOBYIO 33/1a9y:

U = xim(xmk‘(m, t)ux)x + xim (:cmn(:v, t)uz)xt + 7z, t)huy — gz, t)u + f(x,t),

O<z<l,

11(0,£) = 0,
—II(l,t) = B(t)ull, t) — u(t), O

u(z,0) = up(z), 0<x <,

k(x,t) =™t n(z,t) =",

fla,t) = gttt 43 + m)x2(1 _ e—t) + ezt+z4—4t’
B =e'cos(t), pu(t)=e'cos(t)(cos(t) — 1),

I(z,t) = k(x,t)u, + (n(m,t)uz)t.

Tounoe pemenue 3agaun u(x,t) = cos(z) + cos(t).
HI/I)Ke B Ta6JII/IHe 1 CPaBHUBAIOTCA 3HAQYEHUA YUCJICHHOTO U TOYHOT'O DEINEeHUN 3aJa491 IIPN

0<t<T,

m = 2. Tabymna 2 nokaszwbiBaer, 9To Korga h = 7, IpU YMEHBIIEHUU pa3Mepa CETKU MaKCH-

MaJIbHOE 3HAYeHue TOTPENHOCTH Tpu 0 = (.5, m = 2 yMeHbBIIaeTCsl B COOTBETCTBUU C TIOPS/I-
KOM armpokcuManun pasaocTHoi cxembl O(h? + 72). Tlopgaok cxoamMocTn pasen logn, Z—;
2

Ta6iuma 1

PaznocTh MeXIy YHCIEHHBIM U TOYHBIM PEIEHUSAMU 3aa9H
mput=1, h=7=0.1

(z;) | Yucnennoe perenue | Tounoe pemenue | ITorpemmocTs
0.0000 -0.0850179 0.0000000 0.0850179
0.1000 -0.1000645 -0.0489435 0.0511210
0.2000 -0.2339981 -0.1909830 0.0430151
0.3000 -0.4510539 -0.4122147 0.0388391
0.4000 -0.7283882 -0.6909830 0.0374052
0.5000 -1.0384600 -1.0000000 0.0384600
0.6000 -1.3509007 -1.3090170 0.0418838
0.7000 -1.6353523 -1.5877853 0.0475670
0.8000 -1.8644034 -1.8090170 0.0553864
0.9000 -2.0162655 -1.9510565 0.0652090
1.0000 -2.0769112 -2.0000000 0.0769112
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Tabauna 2
M3Menenne MOTPENTHOCTH TIPW YMEHBITIEHUH Pa3Mepa, CETKU
Hat=1,xkorma h =7
h MaxkcumanbHaas morpemnoctsb | Ilopsamok cxommmocTn
1/500 0.00010300
1/1000 0.00002576 1.9994264
1/2000 0.00000644 1.9997216
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A BOUNDARY VALUE PROBLEM FOR A DEGENERATE MOISTURE TRANSFER
EQUATION WITH A CONDITION OF THE THIRD KIND

Beshtokov M. KH., Kanchukoyev V. Z., Erzhibova F. A.

In this work, we study the pseudoparabolic equation in the three dimensional space. The equation of this
form implies the presence of cylindrical or spherical symmetry that enables one to move from a three-
dimensional problem to one-dimensional problem, but with degeneration. In this regard, we study the
solvability and stability of solutions to boundary value problems for degenerate pseudoparabolic equation
of the third order of general form with variable coefficients and third kind condition, as well as difference
schemes approximating this problem on uniform grids. The main result consists in proving a priori
estimates for a solution to both the differential and difference problems by means of the method of energy
inequalities. The obtained inequalities imply stability of the solution relative to initial data and right side.
Because of the linearity of the considered problems these inequalities allow us to state the convergence of
the approximate solution to the exact solution of the considered differential problem under the assumption
of the existence of the solutions in the class of sufficiently smooth functions. On the test examples the
numerical experiments are performed confirming the theoretical results obtained in the work.

Key words: equation with degeneration, boundary value problem, condition of the third kind, a priori
estimate, difference scheme, stability and convergence of a difference scheme, moisture transfer equation,
pseudo-parabolic equation.
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CALCULUS OF TANGENTS AND BEYOND!

A. G. Kusraev, S. S. Kutateladze

On the Siztieth Anniversary
of the Sobolev Institute

Optimization is the choice of what is most preferable. Geometry and local analysis of nonsmooth objects
are needed for variational analysis which embraces optimization. These involved admissible directions
and tangents as the limiting positions of the former. The calculus of tangents is one of the main
techniques of optimization. Calculus reduces forecast to numbers, which is scalarization in modern
parlance. Spontaneous solutions are often labile and rarely optimal. Thus, optimization as well as calculus
of tangents deals with inequality, scalarization and stability. The purpose of this article is to give an
overview of the modern approach to this range of questions based on non-standard models of set theory.
A model of a mathematical theory is usually called nonstandard if the membership within the model
has interpretation different from that of set theory. In the recent decades much research is done into the
nonstandard methods located at the junctions of analysis and logic. This area requires the study of some
new opportunities of modeling that open broad vistas for consideration and solution of various theoretical
and applied problems.

Key words: Hadamard cone, Bouligand cone, Clarke cone, general position, operator inequality, Boolean
valued analysis, nonstandard analysis.

Agenda. Optimization is the choice of what is most preferable. Geometry and local
analysis of nonsmooth objects are needed for variational analysis which embraces optimization.
These involved admissible directions and tangents as the limiting positions of the former. The
calculus of tangents is one of the main techniques of optimization (cp. [1, 2]).

Calculus reduces forecast to numbers, which is scalarization in modern parlance.
Spontaneous solutions are often labile and rarely optimal. Thus, optimization as well as
calculus of tangents deals with inequality, scalarization and stability. Some aspects of the latter
are revealed by the tools of nonstandard models to be touched sligtly in this talk (cp. [3-6]).

The best is divine. Leibniz wrote to Samuel Clarke (see [7, p. 54]; cp. [8]): “God can
produce everything that is possible or whatever does not imply a contradiction, but he wills
only to produce what is the best among things possible.”

Enter the reals. Choosing the best, we use preferences. To optimize, we use infima and
suprema for bounded sets which is practically the least upper bound property. So optimization
needs ordered sets and primarily boundedly complete lattices.

To operate with preferences, we use group structure. To aggregate and scale, we use linear
structure.

All these are happily provided by the reals R, a one-dimensional Dedekind complete vector
lattice. A Dedekind complete vector lattice is a Kantorovich space.

© 2017 Kusraev A. G., Kutateladze S. S.
! This article bases on a talk at the International Conference “Mathematics in teh Modern World,” August
14-19, 2017, Novosibirsk.
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Since each number is a measure of quantity, the idea of reducing to numbers is of a universal
importance to mathematics. Model theory provides justification of the Kantorovich heuristic
principle that the members of his spaces are numbers as well (cp. [9] and [10]).

Enter inequality and convexity. Life is inconceivable without numerous conflicting
ends and interests to be harmonized. Thus the instances appear of multiple criteria decision
making. It is impossible as a rule to distinguish some particular scalar target and ignore the
rest of them. This leads to vector optimization problems, involving order compatible with
linearity.

Linear inequality implies linearity and order. When combined, the two produce an ordered
vector space. Fach linear inequality in the simplest environment of the sort is some half-space.
Simultaneity implies many instances and so leads to the intersections of half-spaces. These
yield polyhedra as well as arbitrary convex sets, identifying the theory of linear inequalities
with convexity.

Convexity, stemmimg from harpedonapters, reigns in optimization, feeding generation,
separation, calculus, and approximation. Generation appears as duality; separation, as
optimality; calculus, as representation; and approximation, as stability (cp. [11-13]).

Legendre in disguise. Assume that X is a vector space, E is an ordered vector space, E*®
is F with an adjoined top, f : X — E* is some operator, and C := dom(f) C X is a convex
set. A wvector program (C, f) is written as follows:

reC, f(x)—inf.

The standard sociological trick includes (C, f) into a parametric family yielding the
Legendre transform or Young—Fenchel transform of f:

fr(1) = sup (I(z) — f()),

zeX

with I € X# a linear functional over X. The epigraph of f* is a convex subset of X# and so
f* is convex. Observe that —f*(0) is the value of (C, f).

Order omnipresent. A convex function is locally a positively homogeneous convex func-
tion, a sublinear functional. Recall that p : X — R is sublinear whenever

epip:={(x, t) € X xR | p(z) <t}

is a cone. Recall that a numeric function is uniquely determined from its epigraph.
Given C C X, put
H(C):={(z, t) e X xRT |z € tC},

the Hormander transform of C. Now, C'is convex if and only if H(C') is a cone. A space with
a cone is a (pre)ordered vector space.

The order, the symmetry, the harmony enchant us ... (Leibniz).

Thus, convexity and order are tightly intertwined.

Nonoblate cones. Consider cones K; and K> in a topological vector space X and put
s = (K1, K3). Given a pair s define the correspondence ®,, from X? into X by the formula

P, = {(k‘l,kz,iT) € X3 x= k1 — ko, k, € Kz}

Clearly, ®,, is a cone or, in other words, a conic correspondence.
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The pair s is nonoblate whenever ®,, is open at the zero. Since @, (V) =VNK; —VNK>
for every V' C X, the nonoblateness of s means that

»V = (VﬁKl—VﬂKg)ﬂ(VﬁKg—VﬂKl)

is a zero neighborhood for every zero neighborhood V C X.

Open correspondences. Since »V C V — V| the nonoblateness of s is equivalent to the
fact that the system of sets {5V} serves as a filterbase of zero neighborhoods while V' ranges
over some base of the same filter.

Let A, : z +— (z,...,2) be the embedding of X into the diagonal A, (X) of X™. A pair
of cones s := (K1, K3) is nonoblate if and only if X := (K1 x K3, Ay(X)) is nonoblate in X2.

Cones K1 and Ks constitute a nonoblate pair if and only if the conic correspondence
® C X x X? defined as

P = {(h7$15$2) €X XX2: $Z+h€Kz (’L = 1,2)}

is open at the zero.

General position of cones. Cones K; and K> in a topological vector space X are in
general position iff

(1) the algebraic span of K7 and K is some subspace Xo C X;i. e, Xg = K1 — Ky =
Ko — Ki;

(2) the subspace X is complemented; i.e., there exists a continuous projection P : X — X
such that P(X) = Xo;

(3) K1 and K constitute a nonoblate pair in Xj.

General position of operators. Let 0, stand for the rearrangement of coordinates

Onp . ((xlvyl)v SRR (xnayn)) = ((xlw . 7xn)7 (yh' .. 7yn))

which establishes an isomorphism between (X x V)™ and X" x Y.

Sublinear operators Pp,..., P, : X — EU{+4o00} are in general position if so are the cones
A, (X) x E™ and o, (epi(Pr) X -+ X epi(Py)).

Given a cone K C X, put

Tp(K):={T € Z(X,E): Tk<0 (k€ K)}.

Clearly, 7g(K) is a cone in .Z (X, E).

Theorem. Let Ki,...,K, be cones in a topological vector space X and let E be a
topological Kantorovich space. If K1, ..., K, are in general position then

WE(Klﬂ---ﬂKn):WE(K1)+"'+7TE(Kn).

Environment for inequality. Assume that X is a real vector space, Y is a Kantorovich
space. Let B := B(Y) be the base of Y, i.e., the complete Boolean algebras of positive
projections in Y; and let m(Y’) be the universal completion of Y. Denote by L(X,Y’) the
space of linear operators from X to Y. In case X is furnished with some Y-seminorm on X,
by L™ (X,Y) we mean the space of dominated operators from X to Y. As usual, {T < 0} :=
{r € X | Tz <0}; ker(T) = T7H0) for T : X — Y. Also, P € Sub(X,Y) means that P
is sublinear, while P € PSub(X,Y’) means that P is polyhedral, i.e., finitely generated. The
superscript (™ suggests domination.
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Kantorovich’s theorem. Find X satisfying

x—24-w
Y

(1) (3X) XA = B <> ker(A) C ker(B).
(2) If W is ordered by W, and A(X) — W4 =W, — A(X) = W, then (cp. [2, p. 51])

(3X>0)XA=B+ {A<0}Cc{B<0}.

The Farkas alternative. Let X be a Y-seminormed real vector space, with Y
a Kantorovich space. Assume that Ay,..., Ay and B belong to L™ (X,Y).

Then one and only one of the following holds:

(1) There are x € X and b,b’ € B such that b’ < b and

b¥Bx > 0,bA1x <0,...,bAyz <0.
(2) There are positive orthomorphisms aq,...,ay € Orth(m(Y'))4 such that

N
B = Z oAy
k=1

Inhomogeneous inequalities.

Theorem. Let X be a Y-seminormed real vector space, with Y a Kantorovich space.
Assume given some dominated operators Ai,...,An, B € Lm) (X,Y) and elements
ui,...,un,v € Y. The following are equivalent:

(1) For all b € B the inhomogeneous operator inequality bBx < bv is a consequence of the
consistent simultaneous inhomogeneous operator inequalities bA1x < buy,...,bAyx < buy,
i e.,

{bB < bv} D {bA; <bur}n---N{bAxy < bun}.

(2) There are positive orthomorphisms asq,...,ay € Orth(m(Y)) satisfying

AU

N
B= ZakAk; (>
k=1 1

N
k=

Boolean modeling. The above infinite-dimensional results appear as interpretations of
one-dimensional predecessors on using model theory.

Cohen’s final solution of the problem of the cardinality of the continuum within ZFC gave
rise to the Boolean valued models by Scott, Solovay, and Vopénka (cp. [4]).

Takeuti coined the term “Boolean valued analysis” for applications of the models to
analysis.

Scott’s comments. Scott forecasted in 1969 (cp. [14]): “We must ask whether there is
any interest in these nonstandard models aside from the independence proof; that is, do they
have any mathematical interest? The answer must be yes, but we cannot yet give a really
good argument.”

In 2009 Scott wrote?: “At the time, I was disappointed that no one took up my suggestion.
And then I was very surprised much later to see the work of Takeuti and his associates. I think
the point is that people have to be trained in Functional Analysis in order to understand these
models. T think this is also obvious from your book and its references. Alas, I had no stu-

2Letter of April 29, 2009 to S. S. Kutateladze.
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dents or collaborators with this kind of background, and so I was not able to generate any
progress.”

Art of invention. Leibniz wrote about his version of calculus that “the difference from
Archimedes style is only in expressions which in our method are more straightforward and
more applicable to the art of invention.”

Nonstandard analysis has the two main advantages: it “kills quantifiers” and it produces
the new notions that are impossible within a single model of set theory.

Let us turn to the nonstandard presentations of Kuratowski—Painlevé limits of use in
tangent calculus, and explore the variations of tangents.

Recall that the central concept of Leibniz was that of a monad (cp. [15]). In nonstandard
analysis the monad p(.%#) of a standard filter .# is the intersection of all standard elements
of Z.

Monadic limits. Let F C X x Y be an internal correspondence from a standard set X
to a standard set Y. Assume given a standard filter .4#” on X and a topology 7 on Y. Put

F y': (Vo e w(A)Ndom(F)) (Vy = y) (z,y) € F},

VV(F) = ( (A) (£)) ( ) (

IV (F):=*{y": Gz ep(A)ndom(F)) (Vy=y')(z,y) € F},
VI(F):="{y': (Vo€ pu(H)Nndom(F)) By =) (z,y) € F},
33(F):=="{y : Bz e p(A)Nndom(F)) 3y~ ) (z,y) € F},

with * symbolizing standardization and y =~ 3/ standing for the infinite prozitity between y
and ¢ in 7, 1. e. ¢y € u(7(y)).
Call Q1Q2(F) the Q1Qo-limit of F' (here Qx (k :=1,2) is one of the quantifiers V or 3).

Kuratowski—Painlevé limits. Assume for instance that F'is a standard correspondence
on some element of .4 and look at the J3-limit and the V3-limit. The former is the limit
superior or upper limit, the latter is the limit inferior or lower limit of F along .4 .

Theorem. If F' is a standard correspondence then

JAFE) = ) c1< U F(ac));

Uenv zeU

Va(F) = () cl( U F(x)),

Ue s zeU

where A is the grill of a filter A4 on X, i. e., the family comprising all subsets of X meeting
pu(A).
Hadamard, Clarke, and Bouligand tangents.

Ha(F,m’) = U int, ﬂ F;az;

UET(J:’)7 zeFNU,
o 0<a<ga’

ar =N U N <F;$+V>;

Ve, UGT(x’)7 zeFNU,

o O<a<ga’
F—=x
/
Bo(f,x):: ﬂ cl, U >
UET(J:/)7 zeFNU,

o/ O<C|l<0/
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where, as usual, 7(z') := 2/ + 4, and .45, the zero neighborhood filterbase of the topology 7.
Obviously,
Ha (F,2') C C1(F,2") C Bo (F,2').

Infinitesimal quantifiers. Agree on notation for a ZFC formula ¢ and 2’ € F :
(V°z2)p:=NVr~,2)p:=Vr)(zr € FAz~, 1) = ¢,

(V*h)p:=(Vh=h)p:=(Nh)(he X Nh=; h)— o,
V*a)p:=Vax0)p:=Va)la>0ANax0) = e

The quantifiers 3°x, 3*h, 3°« are defined in the natural way by duality on assuming that
(F*z)p:=CFz=~,2)p:=Fz)(r € FAz =~ 2') AN,

(3°h) o= Fhrr W) :=(3h)(he X Nh~r b)) Ao,
p =

F*a)p:=(Fa=x0) Fa)(a>0Aax0) Aep.

Infinitesimal representations. The Bouligand cone is the standardization of the 333-
cone; 1. e., if A’ is standard then

K e Bo(F, x') < (3%2) (3%a) (3°h) z + ah € F.
The Hadamard cone is the standardization of the VVV-cone:
Ha(F, $') = VWV (F, x'),

with p(R;) the external set of positive infinitesimals.
The Clarke cone is the standardization of the VV3-cone: i.e.,

Cl(F,z') = W3 (F,2').

In more detail,

W e CUF,2') ¢ (V*z) (V°a) (3°h) z + ah € F.

Convexity is stable. Convexity of harpedonaptae was stable in the sense that no
variation of stakes within the surrounding rope can ever spoil the convexity of the tract
to be surveyed.

Stability is often tested by perturbation or introducing various epsilons in appropriate
places, which geometrically means that tangents travel. One of the earliest excursions in this
direction is connected with the classical Hyers—Ulam stability theorem for e-convex functions.
Exact calculations with epsilons and sharp estimates are often bulky and slightly mysterious.
Some alternatives are suggested by actual infinities, which is illustrated with the conception
of infinitesimal optimality.

Enter epsilon. Assume given a convex operator f : X — E*® and a point T in the effective
domain dom(f) :={x € X | f(x) < +oo} of f.

Given € > 0 in the positive cone E of E, by the e-subdifferential of f at T we mean the
set

0.f@) ={T € L(X,E) | (Vz € X)(Tz — f(z) <TT — f(T)+¢)}.
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Topological setting. The usual subdifferential df () is the intersection of e-subdifferen-
tials:

of (@) = () 0-1(@).

=0
In topological setting we use continuous operators, replacing L(X, F) with Z (X, E).
e-optimality.

Theorem. Let f; : X xY — E® and fo : Y x Z — E*® be convex operators and §,e € ET.
Suppose that the convolution faAfi is 6-exact at some point (z,y, 2); i. e., 0+ (foA f1)(z,y) =
fi(z,y)+f2(y, 2). If, moreover, the convex sets epi(f1, Z) and epi(X, f2) are in general position,
then

O-(foAf)(wy) = |J  0=faly,2) 00 fi(x,y).

120,220,
e1+eo=e+0d
Enter monad. Distinguish some downward-filtered subset & of E that is composed
of positive elements. Assuming F and & standard, define the monad wp(&) of & as
w(&€) :==N{[0,¢] | € € °€}. The members of u(&) are positive infinitesimals with respect to &
As usual, °¢ denotes the external set of all standard members of E, the standard part of &.
Assume that the monad (&) is an external cone over °R and, moreover, u(&) N°E = 0.
In application, & is usually the filter of order-units of E. The relation of infinite proximity or
mnfinite closeness between the members of F is introduced as follows:

ep ey rer —er € u(&) & ex—ey € p(é).

Infinitesimal subdifferential. Now

Df@) = () o-f(®) = |J of@,

eees eep(&)

which is the infinitesimal subdifferential of f at T. The elements of D f(Z) are infinitesimal
subgradients of f at .

Infinitesimal solution. Assume that there exists a limited value e := inf cc f(x) of
some program (C, f). A feasible point xg is called an infinitesimal solution if f(xg) ~ e, i. e.,
if f(zo) < f(z) + ¢ for every x € C and every standard ¢ € &.

A point xg € X is an infinitesimal solution of the unconstrained problem f(z) — inf if
and only if 0 € D f(zo).

Exeunt epsilon.

Theorem. Let f1 : X XY — E® and fy : Y x Z — E*® be convex operators. Suppose that
the convolution faAfy is infinitesimally exact at some point (x,y,z); i. e., (foAf1)(z,y) =
fi(z,y)+ fa(y, 2). If, moreover, the convex sets epi( f1,Z) and epi(X, f2) are in general position
then

D(fQAfl)(x7y) - DfQ(y7Z) ° Df1($,y)
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NCHYUCJIEHUE KACATEJ/IBHBIX 11 BOKPYT

Kycpaes A. I'., Kyrarenanze C. C.

Onrumusaius — 310 BbIGOp Haubosee MpeanodYTuTe/bHOro. ['eoMeTprst U JIOKAIbHBIA aHAIN3 HErJIagKuX
00'bEKTOB HEOOXOIMMBI J1J151 BAPUAIIMOHHOTO AHAIN3A, KOTOPHIH BKJIIOYAeT onTuMu3aruio. K HuM oTHOCSTCS
JOIyCTUMBIE HAIIPABJICHNA U KacaTeJbHbIE KaK IIpeJeIbHble TO3UINY ITepBBIX. Vcuucaenne KacaTebHbIX
SABJSETCS OMHUM W3 OCHOBHBIX MHCTPYMEHTOB onTuMm3aruu. Vlcuncienre CBOAUT MPOTHO3 K YUCTIAM, 9TO
Ha COBPEMEHHOM $I3bIKe MOXKHO Ha3BaTh CKassipm3arimeil. CIOHTAHHBIE DENIeHMs YacTO HEYCTOWYIMUBBI U
peaKo onTuMasIbHEL. TakmM 06pa3oM, ONTUMU3AIMS U UCINCIICHIE KaCATeIbHBIX CBSI3aHbI C HEPABEHCTBA-
MH, CKansgpuldanueil u ycroirtuuBocThio. llesp HacTOsmEl cTaThul — J1aTh 0030P COBPEMEHHOTO IIOIXOIA
K YKa3aHHOMY KPYTY BOIIPOCOB, OCHOBAQHHOI'O HA NPUMEHEHWN HECTAHIAPTHBIX Mojesteir. Momenb mare-
MaTHUYIeCKO TeOpuy OOBIYHO HA3BIBAETCH HECTAHIAPTHON, €C/IM OTHOIIEHNE TMPUHAIIEKHOCTH B MOIEIH
WMeeT WHTEPIIPETANNIO, OTJINIHY0 OT WHTEPIIPETAINH TEOPUU MHOXKECTB. B mociie/iHue aecaTuieTus BO
MHOTHX MCCJIeJOBAHUAX MCIOJIb3YIOTCHA HECTaHIAPTHBIE METOIbl, PACIOJIOKEHHbIe Ha CTHIKAX aHAJIN3a U
JIOTMKH. DTa 00JIaCTh, JAeT HEKOTOPHIE HOBBIE BO3MOXKHOCTH MOIEIMPOBAHUS, OTKPBHIBAIOIINE IIMPOKUE
TePCIeKTHUBHI JJId PACCMOTPEHNSA U PelleHnsd PAa3JIMIHBIX TeOPeTUIeCKUX U IIPUKJIATHBIX 3a1a4.

KurodeBble cioBa: KoHyC Anavapa, koHyc Bynurana, konyc Kiapka, ofiiee To0xkeHne, OrepaTopHoe
HePaBeHCTBO Oy/IeBO3HAYHBIN AHAIN3, HECTAHJAPTHBIN aHAIN3.
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MNEPUOINYECKAA KPAEBAS 3AZTAYA
1A NUOOEPEHIIUA/IBHOT'O OITEPATOPA YETBEPTOI'O ITOPAJKA
C CYMMUPYEMBIM ITOTEHIINAJIOM

C. . Murpoxus

Pabora mocssamena nzydyenuio auddepeHnuasbHOr0 OmepaTopa Y€TBEPTOrO MOPAIKA C CyMMUPYEMbBIM TI0-
TEHITUAJIOM U TIEPUOJUIECKUMU TPAHUYHBIMU yCJIOBUAMU. MeTom m3ydeHus OmepaTopoB € CyMMUPYEMbIM
[MOTEHITNAJIOM SIBJISETCS PA3BUTHEM METO/Ia M3yU€HHs OMEePATOPOB € KYCOUHO-TJIAAKUME KO3 durmenTa-
vu. Kpaesble 3a71a4m TaKOTO POAA BO3HUKAIOT IIPU M3yU€HUN KOoJie0aHmil 6aI0K M MOCTOB, CKJICEHHBIX W3
MaTepHaJIOB PA3INIHON MIoTHOCTH. Pemenne muddepeHnagsbHoro ypaBHenus:, 3agaomero muddepen-
[MABbHBIN OIIepaTopP, CBE/IEHO K PEIeHnI0 MHTErPAIbHOrO ypaBHeHus Bomabreppni. lHTerpasbaoe ypas-
HEHWe PEIaeTcss METOAOM IIOC/Ie0BATeIbHbIX mpubrkennii [Iukapa.

ITesbio mcce10BaHMsST NHTETPAIHLHOTO YPABHEHUST SIBJISETCS TIOJIYI€HNE AaCUMIITOTUIECKUX (DOPMYJT U OIfe-
HOK 71 pemennii auddepeHnnaabHOro ypaBHeHns, 3aaaoiiero qud dbepernuansHbiil onepaTrop. Bompo-
cbl Teo(OU3UKY, KBAHTOBON MEXAaHWKW, KWHETHUKM, TA30NHAMUAKYA W TEOPUN KOJIeOAHMI CTepKHeil, 6aIoK
u MeMOpaH TpeOyIOT Pa3BUTUs ACHMITOTHYIECKUX METOIOB Ha CIydail Herjaaakux Koddduimentos mud-
dbepennmanbHbIX ypaBHeHUN. ACUMITOTUYECKHAE METO/IbI IIPOJIOJIKAIOT PAa3BUBATHCs, HECMOTPs Ha OypHOE
PAa3BUTHE HUCEHHBIX METOIOB, CBI3AHHOE C TOSBIEHNEM MOITHBIX CYII€PKOMIIBIOTEPOB, B HACTOSIIIEE Bpe-
MsI QCHMITOTHUYIECKYE U UNCIEHHBIE METOIbI JOMOIHSIOT APYT APYyTra.

B crarpe mpu 60bInX 3HAYEHUSX CIIEKTPAJIHHOTO MapaMeTpa IOIydYeHa ACHMIOTOTHKA pelmeHuit mud-
dbepenmanpHOro ypaBHenwus, 3anaomnero auddepeHnmuaibHbIi onepaTop. ACUMITOTHYECKIE OIIEHKH pe-
MIEHWI YCTAaHABIMBAIOTCH AHAJOTUYHO ACHMITOTHYECKNM OIleHKAM perneHnii anddepeHnajabHOro ome-
paTopa BTOPOro IOPsIKa € TIagkuMu Kodddburnmentamu. V3ydenne nepuoinvIecKuxX TPAHNIHBIX YCITOBUN
[IPUBOJNUT K M3YUEHUIO KOPHEeH (DYHKIWMH, IIPEICTABIEHHON B BUIE ONPEIEIUTESsT IeTBEPTOrO MOPSIIKA.
st mosydennst KOpHei 3Toi (GyHKIMN M3ydeHa WHANKATOPHAs guarpaMMa. KOpHM 3TOro ypaBHEHUS
HAXOATCA B YeThIPEX CEKTOPaxX OECKOHEYHO MAaJIOT0 PACTBOPA, OMPEe/IseMbIX MHINKATOPHON JrarpaM-
Moii. B crarne mccire1oBaHO moBemeHMe KOPHEH 3TOr0 ypaBHEHUS B KaXKIOM M3 CEKTOPOB HHIMKATOPHOI
muarpamMmbl. Haiinena acmMnToTuka COOCTBEHHBIX 3HAMEHHI n3ydaemoro auddepeHnaasrHoro onepaTo-
pa. Ilomyuentbie popmMysIbl /18 ACHMITOTUKY COOCTBEHHBIX 3HAYEHUHN TTO3BOJISAIOT U3y YUTH CIEKTPATIbHBIE
CBOMCTBA COOCTBEHHBIX (DYHKIIHI MCCIemyeMoro audepeHnmnaabHOro oneparopa. Kcam moTeHnma ome-
paropa Oymer He CymMMUpyeMOil (pyHKIMeH, a TOJHKO KYCOYHO TJIAJKOM, TO TIOJIYUEHHBIX (DOPMYJI ISt
ACHMIOTOTUKHU COOCTBEHHBIX 3HAYEHUU TOCTATOYHO sl BBIBOJA (POPMYJ/IBI TEPBOTO PEryISTPU30BAHHOTO
ciiesia m3ydaemoro avid¢epeHIma bHOr0 OTIepaTopa.

KutroueBnle ciioBa: auddepeHnnaabHblil 0IepaTop IeTBEPTOrO OPSIKA, CyMMUAPYEMbIN TOTEHITHAIT, TIe-
pUOIMYECKTe TPAHUYHBIE YCJIOBUS, CIIEKTPAJIBHBIN TTAPAMeTpP, aCUMIITOTUKA PEIIEHUH, aCUMITTOTHKA, CO0-
CTBEHHBIX 3HAYEHUI.

1. ITocranoBka 3agauu. 3yunm crekTpaibHbIE CBOMCTBA KPAeBO# 3ajaqun [isd aud-
depeHImaIbLHOTO OIIEPATOPa YeTBEPTOTO MOPSIKA, 3a4aBaeMoro audepeHnmuaabHbIM ypPaB-

HEHUEM BI/I,}I&
y W (2) + q()y(z) = Na'y(z), 0<z<m, a>0, (1)

C MEPUOANIECCKUMU T'PAHNYIHBIMU YCJIOBUAMU

y(0) =y(m), ¥(0) =y, ¥'(0)=y"(x), y®©0)=y®). (2)
© 2017 Murpoxuu C. .
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B muddepennmansrom ypasuennn (1) uncao A € C — cnekrpanbublii napamerp, GyHKImst
p(z) = a* > 0 — Becopas dyukmma, bynxmusg q(r) — morenmuan. MbI IpeamosaraeM, 4To
norennua ¢(x) siBasiercs cymmupyemoit gynkuueit Ha orpeske [0; 7:

x !/

4(@) € Li[0;7] & / gt)ydt) = q(z) (3)
0 X

nourTu Jyisi Bcex x u3 orpeska [0; 7).

2. Ucropuueckuii 0630p. CHauaja crekTpajibHbIE CBOHCTBA OOBIKHOBEHHBIX Jaudde-
PEHITUAJIBHBIX OMEPATOPOB M3YYAJUCh B TOM Caydae, Korma koddduiments nuddepenim-
AJIbHBIX YPABHEHWI, 331aI0IUX ITU OMEPATOPHI, OBLIN JOCTATOYHO TJIAAKAMEU (DYHKIUSIMUA.
B pa6ore [1| 6but1 oIy YeHBl aCUMITOTHYECKHE (DOPMYJIBI JJIsi KOPHEH KBAa3UIOJIHHOMOB, KO-
TOPBIE TIONIYYAIOTCS TTPY N3y YeHNH OTIEPATOPOB BBHICIINX TTOPSITKOB C PETYISAPHBIMA T'PAHUIHBI-
MU YCJOBHSAME € TIagkuMu Koddgdurnmentamu. B pabore [2| BBIYHCIEHB! PEryIsipu30BaHHbBIE
CJIEJIBI TAKOTO poOjia omeparopoB. B pabore [6] BbUuc/IeHbI ciebl 0OBIKHOBEHHBIX auddepen-
MUATHHBIX OTEPATOPOB BBHICIIIAX TTOPSIKOB C JOCTATOYHO TIAIAKUMA KOIMDPUITMEHTAMMT.

B paborax [3] u [4] aBrop ycnemnno nonusm riakocTsh koadduimentor quddepenipain-
HBIX OMEPATOPOB M M3YYUJI OMEPATOPBI C KyCOUHO-TIaAKuMu Kodddurmentamu. B pabore [5]
n3yden guddepeHnnaabHbiil 0TepaTop, Yy KOTOPOTO HE TOJIHKO TOTEHITHAJ SIBIAETCH KyCOUHO-
HEIMPEPBIBHOM (DYHKITHEl, HO U BecoBas (DYyHKIUS TaKKe OblLIa KyCOYHO-TJIAIKOM.

Peskuit mporpecc B uzydenun audepeHImaibHbIX OMepaTOPOB ObLI CIeIaH COBCEM HEAB-
HO, Korzia B paborax [7] u [8] Obl1 n3yuen onepaTop BTOPOro MOPsiIKa ¢ CyMMHUPYEMbIM TIOTEH-
UajgoM, OBLIN BBIYUC/IEHBI ACUMITOTUKHU TTPOU3BOJIBHOTO MOPSIIKA COOCTBEHHBIX 3HAYEHUI U
cobcrrennbix yurmuit kpaesoit 3agaun [llrypma — JIlnyBuiia wa orpeske. Merommka pa-
6ot |7, 8] ;s W3yUeHNsT CHEKTPABbHBIX CBONCTB OMEPATOPOB € CyMMUDPYEMBIMU KO durm-
eHTAMV HE TIEPEHOCUTCS Ha OTepaTophbl 00J1ee BHICOKUX TTOPSIIKOB.

B pa6orax [9, 10] aBropom paspaborana HOBasi METOANKA JJist n3yderus Juddepenipaib-
HBIX OIEpPATOPOB ¢ cymMMupyeMbiMu Ko3dbdurmenramu. B pabore 9] 6bu1 u3yuen omepaTtop
9eTBEPTOrO MOPLAIKA, ¥ KOTOPOTO HE TOJIHLKO TOTEHINA, HO U KO3 MUIIMEHT pU IePBOi po-
U3BOJTHOl OBLIM WHTErpUpYyeMBIMU Ha oTpeske ¢dbyHKmugmu. B pabore [10] paccmarpusascs
OTIepaTop IIECTOTO TOPSIKA € 3aMa3IbIBAIOIIIM apTyMEHTOM, TIOTEHINAJ OTlepaTopa SIBJIsL-
ca cymmupyemoit byHKImEl Ha OTpe3Ke, TPAHUIHBIE YCJIOBUA Pa3/ie/IeHHbIe, ObLIa, BHITUCTIE-
Ha ACHMIITOTHKA COOCTBEHHBIX 3HAUEHM n coOcTBeHHBIX (yHKIIIA. Heobxommmo oTMeTnTs,
9TO0 C BO3pACTaHWEM MOPsAIKa 1uddepeHna IbHBIX YPABHEHNI, 33/IaI0INX OEPATOPHI, CJI0XK-
HOCTB BBIKJIAJIOK BO3PACTAET MHOTOKPATHO.

B pa6ore [11] yaamocs u3yunts audepeHimanbHblii 0rmepaTop mpou3BOILHOTO HEYETHO-
TO TIOpAaKa CO CTaHJAPTHBIMU (bI/IKCI/IpOBaHHbIMI/I Pa3ac/IEHHbIMU T'DAHUIHBIMU YCJIOBUAMMA.
B paGore [12] uszyuensl crieKTpaJbHbIE CBOHCTBA 1IEJIOT0 ceMeiicTBa TuddhepeHIma bHbIX OTe-
PATOPOB BBICOKOT'O Y€THOT'O MOPAJKA C PA3JC/JIEHHBIMU T'DAHUYIHBIMU YCJIOBUAMU.

Tlepuoanaeckure rpanmvHbIE YCJIOBUS, KOTOPBIE MBI OyAeM W3y4daTh B HACTOdAIIEH pabore,
SABIAIOTCA HepaszneneHHbIMu. J1sg nuddepeHmanibHbIX 0IepaTopoB MOPSIIKA BHIIIIE BTOPOTO
HEPA3ACJI€HHbIE TDAHNYHBIE YCJIOBUA (C IIEeJIbIO OTBICKAHUA aCUMIITOTUKH CO6CTBeHHbIX 3Ha4de-
HUiT) paHee (DAKTUYIECKU HE U3YUAUCH.

3. Acumnroruka pemennii quddepennuanbaoro ypasaenns (1) npu 60sbmmx
3HAYEHUSX CHEKTPAJILHOTO TapameTpa \. Brerem ciegyiomme o6o3nadenms: \ = s,
s = V/\, Ipu 9TOM /1711 KOPPEKTHOCTH JATbHEMIIIX BEIKIAI0K 3aUKCHPYEM Ty BETBb apud-
MEeTUYeCKOTO KOPHH, /I KOTOPOit V1= +1. [Mycts wy (k= 1,2,3,4) — pazauunble KOPHU
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YeTBEPTON CTEINEHU U3 €JIMHUIIbI:

wézl, wk:e%(k_l) (k=1,2,3,4); w1 =1, we=e€e4 =i=2z#0,
dmi 2 3
w3:e4 = Z :—1, =

Yucna wy (k=1,2,3,4) u3 (4) geast eMHUYHYIO OKPY?KHOCTh Ha Y€ThIPE PABHBIE YaCTH,
[IPU 9TOM CIIPABEJIUBbI CJIEIYIOINE COOTHOIIEHNUS:

4 4
szzo,pzl,l?); Zw£:4,p20,p:4. (5)
k=1 k=1
Mero/10M Bapualyn MOCTOSIHHBIX YCTAHABJIMBAETCSI CJIEJLYIOIIee YTBEPIKIEHNUE.

Teopema 1. Pemrenne y(x,s) auddepennnaipaoro ypasaenus (1) sipiasiercss penieHneMm
HHTerpaJjbHOr0 ypaBHeHHs Boibreppbl

4 4
1
) = Y LS ) 0
k=1 k=1
X
or(x,8) = /q(t)eawkSty(t,s) dt, k=1,2,34. (7)
0

< TIposepurs cnpasemansocts dopmy (6), (7) MoxkHO HenocpecTBeHHBIM uddepeH-
[UPOBAHUEM, YUIUTHIBAS, UTO MPH BBIMOJHEHUN YCJIOBUSI CYMMUPYEMOCTH (3) MOYTH BCIOIY HA
orpeske [0; 7] cipaBeymBa cieytoiasi GopmyJia:

%((pk(x,s)) = (/q(t)e“w’““y(t,s) dt) = q(x)e” "ETy(z, 5).
0 xX

TMostomy u3z dopwmyn (6), (7) nmeem

4

4
1
Y™ (z,5) = Z Cr(awys) e F5* — 10353 Zwk(awks)meawksxwk(x, s)
k=1 k=1 (8)
1
_mﬁbm(l'ys), m=1,2,3,
4
bm(z,5) = Zwk(awks)mfleawksxq(x)efaw’“sxy(x, s)=0, m=1,2,3,
k=1

B cuily cooTHotenuit (5) u cBoiictBa cymmmupyemoctu (3).

Ipomuddepenrmpyem y3) (z, s) u3 (8) eme pas 1o mepeMeHHON x, IOICTABHM MOy UNB-
meecst Beipazkerne u (6), (7) B muddepenmmansroe ypasrenne (1), yummm, uro y¥ (z,s) +
q(x)y(z,s) — Aa*y(z,s) = 0 mourw m1g Becex x m3 orpeska [0;7], T. e. ybeauMCca B TOM, UTO
y(x,s) uz (6), (7) neficrurenbHO siBasieTcs perienvem ypasaenus (1). >
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AcnmniToTUKy perenuii mATErpabHOrO ypasHeHus (6) HaiizemMm MeTo0M MOCIeI0BaATE b
ueIxX npubmkennit [Iukapa: maiinem y(t, s) u3 ypasuenus (6), mogcrasum y(t,s) B ypaBHe-
nue (6), mosmyanm

4 1 4 z
— Z Ckeawksx o Yoy Z wkeawksx / q(t)e—awkst
k=1 k=1

0

4 4 t
1
awpst awg st —aWg ST
x {kg 1Cke 10853 4 1wke /Q(é) y(&s) €}dt- (9)
= = 0

ITpoussens B (9) HEOOXOMMMBIE TTPEOGPA30BAHMUS, HAXOJIUM

. 1 o Hg(x,s)
=3 CpetrsT C —6 ) 10
; ke 4a3s3 ; Kar(w,s) + 16a6s6 ’ (10)
4 x
Psp(x,s) = ane“w"sx/q(t)e“(wkw")Stdtakn, k=1,2,3,4, (11)
n=1 0

4 z 4 ¢
s) = preawpsz/q(t)e_“wp“(ane“w"St/q(ﬁ)e_“w"sgy(ﬁ, s) df) dt. (12)
0 n=1 0

p=1

TMoxcrasum B dbopmyay (12) seipaxkenne jyist y(€, s) uz (6), (7), nomyuanm:

4 x t

4
H6(.’E, S) — Z wpeawpsx / q(t)e—awpst ( Z wneawnst / q(¢ —dwnsf
n=1

p=1 0 0

ZC eawrsf 4a383 awrsf )] df) (13)

[MTomenss B (13) MOPsIOK CyMMUPOBAHUS U C/IEJIaB HEOOXOIMMbIE BBIKJIAKN U YIIPOIIECHS,

HAaXOJIUM
4

Hg(x,5) = > CrHgp(x, 5), (14)
k=1

xT

4 4
HGk(-Ty S) _ Z eAWn ST [pr/ e® (wp—wn)st

n=1 p=1

t
X(/ﬁ@k“”q%mdﬁd%wm

0

Hgk(l?, S)

+ 4a3s3

. k=1,2,3,4. (15)

ITpoananusuposas dopmysst (9)—(15), IpuxoAUM K BBIBOJLY, UTO CIIPABE/INBA CJIEYIOIIAST
Teopema.
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Teopema 2. Obmee pemenne gudgepentmansaoro ypasuenus (1) npu yciosun cymmu-
pyemoctu norenmuaa (3) UMeer CJaeyIOuii BUJI:

4 4
)= Cigplz,s) Y™ (x,5) = Oy (x,5), m=1,23, (16)

npuyem gyHgamenTaapHas cucrema permennii {yg(x, s)}%:1 MOQYUHSETCS CACAYIOUIEH aCuMII-
TOTHKE IIPH S — 00!

yp(w,s) = k5T Vor(z,s) | Howlw, ) + _(mem

4a3s3 16 a8s6 59

| Im s|ax
(m) — m m ,QWg ST __ wgrllc(xv 3) Hg;f;(% 3) 0 €
b (@,8) = (as) {wk ‘ 437 16a0s6 2 9 ’ (18)

k=1,2,3,4 m=123,

>’ k:172a3745 (17)

Gyukmmn Vs, (k= 1,2,3,4) onpenenensr popmymnoii (11), ¢pyaknun He,(z,s) (k= 1,2,3,4)
omnpesesennr popmyioii (15),

T

Yi;(z, 8) an m “w"sx/q(t)e“(wkw")“ dtepn, k=1,2,3,4, m=1,23, (19)
0

HGk; , S anwm awnsx[

t
X (/q(g)ea(w'stC dg) dtapnkp], k=1,2,3,4 m=1,2,3. (20)

0

Acnmmrorrueckue onenku (17), (18) ycraHaBaMBaOTCS aHAJOIMYHO ACUMITOTHYECKUM
orenkaM jist b depeHnuaaIpHoro onepaTopa BToporo nopsaka (em. [13, o 2], [14, v 2|).

ITpu sTom npwm BEIBOAE hopmyn (16)—(20) Mbl TpebOBAIM BHIIOJHEHUS CJIEIYIONUX Ha-
YaJbHBIX YCJIOBUM:

¢3k(03 S) = Oa Hﬁk(oa S) = Oa T/}g/:(oa S) = Oa Hé?c(oﬂ S) = 0’
ue(0,8) = 1; 5™ (0,5) = (as)™wf’, k=1,2,34; m=1,23 (21)

4. Nzy4yenne rpanndubix ycaosuii (2). [loacrasisas dbopmymsr (16) mus obmiero pe-
mennst qudepennuanbaoro ypasuenns (1) B rpannanbie ycaosus (2), nosyvaem

—
N
~

y(TF,S) - y(07 S) g i Ckyk(ﬂvs):i Ckyk(078) ﬁi Ck[yk(’rﬁs) - yk(078)]:0;

= k=1 k=1 (22)
y("™) (r.5) (2) ™)(0,s) Ch )(7" s) yl(cm)(O,s) -0 =1.2.3
e Z Y~ Y | =0 m=123

Cucrema (22) mpejcrapiger coboii JTUHEHHYIO OJHOPOJHYIO CUCTEMY U3 Y€TBIPEX ypaBHE-
Huii ¢ gerbipbMst HemzBecTHbIMU (', Co, C3, C4. N3 meroma Kpamepa ciemayer, aro Ttakas
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cucrema nveer nenyessie pemenns (Cf + Cy + C4 + C§ # 0) TOIBKO B TOM CTydae, KOT/a
ee olpeieuTeNb paBeH Hy/i0. CrpaBe/IuBa cyeyonias TeopeMa.

Teopema 3. YpaBoenue Ha cOOCTBEHHbIE 3HAUYEHHUS JUDGPEPEHIIHATBHOIO OMEPATO-

pa (1)-(2) ¢ ycmoBuem cymmupyemoctn norennuasa (3) uMeer CAeAyIOmni BUJL:

yl(TF,S) - y1(078) yQ(Tr?S) - y2(078) yg(W,S) - y3(078) y4(7r,s) - y4(078)
yi(ms)  y1(0,) yo(m,s)  y5(0,) y3(m,s)  y5(0,) yy(ms)  yy(0,s)
F) =1 yims) w0 | wms)  wOs | wms)  w0s) | wims)  wios | =0
(as)? (as)? (as)? (as)? (as)? (as)? (as)? (as)?
vWims) 4205 | vV v 0s) | v (ms) P08 | v P ms) 48P (0,9)
(as)? (as)? (as)? (as)? (as)? (as)? (as)? (as)?
(23)

TMoxcrasasist bopmysst (17), (18) B ypasHenue (23) n yuurbiBas HadaibHble yciaoBust (21),
npuBejieM ypaBHeHue (23) K CJIeAyIoneMy BUY:

Hb(s Hmn 1 0’ (24)
n V3 (7{-35) Hg (7{-35) 1
bin(s) = (e¥n — 1) — 7}\43 - ’;\46 +0l5 ) n=1234
T (m, s H (7, s 1
bn (s) = wy' ("™ — 1) — ¢37}\£[3 ) + 6?\(46 ) +Q(5_9>7 m=2,3,4 n=1,2,3,4,

Te BBeJeHbI CJedyomme obo3Hadenns: evr = q®xs™ M 3 = 4a353, M6 = 16a5s°
Packsiagpisas onpegesnrens f(s) uz (24) no crosabram Ha cymMMy onpejesnTeseil, mosy-

JaeM (5) 6(s)
f3(s (s 1
= — Ol—=<]=0 25
f(s) fO(s) 40353 + 164656 | =\ &9 ) ( )
OCHOBHOE IIPUOJIMKEHNE UMEET BT
fo(s) =0, (26)
1(e® —1) |1(e™2—1) |1(e™—1) |1(e™t —1)
fols) wy(e® —1) | wa(e® —1) | ws(e™® —1) | wa(e® —1)
S) =
P e = 1) | wi(e — 1) | wies — 1) [wi(e 1) (27)
wie —1) | wi(e™ —1) | wi(en —1) | wi(es - 1)
— Wo(eaw1s7r . 1)(€awgs7r . 1)(€aw357r . 1)(€aw4s7r . 1)
roe Wy — ompenennTens BangepMmoHga 9aucen wy, wa, w3, Wy:
Wy = det Wandermound's(wy, wa, w3, wy)
1 1 1 1 1 1 1 1
W] Wy W3 Wy 1 ¢+ -1 -
- = =—16i #£0, (28
w? wi wi w? 1 -1 1 -1 7 (28)
wi wi wi wi 1 — -1
4 4 10
= fa(s), )= for(s) + D forl (29)
k=1 k=1 k=5



Ilepuoauieckast kpaeBas 3aja4da sl JUPEPEHITHATLHOIO OMEePATOPa 41

onpeneanrenn fai(s) (kK = 1,2,3,4) nonyuatorcss uz onpegenuressi fo(s) u3 (27) 3amenoii
k-ro cronbua wa crosber (s (T, s), w%k(w, s), w%k(w, s), wgk(w, s))*, Hampuwmep,

Yai(mys)  Lew*—1)  1(e™ —1)  1(e*™ —1)
P (m,s) wa(e® —1) w3(e” —1) wy(e™ —1)
Y3 (r,s) wi(e® —1) wies —1) wi(e® —1)|
3
2

Y5 (mys) wie™ —1) wi(e™ —1) wi(e™ —1)

fa1(s) = (30)

onpenennrenn fer(s) (kK = 1,2,3,4) monyqatorca u3 onpegenurens fo(s) m3 (27) 3amenoii
k-ro cronbua na cronden (Heg(m,s), H(m, s), H.(w,s), Hy.(m, s))*, nanpumep,

(e*1 Hgo(m,s)  1(e™ —1)  1(e™ —1)

1(e"t —1) )
w1 — 1775 wsg(e"3 — wa
L S RO 1)
)

)

wi(e¥t —1) Hy(m,s) wi(e¥s —1) wi(e —1)
wi(e® —1) Hiy(ms) wi(e™ —1) wi(e™ —1)
onpeneanrenn fer(s) (kK = 5,6,...,10) nomxyuatorcss 3 onpegenurensi fo(s) u3 (27) 3ame-
HOiI AByX cTOsIONOB (mox HOMepamu ki u k) Ha cTOIOUB (13K, (7T,s),1/13k1 (W,s),¢3k1 (m,5);

wgkl (7T7 S))* " (¢3k2 (71', 3); w§k2 (7T7 S); wng (7T7 S); T/’ng (7T, 3))*7 HallpuMep,

)
P31 (7T, S) 1/)32(7T, S) 1(€w3 — 1) 1(6w4 — 1)
_ Pi(m,8) y(m,s)  w(es —1) wy(e® —1)
Folo) =y (m,s) wylms) wdems —1) wiew — 1)’ %
ii(m,s) Y(m,s) wi(e™ —1) wi(e™ —1)

B ompenenurese fes(s) Mensaiorces 1-it u 3-it cronbupl, B onpenenurene fgr(s) — 1-it u 4-ii
crosbupl, B feg(s) — 2-it m 3-it cronbupsl, B feo(s) — 2-if u 4-it croabupl, B onpejeanTese
f6,10(8) — 3-it u 4-it cTO/IONEL

YuaureiBas, uro B cuiy dopmya (4) ws = —wi, wy = —wy, onpepenntens fo(s) uz (27)
npeobpaszyeTcsa K CJAEeAYIOMEeMy BUIY:

fo(s) = Wo{ew1+w2 +eWITW2 T WITW2 4 pTWIT W2 _ 9l 9pT W1 _ Det2 _ DT W2 +4}. (33)

WNumukartopuas auarpamva 1 ypasaenns (25)-(32) (cm. [15, mr. 12]), T. e. BBImyKIas 060-
JIOUKa TI0Ka3aTesell SKCIOHEHT, BXOASIIUX B 9TO ypaBHeHue, B cuIy (33) mMeer cemyronuit

BUJI:
2) 1y
W twy witw,y
i=w,
3) |4 1 1)
0 X
__i:wl :_W2
WImW, WI—w,
4)

NnaankaropHasa guarpamma 1.
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IMosromy n3 obmieit Teopun (cm. [15, i, 12]) caegyer, 94To JJist HAXOXKIEHWUsT ACUMIITOTHKN
KopHeil ypasuennit (25)-(29) u fo(s) = 0 u3 (33), B cexrope 1) nnauKaTOpHOI AMarpamMMsl 1
HaJI0 OCTaBUTH KCIOHEHTHI C MOKA3aTesIMUA W — W, W] U W1 + Wy, B CEKTOPE 2) HEOOXOANMO
OCTABUTH IKCIIOHEHTHI C MOKA3ATETAMA W] + W2, W2 ¥ W1 — W2, B CEKTOPE 3) — SKCIOHEHTHI
C NOKa3aTessiMi —w] + Wg, —W] U —W] — Wy, B CeKTOpe 4) — 3KCIOHEHTHI € T10KA3ATEJISIMU
—WwW1 — W2, —W2 U W1 — W3.

5. U3yuenme onpenenuresieii fsi(s) m for(s) n3 (25)—(32). oucrapuss dynkuun
Ps1(m,s) m3 (11) m éT)(T(',S) (m =1,2,3) u3 (19) B onpenenurens f31(s) u3 (30), BEIHECEM
muoxkurean (e¥? — 1), (e® —1) u (e¥* — 1) u3 2-ro, 3-ro u 4-ro CTOJIOIOB, IOy YUM

¢31 (7‘(‘, S) 1 1 1
1 (m,s) wo wg wy
fals) =13 5 o o€ =1)(e" —1)(e"* 1), (34)
s(m,s) wy wi wi
5i(mys) wi wi wi

™

4
¢3ﬁ(ﬂas)22wpw;new”</...> , m=123.
p=1 alp

0

Packsagpisas onpegennresns f31(s) n3 (34) no croabuam Ha CymMMy ONpejesnTe e, uc-
HOJIb3yd CBOICTBA ONpeAe/UTe/ e, HaX0AuM

™

fa1(s) = leo</...> el(e"? —1)(e"® —1)(e" —1), (35)
all

0
rae onpeaemurens Wy onpenenen dopmyoit (28).
AHaJIOrUYHBIM 00PA30M BBIBOIUM

™

fa2(s) = ng(](/...) e (et —1)(e"® —1)(e" —1), (36)
a22

0

fas(s) = w3W0</...> e (e —1)(e"? —1)(e" —1), (37)
0 a33

™

faa(s) = w4WO</...> evt(et —1)(e"? —1)(e"® —1), (38)
ad4

0

npu 3TOM OTMeTHM, 9T0 B cury (opmyabl (11) nmeem

<0/ﬂ'..>a11: (0]'“>m: <0/7r'“>a33: <Z'-->a44=jq(t)dta11. (30)
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Ncnonszys dopmysst (15) u (20), aust onpenesnnrens feo(s) uz (31) nmeem

4 4 T
1 anew"(pr(f...) ) 1
n=1 p=1 0 apn2p
4 4 T
wy anwnew"<2wp<f... w3
o) =| T L L
wy anw%ew"<2wp<f...> > w3
n=1 p=1 0 apn2p
4 4 T
w} anwgew"<2wp<f... wi
n=1 p=1 0 apn2p

OTKY/la, UCIOJIb3yd CBOICTBA ONpeAe/uTe e, HaX0aAuM

4 T
f (s)sz( ’ll)n( > )er(ewl_
- o nzl ()/ an22n

Ananornano ooy dbopmya (40) u (41) nosyuaem

4 ™
f(ﬁsz( w% ”> }mwm_
: o ngl ()/ anlln

™

4
f@sz( w4 m> )w%m_
: o n;l / an33n

0

4 ™
f64(5)=w4Wo<an</...> >6w4(ew1_
n=1 0 anddn

1

Wy

—1).

(41)

(44)

Ucnonb3ys cBoiicTBa, mpuMeHenHble HamMu npu Bbisojie dopmya (34)—(44), nia onpenenm-

tens fes(s) n3 (32) mveem:

/
- e
fes(s) = "%
(
(

x (e — 1) (e — 1) = wiwa Woe™ e (e"® —

1)(e® — 1)

AL
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AHaJIOrUIHBIM 00PA30M HAXOIUM:

fee(s) = wiwsWpe e (e"? — 1)(e"* — 1)

L)AL
L)) e

)
G0

) ( ) ] (49)
a24 ad?2
f6,10(8) = wawsWoe"2e (e —1)(e"? — 1)

(ENERIBNIBIE

6. AcumnToTnka coOCTBEHHBbIX 3HaYeHN auddepeHnmansHOro oneparopa (1)—
(2)—(3) B cexkTope 1) maaumkaTopHoii nuarpammbl 1. Vcrnons3ys 3aMedanue, CIeIanHOe
namu noce popmyant (33), B hopmynax (35)-(39), (41)—(44) u (45)—(50) nHeobxoamMo ceaTh
Hy?KHBIE TIEPEMHOXKEHUs W B CEKTOpe 1) WHIUKATOPHOH JuarpaMMbl OCTABUTH SKCIOHEHTHI
C TIOKa3aTeJISIMU W1 — Wa, W1 U W1 + we. [lo3TOMy CclipaBeinBo CJIeyIoNiee yTBEPK IeHHE.

X
| — |
N
o\“ﬂ
\‘/
2
=
N
o\ﬂ
\‘/
&

|
N
o\ﬂ
o\ﬂ

fos(s) = wawsWye"2e 3 (e®t — 1)(e"* — 1)

AL

feo(s) = wows Woe2e™ (e"* — 1)(e"® — 1)

O'\a
O'\a

O'\a
O'\a

Teopema 4. Vpapraenne Ha cOOCTBEHHBIE 3HAUYEHHs g pepennuapHoro omneparopa (1)—
(2) (¢ ycroBuem (3) cymmmpyemoctn norennnana q(x)) B cekrope 1) HHANKATOPHOMH JAHATDAM-
MbI 1 uMmeer cuexyroninit BU:

91(s) = gro(s) — g1,3(5) + g1,6(5) +Q(5i9) — 0, (51)

4a3s3 16a8s6

9170(8) _ ea(wl—f—wg)sw — 9eaW1ST | ea(wl—wg)sw’ (52)

9173(8) — {wl [ew1+w2 — 2eWl 1 ew1*w2] + wo [ew1+w2 _ ew1]
T

g [0 — ] } /q(t) dtar1, €Y% = e™FST |k =1,2.3.4, (53)
0
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91,6(8) = g1,6,1(5) + g1,6,2(5);

™
917671(8) = w1 [ew1+w2 — 2e%1 ewrwz} Z W, < / - )
anlln

n=1 0

+wg [e1T2 — 1] iwn</ﬂ> + (—wg) [e"1 2 — 1] iwn</ﬂ...> ,
n=1 5

an22n and4n

ceiem=e|(f) (F), (L)L) e

0 0

(54)

ITpu srom 3amernm, 4o B popmysax (51)—(55) Mbl MoxKeM 110/1eUTh Ha el = eMW15T £ (),

Ocuosuoe npubsmxenne ypasaenus (51)—(55) mmeer Bux g1o(s) = 0 & €297 — 2 4
e” M2 = () & 2T = ] (KopeHb KPATHOCTH 2) < Sk jocn = %, k € Z, vugexc 1y Sk 1ocu
O3HAYAET, YTO MBI U3y9aeM CEKTOD 1), «OCH» 03HAUAET «OCHOBHOE» TPHUOIUKEHE.

Teopema 5. Acumnrornka cobcTBeHHbIX 3HAYEHNUTT uchpepentmaniproro oneparopa (1)—
(3) B cexkrope 1) mHIUKATOPHOI qHATPAMMBI 1 HMEET CJIEYIONHil BHT:

2k 2d3k 1 2d6k 1 1
== ’ ’ — Z.
sei=_t+ gt t 0} 0 ) ke (56)

< [ns jgoxazaTesbcTBa TEOPeMbl & HEOOXOJMMO TOKa3aTh, YTO KO3(p@uImenTs daj 1
B dopmyse (56) HAXOAATCA €TUHCTBEHHBIM OOPA30M W TMPUBECTH (HOPMYJIbI JJIsT UX BBIUUC-
JICHUA B ABHOM BHJIE.

Ucnonssyst hopmynsr Maknopena n dbopmyry (56), mmeem

omid omid 2m2d3 1
+awsg s _ 3k,1 6k,1 3k,1
erovsen| =4 UL o SO 2 +Q<ﬁ>, (57)
Sk,1
i d 3d3k,1 L0 1
s? Sk,1 - 8k3 k4 —\ k7 ’
’ (58)
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TMoxcrasasist popmyst (56)—(58) B ypasuenne (51)—(54), noaygaem

27T7;d3]g71 27T’L'd6k71 27T2d§k71 1
[1 + 3 + 6 6 +0

2midg1  2mideg,) 2772d§k,1 1
Y R T R 7

1 a? 3dsp 1 1 f 2miday 1
[ 1 _ ) _ 1 R
4a3 8k3 [ LA +0 5T /Q(t)dtan wy |1+ 3
0 (59)
1 27T’L'd3k71 1 2ﬂ-7:d3k:71 1
+Q<ﬁ)_2+1_T++Q<E> + waq 1+T+Q 76 -1
27T’Ld3k 1 1 1 a6 6d3k 1 1
— 1— : — -1 1-— : —
2 [ R Q<k6> 1645 6456 T\
1
X [91,6,1(8) + 91,6,2(5) } + Q<@)~
Sk,1 Sk,1

Ipupasnusaz B ypasuennn (59) nociegosarenbno xKosbduuments: mpu kC, k=3, k=6, poi-
BosUM (hopMyJTy
s

1
dap1 = — [ q(t)dta;, ke€N. 60
Bk = 3o q(t) dtan € (60)
0

[Monyuenune dhopmyasr (60) 3aBepImaer 10Ka3aTeTHCTBO TEOPEMBI 5. [>

U3syuas anasormaabiM 06pa3oM cekTopa 2), 3), 4) WHINKATOPHOl auarpaMMbl 1, y6exia-
eMCsI B CIIPaBEJIMBOCTH CJIEAYIOMIErO YTBEPIKICHUS.

Teopema 6. Acumnrornka cobcrBennbix 3unadenuii oneparopa (1)—(3) B cekropax 2)—4)
HHJTUKATOPHOI AHarpaMMbl 1 yIoB/IeTBOpsieT CIeyIOIHM aCHMITOTHKAM:

)

i
Sk,2 = Sk,1€ 2,

s’ 27
Sk,3 = Sk2€2 = Sk 1€ 2
i 37'ri’ (61)
Sk4 = Sg3e? =Sp1e 2,
Skym = sk‘,le%(M71)) m = ]-7 2; 37 45
e gmcaa si,1 onpenerens ¢gopmyramn (56), (60);
2)
e = Spms m=1,2,34; ke N. (62)

s HAaXOXKIeHWsT aCUMITOTUKN COOCTBEHHBIX 3HAUYEHUH (PYHKIINN MOXKHO JTOKA3aTh CJie-
JIyIOIIee yTBEPXKIEHNE.
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Teopema 7. Cob6creennbie pynknun yi(z,s) anddepennuansaoro oneparopa (1)—(3)
V/IOBJIETBOPSIOT CJAEYIOIAM ACHMITOTHKAM:

rJie 9uca Sy, onpenenensr gpopmynamu (56), (60)—(62), Gyurmum yy,
acummrorukam (17), (18), (21), n=1,2,3,4, p=10,1,

10.

11.
12.

13.
14.

15.

yk,m(x7 5) =
y1(m, ) —41(0,8)  yo(m,s) —y2(0,5) y3(m,s) —y3(0,s) ya(m,s) —ya(0,5)
yi(ms)  y1(0.8) yo(ms)  y5(0,8) ya(ms)  y5(0.8) yu(ms)  y4(0,8)
yi’@‘ig) B yi’(O)g) yg@‘i,;) B y;’w),;) ygf‘f,g _ ) yz“ﬁ;) B yz‘(‘f)),;) :
yf’g (z,s) ygg’)(o,s) yégs (z,s) yé3>(o,s) i (z,9) yé” (0,5) yfﬁg (z,5) yEP (0,5)
(as)3 (as)3 (as)3 (as)3 (as) (as)3 (as) (as)3 S=Skm

() (x,$) yaoBierBopsitoT

2,3.
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A PERIODIC BOUNDARY VALUE PROBLEM FOR A FOURTH ORDER
DIFFERENTIAL OPERATOR WITH A SUMMABLE POTENTIAL

Mitrokhin S. I.

The paper is devoted to the study of a fourth-order differential operator with a summable potential
and periodic boundary conditions. The method of studying of operators with a summable potential is
an extension of the method of studying operators with piecewise smooth coefficients. Boundary value
problems of this kind arise when studying the oscillations of beams and bridges composed from materials
of different density. The solution of the differential equation is reduced to the solution of the Volterra
integral equation. The integral equation is solved by Picard’s method of successive approximations. The
aim of the, investigation of the integral equation is to obtain asymptotic formulas and estimates for
the solutions of the differential equation that defines the differential operator. Questions of geophysics,
quantum mechanics, kinetics, gas dynamics and the theory of oscillations of rods, beams and membranes
require the development of asymptotic methods for the case of differential equations with nonsmooth
coefficients. Asymptotic methods continue to evolve, despite the rapid progress in numerical methods
associated with the advent of supercomputers; at present asymptotic and numerical methods complement
each other. In the paper, for large values of the spectral parameter, the asymptotics of the solutions of the
differential equation that defines the differential operator is obtained. Asymptotic estimates for solutions
are established similarly to the asymptotic estimates of solutions of a second-order differential operator
with smooth coefficients. The study of periodic boundary conditions leads to the study of the roots of a
function represented in the form of a fourth order determinant. To obtain the roots of this function, an
indicator diagram has been examined. The roots are in four sectors of an infinitesimal angle, determined
by the indicator diagram. The behavior of the roots of this equation in each of the sectors of the indicator
diagram is investigated. The asymptotics of eigenvalues of the differential operator under consideration
is found. The formulas obtained for the asymptotics of the eigenvalues make it possible to study the
spectral properties of the eigenfunctions. If the potential of the operator is not a summable function, but
only piecewise smooth, then the obtained formulas for the asymptotics of the eigenvalues are sufficient to
derive the formula for the first regularized trace of the differential operator under study.

Key words: differential operator of fourth order, summable potential, periodic boundary conditions,
spectral parameter, asymptotics of solutions, asymptotics of eigenvalues.
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A NUMERICAL METHOD FOR THE SOLUTION
OF FIFTH ORDER BOUNDARY VALUE PROBLEM
IN ORDINARY DIFFERENTIAL EQUATIONS

P. K. Pandey

In this article we have proposed a technique for solving the fifth order boundary value problem as a coupled
pair of boundary value problems. We have considered fifth order boundary value problem in ordinary
differential equation for the development of the numerical technique. There are many techniques for
the numerical solution of the problem considered in this article. Thus we considered the application
of the finite difference method for the numerical solution of the problem. In this article we transformed
fifth order differential problem into system of differential equations of lower order namely one and four.
We discretized the system of differential equations into considered domain of the problem. Thus we got
a system of algebraic equations. For the numerical solution of the problem, we have the system of algebraic
equations. The solution of the algebraic equations is an approximate solution of the problem considered.
Moreover we get numerical approximation of first and second derivative as a byproduct of the proposed
method. We have shown that proposed method is convergent and order of accuracy of the proposed method
is at lease quadratic. The numerical results obtained in computational experiment on the test problems
approve the efficiency and accuracy of the method.

Mathematics Subject Classification (2010): 65110, 65L12.

Key words: boundary value problem, cubic order convergence, difference method, fifth order differential
equation, odd order problems, odd-even order problems.

1. Introduction

The presences of differential equations in mathematical modelling of physical phenomena
in natural sciences are common. A fifth order differential equation and corresponding boundary
value problem arise in the study of dynamics of the fluid in rheology [1, 2]. In this article we
consider a method for the numerical solution of the fifth order boundary value problems of the
following form:

u® (z) = flz,u), a<z<b (1.1)

where function f(x,u) is regular and differentiable in [a,b] and subject to the boundary
conditions

u(a) = o1, u'(a) =0z, u'(a)=ca3, wu(d)=p and u'(b) =/

where aq, oo, a3, £1 and (B9 are real constant.

A literature on the theoretical concepts of existence and uniqueness of the solution
of problem (1.1) in detail can be found in [3]. Thus the existence and uniqueness of the
solution to problem (1.1) is assumed. The emphasis in this article will be on the development
of a numerical method for the approximate numerical solution of the fifth order boundary
value problem.

(© 2017 Pandey P. K.
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In the literature little work reported on the solution of odd higher order boundary
value problems. Some work reported in the literature specially on fifth order boundary
value problems are finite difference method [4], spline method [5, 6], adomian decomposition
method [7], spectral Galerkin and collocation method |2, 8, 9], differential transformation [10]
and references therein. Recently problem (1.1) solved by reproducing kernel method and some
literary work reported in [11].

Hence, the purpose of this article is to develop numerical method for solution of fifth
order boundary value problems (1.1). An odd third order boundary value problem solved
and boundary conditions incorporated in natural way in [12]. Motivated by that work,
we developed finite difference method for numerical solution of fifth order boundary value
problem by reducing to system of odd-even order boundary value problems. To the best of
our knowledge, in the literature no method similar to proposed method for the numerical
solution of problem (1.1) has been reported. We hope that others may find the proposed
method an improvement to those existing finite difference methods for fifth order boundary
value problems.

We have presented our work in this article as follows: In Section 2 the finite difference
method, in Section 3 we derived a finite difference method. In Section 4, we have discussed
convergence of the proposed method under appropriate condition. The application of the
proposed method on the test problems and numerical results in Section 5. A discussion and
conclusion on the overall performance of the proposed method are presented in Section 6.

2. The Difference Method

Let us consider the following initial value problem,
d
& =v(z), a<xz<b, (2.1)
dx
with the initial condition
u(a) = aq,

where v(x) is some differentiable function in [a,b]. Then equation (1.1) transformed into the
following form,
d*v
i = f(z,u), a<z<b, (2.2)

with the boundary conditions

v(a) =ag, v'(a)=asz, v0b)=p and V' (b) =1,

where 71 is an approximate value and equal to 2(0{1%%132)@275 U Thus the fifth order
boundary value problem (1.1) has been reduced to a system of lower order boundary value
problems (2.1)—(2.2).

We define N finite numbers of nodal points a < zg < 21 < 22 < ... < xny41 < b using
uniform step length h such that z; = a 4+ th, i = 0,1,2,...,N + 1, in [a,b], the domain
in which the solution of the problem (1.1) is desired. Suppose we wish to determine the
numerical approximation of solution u(x) of the problem (1.1) at the nodal point z; and let
u; denotes the numerical approximation of u(x) at node x = x;, i = 1,2,..., N. Furthe let us
denote f; as the approximation of the value of the source function f(z,u(z)) at node = = x;,
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i=0,1,2,...,N + 1. Thus the system boundary value problem (2.1)—(2.2), a transformed
boundary value problem (1.1) at node x = z; may be written as,

4
U@‘():fia
i =wv;, i=1,2,...,N.

Following the ideas in [13, 14], we propose our finite difference method for v(x), v'(z) and
u(x) a numerical solution of problem (2.3),

4

h (fisr +13fi + fiz1);

=2(vi41 = 205 + i) + h(vi —viog) = o5

h4
=3(vis1 — vim1) + BV +4vj + v y) = @(fz‘ﬂ — fic1);
h2
—hv; + 7’0; +u; —u;—1 =0.

If the forcing function f(z,u) in problem (1.1) is linear then the system of equations (2.4)
will be linear otherwise we will obtain nonlinear system of equations.

3. Derivation of the Difference Method

In this section we out line the derivation of the proposed method, we have followed the
same approach as given in [13, 14]. Let us write a linear combination of solution v(z), v'(x)
and source function f(z,u) at nodes xz41, x;

a1(vig1 +vi1) + agvi + hby(viyy — vi_q) + h* (er(fixs + fio1) + cofi) =0, (3.1)

where ag, a1, by, cg and ¢ are constants to be determined. Using Taylor series expansion
about the point x; and method of undetermine coefficients, we obtain

13 1
b =(4,-2,1,—,—— |]. 2
(QO)al) 1560)61) () D) 90) 90> (3 )

Thus from (3.1)—(3.2), we have

h4
—2(vip1 — 2v; + v—1) + h(vig —vi_1) — %(fi—l—l +13f; + fic1) + T; = 0, (3.3)
where 7T; is truncation error and equal to %01(8)- Similarly we can derive the following

equations

h4
=3(vit1 — vic1) + h(vigg + 40+ v_) — @(fi—i—l — fi-1) +T) =0,

B2 (3.4)
—hv; + 7@2 +ug —uio + T =0,
where T/, T° are truncation errors and respectivel 1t LA R SO Thus f
7 T pectively equal to g55v; 7, —%u;”. us from

(3.3)-(3.4), we conclude that the order of the proposed finite difference method (2.4) will be
at least O(h?).
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4. Convergence Analysis

We will consider following linear test equation for convergence analysis of the proposed
method (2.4).
u® (z) = f(x), a<xz<b (4.1)

u(a) =y, u'(a)=az, u'(a)=a3, wubd)=p and v'(b)=P.

Let u be the solution obtained by method (2.4) of the problem (4.1), we can write in the
matrix form

Ju=RH. (4.2)

Let U be the exact solution of problem (4.1). Thus finite difference method (2.4) may be
written in matrix

JU=RH+T. (4.3)

Let us define an error matrix a difference between approximate and exact solution of
problem (4.1), i.e. E = u — U and subtract (4.3) from (4.2), we have

E=-J!T, (4.4)
where
Ay hAi2  Agz
J = —3A21 hA22 A23 ,
2
and
4 =2 0 0 1 0
-2 4 =2 -1 0 1
A= , A= )
-2 4 =2 -1 0 1
0 -2 4 NxN 0 -1 0 NxN
1 0
1 4 1 1 1 0
Ay = , Az = y ,
1 4 1 ’
0 1 4 NxN 0 1 NxN
1 0
-1 1
Azz = ;
-1 1
0 -1 1 NxXN

A2 = A, Agp = A3z and A3 = A3 = Onx,

/ / T / / T
u:[Ul,...,vN,vl,...,vN,ul,...,uN] 5 U:[Vl,...,VN,%,...,VN,Ul,...,UN] 5
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RH = (di)3N><17

200 + has + %(fi-i—l + 13f; + fz‘_l), 1=1;
4 .
A (fivr + 13fi + fic1), 2<i<N -1
4 R
280 + hy + &5 (fis1 + 13fi + fic1), = N;
4 .
4 — —3ay — hag + &5 (fir1 — fis1), i=N+1
=< ., .
Z Z—o(fz‘+1—fz‘—14), N+2<i<2N -1,
382 + hy1 + &5 (fiv1 — fic1), i =2N;
aq, 1=2N +1;
0, IN +2<i<3N
and T = (ti)ngla
—%vi(s), 1 <7< N;
ti={ 2ol N4+1<i<2N;
B, 2N +1<i < 3N.
It is easy to prove that matrices Aj1, Ao and Ajss are invertible [15, 16]. Let us define
~1 1 ~1
Uzp = jzlgl,?ji(kfl HA]kAkk Hv k=2,3, UkOw = jini)li,?) HAJkAkk Hv k=12,
M* = H (1—1—1};”?) and M, = H (1—1—020“}).
2<k<3 1<k<2

Let us assume
M.M* < M, + M*

then matrix J is invertible [17] and

max, || Ay || M. M*

I < : 45
) < el 1R (@5)
Thus from (4.4) and (4.5), we have
_ max;, || AL || M, M*
[} = |37 < |17 v (4.6)

M, + M* — M. M*"~

Thus from equation (4.6) it follows that ||E|| is bounded and it will tends to zero as h
approaches to zero. This established the convergence of the method (2.4) and the order of
convergence of method (2.4) is at least O(h?).

5. Numerical Results

To demonstrate the computational efficiency of method (2.4), we have considered two
model problems. In each model problem, we took uniform step size h. In Table 1 and Table 2,
we have shown M AEy, MAE, and M AFE, the maximum absolute error in the solution wu(z),
derivatives of solution u/(z) and u”(z) of the problems (1) for different values of N. We have
used the following formulas in computation of M AFEy, MAFE, and M AE5:

MAEy = rgzzi)](v\u(xl) — w4,

MAFE; = max ‘u'(zl) —v;

1<i<N

MAE, = max_|u"(z;) — vﬂ

1<i<N

)
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We have used Gauss Seidel and Newton—Raphson iteration method to solve respectively
linear and nonlinear system of equations arised from equation (2.4). All computations
were performed on a Windows 2007 Ultimate operating system in the GNU FORTRAN
environment version 99 compiler (2.95 of gcc) on Intel Core 13-2330M, 2.20 Ghz PC. The
solutions are computed on N nodes and iteration is continued until either the maximum
difference between two successive iterates is less than 107% or the number of iteration

reached 10°.

PROBLEM 1. The model linear problem given by

u® (z) = -/ (z), 0<z<]1,

subject to boundary conditions

The analytical solution of the problem is u(z) = exp(z)sin(x). The M AEy, MAE;, and
M AE, computed by method (2.4) for different values of N are presented in Table 1.

u(1) = exp(1)sin(1),

Maximum absolute error (Problem 1)

N Maximum absolute error
MAE, MAE, MAE,
16 | .62513351(-3) .15091896(-3) .54979324(-3)
32 | .16224384(-3) .56743622(-4) .43153763(-3)
64 | .44584274(-4) 71525574(-6) .29802322(-4)
128 | .11444092(-4) .47683716(-6) .47683716(-4)

PROBLEM 2. The nonlinear model problem given by

subject to boundary conditions

u(0) = In(5),

The analytical solution of the problem is u(x) = In(xz + 5). The MAEy, MAE; and M AE,
computed by method (2.4) for different values of N are presented in Table 2.

u/ T 2
u® (z) = E5J(r33))3 + G —2k3x)5’ 0<z<l1,
W (0) = % W(0) = —%, u(1) = In(6),

Maximum absolute error (Problem 2)

N Maximum absolute error
MAE, MAE; MAFE,
16 | .19752979(-3) .40866435(-3) .24468731(-2)
32 | .43869019(-4) .20343065(-3) .24441648(-2)
64 | .11444092(-4) .10140240(-3) .24403818(-2)
128 | .25033951(-5) .50351024(-4) .24273539(-2)

u'(1) = exp(1)(sin(1)+cos(1)).

W (1)
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The accuracy in numerical approximation of solution in considered model problems
increases as step size h. The order of accuracy in the numerical experiment can be estimated
and it is quadratic in the numerical approximation of solution of problems. The advantage of
the proposed method (2.4) is we get numerical approximation of derivatives as a byproduct.
It is evident in numerical experiment that proposed method (2.4) is convergent.

6. Conclusion

To find the approximate numerical solution of fifth order boundary value problems using
finite difference method has been developed. At nodal point z = z;, ¢ = 1,2,..., N, we have
obtained a system of algebraic equations given by (2.4) which is system of linear equations if
source function f(z,u) is linear otherwise system of nonlinear equations. The propose method
is computationally efficient and accurate; moreover we get numerical approximation of first
and second derivative as a byproduct. In future work, we will deal with similar extension of
the present idea to solve higher order boundary value problems. Work in this direction is in
progress.
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YICJIEHHBIIT METO/I PEIIEHIS
KPAEBOII BAJAYN IISTOTO HOPSIIKA JIJIsI
OBBIKHOBEHHBIX JU®®EPEHITNAILHBIX YPABHEHUII

IMTapmnm I1. K.

B nanmnoit crarhe mpeaiokeHa MeTOAMKA PEleHns TPAHUIHON 33/1a91 MATOr0 MOPIIKA KAK COMPIKEHHOMN
napbl TPAHUYHBIX 33/a4. PaccMaTpuBaeTcsa rpaHrdHas 33/1a49a [ATOr0 MOPSAIKA [1J1si 0OBIKHOBEHHOT'O -
depenmmabHOr0 ypasueHusi. CymecTBYIOT pa3IUYHbIE METOIBI YHUC/IEHHOTO pPEmieHus TOH 3amadn. Mbr
paccMaTpuBaeM MPUMEHEHUE METOJa KOHEYHBIX PA3HOCTEH i YUCIEHHOTO PelleHus 3ajadu. B JaHHoi
cTaThe MbI peodpazoBan auddepeHnnaIbHy0 33/1a9y IATOr0 MOPIIKa B cucTeMy auddepeHnnaTbHbIX
ypaBHeHwi 60J1ee HU3KOTO TIOPSIKA, & UMEHHO ITEPBOTO U Ye€TBEPTOro. /lajiee, MbI TTPOBEJIN IUCKPETU3AITAIO
cucrembl uddepeHnmranbHbIX yPABHEHUH B PACCMATPUBAEMOI 00IaCTH U, T€M CaMbIM, TI0JLy YUIU CUCTEMY
anrebpandeckux ypasHaenuil. Tenepsb 1jiga YUCJIEHHOTO PeleHre 3aa9u Mbl PACIIOJIATAEM CUCTEMOM are6-
panmvuecKux ypaBHEHWUIA, PEIeHre KOTOPOH CIIYKUT MPUOINKEHHBIM PEIeHNeM PacCMAaTPUBAEMOM 33 1a9N.
Kpome Toro, Mpl miosrygaemM YuCAeHHOE IPUOIMKEHHUE [TEPBOM U BTOPOIA POU3BOAHBIX B KAYECTBE TI0GOUHO-
T'0 IMPOIYKTa IIPe/IJIaraeMoro MeToja. [loka3aHo, 9To npeiaraeMblil METO/, CXOUTCS U TIOPAJA0K TOYHOCTHU
TPeJIaraeMoro MEeTO/a, 0 MEHBINeil Mepe, KBaJIpaThdeH. UuWC/IeHHbIE Pe3yIbTaThl, TIOJIYI€HHBIE B XOIe
BBIYUCJIATEIHHOIO SKCIIEPUMEHTA 110 TECTOBBIM 33/1a49aM, TOATBEPKAA0T 3(DPEKTUBHOCTD U TOYHOCTDH Me-
TozA.

KurodyeBrle ciioBa: kpaeBasi 33/1a9a, CXOANMOCTh KyOWIeCKOTO TOPsiAKA, PA3HOCTHBIN MmeTon, mudde-
PEeHIMAJIbHOE yPaBHEHUE I TOr0 OPAIKA, 3a7a49a HEYETHOrO MOPJIKA, 3312493 YeTHO-HEUYeTHOIO TIOPSA KA.
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CIIEHAPUI HEBBIHYKJIEHHO JECTPYKITUN TIOTTY/ TSN
B MOJIU®UKAIINN YPABHEHIS XATYNHCOHA!

A. 1O. IlepeBaproxa

PaccmarpuBaercs mpobiaema MomeTmpoBaHus PE3KUX U3MEHEHUH B PeKrMe aBTOKOJIe0a M, IPUCY X BU-
J1aM, KOTOPbIE CIIOCOOHBI BO3IEHCTBOBATH HA CPEJly CBOEro oburanus. AKTyaabHOCTH PabOTHI 00yCI0BIeHA
HEeO0OXOIMMOCTHIO COBEPIIEHCTBOBAHUS METOI0B MAaTEMATHIECKON OMOJIOTHH [IJTs1 BCE HAIle TIPOSIBIISIONIIX-
Cd HECTAIMOHAPHBIX U SKCTPEMAJIbHBIX THUIIOB TOILYJIANMOHHON auHamMuKu. CTpeMuTebHbIE TIePeXoabl K
pe3kuM GIYyKTyarusaM 9uCAEHHOCTH BO3HUKAIOT NPHM WHBA3WUAX AKTHUBHO PA3MHOXKAIONINXCS BUJIOB Bpe-
mureseit. IIpennoxena mMogndukarms ypaBHeHnsT XaTINHCOHA C YIETOM CYIIECTBEHHOM POJIM JOCTHIKE-
HUS TIPEIOPOTOBOH YNCIEHHOCTH, MEHBINEN MpeaeIbHON eMKOCTH IKOJI0TuYecKoi Humu K u3 ypaBHEHUS
DepxIionbCcTa, W CYIECTBEHHO OOIbIIedl HUKHEN moporoBoil umcienHoctu L w3 ypaBuenuss Bazbikuma:
L < H < K. B nameM ypaBHEHWH IIDH U3MEHEHHUU JEHCTBYIONIETO 3AMIA3IbIBAHUS DErYJIAINHN T OIHUCHI-
BAeTCs ATUOUYHBIN CIIEHAPUN PA3BUTHS OMACHON BCHBIIIKH HACEKOMBIX. KakK ciaeayeT m3 KOTOTHIECKUX
TPUMEPOB, TOIYJIANNOHHBIE TTUKJIBI C OOJIBIION AMILUTUTYAON YaCTO OKA3bIBAIOTCH HEYCTONYMBBHL. JacTo
LUKJ — [epexonHsiii pexxum. He Bcerpa mpomcxoanT mjiaBHOEe 3aTyxaHue ocrpuuasimit N, (r,t) — K.
B nosoii mogenu nocsie 6udypkanuun Angponosa — Xonda npu 7 = T, + £ u nodABJIEHUS ABTOKOJ€0a-
HUI HETaPMOHUYECKOH (POPMBI C YBeJIHMIEHNEM UX AMILIATY/IBI PE3KO MPOUCXOIUT IIOTEPsT TUCCUTTATUBHOTO
CBOMCTBA TPAEKTOPWH. BBIUMCINTESBHBIN CIIEHAPUI ¢ BHE3AIHBIM BBIXOJOM HEYCTAHOBHBIIETOCS IIMKJIA
N, (7r,t) m3 obmacTn IOMyCTUMBIX 3HAYEHHUN YUCJIEHHOCTH MHTEPIPETUPYETC KaK CrienuduaecKoe Hapy-
menne (PyHKIMOHUPOBAHUS CPEIbl, BeAyllee K AeCTPYKIIMU OMOCHCTEMBI B O4Yare BCIBIIIKH HACEKOMBIX
nm 6e3B0O3BPATHOM rMOEIN B CJIy9Iae OCTPOBHON TOILYISIIIMY MJIEKOTTMTAIOTIX.

KuaroueBsblie ciioBa: ypaBHeHNE XaTYNHCOHA, JUHAMUKA HACEKOMBIX BPEIUTE IEH, MOJEh OCOO0MN BCITHIII-
Ky yucsaennoctu, 6udypkanus Augponoa — Xorda, HEYCTONIUBBIA UK.

1. BBenenne

BapumanTwel Mozesneit acCHMITOTHYIECKON AUHAMUKY TOMYJISIIN /I CTAITMOHAPHOTO WJIN TIe-
PHUOAMYIECKN BO3MYIIEHHOTO PEIMPOAYKTUBHOTO TOTEHINAIA PA3BUTHI JOCTATOYHO MTOAPOOHO,
HO CYIIECTBYeT TpoOjeMa aHaan3a psa SKCTPEMAJIbHBIX IIJIOXO MPOTHO3UPYEMBIX SBJICHMUI
B 9KOJIOTUYECKUX TIPOIECCAX, KOTOPBIE BXOMSAT B MPOTUBOPEYUNE C 0A30BBIMU TPUHITUIIAMU Pe-
TYyJIUPOBaHUA YUCJICHHOCTH.

OrpannveHHOCTDb TPEJIEJIOB POCTA YUCJEHHOCTU TIOMY/SIUN — OJWH U3 TAKUX KJIFOUEBBIX
HIPUHIUIOB Jisi cucTeMHoi skosiorun [1]. Tleppoii mony/sinoHHON MO/I€IbI0 OrPAHUYEHHOTO
pocra ctasa Momeas Pepxionbera 1838 1. AcuMnTOTHKA pelliennst ypaBHEHUs TOApa3yMeBaia
TTABHBIA BBIXOJ YUCJAEHHOCTU K CTAIMOHAPHOMY COCTOAHUWIO K, COOTBETCTBYIONEMY OaIaHCy
CO CpeJoil:

dN N
E—TN 1—E s (].)

(© 2017 Tlepesapioxa A. FO.
! PaGoTa Beimosmaena mpu gpuHanCOBOI ogmepKKe Poccmiickoro dhoraa dyHIaMeHTaIbHbIX HCC/IeT0BAHMTIA,
mpoekT Ne 17-07-00125.
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B N(0)e™
1+ N(0) (et —1)/K’

DepxI0JILCT MTPOBOAMI OTIEHKY PENPOAYKTHBHOTO TTapaMeTpa 1 ypasHenus (1) mo memorpa-

N(t)

dudecknM JJAaHHBIM €BPOTEHCKUX CTPaH W y¥Ke TOTa npemiaran Momgudukanumn. Canraroia-
SCs XPECTOMATHIHHO KBaIpaTHIHAs CAMODErYJIAIus YicaeHHoCcTH B (1) He paccMaTpuBaIach
Pepxr0abCTOM KaK €IMHCTBEHHO BO3MOXKHAS /IS MOJE/IN OTpaHndeHHoTo pocta. B 1845 1. on
BBITINCAJT TAKOE 0OOOIIEHHOE YpaBHEHNE:

dp
M— = mp — np*.

dt
Cospemennbie oboznadenus 7, K mogenn (1) u nousitusg K-0160p U r-cTpaTerns B 9KOJIOTHN
HOSIBUJINCH 3HAYNTEJILHO To3/Hee. [To3Hee oH npeanosioku (2], 9ro JuHAMUKA HAPOIOHA-
cenennsi EBporsl passuBaercst coryacHo (1) TOIBKO 10 HEKOTOPOTO TOpPOTra, TaK KAk He Ha-
6J10/1A7T0Ch 3aMe/IJIEHUs] TEMIIOB TPUPOCTA HACETeHNsl, KOTOPoe st (1) JO/IKHO MPOUCXOInuTh
mocae N > %

B npasyio gacre (1) MoxkHO j106aBuTh comHOKUTENb (N — L), yBesmans 4ucsio ee Hysei

I Pa3/eIbHO yUecTh CMEPTHOCTD, 3aBUCAIILYIO OT ILIOTHOCTH CKomieHns 0N2 U ecTecTBeH-
HyI0 ¢/N, MHOTO YBEIWYNB 9UC/IO0 TTaPaMeTPOB:

dN YN?

Y N - N2 2
dt Tl’y—l—aN o ’ 2)

7 TIOJIYIUTD JOTIOJHUTETHHO PEMesiIepHyI0 TOUKY paBHOBecus L, uTo mpemmoxkua ba3sikuH
JJIsi BUJOB ¢ MUHUMAJIBHO JIOIYCTUMOMN YUCJIeHHOCTBIO rpy bl [3]. Ormernm, aTo 1ist hbopmbl
npasoit gactu (1) f(N)(N — L) B BBIUNCIUTETBHBIX MOJIESX €Ile He0OX0uMa KOMIIEHCHPY-
TOTAasi CBEPXOBICTPHI MPUPOCT TIEPEHOPMUPOBKA PEMPOJIYKTUBHOTO TapameTpa: 71 <& 7, HO
BoiMupanue N (t) — 0 BBINISUT CJAUIIKOM CTPEMUTEIbHBIM 1 0e3BO3BPATHBIM SIBJIEHUEM.

Mmorue TOMy/Iur MOTYT OpaTh HAYAIO OT HECKOJIBLKUX COXPAHWBIINAX PEITPOJIYKTUBHYIO
AKTUBHOCTE 0CODEil 1 depe3 HEKOTOPOe BPeMs JeMOHCTPUPOBATH PEKUMBI CJIOKHBIX (DIYyKTY-
armit. C BceJIeHUs eIMHNIHBIX 0co0eil Hauanch pery asipHble HATECTBUS eBPOIEeiCKOT0 KyKY-
pysHoro moreuibKa Ostrinia nubilalis B CeBeproit Amepuke u 3arsinyBiasicst ¢ 2012 . BembIr-
Ka JaJbHEBOCTOUHOM caminuToBoii orueBku Cydalima perspectalis B8 Kpacunomapckom Kpae.
Ncuesnosenne psija momyasnmii (XapakTepHO JI/IsT OCTPOBHBIX COOOIIECTB, T/Ie HET Pa3pPerkeH-
HOIl TPAHWIIBI apeajia) MOXKEeT MPOMCXOIUTH KaK Pa3 He M3 COCTOsTHUs GJU3KOTO K HEYCTOli-
auBoit L, HO u3 Garomosiydnoit okpectuoctu Oasiamncosoit emxkoctu K. Mer craBum 3amady
TIOJIYYEHUST B MOJIESTN PEKWMA, COOTBETCTBYIOMIET0 YACTHOMY, HO 3HAYNMOMY CIIEHAPHIO TIOTTY-
JISTIUOHHON quHaMuKU. Hampumep, m3-3a UCTOIEHNs TPUTOIHON PACTUTEHHOCTH CJIEIYIONTee
KpaﬁHe MHOT'OYHUCJIEHHOE ITIOKOJIEHUE BpeﬂI/ITeﬂeﬁ BAPYT OKa3bIBACTCA TTOCJAECIHUM, U TaK IaCTO
BAKAHYUBAETCA MHOTOJIETHSISI BCIIBITITKA YNCJIEHHOCTH.

2. IIpobiiema nmONyJIsIIINOHHBIX ABTOKOJI€0aHMI

Pemennst (1) u (2) mioxo coriacoBbIBAINCH € HABGJIIOAABIINMUCS PA3HOOOPA3HOTO BHJIA
dbrykTyaruaMm momysIAnmii cCaMBbIX Pa3HBIX KUBOTHBIX. QUIYKTYaIlnH PEruCTPUPYIOTCS JTazKe
quist cionoB B HanmonasnsroMm napke Kprorepa, moToMy MpUXOANTCsS TPOBOIUTH OTCTPEJIbI
C TIeJIBI0 y/ep:KaTh MOMY/IANMI0 B ONTHMAJIBLHOM IO pacdeTaM JIsi COXPAHEHHs] PACTHTENb-
HO#i cpenbl cocrosinun [4]. CiioHBI CIIOCOBHBI CTPEMHUTEILHO JOCTUIATh MUKOBBIX 3HAYEHMUIT
N > 9000, Torma kak aaa Hux paccuutano K = 7000. XoTd COTJIaCHO SKOJOTHYECKON Teo-
PUH UMEHHO CJIOHBI CINTAIOTCS TpuMepoM K-cTparernu, moaaBIdioeil BO3MYIIEHUsT CPE/Ibl 1
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crpemdrneiics K acumnrorudeckomy pasaoBecuio N — K +e. [Ipu3nakos ypaBHOBEIIUBAHUSA Y
pacuernoro npejena K He HADIIOMAETCS U TIOCIE U3bsATUs 0cobeit. Hepes HEKOTOpOe BpeMsI TI0-
cJie OTCTpesIa CJAOHBI HAYMHAIOT BHOBH OKA3bIBATh YPE3MEPHOE JIaBJIeHNE HA PACTUTETHHOCTb.
JIeMMUHTH CYUTAIOTCS TPUMEPOM I'~-CTPATETUHN C HEPETYAIPHOCTHIO CBOUX OOJIBINNX TTMKOB, HO
BCIIBITIIKN I'PHI3YHOB [IJIsi aPKTUYECKUX IKOCHCTEM C PEJIKOW PACTUTE/HbHOCTHIO M3 TOJISPHBIX
KYCTApHUYIKOB TYHJPBI SKBUBAJIEHTHI BO3/IEHCTBUIO CJIOHOB Ha Jieca. KosjebarespbHas auHa-
MUKa TOMYJ/ISIIIUN MOXKET OKA3bIBATHCA HEYCTOWUIMBOit. [lJisi TpEeHIaH/ICKOT0 JIEMMUHTA, JTABHO
Ob1JIM U3BECTHBI TIOMYJISIIIMOHHBIE TTUKJIbI BHAYNTE/IHHON aMIJINTY/bl, KOTOPbIE BHE3AITHO 3aBEP-
MIUJINCH TIOC/I€ CepUM MUKOB B KOHIEe XX BeKa, U B HACTOLAIIEE BPEMs TIOMYJISIUs JTeMMUHTOB
MaJI0 MU3MEHsIeTCsI Ha, HU3KOM yPOBHE YNCJIEHHOCTH [5].

[ —

Lemming density
(individuals / hectare)
o n EEY (2] 8] o n

oz
1985 1990 1995 2000 2005 2010
Year

Puc. 1. HeycroiiauBocTs IOMyIAIMOHHOIO IUKJIA JIEMMUHTA.

Mojess B3auMOI€fCTBYS ABYX BUI0B BosibTeppa, Kak XOpOIo U3BECTHO, TIO3BOJISIET TIOJTY-
9UTh IUKJIMIECKOE PeIeHrne CUCTeMbl AByX auddepennnanbabix ypasuenunii. Kazamocs Obl,
YPaBHEHUS MO3BOJIIOT (hOpMaIn30BaTh Kojebanus ¢ orcraBanueM 1o ¢asze, HaOIIOIaeMbIe
B coolIrecTBe «3aiinbl — pbicky. Kak OblI0 yCTAHOBJIEHO TI03/(HEE, IUKINIYHOCTH YUCJIEHHO-
CTU KAHAJCKUX 3aiiiieB oOHapyKeHa M B PErmOHaX, Ije WX Bparu He oburtarot. Bojee Toro,
AHAJIOTMIHBIE KBA3UTAPMOHUIECKHE KOJIe0aHmns CBOMICTBEHHBI MHOTUM JIPYTUM CEBEPHBIM II0-
MyJISIIIASIM TPBI3YHOB, B TOM 4uCjie 000COOIEHHBIM OCTPOBHBIM T'PYIIIAM, U KOTOPBIE IO KO-
JIOTUIECKUM TPUIUHAM HE MOTYT OBITH ONMWCAHBI MCXOAd W3 MOJEIN B3AUMOIEHCTBUS JBYX
BUJIOB THUIA «XUITHUK — KepTBay. He moaTBEepauInCh BHIBOABI 00 yCTONYMBBIX KOJEOAHUIX
u3 Monein Bosbreppa B s1abopaTopHbix 3KcnepuMenTax 1. I'ayze ¢ mpocreiimumu oprann3mMa-
mvu. Kosebanust B 1abopaToOpHBIX SKCIIEPUMEHTaX ¢ HaceKoMbiMu mostyuns C. YTujga, HO JJist
B3aMMOOTHOIIEHUN BUA «TAPA3UT —XO3duH». [lapazuTu3M uMeeT OTauYus 0T TpOpPUIeCKOro
B3aNMOJEHCTBUS «XUITHUK — JKEPTBA», TAK KAK TEKYIas JUHAMUKA IUCACHHOCTU TAPA3UTH-
YECKOI OCBI 3ABUCUT OT KOJIMIECTBA JOCTYITHBIX SIUIl (HO He B3POC/IBIX YKYKOB) B MPE/IIIECTBY-
IOIIEM TTOKOJIEHUH.

U3 1abopaToOpHBIX SKCIEPUMEHTOB SHTOMOJora Hukomscona [6] cramgo moHATHO, 9TO KO-
JiebaHMs YUC/IEHHOCTH MOTYT MOSIBJASATHCA y W30JUPOBAHHBIX TMOMYIANUN, OOUTAIONUX IIPH
MOCTOSTHHBIX YCJIOBUSX U MOJIYYAOINX (PUKCUPOBAHHOE KOJTUIECTBO KOPMA.

3. Pa3Burne ypaBuenus (1) ¢ 3ana3apiBannem

Xaruunconom 7| 6buta npemmoxkena Mogudukanus (1), nCxo/sg u3 3amas3abIBaIONIEro JIeii-
CTBUsI PEryJISIUU B Pa3MHOXKeHUN JTadHUN, 9TO0 TPUBEJIO K YPABHEHUTO C OTKJIOHSIOIIAMCS 110
Bpemenn aprymenToM <«logistic DDE»:

dN N(t—7)>' 3)

== =N () <1 - ——
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Bsenennoe B ypaBHeHwue 3ama3bIBaHUuE T CJIYKUT XAPAKTEPUCTUKONW PEryssiiui — WCIOJIb-
30BaHUS W BOCCTAHOBJIEHWs] PECYPCOB WM HAKOIUIEHMS/PACIaia OTPABJISIONNX MTPOIYKTOB
MeTaboIm3Ma.

Bosuukaromne B ypaBHEHIUH PEKUMBI TIOBE/IEHIs] TPAEKTOPHN OBLIN MOAPOOHO UCCIeI0BA-
HBI BO MHOI'MX PaboTax, B TOM 4ucse oredecTBeHHbIX [8]. Ilpn mMasbix 3HAYeHMsIX 3amas3ibl-
BaHWs T JUHAMHUKA MOJEJN ONHUIIeT 3arTyxatonmme kosnebanns N(t) — K. B (3) ycranosiena
BO3MOKHOCTH BO3HHKHOBeHHe Oudypranun AnaponoBa — Xorda ¢ MosBIeHneM YCTOHTHBOTO
upegesnbHoro nukiaa Ny (t,r). Hapymenne ycroiftunBocTu cocTosiimsi PABHOBECHsI 3aBUCHAT OT
Besmaunbl 7. Jlanpreiimee yBeqmdenne r7 > 4 BLISBIBACT TEPEXO]] B DKM peJIaKCaIuoOH-
HBIX KOJie0anwmit. BeicTpoe BO3pacTanme aMmnTyabl KOaeOaHuil BHIPAYKEHHOW HErapMOHWYE-
CKOii (POPMBI IPH yBEIMUEHIN BPEMEHHOTO TIPOMEKYTKA MeK Ty MAKCHMyMaMU ¥ MHHIMYMa-
MU, CTPEMAIMUMCA K HEOTJIMYUMBIM OT HYJIA 3HAYCHUAM, TPUBOAAT TAKOM peﬂaKC&HHOHHLIfI
1K (pUC. 2) K 3aTPyIHEHUSIM TIPH 9KOJOTHIECKOM 000CHOBAHUM.

'DZD,DDD.U
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Puc. 2. Penakcanmonnsiit muks B ypasuernuu (3), K = 15000.

MHOrnM HACEKOMBIM CBOJICTBEHHBI TPO/IOIKUTETLHBIE BCIBIIIKN YNCIEHHOCTH, HO OHH Ha-
YHHAIOTCS [IOCJIE TPEOI0JIEHNsT HEKOTOPOTrO TOPOTOBOTO 3HAYEHMsI, KOT/a Mapa3uThl He MOTYT
9bdeKTHBHO T0JaBIATH pazMHOkeHne. PopMbl KoJIeOAHNI /11T ABTOXTOHHBIX M HHBA3UOHHBIX
HOMyISuii MOTyT OBITH pasaundHbIMU. [TOMHMO 3aTyXaoMmux W rapMOHMYECKUX KOsiebaHuii
MOKET BO3HWKATHL M MPOTHBOIOJIOKHOE sIBJI€HNE — BO3HUKHOBEHWE (DJIYKTYAInH C 3aTsaK-
HBIMHU TIHKAMU 9UCIEHHOCTH. Takasi CHTyalusi BO3MOXKHA, HAIPUMED, IPU TIEPEX0/e HEKOTO-
DBIX TIOMYJIANNi K KAHHUOATN3MY 1/ W MOXKeT OBITH 00yC/IOBIeHA N3MEHEHIEeM HAIPABJICHHS
€CTeCTBEHHOTO 0TOOPA B 0COOBIX YCIOBHUSX CYIIECTBOBaHUA. JIOTIOIHEHNE «PEITPOyKTHBHOTO
comuokuTess 3anazapisanneM N (t —7) f[N(t), N(t — T)] He HECYT SKOIOTUIECKOTO CMBICTA.

B [9] paccmarpusanacs momudukanysi Mojenn XaranHcoHa (¢ npusegeHHbIMI KO3bdU-
I[HEeHTAMN ):

dN

dt
e f(-) — muddepentmpyemas (DYHKINSA, PA3I0KIMas B ACHMITOTHIECKUIT PSAJT, 7T KOTO-
POil BBITIOJIHSIIOTCS YCIOBUST

=AN(@)f (N(t-1)), (4)

F0) =1, f(x)z—aoJrZZ—’;, z — 00, ap > 0. (4)
k=1

Yenosusim (4') coorercTByer, Hampumep, npejgoxkennas panee B [10] mas Tex ke meneit
dyHKITHS
(1—=)

(4")
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B nomo6uoit mogudukanun (n3secrnoit kak «food-limited DDE» ) pacmmpsiercss ancyio nmapa-
METPOB, ONPEIEISIONINX XapAKTEPUCTUKN PEeJIAKCAIIMOHHOTO TUKJ/IA HEKJIACCHIeCKOH (hOpMBI,
Tak Kak npm yBesmuenwnn ¢ B (4”) cxumaerca avmmTyna.

U3 om0 THATETBHBIX OTPAHUYEHU TIPU TIPe0OPa30BAHUY UCXOTHOTO ypaBHeHus (4) K CHH-
ryJsipHO BosmytnenHomy & = F'(z(t — 1),€) u nanee K npejeabHOMY peleiiHOMY ypPaBHEHWIO
c 3anazapiBanneM © = R(x(t—1)) npexnosaraerca A > 1. g (4) ¢ (4') yrBepx aercs cyue-
CTBOBaHUE €JIMHCTBEHHOIO OPOUTAIBLHO SKCIOHEHIINATBHO YCTOWINBOro nukJa. Ilo-npexuemy
HEIOHATHO KAKOM MMEHHO HeJIUHEHHBIN ITONMyIAINOHHBIA IPOIECC MOXKET IIOMOYb IIPEJICKA3aTh
cBOICTBO (4), TaK KaK M3 yTBEPKJIEHUS O CBOWCTBAX IUKJA B [9] mosydeno

min N, (t,A) ~ Crexp (—Aag), Ci,a9 = const > 0,

1, KAaK OTMEYEeHO paHee, \ M3HAYAJLHO YKA3BIBAETCA JOCTATOYHO OOJBIINM 3HaveHmeM. Ilpm
ucnonb3osanun bynkipn (4”) Hamm BEIMUCTUTEIBHBIE SKCIIEPUMEHThI TIOKA3bIBAIOT BJIUSHUE
neMiupyoIero Koebanns napaMerpa ¢ Ha BCe XapaKTepUCTHKH MUKJIA, 9TO HAIIPAMYIO He
obcyxaaercst B [9], u TpeGyercst ycioBue ¢ 3> 1, Tak Kak 1npu MajblX ¢ cBojicTBa nukia (4)
Oy/IyT 3HAUATETHHO MeHee WHTePIpPeTHpyeMbl, 4eM B (3).

Hns (3) u (4) ycraHOBIEHO CBOWCTBO JMCCUTIATHBHOCTH TPAEKTOPUH:

N(t) < exp(rr). (4%)

4. Mopgeab AMHAMUKMN BCHbBIIIEK JINCTOBEPTKU

Hekoropeim momysinimsiM BpenTesneit CBOWCTBEHHO CTIENMMDUIECKOe HEPEryasIpHOe sBiIe-
HUE MUI000pa3HOil BCIBIMIKY YnceHHOCTH «sawtooth oscillations» [11], KoTopyto MBI MOXKeM
ormcars nipn gonosanernn mogenn (4); (4”). Tlocie paBHOBECHOTO COCTOSHUS TPW IHCJIEHHO-
ctu 6aboveK, He BBI3BIBAIOIIEH j1edo/iualiu, BAPYT MOABJSIETCS CEPUs HEOCeI0BATETbHBIX
O0YeHb MHOTOUMCICHHBIX MOKOJEHWH, Ha MOPSIOK TMPEBBIMAIONINX CPETHEMHOTOIETHIO THC-
JIEHHOCTH 33 MPE/IIIECTBYIONIYI0 JEKay B OdYare BCHBIMIKA. Tak BHE3AMHO MPOSABJsET cebs
enoBas siucroseprka Choristoneura fumiferana B necax Cesepnoit Amepuku (Ha puc. 3 — us-
MeHeHHe TIOIAN TOrHOIIero Jjieca ¢ TpeMsl BBIPAsKeHHBIMU THKaMU 10 JaHHbIM [12]), Tae
6ostee 30 JieT MOCTOSIHHO HAOJII0A/IACh TI0JIHAs TIOTepst XBou (zedosnanus) Ha 3HAIUTeIbHBIX
IJIOIIAIAX BILIOTH JI0 IpeKpalleHus BCOBIMKNA B KoHie 1980-x rr. 3apepinenne aTUIAIHON
BCITBIIIIKU MOYKET TTPOUCXOJUTH TaK YKe BHE3AIMHO, KaK W €€ Pa3BUTHE.

&
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0
1940 1950 1960 1970 1980 1990 2000

Puc. 3. ITumoobpa3Hast BCOBINIKA JTUCTOBEPTKH B MacmTabax rubesn jeca.
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MBI MOKEM NPEJTIOKUTH MATEMATUYECKOE OTIMCAHNE TAKOTO YACTHOTO, HO BEChbMa, He0.1aro-
HPHUSATHOTO JJIs JIECHOTO XO3HCTBA CIIeHAPUS MOIY/IAINOHHON JTMHAMUKH, YBEJUIUB CTENEHb
HesmHeHOCTH TTpaBoit vactu B (4”):

dN K- N2(t—r) > 5)

a — <(K N3 (L= 7))

Tak ymaercsd CrjaaJuTh HEJOCTATOK y MUHUMYMOB ming<i<r, Ni(t,7) — €, € < 1, caumkom
HU3KUX JIJId BO3MOXKHOCTEM ITOBTOPHOTO 6bICTpOFO POCTa YHUCJIEHHOCTU TIPpU CBOMCTBEHHBIX
BpeuTeNIsiM GOBIIUX 7, HO oTodas oT yeaosuit (4'): f(z) — 0, x — +00. B Boruncaurens-
HBIX UCCIe0BaHuAX 1711 (5) MBI TOCIe OndpypKauy MOXKEM MOJIY IUTh PEATUZAINIO CIIEHAPHUST
1000pa3Hoil Benblmky (puc. 4). OCHOBHOI 3HAYNMBIN acekT (5) — oUepeTHO CTpeMUTeb-
HBII HEKOHTPOJIMPYEMBIIl POCT YUCJIEHHOCTH HAYMHAETCs OT 3HAYEHWs OJIM3KOT0 K CyIIeCTBO-
BaBIleMy mepes budypKaimeii paBHOBECHIO, ONITUMAJIBHOTO Oasianca co cpenoit. He xBaTaer
y BCEX aHAJOTUYHBIX MOAUMUKAINN ypaBHEHUIN C 3ara3bIBAaHUEM HEKOTOPBIX TPUTTEPHBIX
CBOICTB, 4TOOBI PACCMATPUBATH ACHEKTHI OBICTPOTO CIIEHAPUS CAMO3ABEPIIEHNs BCIIBIIIEK.

00,0

F00.0H-

600, 0H-

500.0H-

400.0H-

300,01

YucnenHoctb N(t)

T T T T T
0.0 50.0 100.0 150.0 200.0 250.0

Puc. 4. Tlepexon XK peIaKCAITAOHHOMY UKLy B HOBOWM Momenn (5).

BAMEYAHUE. I3BecTrHO, 9T0 B HMTepanusx Heinneinsix dynkimii R = ¥(R;), mvero-
mmx MakenmyM ¢ (Ry,) = 0, ¥ (R,,) # 0, noseaenne tpaekropnu gaxe 6oee pazsHooOpaszHo.
B uxtuonorun npumenseTcs:

Ripi=aRje i a>1,0<b<1,

/i€ P @ > €2 BOBHUKAIOT IMKJIbI PA3HOOOPA3HEIX TIEPHOIOB, U JUCKPETH3AIHS 33/ [a4N TTOMO-
JKET HalTh onTuMabHoe pertenne. OIHAKO, TOMUMO TIEPUOIA IUKJIBI UTEPAIUil OTINIAI0TCS
B3aMMHBIM pacrojiokerneM To4uek. [lpu 6udypranuax yaBoeHus: nepuoga BOKPYT TE€PSIOTIei
YCTOMYMBOCTH ITUKJINYECKON TOYKHW BO3HUKHYT JIBE HOBBIE, COXPAHAs CUMMETPHUIO BETBEN Ha
budypraruonnoit guarpavmmve crienapusa @Petirenbayma. KopoTkue 1MuK/IbI TPHI3YHOB B TAKUX
TEPMUHAX — ITO MOHOTOHHBIE TIEPECTAHOBKH C MMKOM B KOHIIE, KOTOPbIe MOYKHO HAWTH B «OK-
HAX MEePHOJMYHOCTH» C IUKIAME p # 2! 0ueHb Y3KUX JMANa30HAX 3HAUCHMI yIIPABJISIONIErO
napamerpa [13]. CyuiecTByer psiji IpUYKH, 110 KOTOPHIM BO3HUKHOBEHUE Xa0THIECKOI0 aTTPaK-
TOpa B TOYKE HAKOIJIEHNS Kackaja 6udypKarmit yIBOeHUs He ABJISIETCsT XOPOIINM CBOHCTBOM
JIJIS OTTMCAHUS TTOMYASAIIMOHHBIX TTPOIECCOB.
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5. Moagudukamnusa ¢ IpeJKPpUTUIECKNM TTOPOTOM

13 passurus ypasHeHusi (3) MOKHO TOJIyYUTH OIMCAHUE €Ille OJHOTO CrelrduIecKkoro
9KOJIOTUYECKOTO SIBJICHUsS, KOTOpOe He OBLIO PAaCCMOTPEHO B M3BECTHBIX paborax. B ciayuae
BCIIBIIIIEK HACEKOMBIX-(DUTOMAroB MOHSTHE eMKOCTH 3K0JI0rnveckoii numm n3 (1) yrpaunsa-
eT CMBICJI, & PABHOBECHE NIPU MAaJIOii WX UYMCJIEHHOCTH UMeeT JPYIyio mpupoiy. U3 ananmsa
JUJIeMMbl TTapka Kprorepa 1pe/iiosioxkuM CyIecTBOBaHie HEKOTOPOTO MPEJAKPUTHYECKOTO TI0-
porosoro yposas H < K. JIjig reHepupyOMuX BCIBIMIKN TOMY/IANNI HUKHAN KPUTHIECKUii
nopor nosiaraercst BecbMa MasubiM L < H. Tlosoxknum, 910 10CTHKEHNe 3HAYEHUS] YHUCJIeHHO-
cru K o3Hauaer He yPAaBHOBENIMBAHUE, HO JETPAJIAIUI0 HEOOXOAUMON COCTABJSIONIEH CpeJIbl
oburanusi. [lepexos uepes MsrKuil IOPOr NMeeT 3HAYEHHUE JJIsi MEXaHU3MOB KOHTPOJIsSI BHY TPH-
HOMYJSIUOHHON CTPYKTYpbl. Toraa Ha JUHAMUKY CHCTEMbI OKA3bIBAET BJIMSHUE OTKJIOHEHUE
[H — N(t — 7)], npuTOM BeJMYHHA OTKIOHEHUS MOYKET ObITh KaK MOJOKUTEJBHOMN, TaK 1 OT-
punarepaoii. Mogudunmpyem (3) cremaytomum o6paszom:

W N p%)(ﬂ—z\w—ﬂ)- (©)

MO)KHO CUUTATH, 9TO ITPU CMEHE 3HaKa OTKJIOHEHUA YJIC€HBI HpaBOﬁ qacTu (BOCHpOI/I3BO'HCTBa n
PErYJISIIN) MEHSIFOTCS CBOMMU (DYHKIIMOHATBHBIME POJIAMU B Mojenu. s npasoit vactu (6)
He BBIMOTHSIOTCs yeaosus (4'), ykazanubie 11 f(x) npu 060CHOBaHWM yTBEPKJICHUS O €JIH-
CTBEHHOM OpOUTAIBHO YCTONUIMBOM TMKJIe, IOTOMY He obsg3aTesbHo Teopema (2.1) us [9] Gyaer
MOJTHOCTBIO CIPABE/JINBA B HAIIEM CJIydae.

6. Bpruucinre ibHbIN aHAJN3 HOBOI MOIe/in

[Tpu masom 3HavYeHNN 3amna3/piBanus B (6) moaydaem 3aTyxatormme ocrmianu ¢ N — H.
[Tpu yBesmuenun T wiau 1 B TaKOM ypaBHeHuu (C 71 = 10737“) BO3HUKHET IIPUTATABAIOIINNA

ks (puc. 5, K = 15000, H = 5000).

'Dzo,ono.u

15,000,044 s

10,000,

=1
=1
=)
=
o

YucneHHoctb N

0.0 T T T T T
0.0 100.0 200.0 300.0 400.0 500.0

Puc. 5. 1 — nuki nocie 6udypkamuu B (6), 2 — quaamuka (3) Ipu aHAJOTUYHBIX TAPAMETPax.

Ha puc. 5 puravMwka mocje MIaBHOTO MPOXOXKeHUsS OndypPKAINMOHHOTO W3MEHEHUs TI0
cuenapuio Anjgponoa — Xorda mpu mepexojie 71 Uepe3 KPUTUYIECKOe 3HaueHne (B BHIUUC/IU-
TEJIBHOM 3KCIIEPUMEHTE PUC. 5 BCE TaPaMeTPhl MOJIEN COXPAHAIOTCS ), TTOKA3BIBAIONIASA yCTa-
nossenne nmkia npu N(0) = H + ¢, H = 5000, K = 15000.

ITuk OBICTPO CTAHOBUTCS PEIAKCAIMOHHBIM C BO3PACTAHWEM 71, W3 MMEIOIIEHCsl, HAIIPHU-
Mep, B [14]| reopun o mogudukanugax logistic DDE Mbl He MOXKeM TOITBEPAUTH €ro TI06aTh-
HYIO YCTOHYIMBOCTH. AMmnTya Koebauuii B OT/IMYne aHaJIOrMIHOTO Crydas mogenn (3) me
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BO3PACTAET 10 HEPEAJIUCTUYUHBIX BEJUYNH, HO OCTAETCS B PA3YMHBIX /i OWOJOTMH TDAHU-
nax. Ckorrennas opma MHUKOB jayke 0ojiee MOX0XKa Ha peajibHbIe JTaHHBbIE MOMYIAIMOHHON
munavukn. B (6) npu N(0) < H nepexo K yCTaHOBUBIIMMCs (DUIYKTYalUsiM TPOUCXOANT HE
IJIABHO, HO Y€pe3 CKAYKOOOPA3HBII TEPEXOTHBIN PeXKUM.

IIpn nanbreiimem yBemdeHNN 3HAYEHNUS 71T TPOMU30MIET APYTOe PE3KOe M3MEHEHNE TTOBe-
JIEHVs TPAEKTOPUHU, KOTOPAsi MePECTAHeT MTPUTATUBATHCI K 3AMKHYTOMY MOAMHOXKECTBY (Hha3o0-
BOTO TPOCTPaHCTBa. V3MeHenne penpoIyKTUBHOTO MapaMeTpa MOXKHO TPAKTOBAThL KaK CJIed-
cTBUE OCJIabJIeHUS JABJIEHUs TAPA3UTOB HA BBIXKUBAEMOCTH JIUYWHOK. FKcu gaBienue ociab-
HET COBCEM, TO TIPU TaKoit OudypKanuu TPAEKTOPHUsS CUCTEMBI 0 YCTAHOBJEHUS IUKJIA CO
CBOEIl yBEJIMYINBAIOIIEHCST OTPOMHOM aMILIATY/I0N MOYXKET OBIThH PE3KO BHIOPOIEHA 3 TIPEIEIbI
JOIYCTUMBIX JIJIs1 ee cymiecTBoBanus 3uadenuii npu N(t — 7) > K. Takag moreps ycraHo-
BUBIIIETOCST PEXKMMa CYUTAETCS KEeCTKOi (karacrpodudveckoii). Ha puc. 6 curyanus nocse
Oudypkanmm, Korja B pe3ysabTaTe W3MEeHeHHs mapaMerpa r1 (B CPaBHEHHU C AHAJOTHIHBIM
n3menenveMm r B (3) B MomenT ¢ = 150) TpaekTOpusi B PeJIAKCAIMOHHBIX KOJIEOAHUSAX TIpe-
ononeaer 3navenne K, u nanee N(t) — 0o peasmsyer clieHapuii KpU3nca MnepeHachIeHnsl,
TTOSIBJIEHUS TIOCJIETHETO CBEPXMHOTOYUCIEHHOTO TTOKOJIEHNS U JECTPYKIINIO BCeli OUOCUCTEMBI.

000, 3
'Dss 000
St
z 30,000,
]
= 25,000.51
J
Q 20,000.04-
b

5 15,000.0{—F

=
: 5,000, 0HF-

0.0

T T T T T
0.0 50.0 100.0 150.0 200.0 250.0

Puc. 6. 1 — BBIOPOC 32 TpaHUIIBI eMKOCTH Cpeanl B (6),
2 — nuHaMuKa (3) TpHU aHAJOTUYHOM M3MEHEHWH TIapaMeTpa.

Ilpka cxuMaeTcss U BBIOPACHIBAETCS, BBLIYUCIUTENbHBIN IKCIEPUMEHT 3aKAHIUBACTCI CO-
oBIIeHneM IPOrPAMMBbI O TI€PEIOJHEHUI [IPU BBIUUCIEHNUSIX C [JIABAOIIEH TOYKOI.
Cgoiicreo smccunarunoctn  (4%) GoJiee He BBITOJIHSAETCS.

7. IIpobyiema 06001eHNs Bcex Moandukanmii (3)

Boitisgaut nepcnektuBHbBIM 00beIuHEeHNE WUell ABYX TPEIIOKEHHBIX MOAu(UKAINA, HO
He BCe BAapUWAHTHI, BO3HUKAIONINE B YPABHEHUIX, C 3aMa3bIBAHNEM WMEIOT MPUKJIATHON KO-
JIOTUYIECKUH CMBICJI. MOXKHO MPEJICTAaBUTHL 00OOIIEHHOE YpaBHEHNE B CJIEIYIONIEM BHIE:

dN K — N2(t—1)
=W (e ) U~ N - 7). 7

yBeJIMUnBasi HEJWHENHOCTh B TpaBoil wyactu g0 Kybmueckoit. Torma obpasyrormas s
N (0) < H penakcarmoHHBIN IHUKJ TPACKTOPUU IPU YMEHBIIIEHUU € HATHET JTOCTATOYHO M-
pabosMyuecKn IMJIABHO W HEOTPAHWYEHHO BO3pacTarth (puc. 7, ¢g = 0.11, 6udypkanmontoe
¢=0.1,71=28).
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Puc. 7. Mensennslii cienapwuii yxona tpaexkropuu u3 nukia B (7).

ITomo6HbIii My TH TTOTEPH PEleHneM CBOMCTBA IUCCUNATUBHOCTH BUUTCS SKOJOTMUIECKH HE
00OCHOBAHHBIM W CIIEHAPHil TOIIYIANNOHHON JUHAMUKHA BPsT U peanusyercda. Mbl paccmar-
PUBa/IM CUTYAIMIO W30 TMPOBAHHON CAMOPETyIMPYeMOii MOy IS, TOTOMY JOJKHO TPUCYT-
CTBOBATH OTPAHUIEHHOE CBEPXY TPEJIeJbHOe COCTOAHNE (I[UKJI WU PABHOBECHE), JTUOO MPOUC-
XOJUT JIECTPYKIMs GUOCUCTEMBI CKAIKOOOPA3HO.

Agtopsr [10], mBITasch TPeOIOTETH OTMEUEHHBIE HEJOCTATKU, B JAjbHENIIeM DACIIUpPH-
m mogens (4), (4”) mo cucrembl, e mapamMeTpbl A, ¢ CTAHOBATCS M3MEHSIOIUMECS C TIe-
puosioM w dyHKIuAMEI (0OYCIOBIEHHBIME CE30HHOCTBHIO XapAKTEPUCTUK CPeJbl OOUTAHIs )
u f(N(t — mw)). Onnako B 1a60PATOPHBIX IKCIIEPUMEHTAX € HAaCeKOMbIMM HuKOIbCOHA U
VTuapl He BHOCHINCH HUKAKUE BBIHYZKJIAIONIHE BO3IeHcTBHA. [l KyKypy3HOTO MOTBLIbKA
Ostrinia nubilalis va FOre Poccun cBoficTBeHHA TUHAMUKA C Cepreil PE3KUX MTUKOB YUCJIEHHO-
CTH, TIEPEMEKAIOMIASACA C TOJIAMY JTTUTETHHOMN JIENPECCUN TOTY/ISIUY, KOTOPYIO NWHOT/IA CBA3BI-
BAIOT C IUKJIMIHOCTHI0 AKTUBHOCTH MAranTHOTO nossa CosHia, HO (hU3HYeCKOro 06bICHEHns
sddekTy moka He mosaydeno. [IoTomy akTyaabHO MOJIETHHOE ONMUCAHWE MMEHHO BHE3AITHOTO
BO3HUKHOBEHHS CHENUMUIECKIX MOMYIANMOHHBIX aBTOKOIC0AHN BpeIuTe e,

8. 3akJiroueHnue

[Ipemmokera Mo/€/1b BOSHUKHOBEHUST TIOMYJ/ISIIIMOHHBIX KOJI€0aHMI pesIaKCanoHuoi dhop-
MBI, T/Ie BMECTO JAJbHEHINEr0 YBEIUIEeHUsT aMILIUTY/Ibl TTPOUCXO/IUT BHIOPOC TPAEKTOPUU B Pe-
JKAM 33 PAMKAMU OTPAHUYIEHHOTO MPUPOCTA YUC/IEHHOCTH. Byaem canTarTh BBEJIEHHOE B ypaB-
HeHre 3HaveHne H MATKUM TOPOTOBBIM COCTOSHUEM OTJIOXKEHHOTO elCTBUA, B OTANYNE OT
JBHOW HWXKHEHl Kpurudeckoit Touku L B (2) ¥ YKECTKOT'O YPOBH# OCTAaHOBKM mpupocra K
B (1). EMKOCTB cpejibl He BhICTyTaeT 6oJiee aCHMITOTUIECKAM TPEJETHHBIM 3HAUCHUEM JIJIst
3aTyXAOMNUX OCHWLIANUA. B HOBOM MOJe M KPUTUIECKUM, HO CIOHTAHHO ITPEOI0/I€BAEMBIM
cocrostareM cayxRut K. N > K mwa Bpema 6t > T moJpasyMeBaeT CTPEMUTENHHOE KATacTPO-
duueckoe paszpyineHue nomyJidnueii cBoeit cpenbl oburanusd. [Ipumep xaTacTpodbl yCHerrHo
Pa3MHOXKABITENCS MCKYCCTBEHHO BCEJEHHOM TOMy/IsIud — Cyab0a MCUE3HYBINMUX OJIEHEH Ha
octpoBe bepunra, kysa B 1882 1. 6b110 3aBe3eno 15 rojo, depe3 20 jieT uxX UUCIEHHOCTH
kosebaach 1,5-3 Toic. ¢ yuerom mpombicia. Be3 perymasmuu k 1917 1. Ha ocTpOBE HE OCTAIOCH
oJieHeil, OOMIBHBIE JINITANHUKOBBIE TACTONIA OBLIN TOJTHOCTHIO UCTOIEHBI. B nemorpadun ca-
MBIl U3BECTHBIN Cjydall KPU3UCA IIEPEHACE/ICHUA — 3arajJkKa Ma/JeHud [UBU/IN3alud OCTPOBA
[Tacxn.

Takum 06pazoM, MBI MOJIYYWIN BBITUCIUTEIHHYIO MOJIE/b, OMUCHIBAIONIYIO MEPEXO] GMC-
JIEHHOCTH U3 OKPECTHOCTHU HESBHOTO TOpPOTA B YCTONUUBBIN pexkuM Kojebanuii. B coBpemen-
HOM 0030pe 110 TIPUMEHEeHUI0 ypaBHeHuil ¢ 3ana3apiBanneM [15] B Maremarnveckoii Guosiornu
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crileHapuii ¢ paspylienneM aBTOKOJebaHuil He paccMaTpuBajcda. Budypkamnms, 1y KOTOPOit
TpeOOBaIOCh M3MEHEHUE YCJOBUIl PEryssiiuy, TPUBOJUT CUCTEMY HE K U3MEHEHUWIO AMILIHU-
TYJIbI /TIEPHOJIA MK WM [IEPEX0/y K XaOTHYeCKOMY JBHUKEHUIO, HO K CKadKy 3a TDaHUIbI
9KOJIOTUYECKOT0 Oajiafca B BUJE PE3KO MOTEpU 3aMKHYTOr0 KojiebaTesbHOT0 KOHTypa. [losy-
YeHHbBIE TIPU WCCJIEJOBAHUN yPABHEHUS XaPAKTEPUCTUKU JOCTATOYHO OCOOBIX CIy9aeB IIOITY-
JISIIIMOHHOTO TIPOTIECCa HEe MOTYT, 10 HAIEMY MHEHWO, ObITh PACIIPOCTPAHEHBI HA 0000IEHHBI
coTydail IMHAMWKY PACIPOCTpaHeHus BuIa-Beesenna. Moaudukanusa mogenn (6) ¢ MeieHHoii
moTepeil TepexoTHOTO IUKJINIECKOT0 PEKUMA He TIOJIy9aeT COJAEPKATETHHON oMy IsIIMOHHON
UHTEePIpeTALNH.
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SCENARIO OF INVOLUNTARY DESTRUCTION
OF A POPULATION IN A MODIFIED HUTCHINSON EQUATION

Perevarukha A. Yu.

The problem of simulating abrupt changes in the mode of self-oscillations inherent in species that are
capable of affecting their habitat is considered. The relevance of this work is the need to improve methods
of mathematical biology to study non-stationary and extreme types of population dynamics, which often
occur in practice. Rapid transitions to sharp fluctuations in the number of infestations occur during
invasions of actively breeding pest species as Ostrinia nubilalis. Modification of the Hutchinson equation
suggested in the article, taking into account a significant role of achieving the subthreshold point number
that is less than the limiting capacity of the ecological niche K in Verhulst equation, but a significantly
higher number of lower threshold L in Bazykin equation: L <« H < K. In our equation, the atypical
scenario of the development of a dangerous outbreak of insects is described with the change in the acting
delay of regulation 7 value. As follows from ecological examples, population cycles with large amplitude are
often unstable. Often the cycle is a transitional mode. The smooth damping of the oscillations N, (r,t) — K
does not always occur. In the new model, after the Hopf bifurcation, with the value 7 = 7. + £ and
the appearance of auto-oscillations of the nonharmonic form with increasing amplitude, the loss of the
dissipative property of the trajectory sharply occurs. The computational scenario with the sudden output
of the transient cycle N, (7r,t) from the range of admissible values of abundance is interpreted as a specific
disturbance of the functioning of the habitat. The loss of a compact attracting set leads to the destruction
of the biosystem in the locus of an outbreak of insects or irretrievable death in the case of an island
population of mammals.

Key words: Hutchinson equation, dynamics of pest insects, model of exclusive outbreak, Hopf bifurcation,
unstable cycle.
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A NOTE ON SURJECTIVE POLYNOMIAL OPERATORS!

M. Saburov

A linear Markov chain is a discrete time stochastic process whose transitions depend only on the current
state of the process. A nonlinear Markov chain is a discrete time stochastic process whose transitions
may depend on both the current state and the current distribution of the process. These processes arise
naturally in the study of the limit behavior of a large number of weakly interacting Markov processes.
The nonlinear Markov processes were introduced by McKean and have been extensively studied in the
context of nonlinear Chapman—Kolmogorov equations as well as nonlinear Fokker—Planck equations. The
nonlinear Markov chain over a finite state space can be identified by a continuous mapping (a nonlinear
Markov operator) defined on a set of all probability distributions (which is a simplex) of the finite state
space and by a family of transition matrices depending on occupation probability distributions of states.
Particularly, a linear Markov operator is a linear operator associated with a square stochastic matrix. It is
well-known that a linear Markov operator is a surjection of the simplex if and only if it is a bijection. The
similar problem was open for a nonlinear Markov operator associated with a stochastic hyper-matrix. We
solve it in this paper. Namely, we show that a nonlinear Markov operator associated with a stochastic
hyper-matrix is a surjection of the simplex if and only if it is a permutation of the Lotka—Volterra operator.

Mathematics Subject Classification 2010: 47H60, 47N10.

Key words: Stochastic hyper-matrix, polynomial operator, Lotka—Volterra operator.

1. Introduction

Let L,, := {1,--- ,m} be a finite set, @ := I,;, \ @ be a complement of a subset o C I,
and |a| be the number of its elements. Suppose that R™ is equipped with the [j-norm
1x[l1 :== >4 |xk| where x = (z1,- -+ ,x,) € R™ and {e; }ic1,, stands for the standard basis.

We say that x > 0 (respectively x > 0) if z; > 0 (respectively z; > 0) for all i € I,,,. Let
Sm~l = {x € R™ : |x|l; = 1,x > 0} be the (m — 1)-dimensional standard simplex. An
element of the simplex S™ ! is called a stochastic vector. For a stochastic vector x € S™~1,
we set supp(x) = {i € L, : &; > 0},null(x) = {i € I,, : ; = 0}. We define a face
Iy = conv{e;}icq of the simplex S™~! where a C I, and conv(A) is the convex hull of a
set A. Let intI',, = {x € 'y, : supp(x) = a} and 'y, = I', \int I',, be respectively the relative
interior and boundary of the face I',.

Recall that a square matrix P’ = (p;;){%_; is called non-negative, written P > 0, if p;e > 0
forall: € I,,,. A square matrix P = (pij)%-:l is called stochastic if each row pje = (Pi1,- - - Pim)
is a stochastic vector for all i € I,,,. Let £ : S™ 1 — S™~! be a linear operator (a Markov
operator) associated with a square stochastic matrix P = (pl-j)?szl, i.e.,

Z(x)=xP= Z TiDie-
i=1

(© 2017 Saburov M.
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It is easy to see that the linear operator . : S™~! — S™~1 is a surjection if and only if it
is a bijection. Indeed, the straightforward calculation shows that if .Z : S™~! — 8™l s a
surjection then for each i there exists j such that £ ~1(e;) = e, where £ ~!(e;) is a preimage
of the vertex e; of the simplex S™~!. Consequently, surjective linear operators of the simplex
are only permutation operators.

Recently, the similar problem for a quadratic operator (a nonlinear Markov operator [6])
associated with a cubic stochastic matrix was solved in the paper [5]. In general, the convexity
of the quadratic operators is strongly tied up with the nonlinear optimization problems [1, 2,
4, 7] and is not an easy problem [8]. In this paper, we provide a criterion for surjectivity of
polynomial operators associated with stochastic hyper-matrices.

2. Polynomial Operators Associated with Stochastic Hyper-Matrices

Let & = (pi,..i,)i}. i,—1 be a k-order m-dimensional hyper-matrix. We define the
following vectors and matrices

m
pil...ik,1. = (pil...ikflla s 7pi1...ik,1m)a ]P)il...l'k,QOO - (pil...ik_gjl)jlzla

for any i1,...,ik—1 € L. In what follows, we denote 4[;.;; := 41 ... % for index.

A hyper-matrix & = (pj,..i,){7 ;-1 is called non-negative and written & > 0 if
Pij_ye = 0 for all i1,...,ix_1 € L. A hyper-matrix & = (pulk);?zk:l is called stochastic
if each vector Pijyi_yje 1S stochastic for all 41,...,ix_1 € I,,.

We define a polynomial operator B : 8™~ — S™~! associated with k-order m-dimensional
stochastic hyper-matrix & = (pzlzk)?f

P(x) = Z T Z Tiy -+ T Pifyp_q)® (1)

;. —1 as follows
o lk—

for any x € 8™, It is easy to check that

‘B(X) = xPy, (2)
where
m m
m
Py = Z Z Lig « xik—z]pi[l;k—z]“ = (pjl(x))j’lzl
’i1:1 ik_gil

is a square stochastic matrix for any x € S™~!. Due to the matrix form (2), the polynomial

operator P : S~ — 8™~ agsociated with k-order m-dimensional stochastic hyper-matrix &2

is a nonlinear Markov operator (see |6]). Unlike the classical Markov chain, the nonlinear

Markov chain is a stochastic process whose transition matrix Py may depend not only on the

current state of the process but also on the current distribution x of the process (see [3]).
Throughout this paper, without loss of generality, we assume that

pl’1...ik,1. = piﬂ(1>...iﬂ(k71).
for any 41,...,7,_1 € I;, and any permutation 7 of the set I,_;. We also assume that m > k.
We need the following auxiliary results.

Proposition 2.1 [6]. The following statements hold:

(i) supp(P(x)) = U Supp(pi[l:k—l].);
i[1:1—1)E€SUPP(X)
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(ZZ) null(‘B(X)) = n nuu(pi[lzk_l].);
i[1:5— 1) €ESUPP(X)
(i1i) P(int o) CintT'g where = U supp(Piy,_yj0);
U1:k—1]EQ

(iv) P(int Ty,) C int Tg if and only if P(xV)) € int Ty for some x(0) € int T,.

An absorbing state played an important role in the theory of the classical Markov chains.
Analogously, the concept of absorbing sets for nonlinear Markov chains was introduced in the
paper [6].

DEFINITION 2.1 [6]. A subset o C I,,, is called absorbing if one has that

o= ﬂ Illﬂl(pi[l:k,l].)-

U1:p—1]€Q

It is clear that o C I, is an absorbing set if and only if

o = U Supp(pi[ljk,u.)’

i1:k—1) €O

The following result presents an insight of an absorbing set.

Proposition 2.2 |6]. The following statements are equivalent:

(1) A subset a C I, is absorbing;

(i) One has that P(intT,) C int T'y;

(7i1) One has that B (X(O)) € int ', for some x(0 € int T..

Proposition 2.3. If any subset o C I,,, with |o| < k — 1 is absorbing then so are all
subsets of 1,,.

< Suppose that any subset @ C I,, with |a] < k& — 1 is absorbing. It means that
supp(pi[ljkiu.) C o for any i1, ,iy—1 € o. In particular, the sets o® = {i9,--- ,4;_,} and
B° = {j°} are absorbing for the given indices 49, -- ,i}_;,j° € I, (the repetition of indices is
allowed). We then obtain that supp(pje...jes) = {j°} and supp(pis...io_¢) C {i7, - i5_1} = a°
for any given indices i{,--- ,iy_;,7° € I, (the repetition of indeces is allowed). Hence, for
any 3 C I, one has that

U swp(@iy,_ye) = [ supp(pjje) U | supp(pi,_ye) = 8.
if1k_1)€8 jeB i iy
It means that 3 is an absorbing subset. This completes the proof. >
Lemma 2.1. If any subset o C I,,, with || < k — 1 is absorbing then the polynomial
operator B : S — 8™~ js a surjection.
<1 Due to Propositions 2.2 and 2.3, the polynomial operator 9 : 8™~ — S~ maps each
face of the simplex 8™~ ! into itself. It is well-known in algebraic topology that any continuous

mapping which maps each face of the simplex S™~! into itself is a surjection of the simplex
S™~! (see Lemma 1, [5]). This completes the proof. >

3. Surjective Polynomial Operators vs Lotka—Volterra Operators

We recall a definition of Lotka—Volterra operators (see [5]).

DEFINITION 3.1. A polynomial operator 8 : S”~! — 8™~ is called the Lotka—Volterra
operator if supp(pi[lzk_l].) C {i1,...,ig—1} for any iy,...,ig_1 € L.
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We provide a criterion for the Lotka—Volterra operator in terms of absorbing sets.

Lemma 3.1. The following statements are equivalent:

(i) The polynomial operator B : S™~1 — S™~! is the Lotka—Volterra operator;

(74) Any subset o C I,,, with || < k — 1 is absorbing;

(ii7) One has that B~!(int T',) = int T, for any subset a C I, with |a] < k — 1.

REMARK 3.1. We always assume int Iy, := T, for the subset a C I,,, with |a| = 1.

< We prove the following implications (i) = (i1) = (¢it) = (7).

(i) = (ii) : Let B : S™ 1 — S™1 be the LotkaVolterra operator. We then have that
SUpP (Pijy_ye) C {415, ig—1} for any i1, ..., k1 € L, (the repetition of indices is allowed).
Particularly, supp(p;...je) = {j} for any j € I,,,. Hence, for any o C I,;, with || < k — 1 one
has that

U swp(@iy,_ye) = [ sup(@s.jo) U | supp(piy,_je) = o

iU1:p—1] € JEa (=

It means that « is an absorbing subset.

(73) = (i13) : Suppose that any subset a C I,,, with || < k—1 is absorbing. We then obtain
that supp(pi[ljkiu.) C « for any i4y,...,i,—1 € «a. Particularly, since the subset a® = {j} is
absorbing, we have that supp(p;..je) = {j} for any j € I,,,. It follows from Proposition 2.2, (i)
that PB(int T,) C int T, for any absorbing subset a C I,,,. Moreover, if 8~ (int T'y) \int T, #
@ then there exists y € S™! with 3 := supp(y) such that 8\ a # @ and B(y) € intT,.
Then it follows from Proposition 2.1, (iv) that JB(int I'g) C int T'y. Since P : S~ — 8™~ s
continuous, we have that P(I'g) = P(int I'g) C int 'y = I',. Particularly, B(e;) = p;..jo € '
(or equivalently supp(pj...je) C ) for j € 8\ a. However, this contradicts to the fact that the
singleton {j}, j € B8\ a is an absorbing set (or equivalently supp(p;j...je) = {j}). Therefore,
we have that B! (int T,) = int T,

(iii) = (i) : Suppose that P~!(int T',) = int T, for any subset o C I,, with |a| < k — 1.
We then obtain from Proposition 2.1, (iii) that

U Supp(pi[l:k-l}') = Q.

i1k—1]€Q
Particularly, we get that supp(pi[l:kil].) C « for any ¢1,...,ix_1 € . Let us now fix indices
iS5, ... iy € L, (the repetition of indices is allowed). Then, for the set o® = {i{,...,iy_;}
we have that supp(pig...iz_l.) C {i7,...,i_4} = a°. Since the indices i,...,i;_; € I, are

arbitrary chosen, the last inclusion means that ¢ : 8”1 — S™~! is the LotkaVolterra
operator. This completes the proof. >

We are now ready to formulate the main result of the paper.

Theorem 3.1. Let B : S ! — 8™ be a polynomial operator. Then the following
statements are equivalent:

(i) The polynomial operator B : S~ — S™~! is a surjection;

(ii) There exists a permutation w of the set I,, such that for any 1 < | < k — 1 and
for any iy,...,4 € I, one has that S3~!(int Peil---eil) = int I'e
conv{e; ,...,e;};

(#i1) There exists a permutation matrix II such that I1o*p is the Lotka—Volterra operator.

w(iny-eniy Where ey e, =

REMARK 3.2. We always assume that intI'e, := {e;} for any i € I,,.
< We prove the following implications (i) = (i) = (iii) = (7).
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(i) = (ii) : Suppose that the polynomial operator P : S™~! — Sm~! i5 a surjection.
Let B~!(e;) be a preimage (which is nonempty) of the vertex e; for j € I,,. Obviously,
if x € P~1(e;) with supp(x) = « then ', C P~ (e;) (see Proposition 2.1, (iv)). Hence,
PB~!(e;) is a face or a union of faces of the simplex S™! for any j € I,. Consequently,
the set {P~L(e1), -+, P (em)} consists of (at least) m mutually disjoint faces of the simplex
S™~1. This is possible if and only if there exists a permutation 7 of the set I,, such that
2]3_1(ej) = ey(;) for any j € I,. Let us now show P~ (int Fei1~~~eil) = int Few(il)---ew(il) for any
i1,...,1 € L by means of mathematical induction with respect to [ where 1 <1 < k — 1.
Obviously, if y € P~ (int Feil---eil) with supp(y) = B then intT'g C P~ (int Feil---eil) and
'y C ‘B_l(Feilmeil) (see Proposition 2.1, (iv)). Moreover, if 8\ {7(i1),...,7())} # @
(or equivalently w=1(3) \ {i1,..., i} # @) then e,y € &B*l(lﬂeilmeil) for some j €
7B\ {i1,...,i}. However, it contradicts to er(j) = B~!(e;). Therefore, we must have
that 5 C {m(i1),...,m(i;)}. On the other hand, due to mathematical induction, we also have
that {m(i1),...,m(i1)} \ B = @. Hence, we get that 5 = {m(i1),...,nw(4;)}. Since the point
y € P~ (int Peil---eil) is arbitrary chosen, we obtain that 3! (int Feil---eil) C int Pew(il)---ew(il)'
i-enty)  C P~ (int Feil---eil) follows from Proposition 2.1, (iv).
Consequently, B~ (int Feil---eil) = int Feml) ) for any i1,...,3 €, and 1 <I <k —1.

(ii) = (iii) : Suppose that there exists a permutation 7 such that 3! (int Le, .e;) =
int Few(il)mewm) for any 4y,...,4 € I, and 1 < [ < k — 1. Particularly, we have that
B l(e;) = er(j) for any j € I, We now define a permutation matrix II (associated with
the permutation ) as follows I(e;) := e,y for any j € I,,. Obviously, we obtain that

The inclusion int Few(

...eﬁ(il

IT(P(int reil,,,eil)) =int Te; e,y Vit-osi1 €Ly, VISISE - L

Due to Lemma 3.1, the polynomial operator Il o *J3 is the Lotka—Volterra operator.

(791) = (i) : Suppose that there exists a permutation matrix II such that P := II o ‘P is
the Lotka—Volterra operator. Due to Lemmas 2.1 and 3.1, the Lotka—Volterra operator Py is
a surjection and so is the polynomial operator 98 = II~! o Pyy. This completes the proof. >
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SAMEYAHUE O CHOPBEKTUBHBIX
[MTOJINMHOMUMAJIBHBIX OITEPATOPAX

Cabypos M.

JImneitHag mens MapkoBa gBJIFETCA CIyYIalHBIM IPOIIECCOM C AUCKPETHBIMH COCTOSHUSIMMY, I€PEXOIBI KO-
TOPOr0 3aBHUCAT TOJIBKO OT TEKYIIero COCTOsHWs Iporecca. Henuneiinas mens MapkoBa — ciywailHbIil
TPONECC C AUCKPETHBIMA COCTOAHUAMHA, TIEPEX0Abl KOTOPOTO MOTYT 3aBUCETh KaK OT TEKYIIEero COCTOAHNA,
TaK U TEKYIIEro PaclpeesieHus IPOIecca. DTH MPOIECCH €CTECTBEHHBIM 00pa30M BO3ZHUKAIOT TPU U3y Ue-
HUW IIPEe/IbHOI0 IIOBEAeHHs OO0JIBIIOr0 KOJIMIeCTBa C/1a00 B3aNMOIEHCTBYIONNX MAaPKOBCKHUX IIPOIECCOB.
Hesmmnueiinbie MapKOBCKHE TIpOIecChl ObLIN BBeIeHBI MaKKHHOM U IIMPOKO M3YYAJNCh B KOHTEKCTE HEJIN-
HelHBIX ypaBHeHuit Yanmmana — Kosimoroposa, a Takike HeqmHeWHBIX ypaBHeHHil Poxkepa — Ilmamka.
Hemmneitnas mens MapkoBa Hal KOHEIHBIM IPOCTPAHCTBOM COCTOSIHUM MOXKeT ObITH OIIpejiesieHa Helpe-
PBIBHBIM OTOGparkenneM (HeJMHEHHBIM OrrepaTopoM MapkoBa), OpeeIseMbIM Ha MHOKECTBE BCEX BEPO-
SITHOCTHBIX PACTIPEIEICHUH (ABAAOMEMCA CAMIIJIEKCOM ) KOHEYIHOTO TIPOCTPAHCTBA COCTOTHII CeMEHCTBOM
MaTPHUIL [IePexoa, 3aBUCAINNX OT PacCIpee/ieHus BePOATHOCTeHl 3aHsaThs cocTosHmil. B wacTtmocTh, su-
HeUHBIH orepaTop MapKoBa gBJIf€TCA JIMHEHHBIM OIIEPATOPOM, CBA3AHHBIM € KB3IDATHON CTOXaCTUIECKOM
MaTpureil. Xopomo M3BECTHO, UYTO JIMHEHHBIN ornepaTop MapkoBa OyIeT CIOpBHEKIHel CHUMIIEKCa B TOM
U TOJIBKO B TOM CJIy4ae, KOIJa OH SBJIseTCs Ouekipeil. AHajIornyHas 33/1a49a /118 HeJIMHEHHOTO OIlepaTopa
MapkoBa, CBSI3aHHOTO CO CTOXACTUIECKOM IMItep-MaTPHIIeil, 0CTaBaJIaCh OTKPHITOM. OHA pemeHa B JaHHOM
CTaThe, & UMEHHO, ITIOKA3aHO, UTO HeJIMHEHHBII ortepaTop MapKoBa, CBE3aHHBIN CO CTOXaCTUIECKOM THIIED-
MaTpulell, aBngeTcs CIopbeKIHuell CUMILTIEKCa, €CJIU U TOJIbKO €CJIU OH AB/deTCs IIePeCTaHOBKOI onepaTopa
Jlorku — BousbTeppa.

KirodeBble ciioBa: croxacTudeckasi THIIEP-MAaTPHUIR, IOJIMHOMUAIBHBIN omepaTop, oneparop JloTku —
BouasTeppa.



BiagnkaBka3cKkuii MaT@MaTHIECKHI XKy DHAJT

2017, Tom 19, Boimyck 4, C. 76-85

VIIK 518.517.68

O MPUBJINKEHUU TTOYTU NTEPUOJINYECKIX OYHKIINI
HEKOTOPBIMU CYMMAMN

10. X. Xacaunos

B pa6ore m3yuaiorcss HEKOTOpPBIE BOIPOCHI MPUOIMKEHUS MOYTH MEPUOAMYIECKNX DYHKINA ABYX mepe-
MEHHBIX YaCTUYHBIMU cCyMMamu Pypbe m cymmamu Tuna MapimHkeBrda B paBHOMEDHON METPHUKE, KOTJIa
nokazaresn Pypre paccmarpuBaeMbix (GYHKINN MMEIOT MPEAETbHYI0 TOUYKY B OeCKOHeYHOCTH. Toumee
paccMaTpuBaeTCs PaBHOMEPHAs MOYTHU Mepuogudeckas GyHKIUs ABYyX MEePEMEHHBIX, nokasareau Pypnbe
KOTOPOI MMEIOT €UHCTBEHHYIO IIPEIEIBHYIO TOUKY B 6€CKOHETIHOCTH. JIOKA3bIBAETCS, YTO YACTHIHAS CyM-
Ma JAaHHOTO Pafa ¢ BecoBoil dynkmmeit P, (¢, z) (o > 0) npeacraBuma B maTerpanbuoit dhopme. BecoBas
dbynakmua @, (t, z) aBageTca TPOM3BOILHOM, BENIECTBEHHOM, HENPEPHIBHOMN, JeTHOM u npn © = y = 0 npwu-
HUMaeT 3HaveHue 1, a B ciyuae, Korga jmbo |z| > o, imbo |y| > o pasna mHymo. CHauana JOKa3bIBAETCS
MIOYTH TIEPUOAMIHOCTHh paccmarpuBaemoil dynkmmm f(z,y) u, ucnons3ys dbopmyny obpamenus Dypbe,
Ay 9Toi dyHkimu onpenensaiorca Koaddunuentor Pypoe. 3arem uccaeayeTcs BOIPOC 00 OTKIOHEHUU
samannoil bynkmmn f(x,y) oT YacTwaHBIX CymM ee paga Pypbe, B 3aBUCHUMOCTH OT CKOPOCTHU CTPEMJICHHS
K HYJIIO BEJUYUHBI HAUIYdIero npubiaukenus (GyHKIUMU TPUTOHOMETPUYIECKUMU TIOJIUMHOMAMU O DAHU-
deHHOM crerenu. Jlasee aHAIOrHIHBIM 06PA30M YCTAHABIUBAETCS OIEHKA CBEPXY BEJIWYUHBI OTKJIOHEHUS
PaBHOMEDHON TOYTH TIEPUOANYIECKOI (PYHKIMHU OT cymM MaprmHkeBuda.

KuroueBsbie ciioBa: 1oYTH TiepuoanYecKast (GyHKIUs, TPUOIUKeHre (QyHKINU, CyMMbl MapIimHKeBUYa,
k03bdunmentsr Pypoe, mokazaresn Pypbe, npenesbHbIE TOYKU B OECKOHETHOCTH.

1. BBenenne

Yepes L, (1 < p < 00) 0603HAUNM IPOCTPAHCTBO U3MEPUMBIX 27T-IEPUOJHIECKUX II0
KaxK 101 n3 mepeMenHbIx GyHKImit f(z,y), 11 KOTOPBIX CYIECTBYeT KOHEYHAsI HOPMa

27 2w

1@ 9z, = / / ) Pdedy s <oo (1<p< o),

0 0

I.f(z,y)|| Lo = vraisup |f(z,y)| < oo,
x,y

u pajx Pypee bynknun f(z,y) € L, (1 <p < oo) —

o0

SOS Apila,y), (1.1)

k=0 =0

rae Agi(x,y) = agycoskx cosly + by sinkx cosly + ¢ cos kxsinly + disinkxsinly, ay,
bi i, i, diy — Kod3dbdunuenter Pypre bynxnun f(z,y).

© 2017 Xacanos 10. X.
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. Mapuuskesud [1] BriepBble paccMOTpes BOIPOC O MOBEJEHUN CYyMM BHJIA
1 n
M,(f;z,y) = T kzo Skk(fr2,9),

rae Spi(f;x,y) — dacTuaHble cymMbl TOpsiaKa k 1o Kaykaoii u3 mepemennbix psga (1.1)
dbyuxnun f(z,y) € L, (1 < p < 00). B wactnoctn, MapriuakesudeM GbIJI0 yCTAHOBIEHO, UTO
ecn f(x,y) — HenpepbiBHAas (DYHKIMS IO COBOKYIMHOCTU MEPEMEHHBIX, TO

Ro(f)re = If(2,y) = Mu(f;2,9) |0 — 0, 1 — o0

B pabore JI. B. 2Kuknamsuin [2] Obin JJaHbl HEKOTOPHIE OIEHKU CKOPOCTH CTPEMJIEHMUSI
K HYJIIO BEJTUINHBI

Rn(f)z, = 1f(z,y) = Mn(f;2,9)]|L, (1 <p<oo) (1.2)

UccnenoBanue mHOBeleHHs OTKJIOHeHHs GYHKIHH ABYX IepeMeHHbIX f(x,y) € Ly
(1 < p < o0)or cymm Bujia

o0

Wofizy) =1 —=r) Y r*Sea(fizy) (0<r<1)
k=0

upu r — 1 66110 nposeieHo B pabore P. Tabepckoro [3]. HekoTopbiv yTouHEHNSIM PE3y/IbTATOR
JI. B. 2Kmxkunamsunmu u P. Tabepckoro nocsamena pabora M. @. Tumana u I'. Taiimaazapo-
Ba [4]. B pa6ore M. ®. Tumana u B. I'. Ilonomapenko [5] st ciaydasi TpeyroabHbIX MaTPHIL
{{tk,n} yCTAHOB/IEHDI OIEHKN CHU3Y BEJIUIHHDI

Ry(fim)r, = Hf(mvy) > Sk (f;7,9)

k=0

Ly

e

(k+1)"—k" .
fp = | R RS
’ 0, k>n

pH JTI000M HATYyPaJIbHOM 7. B 9T0ii 2Ke paGoTe IpuBegeHbl HEKOTOPLIE YTOUHEHHA OICHOK U3
pa6or [2] u [3], u npu 060m HarypaabHOM T M 1 < p < 0O NOJYYEHBI CJIELYIOIIHe TOYHbIE
HOPAIKOBBIE PABEHCTBA:

1 1
Ro(fip)z, =< wiV <f; —) +w® (f; —> :
n Lp n Lp

e
r

Wi (fit)r, = sup | > (=) () f@+vhy)|

T

w® (fit)r, = sup || > (1)) f(x.y + vh)

|h‘<t v=0 Lp
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2. OcHOBHBIE pPE3YJIHTAThHI

B HaCTOﬂmeﬁ CTaThe YCTAHABJJIWBAIOTCA OIEHKU CBEPXY BEJIWYNHLI OTKJOHEHUA OIHOTO

KJIACCa TIOYUTHU TMEPUOAUIECKUX (DYHKIUI JBYX MEPEMEHHBIX OT cyMM Tuma MapruHkeBuda
B PABHOMEPHOI MeTpuke.

ONPEAENEHUE. Dyukius f(z,y) (—00 < z,y < 00) HA3BIBACTCA PAGHOMEPHOT NOYMU
nepuoduueckoli gynryued, ecam Jyisi Kaxaoro € > 0 MOXKHO ykasarh Takoe unciao | = [(g),
YTO B KAXKJOM MHTEpBaJe JJIMHBI | HAileTcs X0oTs Obl OJIHO YHCIO T, JJisi KOTOPOTO

|f(z+ 7,y) — f(z,y)| < e paBHOMEepHO 110 Y,
|f(z,y +7) — f(x,y)| < € paBHOMepHO 1O .

ITycts B — Kj1acc paBHOMEPHBIX TOYTH Hepuoandeckux yukimit u psag Pypoe dyHxImm
f(z,y) € B umeer Bug

(e o] oo

)~ Y A, ) expi(Am + fny)), (2.1)

m=—o0o nN=—0o0

rje

A, pn) = Nm -y //f z,y) exp(—i(Am + pny)) dz dy

— xoaddunuenter Pypre byuxmmu f(x,y), a {um o _ o, {A\n}o2_ — moxasarenn Pypbe
(ciekTp pyHKIMHN), KOTOPbIE MMEIOT NPEJEILHYIO TOUKY B OECKOHEIHOCTH, T. €.

Ao =po=0; Ao ==Am, Hopn=—pp; lim A\, =00, lm pu, = oo;
m—0o0 n—oo

A < Amt1 (m=0,1,2,...), ppn<ppt1 (m=0,1,2,...).

Yepes Sy o (f;2,y) obo3HAUNM YacTHIHYIO cCyMMy psja (2.1), T. e.

Soo(fi2,y) Z Z A(Am, fin) exp(i(Am + pny))-

A <0 |ptn| <o

Tonoxxum

(f O y Z Z A muun J()‘ma/‘n)exp(i()‘mx+ﬂny))7

‘)‘m|<<7 ‘Nn|<<7

e @, (t, z) — nmpomsBOIbHAS, BEIECTBEHHAS, HEMIPEPBIBHAS YeTHas (DYHKIINS, JJisi KOTOPOii
BBITIOJTHEHBI CJIETYIOIINE YCIOBUAL:

1) ,(0,0) = 1
2) ®,(t,z) =0mpu |t| > 0w |2| > o
3)
¢U(t7z) S LQ(_OO7OO)7 (22)
e

Vo (u,v) = 4—71TQ / / D, (t, 2) exp(—i(ut + vz)) dt dz.

—00 —00
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Jlemma 1. Ecin f(z,y) € B, 10

Uy (f: ®;2,) = / / F@+ by + 2ot 2) dt de.

—00 —O0

< Ilyctn
folz,y) = / /f($+t,y+z)1/)g(t,z)dtdz.

—00 —00

Torma B cuty (2.2) paBHOMEPHO TI0 Y MMeeM

//]fa:+t+7y+z) flx+t,y+ 2)||Ys(t, 2)| dt dz

—00 —O0

sup‘fac—i-Ty xy|/ /‘watz‘dtdz

7y
—00 —00

[folz +7y) = fola,y)|

AHAJIOTMYHO PpAaBHOMEPHO TI0 X OyIeM NMeTh

//Ifw+ty+z+7) F(& 4ty + 2)| [Yot, 2)| dt d

—00 —O0

<sup|f(z,y+7) — :vy!//|¢atz|dtdz

7y
—00 —00

|fa($,y+7') fox y

CanemoBareibho, fo(x,y) ABASETCS PABHOMEDHOi MOYTH TEPUOIMIECKOl (hyHKImed
Iycrs Ag(Am, pin) — k03bbunment Pypoe byuxumit f,(z,y), coorBercrByoOmmii Mokasa-

TeJIAM Ay U fhy. VMeem

T T
1 .
m//fa(w,y)exp(—l(Amx+uny))d$dy
SrlT
1 T T 0o 00
— o [ | [ #ts 2.2 dtde| exp(=iOume + ) dody
—T —-T |00 —o00
00 00 T T
1 .
— / /wa(tz 4T2//f x+t,y+z)exp(—i( Az + pny)) dedy | dtdz
—00 —00 -T-T
T+t T+z
//wg (t, 2) exp(—i(Amt + pn2)) 4T2/ /fa: y) exp(—i(Amx + ppy)) de dy | dt dz.
Tt —T+z

—00—00
Buyrpennuii waTerpas ABASETCA JAONPEIEJIbHBIM BbhIpaKeHUEM [jisi Kodddunmentor Pypne

dyukmun f(z,y), a o dopmyne obparenus Pypne

/ / Yo (t,2) exp(—i( At + pn2)) dt dz = Pu (A, fin)-

—00 —00
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OTcroma mosyanm, 910

AU()\ma Hn) = A()\ma Hn)q)a()\m’ Mn)

Taxmm obpazom,

fo@y) = D D Al ttn)Po(Ams pin) exp(i(Ama + pny))-

[Am[ <o [pn|<o

Tax kak f,(z,y) aBasiercs mouTn nepuoanveckoit pynknueit, To semma 1 jgoxkaszana. >
Ilycte B — mpoCTpPaHCTBO BCEX OTPAHUYEHHBIX U PABHOMEDHO IOYTH IMEPUOIUIECKUX
B TLIOCKOCTH TIEPEMEHHBIX z, Yy dbyHKIwmii f(z,y) ¢ HopMoit

Ifllz="sup [f(z,y)]-

—oo<x,y<oo

Paccvorpum Besinunny

R(f;®) = |Us(f; @52, 9) — f(z,9)llB, (2.3)
B KOTOPOit
Us(f;P52,y) = / / flx+t,y+2)P,(t,2)dtdz, (2.4)

o0

1
Do(t2) = 1g / oo () Kot 2) du,
0

sin(uz)

+ cos(uz)

Kult,2) =4 {Cos(ut) siniut)] |

z

o (u) — HEKOTOpas veTHas yHKIHUs, abCOMIOTHO WHTErpupyemas Ha uarepsase (0,00) mpu
Kaxk0M (purcupoBanuoMm ¢ > 0 u Takas, 4To

/ / @, (£, 2)| dt dz < oo, / / By (t, 2)dt dz = 1. (2.5)

Hastee mceeryemM BOTIPOC O TIOBEIEHUY BEJIUIUHBL (2.3) B 32aBUCUMOCTH OT CKOPOCTH CTPEM-
JIeHUsT K HYJIO BeJIWYNHBI Hany«iero npubimxenus E, ,(f) (npn o — o0o) ans ciydaes,
KOTJIa B KAUeCTBe ¢, (u) BHIOpaHbl hyHKIMN

1, lul <a (0<a<o);
o) = poalu) = 4 < fu] < o (2.6)
0, lu| > o.

Jlemma 2. Ecim ¢pynknus ¢, (u) = @oq(u) onpegenena pasencrsom (2.6), To copases-

JIIBa OII€HKa,
o0 o

/ / [, (t,2)|dt dz < 0T (2.7)

)
g —a

—00 —O0
rne C' — KoHCTaHTA.

< JokazaresscrBo jleMmbl 2 ano B pabore [6]. >
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Teopema 1. Ecin f(z,y) € B 1 ¢5(u) = @gq(u) onperenena pasercrsom (2.6), To npm
smobom A (0 < A < a < o) cpaBeyInBa OIl€HKA

o+a
1Us(f: @i2y) = fla,y)lz < C 2=

— Eaalf)B, (2.8)

e Uy (f; ®;x,y) onpenenena papercrsom (2.4), a

Exa(f)B = A(/\infﬂ )

‘f(w,y)— D> Al pn) exp(i(Am + pny))

|>\m‘<A|Nn‘<A B

— Hamayuqiee npubamxenne Gyaxnuii f(r,y) € B TpuroHOMeTpHYECKHMHU MTOJTMHOMAMH CTE-
nernn He Boirie A, C' — KOHCTAHTA.

4//@U(t,z)dtdz =1,
00

TO yMHOXKast 06e 9acTy 3Toro paBeHcTsa Ha f(x,y) 1 BbIYUTAs 10y YeHHOE PABeHCTBO u3 (2.4),

< Tak kak cornacuo (2.5)

TIOJIY 9YUM

Ay (fiz,y) = Us(f; @52,y) — f(,y)

//f:c+ty+z) (tzdtdz—40/0/f D, (t, 2) dt dz

—00 —00

://[f(ac—l—t,y—l—z)—|—f(ac—t,y+z)+f(m+t,y—z)
0 0

+ flz—t,y—2)|Py(t,z)dtdz — 4 f(z o(t,z)dtd
T Y z] z) ¥4 0/0/ z Z

0

+ flz—t,y—2) —4f(z,y) | Ps(t, 2) dt dz //Qm,y(f;t,z)q)(,(t,z)dtdz,
00

fla+t,y+2)+flz—t,y+2)+ fla+t,y—=2)

rme
Qz7y(f,t,z):f(:c+t,y+z)+f(x—t,y+z)+f(x+t,y—z)+f(:c—t,y—z)—4f(3:,y)

IIycrs Tenepn

TAA x y Z Z anexp Am® +,uny))
[Am | <A [pn|<A

— TPOW3BOJIBHBIN TpuroHOMeTprdeckuii moauaoM n 0 < A < a < o. Torga B cuty semmer 1
UMeeT MECTO PABEHCTBO

Tan(z,y) = / /TA,A(x—i—t,y—i—z)fbg(t,z)dtdz.

—00 —00
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[Tokazkem, aro gust mosmmHOMa T A (2, y) WMeeT MecTo COOTHOIIEH e

//Q%y(TA,A;t,z)(I)U(t,z) dtdz = 0.
00

HeiictBurensno, na ocnoBanun (2.5) nmeem

0 0

o0
/TAAx-l-ty—l-Z)-f-TAA( ty+z)+TAA(:E+ty—z)
0

+ Tan(z —ty — 2) — ATy A (z, y>} ®,(t,2) dt dz

= / /TA7A(x+t,y+z)¢U(t,z)dtdz— / /TA7A(:U,y)<I>J(t,z)dtdz

=Taa(z,y) — Tan(z,y) / / D, (t,2)dt dz = 0.

—00 —0O0

ITosromy

(fix,y) = 0700709%3/ [(f — TA,A);t;z} O, (t,2z)dtdz. (2.9)

IIycts Temeps Th A(x,y) — HOJHHOM, OCYIIECTBJISIONIHI HAWTydIlee IPUOIIZKEHNe IIOPSI-
Ka A, 1. e.

If(z,y) — Tan(z,y)llB = Ean(f)B

Torma
[,y [(f — Tan)it; 2]l B < 8EaA(f)B- (2.10)

3 (2.7), (2.10) u (2.9) noaywaem omenky (2.8), 4T0 U JOKa3bIBaeT Teopemy 1. >

Temneps moKakeMm yTBEp:K/IeHUE, KOTOPOE siBjigeTca aHajgorom pesyabrarta JI. B. 2Kwmxkna-
mBun [2] u gaer ouenky causy Besmunubl (1.2) ns dyukunii f(z,y) € B.

Teopema 2. Ilycrp f(x,y) — paBHOMEpHAas MOYTH MEPHOIUIECKAs (DYHKIUS C MOKA3a-
rexssvu Pypbe, HMEIOIHME MPEIEIbHBIE TOUYKH Ha OECKOHEIHOCTH, T. €. Ay — OQ, by — OO.
Torna crnpaBeIHBa OIIEHKA

C n
Eyx(f)B,
n-+1 Pt

<

k=0

rae C' — koncranra, a peamannaa Ey, ,(f)p onpenerena B ¢popmynnposke Teopemsr 1.
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< Mycrs 2™ < n < 2™ Torna

Ralf) = Hf(ac, D= 3 Seal i)
k=0

n

> (F@y) = Serlfizy)

k=0
[—12v+1_1

= I Y (P - Sealfiew) + Fw)

1
n+1

B

n+1 v=0 k=2v
) (2.11)
—Soo(f;2,y) + Z (fa:y Sk,k(f;x,y))]
k=2m B
2V+1 1
k=2v B
n+1H(f($»y)—So,o(f;a:,y))HBJr nil I;Z:m (f(fv,y)—Sk,k(f;w,y)) )

IMycrs Sk i (f;,y) — monuHOM, OCYIIECTBISION HanTy Iee TpubInzKenne mopsiaka 2 — 1,
T. €.

2vHl_q
> (F@y) - Seafiey)| < CBrorza(f (2.12)
k=2v B
Torma
> (f(ﬂf,y) — Skx(f; 90,y)> < C(n—2")Eym_19m1(f)B- (2.13)
k=2v B
U3 coornomennit (2.12), (2.13) u (2.11) nonyunm
c = n—2m

C m—1 1 ogm
< Y B 1 v — E C—— Bym_19m_
n+1;) o —1,20-1(f)B + ] 0,0(f)B + PR 1(f)B
2m gm "
1 Cy
< E ——F E
n+1]§_1 wk(f)B + = Eoolf n+1§ ek (f n+1k_0

B zakirouenne ormeTrum, U4TO TeOpeMbl 1 U 2 NMPUBOJAUIUCH paHee aBTOPOM 0e3 JoKaza-

TesibCTBa B pabore [7].
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XacaHOB IOcyeoann XACAHOBUY

Poccniicko-Tamxukcknil (C1aBaHCKUI) yHUBEPCHUTET,

npogeccop kadeapsl HHGOPMATHKH U HHGOPMAIHOHHBIX CHCTEM
TAIXKUVUKUNCTAH, 734025, dyman6e, yia. M. Typcynsona, a. 30
E-mail: yukhas60@mail.ru

ON APPROXIMATION OF ALMOST PERIODIC FUNCTIONS BY SOME SUMS

Khasanov Yu. Kh.

In this paper we study some questions of approximating almost periodic functions of two variables by
partial Fourier sums and Marcinkiewicz type sums in the uniform metric, provided that the Fourier
exponents of the functions under consideration have a limit point at infinity. More precisely, we consider
a uniform almost periodic function of two variables whose Fourier exponents have a unique limit point at
infinity. It is proved that the partial sum of this series with the weight function @, (¢, z) (¢ > 0) admits an
integral representation. As a weight function, we take an arbitrary real continuous even function ®,(t, z)
that takes the value 1 for ¢ = 0 and z = 0 and vanishes when either |t| > o or |z| > o. First, we prove
almost periodicity of the function f(z,y) and using the Fourier inversion formula we define the Fourier
coefficients of this function. Then, we examine the deviation of the given function f(z,y) from partial
sums of its Fourier series, depending on the speed of tending to zero of value of the best approximation by
trigonometric polynomial of limited degree. Similarly, we obtain the upper bound of the deviation value
of uniform almost-periodic functions from sums of Marcinkiewicz type.

Key words: almost periodic function, approximation of functions, sums of Marcinkiewicz type, Fourier
coefficients, Fourier exponents, limit points in infinity.
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OB OJJHOI TEOPEME O HESIBHBIX ®YHKIINAX B HEIJIAJIKOM CJIVUAE

P. A. Xauarpgan

PaccmarpuBaerca ypasuenne Buga F(x,y) =0, 2 € X, y € M, rne M — nexoTopoe mHOkKeCTBO. MeTomom
mraTpoB (KacaTeabHBIX KOHYCOB), KOT/Ia MHOKECTBO M 3aaH0 HETJIaIKUM OTPAHUYIEHUEM THIA PABEHCTBA,
JIOKa3BIBAETCs CyIecTBOBaHMe Takoil muddepenuupyemoii dynkunu y, aro F(z,y(z)) = 0, y(z) € M,
y(zo) = yo. B wacTHOCTH, METOIOM MATPOB UCCIEAYETCA BOIPOC CYIECTBOBAHUSA TJIAJKHUX JIOKAJIHHBIX
CeJIEKTOPOB JUJIsi MHOTO3HAYHBIX oTobpaskenuit suga a(z) = {y € R™ : fi(z,y) = 0,¢ € I, g(y) = 0},
x € R". Ilpexanonaraercs, aro byukmwm f;, i € I, crporo muddepentmpyembl, a GyHKINS ¢ JOKATb-
HO JIMIIIUIEBA. [Ipy HEKOTOPBIX JOCTATOYHBIX YCJIOBUAX JOKA3AHO, UTO depe3d Jjio0yio Touky rpaduka
MHOTO3HAYHOTO OTOOparKeHus: MPOXOAUT Au(dHEPEHITMPYEMBI CEIEKTOP 3TOTO 0TOOpaKEHUsI. JTO yTBEP-
JKIIEHIEe MOYKHO WHTEPIPETHPOBATH KaK TEOPEMY O HeSBHBIX (DYHKIMAX B HEIVIAZKOM ciaydae. B crarne
TakKe MMOCTPoeHbl cTporo muddepenrupyembie matpsl B. [ Boararckoro gmas MHOXKeCTB, 33aBaeMbIX
HETVIAJKIMU OIDAHNIEHUSIMI TUIIA PABEHCTB. 1IpMBEIEHO JOCTATOUHOE yCJIOBME, IIPU KOTOPOM IIepecede-
Hre cTporo auddepeHpyeMbIxX IaTpoB ABisieTcs cTporo auddepenmpyeMbiM marpom. ITokazamo, wTo
KacaresbHble KOHYChl KitapKa siBISIOTCs maTpaMu BoJITSHCKOKOrO /71 MHOXKECTB, 33/1aBA€MbIX JIOKAJILHO
JINTIITATEBBIMYA (DYHKITASIMHA.

KutroueBrbie ciioBa: MHOTO3HAYHOE OTODpakenmne, cybauddepenimas, marep, KacaTeIbHbI KOHYC.

1. BBenenue

XopoITo W3BEeCTHA KJIACCUYIECKAsT KOHEUHOMEPHAsT TeopeMa O HesIBHON (PYHKIINU, HAXOS-
mast HOJIBITIOE KOJUIECTBO PA3TUIHBIX MPUIOKEHNH B COBPEMEHHOM MaTeMaTnke. A MMEHHO,
paccmorpum ypasuenus suga fi(x,y) =0,i=1,2,..., m,x € R", y € R™, y — neussecrnas,
a x — napamerp. llpu ycmosun rnagkoctu byHKIwi f;, ¢ = 1, ..., m, 0 peryJsipHOCTHU JTOKa3a-
HO CYIIECTBOBAHUE [JIAJIKOTO PEIeHUsl CUCTEMBI BhITIIEYKA3aHHBIX ypaBHeHuil. B panpHeiiem
9TOT PE3YAbTAT PA3BUBAJICA B JIBYX HAMPABICHUSIX.

Bo-niepBbix, paccMaTpuBaJIiCs TOT YK€ CAMBbIil BOTTPOC B 6ECKOHETHOMEDPHBIX TTPOCTPAHCTBAX.
IIyctes X, Y u Z — 6anaxosel npoctpancTsa. Ilycts mamer orobpaxenue F' : X XY — Z
u Touku xg € X, yo € Y, mis koropwix F(xg,yo) = 0. Paccmorpum ypasuenue

F(z,y) =0. (1.1)

B sireparype [8, c. 492], [3, 4] npu Tex mam MHBIX NPEANOIOKEHUSX JOKA3BIBAETCS CyIIle-
crBoBanue perenns y(x) ypasuenus (1.1) mig Bcex o u3 HEKOTOPOil OKPECTHOCTH TOYKH X
W ero HenpepbIBHOCTL Kak (yHkuun or x. Tak, nanpumvep, B kuure [8] nokazana Teopema
0 HEFBHBIX OTOOPAXKEHWAX, AHAJOTUIHASI KOHEYHOMEPHON Teopeme. 3aTeM B crtarThe [4]| mo-
Kas3bIBaeTCsl TeopeMa, 0000IIAoIas TeOPEMY O HESIBHOM OTOOPasKeHWH. 3J€Ch MPOU3BOIHAS
Fy (w0, yo) oTobpaskenns F' ap/igeTcs CIOpbeKTHBHBIM HEITPEPBIBHBIM JTHHEHHBIM OTIEDATOPOM.

© 2017 Xauarpsau P. A.
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A B pabore [3] n1okazana kjaccuueckasi TeopeMa o HesiBHOH GyHKINKM Ha KOHYCe. 3/1eCh, Peji-
nojiaras, uTo (yukius F' crporo nuddgepeHimpyeMa 1 BBITIOJIHEHO TaK HA3BIBAEMOE YCIOBUE
perynsgpuoctu Pobuncona.

Bo-BTophIX, 0ny6/IMKOBaHB MHOTOYUC/IEHHBIE PabOThI, B KOTOPBIX PACCMATPUBAETCS BO-
nPOC CyIECTBOBAHUST HENPEPHIBHBIX permennii ypasuenns (1.1), korma dynkums F mera-
kag. Ormerum Jmrmb paboTsl [9, 12, 13|, rme B KOHEUHOMEDHOM CJIydae JJisl JINTIIHIEBOit
B OKPECTHOCTH TOYKH (Zg,Yyo) dyHKImN F' IpUBOASTCS JOCTATOYHBIE YCJIOBUsI, OOECeunBa-
IOIIUe CyIecTBoBaHmue Takoil smmmmunesoit dyuxnuu y(x), uro F(z,y(z)) = 0, y(zo) = yo.
Haubosiee obmmii pe3ybraT B 9TOM HAMPABJIEHUH TIOJyYeH B ctaThe [1].

B macrosmeit crarhe paccmaTpuBaeTcst 0ToOparkerne F' CrenmnaibHOTO BUIA:

F(z,y) =0« fi(x,y) =0, i€’ g(y) =0, (1.2)

e 10 — komeunoe MHOXKecTBO MHeKCOB. [lyeth F(xg,10) = 0. peanonaraercs:, ato (yHk-
mm f;, i € I°, crporo muddepennIpyeMbl TO0 COBOKYIHOCTH TIEPeMeHHEIX B TOUKe (Zq,%o),
a g — JIOKaJbHO jmnimuiesa (Bo3MoxkHO Heauddepennupyemas ). [IpuBogsarces gocTaTodHbie
YCJIOBHsI, TIPU KOTOPBIX CyIeCTByer pernenne ypapuenus (1.2), muddepenimpyemoe B T0U-
xe (0, %0) = (0, y(%0))-
Tlomoxkum
a():={yeY: F(z,y) =0, g(y) =0}, zeX.

Torma BOmpocC CylecTBoBanus pemenus: ypasHenus (1.2) MOXKHO MHTEPIPETHPOBATH KaK BO-
IIPOC CYIIECTBOBAHKSA CEJIEKTOPA MHOTO3HAYHOTO OTOOPAYKEHUS @.

OrmeTnM, 9TO OJHON M3 BAXKHBIX MPOOJIEM B TEOPUU MHOTO3HAYHBIX OTOOPAYKEHUIT SIBJIs-
eTCsl BOTIPOC CYIIECTBOBAHMUS OTHO3HAYHBIX AIMPOKCUMAIIA U CEJIEKTOPOB C ONPEIeeHHBIMA
cBoiicrBamu. Becbma wHTEpECEH M HAXOAUT PA3HOOOPA3HBIE TPUIOKEHUT BO MHOTHX 00IaCTAX
MaTeMATUKH BOIPOC CYMIECTBOBAHUS CEJIEKTOPOB, 00JIaIal0NIX HEKOTOPBIMH TOMOJIOTUYECKH-
Mu cBoiicTBamu. B wacTHOCTH, 3a/1a9a CyIECTBOBAHUS HEIPEPBIBHBIX CEJIEKINN MYIbTHOTOD-
pazkeHus1, BOCXO/ISIAst K KIaCCH4eckoil Teopeme D. Maiikia [14].

B craThe mpuUHATBH M3BECTHBLIE ONpEJENeHNs] W MOHITUS W3 BBHINYKJIOTO W HEJUHEHHOrO
anaansa [11]: B,(z) — samMkayTHI map pajuyca r ¢ nenrpoM B touke © € R"™. Ecim M C R™ —
HEKOTOpOe MHOXKeCTBO, To cl{M } — 3ambikanme MHOKecTBa M,

con(M) dof {z:x=Ar1, 11 € M, A > 0};

Lin M % cl{con M — con M },

(x,y) — cKaagpHOe mpom3BejeHne BeKTOpoB &,y € R". Ecmm a: R — 2¥ — vmorozmaumoe
oTobparkenue, TO

def
graf(a) = {(z,y) : y € a(z)}.
Opnno3naunoe orobpaxkenune y : R — R™ Ha3BIBACTCS A0KAAGHBIM CEACKIMOPOM MHOTO-

3naunoro orobpaxenust a : R” — 28" npoxonsimeii uepes Touxy (g, yo) € graf(a) rpaduka,
eCJIi CYIIeCTBYeT Takas OKpecTHOCTh U(xg) TOUKHU Tg, ITO

y(x) € a(z) (Vo € dom(a)NU(xp)).

OTNPEJAEIEHUE 1 [5, c. 418]. Iycts 2g:= (w0, y0) € graf(a), rae a: R™ — 28" — wmmo-
roszua4droe orobparkenne. OHO HA3BIBAETCS NCEBIOAUNWUYLEHIM OKOAO TOUKU Z(, €CIIN CYIIIe-
CTBYIOT Takme gucaa oy > 0, ag > 0, L > 0, aTo

a(z1) N Ba, (Y0) € a(x2) + Lllz1 — 22||B1(0) (V1,22 € Bay (20))-
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Ecin K CR"™ — konyc, 10O
K :={yeR": (y,x) 20 (Vz € K)}.

ONPEJEJNEHUE 2 [5, c¢. 397]. Kacameavnvim wonycom Kaapra muoxkecrsa M C R™ B
Touke xo € cl{ M} Ha3BIBAETCI MHOXKECTBO BHIA

Cu(z) = {v e R": M%’igéMd(v,)\fl(M - x)) = 0}'
T—T0

Dr1o osnauaer, uto T € Cpr(Tg) B TOM M TOJIBKO B TOM C/Iydae, eCJu Jis JIOOBIX MOC/Ie-
JIOBATETLHOCTH MOJIOKUTETHHBIX dnces {Ag}, CXOmsmmeics K HyJ0, U MOC/IeI0BATETLHOCTH
{zr} C M, crpemsimeiicst K xo, CyIIeCTBYeT TakKasl M0CJIEeI0BATEJILHOCTh TOYeK {Tj}, CXOzsi-
masacsa K TOUKe T, YTO CIPABEIINBO BKIIOUCHHE

To+ MNeTp €M (VkEN)

Nmeer mecto cremyronwii pesyabrar (cum. [5, ¢. 430, ciaeacreue 5)).

Teopema 1. Ilycte My u Ms — HemycTbie 3aMKHYThIE HOJMHOXKECTBa npocTtpancTBa R"™
TaKme, ITO eCau
xo € My N M, CMl(-%'O) —CMQ(.%'()) =R",

TO
Cury (20) N Crry(z0) € Chrryning,y (w0)-

ONPEAENEHUE 3 [6, c. 278|. Konyc K HasbiBaercs wampom muoocecmsa M 6 mouke
x € M, ecnu cymecrByer takoe orobpaxkenme 1 : U — R™ omnpenerennoe B HEKOTOPOIi
okpectHOCcTH HYId U, 9TO

o _ 7(T) _
r+zT+r(@)eM, ecem TEKNU n & —0 npu T —0.

OnPEAEJEHUE 4. Illarep K HazbiBaeTcsa nenpepuiehvim, ecau 1 wernpepbisao. [llatep K
HA3BIBAETCS cmMpo2o Jupdepenyupyemoim, ecan T crporo auddepennnpyeMo B HyJIe, T. €.
i 3aganaoro € > 0 Moxkno Hafitu Takoe & > 0, uro ||r(Z1) — r(T2)|| < e||T1 — T2|| ans
T1,T2 € Bg(O) cU.

ONPEJEJNEHME 5 [9, ¢. 32]. Ilycrs f : U — R — simnmnuesas dyukuus B okpecrHoctu U
zajianHol Touku g € R™ u T € R™ — npoussosbubiilt BekTOp. Ob0buiennans npouseoonas
Kaapra dbyukipn f B TouKe Z( 10 HaNpaBIeHnio T, obo3nadaemast f(xo,T), onpeensercs

dopmytoit

f/c($0,f) = lim sup flz+XT) — f(x)

Tr—xQ, )\
A0

ONPEAENEHUE 6 [9]. Cybduddpepenyuanom Kaapra nokanbuo gunimmiesoii byHkmun f
R" — R B TOUYKe T( HA3BIBAETCS MHOXKECTBO

dc f(zo) = {z* € R": fi(w0,T) = (2%, 7) (VT € R™)}.

ONPEJEJNEHUE 7 [2, c. 139]. ®ynkuus g : R” — R naswiBaerca cmpozo dudpepenyu-
pyemoti 6 mouke xg, ecau Jist 0boro € > 0 CyIecTByeT Takas OKPECTHOCTb V' TOUKH I,
9TO0

9(y) = 9(2) — (g’ (w0),y — 2)| <elly =zl (Vy,2€V),
rie ¢ (zg) € R™ — rpaguent hyHKIMU g B TOUKE (.
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2. Crporo auddepeHiiupyembie maTpbl

B sToMm paszgene mocTpoensl crporo muddepennupyeMble MAaTphl s MHOXKECTB, 33,/1aBa-
eMBIX HErJIQIKUMW OTPAHUYEHUSIMU THIIA PaBeHCTBA. [IpUBEIEeHO JOCTaTOYHOE YCJIOBHE, PH
KOTOPOM TIepecevdenne CTporo janddepeHiupyeMbiX MaTPOB sIBJIAeTCsS CTporo auddepeHim-
PYEMBIM TIATPOM.

Ilpengoxkenne 1. ITycres M = {z € R™ : g(x) = 0}, rge g — crporo angdde-
penmupyeMasi pyuknusa B touke xg, ¢(xrg) = 0 m ¢'(x9) # 0. Torma moampocTpaHcTBO
H:={Z e R": (¢'(x0),T) = 0} sBaserca ctporo augdepenuupyeMpIM maTpoM JIJIsl MHOXKE-
crBa M B TOuKe X.

< IMockonbky ¢'(x9) # 0, To Haimercs Takoit BekTop w, ||w| =1, uro
(¢ (w0), w) < 0.
Tak kak g crporo auddepennupyema, To cymecrsyer Takasa gyukus R(T) = o(T), aro
9(zo +7) = g(x0) + (g (20),T) + R(T). (2.1)

[Momoxkum w(A) = sup{R(Z) : ||Z|]] < A}. OueBnano, 9t0 w(A) MOHOTOHHO HeyOBIBaeT,
WA)/A—=0mpu A - 0u R(ZT) < w(||Z|). Ecru T € H u > 0, To u3 (2.1) nosyanm

g(xo + T + plTlw) = g(xo) + (¢'(z0), T + pl|Zl|lw) + R(T + pl[F[w)

w([Z]|(1 + pflwl]]))
]

< Zlilg (o), w) + w([Zl(1 + pllwll)) = IZ[}| g (o), w) +

Bribepem §1 > 0 HACTOJIBKO MaJibIM, 9TOOBI BBIDAXKEHNE B KBAAPATHBIX CKOOKAX CTAIO MEHbB-
me, wem (g (z9), w), koraa ||Z|| < &1. Torma BHINOIHAIOTCS OlEHKH

_ _ | _ _
g(zo + T+ p||T||w) < §uHmH<g’(xo),w> <0 (VTe HNBs(0), T#O). (2.2)
AHAIOrMYHO CyMIECTBYeT Takoe 9ucao dz > 0, 910
g(xo +T — p||Z||lw) >0, Te€ HnNBys,(0), T#DO. (2.3)

[Monoxxum 6 = min{dy,d2}. Jdna durcuposanuoro T € H N Bs(0) pacemorpum yHKIHIO
q(, B):= g(xo + T + B||T||w) na cermenrte [—pu, p]. V3 coornomenwnii (2.2)—(2.3) cuemyer, 4o
q(@,pn) < 0, ¢(T, —p) > 0. CieroBaTesbHO, CyIIeCTBYeT Takasg Todka [(T) € [—u, p], 910
q(z,B(x)) = 0. Teneps nokaxkem, yro Touka ((T) onpenessiercs ogHo3HaIHO. st 3TOrO
CHAYAJIa 3aMEeTHUM, 9TO JiJIs (GUKCUPOBAHHOTO T (hyHKIHUs (T, f) MOHOTOHHO YOBIBAET OTHOCH-
TenbHO (3. [leiicTBUTENBHO, TOCKOIBKY g cTporo aud epennupyema B g, TO /I 38 JAHHOTO £,
0 <e < (¢ (x0),w)|, m mocraroano mManbx T # 0 nmeem

Q(fv ﬁ + T) — q(f, /8)

lim sup
710 T
oy 220+ T+ (B 7)) — glao +7 + Blw)
710 T

< 1zl (g (o), w) + ) <O0.

Orciona caenyer, aro dyukiust ¢(T,/5) MOHOTOHHO yObIBA€T OTHOCHUTENBHO [3 M, CJeJ0Ba-
TesbHO, [(T) ompenensiercs OfHO3HAYHO. 3aMeTnMm Takxke, 9to ((Z) — 0 mpu T — 0. Te-
1eph onpejesnM orobpakenue r ciaedytommm obpazom: 7(T) = p(T)w pias a0bbix T € R™,
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rie p(Z) = B(Pry(T))||Pru(T)||. 3aecy Pry — oneparop npoekTupoBanusi Ha HOIIIPOCTPAH-
creo H. Ilo ompeznenenuio r st gocrarodno mMansix T € H umeem g(zg + 7 + r(Z)) = 0.
Herpyano jokasars Takzke, 9T0

@l

-0 ||Z|

Haxkomer mokaxkem, 9To oToOpaxkenne 1 crporo auddepentmpyemo B myJe. s awo6oro € > 0
Hafijiercst Takoe uucsio § > 0, uro juis sobbix T1,To € H N Bs(0) nmeer mecto

(g’ (w0), (p(T1) — p(T2))w)|
= lg(zo +T1 + p(T1)w) — g(zo + T2 + p(T2)w) — (¢ (20), T1 — T2 + (p(T1) — p(T2))w)|
<e(l[z1 — T2l + lwll[p(F1) — p(T2)])-

IMockonbky ||w|| = 1, To momyanm

’p(fl) - P(fg)’ < ‘(g/(xO)va — Eufl _EQH‘

Teneps, ecin T1,T2 € Bs(0), To

—IPra(@) = Pru@)| < s

IIpennoxxenue 2 (o nepecevenun crporo auddepeHnmpyeMbix marpos). I[ycTs BbITyK-
JIble 3aMKHYyTble KOHYChI K1 m Ko aBasitorcss crporo quchbepeHupyeMbIMu IaTPaMA JIJIst
mHOKectB M1 C R™ u My C R"™ coorBerctBeHHO B TOouke xog € Mi N Ms. Ilpeanonoxxum
TaKKe, ITO

’p(fl) _p(EQ)’ < ‘< /(

T — Tall. >
(o)) —elim

Ky — Koy =R" (2.4)

Torna xouyc Q := K1 N Ko siBjastercss cTporo gugpepeHnupyeMbIM MaTpoOM KO MHOYKECTBY
M := M7 N My B TOuke x.

< CHagaJjia mOKaykeM, YTO CYIIECTBYIOT TaAKHE MOJ0KUTEIHHO OTHOPOIHBIE U JIUTIIITUIIEBHIE

orobpaxkenus P : R” — Ky, P» : R" — Kj, aro mia aoboro x € R™ mmeer MecTo paBeHCTBO

x = Pi(z) — Py(z). (2.5)
[Tosroxum
a(z):={ye Ky: (y—=x) € Ka}.

Nwmest B Bugy coorHomenune (2.4), J€rko 3aMeTUThL, YTO ¢ — MHOTO3HAYHOE OTOOparKeHue
C BBIMYKJIBIM 3aMKHYThIM rpacdurkom u dom(a) = R™. CiemoBaresnnro, B cuy |15, mpeioxe-
Hre 4.2] cymecTByer Takoe JIMIIINAIEBO M00KUTEILHO OJHOPOIHOe oTobpaykenne Pp, uro

Pi(z) €a(x) (VaxeR").

[Monoxum Py(x) = Py(z) — x. OueBugHo, uT0 oToOpakenne Py JIMIIINIEBO U MOJO0KUTEIHLHO
onHOposHO, U Po(x) € Ko mus moboro z € R™. Takum o6pazom, coorrorenwe (2.5) moka3aHo.
Urak, cymecryior Takue unciaa Ly > 0, Ly > 0, aTo

[Pr(z1) = Pr(22)|| < Lillzy — 22, [[Po(21) — Pa(@2)|| < Laflzr — 22| (Var,2z2 € RY).

Kpowme Toro, mockobky kKomychl K1 u Ko gBAMIOTC mMarpamMu, TO CYIIECTBYIOT TaKue OTOD-
paxkenud @; : U — R, tre
ri(T)

0i(T):= 20 + T + 14(T), W -0, i=12



06 onHOIT TEopeMe O HeSIBHBIX (DYHKI[HSIX B HETVIAJIKOM CJIydae 91

(orobpaxkenust 74, i = 1,2, crporo quddepeniupyems! B Hys1e) u qucyo 0 > 0, aro ¢;(T) € M;
nist 1060ro T € @ N 35(0).
Tenepb paccMOTPUM CHCTEMY YDABHEHUIT, 3aIUCAB €€ B BeKTOPHOi (dhopme

9(T,y):= p1(T + Pi(y)) — 02(T + Pa(y)) = 0. (2.6)
YunTeiBas coorHommenune (2.5), 3anumeM ypasuenue (2.6) B Buze
(T, y) =y + T+ Pi(y) —r2(T + Pa(y)) = 0. (2.7)

[Tokazkem, uto ypasuerue (2.7) yIOBIETBOPSIET BCEM TPEOOBAHUSIM TEOPEMBI O HESBHBIX
dbyukimsx u3 [2, c. 161]. HeficrurenbHo, nveem
a) q — HempepbiBHOe otobpaxkenue u ¢(0,0) = 0;
b) st ro6oro £ > 0 Haitgyres aucao d; > 0 u okpecrHocTs Hynas U Takue, 910 ecjn
TeUuly| <oy, |yl <61, mo

lg(@.y") —a@.y") — (' =yl <elly —"|.

CrieroBaTeIbHO, COTJIACHO BBIMMIEYKA3aHHON Teopeme cyiecTByioT dnciao C' > 0, OKpeCTHOCTD
Hysst V u orobpazkenue y(-), OmpeeJIeHHOEe B 9TOH OKPECTHOCTH, TaKhe, 9ITO

o(7,y@) =0, [y@|<Cq@0) (VTeV).

Orcroma cieayer, 910

ly(@)]

]

—0, mpu T —0. (2.8)
[Tostoxum Tenepn
o(T):=1(T+ Pi(y(@))) = 20 + T + P1(y()) + ri(T + P(y(T))) = 20 + T + r(2),

e
r(Z) = Pi(y(T)) + (T + Pi(y())).

13 (2.8) u roro, uro r1(Z) = o(T), caenyer, aro r(T) obuagaer Tem ke cpoiicrBom. Tak Kak
K1 n Ky — BBITyKJIble KOHYCBI, TMEEM

T+ P(y(@) € K1, T+ Py@) ek (VTeQ).

Hamee, mockobKy KOHYChl K1 n Ko sBJASIOTCS MATPAMU COOTBETCTBEHHO JjIsT MHOXKECTB My
u My, TO IpU TOCTATOYHO MAJIBIX T € () mMeeM

(@) = p1(T+ P1(y(T))) = p2(T + P(y(T))) € M1 N M.

Ocrasiock j0KazaTh, 910 oToOpaxkenue r crporo auddepernupyemo B Hyse. s sToro mo-
CTATOYHO JIOKA3aTh, YTO TAKOBBIM sIBJIsIeTCs oToOpakenue y(-). eiicrBurensHo, nveem

Y(@) +11(T+ Py(@) 2@+ Po(y(@) =0 (VT V),

Orcrosia, MOCKOMBKY oToOpaxKeuus 7;, ¢ = 1,2, ctporo auddepeHupyeMbl B HYJI€, TO s
3ajannoro € > 0 cymecTByer Taxkast okpectHocth U C V. Hy/st, uTo Jyist 006X 21, Ty € U
CIPaBEIJINBBI OTEHKH

1y(T1) — y(@2)[ < Ir (@1 + P(y(T1))) — 71(T2 + Pry(T2)))]
+r2(@1 + Pa(y(71))) — r2(T2 + Pa(y(T2))) || < 2e([71 — Tl + Clly(@1) — y(@2)I]),



92 Xauatpsu P. A.

riae C' = max{Ly, Lo}. Orciona,

2e

m”ﬂﬁl — T2,

ly(@1) —y(@2)[| <

T. e. orobpaxkenue y(-) crporo auddepeHuupyemo B HyJe. >

CaenctBue 1. Ilycts mHOXKecTBO M 3amaHo cucTeMoii ypaBHEHHI
(x) =0, iel®
gi\Z ) t )

rae I° — xomeunoe mMuozkecTBo miexcos. Ilyers xg € M n ¢pynxmun g;(x) cTporo aucgeper-
mupyems! B xg. lIpenmooxkum Takke, 9T0 rpaJueHThI g; (xg), i€l 0, JIMHEHHO HE3aBHUCHUMBI.
Torna noanpocrparcteo H := {T € R" : (gl(wo), T) = 0, i € I°} apagercs crporo aucce-
PEHIHpYEeMbIM IIaTPOM K MHOXKeCTBY M B Touke xg.

3. Teopema o HesasBHBIX (PYHKIMAX B HEIJIAJKOM CJIyd4ae

B s1TOoM paspmene mpu HEKOTOPBIX JTOCTATOYHBIX YCJIOBHSX JOKA3AHO, YTO Uepe3 JII0Oyio
TOUKy rpaduka MHOrO3HaIHOrO oToOpaxkenns Buaa (1.2) mpoxomut muddepennupyemas ce-
JIEKIIHS 9TOr0 orobpazkenus. [Ipu momomm auddepeHmpyemMbIx CeIeKInii MOKHO alllPOKCH-
MHPOBATH MHOTO3HAYHYTO (DYHKITUIO U UCCIEI0BATE JIOKAILHOE TOBEIEHIE STHX OTOOpaKeHMIA.
Takue annpokcumanuy nposejiensl B padorax [5, 10, 11], rue orn peannzoBaHbl PasnIHbIMU
KacaTe/bHBIMU KOHYCAMU.

31eCh UCIOJIB30BAHBI MATPHI PA3IUIHON [JIAJKOCTH, UTO TO3BOJIIIO UCCJIEI0BATHE MHOTO-
3HAYHBbIE OTOOpaYKeHWsI, 3aJaHHbIEe HErIAJKAMHI OIPAHUYEHUSMN THIIA PABEHCTBA. JTOT pe-
3yJIBTAT OTPAXKEH B CJAEAYIOIIEM yYTBEPKICHUN, KOTOPOE MOXKHO WHTEPIPETUPOBATHL KAK TEO-
pPeMy O HedBHBIX (DYHKITUSIX B HEJIAIKOM CJIydae.

Teopema 2 (TeopemMa 0 HesABHBIX (DYHKIUAX B HETJIAJAKOM cydae). IlycTb MHOro3HaIHOE
0TOOparkKeHne a 3a/aH0 MPU MOMOIIH CHCTEMbI DABEHCTB:

— m. r — ; 0 _ n m
M 2 Y ? Y Y 9 9
a() ={y eR™: fi(z,y)=0,icl’ gy) =0}, zeR" yeR

rae ¢pynxmun f;, i € 19, ctporo angppepenmpyemsr (I° — konewHoe MHOXKECTBO HHIEKCOB),
a g — JokasbaO Jsmmmaesa. Ipemmotoxkum, 910

L. (w0, y0) € graf(a), 0 ¢ Ocg(wo);

2. s kaxzoro y* € Lindcg(wo) cucrema sexropos {y*} U{f;,(z0,y0), i € I°} smmeiino
HE3aBHCHMA.

Torma cymecrByer Takoe orobpazkenne y(-), OMpeIeIeHHOE B HEKOTOPOH OKPeCTHOCTH V'
TOYKH X H JupdepeHnupyemMoe B 30l TOYKE, ITO

y(x) € a(z) (Vo eV, y(xo) = yo)-

<1 Tax kax dymkmm f;, i € I°, crporo muddepentupyemsl B Touke (g, o), 1 BEKTOPHI
f{y(fﬂoa Yo), i € I°, nuHeIHO He3aBUCHMEI, TO TIOAPOCTPaHCTBO |9, . 59, creacTsue 2]

CMl(-TanO):: {2 = (Evy) € R?’H—m : <fi,y('r05y0)’y> + <f{x($0,yo),f> = 07 1€ IO}
ABJIAETCA KOHYCOM KaCaT€/JIbHBbIX HaHpaBJIeHI/II'?I B CMBICJIE KJIapKa MHOXKEeCTBa

M, = {z: (z,y) ER™™: fi(2) =0, i e 10}
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B TOUKe 29 = (Zg,Yo). B cuity caeacrsus 1 3T0 moAnpoCcTpaHCcTBO sIBJsIeTCst 1 cTporo mudde-
PEHIMpyYeMbIM maTpoM st My B Touke (xq, yo). OTMeTnM Takxke, 14ro mo teopeme 1.2 u3 [16]
TTOITPOCTPAHCTBO

Hi={z= @) e R™™: golyo,7) <0, golyo,—5) <0}

SIBJISIETCSl HENPEPbIBHBIM MmaTpom MHoxectsa Mo := {(z,y) € R"™™ : g¢(y) = 0} B Touke
20 = (‘TO’ yO)

[oxazkeM, 9TO TIOANPOCTPAHCTBO Kgrat(q)(20) := Cr, (0, yo) N H sABASIETCS TATPOM MHO-
xkecrBa graf(a) B mouke zp. st sroro mposepmM ycaoBus Teopembl 2.1 u3 [16] (Teopema
0 MepeceveHnn HENPEPBIBHBIX MIaTpoB). Mveem

Cor, (w0, 90) — H = R™™™ = (O, (w0, 90))" N H* = {0}.
Hanee, nmeem

(Can (z0,90))" = {(a*, ") : «* = Fy(xo,y0)a, y* = F,(x0,90)a, a € RF},

rie
k=1 Fl(zo0,90) = (fiz(20,%0), (20, Y0), - - - » fre (@0, %0)),
Fg;('IanO) = (f{y(anyO)aféy(anyO)a cee 7fl:;y('r0)y0))a
H* = {(0,5") : y* € Lindcg(xo)}.

Tak Kak M0 TPENOIOKEHUI0 TeopeMbl il Kaxkaoro y* € Lindcg(zp), y* # 0, cucrema
BeKTOpoB {f;, (20, Y0), 1 € 1%} U {y*} mumeitno mezaBucmMa, TO

(Chy (0, 90))* N H = {0}.

Buaunt, KOHyC Kjrag(a) (0, Yo) aBIsgeTCA IATPOM MHOZKecTBa graf(a) B Touke (7o, yo). Tenepn
TMOKAYXKEM, YTO
HC CMQ ('TOa yO)

ITo reopeme 2.4.7 u3 [9, c. 58| BbinyKJ/IbIE KOHYCHI
K1:={7: 9c(y0,7) <0}, Ka:={7: go(yo,—7) <O}

SIBJISIFOTCsI KOHYCaMU KacaTeJbHbIX HanpapJennii B cvbicsie Kiuapka maoxkecrs A1 = {y € R™ :
9(y) <0} u Ay ={y € R™: ¢(y) > 0} coorBercrBenno. [Iposepum ycioBue Teopemsr 1:

Ky — Ky =R" << KiN(—K3)" = {0} <= condcg(xp) N (—condcg(zo)) = {0}.

DT0 ycsI0BUE BBINOJIHIETCS 0YeBUIHBIM 06pa3oM, nockoabKy 0 ¢ dcg(xp). CiaenosaresnHo,
o Teopeme 1 Ky N Ko C Ca,na,(y0). Orcioga wememnento caenyer, uro H C Chy, (20, yo)-
Tax kak Cpy — H =R"™™ 10

Cur (0, y0) N H S Curynag, (20, 90) = Corata) (0, Y0)-

Hanee, nycts Yy, ¥5,...,Y, — CUCTEMA BEKTOPOB, NPUHA/IIEKAIIAX 0cg(xp) m obpazyromux
6asuc B nognpocrpancTee Lin dcg(xg). TTockoIbKy 110 TIPEIITOIOKEHNIO CUCTEMA BEKTOPOB
{F(%0,90), 95,3, - -, Yy} THHEHHO HE3ABUCUMA, TO CHCTEMA yDaBHEHH

F;(x07y0)y:_Fa/:(x07y0)T7 <y;kvy> :07 i = 1727"'7p7
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nmeer pemenune y = Pz, tme P : R® — R™ — wnexkoropsiit jmHeitHbIN omepaTop. Takum
obpazowm, joKazaHo, 4To s jroboro T € R™ cymecryer BekTop ¥ € R™ Takoit, 9To

(§7 y) € Cgraf(a) (x07 90)7
¥ CyIECTBYET TaKOi JIMHEHHbIN HenpepbiBHBIH omepaTtop P : R™® — R™, uro
(T, Pf) € Cy, NChy, (VT € Rn).

Buaunt, 110 Teopeme 2 u3 [5, c. 418] MHOro3HaUHOE OTOOpPAYKEHNE @ NCEBIOJIUIIIINIEBO B TOY-
ke zp. Tax Kax KOHYC Kgraf(q)(T0,Y0) ABIAETCA MMATpOM Tpaduka oToOparKeHus a B TOUKe
(x0,Y0), TO cymecTByer Takoe orobpaxkenune r(z):= r(z,y) = (r1(Z,7), r2(T,y)) = o(Z), onpe-
JleJIeHHOe B HEKOTOPOil OKpecTHOCTH HyJd U, 910

20 +Z+1(Z) € graf(a), Z € Kgaga)(20) N,

Yo+ 7+ 72T, 7) € alzo +T+11(7,7) (V(T,7) € Kgrat(a)(T0,%0) NU).

Bwmecto g nogcrasum P(T). [Ijist 10CTATOYHO MaJIbIX T HOJIY 9UM
Yo + P(T) + r2(T, P(T)) € a(zo + T + 11(T, P(T))). (3.1)

Tak Kak a SIBJISIETCS MCEBIOMIIIIUIIEBBIM B TOUKe (0, Yo ), To u3 (3.1) caemyer, aTo HaiiTyTCsa
rakue Koucraata L > 0 u okpectHoCTh Hy/Is1 V| 9TO

Yo + P(@) + r2(F, P(F)) € alzg +T) + L|r (T, P@)|B1(0) (VT €TV).  (3.2)

[Mockoseky 7r1(Z, P(T)) = o(T) u (T, P(T)) = o(T), To u3 (3.2) ciemyer, 9TO CyIIECTBYET
Takoe orobpaxkenue r3(T) = o(T), 4To

Yo+ P(T) +73(T) € a(xo +T) (VT V).
Takum obpazom, ecim V = xg + V, TO TIOI0KNIM
y(x):=yo+ P(x —x0) + r3(x —xz9) (VzeV).

Jlerko 3amMeTuTh, UTO OTOOpAYKEHUE ¥ YAOBJIETBOPSIET BCEM TpeOOBAHUSIM TEOPEMBI. [>
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AN IMPLICIT FUNCTION THEOREM IN NON-SMOOTH CASE

Khachatryan R. A.

In this paper, we consider an equation of the form F(z,y) = 0, x € X, y € M, where M is a set.
By the method of tents (tangent cones), when the set M is given by a nonsmooth restriction of equality
type, the existence of a differentiable function y(-) such that F(z,y(z)) = 0, y(z) € M, y(zo) = wo
is proved. In particular, the existence of smooth local selections for multivalued mappings of the form
a(z) ={y € R™ : fi(z,y) =0,i €I, g(y) =0}, z € R", y € R™, is studied by the method of tents.
It is assumed that the functions f;(z,y), ¢ € I, are strictly differentiable, and the function g(y) is locally
Lipschitzian. Under certain additional conditions it is proved that through any point of the graph of a set-
valued mapping there passes a differentiable selection of this mapping. These assertion can be interpreted
as an implicit function theorem in the nonsmooth analysis. Strongly differentiable tents for the sets defined
by nonsmooth constraints of the equality type are also constructed in the article. A sufficient condition
is provided for the intersection of strictly differentiable tents to be a strictly differentiable tent. It is also
shown that the Clark tangent cones are Boltiansky tents for sets defined by locally Lipschitz functions.

Key words: set-valued mapping, subdifferential, tent, tangent cone.
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BaumMmanuio aBTOpOB

Biagukaskasckuiit Mmaremaruuaeckuii Kypran (BM2K) — mayunoe nmepmopndeckoe n3ia-
HUE, BRIXO/IsIIee YeThipe pasza B rof. 2KypHau usgaercs FOKHbBIM MaTeMaTHuIeCKUM WHCTUTY-
ToM — unmnagoM BiamnkaBkazckoro HaydHOTo mentpa PAH.

K nybsmkamuun 8 BM2?K npunnmaroTcs craTbu, CoaeprKalline HOBbIE PE3YJIbTATHI B 00j1a-
CTU MaTEMATUKU U CTAaThu 0030pHOrO xapakrtepa. Crarbu, paHee OmyO/JUKOBAHHBIE, & TAKKe
MPUHSITHIE K OMyOJUKOBAHWIO B APYTUX KYPHAJIAX, PeJKoJIerneii He paccMarpuBaiorcs. [1o-
crymuBinue B peaakimio BM2?K cratbu mpoxomdar ob6s3aTeibHOE HAYIHOE PerieH3uPOBAHME.

Tekcr cTarhbu A0JKeH OBITH HAMUCAH HA PYCCKOM WU AHTJIUHCKOM SI3BIKE U TIIATETHHO
BhiBepeH. B mawane crareu ykaswiBaercs magexc YK, @.11.0. asropa(os), annoranms (He
comepkaras popmys) u Kiodesbie cioBa. Hazsanue crareu, @.11.0. aBropa(oB), aHHOTAIHIO
U KJIFOUYEBBbIE CJIOBA HEOOXOAUMO JIaTh HA aHTIUHCKOM U PYCCKOM SI3BIKAX.

Cnucok JinTeparyphl IevYaTaeTcs B KOHIIE TEKCTa CTAThU B MOPSIKE TTUTUPOBAHUS WU TI0
asiaBuTy. B HeM TO/KHBI ObITH yKa3aHBI: JJjIsl CTaThell — aBTOP, MOJHOE HAa3BaHUE CTATHU,
JKYPHAJ, TOJ] U3aHUsI, TOM, HOMeD (BBINYCK ), CTPAHUITH HAYAJIA U KOHIIA CTATHU; JJisi KHUT —
aBTOp, MOJHOE Ha3BaHWE, TOPOJ, MU3ATE]bCTBO, TOJ W3IaHus, O0Iee KOJUIECTBO CTPAHUIL.
CcplLIKM HA JIUTEPATYPY B TEKCTE JAIOTCS B KBAJIPATHBIX CKOOKAX.

CraTbst mOANMUCHIBAETCS aBTOPOM (KOJJIEKTUBOM aBTOPOB) € yKazauueMm (haMuinu, nMeHn
¥ OTYECTBa, TOJHOTO TIOYTOBOTO aJIpeca, MecTa PabOTHI, JOIKHOCTH, TOJTHOTO CIIyKeOHOTO
aJipeca, ajpeca 3JIEKTPOHHON MOYThl U HOMepa Tejedona.

O6bem marepuana goskeH 6bTh He Gosee 1,4 yen. mew. smcros (~ 12 crp. dopmara A4).
Crarbu 6oJibitiero o0beMa MOTYT OBITH MPUHSTHI K MyOJUKAIUE 110 PEIIEHUI0 PEIKOJIIerun
B MCKJIIOUNATEBHBIX CIydasix.

Crarbio HEOOXOIMMO MOJATOTOBUTH C WCIOb30BaHuMEM Makpomnakera LaTeX u odhopmuts
COTJIACHO CTaHJAPTHBIM TPEOOBAHUSIM, IPEIbIBISIEMbIM K aBTOPCKUM opuruHaiaMm. [Ipu moz-
roroBke aiijia ocoboe BHUMAHWE CJie/iyeT OOpATUTh HA HEXKEeJATeJTHHOCTh WMCIOJb30BAHUST
HOBBIX (BBOJMMBIX aBTOPOM TIPU HAOOPE) KOMAHIHBIX MOCIEI0BATENILHOCTEH, 0COOEHHO ¢ ma-
pamerpamvu. CjieryeT UCIOIH30BaTh B OCHOBHOM CTaHAaPTHBIE CPEJICTBA MaKponakeTa. Takxke
KpajiiHe HeXXeJIaTeabHO MCIOIH30BAThH 6e3 HeoOXoanMocTHn 3HakM Tpobera. B pemaximio cra-
ThU HAINPABJATH 10 3JIEKTPOHHON mouTe B Bume ps- miu pdf-daiina u tex-daiina, gubo mo
oYTe C TPUIOKEHUEM 3JIEKTPOHHON BEPCHUH.

Cratbu, cojieprKariye PUCYHKH, PACCMATPUBAIOTCS TOJTHKO TIOCTIE COTJIACOBAHUS C PeTaK-
et TEXHUYECKUX BOTPOCOB TOJTOTOBKU PUCYHKOB.

IIpungreie k mybaukarmuun 8 BM2?K crarbn mpoxoasT peaakiimoOHHYIO TOATOTOBKY, TOC/IE
Yero TeKCT CTAThbU HAIPABJAETCS aBTOPY HA KOppekTypy. lliara 3a mybsukanuio He B3bIMa-
eTCs.

ABTOpCKUe TTpaBa Ha JKYpPHAJ B TeJIOM TpuHaeRaT K)KHOMY MaTeMaTHIeCKOMY WHCTH-
tyry — dumany BHIL PAH u Peakosterun »)ypraja, KOTOpble 00J1aJai0T UCKITIOUUTETEHBIM
MPAaBOM TOJIYYIATh U PACIPEIEIITh JIO0bIE TIJIATeXKU, CBI3aHHBbIE C MEPEYCTYIKON aBTOPCKUX
paB Ha XKypPHAJL.

AJTPEC PEJAKINN: 362027, Baaankaska3, Mapkyca, 22
TEJE®OH: (8672) 53-84-62;
E-MAIL: rio@smath.ru
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