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Lp − Lq

O NLz�4K+�9�6jg�A�l;NLkLNLkn� 4K+�+�-D�,w�NL3�4K+�z�6�2BA�NLJ " 6�8K8K2
8�NT8:z�6�A�A�6�M�<���� 6�0�6Sl=g�M�2L0�6 �:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K���

�{z$����������u ��� ��~ |G�M�$���T�}u � u �#PHk�2�JL3�NT0�NLM�?�6�y50�2B��g�6�8:3B2�+�z�6�NL+�+�N�M�4KRK<5A�l�M�+�NLRKN�RKM�2L?F2
8F0�2L8K8:6�JLNT0uw�4KM�458:4K7�4K+�6�. {39, 30, 4; 1, 5, 36} �K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K� �L��f���L�T�k�kz$��u �{�j��PnM�2L8�� 4Kw�A�4K+�6�6;0�+�NLRKNL7�A�4K+�NLJ�8�9=Nn�5?F?�6�z�6�4K+�3B2L0�6
6�yF9=NT0�0�<=3B2�3�6�JL+�-D�okT2�+�2B�TNLJL-D�,2BA�RK4KkLM �K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K� �c�

�(���k���#� �{����� ��~ � ���M�Y�Y�c k�¡� ��¢ ��~��a£ �k� �Y¤�£�¥k¦§�Y�K�¨��� �}© ��ª ��«y¬ Y¬ ®¨¯Y®�°�±n®*¬ g²�³´¬ Yµ¶ ²Pg·M¬  '¸ Y¹»º´µn¼½±P¾�² ¿'ºÀ²PÁYÂ �K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K� ¡P�o �=��Z�Ã����uX � X �#Pn8:3�4Kw�4K+�+�NT0 w�NLMTl=g�9=4�M�NT8:3B2U+�6�),+�6��
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Å ����MÆkzT��Z
�����}x � x ��~ ���T��Ê Z��T���}Ë � p ��~ ���T��Ê Z�Ã!Z
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Lp − Lq LNM � �&� 	 ��(�PO MRQSMRQ7T �&� � �VUW M �%�&� � � �¨� M � �&�(�%�'��� M �'� �*� �½� �$� � T � "#�XOt� �k�j"#�
Y@D[Z\D,],^�_a`9b�c,deD,fgD[Zh`9i�jak

l,m�n�o�p/qsr�t
Lp−Lq u m�v/qsr/w�x,y/n/z,m|{|m|{|}[qsr�r�tI~[�/m|��qsr�v�x���n/m��a�	x/�N������m|�sv�x�n�n�x/��o��a},x/�	x[z�y��/���	x[x�mNy/r/m|��mNy ur�t��	x7~����/��w���qN��x/�N�|x/w����	x�{|qN�Nw�m�r/qsp�r/m�y/x��5�aqN��qsr�v�x/��o�qN�	t��	x7�

R
n \{0} ��� ��x/����r�t>�|tI��o�w�n�t�qI�	r/m��[qN�N�|���

(1/p, 1/q) u ��n/m|�Nw�m|�N�|x��/y/n/z���m�p/qNw�w�m|��m|��tI~�o��/m|�3z�r�o��|t�q�m��/qN�/����m|��t�m����/��r�x�p/qsr�t�x/� Lp
�
Lq
x�o�w�������r�tm|{�n����N�|x�����y�q5�N�|x�m��/qN�/����m|��tgr/q5m����/��r�x�p/qsr�t �

���	�S�'���/�7�����	�/�/ #¡|�/m|��qsr�v�x���n[�	x/�N������m|�sv�x�n�n�x/��o��a}[qNq	z�y���m����3qN��mNy7¢[o���£�q u �	o�n�£��|x���n�x/w�����m|��m���� Lp−Lq um�v/qsr/w�x��
L u ~����/��w���qN��x/�N�|x/w�� �

d¤b9¥/¦[¥#kaja¥
��_�]/§MJ/¨Y` VaJ^baW�©a`[iTU

Lp − Lq L J/ªa`[iTZTfg«Tb3¬¡J�Va`[_�]�¨YJ�_aJ�Se¨MfTV�] VaJ/¨Y`[i	ªTf�]nbk]

(Rαaϕ)(x) =

∫

Rn

a(t′)ei|t|

|t|n−α ϕ(x− t) dt,  N�®

¯ «�` 0 < Reα < n
Q
a(t′)

(
t′ = t

|t|
) ° J�«aiaJ�_aJ�«ai�]�¬ iTWnb�`[SYJ/±�X�¨Y`[Va`[iTf³² W§iTZ	ªTf	¬�Q5§M`�X[Z§J�ia`�©TiaJ

«af3²�²½`[_a`[i	ªTfT_TWY`�L&]�¬¡S
R
n \ {0} QaW�«�J�S�b�`�¨MSYJ�_#¬RhR´y]�¬¡WYXcb�J�SMfTh a(t′) 6≡ 0

Q
t′ ∈ Sn−1 µ� _�]/§MJ/¨Y`jJ�VTfaXP]^iTU�SMU%VTW§ZRbaUt`jL iaJ�¶ `�X�¨MSg]

(1/p, 1/q) L VRb�JMX[Z§JMX�¨Mf{Q'«Tb3¬>¨YJ/©a`[ZrZ§J/¨YJ�_TU7·rJ�Va` L_�]�¨YJ�_
Rαa

J ¯ _�]^iTf	©a`[i�f	¸ Lp S Lq f�W§ZR]�¸n]^iTUvJ�§^bk]�X�¨Mf{Q ¯ «�`�¹�¨YJ/¨�J�Va`[_�]�¨YJ�_�ia` J ¯ _�]^iTf	©a`[i
 X�L µ ¨Y`�J�_a`�L W N µ N�® µ ��ia`[Z§J/¨YJ�_TU7·�XcbaW�©�]�¬�·�«�J�ZR]�¸n]^i�]º¨YJ/©TiaJMX�¨Md}VaJ^baW�©a`[iTiTU7·�J/ªa`[iaJ�Z  X�L µ ¸n] LL$`�©�]^iTfa`¨N µ N�® µ �\©�]�X�¨MiaJMX�¨Mf{QnVaJ^baW�©a`[iTU�ia`�J�§�·gJ�«afaL Ut`'f�«�JMX�¨�]�¨YJ/©TiaJM`�WYXcb�J�SMf	¬(J ¯ _�]^iTf	©a`[iTiaJMX�¨MfJ�Va`[_�]�¨YJ�_�]  N�®�S Lp µ�
i�]�X�¨YJ�¬'´ `�` SM_a`�L5¬�faL$`�`�¨YX�¬!_#¬�«!_�]/§MJ/¨#VaJ

Lp − Lq L J/ªa`[iTZR]�L»«Tb3¬�J�Va`[_�]�¨YJ�_aJ�S�X[SY`[_	¨MZTfX JMX�ªTfRbTbafT_TW§hR´ faL f�¬�«a_�]�L f{QkSº©�]�X�¨MiaJMX�¨Mf{Q�«Tb3¬#J�Va`[_�]�¨YJ�_aJ�S Q J�·Ria`[_�] ° �$faX�XP] f�]^ZTWYX�¨Mf	©a` LX[ZTf'·½VaJ/¨Y`[i	ªTf�]nb�J�SaQ�SYJ/¸�iTfTZR]^hR´ f'·(Sj_�]�¸[baf	©TiTU7·P¸n]�«k]�©�]�·y]^i�]nbaf	¸n]tf L&]�¨Y`�L&]�¨Mf	©a`�X[Z§J/±¼² f	¸�fTZTf
 X�L µ ZTiTf ¯ f�½ ¾RQ#¿�À Qg]�¨�]^Z	¶ `t_�]/§MJ/¨MUÁ½ N»e#ÂaQ§ORQaNPl�À µ �)J SYX�`|·yW§VaJML5¬RiTW�¨MU7·y_�]/§MJ/¨�]�·�QYZT_aJML$`�½ N�À QM_�]�X LX�L&]�¨M_TfTSg]nbafaX[d�¬�«a_�]RQMX�J�«�`[_#¶ ]�´ fa`%_�]�«af�]nbadMiTW§hÃ·§]^_�]^Z	¨Y`[_TfaX�¨MfTZTW

b(r)
Q�Z§J/¨YJ�_�]�¬yX�¨�]/§�fRbaf	¸�fT_TW L`�¨YX�¬�i�]º§M`�X[Z§J�ia`�©TiaJMX�¨Mf ZR]^Z ¯/Ä`cbad/«�`[_aJ�SYX[ZR]�¬Å² W§iTZ	ªTf	¬ µ Q bk] ¯ J�«k]^_#¬Æ¹�¨YJML W�X[SYJ/±aX�¨MSMWYQ�VaJ^baW�©a` LiTfa`jJ/ªa`[iaJ�Z¼«Tb3¬ÈW§ZR]�¸n]^iTiTU7·�J�Va`[_�]�¨YJ�_aJ�SyX[SYJ�«afRb�JMX[d ZrXcbaW�©�]^h J�Va`[_�]�¨YJ�_�] X2·§]^_�]^Z	¨Y`[_TfaX�¨MfTZ§J/±

b(r) ≡ 1 µ W J�«�J�§�iaJM`*X[SY`|«�`[iTfa`¨S VT_TfTi	ªTfTVa`¨ia`[SYJ/¸PL$J�¶yiaJTQRZ§J ¯ «k]P¬�«a_aJ(J�Va`[_�]�¨YJ�_�]  N�®&X�J�«�`[_#¶yf	¨J�«aiaJ�_aJ�«aiTW§hÇ·§]^_�]^Z	¨Y`[_TfaX�¨MfTZTW
a(t′) µ� _�]/§MJ/¨Y`\½ N�À2§�U)baf VaJ^baW�©a`[iTU J/ªa`[iTZTfÅ«Tb3¬!VaJ/¨Y`[i	ªTf�]nbk]  N�®½S�XcbaW�©�]�` n−1

2 < Reα < n µ
M «ai�]^Z§JTQgfaX[VaJ^bad�¸PJ�Sg]^iTiTU2±�S½ia`�±rL$`�¨YJ�«KQgJMX[iaJ�Sg]^iTiTU2±�i�]*VT_a`|«�X�¨�]^S�b�`[iTfTf¡J�Va`[_�]�¨YJ�_�] Rαa ©a`[_a`�¸J�Va`[_�]�¨YJ�_ Q J�·Ria`[_�] ° �$faX�XP] f ia`[Z§J/¨YJ�_TU2±¡J�Va`[_�]�¨YJ�_{Q'§^baf	¸�ZTf	±rZ�]^ZTWYX�¨Mf	©a`�X[Z§JML W VaJ/¨Y`[i	ªTf�]nbaWYQia`*_�]/§MJ/¨�]�`�¨rVT_Tf

Reα 6
n−1
2
µ

È© É�Ê�Ë�Ì2Í o���m��SÎ ��Ï7� � Ï m��Nx�r�Ð ��Ñ[�
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�9«�`�X[d L U;_�]�¸�SMfTSg]�`�L iaJ�SMU2± L$`�¨YJ�«KQ½JMX[iaJ�Sg]^iTiTU2± i�]�VaJ^baW�©a`[iTfTf X[Va`�ªTf�]nbadMiTU7·�VT_a`|« LX�¨�]^S�b�`[iTf	± «Tb3¬�X[faL SYJ^bk]�J�Va`[_�]�¨YJ�_�]  N�®#X VaJMXcb�`|«aW§hR´ faL VT_TfaL$`[ia`[iTfa`�L ¨Y`|·RiTfTZTf�
(W§_TdY` LL Wnbad�¨MfTVRbafTZR]�¨YJ�_aJ�SaQySMU%_aJ�¶¤«k]^hR´ f'·gX�¬�fRbaf faL$`[hR´ f'· JMX�J�§M`[iTiaJMX�¨Mf�i�] `|«afTiTf	©TiaJ/± X�²½`[_a`S

R
n µ

A9D����ka`9b9k�� ¥ _a¥���^��������	���
�½b3¬�²½J�_aL WnbafT_aJ�SMZTf�JMX[iaJ�SMiaJ ¯ J¡_a`�¸�Wnbad�¨�]�¨�] §�W�«aW�¨�faX[VaJ^bad�¸PJ�Sg]^iTU Xcb�`|«aW§hR´ fa` J�§MJ/¸�i�]�©a` LiTf	¬��
(A,B, . . . ,K)

° J/¨MZT_TU2¨MU2±�L iaJ ¯ J�W ¯ J^badMiTfTZ�S
R

2 X*SY`[_	� fTi�]�L f}S¤¨YJ/©TZR]�· A Q B Q . . . Q K �
[A,B, . . . ,K]

° ` ¯ J ¸n]�L U%ZR]^iTfa` µ � `[_a`�¸ L (A)
J�§MJ/¸�i�]�©TfaL

L L ·§]^_�]^Z	¨Y`[_TfaX�¨MfTZTW�J�Va`[_�]�¨YJ�_�] A Q¨ µ ` µ L iaJ�¶ `�X�¨MSYJ¡SYX�`|· ¨YJ/©a`[Z (1/p, 1/q) L VRb�JMX[Z§JMX�¨Mf (1 6 p 6 q 6 ∞)
¨�]^ZTf'·�Q�©	¨YJ�J�Va`[_�]�¨YJ�_

AJ ¯ _�]^iTf	©a`[i�f	¸ Lp S Lq µW*WYX�¨Md
0 < Reα < n µ �'SY`|«�`�L SÈ_�]�X�X�L$J/¨M_a`[iTfa`(Xcb�`|«aW§hR´ fa`�¨YJ/©TZTf (1/p, 1/q) L VRb�JMX[Z§JMX�¨Mf��

A =

(
1, 1 − Reα

n

)
, A′ =

(
Reα

n
, 0

)
,

C =

(
3

2
− 2Reα

n− 1
,
3

2
− 2Reα

n− 1

)
, C ′ =

(
2Reα

n− 1
− 1

2
,
2Reα

n− 1
− 1

2

)
,

E = (1, 0), F =

(
1

2
,
1

2

)
,

G =

(
1− (n−Reα)(n− 1)

n(n+ 3)
, 1− Reα

n

)
, G′ =

(
Reα

n
,
(n−Reα)(n− 1)

n(n+ 3)

)
,

H =

(
1− Reα

n
, 1− Reα

n

)
, H ′ =

(
Reα

n
,
Reα

n

)
,

O = (1, 1), O′ = (0, 0),

K =

(
2(Reα+ 1)

n+ 1
− 1

2
,
1

2

)
, K ′ =

(
1

2
,
3

2
− 2(Reα+ 1)

n+ 1

)
,

B =

(
1− (n− 1)(n−Reα)

n(n+ 1)
, 1− Reα

n

)
, B′ =

(
Reα

n
,
(n− 1)(n−Reα)

n(n+ 1)

)
.

�½]�L�VaJ�i�]�«�J�§�¬'¨YX�¬e¨�]^Z	¶ `*Xcb�`|«aW§hR´ fa`¨L iaJ�¶ `�X�¨MSg](i�]
(1/p, 1/q) L VRb�JMX[Z§JMX�¨Mf  X�L µ _TfaX µ Ntfr\«Tb3¬}XcbaW�©�]�`[S

0 < Reα 6 n−1
2

f n−1
2 < Reα < n

QTX�JMJ/¨MSY`�¨YX�¨MSY`[iTiaJ#®��

L1(α, n) =





[A′,H ′,H,A,E] \ ([A′,H ′] ∪ [A,H]), 0 < Reα 6
n(n−1)
2(n+1) ,

(A′, G′, C ′, C,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ (C ′, C), n(n−1)
2(n+1) < Reα < n−1

2 ,

(A′, G′, F,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ {F}, Reα = n−1
2 , Imα 6= 0,

(A′, G′, F,G,A,E) ∪ (A,E] ∪ (A′, E), α = n−1
2 ,

(A′, G′,K ′,K,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ [K ′,K], n−1
2 < Reα < n

2 ,

(A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E), n
2 6 Reα < n, Imα 6= 0,

(A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E) ∪ (B′, B), n
2 6 α < n,

L2(α, n) = [O,A,A′, O′] \ ({A′} ∪ {A}).



Lp − Lq �
- � ��$	�	�º����� -���-���� ��$	$	0	�g1 - ����$ � ����� - 
�
,�B�����e� - � � �	�	�	�#"3 �� � �3�5����	"����5� ¾

O′

O

E

1/p

1/q

A′

G

F

G′

H ′

C ′

C

H A

���	�������

O′

O

E

1/p

1/q

A′

G′

H ′

H

K ′

K

B

B′

G A

���	�������

M X[iaJ�SMiTUtL�_a`�¸�Wnbad�¨�]�¨YJML�X�¨�]�¨MdMf ¬RS�b3¬T`�¨YX�¬}Xcb�`|«aW§hR´y]�¬
��¥#`9_a¥�� � A9D A9D��� 3�����

0 < Reα < n
6

� µ 4 1#"���
'�s���	�	
 - 
�� - �>��$	�B�
L (Rαa ) ⊃ L1(α, n) ∩ L2(α, n).  \�®

��� µ � $ - �>������
 - L (Rαa )
$B��� - ���s"	� �B�e� - ����� * �B��� � � � �"!

1)
$�� - �|"�����3�

[A,H]
�h
�0$#¼��$B� �/-�* �����	�

a(σ) 6= 0
*
σ ∈ Sn−1;

2)
$�� - �|"�����3�

[A′,H ′]
�e�B��
'���2$B� �/- 1#"���� - � �>�� 3��� - 
��	�h$��%�'��"����B���s"��B�����	�� 

a(σ)
* ��� - �


 1 6
1);
3)
$�� - �|"�����3�

[O′, O]
* �����	�

α = (n− 1)/2;
4)
$	�	�>�R1#"��	� - �

A′A
* �>�����	�>�!� - �/�	�

A′ � A 6



¿ �� #" - 
�� 6��>6 *��!-�� �	$ � 6	�¤6
���������	��
���������� W*_Tf

0 < Reα 6
n(n−1)
2(n+1)

f n
2 6 α < n

VaJ^baW�©a`[iTiTUt`yJ/ªa`[iTZTf�¬RS�b3¬RhR¨YX�¬
¨YJ/©TiTUtL f µ � faL$`[iTiaJTQ

L (Rαa ) = [A′,H ′,H,A] \ ([A′,H ′] ∪ [A,H]), 0 < Reα 6
n(n− 1)

2(n+ 1)
,

L (Rαa ) = (A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E) ∪ (B′, B),
n

2
6 α < n.�³©�]�X�¨MiaJMX�¨Mf{Q#«Tb3¬¼¨�]^ZTf'·

α
VaJ^baW�©a`[iaJ ia`�J�§�·gJ�«afaL$JM`*f>«�JMX�¨�]�¨YJ/©TiaJM`*WYXcb�J�SMfa`jJ ¯ _�]^iTf	©a`[iTiaJ LX�¨Mf�J�Va`[_�]�¨YJ�_�]  N�®¨S Lp µ ��faL$`[iTiaJTQI¹�¨YJ/¨}J�Va`[_�]�¨YJ�_�J ¯ _�]^iTf	©a`[i�S Lp ¨YJ ¯ «k]rf�¨YJ^badMZ§Jh¨YJ ¯ «k]RQZ§J ¯ «k] n

n−Reα < p < n
Reα

µ
���������	��
����������� �½]tVT_TfaL$`[_a`)J�Va`[_�]�¨YJ�_�]  N�®{L$J�¶yiaJ*VaJ�¬TX[iTf	¨Md*S�baf	¬RiTfa`)JMX�ªTfRbTbafT_TW§hR´ `�±¹�Z§X[VaJ�ia`[i	¨MU
Se¬�«a_a`(i�]ÈZR]^_	¨MfTiTW#J ¯ _�]^iTf	©a`[iTiaJMX�¨Mf�_�]�X�X�L&]�¨M_TfTSg]�`�L$J ¯ J¡J�Va`[_�]�¨YJ�_�] µ �½b3¬ ¹�¨YJ ¯ JSMi�]�©�]nb�`½_�]�X�X�L$J/¨M_TfaL�VaJ/¨Y`[i	ªTf�]nb �$faX�XP]ÈX J�«aiaJ�_aJ�«aiaJ/± ·§]^_�]^Z	¨Y`[_TfaX�¨MfTZ§J/±��

(Iαϕ)(x) =

∫

Rn

a(t′)
|t|n−αϕ(x− t) dt, 0 < Reα < n.

U*J�_aJ � J f	¸�SY`�X�¨MiaJTQ[©	¨YJ�J�Va`[_�]�¨YJ�_
Iα
J ¯ _�]^iTf	©a`[i�f	¸ Lp S Lq ¨YJ ¯ «k] f ¨YJ^badMZ§J�¨YJ ¯ «k]RQ&Z§J ¯ «k]

1/p − 1/q = Reα/n µ W `[_a`�±'«�`�LÇ«k]nb�`�`¡J/¨�J�Va`[_�]�¨YJ�_�]
Iα
Z J�Va`[_�]�¨YJ�_TW

Rαa
µ �KJ ¯ «k]RQ$ZR]^Z³¹�¨YJXcb�`|«aWY`�¨ f	¸  \�® f ]^i�]nb�J ¯ f	©TiaJ ¯ J S�b�J�¶ `[iTf	¬�Qa«�J�ZR]�¸n]^iTiaJ ¯ J�SÅ½ N|À)VT_Tf (n − 1)/2 < Reα < n

Qi�]�« fTi	¨Y`[_TSg]nb�JML
(A′, A) � i�]�«�X�¨M_�]^fTSg]�`�¨YX�¬��*SMU%VTW§ZRb�JM`�L iaJ�¶ `�X�¨MSYJjVaJ^b�J�¶yf	¨Y`cbadMiaJ/± b�`�§M` ¯ J�SYJ/±L$`[_TU½Q'«Tb3¬h¨YJ/©a`[Z
(1/p, 1/q)

Z§J/¨YJ�_aJ ¯ JÈVaJ^baW�©a`[iTiTU2±#J�Va`[_�]�¨YJ�_�J ¯ _�]^iTf	©a`[i�f	¸ Lp S Lq µ
JBD5d ���a`��R`9i �	�'¥ ���9k�� ¥ ��b9¥/¦[¥#kaj	� jÃ^��'b9¥#_��Æ¦[¥#kaj	�

�*f	¶ `;L U §�W�«�`�L7faX[VaJ^bad�¸PJ�Sg]�¨Md Xcb�`|«aW§hR´ fa` ² W§iTZ	ªTfTf µ W*WYX�¨Md
ϑ(r),κ(r), χ(r) ∈

C∞(0,+∞)
¨�]^Z§J�SMU½Q'©	¨YJ

0 6 ϑ(r)
Q
κ(r), χ(r) 6 1 � ϑ(r2) = 1

Q§`�Xcbaf
r 6 1− δ

2

Q
ϑ(r2) = 0

Q§`�Xcbaf
r > 1 − δ

4 � κ(r) = 1
Q�`�Xcbaf |1 − r| 6 δ

4

Q
κ(r) = 0

Q�`�Xcbaf |1 − r| > δ
2 � χ(r) = 0

Q�`�Xcbaf
r 6 1 + δ

4

Q
χ(r) = 1

Q `�Xcbaf
r > 1 + δ

2
µ 
(W§iTZ	ªTf	¬

κ̃(|ξ|) ¨�]^Z§J�Sg]RQ,©	¨YJ 0 6 κ̃(|ξ|) 6 1
Q
κ̃(|ξ|) = 0

Q `�Xcbaf
|1− |ξ|| > δ

f
κ̃(|ξ|) = 1

Qa`�Xcbaf |1− |ξ|| 6 δ
2
µ �KJ ¯ «k]

κ̃(|ξ|)κ(|ξ|) = κ(|ξ|).
Q W�«�`�L VT_a`|«aVaJ^bk] ¯ ]�¨MdaQ9©	¨YJ ϑ(r2) + κ(r) + χ(r) ≡ 1.
��¥#`9_a¥�� �ÅJBD A  X�L µ ½ NMN�À ®�D 4 1#"���
'�s���	�	
�0@���B�s�3 �� � �B�7 B��
'�s"	�P����$	���"!
� ® �� 3�����

f ∈ CN (Rn)
*
N > [n/2]

� �N � ������
� ��P�V1 - ��� - �'$	$	0��
c, δ > 0

�����	�B� * ��� -
|Dkf(x)| 6 c|x|−δ−|k| * x ∈ R

n * 0 6 |k| 6 N
6�+�-�� ���

f ∈ R0
6

� ® �� 3�����
f ∈ CN (Rn \ {0}) * N > [n/2]

* �3�������g� - �51����B��$	02� $ - ���B��������� �N � ������
� ��P�
1 - ��� - �'$	$	0��

c, δ > 0
�����	�B� * ��� - |Dkf(x)| 6 c|x|−δ−|k| * x ∈ R

n \ {0} * 0 6 |k| 6 N
6�+�-�� ���

f ∈ R0
6

M Va`[_�]�¨YJ�_ Rαa VT_a`|«�X�¨�]^SMfaL�S Xcb�`|«aW§hR´ `�L SMf'«�` �
(Rαaϕ)(x) = (Mαϕ)(x) + (Nαϕ)(x),  � ®

¯ «�`
(Mαϕ)(x) =

n∫

R

χ(|t|)a(t′)ei|t|
|t|n−α ϕ(x− t) dt,

(Nαϕ)(x) =

∫

Rn

(1− χ(|t|))a(t′)ei|t|
|t|n−α ϕ(x− t) dt.



Lp − Lq �
- � ��$	�	�º����� -���-���� ��$	$	0	�g1 - ����$ � ����� - 
�
,�B�����e� - � � �	�	�	�#"3 �� � �3�5����	"����5� m

� `[_a`�¸
m̂α(ξ)

J�§MJ/¸�i�]�©TfaL X[faL SYJ^bÈJ�Va`[_�]�¨YJ�_�]
Mα µ ��_�]/§MJ/¨Y`R½ m�À§VaJ^baW�©a`[iaJ*Xcb�`|«aW§hR´ `�`&VT_a`|« LX�¨�]^S�b�`[iTfa`�«Tb3¬

m̂α(ξ)
�

m̂α(ξ) = m̂α,0(ξ) + m̂α,1(ξ) + m̂α,∞(ξ).  Â�®�9«�`�X[d
m̂α,0(ξ) = ϑ(|ξ|2)Γ(α)

∫

Sn−1

a(σ)

(−i(1 + ξσ))α
dσ

− ϑ(|ξ|2)
∫

Sn−1

a(σ) dσ

∞∫

0

(1− χ(ρ))ρα−1eiρ(1+ξ·σ) dρ,

m̂α,1(ξ) =





κ(|ξ|)(1− |ξ|+ i0)
n−1
2

−α
N−1∑
k=0

Aα−n+1
2

−k

× χ+
k (ξ′)

|ξ|
n−1
2 +k

(1− |ξ|)k + Rα(ξ), α− k 6= n−1
2 , n−3

2 . . . ;

κ(|ξ|)(1− |ξ|)n−1
2

−α ×
N−1∑
k=0

(A′
α−n+1

2
−k +A′′

α−n+1
2

−k

× ln(1− |ξ|+ i0))
χ+
k (ξ′)

|ξ|
n−1
2 +k

(1− |ξ|)k + Rα(ξ), α− k = n−1
2 , n−3

2 . . . ,

m̂α,∞(ξ) =





χ(|ξ|)(1 − |ξ|+ i0)
n−1
2

−α
N−1∑
k=0

Aα−n+1
2

−k

× χ+
k (ξ′)

|ξ|
n−1
2 +k

(1− |ξ|)k + R ′
α(ξ), α− k 6= n−1

2 , n−3
2 . . . ;

χ(|ξ|)(1 − |ξ|)n−1
2

−α ×
N−1∑
k=0

(A′
α−n+1

2
−k +A′′

α−n+1
2

−k

× ln(1− |ξ|+ i0))× χ+
k (ξ′)

|ξ|
n−1
2 +k

(1− |ξ|)k + R ′
α(ξ), α− k = n−1

2 , n−3
2 . . .


(W§iTZ	ªTfTf
Rα(ξ)

Q
R ′

α(ξ)
f
χ±
k (ξ

′)
W�«�J�S�b�`�¨MSYJ�_#¬RhR¨ WYXcb�J�SMf	¬TL³¨Y`�J�_a`�L U\ µ N

Aλ =
1

(2π)n
e

iπ
2
(λ+1)Γ(λ+ 1),

A′
λ =

1

(2π)n

(
ψ(−λ) + iπ2

)
e−

iπ
2
(λ+1)

(−λ− 1)!
,

A′′
λ = − 1

(2π)n
e−

iπ
2
(λ+1)

(−λ− 1)!
, N =

[n
2

]
+ 1.

��¥#`9_a¥�� �ÅJBDKJÅ½ m�À�D �� 3�����
0 < Reα < n

�
ϕ ∈ S

6�+�-�� ���

(Mαϕ)(x) = (2π)−n
∫

Rn

m̂α(ξ)ϕ̂(ξ)e−i(x·ξ) dξ.

	*_aJML$`�¨YJ ¯ JTQTSg½ ��À�§�U)b�f	¸�W�©a`[i}SYJ�VT_aJMX½J VT_TfTi�]�«Tb�`�¶yiaJMX�¨Mf ZRbk]�X�X[W
M q
p
L Wnbad�¨MfTVRbafTZR]�¨YJ�_�]

bα(|ξ|) =




κ(|ξ|)Aα−n+1

2
(1− |ξ|+ i0)

n−1
2

−α, α 6= n−1
2 , n−3

2 , . . . ,

κ(|ξ|)(1− |ξ|)n−1
2

−α
(
A′
α−n+1

2

+A′′
α−n+1

2

ln(1− |ξ|+ i0)
)
, α = n−1

2 , n−3
2 , . . . ,

¯ «�` 0 < Reα < n µ



� �� #" - 
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� J�ZR]�¸n]^i�] Xcb�`|«aW§hR´y]�¬º¨Y`�J�_a`�L&]
��¥#`9_a¥�� �ÅJBDFH³½ ��À�D �� 3�����

0 < Reα < n
6�+�-�� ���

bα(|ξ|) ∈M q
p ,

�����	� (
1

p
,
1

q

)
∈ L1(α, n);

bα(|ξ|) 6∈M q
p ,

�����	� (
1

p
,
1

q

)
∈ [A,H,O] ∪ [A′,H ′, O′].

�S"��
Reα = 0

�3�������

bα(|ξ|) ∈M q
p ⇔

(
1

p
,
1

q

)
∈ [O′, E,O] \ ({O′} ∪ {O}).

�7���	�
Reα < 0

* � -
bα(|ξ|) ∈M q

p ⇔
(
1

p
,
1

q

)
∈ [O′, E,O].  ¾�®

���������	��
���� ������ �&Xcbaf
0 < Reα 6

n(n−1)
2(n+1)

f n
2 6 Reα < n

Q	¨YJÈf	¸P¨Y`�J�_a`�L U
\ µ � Xcb�`|«aWY`�¨^Q©	¨YJ
bα(|ξ|) ∈M q

p ⇔
(
1

p
,
1

q

)
∈ L2(α, n).

���������	��
���� ������� � `�¨M_TfTSMf�]nbadMiaJMX�¨Md ¨Y`�J�_a`�L U;\ µ � VT_Tf q = p
J�§��I¬TX[i	¬T`�¨YX�¬Á¨Y`�L%Q�©	¨YJ

bα(|ξ|) 6∈ Mp
p
Q `�Xcbaf

0 < Reα < n
f
0 < 1/p 6 Re αn

baf3§MJ
1 − Re αn 6

1
p < 1 µ �&b�`|«�J�Sg] L¨Y`cbadMiaJTQ	«Tb3¬¡faX�Xcb�`|«�J�Sg]^iTf	¬#L Wnbad�¨MfTVRbafTZR]�¨YJ�_�]

bα(|ξ|)
ia` VT_TfaL$`[iTfaL U ZRbk]�X�X[f	©a`�X[ZTfa` L Wnbad�¨Mf LVRbafTZR]�¨YJ�_TiTUt` ¨Y`�J�_a`�L U "�f'·§bafTi�]RQ,U Ä`[_aL&]^i'«�`[_�]RQ�	*_	¹YQ$� f	¸PJ�_TZTfTi�]�fÅ«a_ µ Qa«k]^hR´ fa`�WYXcb�J�SMf	¬VT_TfTi�]�«Tb�`�¶yiaJMX�¨Mf L Wnbad�¨MfTVRbafTZR]�¨YJ�_�] ZRbk]�X�X[W

Mp
p
«Tb3¬�SYX�`|·

p
Q
1 < p <∞ µ

HID��\`������ �	�'¥ �������'b9`Å`���ka`9b9ka`9i�`�_a¥���^��������	���
� J�ZR]�¶ `�L�S�b�J�¶ `[iTfa`

L (Rαa ) ⊃ L1(α, n) ∩ L2(α, n).�)JMX[VaJ^bad�¸�WY`�L$X�¬�VT_a`|«�X�¨�]^S�b�`[iTfa`�L  � ® µ
M ¨YL$`�¨MfaL%Q/©	¨YJ�¬�«a_aJ*J�Va`[_�]�¨YJ�_�] Nα VT_TfTi�]�«Tb�`�¶yf	¨ L1

µ 	*_aJML$`�¨YJ ¯ JTQ�«Tb3¬(ia` ¯ JjX[VT_�]^SY`|«TbafTSg]¨Y`�J�_a`�L&]r� µ � µ �'J�§MJ^b�`[Sg]  X�L µ ½ NP\�À ® µ �&b�`|«�J�Sg]�¨Y`cbadMiaJTQ
L (Nα) ⊃ L2(α, n).  ¿�®

� ]�X�X�L$J/¨M_TfaLvJ�Va`[_�]�¨YJ�_
Mα Q�«Tb3¬X[faL SYJ^bk] m̂α(ξ)

Z§J/¨YJ�_aJ ¯ J�X[VT_�]^SY`|«TbafTSYJ�VT_a`|«�X�¨�]^S�b�` LiTfa`  Â�®cQTf¡faX�Xcb�`|«aWY`�L�SYJ�VT_aJMX½JyVT_TfTi�]�«Tb�`�¶yiaJMX�¨Mf L Wnbad�¨MfTVRbafTZR]�¨YJ�_�] m̂α(ξ)
ZRbk]�X�X[W

M q
p
µ� X�·gJ�«3¬ f	¸ VT_a`|«�X�¨�]^S�b�`[iTf	¬\«Tb3¬#L Wnbad�¨MfTVRbafTZR]�¨YJ�_�]

m̂α,∞(ξ)
Qki�]rJMX[iaJ�Sg]^iTfTf\¨Y`�J�_a`�L U \ µ NMQ¸n]^ZRbahR©�]�`�L%Q3©	¨YJ

m̂α,∞(ξ) ∈ R0
µ 	*_aJML$`�¨YJ ¯ JTQ m̂α,∞(ξ) ∈ L1. M ¨YX[h7«k]yVaJ^baW�©�]�`�L

m̂α,∞(ξ) ∈M q
p , (1/p, 1/q) ∈ [O′, O,E].  m�®

� ]�X�X�L$J/¨M_TfaL L Wnbad�¨MfTVRbafTZR]�¨YJ�_
m̂α,1(ξ) µ ��]�L$`�¨MfaL%QB©	¨YJ Rα(ξ) ∈ R0

S¡X[fRbaW ¨Y`�J�_a`�L U \ µ N µ	*_aJML$`�¨YJ ¯ JTQ
Rα(ξ) ∈ L1  X�L µ ½ m�À ® µ W*_TfaL$`[i	¬'¬h«k]nb�`�`�¨Y`�J�_a`�L W}\ µ � Q3§�W�«�`�L faL$`�¨Md

m̂α,1(ξ) ∈M q
p , (1/p, 1/q) ∈ L1(α, n).  ��®



Lp − Lq �
- � ��$	�	�º����� -���-���� ��$	$	0	�g1 - ����$ � ����� - 
�
,�B�����e� - � � �	�	�	�#"3 �� � �3�5����	"����5� O

M ¨YL$`�¨MfaL ¨�]^Z	¶ `MQ3©	¨YJ m̂α,0(ξ) ∈ C∞
0 (Rn) µ �&b�`|«�J�Sg]�¨Y`cbadMiaJTQ

m̂α,0(ξ) ∈M q
p , (1/p, 1/q) ∈ [O′, O,E].  O�®

��¸  m�® e  O�®'VaJ^baW�©�]�`�L S�b�J�¶ `[iTfa`
L (Mα) ⊃ L1(α, n) ∩ L2(α, n).  NPl�®

��¸  ¿�®�f  NPl�®�SMU2¨Y`[ZR]�`�¨  \�® µW `[_a`�±'«�`�L�Zº«�J�ZR]�¸n]�¨Y`cbadYX�¨MSMW}W�¨MSY`[_#¶¤«�`[iTf	¬���[¨Y`�J�_a`�L U N µ N µ� J�ZR]�¶ `�L N�®jS}XcbaW�©�]�`
α 6= (n−1)

2−j , j ∈ N
µ �½b3¬\¹�¨YJ ¯ JTQ{W�©Tf	¨MU%Sg]�¬  ¿�®cQ  m�®jf  O�®cQK]e¨�]^Z	¶ `X�JMJ�§�_�]�¶ `[iTf	¬ SMU%VTW§ZRb�JMX�¨Mf f�«aSYJ/±aX�¨MSY`[iTiaJMX�¨Mf{Q/«�JMX�¨�]�¨YJ/©TiaJjVaJ�ZR]�¸n]�¨MdaQ/©	¨YJ

m̂α,1(ξ) 6∈M q
p
Qn`�Xcbaf

(1/p, 1/q) ∈ [A,H] µ �¨i�]nb�J ¯ f	©TiaJV¨YJML WYQ&ZR]^Z ¹�¨YJ\«�`cbk]nb�JMX[d!VT_Tf «�J�ZR]�¸n]�¨Y`cbadYX�¨MSY`�JMX[iaJ�SMiaJ ¯ J_a`�¸�Wnbad�¨�]�¨�]È_�]/§MJ/¨MU@½ ��À QRVaJ^baW�©�]�`�L
m̂α,1(ξ) = (−i)n−1

2 2
n−3
2 Γ

(
n− 1

2

)
a(−ξ′)bα(|ξ|) +Gα(ξ).

�9«�`�X[d

Gα(ξ) =

N+1∑

k=1

Aα−n+1
2

−k
κ̃(|ξ|)

|ξ|n−1
2

+k
χ+
k (ξ

′)κ(|ξ|)(1 − |ξ|+ i0)
n−1
2

+k−α + gα(ξ),

gα(|ξ|) = Rα(ξ)+
1− n

2
κ(|ξ|)(1−|ξ|+i0) n+1

2
−αAα−n+1

2
κ̃(|ξ|)χ+

0 (ξ
′)

1∫

0

(1−(|ξ|−1)t)−
1+n
2 dt.

� ]�X�X[W�¶¤«k]�¬#ZR]^Z#f�VT_Tfg«�J�ZR]�¸n]�¨Y`cbadYX�¨MSY`¤¨Y`�J�_a`�L U�N µ N(f	¸e½ ��À Q�X½W�©a`�¨YJMLÃ¨YJ ¯ JTQ3©	¨YJ χ+
k (ξ

′) ∈
C∞(Rn \ {0}), k = 1, . . . , N + 1

Q3§�W�«�`�L faL$`�¨Md
Gα(ξ) ∈M q

p , (1/p, 1/q) ∈ [A,H].  NMN�®
� ]nb�`�`MQTf	¸½WYXcb�J�SMf	¬

a(σ) 6= 0
Q
σ ∈ Sn−1 b�` ¯ Z§JySMU%SY`�X�¨Mf{Q3©	¨YJ

a(−ξ′)bα(|ξ|) 6∈M q
p , (1/p, 1/q) ∈ [A,H].

M ¨YX[h7«k]RQ�X*W�©a`�¨YJML  NMN�®'VaJ^baW�©�]�`�L�N�®�VT_Tf α 6= n−1
2 − j, j ∈ N

µ�&baW�©�]�±{QTZ§J ¯ «k] α = n−1
2 − j

_�]�X�X�L&]�¨M_TfTSg]�`�¨YX�¬ ]^i�]nb�J ¯ f	©TiaJ  X�L µ ½ ��À ® µ�KJ ¯ «k] \�®)Xcb�`|«aWY`�¨Èf	¸ N�®�S X[fRbaW¼«aSYJ/±aX�¨MSY`[iTiaJMX�¨Mf µ�R¨MSY`[_#¶¤«�`[iTfa` � ®½SMU2¨Y`[ZR]�`�¨�f	¸h¨YJ ¯ JTQ5©	¨YJ�X[faL SYJ^b�J�Va`[_�]�¨YJ�_�] Rαa faL$`�`�¨�JMX�J�§M`[iTiaJMX�¨Md�i�]
Sn−1 VT_Tf α = n−1

2

f{QTXcb�`|«�J�Sg]�¨Y`cbadMiaJTQ�ia` VT_TfTi�]�«Tb�`�¶yf	¨
M2

2
µ�R¨MSY`[_#¶¤«�`[iTfa`�Â�®�«�J�ZR]�¸�U%Sg]�`�¨YX�¬ ]^i�]nb�J ¯ f	©TiaJ X�JMJ/¨MSY`�¨YX�¨MSMW§hR´ `�L W¡W�¨MSY`[_#¶¤«�`[iTfTh
f	¸¼½ N|À µ

� j��'¥#_��	��^�_��
Ë|��������� 	 
�� �������������� �������������������� �� �� "!�
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S����������)qZ��� rM��#:���s���� �� �5������������������ �� �� "!�
�� #t$%����� Lp−Lq u'&)(+*-, .0/�*-&)(o1�354Z(37.8&Z1 4�/ È *-, 37;M/5=A/ È 37u>(+*-, È 9:35*-&);<*-, /5= (

/5;Mc\(37.8&"4-&)= /�*-&�c`379:&�4�/�*-354-("GIG�JA4�/ È * �:K /5= �oL 9>9>= �>L ;M/5= � N2É�Ê|Ê�p�� N�P 37= ��Ì �>Q Ë|� N�R'�#Ë�p7p)T/Ë�Ì|É��
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F�&�4-;>&)= (HGIG j /�*-D ��� / È DA4 � N2É�Ê|Ê�p�� N�P 37= ��É|Ì5m �>Q p�� N�R'�:p7p�O�TAp|Ì�O��
p����>�	��
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n����:�+�-� # ���"���! /�4-.837;>, È L ;M/5= ?A(, (�� ^ &�/5= u'b7/�4-, /"�>= & j &�*-D>3�c � � 4*-D>37E737;M/5= , *@? � /5;Mc � ( È , = = /�*-354? f@;<*-&)E54�/5= ( � N
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Lp − Lq L�¬H1® �.¯±° ®�¬Hz²�³�´¶µ�¬8·�¬8´ °�¸"�D¹ ¬8º
´ � K¼»H³�®�¬8·�® �.°�¸ ¾½ � ®�¿¶³5KÀ �.¸�¸�° ® � ·5µÂÁ5¬8´�·�¬ ¸ 

µ�ÃKÄ	ÅbÆ ¯ µ · µ Q ·�Å%ÇoÈ�ÉzÊ µ ° µ
Ë & È 37;>(, cA&�4H/ È = /5((�3512.�u>= *-, cA, .8&);>(, 37;M/5=:9:35*-&);<*-, /5= u�*@?A9:&"379:&�4�/�*-354-(�B�D>37(&�F�&�4-;>&)= (�/�4-& 37( È , = = /�*-, ;>E\/�* , ;'ÌM;>, *@? ��6D>& È DM/�4�/ È *-&�4-, (+*-, È (\351H*-D>&)(&t379:&�4�/�*-354-(\/�4-&t, ;'ÌM;>, *-&)= ? cA, Ío&�4-&);<*-, /"�>= &tD>37.837E7&);>&)37u>(�1�u>; È *-, 37;>( � Ë &tcA&)( È 4-, �:&È 37;�b�&�dg(&�*-( , ;g*-D>& (1/p; 1/q) u'9>= /5;>&�1�354 B�D>, È D *-D>&)(&�379:&�4�/�*-354-(�/�4-&H�:37u>;McA&�ct1 4-37. Lp , ;<*-3 Lq /5;Mcg, ;McA, È /�*-&
*-D>&8cA37.0/5, ;>(HB�D>&�4-&�*-D>&�? /�4-&�;>35*��:37u>;McA&�c � f@; (37.8& È /5(&)( B6&8cA&)( È 4-, �:&�*-D>&), 4 L u È DM/�4�/ È *-&�4-, (+*-, È ( � �s3`3��A*�/5, ;
*-D>&)(&84-&)(u>= *-(�B6&8u>(&\/t;>&�B .8&�*-D>3�cÎ�M/5(&�c 37; (9:& È , /5=]4-&)9A4-&)(&);<*�/�*-, 37; 351�*-D>&8(+?A.H�:37= ( 351�.�u>= *-, cA, .8&);>(, 37;M/5=
9:35*-&);<*-, /5= u�*@?A9:& 379:&�4�/�*-354-( � �s3e*-D>&)(&g4-&)9A4-&)(&);<*�/�*-, 37;>(`351�*-D>& (+?A.H�:37= (0B6&�/59>9>= ? *-D>&g*-& È D>;>, Ï<u>& 351�J>37uA4-, &�4 u
.�u>= *-, 9>= , &�4-( � B�D>, È DgcA&)E7&);>&�4�/�*-& 354 DM/�b�&"(, ;>E7u>= /�4-, *-, &)(H37;\*-D>&"u>;>, * (9>D>&�4-&", ; R

n �
Ð�ÑbÒ�Ó�Ô%Õ"Ö�×|¡ 9:35*-&);<*-, /5= u�*@?A9:&�379:&�4�/�*-354-( � 37( È , = = /�*-, ;>E�F�&�4-;>&)= � .8&�*-D>3�c�351sJ>37uA4-, &�4].�u>= *-, 9>= , &�4-( � Lp−Lq u'&)(+*-, .0/�*-&)( �
L u È DM/�4�/ È *-&�4-, (+*-, È �
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"�U�_�]�X�X�L&]�¨M_TfTSg]�`�L ia`�J�_Tfa`[i	¨MfT_aJ�Sg]^iTiTUt` ¯ _�]/² U §M`�¸*Va`�¨Y`cbadyfrZT_�]�¨MiTU7·r_a`�§M`[_ µ �½b3¬rSY`[_ L� fTiTU
a ¯ _�]/²(] Γ

©a`[_a`�¸
Γi(a)

J�§MJ/¸�i�]�©TfaL
i L J�ZT_a`�X�¨MiaJMX�¨Md SY`[_	� fTiTU a

Q�¨ µ ` µ VaJ�« ¯ _�]/²ÈQKfTi'«aW LªTfT_aJ�Sg]^iTiTU2±
Γ
i�]ÈL iaJ�¶ `�X�¨MSY` SYX�`|·}SY`[_	� fTi{Qai�]�·gJ�«3¬'´ f'·gX�¬#i�]y_�]�X�X�¨YJ�¬RiTfTf

i
J/¨

a µ W J^b�J�¶yfaL
[a] = Γ1(a)

Q
a⊥ = {a} ∪ [a] µW*WYX�¨Md

Γ
° ¯ _�]/²ÈQ a, b ∈ Γ µ �KJ ¯ «k] ©TfaXcb�J}SY`[_	� fTi�S [a] ∩ [b]

J�§MJ/¸�i�]�©�]�`�¨YX�¬Å©a`[_a`�¸
µ(a, b)

 ©a`[_a`�¸ λ(a, b)) Q^`�Xcbaf a Q b i�]�·gJ�«3¬'¨YX�¬ i�]%_�]�X�X�¨YJ�¬RiTfTfÈ\  X�L$`�¶yiTUR®�S Γ µ � ]nb�`�`MQnfTi'«aW�ªTfT_aJ�Sg]^iTiTU2±
[a] ∩ [b]

VaJ�« ¯ _�]/² i�]�¸�U%Sg]�`�¨YX�¬ µ L���� 	�
����� ���  λ L���� 	�
����� ��� ® µ �&Xcbaf Γ
° ¯ _�]/² «af�]�L$`�¨M_�]

d
Q3¨YJ

©a`[_a`�¸
Γi
Q ¯ «�` i 6 d

QTJ�§MJ/¸�i�]�©�]�`�¨YX�¬ ¯ _�]/²
X�¨Y`�LÅ¶ `½L iaJ�¶ `�X�¨MSYJML�SY`[_	� fTi{Q'©	¨YJ f Γ
QRS Z§J/¨YJ�_aJML

«aSY` SY`[_	� fTiTU X�L$`�¶yiTU ¨YJ ¯ «k]yfh¨YJ^badMZ§J>¨YJ ¯ «k]RQaZ§J ¯ «k]ÈJ�iTf}i�]�·gJ�«3¬'¨YX�¬}i�] _�]�X�X�¨YJ�¬RiTfTf i S Γ µ�&Xcbaf�SY`[_	� fTiTU
u
Q
w
i�]�·gJ�«3¬'¨YX�¬�i�] _�]�X�X�¨YJ�¬RiTfTf

i
S
Γ
Q9¨YJe©a`[_a`�¸

bi(u,w)  ©a`[_a`�¸ ci(u,w) ®J�§MJ/¸�i�]�©TfaL ©TfaXcb�J¡SY`[_	� fTi�S¡Va`[_a`�X�`�©a`[iTfTf
Γi+1(u)  Γi−1(u)

®*X
[w] µ ��_�]/² Γ

«af�]�L$`�¨M_�]
d
i�] L¸�U%Sg]�`�¨YX�¬ 	��������������

�
���

�
����
��� �!��"��#

�
�
�
�������%$

���&�
�'���(�)�(*��(����+ {b0, b1, . . . , bd−1; c1, . . . , cd}

Q`�Xcbaf\¸�i�]�©a`[iTf	¬
bi(u,w)

f
ci(u,w)

ia`!¸n]^SMfaX�¬'¨¡J/¨rSMUS§MJ�_�]rSY`[_	� fTi
u
Q
w
i�]È_�]�X�X�¨YJ�¬RiTfTf

i
S
Γ«Tb3¬#bah�§MJ ¯ J i = 0, . . . , d µ W J^b�J�¶yfaL ai = k − bi − ci

µ ��]�L$`�¨MfaL%Q�©	¨YJe«Tb3¬\«afaX�¨�]^i	ªTfaJ�iTiaJ�_a` L¯ Wnb3¬R_TiaJ ¯ J ¯ _�]/²(] b0 = k
° ¹�¨YJÈX�¨Y`[Va`[iTd ¯ _�]/²(]RQ c1 = 1 µ �(faX�¨�]^i	ªTfaJ�iTiaJ _a` ¯ Wnb3¬R_TiTU2± ¯ _�]/² Γ«af�]�L$`�¨M_�]

2
i�]�¸�U%Sg]�`�¨YX�¬ ���� �,-�

�
����
��� �!��"��#

�
X V�]^_�]�L$`�¨M_�]�L f

(v, k, λ, µ)
Q ¯ «�` λ = a1, µ = c2

µ� ]nb�`�`MQ9©a`[_a`�¸
plij(x, y)

J�§MJ/¸�i�]�©TfaL ©TfaXcb�J SY`[_	� fTi#S VaJ�« ¯ _�]/²½` Γi(x) ∩ Γj(y)
«Tb3¬}SY`[_	� fTi

x
Q
y
Qai�]�·gJ�«3¬'´ f'·gX�¬ i�]È_�]�X�X�¨YJ�¬RiTfTf

l
S ¯ _�]/²½` Γ µ � «afaX�¨�]^i	ªTfaJ�iTiaJ�_a` ¯ Wnb3¬R_TiaJML ¯ _�]/²½`�©TfaXcbk]

plij(x, y)
ia`\¸n]^SMfaX�¬'¨�J/¨�SMUS§MJ�_�] SY`[_	� fTi

x
Q
y
Q%J�§MJ/¸�i�]�©�]^hR¨YX�¬

plij
f�i�]�¸�U%Sg]^hR¨YX�¬ *����. ��

�
�

�
�'���(�)�(*��(����+/
�����0�

Γ µW*WYX�¨Md
Γ
¬RS�b3¬T`�¨YX�¬ «afaX�¨�]^i	ªTfaJ�iTiaJ _a` ¯ Wnb3¬R_TiTUtL ¯ _�]/²½JML\«af�]�L$`�¨M_�] � XtX�J�§MX�¨MSY`[iTiTUtL fº¸�i�] L©a`[iTf	¬TL f

θ0 > θ1 > θ2 > θ3
µ �&Xcbaf θ2 = −1

Q/¨YJ*VaJ*VT_a`|«Tb�J�¶ `[iTfTh Â µ \ µ Nnm¨f	¸�½ N|À ¯ _�]/² Γ3
X[fRbadMiaJ_a` ¯ Wnb3¬R_a`[i}f Γ

° ]^i	¨MfTVaJ�«k]nbadMiTU2± ¯ _�]/² ¨YJ ¯ «k] fg¨YJ^badMZ§J>¨YJ ¯ «k]RQTZ§J ¯ «k] Γ3

° Z§J�ZRbafTZR] µ
È© É�Ê�Ë�Ì2Í o��|r/m���� Ñ[� 2 � ��Î���~�r/qs� Ñ[�/Ñ[�
1 �	��{|m|�|���|tI�/m�n�r/qsr��,�/��x��/mNy�y�qN����w�q����/��r/�|���'m|�N�sx�-/�Nw�m���m�r��No�p�r/m���m��am�r�y������/��m|qNw���Q Ë�p u Ë|Ë u Ë�Ê|Ê�É7p�� ��qNm u��qN�9� Ë	� x��Nm�� n���1[qsr�x/z��3qN�[y/o�Î�x�r�x/�N��qN���N�|��m|� m|{|�/���Nm�����r�x/z�x�r��No�w�x��'m|�N�sx�-/�Nw�m"-�¢�q y�qN�/��v�x�xSx�Sa�/��n�£��Nw�x/��aq y�qN�/��n�£|r�t��¼o�r�x���qN���sx/��qN��m|�¤m|� É|Ì�� Ê7m�� É�Ê�Ë�S �:Q Ê�É�� LaÊ7S�� É�Ë|� Ê|Ê|Ê7nÎ� �sn/q y��N�|�|x/q Ë	� �



NP\ �� B��$ - 
�� �¤6 = 6 * �����'$B��
 �¤6��¤6
W*WYX�¨Md

Γ
¬RS�b3¬T`�¨YX�¬>«afaX�¨�]^i	ªTfaJ�iTiaJ _a` ¯ Wnb3¬R_TiTUtL ¯ _�]/²½JML�f ¯ _�]/² U Γ2

Q
Γ3
X[fRbadMiaJ _a` ¯ Wnb3¬R_ LiTU µ �&Xcbaf k < 44

Q'¨YJ
Γ
faL$`�`�¨yL&]�X�X[fTSyVa`[_a`�X�`�©a`[iTf	± {19, 12, 5; 1, 4, 15} Q {35, 24, 8; 1, 6, 28} fRbaf

{39, 30, 4; 1, 5, 36} µ ��Va`[_TSMU7·\«aSMW#·�XcbaW�©�]�¬�·�X�J ¯ bk]�X[iaJÆ½ \RQ{X µ \RNMN|À�f ½ � À ¯ _�]/² ia`yX[W�´ `�X�¨MSMWY`�¨ µ� «k]^iTiaJ/±�_�]/§MJ/¨Y`yi�]�±'«�`[iTU
SYJ/¸PL$J�¶yiTUt`r]^S�¨YJML$J�_3² f	¸PL UÇ«afaX�¨�]^i	ªTfaJ�iTiaJ}_a` ¯ Wnb3¬R_TiaJ ¯ J ¯ _�]/²(]X½L&]�X�X[fTSYJML Va`[_a`�X�`�©a`[iTf	± {39, 30, 4; 1, 5, 36} µW*WYX�¨Md
Γ

¬RS�b3¬T`�¨YX�¬ «afaX�¨�]^i	ªTfaJ�iTiaJ _a` ¯ Wnb3¬R_TiTUtL ¯ _�]/²½JMLIX L&]�X�X[fTSYJMLIVa`[_a`�X�`�©a`[iTf	±
{39, 30, 4; 1, 5, 36} µ �KJ ¯ «k] Γ faL$`�`�¨ X[Va`[Z	¨M_ 391, 978,−1117,−6104

f
v = 1+39+234+26 = 300SY`[_	� fTi µ

��¥#`9_a¥�� � A9D �� 3�����
Γ �

���B������$ � � - $	$ - "�� �  �����"�$	02� � "���� �\���������	
 - � 1B�s"�����������$	�	�
{39, 30, 4; 1, 5, 36} * G = Aut(Γ)

*
g ���

�B������$B�g1#" - ��� -��/- 1 - "������	���3
G
�
Ω = Fix(g)

6�+�-
�� ���

π(G) ⊆ {2, 3, 5, 13} �g
�021 - �	$�������� � - ��$ - �3!���B�s�3 �� � � �¼ B��
'�s"	�P����$	�	� !
(1) Ω �

1� 3��� - � � "���� * �	� ��-
p = 5

*
α3(g) = 50s

�
α2(g) = 75t

* �	� ��-
p = 3

*
α3(g) = 30s

�
α2(g) = 45t

* �	� ��-
p = 2

*
α2(g) = 0

�
α3(g) = 20s �

(2) Ω
�'
���������� �

n �
�	�	�	� - � * �	� ��-

p = 13
*
n = 1

*
α3(g) = 130s + 26

�
α2(g) = 195t + 39

*
�	� ��-

p = 2
*
n = 2, 4, 6

*
α3(g) = 20s− 4n

�
α2(g) = 30t− 6n �

(3) Ω
� - ��� - �B�!�3

m

'�s"�#!�	$ * 1 - 1���"�$ - $���� - ��� � � �	� � $���"�������� - �'$	�	�

3


Γ
*
p = 3

�g�	� ��-
m = 3

*
α3(g) = 30s− 12 6 180

*
s = 1, 2, ..., 6

*
α2(g) = 45t − 18

* �	� ��-
m = 6

*
α3(g) = 6, 36

*
α2(g) = 45t− 36 �

(4) Ω
� - ���s"	� �B�¤
'�s"�#!�	$	0

b, c
* $���� - ��� � �B��� �g$���"�������� - �'$	�	�

2


Γ
*
p = 2, 3

� |Ω| 6 60
6

� �,¥/¦ ���'b9ja¥ A9D �� 3�����
Γ �

���B������$ � � - $	$ - "�� �  �����"�$	02� � "���� �¤���������	
 - �»1B�s"�����������$	�	�
{39, 30, 4; 1, 5, 36} *�� "3 	1	1�� G = Aut(Γ)

�����B����
� 3���e�|"���$3��B���	
�$ - $��¤�5$ - �>������
'��
'�s"�#!�	$ � "��
����

Γ
*
T̄ � � - � - ��� � "3 	1	1	0 Ḡ = G/S(G)

6�+�-�� ���
13
$B�������	�B� |G| 6 �Á�#������$ - ����� *

G
�����B����
� 3���

�	$B�|"���$3��B���	
�$ - $��¤�5$ - �>������
'�S�3 � � "������
Γ
6

� ¥��%� ��A9D#< �B������$ � � - $	$ - "�� �  �����"�$	02� � "���� �����������	
 - �Æ1B�s"�����������$	�	� {39, 30, 4; 1, 5, 36}�3�������>���B�s�3 �� � �B�!�/�B�����!1B�s"�����������$	�	� !
(1) p111 = 8

*
p112 = 30

*
p123 = 24

*
p122 = 180

*
p133 = 2;

(2) p211 = 5
*
p212 = 30

*
p213 = 4

*
p222 = 183

*
p223 = 20

*
p233 = 2;

(3) p312 = 36
*
p313 = 3

*
p323 = 18

*
p322 = 180

*
p333 = 4

6
C
�'U2©TfaXcb�`[iTf	¬�X*VaJML$J/´ dMh�b�`�L$L U Â µ N µ m f	¸¼½ N|À µ B

� ¥��%� � JBD �� 3�����
Γ �

���B������$ � � - $	$ - "�� �  �����"�$	02� � "���� � ���������	
 - � 1B�s"�����������$	�	�
{39, 30, 4; 1, 5, 36} 6�+�-�� ��� 
�021 - �	$�� �P��� �����B�s�3 �� � �B�7 B��
'�s"	�P����$	���"!

(1)
� "����

Γ3
���	����$ - "�� �  �����"���$ ��1���"��������|"����5�

(300, 26, 4, 2)
�h��1B���B�|" - �

261, 6117,−4182;

(2)
� - 1 - �	$	�B��������$	02� � "����

Σ
�����

Γ2
���	����$ - "�� �  �����"���$V�R1���"��������|"����5�

(300, 65, 10, 15)�³��1B���B�|" - �
651, 5196,−10103

*[- �#"�������$ - ����� 
'�s"�#!�	$	0
a

 � "������

Σ
�3�������¤"��� � �B��$	�B����
� 3���

"�� �  �����"�$	0S�5�º1 - � � "��������5� !
∆1

������1B��$	�
7
$��

26

'�s"�#!�	$����>�

∆2
������1B��$	�

8
$��

39

'�s"�#!�	$���� *


'�s"�#!�	$�� �3
∆1

������� $��Æ�
3

'�s"�#!�	$����5� �3

∆2
* 
'�s"�#!�	$�� �3

∆2
������� $��V�

2

'�s"�#!�	$����5�

�3
∆1;

(3)

'�s"�#!�	$��!�3

Σ2(a)
������� $��e�

6

'�s"�#!�	$����5�g�3

∆1
���

9

'�s"�#!�	$����5� �3

∆2
6

C
W J^b�J�¶yfaL

∆ = Γ̄3
µ W J ¸n]�L$`�©�]^iTfThvVaJMXcb�` VT_a`|«Tb�J�¶ `[iTf	¬ Â µ \ µ N ��f	¸³½ N|À X�J�§MX�¨MSY`[iTiTUt`

¸�i�]�©a`[iTf	¬ ¯ _�]/²(] ∆ _�]^SMiTU
(θ2+(c2−a1)θ−k)/c2

QnZ§J ¯ «k] θ VT_aJ�§M` ¯ ]�`�¨½L iaJ�¶ `�X�¨MSYJ X�J�§MX�¨MSY`[iTiTU7·¸�i�]�©a`[iTf	± ¯ _�]/²(] Γ µ W*_Tf θ = −1
VaJ^baW�©TfaL

θ2(∆) = −(b1 + c2)/c2
f
c2
«�`cbaf	¨

b1
µ��]�L$`�¨MfaL%Q�©	¨YJ

k(∆) = k + k2 = k(1 + b1/c2)
«�`cbaf	¨YX�¬�i�]

θ2(∆)
Q�VaJ/¹�¨YJML W

∆
° VaX�`[S/«�J L¯ `�JML$`�¨M_Tf	©a`�X[ZTf	± ¯ _�]/² «Tb3¬

pGc3(k, b1/c2)
µ M ¨YX[h7«k] ∆

° VaX�`[S/«�J ¯ `�JML$`�¨M_Tf	©a`�X[ZTf	± ¯ _�]/² «Tb3¬
pG36(39, 6)

f ¯ _�]/² Γ3
X[fRbadMiaJy_a` ¯ Wnb3¬R_a`[i�X*V�]^_�]�L$`�¨M_�]�L f (300, 26, 4, 2) µ� ]nb�`�`MQ «�J�VaJ^baiTf	¨Y`cbadMiTU2± ¯ _�]/² Σ

«Tb3¬
Γ2

X[fRbadMiaJ _a` ¯ Wnb3¬R_a`[i XDV�]^_�]�L$`�¨M_�]�L f
(300, 65, 10, 15)

f�X[Va`[Z	¨M_aJML
651
Q
5196

Q −10103 µ



� � ��
'� - � - " ���3������e���B������$ � � - $	$ - "�� �  �����"�$ -��/- � "������ N �
�½b3¬ SY`[_	� fTiTU

a ∈ Σ
VaJ�« ¯ _�]/² Γ3(a)

fTi'«aW�ªTfT_TWY`�¨ S
Σ ¯ _�]/² ∆1

X�¨Y`[Va`[iTf mti�]*\�¿¨SY`[_	� fTi�]�·f
Γ1(a)

fTi'«aW�ªTfT_TWY`�¨ S
Σ ¯ _�]/² ∆2

X�¨Y`[Va`[iTf � i�] � O SY`[_	� fTi�]�· µ B
� ¥��%� �@H ½ ÂaQ�¨Y`�J�_a`�L&] � µ \�À�D �� 3����� Γ

�'
���������� �Á���	����$ - "�� �  �����"�$	0S� � "���� - � �º1���"��
������|"����5�

(v, k, λ, µ)
�Ã� -�� ����
'��$	$	0S�5�Ã�$�������$	���	�5�

k
*
r, −m 6 �7���	� g � ��
'� - � - " ���3��

Γ
�

Ω = Fix(g)
* � - |Ω| 6 v ·max{λ, µ}/(k − r)

6
W*WYX�¨Md

g
° ia`�`|«afTiTf	©TiTU2±�]^S�¨YJML$J�_3² f	¸PLX«afaX�¨�]^i	ªTfaJ�iTiaJ _a` ¯ Wnb3¬R_TiaJ ¯ J ¯ _�]/²(] Γ

f
Ω =

Fix(g) µ �&Xcbaf Γ
faL$`�`�¨ L&]�X�X[fTS Va`[_a`�X�`�©a`[iTf	± {39, 30, 4; 1, 5, 36} Q�¨YJ!SMSMf'«aW�b�`�L$L U � faL$`�`�L

|Ω| 6 60 µ
����� ��� ��� �
	������� � � � ��� � ��� �� � J�ZR]�¸n]�¨Y`cbadYX�¨MSYJÆ¨Y`�J�_a`�L U J�VTfT_�]�`�¨YX�¬ i�]#L$`�¨YJ�« Ujf ¯ LL$`[i�]!_�]/§MJ/¨MU X�]^S�¨YJML$J�_3² f	¸PL&]�L f «afaX�¨�]^i	ªTfaJ�iTiaJ�_a` ¯ Wnb3¬R_TiaJ ¯ J ¯ _�]/²(] µ W*_Tf ¹�¨YJML ¯ _�]/² Γ_�]�X�X�L&]�¨M_TfTSg]�`�¨YX�¬�ZR]^Z�X[faL$L$`�¨M_Tf	©Ti�]�¬¡X�·g`�L&](J/¨MiaJ � `[iTf	±

(X,R)
X
d
ZRbk]�X�XP]�L f{Q ¯ «�` X ° L iaJ L¶ `�X�¨MSYJ#SY`[_	� fTi ¯ _�]/²(]RQ R0

° J/¨MiaJ � `[iTfa` _�]^SY`[iaX�¨MSg]#i�]
X
fÆ«Tb3¬

i > 1
ZRbk]�X�X

Ri
X�JMX�¨YJ�f	¨f	¸ V�]^_

(u,w)
¨�]^ZTf'·�Q�©	¨YJ

d(u,w) = i µ �½b3¬ u ∈ Γ
VaJ^b�J�¶yfaL

ki = |Γi(u)|
Q
v = |Γ| µ 	jbk]�X�X[W

Ri
J/¨MSY`�©�]�`�¨ ¯ _�]/² Γi

i�]�L iaJ�¶ `�X�¨MSY`¡SY`[_	� fTi
X
QKS#Z§J/¨YJ�_aJML�SY`[_	� fTiTU

u
Q
w
X�L$`�¶yiTU½Q `�Xcbaf

(u,w) ∈ Ri
µ W*WYX�¨Md Ai ° L&]�¨M_Tf	ª�]�X�L$`�¶yiaJMX�¨Mf ¯ _�]/²(] Γi

«Tb3¬
i > 0

f
A0 = I

° `|«afTiTf	©Ti�]�¬L&]�¨M_Tf	ª�] µ �KJ ¯ «k] AiAj =∑ plijAl
«Tb3¬º©TfaX�`cb�Va`[_a`�X�`�©a`[iTf	±

plij
µW*WYX�¨Md

Pi
° L&]�¨M_Tf	ª�]RQ&S�Z§J/¨YJ�_aJ/±�i�] L$`�X�¨Y`

(j, l)
X�¨YJ�f	¨

plij
µ �KJ ¯ «k]�X�J�§MX�¨MSY`[iTiTUt`g¸�i�]�©a` LiTf	¬

p1(0), . . . , p1(d)
L&]�¨M_Tf	ªTU

P1
¬RS�b3¬RhR¨YX�¬yX�J�§MX�¨MSY`[iTiTUtL f¼¸�i�]�©a`[iTf	¬TL f ¯ _�]/²(] Γ ZT_�]�¨MiaJMX�¨Y`�±

m0 = 1, . . . ,md
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«�`cbaf	¨YX�¬�i�]#\�¾RQ{VaJ/¹�¨YJML W
α3(g) = 200

Q
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«�`cbaf	¨YX�¬}i�]y\�¾RQTVaJ/¹�¨YJML W
α2(g) = 300

QaVT_aJ/¨MfTSYJ�_a`�©Tfa` µW*WYX�¨Md
p = 3 µ � ]^Z ZR]^Z χ2(g) − 117

«�`cbaf	¨YX�¬!i�]
3
Q�¨YJ
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p = 2 µ � ]^ZÈZR]^Z c2 = 5

Q�¨YJ
α2(g) = 0 µ � ]nb�`�`MQ�©TfaXcb�J χ2(g) = (4α0(g)+α3(g))/10−3ia`�©a`�¨MiaJTQaVaJ/¹�¨YJML W
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χ3(g)− 104 = (6m+ α2(g))/15 − 120
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[a] ⊂ Ω
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a µ �&Xcbaf p > 5
QB¨YJ

[u] ∩ [a]
¬RS�b3¬T`�¨YX�¬Æ¾ L ZRbafTZ§J/±«Tb3¬

u ∈ Γ2(a)−Ω
QMVT_aJ/¨MfTSYJ�_a`�©Tfa`¨X7¨Y`�L%Q�©	¨YJR«Tb3¬!«aSMW#· SY`[_	� fTi

b, c ∈ [u]∩ [a]
VaJ�« ¯ _�]/² [b]∩ [c]X�J�«�`[_#¶yf	¨

a
Q � SY`[_	� fTiTU f	¸ [u] ∩ [a]

f�¾ SY`[_	� fTi�f	¸
u〈g〉 µ �&Xcbaf p = 3

Q3¨YJÈX W�©a`�¨YJML�_�]^SY`[iaX�¨MS
p133 = 8

f
p313 = 3

faL$`�`�L
Γ3(a) ⊂ Ω µ W*_aJ/¨MfTSYJ�_a`�©Tfa` X�¨Y`�L%Q	©	¨YJ |Ω| 6 60 µ B
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Γ
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p 6 3 �
(2)
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p = 3

� |CG(g)|
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Ω �
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α3(g) = 300
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α3(g) = α1(g) = 150
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α2(g) = 225
*
α1(g) = 75
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p > 11
Q�¨YJ

Ω
° SMVaJ^baia`È_a` ¯ Wnb3¬R_TiTU2± ¯ _�]/² X

λ = 8
Q
µ = 5

f�X�¨Y`[Va`[iTf
k′ > 10 µ��XcbaW�©�]�`

Γ3(a) ⊂ Ω
X W�©a`�¨YJML�_�]^SY`[iaX�¨MS

p313 = 3
f
p133 = 2

QaVaJ^baW�©TfaL
[a] ⊂ Ω

QTVT_aJ/¨MfTSYJ�_a`�©Tfa`X b�`�L$L$J/± NMN µ �ki�]�©Tf	¨^Q p = 11
f |Γ3(a) ∩ Ω| = 4

«Tb3¬¡bah�§MJ/±�SY`[_	� fTiTU
a ∈ Ω µ W*_aJ/¨MfTSYJ�_a`�©Tfa`X�¨Y`�L%Q	©	¨YJyS ¹�¨YJML�XcbaW�©�]�` VaJ^baW�©TfaL |Ω(a)| = 6 µ� XcbaW�©�]�`

p = 7
«Tb3¬

a ∈ Ω
VaJ�« ¯ _�]/² Γ3(a)∩Ω

faL$`�`�¨rNP\*SY`[_	� fTi{Q |Ω(a)| = 18
f
5|Ω2(a)| =

16y + 9(18 − y)
QRVaJ/¹�¨YJML W

y = 4
f |Ω2(a)| = 38

QTVT_aJ/¨MfTSYJ�_a`�©Tfa`(X�¨Y`�L%Q	©	¨YJ |Ω| 6 60 µ��XcbaW�©�]�`
p = 5

«Tb3¬
a ∈ Ω

VaJ�« ¯ _�]/² Γ3(a)∩Ω
faL$`�`�¨}N�¿(SY`[_	� fTi{Q |Ω(a)| = 24

f |Ω2(a)| >
24 · 15/5 Q�VT_aJ/¨MfTSYJ�_a`�©Tfa` µ��¨�]^Z{Q

p = 2, 3 µW*WYX�¨Md
p = 3

f |CG(g)|
«�`cbaf	¨YX�¬�i�]

25 µ �&Xcbaf Ω
° ia`[VTWYX�¨YJ/± ¯ _�]/²ÈQ	¨YJ |Ω| «�`cbaf	¨YX�¬�i�]rm/¾RQVT_aJ/¨MfTSYJ�_a`�©Tfa` µ �ki�]�©Tf	¨^Q Ω ° VTWYX�¨YJ/± ¯ _�]/²
fg©TfaXcbk] α3(g) = 30s

Q
α2(g) = 45t

«�`cb3¬'¨YX�¬}i�]È\�¾ µ
M ¨YX[h7«k] baf3§MJ α3(g) = 300

QTbaf3§MJ
α3(g) = α1(g) = 150

QTbaf3§MJ
α2(g) = 225

Q
α1(g) = 75 µ B
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f
π(G) = {2, 3, 5, 13} µ
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f � �
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G
*
g � �

�B������$B�P1#" - ��� -��/- 1 - "������	�
p 6= 13�3

CG(f)
�
Ω = Fix(g)

* � -
p = 2

* |Ω| = 14
*
α3(g) = 104

*
α2(g) = 156

�
α2(g) = 26

*

g�#������$ - ����� * |CG(f)| $B�7�����	�B��� �h$�� 4 6

C
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Fix(f) = {a}
° J�«aiaJ�SY`[_	� fTiTiTU2± ¯ _�]/²ÈQ α3(f) = 130s+26

f
α2(f) =

195t+ 39 µ�&Xcbaf
Ω
¬RS�b3¬T`�¨YX�¬

n L ZRbafTZ§J/±{Q	¨YJ p = 2
Q
n = 2, 4, 6 µ W*_aJ/¨MfTSYJ�_a`�©Tfa`(X�«�`�±aX�¨MSMfa`�L f i�] Ω µ�&Xcbaf

Ω
X�JMX�¨YJ�f	¨}f	¸

m
SY`[_	� fTi{Q�VaJ�V�]^_TiaJ¡i�]�·gJ�«3¬'´ f'·gX�¬�i�]r_�]�X�X�¨YJ�¬RiTfTf

3
S
Γ
Q�¨YJ

m = 3fRbaf
m = 6

QRVT_aJ/¨MfTSYJ�_a`�©Tfa` µW*WYX�¨Md
Ω
X�J�«�`[_#¶yf	¨(SY`[_	� fTiTU

b, c
Q�i�]�·gJ�«3¬'´ fa`�X�¬yi�]¨_�]�X�X�¨YJ�¬RiTfTfr\¨S

Γ µ �KJ ¯ «k] |Ω| = 13l+1 µ�&Xcbaf
p = 3

Q�¨YJ
l = 2

Q
χ2(g) = (52l+4+α3(g))/10−3

«�`cbaf	¨YX�¬(i�] � QPVaJ/¹�¨YJML W α3(g) = 30m+12 µ� ]nb�`�`MQ
χ3(g) = (78l + 6 + α2(g))/15 − 16

f
α2(g) = 45n + 18 µ � ]^Z ZR]^Z\©TfaXcbk] α3(g)

Q
α2(g)«�`cb3¬'¨YX�¬¡i�]¡N � Q	¨YJ 5m+ 2

f
5n+ 2

«�`cb3¬'¨YX�¬}i�]�N � QTVaJ/¹�¨YJML W m = n = 10
QTVT_aJ/¨MfTSYJ�_a`�©Tfa` µ�&Xcbaf

p = 2
Q�¨YJ

l = 1, 3
Q�©TfaXcb�J

χ2(g) = (52l+4+α3(g))/10−3
ia`�©a`�¨MiaJTQgVaJ/¹�¨YJML W

α3(g) =
20m+8l− 4 µ � ]nb�`�`MQ�©TfaXcb�J χ3(g) = (78l+6+α2(g))/15− 16

©a`�¨MiaJ f
α2(g) = 30n+12l− 6 µ� ]^ZrZR]^Ze©TfaXcbk]

α3(g)
Q
α2(g)

«�`cb3¬'¨YX�¬ i�] N � Q�¨YJ 5m+2l− 1
f
5n+2l− 1

«�`cb3¬'¨YX�¬ i�] N � µ �&Xcbaf
l = 1

Q	¨YJ
m = n = 5

Q�] `�Xcbaf
l = 3

Q	¨YJ
m = n = 10 µ M ¨YX[h7«k] α3(g) = 104

Q
α2(g) = 156 µ B

� ¥��%� �VGID,��021 - �	$�� �P��� �����B�s�3 �� � �B�7 B��
'�s"	�P����$	���"!
(1)

"����"���#!�3�502�º"������	�	���
S(G)

�'
���������� � {2, 3} �
� "3 	1	1 - �

�
(2) �

- � - ���
T̄
� "3 	1	1	0

Ḡ = G/S(G)
�3 - � - "���$

L2(25)
*
T̄a �

���
�
�	"�������$���� � "3 	1	1��R1 - "������

����
26
�
S(G) = 1

6



N�¿ �� B��$ - 
�� �¤6 = 6 * �����'$B��
 �¤6��¤6
C
� ]^Z#ZR]^Z

v = 300
Q�¨YJ

S(G)
¬RS�b3¬T`�¨YX�¬ {2, 3, 5} L ¯ _TW§VTVaJ/± µ �'SMf'«aW¡b�`�L$L U m¤©TfaXcb�J |S(G)|ia`�«�`cbaf	¨YX�¬}i�] ¾ µW*WYX�¨Md

T̄
° ªaJ�Z§J^bad ¯ _TW§VTVTU Ḡ = G/S(G) µ W J¤½ m§Q�¨Y`�J�_a`�L&] N|À ¯ _TW§VTV�] T̄ f	¸PJML$J�_3² i�] L2(25)

Q
U3(4)

Q 2F4(2)
′ µ � ]nb�`�`MQ |T̄ : T̄a|

«�`cbaf	¨YX�¬�i�]�\�¾ f³«�`cbaf	¨ � lMl µ W J/¹�¨YJML W T̄ ∼= L2(25)
Q
T̄a

°
«af	¹�«a_�]nbadMi�]�¬ ¯ _TW§VTV�] VaJ�_#¬�«aZR] \�¿ fTi'«�`[Z§XP] � lMl S T̄ µ M ¨YX[h7«k] S(G) = 1 µ B��]^SY`[_	� faL «�J�ZR]�¸n]�¨Y`cbadYX�¨MSYJ�Xcb�`|«�X�¨MSMf	¬�N µ W J¡b�`�L$L$` �hªaJ�Z§J^bad

T ¯ _TW§VTVTU G
f	¸PJML$J�_3²½`[i

L2(25)
f
Ta
° «af	¹�«a_�]nbadMi�]�¬ ¯ _TW§VTV�](VaJ�_#¬�«aZR]È\�¿ µ 	 JML VTdMhR¨Y`[_TiTUt` SMU2©TfaXcb�`[iTf	¬¡VaJ�ZR]�¸�U%Sg]^hR¨^Q©	¨YJ¤«afaX�¨�]^i	ªTfaJ�iTiaJr_a` ¯ Wnb3¬R_TiTU2± ¯ _�]/² X L&]�X�X[fTSYJML�Va`[_a`�X�`�©a`[iTf	± {39, 30, 4; 1, 5, 36} ia`*SYJ/¸�iTf LZR]�`�¨ µ �&b�`|«�X�¨MSMfa` N�«�J�ZR]�¸n]^iaJ µ

� j��'¥#_��	��^�_��
Ë|���]��!����C�-�6������� � � !��o�-#8���<��� �� �����\�����-�2����� , (+*�/5; È &su�4-&)E7u>= /�4�� 4�/59>D>( � N []&�4-= , ;8&�* È �b��9A4-, ;>E7&�4 u P &�4-= /5E � Ë�l7m7l��É������
������-�
	A� f@(37.8354-9>D�u�1 4-&)&%&�dADM/5u>(+*-, b�&6E7&);>&�4�/�*-, 37;0/5= E7354-, *-D>.8(21�3546/5((3 È , /�*-, 37;0( È D>&).8&)(�� R D � �6D>&)(, ( � N�h ;>, b ��HD>&);<* � É�Ê|Ê�Ì�� N2É|É�Ë 9>9 �
S���	��7�� �� ]��� �:$Z���A��	 ��	A��Y d�*4-&).0/5= Ë u È 3�cA&)(i, ;�cA, (+*�/5; È &su�4-&)E7u>= /�42E54�/59>D>(i351McA, /5.8&�*-&�4 S GIG � &)( �7K 3�cA&)( K 4?A9A*-37E54 � NÉ�Ê�Ë�É�� N�P 37= �on�p�� N�R'��É5l�T<O�Ì��
O��������������:��#>�H��� �6Wi�	� � � �<*4-37;>E7= ?e4-&)E7u>= /�4\E54�/59>D>(�B�, *-DX;>37;<*4-, b�, /5=�/5uA*-37.8354-9>D>, (.8(8GIG � , ( È 4-&�*-& j /�*-D � NÉ�Ê�Ë|Ë|� N�P 37= �oS�Ë|Ë|� N�R'��Ë�S�É)T/Ë)O7O��
p�� � �	�`�-��!�#��Z��	A�MR &�4-.�uA*�/�*-, 37;5� 4-37u>9>( � N8K /5.H�A4-, cAE7&�� K /5.H�A4-, cAE7& h ;>, b �>R 4-&)(( � Ë�l7l7l�� N�� � 37;McA37; j /�*-D � ��3 È ��<*-uMcA&);<*��s&�d�*-( Q O<p�� �
n���#�7	)	&%=%U���PÎA��,V�� ��*57��b> : )�A��,A��#� {R������m|�3m|�/��x/�N�9��~�y/x/�N�|��r�v�x/m�r�r/m2��qs�No�n/z���r/m���m7���/�|�5�����9���N�sx���m|��/qN��qN�Nqsp/qsr�x�-

{56, 45, 1; 1, 9, 56} GIG8L m|w�n ��Ñ�Ï7� T�É�Ê�Ë�Ê�� N�B��MO�S�É �>Q p�� N�0��:p�Ë�É)TAp�Ë�p��Ì���� �7�����#>�I���� #o� ���t$%� Ji, ;>, *-& (, .89>= & E54-37u>9>( B�, *-D ;M/�44-3�B 9A4-, .8&X(9:& È *4-u>. GIG ��, �>, 4-&�/5; Y = & È *4 �8j /�*-D �
^ &)9:354*-( � N2É�Ê|Ê7l�� N�P 37= �on�� N�R'��Ë�T/Ë�É��
WKX�Y"XHZ"[5\%]	^.XH_I\�`ba%Y�f'h�������Y� "!'[gf'hIiIjdk�l
mon$#o�1q1r�w� 8xKt1��w&%�w�'�(%|'{,q1r%��w
0 qs��qN��m u � �NqN�|x�r/�Nw�x�-R��m|�so�y������N�|��qsr�r�t�-�o�r�x���qN���sx/��qN��x/� � 2 ��)7��* qN�|���No���m��������(DG : > E P�7I£ : �o&o�±7	U�< : T�&o�z=5< : (	O :�E &%=�=� ��0�0 /8� � S7n�É�Ê�É7p ��Ð9n���y/x/w�����w����|��o�n � ÐB���|o��|x�r���� O�n
Y u'.0/5, =���¥"�bª"���"��©I©�+����'©I��¥	§�©b��+��",���§s@w,v��1|'rQ 8xK|'{,¡%w�����pg 8xK|'{,¡o|'|'r%t1}
/ r/�N�|x/�|o����9����qN�9���|x/w�xRx��3qs~���r�x/w�x�Sa� � � Ñ�Ï ��D7	)>�o( E � : Uo(	O¾7	U�< : T�&o�z= E (DC,(	Uo(	<.=�=� ��0�0 /8� � n�É�Ê7l7l|Ê � 4 w�����qN��x�r/{�o����s��o�n �%0�� 2 m�����n/qs���Nw�m"-�� Ë�n
Y u'.0/5, =���§�©�-I«I��.����b�.§I§J���b��©	�R�3�"�



� � ��
'� - � - " ���3������e���B������$ � � - $	$ - "�� �  �����"�$ -��/- � "������ Nnm
³�· °�� ®�³ ¯ ³�´�»8¿ �  ¯  ³�² ° º � 1® ° ·5ÀH¬5L�´�¬Hµ ��¸�° ´ µ�´ ° »8¿
½ � ®�¿ � ·�®�¬8´�1¬HÀH® � ³�·Â³�² ° ´�´ °��  {39, 30, 4; 1, 5, 36}

µ�Ã��DÉNÅbÆ � ° µ Á µ QN¯ ���	� É�
IÆ ° µ ° µ
k��� 3<37= &); 9:37(&�c`*-D>&�9A4-3��>= &). 351C(+*-uMc�?A, ;>E0cA, (+*�/5; È &su�4-&)E7u>= /�4 E54�/59>D>(H, ;tB�D>, È D ;>&), E7Db�:354-D>3<3�cA(H351]b�&�4*-, È &)("/�4-&
(+*4-37;>E7= ?e4-&)E7u>= /�48E54�/59>D>(�B�, *-Da*-D>&\(& È 37;Mca&), E7&);�b7/5= u>& 6 t 1�3540/ E7, b�&);a9:37(, *-, b�&`, ;<*-&)E7&�4 t � �6D>, (�9A4-3��>= &). , (
4-&�cAu È &�ca*-3�*-D>& cA&)( È 4-, 9A*-, 37; 351�cA, (+*�/5; È &su�4-&)E7u>= /�4`E54�/59>D>(0, ;XB�D>, È D ;>&), E7Db�:354-D>3<3�cA(\351 b�&�4*-, È &)(\/�4-& (+*4-37;>E7= ?
4-&)E7u>= /�4gE54�/59>D>(\B�, *-D ;>37;�u'9A4-, ; È , 9M/5=H&), E7&);�b7/5= u>& t 1�354 t = 1, 2, . . . � &�* Γ �:&�/acA, (+*�/5; È & 4-&)E7u>= /�4gE54�/59>D 351
cA, /5.8&�*-&�4 3 B�, *-D &), E7&);�b7/5= u>&)( θ0 > θ1 > θ2 > θ3 � f'1 θ2 = −1

� *-D>&);��<? R 4-379:37(, *-, 37; O�� É�� Ë�Ì 1 4-37. *-D>&��:3<37F� � , (+*�/5; È &su ^ &)E7u>= /�4!� 4�/59>D>(�� � [C4-37u<B6&�4 L[��YI� � K 37D>&); L[�>jP� � � &)u>.0/5, &�4 L[� � *-D>& E54�/59>D Γ3 , (6(+*4-37;>E7= ?84-&)E7u>= /�4
/5;Mc Γ , (t/5; /5;<*-, 9:3�c>/5= E54�/59>D , 1�/5;Mc 37;>= ? , 1 Γ3 , (g/ È 3 È = , Ï<u>& �!� &�* Γ �:&�/acA, (+*�/5; È &su�4-&)E7u>= /�4gE54�/59>D /5;Mc
*-D>&0E54�/59>D>( Γ2

�
Γ3 /�4-&`(+*4-37;>E7= ? 4-&)E7u>= /�4 � f'1 k < 44

� *-D>&); Γ DM/5(�/5;a, ;<*-&�4-(& È *-, 37; /�44�/)? {19, 12, 5; 1, 4, 15}
�

{35, 24, 8; 1, 6, 28} 354 {39, 30, 4; 1, 5, 36} � f@; *-D>&ÎÌ>4-(+*t*@B63 È /5(&)(t*-D>&�E54�/59>D cA3<&)(g;>35*g&�dA, (+* / ÈNÈ 354�cA, ;>E *-3
*-D>&8B6354-F�(�351 � &)E54�/5&�4 k�� � f@(37.8354-9>D�u�1 4-&)&8&�dADM/5u>(+*-, b�&8E7&);>&�4�/�*-, 37; /5= E7354-, *-D>.8(�1�3548/5((3 È , /�*-, 37;X( È D>&).8&)(�� /5;Mc
k uA4-, (, È L[� � P , c>/5= , k�� � Y d�*4-&).0/5= Ë u È 3�cA&)(�, ;tcA, (+*�/5; È &su�4-&)E7u>= /�4HE54�/59>D>(%3512cA, /5.8&�*-&�4 S � � f@;\*-D>, (%9M/59:&�4�B6&H1�37u>;Mc
*-D>&"9:37((, �>= &�/5uA*-37.8354-9>D>, (.8(%3512/�cA, (+*�/5; È &"4-&)E7u>= /�4HE54�/59>D\B�, *-Dg/5;g/�44�/)?`351Z, ;<*-&�4-(& È *-, 37;>( {39, 30, 4; 1, 5, 36} �
Ð�ÑbÒuÓ�Ô%Õ"Ö�×|¡ 4-&)E7u>= /�4HE54�/59>D � (+?A.8.8&�*4-, È E54�/59>D � cA, (+*�/5; È &su�4-&)E7u>= /�4HE54�/59>D � /5uA*-37.8354-9>D>, (. E54-37u>9>(�3512E54�/59>D �
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���	�S�'���/�7�¤���	�/�/ #¡'�	r/m���m�p�n/qsr���w�m|�3�	o��|���|x��|r���z�{���r���~�m�������n���qN{|�/�����/���N}[qs��n/qsr�x/q[�	r/m���m�p�n/qsr�����m��/qN�/� u��m|� B qs��n�x�v�������qs�No�n/z���x/����v�x/z �

A9D5d¤b9¥/¦[¥#kaja¥

Q W�«�`�L}VaJ^bad�¸PJ�Sg]�¨MdYX�¬ X�¨�]^i'«k]^_	¨MiTUtL fyJ�§MJ/¸�i�]�©a`[iTf	¬TL f Z Q R Q C «Tb3¬(L iaJ�¶ `�X�¨MSRªa`cbaU7·�QPSY`�´ ` LX�¨MSY`[iTiTU7·�QkZ§JML VRb�`[Z§X[iTU7·\©TfaX�`cb�X�JMJ/¨MSY`�¨YX�¨MSY`[iTiaJ µ �½]�L�VaJ�i�]�«�J�§�¬'¨YX�¬\¨�]^Z	¶ `yXcb�`|«aW§hR´ fa`½VaJ�« LL iaJ�¶ `�X�¨MSg]\¹�¨Mf'·!L iaJ�¶ `�X�¨MS �
Z+ = {j ∈ Z : j > 0} Q Z− = Z\Z+

Q
Γ = {ξ ∈ C : |ξ| = 1} Q

D+ = {ξ ∈ C : |ξ| < 1} Q D− = C\D+ Q D± = D± ∪ Γ µ� `[_a`�¸
GB

J�§MJ/¸�i�]�©TfaL ¯ _TW§VTVTW¡J�§�_�]�¨MfaL U7·h¹[b�`�L$`[i	¨YJ�S�]nb ¯ `�§�_TU B µW*WYX�¨Md
A
° Z§JML$L W�¨�]�¨MfTSMi�]�¬ §Y]^i�]�·gJ�Sg]}]nb ¯ `�§�_�]  	 Q ��®jXy`|«afTiTf	ªa`�± e QK] m ∈ Z+

µ � `[_a`�¸
W (Γ,A)

J�§MJ/¸�i�]�©TfaL�	 Q � A L ¸�i�]�©TiTU7· ² W§iTZ	ªTf	±¡SMf'«k]
W (Γ,A) =

{
A(ξ) =

∑

j∈Z
ajξ

j :
∥∥A(ξ)

∥∥
W

=
∑

j∈Z

∥∥aj
∥∥
A
<∞

}
.

� ]�X�X�L$J/¨M_TfaL�Xcb�`|«aW§hR´ fa` VaJ�«k]nb ¯ `�§�_TU	 Q � W (Γ,A)
�

W+(Γ,A) =

{
A(ξ) =

∑

j

ajξ
j : aj = 0, j ∈ Z−

}
,

W−(Γ,A) =

{
A(ξ) =

∑

j

ajξ
j : aj = 0, j = 1, 2, . . .

}
.

O*X[iaJTQ	©	¨YJ
W+(Γ,A) ∩W−(Γ,A) = A

µW*_TfvfaX�Xcb�`|«�J�Sg]^iTfTf J�Va`[_�]�¨YJ�_aJ�S �K`[VRbaf	ª�] _a` �y]^hR´ faL �y] ¯ JML ¬RS�b3¬T`�¨YX�¬ ²(]^Z	¨YJ�_Tf	¸n] LªTf	¬
X[faL SYJ^bk]  X�L µ ½ N»e � À ®cQ�¨ µ ` µ ` ¯ J�VT_a`|«�X�¨�]^S�b�`[iTfa`�S�SMf'«�` a(ξ) = a−(ξ)a0(ξ)a+(ξ)
Q ¯ «�`

a±(ξ) ∈ GW±(C,Γ)
Q
a0(ξ) ∈ W (C,Γ) µ ��VT_a`|«Tbk] ¯ ]�`�L$J/±�_�]/§MJ/¨Y`}f	¸�W�©�]�`�¨YX�¬�]^i�]nb�J ¯ ¨�]^Z§J ¯ JVT_a`|«�X�¨�]^S�b�`[iTf	¬ «Tb3¬�L iaJ ¯ J/©Rb�`[iaJ�S�XÈZ§J/¹�²�² f	ªTfa`[i	¨�]�L f!f	¸ W§iTf	¨�]nbadMiaJ/± 	 Q � §M`�¸ _�]�«afTZR]nbk]RQVT_TfTSYJ�«3¬'¨YX�¬�ia`[Z§J/¨YJ�_TUt`½VT_TfRb�J�¶ `[iTf	¬ ¹�¨YJ ¯ JÈ_a`�¸�Wnbad�¨�]�¨�] µ
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� J�ZR]�¸n]�¨Y`cbadYX�¨MSg]ÈVT_TfTSYJ�«afaL U7·}S ¹�¨YJML V�]^_�] ¯ _�]/²½`�²(]^Z	¨YJ�S ¨M_TW�«k] ia`*VT_a`|«�X�¨�]^S�b3¬RhR¨ f}L$J L¯ W�¨ b�` ¯ Z§J¼§�U2¨MdÈSYJMX[VT_aJ�f	¸�SY`|«�`[iTUÁ©Tf	¨�]�¨Y`cb�`�L µ� `[_a`�¸
MA

§�W�«�`�L�J�§MJ/¸�i�]�©�]�¨Md�VT_aJMX�¨M_�]^iaX�¨MSYJ�L&]^Z§X[faL&]nbadMiTU7· f'«�`P]nb�J�S�	 Q � A
Q ]g©a`[_a`�¸

RadA
° _�]�«afTZR]nb�¹�¨YJ/±#]nb ¯ `�§�_TU µW*WYX�¨Md

χ ∈ MA
Q%]

ξ0 ∈ Γ
Q'J�§MJ/¸�i�]�©TfaL ©a`[_a`�¸

χ × ξ0
² W§iTZ	ªTfaJ�i�]nbKQ)J�VT_a`|«�`cb�`[iTiTU2±�i�]

¹[b�`�L$`[i	¨�]�·�	 Q � W (Γ,A)
_�]^SY`[iaX�¨MSYJML
(
χ× ξ0

)
( ∞∑

j=−∞
ajξ

j

)
=

∞∑

j=−∞
χ(aj)ξ

j
0.

� ¥��%� ��A9D��S" - ���|"���$B����
 - �����3���3��������$	0	� �#������� - 
P=�� �
W (Γ,A)

�/- ��� - � - " ��$ - � - �51����
��� 

MA× Γ
* � 6 � 6 �3�������P
��#�

MW (Γ,A) =
{
χ× ξ0 : χ ∈ MA, ξ0 ∈ Γ

}
.

� �,¥/¦ ���'b9ja¥\A9D �� 3�����
A �

=�� � ���s���	$	� � ��� *
MA �

1#" - ���|"���$B����
 - �����3���3��������$	0	�g�#���
���� - 
Å=�� �

A
*
A(ξ) =

∑
j ajξ

j ∈ W (Γ,A)
6 �S"�� -�� "��� - 
���$	�B��� �3����������$#���

�
�B������$B���

A(ξ)
�'
���������� � - 1#"��s�����B��$	$���� $��

MA× Γ
�2 	$	� � ��� A(χ, ξ) =∑j χ(aj)ξ

j 6
� ¥��%� � JBD$�S" - ���|"���$B����
 - �����3���3��������$	0	�Æ�#������� - 
 =�� �

W±(Γ,A)
�/- ��� - � - " ��$ - � - �

�1����B�� 
MA×D± * � 6 � 6 �3�������P
��#�

MW±(Γ,A) =
{
χ× ξ0 : χ ∈ MA, ξ0 ∈ D± }.

M ¨YL$`�¨MfaL%QB©	¨YJrSMSMf'«aW�ia`[_�]^SY`[iaX�¨MSg] |χ(aj)| 6 ‖aj‖
VT_Tf#bah�§MJML ² fTZ§X[fT_aJ�Sg]^iTiaJML

χ ∈ MA² W§iTZ	ªTf	¬
A(χ, ξ)

¬RS�b3¬T`�¨YX�¬e¹[b�`�L$`[i	¨YJML�]nb ¯ `�§�_TU W (Γ,C) µ Q J^b�`�`R¨YJ ¯ JTQ§SyX[fRbaW L Wnbad�¨MfTVRbafTZR] L¨MfTSMiaJMX�¨Mfg¹[b�`�L$`[i	¨YJ�S
MA

J/¨YJ�§�_�]�¶ `[iTfa`
A(ξ) 7→ A(χ, ξ)

¬RS�b3¬T`�¨YX�¬ ¯ JML$JML$J�_3² f	¸PL$JML�]nb ¯ `�§�_TU
W (Γ,A)

S ]nb ¯ `�§�_TW W (Γ,C) µ
��¥#`9_a¥�� � A9D 4 �B�s�3 �� � �B�2 3��� - 
����

�
�	
��	
����B��$B��$	0 !

1) A(ξ) ∈ GW (Γ,A) �
2) A(ξ0) ∈ GA

�����h��� ��-��/- ���	�3���#" - 
���$	$ -��/-
ξ0 ∈ Γ �

3) A(χ, ξ) ∈ GC(MA× Γ)
* � 6 � 6

A(χ, ξ) 6= 0
*
(χ, ξ) ∈ MA× Γ

6
� ¥��%� �¼HID�
,�����	�	��� =�� �

W (Γ,A)
� - ��� - �B�7�32��� ���>� - ����� - ��� �

�
�B������$B� - 


�
� - � ��� � � � "�0 *


'����� -
�
� ��� � �B��$B��0��2 #"��'��� - � - "�0	� * �'
���� �P��� � � �B������$B�����5�h"������	�	����� =�� � A

!

RadW (Γ,A) =

{
∑

j

ajξ
j ∈W (Γ,A) : (∀ j) aj ∈ RadA

}
.

� �,¥/¦ ���'b9ja¥\JBD 
,�����	�	���\=�� �
W (Γ,A)

�|"��	
������B��$Æ� -�� ���¤��� - ����� - � -�� ��� * � -�� ���e�|"��	
��
����B��$e"������	�	����=�� �

A
6

��¥#`9_a¥�� �ÅJBD 4 �B�s�3 �� � �B�2 3��� - 
����¼"���
�$ - ���	����$	0 !
1) A(ξ) ∈ GW±(Γ,A) �
2) A(ξ0) ∈ GA

�����h��� ��-��/- ���	�3���#" - 
���$	$ -��/-
ξ0 ∈ D± �

3) A(χ, ξ) 6= 0
*
(χ, ξ) ∈ MA×D± �

4) A(χ, ξ) 6= 0
*
(χ, ξ) ∈ MA× Γ

�
indξ∈ΓA(χ, ξ) = 0

*
χ ∈ MA

6



\Ml �P������$��� 	� �¤6��S6
HID����ka`9b9ka` �Ã_a¥���^��������	�

W*WYX�¨Md
K
° X[S�¬'¸�iTU2±�Z§JML V�]^Z	¨ µ M §MJ/¸�i�]�©TfaL ©a`[_a`�¸ C(K)

§Y]^i�]�·gJ�SYJ�VT_aJMX�¨M_�]^iaX�¨MSYJ�ia`[VT_a` L_TU%SMiTU7·¡i�]
K
² W§iTZ	ªTf	± µ

� ¥��%� � ��D �� 3�������5$ -��/- �/�B��$
p(t, ξ) =

∑n
k=0 αk(t)ξ

k * αk(t)∈C(K)
* ����� - 
 * ��� -

p(t, ξ) 6= 0
*

(t, ξ) ∈ K × Γ
6�+�-�� ���¤�	$#�����3�

indξ∈Γ p(t, ξ)
$B�����
��B���B� - �

t ∈ K
�h�3�������!������� - $B�s"���
'��$B����
 -

indξ∈Γ p(t, ξ) 6 n
6

��¥#`9_a¥�� � HID �7���	�Á�5$ -��/- �/�B��$
p(t, ξ) =

∑n
k=0 αk(t)ξ

k * αk(t) ∈ C(K)
�
p(t, ξ) 6= 0

*
(t, ξ) ∈ K × Γ

* � - $����#�3 B��� � �5$ -��/- �/�B��$	0
pm(t, ξ)

*
qn−m(t, ξ)

�¤� -
�
� ��� � �B��$B�����5�Å�3 C(K)�����	�B� * ��� -

p(t, ξ) = pm(t, ξ)qn−m(t, ξ)
* �h1#"��

�
� - �

1) m = deg pm(t, ξ) = indξ∈Γ p(t, ξ)
*
n−m = deg qn−m(t, ξ) �

2) pm(t, ξ) 6= 0
*
(t, ξ) ∈ K ×D− � qn−m(t, ξ) 6= 0

*
(t, ξ) ∈ K ×D+

6
C

��]/² fTZ§X[fT_TWY`�L
t ∈ K

f�VaJ^b�J�¶yfaL
m = indξ∈Γ p(t, ξ) µ �'J ¯ bk]�X[iaJ X[SYJ/±aX�¨MSg]�LfTi'«�`[Z§XP]

indξ∈Γ p(t, ξ)
`�X�¨Md ©TfaXcb�J;iTWnb�`�± L iaJ ¯ J/©Rb�`[i�] p(t, ξ)

S J�§^bk]�X�¨Mf
D+ µ W*WYX�¨Md

ξ1(t), ξ2(t), . . . , ξm(t)
° SYX�`rZ§J�_TiTf ¹�¨YJ ¯ J�L iaJ ¯ J/©Rb�`[i�]RQ&VT_Tf	©a`�LZR]�¶¤«aU2±�Z§J�_a`[iTd�VaJ�S�¨YJ�_a`[iX�¨YJ^badMZ§J�_�]�¸YQ ZR]^Z§J�Sg]�` ¯ J#ZT_�]�¨MiaJMX�¨Md µ �KJ ¯ «k]RQ$VaJ^bad�¸�W�¬TX[d�¨Y`�J�_Tfa`�± SMU2©a`�¨YJ�SaQ ia`�¨M_TW�«aiaJ VaJ^baW L©Tf	¨MdaQ	©	¨YJ
1

2πi

∫

Γ

ξsp′ξ(t, ξ)

p(t, ξ)
dξ =

m∑

k=1

ξsk(t), s = 1, 2, . . .

��¸�VaJMXcb�`|«aia`�±¤²½J�_aL WnbaU�Xcb�`|«aWY`�¨^Q�©	¨YJ¨X[WRL$L U!�*dMhR¨YJ�i�]
Sk(t) =

∑m
s=1 ξ

k
s (t)

Z§J�_Tia`�± L iaJ ¯ J/©Rb�` Li�]RQ§b�`�¶ ]�´ f'·�SyJ�§^bk]�X�¨Mf
D+ QR`�X�¨Md ia`[VT_a`[_TU%SMiTUt`½i�] K ² W§iTZ	ªTfTfrVT_Tf�bah�§MJML

s = 1, 2, . . .
� J

¨YJ ¯ «k]rX�J ¯ bk]�X[iaJº²½J�_aL Wnbk]�L��*dMhR¨YJ�i�] ° � fT_�]^_�]¼¹[b�`�L$`[i	¨�]^_TiTUt`ÈX[faL$L$`�¨M_Tf	©a`�X[ZTfa` ² W§iTZ	ªTfTfZ§J�_Tia`�±
ξ1(t), ξ2(t), . . . , ξm(t)

¨�]^Z	¶ ` ia`[VT_a`[_TU%SMiTU i�]
K µ W J^b�J�¶yfaL pm(t) =∏m

s=1(ξ − ξs(t))f
qn−m(t) = p(t)/pm(t)

µ ��X[fRbaW}X�«�`cbk]^iTiTU7· ¸n]�L$`�©�]^iTf	± L iaJ ¯ J/©Rb�`[i pm(t) faL$`�`�¨ Z§J/¹�²�² f	ªTf L`[i	¨MU½Q�ia`[VT_a`[_TU%SMiTUt`Èi�]
K
QkVT_Tf	©a`�L�Z§J/¹�²�² f	ªTfa`[i	¨¡VT_Tf�X�¨�]^_	� `�±�X�¨Y`[Va`[iTf�_�]^SY`[i�N µ W J^bad�¸�W L¬TX[d¡X�¨�]^i'«k]^_	¨MiTUtL�]nb ¯ J�_Tf	¨YL$JML «�`cb�`[iTf	¬�L iaJ ¯ J/©Rb�`[iaJ�SaQ�ia`�¨M_TW�«aiaJº¸n]�L$`�¨Mf	¨MdaQI©	¨YJ�L iaJ ¯ J/©Rb�`[i

qn−m(t)
¨�]^Z	¶ `¨faL$`�`�¨(Z§J/¹�²�² f	ªTfa`[i	¨MU½QYia`[VT_a`[_TU%SMiTUt`ji�]

K µ �&Xcb�J�SMf	¬�N�®cQg\�® VT_Tf¼¹�¨YJML�SMU%VaJ^b Li	¬RhR¨YX�¬¡VaJyVaJMX�¨M_aJM`[iTfTh µ BW*WYX�¨Md
A
° 	 Q � Q P (ξ) =∑n

j=0 pjξ
j Q pj ∈ A

µ �½b3¬ P (ξ) ∈ GW (Γ,A)
VaJ^b�J�¶yfaL

ωj(P, ξ) =

ξj(P (ξ))−1 Q j ∈ Z+
µ

��¥#`9_a¥�� � ��D �� 3�����
A �

 	$	�B��������$����Å=�� � � ��¤"������	�	����� *
P (ξ) =

∑n
j=0 pjξ

j * pj ∈ A
6

�7���	�
P (ξ) ∈ GW (Γ,A)

* � - $����#�3 B��� ���5$ -��/- �/�B��$	0
Pm(ξ)

*
Qn−m(ξ)

��� -
�
� ��� � �B��$B�����5���3=�� �

A
�����	�B� * ��� -

P (ξ) = Pm(ξ)Qn−m(ξ)
* �h1#"��

�
� - �

1) ωj(Pm, ξ) ∈ W−(Γ,A)
*
j = 0, 1, . . . ,m

* 1#"��������
ωj(Pm,∞) = 0

*
j = 0, 1, . . . ,m − 1

*
ωm(Pm,∞) = I �

2) ωm(Pm, ξ) ∈ GW−(Γ,A) �

3) (Qn−m(ξ))−1 ∈W+(Γ,A)
6

C
� ]�X�X�L$J/¨M_TfaL ² W§iTZ	ªTfTh

P (χ, ξ)
Q
(χ, ξ) ∈ MA × Γ µ �'J ¯ bk]�X[iaJ\¨Y`�J�_a`�L$` N P (χ, ξ) 6= 0

Q
(χ, ξ) ∈ MA × Γ

Q VaJ/¹�¨YJML W i�] ZR]�¶¤«�J/±�Z§JML VaJ�ia`[i	¨Y`#X[S�¬'¸�iaJMX�¨Mf�VT_aJMX�¨M_�]^iaX�¨MSg]�L&]^Z§X[faL&]nbad LiTU7·}f'«�`P]nb�J�SrfaL$`�`�¨�L$`�X�¨YJÈVT_a`|«�X�¨�]^S�b�`[iTfa` ² W§iTZ	ªTfTf
P (χ, ξ)

Q�J�VTfaXP]^iTiaJM` S¼¨Y`�J�_a`�L$` � µ "#J�¶ LiaJ#X�©Tf	¨�]�¨MdaQ5©	¨YJ#VT_a`|«�X�¨�]^S�b�`[iTfa`
P (χ, ξ) = Pm(χ, ξ)Qn−m(χ, ξ)

faL$`�`�¨�L$`�X�¨YJ#i�]}SYX�`�L Z§JML LV�]^Z	¨Y`
MA × Γ µ �½b3¬ ¹�¨YJ ¯ J «�JMX�¨�]�¨YJ/©TiaJ�VaJ^b�J�¶yf	¨Md�Z§J/¹�²�² f	ªTfa`[i	¨MU L iaJ ¯ J/©Rb�`[iaJ�S Pm(χ, ξ) Q

Qn−m(χ, ξ)
_�]^SMiTUtL fÅ² W§iTZ	ªTf	¬TL%Q{J�VT_a`|«�`cb�`[iTiTUtL i�]¡Z§JML VaJ�ia`[i	¨�]�·!X[S�¬'¸�iaJMX�¨Mf

MA
Q{VT_Tf�X�J LJ/¨MSY`�¨YX�¨MSMW§hR´ f'·�X�¨Y`[Va`[i	¬�·

ξ µ � ¨Mf ² W§iTZ	ªTfTf�ia`[VT_a`[_TU%SMiTU i�]�ZR]�¶¤«�J/±�Z§JML VaJ�ia`[i	¨Y`�f{Q)Xcb�` L«�J�Sg]�¨Y`cbadMiaJTQ'J�iTf�ia`[VT_a`[_TU%SMiTU i�]
MA

µ W JMX[Z§J^badMZTW RadA
¨M_TfTSMf�]nb�`[i{Q�¨YJ�VT_a`�J�§�_�]�¸PJ�Sg]^iTfa`



� "���� � ��1	�B��$	�	���5$ -��/- �/�B��$ - 
 \RN
�§`cbad�²(]^i'«k]¡`�X�¨Md¡L$J�iaJML$J�_3² f	¸PL §Y]^i�]�·gJ�SYJ/±�]nb ¯ `�§�_TU

A
S
C(MA) µ � ¨YJ�J/¸�i�]�©�]�`�¨^QI©	¨YJrfaL$`�`�¨L$`�X�¨YJ¨VT_a`|«�X�¨�]^S�b�`[iTfa`

P (ξ) = Pm(ξ)Qn−m(ξ) µ W*_Tf!¹�¨YJML�W�¨MSY`[_#¶¤«�`[iTf	¬¡N�®cQ�\�®cQ � ®�faL$`[hR¨*L$`�X�¨YJVaJ VaJMX�¨M_aJM`[iTfTh µ B
��D� �'¥ ���,j��a¥#b����³` �a¥#_��	�'`9_���� � �a`	�,jaka`��Rj������9k�� �Rj ��j��Rb9`	��� �Rj

W*WYX�¨Md
H
° ¯ fRbad�§M`[_	¨YJ�SYJ½VT_aJMX�¨M_�]^iaX�¨MSYJTQ L(H)

° §Y]^i�]�·gJ�Sg](]nb ¯ `�§�_�] SYX�`|· bafTia`�±TiTU7·ÈJ ¯ _�] LiTf	©a`[iTiTU7·}J�Va`[_�]�¨YJ�_aJ�SaQ	«�`�±aX�¨MSMW§hR´ f'·�SyVT_aJMX�¨M_�]^iaX�¨MSY`
H µ M §MJ/¸�i�]�©TfaLÃ©a`[_a`�¸ L2(Γ,H) ¯ fRbad L§M`[_	¨YJ�SYJyVT_aJMX�¨M_�]^iaX�¨MSYJ

H L ¸�i�]�©TiTU7· ² W§iTZ	ªTf	±{QTJ�VT_a`|«�`cb�`[iTiTU7·}i�]y`|«afTiTf	©TiaJ/±#J�ZT_TW�¶yiaJMX�¨Mf{Q

L2(Γ,H) =

{
φ(ξ) =

∑

j∈Z
φjξ

j : φj ∈ H,
∑

j∈Z

∥∥φj
∥∥2
H
<∞

}

X½J/©a`[SMf'«aiTUtL f#J�Va`[_�]�ªTf	¬TL f{Q�iaJ�_aL$J/±}f�X[ZR]nb3¬R_TiTUtL�VT_aJ�f	¸�SY`|«�`[iTfa`�L µ W*_aJM`[Z	¨YJ�_TU�i�] VaJ�«aVT_aJ LX�¨M_�]^iaX�¨MSg]
L+
2 (Γ,H) =

{
φ(ξ) =

∑

j∈Z
φjξ

j ∈ L2(Γ,H) : φj = 0, j ∈ Z−

}
,

L−
2 (Γ,H) =

{
φ(ξ) =

∑

j∈Z
φjξ

j ∈ L2(Γ,H) : φj = 0, j ∈ Z+

}

§�W�«�`�L�J�§MJ/¸�i�]�©�]�¨Md
P+ Q P− X�JMJ/¨MSY`�¨YX�¨MSY`[iTiaJ µ� ]�X�X�L$J/¨M_TfaL�J�Va`[_�]�¨YJ�_ �K`[VRbaf	ª�]

TA : L+
2 (Γ,H) → L+

2 (Γ,H)
Q VaJ�_aJ�¶¤«k]�`�L U2±�X[faL SYJ^b�JML

A(ξ) ∈W (Γ, L(H))
fº«�`�±aX�¨MSMW§hR´ f	±}VaJyVT_�]^SMfRbaW

φ(ξ) 7→ (TAφ)(ξ) = P+A(ξ)φ(ξ) µW*WYX�¨Md
A ⊆ L(H)

° Z§JML$L W�¨�]�¨MfTSMi�]�¬ VaJ�«k]nb ¯ `�§�_�]¡]nb ¯ `�§�_TU L(H)
X�¨YJ�¶¤«�`�X�¨MSY`[iTiTUtL�J�Va` L_�]�¨YJ�_aJML�S�ZR]�©a`�X�¨MSY`#`|«afTiTf	ªTU½Q�ia`¡faL$`[hR´y]�¬ _�]�«afTZR]nbk] µ �&Xcbaf P (ξ) =
∑n

j=0 pjξ
j Q pj ∈ A

Qf
P (ξ) ∈ GW (Γ,A)

Q�¨YJg©a`[_a`�¸
Pm(ξ)

Q
Qn−m(ξ)

§�W�«�`�L J�§MJ/¸�i�]�©�]�¨Md�L iaJ ¯ J/©Rb�`[iTU½Q VaJMX�¨M_aJM`[i LiTUt` VaJ ² W§iTZ	ªTfTf
P (ξ)

S>¨Y`�J�_a`�L$` � µ�&b�`|«aW§hR´ f	±�_a`�¸�Wnbad�¨�]�¨�¬RS�b3¬T`�¨YX�¬�W�¨YJ/©Tia`[iTfa`�L ·gJ�_aJ � J¡f	¸�SY`�X�¨MiaJ ¯ J�_a`�¸�Wnbad�¨�]�¨�]#J�§}J�§�_�] L¨MfaL$JMX�¨Mf�Xcb�`[Sg]ÈJ�Va`[_�]�¨YJ�_�]È�K`[VRbaf	ª�]RQ�X[faL SYJ^b�JML�Z§J/¨YJ�_aJ ¯ J>¬RS�b3¬T`�¨YX�¬}J�§�_�]�¨MfaL U2±�VaJ^bafTiaJML µ
��¥#`9_a¥�� � ?BD �7���	�

P (ξ) ∈ GW (Γ,A)
* � - - 1B�s"���� - " + ��1	�	� � � TP -�� "������3� ���B��
�� *  #"���


�$B��$	�B�
TPφ = f

"����"���#!�3� - � -�� ���>� � - ����� - � -�� ��� * � -�� ��� � �/- 1#"���
����Å�#�������e �� - 
��B����
 - "������
 3��� - 
����	�

∫

Γ

ξm−k−1(Pm(ξ))
−1f(ξ) dξ = 0, k = 0, 1, . . . ,m− 1.

�S"��g
�021 - �	$B��$	�	�
�
��� �¼ 3��� - 
��	�Æ�s���	$B����
'��$	$ - �2"���#¼��$	�B�S #"���
�$B��$	���

TPφ = f
�3�������!
��#�

φ(ξ) = (Qn−m(ξ))
−1P+(Pm(ξ))

−1f(ξ) = P+(P (ξ))−1f(ξ).

��¥#`9_a¥�� � �ID�� 3�����
P (ξ) ∈ GW (Γ,A)

* �
U(ξ) = P (ξ−1)

6>+�-�� ��� - 1B�s"���� - " + ��1	�	�
�

� � TU -�� "������3� ��1#"���
�� * 1 - ��1#" - ���|"���$B����
 -
ker TU

� - 
�1����������!���	�	$B���	$ - � -���- � - �/� - �����B�������50
S =

{
ξ−j(Pm(ξ−1))−1φj , j = 0, 1, . . . ,m− 1

} *�� ���
φj �

1#" - �3�
 - ����$	0��
�
�B������$B��0»1#" - ���|"���$

�����
��
H
6 � ��� ���7"���#¼��$	�B�2 #"���
�$B��$	���

TUφ = f
�3�������P
��#�

φ(ξ) =
m−1∑

j=0

ξ−j
(
Pm
(
ξ−1
))−1

φj +
(
P
(
ξ−1
))−1

f(ξ).
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C
�Å«�J�ZR]�¸n]�¨Y`cbadYX�¨MSY`*iTW�¶¤«k]�`�¨YX�¬Èbaf	� d½W�¨MSY`[_#¶¤«�`[iTfa`*J�¬�«a_a`¨J�Va`[_�]�¨YJ�_�]

TU
µ � X[fRbaWÈX[SYJ/± LX�¨MSg]¼©�]�X�¨Mf	©TiaJ/±�L Wnbad�¨MfTVRbafTZR]�¨MfTSMiaJMX�¨Mf�f�J�§�_�]�¨MfaL$JMX�¨Mf�J�Va`[_�]�¨YJ�_�]

TQn−m(ξ−1)
faL$`�`�¨}L$`�X�¨YJ_�]^SY`[iaX�¨MSYJ

ker TU = ker TPm(ξ−1)
µ �'J ¯ bk]�X[iaJ>¨Y`�J�_a`�L$`�ÂÈfaL$`�`�L

ωj
(
Pm, ξ

−1
)
= ξ−j

(
Pm
(
ξ−1
))−1 ∈W+(Γ,A), j = 0, 1, . . . ,m− 1,VaJ/¹�¨YJML W

ξ−j
(
Pm
(
ξ−1
))−1

φj ∈ L+
2 (Γ,H)

Q
j = 0, 1, . . . ,m− 1,

«Tb3¬}bah�§MJ ¯ J φj ∈ H µ � b�`�L$`[i L¨�]^_Ti�]�¬}VT_aJ�SY`[_TZR]yVaJ�ZR]�¸�U%Sg]�`�¨^Q9©	¨YJ
TPm(ξ−1)ξ

−j(Pm
(
ξ−1
))−1

φj = 0, j = 0, 1, . . . ,m− 1.

�
¨YJ «�J�ZR]�¸�U%Sg]�`�¨^Q�©	¨YJ

l(S) ⊆ ker TPm(ξ−1) = ker TU
µ �KJTQ3©	¨YJySYX�`�¹[b�`�L$`[i	¨MU VaJ�«aVT_aJMX�¨M_�]^iaX�¨MSg]

ker TPm(ξ−1)
¬RS�b3¬RhR¨YX�¬�¹[b�`�L$`[i	¨�]�L f bafTia`�±TiaJ/±yJ�§MJ^b�J/©TZTf X[faX�¨Y`�L U

S
Q�SMU2¨Y`[ZR]�`�¨*f	¸'Xcb�`|«aW§hR´ f'·X�JMJ�§�_�]�¶ `[iTf	± µ � ]�X�X�L$J/¨M_TfaL�X�J�VT_#¬'¶ `[iTiTU2± J�Va`[_�]�¨YJ�_ (TPm(ξ−1))

∗ µ � `�¨M_TW�«aiaJjW'§M`|«af	¨MdYX�¬ SR¨YJML%Q©	¨YJ�J�i ¬RS�b3¬T`�¨YX�¬�J�Va`[_�]�¨YJ�_aJML��K`[VRbaf	ª�]�f faL$`�`�¨�S�ZR]�©a`�X�¨MSY`�X[faL SYJ^bk]�L iaJ ¯ J/©Rb�`[i P ∗
m(ξ) =∑m

k=0 α
∗
kξ
k Qk`�Xcbaf Pm(ξ) = ∑m

k=0 αkξ
k µ W*_Tf\¹�¨YJML α∗

k ∈ A
∗ Q ¯ «�`

A
∗ = {α∗ ∈ L(H) : α ∈ A} µO*X[iaJTQ�©	¨YJ

A
∗ ° W§iTf	¨�]nbadMi�]�¬¡	 Q � §M`�¸j_�]�«afTZR]nbk] frZ�J�Va`[_�]�¨YJ�_TW

TP ∗

m

VT_TfaL$`[iTfaL&]!¨Y`�J�_a`�L&]¤¾ µ�&Xcb�J�SMf	¬}_�]�¸�_a` � faL$JMX�¨Mf
∫

Γ

ξm−k−1(P ∗
m(ξ))

−1f(ξ) dξ = 0, k = 0, 1, . . . ,m− 1,

W§_�]^SMia`[iTf	¬
TP ∗

m
φ = f

L$J�¶yiaJR¸n]^VTfaXP]�¨Md S¨SMf'«�`'WYXcb�J�SMf	±yJ�_	¨YJ ¯ J�i�]nbadMiaJMX�¨MfÈVT_�]^SYJ/±¤©�]�X�¨Mf ia`[Z§J L¨YJ�_aJ/±!X[faX�¨Y`�L$`¼¹[b�`�L$`[i	¨YJ�SaQ�¬RS�b3¬RhR´ f'·gX�¬Æ¹[b�`�L$`[i	¨�]�L f ¬�«a_�]}X�J�VT_#¬'¶ `[iTiaJ ¯ J J�Va`[_�]�¨YJ�_�] µ W*_Tf¹�¨YJML�bafTia`�±Ti�]�¬ J�§MJ^b�J/©TZR]¼¹�¨YJ/±�X[faX�¨Y`�L U�SMSMf'«aW}iaJ�_aL&]nbadMiaJ/±�_�]�¸�_a` � faL$JMX�¨Mf�J�Va`[_�]�¨YJ�_�]
TP ∗

mX�J�SMV�]�«k]�`�¨¡X�¬�«a_aJML�J�Va`[_�]�¨YJ�_�]
(TP ∗

m
)∗ µ �R©Tf	¨MU%Sg]�¬�Q�©	¨YJ (TP ∗

m(ξ))
∗ = TPm(ξ−1)

Qk]ÈW§VaJML5¬RiTW�¨�]�¬X[faX�¨Y`�L&] ¹[b�`�L$`[i	¨YJ�Sr`�X�¨Md
S
QRW'§M`�¶¤«k]�`�L$X�¬}SÈX[VT_�]^SY`|«TbafTSYJMX�¨Mf�¨Y`�J�_a`�L U µ B

?BD� � �	�'_aj��ak���� �'¥ ���,j��a¥#b����³` �a¥#_��	�'`9_����
� ¹�¨YJML�V�]^_�] ¯ _�]/²½`P§�W�«�`�L�VT_a`|«aVaJ^bk] ¯ ]�¨MdaQ�©	¨YJ H = C

n f{Q3©	¨YJ>¸n]/² fTZ§X[fT_aJ�Sg]^i#ia`[Z§J/¨YJ�_TU2±§Y]�¸�faX µ �KJ ¯ «k]RQ{J/©a`[SMf'«aiaJTQ�X[faL SYJ^bÆ¨Y`[VRbaf	ªa`[Sg]�J�Va`[_�]�¨YJ�_�]r`�X�¨Md¡L&]�¨M_Tf	ª�] L ² W§iTZ	ªTf	¬ VaJ�_#¬�«aZR] n µW*WYX�¨Md
A(ξ) = (ajk(ξ)) ∈ W (Γ, L(Cn))

Q9©a`[_a`�¸
(A(ξ))× = (Akj(ξ))

§�W�«�`�L�J�§MJ/¸�i�]�©�]�¨Md�VT_TfaX�J L`|«afTia`[iTiTW§h�L&]�¨M_Tf	ªTW µ � ]�¸�WRL$`�`�¨YX�¬�QYS VT_TfTSY`|«�`[iTiTU7· ¸n]^VTfaX�¬�· Akj(ξ) ° ]nb ¯ `�§�_�]^f	©a`�X[Z§JM`2«�J�VaJ^b Lia`[iTfa`�¹[b�`�L$`[i	¨�]
akj(ξ)

L&]�¨M_Tf	ªTU L ² W§iTZ	ªTfTf A(ξ) µ O*X[iaJTQ'©	¨YJ `�Xcbaf A±(ξ) ∈W±(Γ, L(Cn))
Q�¨YJf

(A±(ξ))× ∈W±(Γ, L(Cn)) µ
��¥#`9_a¥�� � C�D	�� 3�����

A+(ξ) ∈ W+(Γ, L(Cn))
����� - 
�� * ��� -

detA+(ξ) = P (ξ)
*�� ���

P (ξ) ��5$ -��/- �/�B��$ 6�+�-�� ��� * �����	�
P (ξ) 6= 0

*
ξ ∈ Γ

* � -S- 1B�s"���� - " + ��1	�	� � � TA+ : L+
2 (Γ,C

n) → L+
2 (Γ,C

n)-�� "������3� ���B��
�� 6 �7���	�g
�021 - �	$B��$	0  3��� - 
����
n∑

k=1

∫

Γ

ξm−s−1(Pm(ξ))
−1Akj(ξ)fj(ξ) dξ = 0, j = 1, 2, . . . , s = 0, 1, . . . ,m− 1,

� -  #"���
�$B��$	�B�
TA+Φ = F

* � ���
(φ1(ξ), φ2(ξ), . . . , φn(ξ))

τ * F (ξ) = (f1(ξ), f2(ξ), . . . , fn(ξ))
τ *"����"���#!�3� -�6 �S"���
�021 - �	$B��$	�	�

�
��� �º 3��� - 
��	� �s���	$B����
'��$	$ - �R"���#¼��$	�B�� #"���
�$B��$	���

TA+Φ = F�3�������P
��#�
Φ(ξ) = (A+(ξ))−1F (ξ)

6
��¥#`9_a¥�� �\GID"�� 3�����

A−(ξ) ∈W−(Γ, L(Cn))
����� - 
�� * ��� -

detA−(ξ) = P (ξ−1)
*�� ���

P (ξ) ��5$ -��/- �/�B��$ 6>+�-�� ��� * �����	�
P (ξ) 6= 0

*
ξ ∈ Γ

* � - - 1B�s"���� - " + ��1	�	� � � TA− : L+
2 (Γ,C

n) →
L+
2 (Γ,C

n)
-�� "������3� ��1#"���
�� 6�� �������º������� - 
�� - �>��$	�B�

l(S) ⊆ ker TA−

* � ���
l(S) �

�	�	$B���	$����
-���- � - �/�	�V���B�������50

�
�B������$B� - 


S =
{
ξj(Pm(ξ

−1))−1φj, j = 0, 1, . . . ,m − 1
} * 1#"��������

φj �1#" - �3�
 - ����$	0��
�
�B������$B��0»1#" - ���|"���$B����
��

H
6



� "���� � ��1	�B��$	�	���5$ -��/- �/�B��$ - 
 \ �
�ID� ¦[b3^ �R¥#_ak���� �'¥ ���,j��a¥#b����³` �a¥#_��	�'`9_����

W J^b�J�¶yfaL
Γ2 = Γ × Γ

Q
L2(Γ

2) = L2(Γ, L2(Γ))
Q
W (Γ2) = W (Γ,W (Γ))

Q
L±±
2 (Γ2) =

L±
2 (Γ, L

±
2 (Γ))

Q
W±±(Γ2) = W±(Γ,W±(Γ)) µ �'SY`|«�`�L ¨�]^Z	¶ `�Xcb�`|«aW§hR´ fa` J�§MJ/¸�i�]�©a`[iTf	¬��

W±•(Γ2) =W±+(Γ2) +W±−(Γ2)
Q
W •±(Γ2) =W+±(Γ2) +W−±(Γ2) µ

M Va`[_�]�¨YJ�_�VT_aJM`[Z	¨MfT_aJ�Sg]^iTf	¬�i�] VaJ�«aVT_aJMX�¨M_�]^iaX�¨MSYJ L±±
2 (Γ2)

§�W�«�`�L J�§MJ/¸�i�]�©�]�¨Md
P±± µ�(SMWRL$`[_TiTUtLÇ¨Y`[VRbaf	ªa`[SMUtL
J�Va`[_�]�¨YJ�_aJMLi�]�¸�U%Sg]^hR¨�J�Va`[_�]�¨YJ�_

TA : L++
2 (Γ2) → L++

2 (Γ2)
Q

«�`�±aX�¨MSMW§hR´ f	±�VaJ�VT_�]^SMfRbaW
φ(ξ, η) 7→ P++A(ξ, η)φ(ξ, η)

Q ¯ «�` A(ξ, η) ∈ W (Γ2) µ 
(W§iTZ	ªTfTh
A(ξ, η)

i�]�¸�U%Sg]^hR¨ X[faL SYJ^b�JML�J�Va`[_�]�¨YJ�_�]
TA
µ� J�X[f'·�VaJ�_�i�]^f3§MJ^b�`�`#J�§/´ faL�_a`�¸�Wnbad�¨�]�¨YJMLX«Tb3¬�J�Va`[_�]�¨YJ�_�]

Ta : L++
2 (Γ2) → L++

2 (Γ2)¬RS�b3¬T`�¨YX�¬}Xcb�`|«aW§hR´ f	±}ZT_Tf	¨Y`[_Tf	±�ia`�¨Y`[_aJ�SYJMX�¨Mf{QaVaJ^baW�©a`[iTiTU2±#� µ Q µ ��faL$J�ia`[iTZ§J ½ Â/À µ
��¥#`9_a¥�� �³EID � 1B�s"���� - "

Ta : L++
2 (Γ2) → L++

2 (Γ2)
$B�����s" - 
 � -�� ���>�Æ� - ����� - � -�� ��� * � -�� ���

� �/- ���3�5
 - �º �� - 
��B����
 - "������� 3��� - 
����	� !
1) a(ξ, η) 6= 0

*
(ξ, η) ∈ Γ2 �

2) indξ a(ξ, η) = indη a(ξ, η) = 0
6

W*_Tf}SMU%VaJ^baia`[iTfTf�WYXcb�J�SMf	± ¨Y`�J�_a`�L U�fTi'«�`[Z§X(J�Va`[_�]�¨YJ�_�]
Ta
_�]^SY`[i}iTWnbah µ�Æ¹�¨YJML V�]^_�] ¯ _�]/²½`'_�]�X�X�L&]�¨M_TfTSg]�`�¨YX�¬Èia`�¨Y`[_aJ�S�«aSMWRL$`[_TiTU2±yJ�Va`[_�]�¨YJ�_ �K`[VRbaf	ª�]*X)X[faL SYJ^b�JML

a(ξ, η) = a−1(η)ξ
−1 + a0(η) + a1(η)ξ

Q ¯ «�` ak(η) ∈W (Γ)
Q
k = −1, 0, 1 µW*WYX�¨Md

b(ξ, η) = b2(η)ξ
2 + b1(η)ξ + b0(η)

Q ¯ «�` b2(η), b1(η), b0(η) ∈ W (Γ)
f»² W§iTZ	ªTfTf

b2(η), b0(η)
ia`S¬RS�b3¬RhR¨YX�¬ ¨YJ�¶¤«�`�X�¨MSY`[iTiTUtL f¡iTWnb3¬TL f µ �½]�X�§�W�«aW�¨½fTi	¨Y`[_a`�X�J�Sg]�¨Md Z§J�_TiTf W§_�]^SMia` LiTf	¬

b(ξ, η) = 0
S VT_a`|«aVaJ^b�J�¶ `[iTfTf{Q	©	¨YJ½Va`[_a`�L$`[iTi�]�¬

η ∈ Γ
² fTZ§X[fT_aJ�Sg]^i�] µ O*X[iaJTQ#©	¨YJ(faL$`[hR¨YX�¬«aSg] ZT_TfTSMU7·¡Z§J�_Ti	¬

ξ = ξ1(η)
Q
ξ = ξ2(η)

QaJ�VT_a`|«�`cb3¬T`�L U7·¡VaJyX�¨�]^i'«k]^_	¨MiTUtL ²½J�_aL Wnbk]�L µ M «ai�] LZ§J!¹�¨MfrZ§J�_TiTf¡ia`jJ�§�¬'¸n]^iTU�J�§^bk]�«k]�¨MdaQ§SYJMJ�§/´ ` ¯ J�SYJ�_#¬�Q§iTfTZR]^ZTfaL f�X[SYJ/±aX�¨MSg]�L f¡ia`[VT_a`[_TU%SMiaJMX�¨MffRbaf ¯ bk]�«aZ§JMX�¨Mf VaJÈVa`[_a`�L$`[iTiaJ/± η ∈ Γ µ M «ai�]^Z§JTQkJ�ZR]�¸�U%Sg]�`�¨YX�¬�QB©	¨YJÈVT_Tf�ia`[Z§J/¨YJ�_TU7· «�J�VaJ^baiTf L¨Y`cbadMiTU7·rWYXcb�J�SMf	¬�·�J(ZT_TfTSMU7·
ξ = ξ1(η)

Q
ξ = ξ2(η)

L$J�¶yiaJ W�¨MSY`[_#¶¤«k]�¨MdaQ	©	¨YJ J�iTf¡J�§^bk]�«k]^hR¨^QRSia`[Z§J/¨YJ�_aJML!X�L UtXcb�`MQ�¨�]^ZTfaL frX[SYJ/±aX�¨MSg]�L f µ �½]^VT_TfaL$`[_{QYfaL$`�`�¨(L$`�X�¨YJ(Xcb�`|«aW§hR´ `�`%W�¨MSY`[_#¶¤«�`[iTfa` µ
� ¥��%� � ?BD �� 3�����

b(ξ, η) 6= 0
*
(ξ, η) ∈ Γ2 � indξ b(ξ, η) = 1

6�+�-�� ���

b(ξ, η) = d0(η)
(
ξ − ξ1(η)

)(
1− ξ−1

2 (η)ξ
)

�h�#"��	
�0��R$� ��B���
ξ = ξ1(η)

*
ξ = ξ2(η)

����� - 
�0 * ��� -

|ξ1(η)| < 1, ∀ η ∈ Γ, |ξ2(η)| > 1, ∀ η ∈ Γ
�

ξ1(η) ∈W (Γ), ξ−1
2 (η) ∈W (Γ).

C
� J�ZR]�¸n]�¨Y`cbadYX�¨MSYJ¼¹�¨YJ ¯ JyW�¨MSY`[_#¶¤«�`[iTf	¬ ]^i�]nb�J ¯ f	©TiaJ «�J�ZR]�¸n]�¨Y`cbadYX�¨MSMWg¨Y`�J�_a`�L U � µ B���������	��
����	� ��VT_a`|«�X�¨�]^S�b�`[iTfTf

b(ξ, η) = d0(η)(ξ−ξ1(η))(1−ξ−1
2 (η)ξ)

ZTSg]�«a_�]�¨MiaJ ¯ J�¨M_a`|· L©Rb�`[i�]RQTW�«�J�S�b�`�¨MSYJ�_#¬RhR´ ` ¯ JÈWYXcb�J�SMf	¬TL b�`�L$L UÁ¾RQ
d0(η) 6= 0

Q
η ∈ Γ

f
indη d0(η) = indη b(ξ, η)

µ
� ¥��%� ���ID �� 3�����

a+•(ξ, η) ∈W+•(Γ2)
�¼� - 1� 3���	�����¤1#"��s��������
��B��$	�B�

a+•(ξ, η) = a−−(ξ, η)a+−(ξ, η)a−+(ξ, η)a++(ξ, η)ξn,

� ���
n ∈ Z+

* �
a±∓(ξ, η) ∈ W±∓(Γ2)

* 1#"��������
a+−(ξ, η) ∈ GW+•(Γ2)

6�+�-�� ��� - 1B�s"���� - "
+ ��1	�	� � � Ta+•

� - 1� 3���	�����¤1#"��s��������
��B��$	�B�

Ta+• = Ta+−Ta−−Ta−+Ta++Tξn .� ]�X�X�L$J/¨M_TfaL�X[S�¬'¸n]^iTiTU2±#X X[faL SYJ^b�JML
a(ξ, η)

L iaJ ¯ J/©Rb�`[i
p(ξ, η) = ξa(ξ, η) = a−1(η) + a0(η)ξ + a1(η)ξ

2.
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M ©a`[SMf'«aiaJTQ p(ξ, η) 6= 0
Q
(ξ, η) ∈ Γ2 f S�X[fRbaW X[SYJ/±aX�¨MS fTi'«�`[Z§XP]

indξ∈Γ p(ξ, η) = 1
Q

indη∈Γ p(ξ, η) = 0 µ �'J ¯ bk]�X[iaJ b�`�L$L$`g¾�fÅ¸n]�L$`�©�]^iTfTh Z ia`�± i�]�±'«aW�¨YX�¬³² W§iTZ	ªTfTf
ξ = ξ1(η)

Q
ξ = ξ2(η)

¨�]^ZTfa`MQ�©	¨YJ |ξ1(η)| < 1 (∀ η ∈ Γ)
Q |ξ2(η)| > 1 (∀ η ∈ Γ)

Q
ξ1(η) ∈ W (Γ)

Q
ξ−1
2 (η) ∈W (Γ)

QRf¡VT_Tfg¹�¨YJML faL$`�`�¨ L$`�X�¨YJy_�]^SY`[iaX�¨MSYJ
p(ξ, η) = d0(η)

(
ξ − ξ1(η)

)(
1− ξ−1

2 (η)ξ
)
.

M ¨YL$`�¨MfaL%Q,©	¨YJ d0(η) ∈ W (Γ)
Q
d0(η) 6= 0

Q
η ∈ Γ

f
indη d0(η) = indη p(ξ, η) = 0 µ U*J�_aJ � Jf	¸�SY`�X�¨MiaJ ½ \�À Qa©	¨YJ VT_Tf SMU%VaJ^baia`[iTfTf�VaJMXcb�`|«aiTf'· WYXcb�J�SMf	± ² W§iTZ	ªTf	¬

d0(η) ∈ W (Γ)
«�J�VTWYX[ZR] L`�¨�ZR]^iaJ�iTf	©a`�X[ZTW§h ²(]^Z	¨YJ�_Tf	¸n]�ªTfTh S

W (Γ)
�
d0(η) = d−(η)d+(η) µ W*_TfTiTfaL&]�¬�SYJ�SMiTfaL&]^iTfa`VT_TfTSY`|«�`[iTiTUt`!²(]^Z	¨MU½QRVT_a`|«�X�¨�]^SMfaL�X[faL SYJ^b�SÈXcb�`|«aW§hR´ `�L SMf'«�` �

a(ξ, η) = d−(η)
(
1− ξ1(η)ξ

−1
)(
1− ξ−1

2 (η)ξ
)
d+(η).

��X[fRbaW¡X[SYJ/±aX�¨MSg] ©�]�X�¨Mf	©TiaJ/±�L Wnbad�¨MfTVRbafTZR]�¨MfTSMiaJMX�¨Mf�J/¨YX[h7«k]yXcb�`|«aWY`�¨^Q9©	¨YJ
Ta = Td−(η)T(1−ξ1(η)ξ−1)(1−ξ−1

2 (η)ξ)Td+(η).

W JMX[Z§J^badMZTW}J�Va`[_�]�¨YJ�_TU
Td−(η)

Q
Td+(η)

J�§�_�]�¨MfaL U f¡VT_Tfg¹�¨YJML
(Td−(η))

−1 = T(d−(η))−1 , (Td+(η))
−1 = T(d+(η))−1 ,

¨YJ�VaJ�SY`|«�`[iTfa`�J�Va`[_�]�¨YJ�_�]
Ta

J�VT_a`|«�`cb3¬T`�¨YX�¬ VaJ�SY`|«�`[iTfa`�L J�Va`[_�]�¨YJ�_�]
T(1−ξ1(η)ξ−1)(1−ξ−1

2 (η)ξ)
µ�!X[S�¬'¸�fyX�¹�¨MfaL X[faL SYJ^b

(1−ξ1(η)ξ−1)(1−ξ−1
2 (η)ξ)

fyX�JMJ/¨MSY`�¨YX�¨MSMW§hR´ f	±y`�L W J�Va`[_�]�¨YJ�_È�K`[VRbaf Lª�]P§�W�«�`�L!i�]�¸�U%Sg]�¨MdyL$J�«�`cbadMiTUtL f µ M ¨YL$`�¨MfaL%Q'©	¨YJ J�Va`[_�]�¨YJ�_TU��K`[VRbaf	ª�] T1−ξ1(η)ξ−1

Q
T1−ξ−1

2 (η)ξJ�§�_�]�¨MfaL U f¡VT_Tfg¹�¨YJML
T1−ξ1(η)ξ−1 =

∑

j∈Z+

(
P++

(
ξ1(η)ξ

−1
)
P++

)j
, T1−ξ−1

2 (η)ξ =
∑

j∈Z+

(
P++

(
ξ−1
2 (η)ξ

)
P++

)j
.

��]^VTf	� `�L�L$J�«�`cbadMiTU2±#X[faL SYJ^b#SySMf'«�`
a(ξ, η) = ξ−1

(
ξ − ξ1(η)

)(
1− ξ−1

2 (η)ξ
)
.

��X[fRbaW¡X[SYJ/±aX�¨MSg] ©�]�X�¨Mf	©TiaJ/±�L Wnbad�¨MfTVRbafTZR]�¨MfTSMiaJMX�¨Mf�J/¨YX[h7«k] faL$`�`�L
Ta = Tξ−1T(ξ−ξ1(η))(1−ξ−1

2 (η)ξ).

W JMX[Z§J^badMZTW
(ξ − ξ1(η))(1 − ξ−1

2 (η)ξ) ∈W+•(Γ2)
Q	¨YJyf	¸

(
ξ − ξ1(η)

)(
1− ξ−1

2 (η)ξ
)
= a−−(ξ, η)a+−(ξ, η)a−+(ξ, η)a++(ξ, η)ξ,

Xcb�`|«aWY`�¨^Q3©	¨YJ
T(ξ−ξ1(η))(1−ξ−1

2 (η)ξ) = Ta+−Ta−−Ta−+TξTa++ .

M ¨YX[h7«k]yfaL$`�`�L�Xcb�`|«aW§hR´ `�`*VT_a`|«�X�¨�]^S�b�`[iTfa` J�Va`[_�]�¨YJ�_�]È�K`[VRbaf	ª�]��
Ta = Tξ−1T(ξ−ξ1(η))(1−ξ−1

2 (η)ξ) = T(ξ−ξ1(η))(1−ξ−1
2 (η)ξ) = Tξ−1Ta+−Ta−−Ta−+TξTa++ .

�K`[Va`[_Td _�]�X�X�L$J/¨M_TfaL�W§_�]^SMia`[iTfa`
T(1−ξ1(η)ξ−1)(1−ξ−1

2 (η)ξ)φ
++(ξ, η) = f++(ξ, η).
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�'SMf'«aWrVaJ^baW�©a`[iTiaJ ¯ JÈVT_a`|«�X�¨�]^S�b�`[iTf	¬�Q�faL$`�`�L

Tξ−1Ta+−Ta−−Ta−+TξTa++φ++(ξ, η) = f++(ξ, η).

M ¨MZTW�«k] VaJ^baW�©�]�`�L
Ta+−T1−ξ1(η)ξ−1TξTa++φ++(ξ, η) = c+(η) + ξf++(ξ, η),

¯ «�` c+(η) ∈ kerTξ−1
µ W J^b�J�¶yfaL

b+−(ξ, η) = (a+−(ξ, η))−1 =
∑

j∈Z+

b−j (η)ξ
j .

�KJ ¯ «k]yVaJMXcb�`|«aia`�`½_�]^SY`[iaX�¨MSYJÈ_�]^SMiaJMX[fRbadMiaJ Xcb�`|«aW§hR´ `�L W �
T1−ξ1(η)ξ−1TξTa++φ++(ξ, η) = Tb+−c+(η) + Tb+−ξf++(ξ, η).

� J¤¨YJ ¯ «k]
ξa++(ξ, η)φ++(ξ, η) =

∑

k∈Z+

(
P++ξ1(η)ξ

−1P++
)k ∑

j∈Z+

P++b−j (η)ξ
jP++c+(η) + f++

1 (ξ, η),

¯ «�`
b+−(ξ, η) =

∑

j∈Z+

b−j (η)ξ
j , f++

1 (ξ, η) = Tb+−ξf++(ξ, η).

W J^bk] ¯ ]�¬}SyVaJMXcb�`|«aia`�L�_�]^SY`[iaX�¨MSY` ξ = 0
QTVaJ^baW�©TfaL

∑

k∈Z+

(
P++ξ1(η)P

+
)k
P++b−k (η)P

+c+(η) = −f++
1 (0, η).

� `�¨M_TW�«aiaJySMf'«�`�¨MdaQ3©	¨YJyfaL$`�`�¨ L$`�X�¨YJy_�]^SY`[iaX�¨MSYJ
∑

k∈Z+

(
P+ξ1P

+
)k
P+b−k P

+=P+b+−(ξ1(η), η)P
++
∑

k∈Z+

((
P+ξ1P

+
)k
P+b−k P

+−
(
P+b−k ξ

k
1P

+
))
.

� ¥��%� �ÅC�D � 1B�s"���� - "

K =
∑

k∈Z+

((
P+ξ1(η)P

+
)k
P+b−k (η)P

+ −
(
P+b−k (η)ξ

k
1 (η)P

+
))


�1 - �	$B��$B��1#"��s"�02
'��$ 
>1#" - ���|"���$B����
'�
L+
2 (Γ)

6
� ]^ZTfaL�J�§�_�]�¸PJML%QTVT_Tf'·gJ�«afaL�Z}Xcb�`|«aW§hR´ `�L W�W§_�]^SMia`[iTfTh �

(
P+b+−(ξ1(η), η)P

+ +K
)
c+(η) = −f++

1 (0, η).

� ¥��%� �VGID � 1B�s"���� - " + ��1	�	� � � P+b+−(ξ1(η), η)P+ !
L+
2 (Γ) → L+

2 (Γ)
-�� "������3� 6

C
��XP]�L$JML «�`cb�`MQnf	¸�¨YJ ¯ JTQ�©	¨YJ b+−(ξ, η) ∈ GW+−(Γ2)

Q^Xcb�`|«aWY`�¨^Q/©	¨YJ
b+−(ξ, η) 6= 0

Q |ξ| 6 1
Q

|η| > 1 µ W J/¹�¨YJML WYQ^S�©�]�X�¨MiaJMX�¨Mf{Q b+−(ξ1(η), η) 6= 0
Q
η ∈ Γ µ 	*_aJML$`[¨YJ ¯ JTQnSjX[fRbaW ¯ JML$J/¨YJ�VTf	©a`�X[Z§J/±fTiTSg]^_Tf�]^i	¨YJMX�¨Mf#fTi'«�`[Z§XP]yfh¨YJ ¯ JTQ	©	¨YJ

∣∣(1− λ)ξ1(η) + λ
∣∣ 6 |1− λ||ξ1(η)| + |λ| 6 1, λ ∈ [0, 1],



\�¿ �P������$��� 	� �¤6��S6
faL$`�`�L

ind
η∈Γ

b+−(ξ1(η), η) = ind
η∈Γ

bλ(η), bλ(η) = b+−((1− λ)ξ1(η) + λ, η), λ ∈ [0, 1].

� J
indη∈Γ b1(η) = indη∈Γ b+−(1, η) = 0

Q)VaJ/¹�¨YJML W
indη∈Γ b+−(ξ1(η), η) = 0 µ �'U%VaJ^baia`[iTfa`WYXcb�J�SMf	±

b+−(ξ1(η), η) 6= 0, η ∈ Γ
f
indη∈Γ b+−(ξ1(η), η) = 0

S�b�`�©a`�¨e¸n] X�J�§MJ/± J�§�_�]�¨MfaL$JMX�¨MdJ�Va`[_�]�¨YJ�_�]
P+b+−(ξ1(η), η)P+ � L+

2 (Γ) → L+
2 (Γ)  X�L µ ½ \�À ® µ BW J^bad�¸�W�¬TX[dÈb�`�L$L$J/± �RQ'¸n]^VTf	� `�L W§_�]^SMia`[iTfa`�«Tb3¬h² W§iTZ	ªTfTf

c+(η)
SySMf'«�`

c+(η) + K̃c+(η) = f+2 (η),

¯ «�`
K̃ =

(
P+b+−(ξ1(η), η)P

+
)−1

K, f2(η) = −
(
P+b+−(ξ1(η), η)P

+
)−1

f1(η).

M ©a`[SMf'«aiaJTQ�¹�¨YJ�W§_�]^SMia`[iTfa`�¬RS�b3¬T`�¨YX�¬�W§_�]^SMia`[iTfa`�L 
(_a`|« ¯ J^badYL&]�S�¨YJ�_aJ ¯ J!_aJ�«k]�S!VT_aJMX�¨M_�]^i LX�¨MSY`
L+
2 (Γ)

µ Q W�«�`�L i�]�¸�U%Sg]�¨Md¼¹�¨YJyW§_�]^SMia`[iTfa`½J�VT_a`|«�`cb3¬RhR´ faL µ
��¥#`9_a¥�� � A��ID � 1#"��s������� � � ���a #"���
�$B��$	�B�

c+(η)+K̃c+(η) = f+2 (η)
* 1 - ���|" - ��$	$ - �[1 -  #"���


�$B��$	���
Taφ

++ = f++ 1#"���1 - � -�� �\� - ��������$ -��/-º- 1B�s"���� - "�� * "���
�$ - ���	����$ -
�
� - �� g #"���
�$B��$	���


h� - � ���50����B� * ��� -
1)
�����	� - ��$ - " - ��$ - � - 1#"��s������� � � ���� #"���
�$B��$	�B���3�������¼� - ����� - �|"��	
���������$ - ��"���#¼��$	�B� * � -

- 1B�s"���� - "
Ta

-�� "������3�\�e�s���	$B����
'��$	$ - �5"���#¼��$	�B�a #"���
�$B��$	���
Taφ

++ = f++ 1#"��¤��� ��- �¤1#"���
 - ��#������� - 1#"��s������������� � � - "B�� �� - �

φ++(ξ, η) = (a++)−1P++ξ−1

(
∑

k∈Z+

(
P++ξ1ξ

−1P++
)k ∑

j∈Z+

P++b−j ξ
jP++c+(η)+f++

1 (ξ, η)

)
,

� ���
c+(η) �

"���#¼��$	�B��$B� - ��$ - " - ��$ -��/-º- 1#"��s������� � � � �/-  #"���
�$B��$	���
�

2)
�����	� - ��$ - " - ��$ - � - 1#"��s������� � � ���R #"���
�$B��$	�B���3������� � - $B���/$ - �¼�/�B��� - �	�	$B���	$ - $B�����
��

����3�50	� "���#¼��$	�	� * ��1#"���
����\�#�������
f++(ξ, η)

����� - 
�� * ��� - $B� - ��$ - " - ��$ - � - 1#"��s������� � � ���� #"���

�$B��$	�B�¤"����"���#!�3� -�* � -  #"���
�$B��$	�B�

Taφ
++ = f++ "����"���#!�3� - � � �/-Æ-���� ���!"���#¼��$	�B�e�3�������


��#�

φ++(ξ, η) = (a++)−1P++ξ−1

(
∑

k∈Z+

(
P++ξ1ξ

−1P++
)k ∑

j∈Z+

P++b−j ξ
jP++c+(η)+f++

1 (ξ, η)

)
,

� ���
c+(η) �

-���� ���7"���#¼��$	�B��$B� - ��$ - " - ��$ -��/-º- 1#"��s������� � � � �/-  #"���
�$B��$	��� 6
� j��'¥#_��	��^�_��
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WKX�Y"XHZ"[5\%]	^.XH_I\�`ba%Y�f'j�Y��"k�_�^.X�Y�f'hIiIj�k�l
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J�VT_a`|«�`cb3¬ L`�¨YX�¬¡_�]^SY`[iaX�¨MSYJML

∫

S

ρ dAk :=

∫

Rn

ρ(y)N(S, y) dHky.

W*WYX�¨Md
Γ

° X�`�L$`�±aX�¨MSYJ
k L L$`[_TiTU7·�VaJ�SY`[_�·RiaJMX�¨Y`�± S µ Q J�_a`cb�`[Sg]V² W§iTZ	ªTf	¬ ρ : R

n → [0,∞]i�]�¸�U%Sg]�`�¨YX�¬ 	
���
�-�����

� �
+ «Tb3¬}X�`�L$`�±aX�¨MSg]

Γ
QTVTf	� W�¨

ρ ∈ admΓ
QT`�Xcbaf

∫

S

ρk dAk > 1

«Tb3¬�ZR]�¶¤«�J/±�VaJ�SY`[_�·RiaJMX�¨Mf
S ∈ Γ.

W*WYX�¨Md
p ∈ (1,∞)

° ¸n]�«k]^iTiaJM`�² fTZ§X[fT_aJ�Sg]^iTiaJM`�©TfaXcb�J µ�KJ ¯ «k] p � � � 	��� %� � X�`�L$`�±aX�¨MSg] Γ i�]�¸�U%Sg]�`�¨YX�¬}SY`cbaf	©TfTi�]
Mp(Γ) = inf

ρ∈admΓ

∫

Rn

ρp(x) dm(x).

È© É�Ê�Ë�Ì�0 ��n�x/�3m���� � � �
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Q W�«�`�L ¯ J�SYJ�_Tf	¨MdaQ	©	¨YJÈX[SYJ/±aX�¨MSYJ P faL$`�`�¨ L$`�X�¨YJ¤«Tb3¬ p � ��� *���� $��)� �  p L V µ S µ ® k L L$`[_TiTU7·¡VaJ LSY`[_�·RiaJMX�¨Y`�±
S
X�`�L$`�±aX�¨MSg]

Γ,
`�Xcbaf½VaJ�«�X�`�L$`�±aX�¨MSYJ¨SYX�`|· VaJ�SY`[_�·RiaJMX�¨Y`�± X�`�L$`�±aX�¨MSg]

Γ
Q|«Tb3¬ Z§J/¨YJ�_TU7·X[SYJ/±aX�¨MSYJ

P
i�]^_TW��y]�`�¨YX�¬�QTfaL$`�`�¨

p L L$J�«aWnbadÈiTWnbad µ�§J�SYJ�_#¬'¨  X�L µ ½ NMQ[_�]�¸�« µ O µ \�À ®cQ�©	¨YJ%f	¸PL$`[_TfaL&]�¬½VaJ)�½`�§M` ¯ W�² W§iTZ	ªTf	¬ ρ : Rn → [0,∞]
¬RS�b3¬T`�¨YX�¬

��������� �(��� � p � 	 ��� �-����� � � + «Tb3¬ X�`�L$`�±aX�¨MSg] Γ QYX�JMX�¨YJ�¬'´ ` ¯ J(f	¸ (n−1) L L$`[_TiTU7·rVaJ�SY`[_�·RiaJMX�¨Y`�± SS
R
n QRVTf	� W�¨ ρ ∈ extp admΓ

QT`�Xcbaf
∫

S

ρn−1(x) dAn−1 > 1  N µ N�®
«Tb3¬

p L V µ S µ S ∈ Γ.W*WYX�¨Md
D
f
D′ ° J�§^bk]�X�¨Mf�S

R
n Q n > 2

Q
x0 ∈ D

Q
Q : D → (0,∞)

° f	¸PL$`[_TfaL&]�¬�VaJ��½` L§M` ¯ Wg² W§iTZ	ªTf	¬ µ �§JML$`�JML$J�_3² f	¸PL f : D → D′ §�W�«�`�L�i�]�¸�U%Sg]�¨Md ����� ���
� Q � 
 ���

�
��� �

��� � �
� ���

�
���

�
����� �  �,-�

� p � � �
	��� �! $ �

�
* � �

x0,
`�Xcbaf

Mp (fΣA) > inf
ρ∈extp admΣA

∫

A

ρp(x)

Q(x)
dm(x)  N µ \�®

«Tb3¬�ZR]�¶¤«�J ¯ J Z§J^bad�ª�]
A = A(x0, ε1, ε2) = {x ∈ R

n : ε1 < |x− x0| < ε2} , 0 < ε1 6 ε2 < d0,

¯ «�` d0 = dist(x0, ∂D),
]
ΣA

J�§MJ/¸�i�]�©�]�`�¨�X�`�L$`�±aX�¨MSYJÈSYX�`|·¡X�²½`[_
S(x0, r) = {x ∈ R

n : |x− x0| = r} , r ∈ (ε1, ε2).  N µ � ®
��_�]/§MJ/¨�]�·V½ \�ÀKfV½ � ÀKVT_TfTSYJ�«3¬'¨YX�¬�VT_TfRb�J�¶ `[iTf	¬#iTf	¶yiTf'· Q L ¯ JML$`�JML$J�_3² f	¸PL$J�S Z}faX�Xcb�`|«�J�Sg] LiTfTh�b�J�ZR]nbadMiaJ ¯ J f ¯ _�]^iTf	©TiaJ ¯ J VaJ�SY`|«�`[iTf	¬ ¯ JML$`�JML$J�_3² iTU7· _a` � `[iTf	±�XtJ�§MJ�§/´ `[iTiTUtL f�VT_aJ�f	¸ LSYJ�«aiTUtL f�f¡Zg¸n]�«k]�©a`*�(fT_Tf'·§b�`�«Tb3¬�W§_�]^SMia`[iTf	± Q `cbad�¨M_�]�L f#X*SMU%_aJ�¶¤«�`[iTfa`�L µ�K`�J�_Tf	¬riTf	¶yiTf'·

Q L ¯ JML$`�JML$J�_3² f	¸PL$J�SyVT_TfaL$`[iTfaL&](Z�J/¨YJ�§�_�]�¶ `[iTf	¬TL�X¨Z§J�ia`�©TiTUtL faX[ZR]�¶ ` LiTfa`�L!ZRbk]�X�XP] M _Rbaf	©�] ° �'J�§MJ^b�`[Sg]
W 1,ϕ

loc

VT_Tf�i�]nbaf	©TfTf¡WYXcb�J�SMf	¬¡	½]nbad/«�`[_aJ�i�] f{Q§S!©�]�X�¨MiaJMX�¨Mf{QZ¡ZRbk]�X�XP]�L��'J�§MJ^b�`[Sg]
W 1,p

loc

VT_Tf
p > n− 1  X�L µ ½ Â^ekNMN|À ® µ� «k]^iTiaJ/±r_�]/§MJ/¨Y`¨L U�WYX�¨�]^i�]^S�bafTSg]�`�L ]^i�]nb�J ¯ f b�`�L$L U ¨MfTV�]½�*Z§JML U °�� Sg]^_	ª�]�«Tb3¬yiTf	¶ LiTf'·

Q L ¯ JML$`�JML$J�_3² f	¸PL$J�SrJ/¨MiaJMX[f	¨Y`cbadMiaJ p L L$J�«aWnb3¬  X�L µ ½ NP\RQ'¨Y`�J�_a`�L&] \�À µ�*f	¶ `�VT_TfTSY`|«�`[i ZT_Tf	¨Y`[_Tf	± iTf	¶yiTf'·
Q L ¯ JML$`�JML$J�_3² f	¸PL$J�S�J/¨MiaJMX[f	¨Y`cbadMiaJ p L L$J�«aWgb3¬�VT_Tf

p > n− 1  X�L µ ½ ¾RQ7¨Y`�J�_a`�L&] � µ m�À ® µ �'Va`[_TSMUt`�ZT_Tf	¨Y`[_Tf	±»§�U)b «�J�ZR]�¸n]^i VT_Tf
p = n

S _�]/§MJ/¨Y`
½ N � Q	¨Y`�J�_a`�L&]È\ µ N|À  X�L µ ¨�]^Z	¶ `(L$J�iaJ ¯ _�]/² fTh ½ NMQ	¨Y`�J�_a`�L&]ÈO µ \�À ® µ

� ¥��%� �»A9D A9D$�� 3�����
D �

-�� ��������� 

R
n, n > 2, x0 ∈ D

6 �S"��s��1 - � - � �3� * ��� -
Q : D →

(0,∞) �
�3����s"��3����� �2 	$	� � ��� 6 � - ��� - � - " ���3�� f : D → R

n �'
���������� �Å$	�	� $	�3�
Q �
�/- ��� -

�� - " ���3�� - � 
¼� - �/�3�
x0

- ��$ - ���B��������$ -
p �
� - �3 	���¼1#"��

p > n− 1
� -�� ���P� � - ����� - � -�� ��� * � -�� ���

Mp(fΣR) >

ε2∫

ε1

dr

‖Q‖ n−1
p−n+1

(x0, r)
, 0 < ε1 6 ε2 < d0,  N µ Â�®

� ���
d0 = dist(x0, ∂D), ΣR �

���������B����
 - 
'��� � � ���s"
S(x0, r) = {x ∈ R

n : |x − x0| = r} *
r ∈ (ε1, ε2)

* �

‖Q‖ n−1
p−n+1

(x0, r) =

( ∫

S(x0,r)

Q
n−1

p−n+1 (x) dAn−1

) p−n+1
n−1

.  N µ ¾�®



� � 4 ���	�3� - 
 
 6 
 6
� $ ���3�� 3�³


(1.2)
� - ����� � ������� �Æ� - ����� - ����� �2 	$	� � �	�

ρ0(x) =

(
Q(x)

‖Q‖ n−1
p−n+1

(|x− x0|)

) 1
p−n+1

.  N µ ¿�®
���������	��
���� ����� �*f	¶ ` L U faX[VaJ^bad�¸�WY`�L�X�¨�]^i'«k]^_	¨MiTUt`rX�J ¯ bk] � `[iTf	¬�Q�©	¨YJ a/∞ = 0

«Tb3¬
a 6= ∞, a/0 = ∞,

`�Xcbaf
a > 0,

f
0 · ∞ = 0  X�L µ QTi�]^VT_TfaL$`[_{Q�½ N�Â�À ® µW*WYX�¨Md

D
° J�§^bk]�X�¨Md}S

R
n, n > 2 µ E,F ⊆ D

° VT_aJ�f	¸�SYJ^badMiTUt`ÈL iaJ�¶ `�X�¨MSg] µ M §MJ/¸�i�]�©TfaL©a`[_a`�¸
∆(E,F ;D)

X�`�L$`�±aX�¨MSYJrSYX�`|·}ZT_TfTSMU7·
γ : [a, b] → R

n,
Z§J/¨YJ�_TUt` X�JM`|«afTi	¬RhR¨

E
f
F
S
D,¨ µ ` µ γ(a) ∈ E, γ(b) ∈ F

f
γ(t) ∈ D

VT_Tf
a < t < b.�&b�`|«aW§hR´y]�¬�b�`�L$L&] §�U)bk] VaJ^baW�©a`[i�] SÈ_�]/§MJ/¨Y`>½ NPlTQ§b�`�L$L&]>¾ µ � À µ

� ¥��%� �gA9DKJBD �� 3�����
D
�
D′ �

-�� ���������!

R
n * n > 2

6 �S"��s��1 - � - � �3� * ��� -
Q : D → (0,∞) ��3����s"��3�����³1 -�� � � � �  �2 	$	� � ��� � f : D → D′ �

$	�	� $	�	�
Q �
�/- ��� - � - " ���3�� 
 � - �/�3�

x0- ��$ - ���B��������$ -
p �
� - �3 	���º1#"��

p > n− 1
6�+�-�� ��� �3�������!������� ->- � ��$	�	�

M p
p−n+1

(
∆(fS1, fS2, fD)

)
6




ε2∫

ε1

dr

‖Q‖ n−1
p−n+1

(x0, r)




− n−1
p−n+1

,  N µ m�®
� ���

Sj = S(x0, εj)
*
j = 1, 2,

�
( ∫

S(x0,r)

Q
n−1

p−n+1 (x) dAn−1

) p−n+1
n−1

.  N µ ��®

���������	��
���� ������ M ¨YL$`�¨MfaL%Q	©	¨YJ iaJ�_aL&] ‖Q‖ n−1
p−n+1

(x0, r)
VaJ ia`[Z§J/¨YJ�_TUtL�X�²½`[_�]�L

S(x0, r)L$J�¶ `�¨�§�U2¨Mdj_�]^SMi�]�§M`�X[Z§J�ia`�©TiaJMX�¨Mf µ W J�¨Y`�J�_a`�L$` 
(W'§�fTiTf¤² W§iTZ	ªTf	¬ ‖Q‖ n−1
p−n+1

(x0, r)
f	¸PL$`[_TfaL&]

VaJ
r
S X[fRbaWrf	¸PL$`[_TfaL$JMX�¨Mf#VaJ

x
² W§iTZ	ªTfTf

Q µ Q J^b�`�`�¨YJ ¯ JTQ
ε2∫

ε1

dr

‖Q‖ n−1
p−n+1

(x0, r)
<∞, 0 < ε1 < ε2 < d(x0, ∂D).  N µ O�®

�
¨YJ Xcb�`|«aWY`�¨½f	¸%WYXcb�J�SMf	¬ ¯ JML$`�JML$J�_3² iaJMX�¨MfrJ/¨YJ�§�_�]�¶ `[iTf	¬ f f b�`�L$L U N µ \RQ�VaJMX[Z§J^badMZTW p

p−n+1

°`�L Z§JMX�¨Md ia`[SMU%_aJ�¶¤«�`[iTiaJ ¯ J�Z§J^bad�ª�] ° ia` L$J�¶ `�¨�§�U2¨Md#_�]^SMi�]}iTWnbah µ  M VT_a`|«�`cb�`[iTfa`¡`�L Z§JMX�¨MfX�L µ iTf	¶ ` µ ®t�*i	¨Y` ¯ _�]nb#S  N µ O�®%L$J�¶ `�¨º§�U2¨MdÈ_�]^SY`[i�iTWnbah�S XcbaW�©�]�`MQ�`�Xcbaf ‖Q‖ n−1
p−n+1

(x0, r) = ∞V µ S µ QTiaJ ¨YJ ¯ «k]yX�JMJ/¨MiaJ � `[iTfa`  N µ m�®)J/©a`[SMf'«aiaJ µ
JBD� ¥�� �I`����'j �I`9kI¦[¥#k����	�'`9_��

�&b�`|«aW�¬�_�]/§MJ/¨Y`Å½ N�¾�À Q�V�]^_TW
E = (A,C)

Q ¯ «�` A ⊂ R
n
° J/¨MZT_TU2¨YJM`�L iaJ�¶ `�X�¨MSYJ f

C
°ia`[VTWYX�¨YJM` Z§JML V�]^Z	¨MiaJM`ÈL iaJ�¶ `�X�¨MSYJTQ{X�J�«�`[_#¶ ]�´ `�`�X�¬�S

A
Qki�]�¸�U%Sg]�`�L �

�
��	��(���.���

�
�
��� µ 	 J�i'«�`[i LXP]�¨YJ�_

E
i�]�¸�U%Sg]�`�¨YX�¬ �

�
 �,-�%��$�#

�
�
�
��	��(���.���

�
�
���
Q§`�Xcbaf

G = A \C
° Z§J^bad�ªaJTQ	¨ µ ` µ `�Xcbaf G °J�§^bk]�X�¨MdaQ#«�J�VaJ^baia`[iTfa`*Z§J/¨YJ�_aJ/±

Rn \G X�JMX�¨YJ�f	¨ SP¨YJ/©TiaJMX�¨Mf�f	¸�«aSMW#· Z§JML VaJ�ia`[i	¨ µ �§J�SYJ�_#¬'¨ ¨�]^Z L¶ `MQ�©	¨YJ}Z§J�i'«�`[iaXP]�¨YJ�_
E = (A,C)

b�`�¶yf	¨#S�J�§^bk]�X�¨Mf
D
QK`�Xcbaf

A ⊂ D µ M ©a`[SMf'«aiaJTQa©	¨YJ�`�Xcbaf
f : D → R

n
° ia`[VT_a`[_TU%SMiaJM`MQ�J/¨MZT_TU2¨YJM`(J/¨YJ�§�_�]�¶ `[iTfa` f

E = (A,C)
° Z§J�i'«�`[iaXP]�¨YJ�_#S

D
Q	¨YJ

(fA, fC)
¨�]^Z	¶ `½Z§J�i'«�`[iaXP]�¨YJ�_#S

fD µ � ]nb�`�`MQ fE = (fA, fC) µ
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(W§iTZ	ªTf	¬
u : A → R

� � � �  	 ��� � �%�
�
���'�"#�$���� ���

�
� !
� �

+ QafaL$`[hR´ `�±#ia`[VTWYX�¨YJM` Va`[_a`�X�`�©a` LiTfa`yX
A
Q�`�Xcbaf�J�i�]}]/§MX�J^bahR¨MiaJ�ia`[VT_a`[_TU%SMi�]¡i�] bah�§MJML�J/¨M_a`�¸�Z§` ¹�¨YJ/±�VT_#¬TL$J/±{QI¸n]^ZRbahR©a`[iTiaJMLS

A µ 
(W§iTZ	ªTf	¬ u : A → R
VT_TfTi�]�«Tb�`�¶yf	¨ ZRbk]�X�X[W

ACL  � � � �  	 ��� � �%�
�
���'�"#�$���� ���

���
*����

$��)� �
�
� !
�
#�� ®cQ�`�Xcbaf�J�i�]�]/§MX�J^bahR¨MiaJ�ia`[VT_a`[_TU%SMi�]�i�]�VaJ/©	¨Mf�SYX�`|·�VT_#¬TL U7·�Q�V�]^_�]nbTb�`cbadMiTU7·bah�§MJ/±}Z§JMJ�_�«afTi�]�¨MiaJ/± JMX[f µ

M §MJ/¸�i�]�©TfaL ©a`[_a`�¸ C0(A)
L iaJ�¶ `�X�¨MSYJÈia`[VT_a`[_TU%SMiTU7·g² W§iTZ	ªTf	±

u : A→ R
1 X*Z§JML V�]^Z	¨MiTUtLiaJMX[f	¨Y`cb�`�L%Q

W0(E ) =W0(A,C)
° X�`�L$`�±aX�¨MSYJ(ia`�J/¨M_Tf	ª�]�¨Y`cbadMiTU7·e² W§iTZ	ªTf	±

u : A→ R
1 ¨�]^ZTf'·�Q©	¨YJ N�®

u ∈ C0(A) �
\�®
u(x) > 1

«Tb3¬
x ∈ C � � ® u VT_TfTi�]�«Tb�`�¶yf	¨½ZRbk]�X�X[W ACL µ � ]^Z	¶ `tJ�§MJ/¸�i�]�©TfaL

|∇u| =

√√√√
n∑

i=1

(
∂u

∂xi

)2

.  \ µ N�®
W*_Tf

p > 1
SY`cbaf	©TfTiTW

capp E = capp (A,C) = inf
u∈W0(E )

∫

A

|∇u|p dm(x)  \ µ \�®
i�]�¸�U%Sg]^hR¨

p ��� �
�
�
����,�	 Z§J�i'«�`[iaXP]�¨YJ�_�]

E µ�Ã«k]nbadMia`�±	� `�L�VT_Tf
p > 1

L U»§�W�«�`�L faX[VaJ^bad�¸PJ�Sg]�¨Md _�]^SY`[iaX�¨MSYJ  X�L µ ½ N�¿RQ	¨Y`�J�_a`�L&]¡N|À ®
capp E =Mp(∆(∂A, ∂C;A \ C)).  \ µ � ®

��¸�SY`�X�¨MiaJTQ3©	¨YJyVT_Tf
1 < p < n

capp E > nΩ
p
n
n

(
n− p

p− 1

)p−1

[m(C)]
n−p
n ,  \ µ Â�®

¯ «�` Ωn ° J�§��{`�L�`|«afTiTf	©TiaJ ¯ J �y]^_�] S
R
n  X�L µ QTi�]^VT_TfaL$`[_{Q�½ Nnm§QTia`[_�]^SY`[iaX�¨MSYJ  � µ O�®�À ® µ

HID� ���'¥ �a¥#kaka`�� �a`9_��B¦ �I¥g_a`�������kaj	�Åkaj �
Q �
i�`��R¥#`��R`9_��gj ���R`9b

�)X[h7«aW!«k]nb�`�`
Br = {x ∈ R

n : |x| < r} Q Bn = {x ∈ R
n : |x| < 1} Q Sr = {x ∈ R

n : |x| = r} Q
Ωn

° J�§��{`�L�`|«afTiTf	©TiaJ ¯ J �y]^_�]
B
n S

R
n f ωn−1

° VRb�J/´y]�«ad `|«afTiTf	©TiaJ/±#X�²½`[_TU
S
n−1 S

R
n µ�*f	¶ `'VT_TfTSY`|«�`[i�]¨b�`�L$L&]jJ�§jJ/ªa`[iTZ§`'faX[ZR]�¶ `[iTf	¬È`�L Z§JMX�¨MfyX�²½`[_Tf	©a`�X[Z§J ¯ J*Z§J�i'«�`[iaXP]�¨YJ�_�]*VT_TfiTf	¶yiTf'·

Q L ¯ JML$`�JML$J�_3² f	¸PL&]�· µ� ¥��%� � HID A9D �� 3�����
f : Bn → B

n * n > 2, �
$	�	� $	�	�

Q �
�/- ��� - � - " ���3�� - ��$ - ���B��������$ -

p �
� - �3 ����\1#"��

p > n
6 �S"��s��1 - � - � �3� * ��� - �����\$B��� - � - "�0	�\� - $B���/$	0	� �/�B�����

λ > 1
*
σ > 0

�
C0 > 0


�021 - �	$B��$ -  3��� - 
��B�

εσ
λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)
> C0

(
∀ ε ∈ (0, ε0) , ε0 ∈

(
0,

1

λ

))
,  � µ N�®

� ���
‖Q‖ n−1

p−n+1
(r) =

(∫

Sr

Q
n−1

p−n+1 (x) dAn−1

) p−n+1
n−1

.

+�-�� ���¤�3�������!������� ->- � ��$	�	�

cap p
p−n+1

(
fBλε, fBε

)
6 C

− n−1
p−n+1

0 ε
σ(n−1)
p−n+1 .  � µ \�®
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A = A(0, ε1, ε2) = {x ∈ R
n : ε1 < |x| < ε2}, 0 < ε1 < ε2 < 1.�KJ ¯ «k] (Bε2 , Bε1

) ° Z§J^bad�ªa`[SYJ/±�Z§J�i'«�`[iaXP]�¨YJ�_�S
B
n f (fBε2 , fBε1

) ° Z§J^bad�ªa`[SYJ/±�Z§J�i'«�`[iaXP]�¨YJ�_S
B
n µW*WYX�¨Md

Γ∗ = ∆(fSε1, fSε2 , fA)
µ �KJ ¯ «k]ÈX�J ¯ bk]�X[iaJ  \ µ � ®'faL$`�`�L _�]^SY`[iaX�¨MSYJ

cap p
p−n+1

(
fBε2 , fBε1

)
=M p

p−n+1
(Γ∗) .  � µ � ®

W J b�`�L$L$`ÈN µ \ VaJ^baW�©�]�`�L%Q	©	¨YJ

cap p
p−n+1

(
fBε2, fBε1

)
6

( ε2∫

ε1

dr

‖Q‖ n−1
p−n+1

(r)

)− n−1
p−n+1

.  � µ Â�®

� ]nb�`�`MQaSMUS§�fT_�]�¬¡S  � µ Â�® ε1 = ε < ε0 <
1
λ

f
ε2 = λε

QRVaJ^baW�©TfaL

cap p
p−n+1

(
fBλε, fBε

)
6

( λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)

)− n−1
p−n+1

.  � µ ¾�®

��¸½WYXcb�J�SMf	¬  � µ N�®'SMU2¨Y`[ZR]�`�¨rJ/ªa`[iTZR]  � µ \�® µ B�&b�`|«aW§hR´ f	±�_a`�¸�Wnbad�¨�]�¨ ¬RS�b3¬T`�¨YX�¬ ]^i�]nb�J ¯ JML f	¸�SY`�X�¨MiaJ/±�b�`�L$L Uv�*Z§JML U ° � Sg]^_	ª�]�J�§J/ªa`[iTZ§`½iTf	¶yia` ¯ JÈVT_a`|«�`cbk]RQaX�L µ ¨Y`�J�_a`�L W}\ S ½ NP\�À µ
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f : Bn → B
n * n > 2, �

$	�	� $	�	�
Q �
�/- ��� - � - " ���3�� - ��$ - ���B��������$ -

p �
� - �3 ����e1#"��

p > n
*  �� - 
��B����
 - "�� � � �	�º 3��� - 
����

f(0) = 0
6 �7���	�>�����e$B��� - � - "�0	�º� - $B���/$	0	�

�/�B�����
λ > 1

*
σ > 0

�
C0 > 0
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εσ
λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)
> C0  � µ ¿�®

�����h��� ��-��/-
ε ∈ (0, ε0)

*
ε0 ∈

(
0, 1λ

) * � -

lim inf
x→0

|f(x)|
|x|

σ
p−n

6 ν0C
− 1

p−n

0 ,  � µ m�®
� ���

ν0 �
1 - � - � �B��������$���� 1 - ��� - �'$	$���� * ���
��B� � � ����� - ����� -¼- �

n
�
p
6

C
� ]�X�X�L$J/¨M_TfaL
Z§J�i'«�`[iaXP]�¨YJ�_ (

fBλε, fBε

)
, ε ∈ (0, ε0)

Q
ε0 ∈

(
0, 1λ

) µ � X[fRbaW�b�`�L$L U � µ NfaL$`�`�L�J/ªa`[iTZTW
cap p

p−n+1

(
fBλε, fBε

)
6 C

− n−1
p−n+1

0 ε
σ(n−1)
p−n+1 .  � µ ��®

� X[VaJ^bad�¸�W�¬�X�JMJ/¨MiaJ � `[iTfa`  \ µ Â�®cQTVaJ^baW�©�]�`�L
cap p

p−n+1

(
fBλε, fBε

)
> ν1

[
m
(
fBε

)]n(p−n+1)−p
n(p−n+1) ,  � µ O�®

¯ «�` ν1 ° Z§J�iaX�¨�]^i	¨�]RQ9¸n]^SMfaX�¬'´y]�¬g¨YJ^badMZ§J J/¨y_�]�¸PL$`[_TiaJMX�¨Mf#VT_aJMX�¨M_�]^iaX�¨MSg]
n
f
p µ	 JML,§�fTiTfT_TW�¬  � µ ��®'f  � µ O�®cQ	¸n]^ZRbahR©�]�`�L%Q3©	¨YJ

m
(
fBε

)
6 ν0C

− n
p−n

0 ε
σn
p−n ,  � µ NPl�®

¯ «�` ν0 ° VaJ^b�J�¶yf	¨Y`cbadMi�]�¬�VaJMX�¨YJ�¬RiTi�]�¬�Q3¸n]^SMfaX�¬'´y]�¬g¨YJ^badMZ§J J/¨
n
f
p µ
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�R©Tf	¨MU%Sg]�¬�Q	©	¨YJ
f(0) = 0

QRVaJ^baW�©�]�`�L
Ωn

(
min
|x|=ε

|f(x)|
)n

6 m
(
fBε

)  � µ NMN�®
f{QTXcb�`|«�J�Sg]�¨Y`cbadMiaJTQ

min
|x|=ε

|f(x)| 6 n

√
m
(
fBε

)

Ωn
.  � µ NP\�®

� ]^ZTfaL�J�§�_�]�¸PJML%QTW�©Tf	¨MU%Sg]�¬¡ia`[_�]^SY`[iaX�¨MSg]  � µ NPl�®'f  � µ NP\�®cQafaL$`�`�L

lim inf
x→0

|f(x)|
|x|

σ
p−n

= lim inf
ε→0

min
|x|=ε

|f(x)|

ε
σ

p−n

6 lim inf
ε→0

(
m
(
fBε

)

Ωnε
σn
p−n

) 1
n

6 ν0C
− 1

p−n

0 ,

¯ «�` ν0 ° VaJ^b�J�¶yf	¨Y`cbadMi�]�¬�VaJMX�¨YJ�¬RiTi�]�¬�Q3¸n]^SMfaX�¬'´y]�¬h¨YJ^badMZ§J J/¨
n
f
p µ B
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λ > 1

�
C0 > 0
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εp−n
λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)
> C0  � µ N � ®

�����º��� ��-��/-
ε ∈ (0, ε0) , ε0 ∈

(
0, 1λ

)
,
� -

lim inf
x→0

|f(x)|
|x| 6 ν0C

− 1
p−n

0 ,  � µ N�Â�®
� ���

ν0 �
1 - � - � �B��������$���� 1 - ��� - �'$	$���� * ���
��B� � � ���\� - ����� -¼- �

n
�
p
6
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f : Bn → B

n * n > 2, �
$	�	� $	�	�

Q �
�/- ��� - � - " ���3�� - ��$ - ���B��������$ -

p �
� - �3 ����Å1#"��

p > n
*  �� - 
��B����
 - "�� � � �	�Å 3��� - 
����

f(0) = 0
6 �7���	� �����Å$B��� - � - "�0	� �/�B�����

q0 ∈ (0,∞)
*
γ ∈ [0, p− n)
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 1

ωn−1rn−1

∫

Sr

Q
n−1

p−n+1 (x) dAn−1




p−n+1
n−1

6 q0 r
−γ ,  � µ N�¾�®

�����º1 6 
 6
r ∈ (0, r0)

*
r0 ∈ (0, 1e ),

� -

lim inf
x→0

|f(x)|
|x|1−

γ
p−n

6 ν0q
1

p−n

0 ,  � µ N�¿�®
� ���

ν0 �
1 - � - � �B��������$����Å� - $B������$B��� * ���
��B� � � ���Ã� - ����� -\- �>"�������s"�$ - �����³1#" - ���|"���$B����
��

n�
p
6
C
��¸ WYXcb�J�SMf	¬  � µ N�¾�®'SMU2¨Y`[ZR]�`�¨rJ/ªa`[iTZR]

‖Q‖ n−1
p−n+1

(r) =

(∫

Sr

Q
n−1

p−n+1 (x) dAn−1

) p−n+1
n−1

6 ω
p−n+1
n−1

n−1 q0 r
p−n−γ+1.  � µ Nnm�®

W*WYX�¨Md
λ = e

f
σ = p− n− γ µ ��¸½ia`[_�]^SY`[iaX�¨MSg]  � µ Nnm�®)Xcb�`|«aWY`�¨ WYXcb�J�SMfa`

εp−n−γ
eε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)
>

εp−n−γ

ω
p−n+1
n−1

n−1 q0

eε∫

ε

dr

rp−n−γ+1
= C0,  � µ N ��®

¯ «�` C0 =
en+γ−p−1

ω
p−n+1
n−1

n−1 q0(n+γ−p)

µ
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W*_TfaL$`[i	¬'¬Æ¨Y`�J�_a`�L W � µ NÈX V�]^_�]�L$`�¨M_�]�L f λ = e

Q
σ = p − n − γ

f
C0 = en+γ−p−1

ω
p−n+1
n−1

n−1 q0(n+γ−p)

Q
VaJ^baW�©�]�`�L�J/ªa`[iTZTW

lim inf
x→0

|f(x)|
|x|1−

γ
p−n

6 ν0q
1

p−n

0 ,  � µ NPO�®
¯ «�` ν0 ° VaJ^b�J�¶yf	¨Y`cbadMi�]�¬�VaJMX�¨YJ�¬RiTi�]�¬�Q3¸n]^SMfaX�¬'´y]�¬g¨YJ^badMZ§J J/¨

n
f
p µ B
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q0 > 0
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 1

ωn−1rn−1

∫

Sr

Q
n−1

p−n+1 (x) dAn−1




p−n+1
n−1

6 q0  � µ \Ml�®
�����h1 6 
 6

r ∈ (0, r0)
*
r0 ∈

(
0, 1e
) * � -

lim inf
x→0

|f(x)|
|x| 6 ν0q

1
p−n

0 ,  � µ \RN�®
� ���

ν0 �
1 - � - � �B��������$����Å� - $B������$B��� * ���
��B� � � ���Ã� - ����� -�- � "�������s"�$ - �����³1#" - ���|"���$B����
��

n�
p
6
� �,¥/¦ ���'b9ja¥�HIDFHID �7���	�

Q(x) 6 K <∞ �����h1 6 
 6
x ∈ B

n * � -

lim inf
x→0

|f(x)|
|x| 6 ν0K

1
p−n ,  � µ \M\�®

� ���
ν0 �

1 - � - � �B��������$����Å� - $B������$B��� * ���
��B� � � ���Ã� - ����� -�- � "�������s"�$ - �����³1#" - ���|"���$B����
��
n�

p
6
� ¥��%� � HIDKJBD��� 3�����

Q ∈ Lα(B
n), α > n

p−n , p > n
6�+�-�� ���¤1#"��

λ > 1
�3�������!������� ->- � ��$	�	�

εσ
λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)
>

c0
‖Q‖α

 � µ \ � ®
�����º��� ��-��/-

ε ∈
(
0, 1λ

) *	� ��� ‖Q‖α =
(∫

Bn Q
α(x) dm(x)

) 1
α
*
σ = α(p−n)−n

α

�
c0 �

1 - � - � �B�������
�$����h1 - ��� - �'$	$���� * ���
��B� � � ����� - ����� ->- �

n
*
p
*
λ
�
α
6

C
W*WYX�¨Md

λ > 1 µ ��]�L$`�¨MfaL%Q3©	¨YJ

(λ− 1)ε =

λε∫

ε

‖Q‖
n−1
p
n−1

p−n+1

(r)
dr

‖Q‖
n−1
p
n−1

p−n+1

(r)

.  � µ \�Â�®

W*_TfaL$`[i	¬'¬º¨Y`�J�_a`�L W 
(W'§�fTiTf¡f�ia`[_�]^SY`[iaX�¨MSYJ � Ä`cbad/«�`[_�]ÈXjVaJ�ZR]�¸n]�¨Y`cb3¬TL f q = p
p−n+1

Q
q′ = p

n−1

QfaL$`�`�L
( λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)

)− n−1
p−n+1

6 ((λ− 1)ε)
− p

p−n+1

∫

A

Q
n−1

p−n+1 (x) dm(x),  � µ \�¾�®
¯ «�`

A = A(0, ε, λε) µW*_TfaL$`[i	¬'¬�`�´ `�_�]�¸}ia`[_�]^SY`[iaX�¨MSYJ � Ä`cbad/«�`[_�]�X�VaJ�ZR]�¸n]�¨Y`cb3¬TL f q = α(p−n+1)
n−1 > 1

f
q′ =

α(p−n+1)
α(p−n+1)−n+1

QRVaJ^baW�©�]�`�L
( λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)

)− n−1
p−n+1

6 c1 ε
θ

(∫

A

Qα(x) dm(x)

) n−1
α(p−n+1)

,  � µ \�¿�®
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¯ «�` θ = (n−1)(αp−αn−n)
α(p−n+1)

f
c1
° VaJ^b�J�¶yf	¨Y`cbadMi�]�¬!VaJMX�¨YJ�¬RiTi�]�¬�Q�¸n]^SMfaX�¬'´y]�¬Æ¨YJ^badMZ§J�J/¨

n
Q
p
Q
λf

α µ
M ¨YX[h7«k] SMU2¨Y`[ZR]�`�¨�J/ªa`[iTZR]

εσ
λε∫

ε

dr

‖Q‖ n−1
p−n+1

(r)
>

c0
‖Q‖α

,  � µ \Ym�®

¯ «�` ‖Q‖α =
(∫

Bn Q
α(x) dm(x)

) 1
α
Q
σ = α(p−n)−n

α

f
c0
° VaJ^b�J�¶yf	¨Y`cbadMi�]�¬�VaJMX�¨YJ�¬RiTi�]�¬�QI¸n]^SMf LX�¬'´y]�¬h¨YJ^badMZ§JÈJ/¨

n
Q
p
Q
λ
f
α µ B
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f : Bn → B

n * n > 2, �
$	�	� $	�	�

Q �
�/- ��� - � - " ���3�� - ��$ - ���B��������$ -

p �
� - �3 ����h1#"��

p > n
*  �� - 
��B����
 - "�� � � �	�g 3��� - 
����

f(0) = 0
6 �7���	�

Q ∈ Lα(B
n)
*
α > n

p−n
* � -

lim inf
x→0

|f(x)|
|x|1−

n
α(p−n)

6 ν0‖Q‖
1

p−n
α ,  � µ \ ��®

� ��� ‖Q‖α =
(∫

Bn Q
α(x) dm(x)

) 1
α �

$ - "B���¼
e1#" - ���|"���$B����
'�
Lα(B

n)
�
ν0 �

1 - � - � �B��������$����
1 - ��� - �'$	$���� * ���
��B� � � ����� - ����� -¼- �

n
*
p
�
α
6

C
W*WYX�¨Md

λ = 2 µ W JMX[Z§J^badMZTW Q ∈ Lα(B
n)
f
α > n

p−n
Q�¨YJ½f	¸tb�`�L$L U � µ \½Xcb�`|«aWY`�¨^Q�©	¨YJP² W§iTZ LªTf	¬

Q
W�«�J�S�b�`�¨MSYJ�_#¬T`�¨}WYXcb�J�SMfTh  � µ ¿�®jX(V�]^_�]�L$`�¨M_�]�L f σ = α(p−n)−n

α

Q
C0 = c0

‖Q‖α
µ W*_TfaL$`[i	¬'¬¨Y`�J�_a`�L W � µ NMQTVaJ^baW�©�]�`�L�J/ªa`[iTZTW

lim inf
x→0

|f(x)|
|x|1−

n
α(p−n)

6 ν0‖Q‖
1

p−n
α ,  � µ \MO�®

¯ «�` ‖Q‖α =
(∫

Bn Q
α(x) dm(x)

) 1
α
° iaJ�_aL&]rSrVT_aJMX�¨M_�]^iaX�¨MSY`

Lα(B
n)
f
ν0
° VaJ^b�J�¶yf	¨Y`cbadMi�]�¬VaJMX�¨YJ�¬RiTi�]�¬�Q3¸n]^SMfaX�¬'´y]�¬g¨YJ^badMZ§J J/¨

n
Q
p
f
α µ B

��D �h_aj��,` �Æ¥#kaj	� � �����	����� � � _��,j������ � `��9`	�,¥#b��
�½]^VaJML iTfaL�ia`[Z§J/¨YJ�_TUt` J�VT_a`|«�`cb�`[iTf	¬ µ W*WYX�¨Md D ° J�§^bk]�X�¨Md}S

R
n Q n > 2 µ �§JML$`�JML$J�_3² f	¸PL

f : D → R
n i�]�¸�U%Sg]�`�¨YX�¬ �

�
��� ����� �(���%�

�
� �

�
�%�(*���#

�
��� �-��� �(���%�

��� `�Xcbaf f ∈W 1,1
loc

f
‖f ′(x)‖n 6 K(x) · J(x, f)  Â µ N�®

«Tb3¬ ia`[Z§J/¨YJ�_aJ/±
V µ S µ Z§J�ia`�©TiaJ/± ² W§iTZ	ªTfTf
K(x) > 1, ¯ «�` f ′(x)

° ¬RZ§J�§�fa`[Sg]�L&]�¨M_Tf	ª�]
f,

‖f ′(x)‖
° `�`�J�Va`[_�]�¨YJ�_Ti�]�¬�iaJ�_aL&]�� ‖f ′(x)‖ = sup|h|=1 |f ′(x) · h| f J(x, f) = det f ′(x)

°
¬RZ§J�§�f�]^i#J/¨YJ�§�_�]�¶ `[iTf	¬

f µ�'Va`[_TSMUt` VaJ�i	¬'¨Mfa` J/¨YJ�§�_�]�¶ `[iTf	¬�X Z§J�ia`�©TiTUtL�faX[ZR]�¶ `[iTfa`�L�SMSY`|«�`[iaJrS¡XcbaW�©�]�` VRb�JMX[Z§JMX�¨Mf
«Tb3¬

f ∈W 1,2
loc

Sy_�]/§MJ/¨Y`>½ N ��À  X�L µ ¨�]^Z	¶ `¼½ NPO�À ® µ�&b�`|«aW�¬ M _Rbaf	©TWYQ	«Tb3¬h¸n]�«k]^iTiaJ/±�SMU%VTW§ZRb�J/±�SYJ/¸�_�]�X�¨�]^hR´ `�±\² W§iTZ	ªTfTf ϕ : [0,∞) → [0,∞)
Q

ϕ(0) = 0
QTJ�§MJ/¸�i�]�©TfaL�X[faL SYJ^b�JML

Lϕ
VT_aJMX�¨M_�]^iaX�¨MSYJÈSYX�`|·g² W§iTZ	ªTf	±

f : D → R
¨�]^ZTf'·�Q	©	¨YJ

∫

D

ϕ

( |f(x)|
λ

)
dm(x) <∞  Â µ \�®

VT_Tf ia`[Z§J/¨YJ�_aJML
λ > 0  X�L µ Q�i�]^VT_TfaL$`[_{Q,½ \Ml�À ® µ �9«�`�X[d m ° L$`[_�] �½`�§M` ¯ ]rS

R
n µ W*_aJMX�¨M_�]^iaX�¨MSYJ

Lϕ
i�]�¸�U%Sg]�`�¨YX�¬

�
�
�
��� ��������� $

����� �� ���*�� µ
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 6 
 6
�  ������

��� � �� ���*������ �����  %��$�� W 1,ϕ
loc (D)

i�]�¸�U%Sg]�`�¨YX�¬ ZRbk]�X�XÈSYX�`|·�b�J�ZR]nbadMiaJ#fTi	¨Y` ¯ _TfT_TWY` LL U7·³² W§iTZ	ªTf	±
f,
¸n]�«k]^iTiTU7· S

D,
XrVa`[_TSMUtL f�J�§MJ�§/´ `[iTiTUtL f�VT_aJ�f	¸�SYJ�«aiTUtL f�VaJ��'J�§MJ^b�`[SMWYQ

¯ _�]�«afa`[i	¨ ∇f Z§J/¨YJ�_TU7·�VT_TfTi�]�«Tb�`�¶yf	¨�ZRbk]�X�X[W M _Rbaf	©�]�b�J�ZR]nbadMiaJ S J�§^bk]�X�¨Mf D.
�&Xcbaf ¶ `MQ

§MJ^b�`�`�¨YJ ¯ JTQ ∇f VT_TfTi�]�«Tb�`�¶yf	¨ ZRbk]�X�X[W M _Rbaf	©�]½S J�§^bk]�X�¨Mf D, L U�VTf	� `�L f ∈W 1,ϕ(D).
��]�L$` L¨MfaL%Q	©	¨YJ VaJÈJ�VT_a`|«�`cb�`[iTfTh

W 1,ϕ
loc ⊂W 1,1

loc .
	½]^Z�J�§�U2©TiaJTQaL U�VTf	� `�L

f ∈W 1,p
loc ,

`�Xcbaf
ϕ(t) = tp

Q
p > 1.

��¸�SY`�X�¨MiaJTQ�©	¨YJ¡ia`[VT_a`[_TU%SMi�]�¬ ² W§iTZ	ªTf	¬
f
VT_TfTi�]�«Tb�`�¶yf	¨#ZRbk]�X�X[W

W 1,p
loc

¨YJ ¯ «k]¡fÆ¨YJ^bad LZ§Jg¨YJ ¯ «k]RQKZ§J ¯ «k] f ∈ ACLp
Q�¨ µ ` µ `�Xcbaf f b�J�ZR]nbadMiaJ ]/§MX�J^bahR¨MiaJ�ia`[VT_a`[_TU%SMi�]}i�]�VaJ/©	¨Mf�SYX�`|·VT_#¬TL U7·�QTV�]^_�]nbTb�`cbadMiTU7·�Z§JMJ�_�«afTi�]�¨MiTUtL�JMX�¬TL%Q�] Va`[_TSMUt`�©�]�X�¨MiTUt` VT_aJ�f	¸�SYJ�«aiTUt`

f
b�J�ZR]nbadMiaJfTi	¨Y` ¯ _TfT_TWY`�L U�SÈX�¨Y`[Va`[iTf p SÈJ�§^bk]�X�¨Mf D  X�L µ ½ \RNYQR_�]�¸�« µ N µ N µ � À ® µ� ]nb�`�`MQ�`�Xcbaf

f
° b�J�ZR]nbadMiaJÈfTi	¨Y` ¯ _TfT_TWY`�L&]�¬�SY`[Z	¨YJ�_ L ² W§iTZ	ªTf	¬ n SY`�´ `�X�¨MSY`[iTiTU7·}Va`[_a`�L$`[i LiTU7·

x1, . . . , xn, f = (f1, . . . , fm), fi ∈W 1,1
loc , i = 1, . . . ,m,

f
∫

D

ϕ (|∇f(x)|) dm(x) <∞,  Â µ � ®

¯ «�` |∇f(x)| =
√
∑m

i=1

∑n
j=1

(
∂fi
∂xj

)2
,
¨YJ�L U�X[iaJ�Sg]rVTf	� `�L

f ∈ W 1,ϕ
loc .

"�UÇ¨�]^Z	¶ `yfaX[VaJ^bad�¸�W L`�L�J�§MJ/¸�i�]�©a`[iTfa`
W 1,ϕ

loc

S XcbaW�©�]�`e§MJ^b�`�`�J�§/´ f'· ² W§iTZ	ªTf	±
ϕ,

©a`�L S#ZRbk]�X�XP]�· M _Rbaf	©�]RQ SYX�` ¯ «k]VT_a`|«aVaJ^bk] ¯ ]^hR´ f'·}SMU%VTW§ZRb�JMX�¨Mde² W§iTZ	ªTfTf ϕ f}`�` iaJ�_aL fT_aJ�SMZTW ϕ(0) = 0.W*WYX�¨Md
p > n − 1

Q
α = p

p−n+1
µ � ]^ia`�`  X�L µ Q{i�]^VT_TfaL$`[_{Q�½ �PekNPl�À ®*S ¨Y`�J�_a`�L&]�·�J�b�J�ZR]nbadMiaJMLVaJ�SY`|«�`[iTfTf¡ZRbk]�X�X�J�SÈ�'J�§MJ^b�`[Sg] f M _Rbaf	©�] ° �'J�§MJ^b�`[Sg] L U�VaJ^bad�¸PJ�Sg]nbafaX[d

p � $��%�����%�(+ 	��� ������ ����%�(+

KO,p(x, f) =





‖f ′(x)‖p
|J(x,f)| , J(x, f) 6= 0;

1, f ′(x) = 0;

∞,
S JMX�¨�]nbadMiTU7·g¨YJ/©TZR]�·

.

 Â µ Â�®

�Ã«k]nbadMia`�±	� `�L�L U»§�W�«�`�L VaJ^bad�¸PJ�Sg]�¨MdYX�¬
α � $����-� ���(���%�(+ 	��� ����������%�(+

KI,α(x, f) =





|J(x,f)|
lα(f ′(x)) , |J(x, f)| 6= 0;

1, f ′(x) = 0;

∞,
S JMX�¨�]nbadMiTU7·g¨YJ/©TZR]�·

,

 Â µ ¾�®

¯ «�` l(f ′(x)) = min|h|=1 |f ′(x) · h| µ��¸�SY`�X�¨MiaJTQ3©	¨YJ
KI,n(x, f) 6 Kn−1

O,n (x, f)  Â µ ¿�®
 X�L µ QTi�]^VT_TfaL$`[_{Q�½ \M\TQR_�]�¸�« µ N µ \ µ N|À ® µ��¸(X�JMJ/¨MiaJ � `[iTf	¬  Â µ ¿�®�b�` ¯ Z§JÈXcb�`|«aWY`�¨ ia`[_�]^SY`[iaX�¨MSYJ

KI,α(x, f) 6 Kα−1
O,p (x, f).  Â µ m�®� `�±aX�¨MSMf	¨Y`cbadMiaJTQ

KI,α(x, f) = K
α
n
I,n(x, f) |J1−α

n (x, f)| 6 K
α(n−1)

n
O,n (x, f) |J1−α

n (x, f)| = Kα−1
O,p (x, f).  Â µ ��®

��¸�SY`�X�¨MiaJTQ'©	¨YJ
KI,2 = KO,2

VT_Tf
n = 2

QgiaJ(VT_Tf
n > 3

S  Â µ ¿�®&L$J�¶ `�¨yfaL$`�¨MdyL$`�X�¨YJ X�¨M_aJ ¯ JM`ia`[_�]^SY`[iaX�¨MSYJTQ�ZR]^Zg¹�¨YJyVaJ�ZR]�¸�U%Sg]�`�¨¼¹[b�`�L$`[i	¨�]^_TiTU2±#VT_TfaL$`[_#X�¶ ]�¨Mf	¬}S/«�J^bad J�«aiaJ/±�f	¸½JMX�`�± µ�&b�`|«aW§hR´ `�` W�¨MSY`[_#¶¤«�`[iTfa`(X�L µ Sg½ NMNYQ'¨Y`�J�_a`�L&]}N|À µ
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�h_a¥/¦ �,` �Æ¥#kaja¥ ��D A9D �� 3�����
D
�
D′ �

-�� ����������

R
n, n > 3, p > n − 1

�
ϕ : (0,∞) →

(0,∞) �
$B�N � 02
���� � ��� �2 	$	� � ���������	��� * ��� - �����h$B��� - � - " -��/- t∗ ∈ (0,∞)

∞∫

t∗

[
t

ϕ(t)

] 1
n−2

dt <∞.  Â µ O�®

+�-�� ������� ��- � �/- ��� - � - " ���3��
f : D → D′ � - $B���/$ -��/- �B���	���>��$	��� �	���������

W 1,ϕ
loc

�'
���������� �
$	�	� $	�3�

Q �
�/- ��� - � - " ���3�� - � - ��$ - ���B��������$ -

p �
� - �3 ����\�

Q = K
1

α−1

I,α

*
α = p

p−n+1

6
� �,¥/¦ ���'b9ja¥ ��D A9D � � ��- � �/- ��� - � - " ���3�� ��� - $B���/$	0S� �B���	���>��$	�B��� 


R
n * n > 3

* �	���������
W 1,q

loc

1#"��
q > n−1

�'
���������� �¼$	�	� $	�3�
K

1
α−1

I,α �
�/- ��� - � - " ���3�� - � - ��$ - ���B��������$ -

p �
� - �3 ����¼1#"��

p > n− 1
*
α = p

p−n+1

6
�&b�`|«aW§hR´ f	±}_#¬�« ¨Y`�J�_a`�L SMU2¨Y`[ZR]�`�¨ f	¸½VT_a`|«Tb�J�¶ `[iTf	¬ Â µ N fh¨Y`�J�_a`�L�VTW§iTZ	¨�] � µ
��¥#`9_a¥�� � ��D A9D	�� 3�����

f : Bn → B
n * n > 3 �

�/- ��� - � - " ���3��Ç��� - $B���/$	0S� �B���	���>��$	�B���
�	���������

W 1,ϕ
loc

* � ���
ϕ : (0,∞) → (0,∞) �

$B�N � 02
���� � ��� �2 	$	� � ��� *  �� - 
��B����
 - "�� � � ���h 3��� -
�
����

(4.9)
�
f(0) = 0

6 �S"��s��1 - � - � �3� * ��� -
p > n

�h����� $B��� - � - "�0	�\� - $B���/$	0	�Å�/�B�����
λ > 1

*
σ > 0

�
C0 > 0


�021 - �	$B��$ -  3��� - 
��B�

εσ
λε∫

ε

dr

k
1

α−1

I,α (r)

> C0  Â µ NPl�®

�����º��� ��-��/-
ε ∈ (0, ε0)

*
ε0 ∈

(
0, 1λ

) * � ���

kI,α(r) =

∫

Sr

KI,α(x, f) dAn−1 α =
p

p− n+ 1
.  Â µ NMN�®

+�-�� ���¤�3�������!������� ->- � ��$	�	�
lim inf
x→0

|f(x)|
|x|

σ
p−n

6 ν0C
− 1

p−n

0 ,  Â µ NP\�®
� ���

ν0 �
1 - � - � �B��������$����V� - $B������$B��� * ���
��B� � � ���³� - ����� - - �!"�������s"�$ - �����V1#" - ���|"���$B����
��

n
*

p
*
λ
�
σ
6

� �,¥/¦ ���'b9ja¥ ��DKJBD2� �#������$ - ����� * �����	��������$B��� - � - "�0	�Æ� - $B���/$	0	�Ã�/�B�����
λ > 1

�
C0 > 0
�021 - �	$B��$ -  3��� - 
��B�

εp−n
λε∫

ε

dr

k
1

α−1

I,α (r)
> C0  Â µ N � ®

�����º��� ��-��/-
ε ∈ (0, ε0)

*
ε0 ∈

(
0, 1λ

) * � ���

kI,α(r) =

∫

Sr

KI,α(x, f) dA , α =
p

p− n+ 1
,  Â µ N�Â�®

� - 1#"��
p > n

�3�������
lim inf
x→0

|f(x)|
|x| 6 ν0C

− 1
p−n

0 ,  Â µ N�¾�®
� ���

ν0 �
1 - � - � �B��������$����h� - $B������$B��� * ���
��B� � � ��� � - ����� -¤- �S"�������s"�$ - �����h1#" - ���|"���$B����
��

n
*
p�

λ
6
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� � ����� � � W*_a`|«aVaJ^b�J�¶yfaL%Q9©	¨YJ

n > 3
f
p > n

Q
σ > 0 µ W*WYX�¨Md f : Bn → B

n Q ¯ «�`
f(x) =

x

|x| |x|
σ

p−n

VT_Tf
x 6= 0

f
f(0) = 0 µ	½]�XP]�¨Y`cbadMi�]�¬ f�_�]�«af�]nbadMi�]�¬ «afRbk]�¨�]�ªTfTf

f
i�] X�²½`[_a`

Sr = {x ∈ R
n : |x| = r} Q r ∈ (0, 1)

Qb�` ¯ Z§JÈSMU2©TfaXcb3¬RhR¨YX�¬��
δT =

|f(x)|
|x| = |x|

σ−p+n
p−n

f
δr =

σ

p− n
|x|

σ−p+n
p−n .

��]�L$`�¨MfaL%Q3©	¨YJ
δT > δr

µ �&b�`|«�J�Sg]�¨Y`cbadMiaJTQ�SMSMf'«aW¡X�²½`[_Tf	©a`�X[Z§J/±#X[faL$L$`�¨M_TfTf#L U�SMf'«afaL%Q3©	¨YJ

KI,α(x, f) =
δn−1
T δr
δαr

=

(
p− n

σ

) n−1
p−n+1

|x|
(n−1)(σ−p+n)

p−n+1 , α =
p

p− n+ 1
.

�*i	¨Y` ¯ _TfT_TW�¬}VaJÈX�²½`[_a` Sr QRVaJ^baW�©�]�`�L

kI,α(r) =

∫

Sr

KI,α(x, f) dAn−1 = ωn−1

(
p− n

σ

) n−1
p−n+1

r
(n−1)(σ+1)

p−n+1 .

M ¨MZTW�«k] SMU2¨Y`[ZR]�`�¨ _�]^SY`[iaX�¨MSYJ

εσ
λε∫

ε

dr

k
1

α−1

I,α (r)
=

σεσ

p− n
ω
− n−1

p−n+1

n−1

λε∫

ε

r−(σ+1) dr = ω
− n−1

p−n+1

n−1

1− λ−σ

p− n
= C0 > 0.

�
¨MfaL VaJ�ZR]�¸n]^iaJTQ9©	¨YJ WYXcb�J�SMfa`  Â µ NPl�®'i�] � `�±g¨Y`�J�_a`�L U�SMU%VaJ^baia`[iaJ µ�Ã«a_TW ¯ J/±�X�¨YJ�_aJ�iTU½QRb�` ¯ Z§JÈSMf'«�`�¨MdaQ	©	¨YJ

lim
x→0

|f(x)|
|x|

σ
p−n

= 1.  Â µ N�¿�®
���������	��
���� � ���� W JMX�¨M_aJM`[iTiTU2±�VT_TfaL$`[_�VaJ�ZR]�¸�U%Sg]�`�¨^Q�©	¨YJri�]�±'«�`[iTiTU2±�VaJ�_#¬�«�J�Z�_aJMX�¨�]rSJ/ªa`[iTZ§`  Â µ NP\�®�¬RS�b3¬T`�¨YX�¬g¨YJ/©TiTUtL µ
��¥#`9_a¥�� � ��DKJBD �� 3�����

f : Bn → B
n, n > 3, �

�/- ��� - � - " ���3��@� � - $B���/$	0S�Ç�B���	���>��$	�
����Ç�	���������

W 1,ϕ
loc

*�� ���
ϕ : (0,∞) → (0,∞) �

$B�N � 02
���� � ��� �2 	$	� � ��� *  �� - 
��B����
 - "�� � � ��� 3��� - 
����
(4.9)

*
p > n

�
f(0) = 0

6
1)

�7���	�������P$B��� - � - "�0	�!� - $B���/$	0	�º�/�B�����
θ ∈

[
0, (p−n)(n−1)

p−n+1

) �
κ0 > 0


�021 - �	$B��$ -  3��� - 
��B�

1

ωn−1rn−1

∫

Sr

KI,α(x, f) dAn−1 6 κ0r
−θ  Â µ Nnm�®

�����h1 6 
 6
r ∈ (0, r0)

*
r0 ∈

(
0, e−1

) * � -

lim inf
x→0

|f(x)|

|x|1−
θ(p−n+1)

(n−1)(p−n)

6 ν0κ
p−n+1

(p−n)(n−1)

0 ,  Â µ N ��®
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 Â§m

� ���
ν0 �

1 - � - � �B��������$����Å� - $B������$B��� * ���
��B� � � ���Ã� - ����� -\- �>"�������s"�$ - �����³1#" - ���|"���$B����
��
n�

p
6
2)

�7���	�
K

1
α−1

I,α (x, f) ∈ Lβ(B
n)
*
β > n

p−n
* � -

lim inf
x→0

|f(x)|
|x|1−

n
β(p−n)

6 ν0|K
1

α−1

I,α ‖
1

p−n

β ,  Â µ NPO�®

� ��� ‖K 1
α−1

I,α ‖β =

(∫
Bn K

β
α−1

I,α (x, f)dm(x)

) 1
β

�
$ - "B���º
g1#" - ���|"���$B����
'�

Lβ(B
n)
�
ν0 �

1 - � -
�� �B��������$����g1 - ��� - �'$	$���� * ���
��B� � � ���\� - ����� -¼- �

n
*
p
�
β
6

� �,¥/¦ ���'b9ja¥ ��DFHID �7���	�e�����h$B��� - � - " -��/- � - $B���/$ -��/- �/�B�����
κ0 > 0


�021 - �	$B��$ -  3��� - 
��B�
1

ωn−1rn−1

∫

Sr

K
n−1

p−n+1

I,α (x, f) dAn−1 6 κ0  Â µ \Ml�®

�����º1 6 
 6
r ∈ (0, r0)

*
r0 ∈ (0, e−1)

* � -

lim inf
x→0

|f(x)|
|x| 6 ν0κ

p−n+1
(p−n)(n−1)

0 ,  Â µ \RN�®
� ���

ν0 �
1 - � - � �B��������$����Æ� - $B������$B��� * ���
��B� � � ���Å� - ����� -h- �!"�������s"�$ - �����Æ1#" - ���|"���$B����
��

n�
p
6
� �,¥/¦ ���'b9ja¥ ��D ��D9� �#������$ - ����� * 
'���a"���� �����������0Ã�3�����P�S������� - ����� �/- ��� - � - " ���3�� - 
 �,� -

�$B���/$	0S�³�B���	���>��$	�B��� �	��������� 4[-���- �B��
��
W 1,q

loc

1#"��
q > n− 1

6
� j��'¥#_��	��^�_��
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O���A�£�7D>,7�9 	 : )�7�����M6� ��� F �D7D>,(	)�?H����� ��MN7	U'=%OR(	)��Z���Z��� {�m|��m|{|�/���[qsr�x/z�~2��w�n����N����~ � ��n�x�p�� T7T�0 m|{|m�n/qs���r�����x/�9��r/m��|tI~R�	r/m���m|m|{|�/���sx/z�~ GIG Saw�� � �9��� � � , �sr�x/w � N2É�Ê�Ë|Ë|� N�B��Mm �>Q S�� N�0��:S�Ë�l�T�S5O�É��
p���68(	) E (D>���P5;t�KA�� ��MN7	U'=%OR(	)��Z���Z� ��M : )�(�9 E 	 F >,(	)����KA�� 2 ��qNm|��x�x m|��m|{|�/���[qsr�x�->w�n����N�Nm�� 0 m|{|m�n/qs����x� ��n�x�p�� N 0 m|{|m�n/qs��� � N 2 x/qs� � Ï �No�w�m����[y/o��3w���� É�Ê�Ë�S�� N�S|Ê7S � �
n���68(	) E (D>���P�;t�1A�� ��� F �D7D>,(	)5?H� ��� ��MN7	U'=%OR(	)��Z���Z� ��M : )�(�9 E 	 F >,(	)����1A�� 2 ��qNm|��x�x!w�n����N�Nm�� � ��n�x�p�� N0 m|{|m�n/qs��� GIG Ñ n���qN{|�/��x���r���n�x/� � N2É�Ê�Ë�S�� N�B���É7p �>Q n�� N�0���Ë�TAp5SÌ���68(	) E (D>���Pd;t�oA�� ��� F �D7D>,(	)�?H� ��� ��MN7	U'=%OR(	)��Z���Z� ��M : )�(�9 E 	 F >,(	)����oA���Í �/��r�x�p�r/m|q,�/m���q y�qsr�x/q�w�n����N�Nm��� ��n�x�p�� N 0 m|{|m�n/qs��� GIG Î���� � �����3qN��w�x � N2É�Ê�Ë)O�� N�B��Ml�p �>Q O�� N�0��:p5n5O�TAp|Ì5n��
m���MN7	U'=%OR(	)��Z���Z� � Ï x/��r�x/q[m�v/qsr/w�x p u �3mNy/o�n/zSx�m|��m|{|�/���[qsr�x/z�w�n����N��� 0 m|{|m�n/qs��� GIG Ñ n���qN{|�/��xP��r���n�x/� � NÉ�Ê�Ë)O�� N�B���É5n �>Q n�� N8K���Ë)O�S�T/Ë�Ì�Ë|�
l���MN7	U'=%OR(	)��Z���Z� ÎRqN����x�p/qN�Nw�x/qS�s��m"-/�N�|����w�n����N�Nm�� � ��n�x�p�� N 0 m|{|m�n/qs��� GIG Saw�� � �9��� � � , �sr�x/w � N2É�Ê�Ë�n�� NB���Ë�S �>Q Ë|� N�0���Ë�É5l�T/Ë)O�Ë|�Ë�Ê���MN7	U'=%OR(	)��Z���Z��� w�m�r/qsp�r/m"-2n�x���1,x�v/qs��m|�N�|x2w�n����N�Nm�� � ��n�x�p�� T7T�0 m|{|m�n/qs��� GIG Ð9n���y/x/w�����w � �9��� � ��o���r � NÉ�Ê�Ë�p�� N�B���Ë�Ì �>Q Ë|� N8K��:n5O�T�Ì|Ì��Ë|Ë|��MN7	U'=%OR(	)��Z���Z�B� r/m���m|�Æo��sn/m��|x�xew�m�r/qsp�r/m"-en�x���1,x�v/qs��m|�N�|xew�n����N�Nm�� � ��n�x�p�� T7T¼0 m|{|m�n/qs��� GIG Î���� �0 �|o�y , � � N2É�Ê�Ë�p�� N�B��>O7O �>Q Ë|� N8K���É|Ì)T�S�p��Ë�É��.& 
�!	�\�\��� � ; *-D>&0cA, (+*-354*-, 37;a/5;Mc È 3544-&)(9:37;McA&); È &0u>;McA&�4HÏ<uM/5(, È 37;A1�354-.0/5=].0/59>9>, ;>E7( , ;e(9M/ È &`GIG � /5E73�?�/

j /�*-D �Mk�� N�Ë�l7n�p�� N�P 37= �#É7p�� N�R'��Ë�Ì7p)T�É�Ê7S��Ë�S���68(	) E (D>���P�;t� � � F �D7D>,(	)d?H� 2 ��qNm|��x�xRr�x/��r�x�~ Q u ��m|�3qNm|�3m|�/��x/�N�3m�� GIG Saw�� � �9��� � � , �sr�x/w � N2É�Ê|Ê7m�� N�B�� p �Q É�� N�0���Ë�p|Ì)T/Ë�m�Ë|�
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Ë)O���MN7	P�9�M6��B qNm|��x/z2x�r/��qs���/��n�� � N Î � ��/ � y u ��m�x�r/m|�N��� � n�x/� u ��t,� Ë�l5O�l��Ë�p��8�g���)��� !��"� �0/��  
b�\��#��o� �C$�U��� �>U��	)U��	A��� &.ÌM;>, *-, 37;>(61�354¤Ï<uM/5(, 4-&)E7u>= /�4 .0/59>9>, ;>E7( GIG L ;>; �AL È /7c � � È , � J>&);>; � ��&�4 �

L[Ë|�:j /�*-D � N�Ë�l7n7l�� N�P 37= �:O7O�m�� N�R'��Ë�T<O�Ê��Ë�n���� U���P�?H�bA���� �/����qsr/�N�|��q p u qN�3w�m|�N�|x2x p u �3mNy/o�n/z GIG 0 x/{ � �9��� � ��o���r � N�Ë�l7l7S�� N�B��>S5O �<Q n�� N�0��/É�Ë�n�T�É|É�Ë|�Ë�Ì��8�g�%$�� rM��$%�o� & È *-uA4-&)("37; , (379:&�4-, .8&�*4-, È /5;Mct, (3 È /59M/ È , *�/�4? , ;>&DÏ<uM/5= , *-, &)(", ;g*-D>&�*-D>&)354?g351J��3��:37= &)bg(9M/ È &)(�GIG
K 37;<*-&).89 �Mj /�*-D � N2É�Ê|Ê7S�� N�P 37= �oS7S7m�� N�R'�:S|Ê�Ì)T�S5O�Ê��Ë�m��.&��2��#>��� ��]� �!�:�7�-����	
 $%� � ; .0/59>9>, ;>E7(�B�, *-D , ;<*-&)E54�/"�>= & cA, = /�*�/�*-, 37; GIG R 4-3 È �%L .8&�4 �6j /�*-D � ��3 È � N�Ë�l7l7S�� N
P 37= �#Ë|Ë�m�� N�R'��Ë�m�Ë�T/Ë�m7m��Ë�l��.&��2��#>��� ��]� � �g���)��� # �"� �H&)37.8&�*4-, È /5=HJ>u>; È *-, 37;z�6D>&)354?X/5;Mc � 37;�u � , ;>&�/�4 L ;M/5= ?A(, ( � N � d�1�354�c,� K = /�4-&);McA37;
R 4-&)(( � É�Ê|Ê�Ë|�É�Ê���6!&�7�9�>,(�9 : U
	�9�P'=��¼*���A�� � �1$ E =�G%P'=�� �����H� Ð9tI��o�w�n�t�q���o�r/w�v�x�x!x �/��m|�N���/��r/�N�|��� � ��n�x�p�� � N Î � � ¢[x/� u�9����n�x/��� Ë�l�p5m��É�Ë|��*57"� 	 F ?H��#o� l,��m|�N���/��r/�N�|��� 0���)7�o0 m|{|m�n/qs��� � N ) qsr�x�r����/��y � )[Í S�� Ë�l7m�p�� N�O�Ë�n � �É|É���� : ¢ :�E > F P�� ��#o� l,��m|�N���/��r/�N�|��qsr�r�t�q�m|��m|{|�/���[qsr�x/z��Bm����/��r�x�p/qsr�r�t���x/�Nw����[qsr�x/qN� � N�Ï m���m|�sx/{�x/���Nw � Ï � uo�w���� Ë�l7m�É��
WKX�Y"XHZ"[5\%]	^.XH_I\�`ba%Y�f
	�]��IX8[� "!'[Îf'hIi��gk�l
 woxKt1��q1r���no¡�x�w����1w,��t1{,q1r%t1}
/ r/�N�|x/�|o����9����qN�9���|x/w�x Ï[Ñ�Ï Saw��/��x�r�t,�9 E 7�&o¢�=���>,7�$1��>%�J�59�( E &'$	�,>�=%PS 2 � Ñ / Ï[Ñ � Ê�Ë�n|Ê�Ë � 2 x/qs� u O ��o�n ��B qN��qN}[qsr/w�m����Nw���z�� S
Y u'.0/5, =��,¦"©�+��.§%�"�
���I����©D§���+�.��N�3�"� � �"�%¦�+�©	���
���I�	.�©	��-�.��N�3�"�

³�· ®�¿�¬ »H³�½ ¬8´ ³�´�º�¬8´¶³�² µ�´d³�½ ®�¿Â³�² ¸ ³�½ ¬8´ Q L�¿5³ ¯ ¬H³ ¯ ³�´�»8¿ �  ¯ 
 � U�ÈRQuÅbÆ ´ µ ´ µ

f@;t*-D>&�9A4-&)(&);<*H9M/59:&�4HB6&�, ;�b�&)(+*-, E�/�*-&�*-D>&�/5(+?A.89A*-35*-, È �:&)DM/�b�, 354"351 Q u'D>37.8&)37.8354-9>D>, (.8(6B�, *-Dg4-&)(9:& È *H*-3\/ p u
.83�cAu>= u>(�/�* /�9:37, ;<* � �6D>& (u	� È , &);<* È 37;McA, *-, 37;>(�37; Q u>;McA&�46B�D>, È Dg/�.0/59>9>, ;>E�DM/5( / È &�4*�/5, ;t354�cA&�4 351ZE54-3�B%*-D
/�4-& 3��A*�/5, ;>&�c � Ë &�/5= (3�E7, b�&�(37.8&�/59>9>= , È /�*-, 37;>(]351:*-D>&)(&%4-&)(u>= *-(2*-3 � 4-= , È _ T ��3��:37= &)b È = /5((&)( W 1,ϕ

loc , ; R
n � n > 3

�
u>;McA&�4 È 37;McA, *-, 37;>( 3516*-D>& K /5= cA&�4-37;�*@?A9:&�37; ϕ /5;Mc � , ; 9M/�4*-, È u>= /�4 � *-35��3��:37= &)b È = /5((&)( W 1,p

loc , p > n − 1 � Ë &
E7, b�&�/5= (30/5;t&�d>/5.89>= &"3512/�D>37.8&)37.8354-9>D>, (. cA&).837;>(+*4�/�*-, ;>E�*-DM/�*%*-D>&"&)(+*�/"�>= , (D>&�ct354�cA&�4�3512E54-3�B%*-Dt, (�9A4-& È , (& �
Ð�ÑbÒ�Ó�Ô%Õ"Ö�×|¡

p u'.83�cAu>= u>( � p u È /59M/ È , *@? � = 3�B6&�4 Q u'D>37.8&)37.8354-9>D>, (.8( � .0/59>9>, ;>E7(i351'ÌM;>, *-&6cA, (+*-354*-, 37; � ��3��:37= &)b È = /5(( �� 4-= , È _ T ��3��:37= &)b È = /5(( �
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�ÆD[Z\D�� ���a`9b����,`9b��

Ð³�/��{|m|��qP�/���N�N�9������x�����qN��� z¼x/�Nm|�3qN����x�p/qN�Nw�m|q��/m�����o��[qsr�x/q
n u �3qN��r/m���m¤~��No�� y�m|�/�am���m���m>m|��x/qsr/�|x/��o�qN�3m���m�	r/m���m|m|{|�/���sx/z��Bo�y�m��|n/qN�|��m|��z��a}[qs��m!����m|��m"- ��w��sx/m|�3q��sp/qN�|r/m|�N�|x��3�

m u �3qN��r/m|q��/m�n�r/m|q�mNy/r/m|�s��z��sr/m|q���x u�9��r/m���m�x�n�x¤�/�Nqs��y�m|��x/�9��r/m���m��/��m|�N���/��r/�N�|��mR�/m|�N��m�z�r�r/m"-¤w���x��|x/�sr�t �K0 x/�s�/m�n�£��Nm�����r�x/qN� r/qs��m�n/m�r/m|�	r���~��qs�/qN��m��R�|tI��mNy�z���� z�o��/���|r/qsr�x/z Í �No��N�����#l,qN��qN���Nm�r�� N 2 mNy���v�v�x��#�	x�p�p�x�y/n/z��/m�����o��[qsr�x�-!w�n����N��� C2 n u�3qN��r/m���m>�	r/m���m|m|{|�/���sx/zh�
m u �3qN��r/m|q��/��m|�N���/��r/�N�|��m ��� �sr/m��|r/m"-g��qN�so�n�£��|���¤�/m�n�o�p/qsrg��x/�s�/m�n�£��Nm�����r�x/qN�m|{|m|{|}[qsr�r/m���mS�|r/q 1,r/qs��m7y/x��5�aqN��qsr�v�x/��m�����r�x/z��/m�y�q[�	���	o � l,m|w�������r/m���p/��m��/��x��N��m|�º�am|���	t\�s��z��sr/m|�N�|x���/m�����o��[qsr�x/zSx�w���o�p/qsr�x/z2m|{�n���y����a�7r/qs�/��qN��tI�|r�t��>m|{|m|{|}[qsr�r�t��e�|r/q 1,r�x/� y/x��5�aqN��qsr�v�x���n/m|� �

���	�S�'���/�7�!���	�/�/ #¡#�/mNy��	r/m���m|m|{|�/���sx/q|�/�/m�����o��[qsr�x/q|��r/qs��m�n/m�r/m|�	r�t�-���qs�/qN�#��o��/���|r/qsr�x/q Í �No��N������o��/���|r/q ur�x/q5l,qN��qN���Nm�r�� N 2 mNy���v�v�x���o��/���|r/qsr�x/q5�	x�p�p�x �

A9D,d¤b9¥/¦[¥#kaja¥
�½b3¬ÈVaJ ¯ _TW�¶ `[iTf	± z ¯ bk]�«aZ§J ¯ J n L L$`[_TiaJ ¯ J(L iaJ ¯ JMJ�§�_�]�¸�f	¬ X S

m L L$`[_TiaJM`tVT_aJMX�¨M_�]^iaX�¨MSYJ VaJ LX�¨YJ�¬RiTiaJ/±�ZT_TfTSMf	¸�iTU½Q
1 < n < m

QTZRbk]�X�XP]
Cr Q r > 3

QTSMU%SYJ�«#W§_�]^SMia`[iTf	± �R]�WYX�XP]RQ�W `�¨Y`[_aX�J�i�] °	 J�«k]�ª	ªTf�f��$f	©	©Tf}S ¯ J^b�J�iaJML iaJML�_a`[Va`[_a`½VT_TfTSYJ�«af	¨YX�¬�SyZTiTf ¯ ` � ±	¸P`[i'·§]^_	¨�] ½ NMQaX µ \�¾ � À µ ��_�] L§MJ/¨�]�·�� µ Q µ 	jbafaL$`[i	¨YJ�Sg] ½ \�À Q � µ � µ Q J�_aJ�SYX[Z§J ¯ JÃ½ � ÀtfÃW µ � µ " ]^_TZ§J�Sg] ½ Â/ÀS¹�¨Mf�W§_�]^SMia`[iTf	¬SMU%SYJ�«3¬'¨YX�¬�VT_Tf�VaJ�iTf	¶ `[iTiTU7· ¨M_a`�§MJ�Sg]^iTf	¬�·�i�] _a` ¯ Wnb3¬R_TiaJMX�¨Md�VaJ ¯ _TW�¶ `[iTf	¬ z µ � _�]/§MJ/¨Y`V½ \�ÀW§_�]^SMia`[iTf	¬ �R]�WYX�XP]RQ,W `�¨Y`[_aX�J�i�] ° 	 J�«k]�ª	ªTf f �$f	©	©Tf VaJ^baW�©a`[iTU S ¯ J^b�J�iaJML iaJML_a`[Va`[_a`¼«Tb3¬VaJ ¯ _TW�¶ `[iTf	± z ZRbk]�X�XP] W r
q

Q
r > 3

Q
q > n

Qa² W§iTZ	ªTf	±{QKfaL$`[hR´ f'·!J�§MJ�§/´ `[iTiTUt`�VT_aJ�f	¸�SYJ�«aiTUt`VaJ�� µ � µ �'J�§MJ^b�`[SMW «�J r L ¯ J#VaJ�_#¬�«aZR]�SMZRbahR©Tf	¨Y`cbadMiaJTQ�X[WRL$L fT_TWY`�L Ut`�X¡X�¨Y`[Va`[iTdMh q
Q
n L L$`[_ LiaJ ¯ J}L iaJ ¯ JMJ�§�_�]�¸�f	¬ X S

m L L$`[_TiaJM`yVaX�`[S/«�J�_TfaL&]^iaJ�SYJ�VT_aJMX�¨M_�]^iaX�¨MSYJ}VaJMX�¨YJ�¬RiTiaJ/±�ZT_TfTSMf	¸�iTU½Q
1 < n < m µ ��_�]/§MJ/¨Y`\½ � À'W§_�]^SMia`[iTf	¬ �R]�WYX�XP]RQ[W `�¨Y`[_aX�J�i�] ° 	 J�«k]�ª	ªTf f �$f	©	©Tf SMU%SYJ�«3¬'¨YX�¬S ¯ J^b�J�iaJML iTU7·}_a`[Va`[_�]�·º«Tb3¬�VaJ ¯ _TW�¶ `[iTf	± z ZRbk]�X�XP] W 1

2

§M`�¸½VT_a`|«aVaJ^b�J�¶ `[iTf	¬#ia`[VT_a`[_TU%SMiaJMX�¨MfJ/¨YJ�§�_�]�¶ `[iTf	¬
z
Q
1 < n < m µ � _�]/§MJ/¨Y`V½ Â�ÀS¹�¨Mf�W§_�]^SMia`[iTf	¬ VaJ^baW�©a`[iTU «Tb3¬ VaJ ¯ _TW�¶ `[iTf	± zZRbk]�X�XP]

C2 S}VRb�JMX[Z§JM` VT_aJMX�¨M_�]^iaX�¨MSYJTQ f�WYX�¨�]^iaJ�S�b�`[iaJTQa©	¨YJ}VT_TfV¹�¨YJML»²½J�_aL U X[S�¬'¸�iaJMX�¨Mf{QKVaJ L¯ _TW�¶ `[iTf	¬�f#ZT_TW�©a`[iTf	¬#J�§^bk]�«k]^hR¨ria`[VT_a`[_TU%SMiTUtL�J�§MJ�§/´ `[iTiTUtL�SMia` � iTfaL «af3²�²½`[_a`[i	ªTf�]nb�JML%Q©	¨YJyia` Xcb�`|«aWY`�¨ f	¸ Z§J�iaX�¨M_TW§Z	ªTf	±#_�]/§MJ/¨MU@½ � À µ�Å«k]^iTiaJ/±�_�]/§MJ/¨Y`jVaJMXcb�`|«aiTf	±�_a`�¸�Wnbad�¨�]�¨ÈX¨faX[VaJ^bad�¸PJ�Sg]^iTfa`�L ia` ¯ J^b�J�iaJML iTU7·r_a`[Va`[_aJ�SyJ�§MJ�§ L´y]�`�¨YX�¬yi�]*XcbaW�©�]�±
C2 L VaJ ¯ _TW�¶ `[iTf	± z S _TfaL&]^iaJ�SYJ½fRbafyVaX�`[S/«�J�_TfaL&]^iaJ�SYJ(VT_aJMX�¨M_�]^iaX�¨MSYJ½VaJMX�¨YJ L¬RiTiaJ/±}ZT_TfTSMf	¸�iTU
K µ

È© É�Ê�Ë�Ì � ���/m�����n/m���� )7��Ï7�
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�Ã«k]^iTiaJML VTW§iTZ	¨Y` VT_TfTSYJ�«3¬'¨YX�¬}ia`�J�§�·gJ�«afaL Ut`(i�]�L X[SY`|«�`[iTf	¬�J L iaJ ¯ JMJ�§�_�]�¸�f	¬�·}f¡_�]�X�Xcb�JM` LiTf	¬�·�QYWYX�¨�]^i�]^S�bafTSg]^hR¨YX�¬º¨Y`[_aL fTiaJ^b�J ¯ f	¬rfrJ�§MJ/¸�i�]�©a`[iTf	¬�QRZ§J/¨YJ�_TUt`¨faX[VaJ^bad�¸�W§hR¨YX�¬¼«Tb3¬¼²½J�_aL W LbafT_aJ�SMZTf#JMX[iaJ�SMiaJ ¯ JÈ_a`�¸�Wnbad�¨�]�¨�] µA9D A9D�W*WYX�¨Md
X

° X[S�¬'¸�iaJM`
n L L$`[_TiaJM`MQ n > 2

Q,·§]�WYX�«�J�_3²½J�SYJ J�_Tfa`[i	¨MfT_TWY`�L$JM`
C∞ L L iaJ ¯ J LJ�§�_�]�¸�fa`MQ�W�«�J�S�b�`�¨MSYJ�_#¬RhR´ `�`�S�¨YJ�_aJ/±�]^Z§X[faJML$`#X�©a`�¨MiaJMX�¨Mf µ � ]�X�Xcb�JM`[iTfa`#i�]�« X

Xh¨YJ/¨�]nbadMiTUtLVT_aJMX�¨M_�]^iaX�¨MSYJML
P (X)

§�W�«�`�L J�§MJ/¸�i�]�©�]�¨Md�X[faL SYJ^b�JML ` ¯ JÅ¨YJ/¨�]nbadMiaJ ¯ J�VT_aJMX�¨M_�]^iaX�¨MSg] P (X)
QXcb�J/±�i�]�«V¨YJ/©TZ§J/±

x ∈ X − Px(X) µ � `[_a`�¸ T (X)
f
T ∗(X)

J�§MJ/¸�i�]�©TfaL�X�JMJ/¨MSY`�¨YX�¨MSY`[iTiaJ�ZR]�XP] L¨Y`cbadMiaJM`)f Z§J�ZR]�XP]�¨Y`cbadMiaJM`t_�]�X�Xcb�JM`[iTfa`%i�]�«
X µ W*WYX�¨Md E r(X,P (X))

° L iaJ�¶ `�X�¨MSYJ
Cr L X�`�©a`[iTf	±{Q

r > 1
QT_�]�X�Xcb�JM`[iTf	¬

P (X) µ�½b3¬�«aSMW#· L iaJ ¯ JMJ�§�_�]�¸�f	± X f
Y
_�]�¸PL$`[_TiaJMX�¨Y`�±

n
f
m
X�JMJ/¨MSY`�¨YX�¨MSY`[iTiaJ�©a`[_a`�¸

Cr(X,Y )
J�§MJ L¸�i�]�©TfaL�L iaJ�¶ `�X�¨MSYJ(SYX�`|·ÈJ/¨YJ�§�_�]�¶ `[iTf	±

X → Y
ZRbk]�X�XP]

Cr µ 	½]�¶¤«�JM`¨J/¨YJ�§�_�]�¶ `[iTfa` f : X → Y§�W�«�`�L�_�]�X�X�L&]�¨M_TfTSg]�¨Md¡ZR]^Z�X�`�©a`[iTfa`
x → (x, f(x))

¨M_TfTSMf�]nbadMiaJ ¯ J¡_�]�X�Xcb�JM`[iTf	¬ X × Y µ �KJ ¯ «k]
Cr(X,Y ) = E r(X,X × Y ) µA9DKJBD M §MJ/¸�i�]�©TfaL ©a`[_a`�¸ =∗(X)

_�]�X�Xcb�JM`[iTfa` b�J�ZR]nbadMiTU7·�Z§J�_a`[Va`[_aJ�S}i�]
X µ � «k]nbadMia`�±	� `�Lb�J�ZR]nbadMiTUtL�Z§J�_a`[Va`[_aJML�i�]

X
§�W�«�`�L i�]�¸�U%Sg]�¨MdrX�`�©a`[iTfa`�¹�¨YJ ¯ Jy_�]�X�Xcb�JM`[iTf	¬ µW*WYX�¨Md

G
° ¯ _TW§VTV�]j� f{Q�¬RS�b3¬RhR´y]�¬TX�¬ VaJ�« ¯ _TW§VTVaJ/± VaJ^baiaJ/± bafTia`�±TiaJ/± ¯ _TW§VTVTU n��

(n) µ 	½]^Zf�VT_TfTi	¬'¨YJTQKZR]�¶¤«aU2±Å¹[b�`�L$`[i	¨ ¯ _TW§VTVTUrn��
(n)

J/¨YJ�¶¤«�`�X�¨MSMfaLX ` ¯ J�L&]�¨M_Tf	ªa`�± S�ZR]^Z§JML L baf3§MJ§Y]�¸�faX�` µ �(Sg]rb�J�ZR]nbadMiTU7·�Z§J�_a`[Va`[_�] τ, τ ′ ∈ E r(X,=∗(X))
XÈJ�§^bk]�X�¨�¬TL f!J�VT_a`|«�`cb�`[iTf	¬

U
f
U ′X�JMJ/¨MSY`�¨YX�¨MSY`[iTiaJ�i�]�¸�U%Sg]^hR¨YX�¬

G L � � 
  ���� � $�������# � � Q$`�Xcbaf!baf3§MJ U ∩ U ′ = ∅
Q{baf3§MJ S ZR]�¶¤«�J/±

¨YJ/©TZ§`
x ∈ U ∩ U ′ Q�§Y]�¸�faX[U τ(x) =

(
τ i(x)

)n
i=1

Q
τ ′(x) =

(
τ ′k(x)

)n
k=1

VT_aJMX�¨M_�]^iaX�¨MSg]
T ∗
x (X)X[S�¬'¸n]^iTU _�]^SY`[iaX�¨MSYJML

τ ′k(x) = pki (x)τ
i(x)

Q ¯ «�`½L&]�¨M_Tf	ª�] P = (pki ) ∈ Cr(X,G) µ"�iaJ�¶ `�X�¨MSYJ!SYX�`|·�VaJ�V�]^_TiaJ
G L X�J ¯ bk]�X�J�Sg]^iTiTU7·�b�J�ZR]nbadMiTU7·�Z§J�_a`[Va`[_aJ�S i�]�¸�U%Sg]�`�¨YX�¬ G L�� � �

� ��� � + µ � ]^ZrZR]^Z�J�§^bk]�X�¨Mf�J�VT_a`|«�`cb�`[iTf	¬ b�J�ZR]nbadMiTU7·rZ§J�_a`[Va`[_aJ�S VaJ�ZT_TU%Sg]^hR¨ X Q�¨YJTQ�·gJ/¨�¬rJ/¨MiaJ L� `[iTfa`
G L X�J ¯ bk]�X�J�Sg]^iTiaJMX�¨Mf�f�ia` ¬RS�b3¬T`�¨YX�¬!J/¨MiaJ � `[iTfa`�L»¹�ZTSMfTSg]nb�`[i	¨MiaJMX�¨Mf{Q$L iaJ�¶ `�X�¨MSYJ#SYX�`|·b�J�ZR]nbadMiTU7·

Cr L Z§J�_a`[Va`[_aJ�S i�] X _�]�¸�§�fTSg]�`�¨YX�¬}i�] ia`[Va`[_a`�X�`[ZR]^hR´ fa`�X�¬
G L J�_3§�f	¨MU µ 	½]�¶¤«k]�¬ G LJ�_3§�f	¨�] J�«aiaJ/¸�i�]�©TiaJ�J�VT_a`|«�`cb3¬T`�¨YX�¬�¸n]�«k]^iTfa`�L�ZR]^Z§J ¯ J L baf3§MJ¡`�` Z§J�_a`[Va`[_�] ½ ¾TQ ¯ b µ \RQ���¿RQaX µ N�Â�Â/À µ�)X�¬RZR]�¬

G L J�_3§�f	¨�](VT_a`|«�X�¨�]^S�b3¬T`�¨yX�J�§MJ�h�b�J�ZR]nbadMiaJ L ¨M_TfTSMf�]nbadMiaJM`½_�]�X�Xcb�JM`[iTfa`*X�J(X�¨�]^i'«k]^_	¨MiTUtLXcb�JM`�L
G
f}X�¨M_TW§Z	¨MW§_TiaJ/± ¯ _TW§VTVaJ/± G µA9DFHID��
ZR]�©a`�X�¨MSY` ¯ _TW§VTVTU G

_�]�X�X�L$J/¨M_TfaLVaX�`[S/«�JMJ�_	¨YJ ¯ J�i�]nbadMiTW§h ¯ _TW§VTVTWYQ J�VT_a`|«�`cb�`[iTiTW§hXcb�`|«aW§hR´ faL#J�§�_�]�¸PJML µ ��]/² fTZ§X[fT_TWY`�L#W§VaJ�_#¬�«�J/©a`[iTiTU2± i�]/§MJ�_ ∆ =
(
∆1, . . . ,∆n

) Q ¯ «�` ∆i = ±1
Q

i = 1, . . . , n µ Q W�«�`�L J�§MJ/¸�i�]�©�]�¨Md¼¨�]^Zg¶ `�©a`[_a`�¸ ∆ «af�] ¯ J�i�]nbadMiTW§h n× n L L&]�¨M_Tf	ªTWYQ'«af�] ¯ J�i�]nbad LiTUt`>¹[b�`�L$`[i	¨MU Z§J/¨YJ�_aJ/±!S
i L J/±!X�¨M_aJ�Z§` _�]^SMiTU ∆i µ � `[_a`�¸ O(n,∆

®*J�§MJ/¸�i�]�©TfaLX�J�SYJ�ZTW§VTiaJMX�¨MdSYX�`|·
n × n L L&]�¨M_Tf	ª P Q�W�«�J�S�b�`�¨MSYJ�_#¬RhR´ f'·#WYXcb�J�SMfTh ∆P T = P−1∆

Q ¯ «�` P T ° L&]�¨M_Tf	ª�]RQkVaJ LbaW�©�]�`�L&]�¬Èf	¸
P
¨M_�]^iaX[VaJ�iTfT_aJ�Sg]^iTfa`�L%Q

P−1
° L&]�¨M_Tf	ª�]RQ§J�§�_�]�¨Mi�]�¬ Z

P µ "#J�¶yiaJ½VaJ�ZR]�¸n]�¨MdaQ�©	¨YJ
O(n,∆)

¬RS�b3¬T`�¨YX�¬�VaJ�« ¯ _TW§VTVaJ/± ¯ _TW§VTVTUrn��
(n)

½ ¿RQ{X µ N ��À µ ��_TW§VTVTW O(n,∆
®�§�W�«�`�L�i�]�¸�U%Sg]�¨Md
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∆ µ �&Xcbaf�L&]�¨M_Tf	ª�] P ∈ O(n,∆
®cQa¨YJ S�X[fRbaW!`�`VaJMX�¨M_aJM`[iTf	¬

detP = ±1 µ "�iaJ�¶ `�X�¨MSYJ!SYX�`|·�L&]�¨M_Tf	ª P ∈ O(n,∆
®yX

detP = +1
J�§�_�]�¸�WY`�¨VaJ�« ¯ _TW§VTVTW ¯ _TW§VTVTU O(n,∆

® µ � ¨MW ¯ _TW§VTVTW i�]�¸PJ�SY`�L �
�
�(�����) �,-�

�
+
�
�)��$�	

���
�"�

�


�
���) �,-�

�
+ 
�"�

� �
���
+ fÅ§�W�«�`�L�J�§MJ/¸�i�]�©�]�¨Md

SO(n,∆
® µ � J�ZR]�¸n]�¨Y`cbadYX�¨MSYJ�¨YJ ¯ JTQa©	¨YJ ¯ _TW§VTV�] SO(n,∆

®�¬RS�b3¬T`�¨YX�¬
¯ _TW§VTVaJ/±}� f{QTVT_TfTSYJ�«af	¨YX�¬�Sy_�]/§MJ/¨Y`¼½ ÂaQTX µ \ � À µA9D ��DY� `[_a`�¸

R∆(X)
J�§MJ/¸�i�]�©TfaL

SO(n,∆
® L J�_3§�f	¨MW*b�J�ZR]nbadMiaJ ¯ J¨Z§J�_a`[Va`[_�] τ ∈ E r(X,=∗(X)) µ�&b�`|«aW§hR´y]�¬º¨Y`�J�_a`�L&] XcbaW�¶yf	¨ÈJMX[iaJ�SYJ/±º«Tb3¬�VaJMX�¨M_aJM`[iTf	¬h¨Y`[i	¸PJ�_TiaJ ¯ J ]^i�]nbaf	¸n] i�]�«

R∆(X)
½ mRQ

¯ b µ \RQ �(NMQaX µ ¿Ym�e'¿ ��À µ
��¥#`9_a¥�� �ÁA9D[< ���Æ
'� �'� -��/- � - "���1B�s"��

τ =
(
τ i
)n
i=1

∈ E r(X,R∆(X))
*
r > 1

* � -�� �����������
- 1#"��s�����B��$	���

U
�N � ������
� 3�����e1#"��B� - � �s���	$B����
'��$	$��������B���������

1 �
� - "B�

Φij ∈ E r−1(U, T ∗(U))
*



;I"���
�$B��$	��� �	�� 3����� * �!�����s"�� - $��
�
= - ��� ��� � * 
,���	�/� 
 $B� �/- � - $ - �5$	0	�e"���1B�s"���� ¾RN

 �� - 
��B����
 - "�� � � ���º 3��� - 
����	�

dτ i = τ j ∧ Φij, ∆iΦij +∆jΦij = 0, i, j = 1, . . . , n.  N�®

 J�_aL U

Φij
Q�J�VT_a`|«�`cb3¬T`�L Ut` _�]^SY`[iaX�¨MSg]�L f  N�®cQ�i�]�¸�U%Sg]^hR¨YX�¬ �

�
�
�
�
�
� �)$�! ���

�
����� �

�
���
�
� �

���
τ µ 	 J/¹�²�² f	ªTfa`[i	¨MU Γijk

SÈ_�]�¸[b�J�¶ `[iTfTf
Φij = Γijkτ

k Q i, j, k = 1, . . . , n
QTi�]�¸�U%Sg]^hR¨YX�¬ ���

�
$
� � ��

�
� � �"�����

�
� ���  �! µA9DK?BD M §MJ/¸�i�]�©TfaLÇ©a`[_a`�¸

Λ2T ∗(X)
_�]�X�Xcb�JM`[iTfa`�Z§JMX�JMX[faL$L$`�¨M_Tf	©a`�X[ZTf'·Ã§�fRbafTia`�±TiTU7·Å²½J�_aL%Q

©a`[_a`�¸
S2T ∗(X)

° _�]�X�Xcb�JM`[iTfa`jX[faL$L$`�¨M_Tf	©a`�X[ZTf'·º§�fRbafTia`�±TiTU7·e²½J�_aL%Q
S2
∆T

∗(X)
° VaJ�«a_�]�X�Xcb�J L`[iTfa` ia`[SMU%_aJ�¶¤«�`[iTiTU7·�§�fRbafTia`�±TiTU7· ²½J�_aL X*iaJ�_aL&]nbadMiTUtL�SMf'«�JML

ds2 =

n∑

i=1

∆iτ i ⊗ τ i.  \�®
�)X�¬RZ§JM`�X�`�©a`[iTfa` _�]�X�Xcb�JM`[iTf	¬

S2T ∗(X)
§�W�«�`�L i�]�¸�U%Sg]�¨Md
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∆ µ W JMX[Z§J^badMZTW�VaX�`[S/«�JML$`�¨M_TfTZR] ds2 Q{J�VT_a`|«�`cb�`[iTi�]�¬�_�]^SY`[iaX�¨MSYJML  \�®cQ{ia` ¸n]^SMfaX[f	¨ J/¨SMUS§MJ�_�]#b�J�ZR]nbadMiaJ ¯ J�Z§J�_a`[Va`[_�] τ f	¸�X�J�«�`[_#¶ ]�´ `�±�` ¯ J�J�_3§�f	¨MU½Q[¨YJ SYX�¬RZR]�¬ SO(n,∆
® L J�_3§�f	¨�]J�VT_a`|«�`cb3¬T`�¨�ia`[Z§J/¨YJ�_TW§h VaX�`[S/«�J�_TfaL&]^iaJ�SMW�L$`�¨M_TfTZTW�X[f ¯ i�]�¨MW§_TU ∆ µ M §�_�]�¨MiaJTQtSYX�¬RZ§J/±�VaX�`[S L«�J�_TfaL&]^iaJ�SYJ/±�L$`�¨M_TfTZ§`

ds2
L$J�¶yiaJ X�J�VaJMX�¨�]^SMf	¨MdÅ«aSY`

SO(n,∆
® L J�_3§�f	¨MU µ � ZR]�¶¤«�J/±�f	¸�iTf'·VaX�`[S/«�JML$`�¨M_TfTZR]�faL$`�`�¨�SMf'«  \�®cQ%VT_Tf	©a`�L SYX�¬RZTfa`\«aSg]�b�J�ZR]nbadMiTU7·�Z§J�_a`[Va`[_�]

τ =
(
τ i
)n
i=1

f
τ ′ =

(
τ ′k
)n
k=1

f	¸ ¹�¨Mf'·�J�_3§�f	¨}X[S�¬'¸n]^iTU�_�]^SY`[iaX�¨MSYJML
τ ′j = qji τ

i Q ¯ «�` Q =
(
qji
) ° L&]�¨M_Tf	ª�]�f	¸

O(n,∆
®%X(J�VT_a`|«�`cbaf	¨Y`cb�`�L%Q�_�]^SMiTUtL −1 µ Q W�«�`�L�X�©Tf	¨�]�¨MdaQ�©	¨YJ i�]ÈL iaJ ¯ JMJ�§�_�]�¸�fTf X ¸n]/² fTZ§X[f L_aJ�Sg]^i�]¡J�_Tfa`[i	¨�]�ªTf	¬�QKf

R∆(X)
° ¨�]¡f	¸ ¹�¨Mf'·\«aSMW#·�J�_3§�f	¨^Q{S¡Z§J/¨YJ�_aJ/±�b�J�ZR]nbadMiTUt` Z§J�_a`[Va`[_TUX[S�¬'¸n]^iTU�X(Z§JMJ�_�«afTi�]�¨MiTUtL�Z§J�_a`[Va`[_aJML (

dxi
)n
i=1

SrZR]^_	¨Y` f	¸yJ�_Tfa`[i	¨�]�ªTfTf�L&]�¨M_Tf	ª�]�L f�X(VaJ^b�J L¶yf	¨Y`cbadMiTUtL f�J�VT_a`|«�`cbaf	¨Y`cb3¬TL f µ � ¨MWrJ�_3§�f	¨MW R∆(X)
§�W�«�`�L!i�]�¸�U%Sg]�¨Md
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�
+
ds2 µ

JBD��h_a`����'_��	k����'b9` �a`����'` ��kaka` � �a_ajab9j �#k��
�&b�`|«aW�¬ � µ W µ � ±	¸P`[i'·§]^_	¨MW³½ NMQ�X µ \�Â#¿�À Q�VT_aJMX�¨M_�]^iaX�¨MSYJ Vm VaJMX�¨YJ�¬RiTiaJ/±�ZT_TfTSMf	¸�iTU

K
_�]�¸ LL$`[_TiaJMX�¨Mf

m
§�W�«�`�L�_�]�X�X�L&]�¨M_TfTSg]�¨Md#S�SY`�±a`[_	�!¨M_�]�X�X�J�SMU7·�Z§JMJ�_�«afTi�]�¨�]�· µ � ¨YJ}VaJ/¸�SYJ^b3¬T`�¨#VT_Tf

K = 0
J/¨YJ�¶¤«�`�X�¨MS�b3¬'¨Md ` ¯ J½X m L L$`[_TiTUtL�VRb�JMX[ZTfaL�VT_aJMX�¨M_�]^iaX�¨MSYJML%Q§VT_Tf K 6= 0

° X ¯ fTVa`[_aX�²½` L_aJ/±ÈS
(m+1) L L$`[_TiaJML�VRb�JMX[Z§JML�VT_aJMX�¨M_�]^iaX�¨MSY` µ W J/¹�¨YJML W S�¹�¨YJML�VTW§iTZ	¨Y`tX[i�]�©�]nbk] _�]�X�X�L$J/¨M_TfaLVRb�JMX[Z§JM`½VT_aJMX�¨M_�]^iaX�¨MSYJTQ�]!¸n]�¨Y`�L ° VT_aJMX�¨M_�]^iaX�¨MSYJrX*ZT_TfTSMf	¸�iaJ/±

K 6= 0 µJBD A9D��  
�
� �-�

� m L � �'�"��# � �
�
�
��� ��������� $

��� Πm
i�]�¸�U%Sg]�`�¨YX�¬

m L L$`[_TiaJM`�]/²�² fTiTiaJM`ÈVT_aJ LX�¨M_�]^iaX�¨MSYJ
Am

Q¨i�]�SY`[Z	¨YJ�_TiaJ/±Ç©�]�X�¨MfZ§J/¨YJ�_aJ ¯ J ¸n]�«k]^i�]�ia`[SMU%_aJ�¶¤«�`[iTi�]�¬�X[faL$L$`�¨M_Tf	©a`�X[ZR]�¬§�fRbafTia`�±Ti�]�¬ ²½J�_aL&] µ � ¨�] ²½J�_aL&]�i�]�¸�U%Sg]�`�¨YX�¬ � �-�) �!��"��#
� �

�
�
� ��$��(	��(���%�

�
Q
Πm

°
�
�)��$ �	

�
��$ �� ���	

�
$�#

� �
�
�
��� ��������� $

��� µ �'SY`|«�`�L S
Πm

J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTW§h X[faX�¨Y`�L W�Z§JMJ�_�«afTi�]�¨
(O; a1, . . . , am)

µ �jVaJ�_#¬�«�J/©a`[iTiTU2±i�]/§MJ�_ ∆′ =
(
∆1, . . . ,∆m

) Q ¯ «�` ∆α = a2α = ±1
Q
α =

1, . . . ,m
Q	§�W�«�`�L i�]�¸�U%Sg]�¨Md ���%
��������(�

�
+
�
�
�
��� ��������� $��

Πm
µ	½]�¶¤«�J/±�¨YJ/©TZ§`

P
VT_aJMX�¨M_�]^iaX�¨MSg]

Πm
L$J�¶yiaJ�VaJMX�¨�]^SMf	¨Md}S�X�JMJ/¨MSY`�¨YX�¨MSMfa`yW§VaJ�_#¬�«�J/©a`[iTiTU2±i�]/§MJ�_V«�`�±aX�¨MSMf	¨Y`cbadMiTU7· ©TfaX�`cb (

x1, x2, . . . , xm
) f	¸ _�]�¸[b�J�¶ `[iTf	¬

OP = xαaα
Q
α = 1, . . . ,m µ�K`�L�XP]�L UtL�J�VT_a`|«�`cb�`[iaJº§�fa`[Z	¨MfTSMiaJM` J/¨YJ�§�_�]�¶ `[iTfa`

ϕ : Πm → Rm
QaZ§J/¨YJ�_aJM` VT_a`[SM_�]�´y]�`�¨

ΠmS ¯ bk]�«aZ§JM` m L L$`[_TiaJM`½L iaJ ¯ JMJ�§�_�]�¸�fa` µJBDKJBD�W*WYX�¨Md
z : X → Πm

°
Cr L VaJ ¯ _TW�¶ `[iTfa`MQ r > 2

Q
n L L$`[_TiaJ ¯ J L iaJ ¯ JMJ�§�_�]�¸�f	¬ X S

m LL$`[_TiaJM`�VT_aJMX�¨M_�]^iaX�¨MSYJ
Πm

Q
2 6 n < m µ M §�_�]�¸�VaJ ¯ _TW�¶ `[iTf	¬ F = z(X)

¬RS�b3¬T`�¨YX�¬
n L L$`[_ LiTUtL VaJ�«�L iaJ ¯ JMJ�§�_�]�¸�fa`�L�L iaJ ¯ JMJ�§�_�]�¸�f	¬ Πm

µ M §MJ/¸�i�]�©TfaLÃ©a`[_a`�¸ TF ZR]�XP]�¨Y`cbadMiaJM`½_�]�X�Xcb�JM`[iTfa`
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L iaJ ¯ JMJ�§�_�]�¸�f	¬ F Q T⊥F

° iaJ�_aL&]nbadMiaJM`�_�]�X�Xcb�JM`[iTfa`MQ
I(z)

° L$`�¨M_TfTZTW�i�]
X
Q fTi'«aW�ªTfT_aJ�Sg]^i LiTW§h

z µ � `[_a`�¸ R∆(X)
J�§MJ/¸�i�]�©TfaL

SO(n,∆
® L J�_3§�f	¨MWYQ�VaJ�_aJ�¶¤«�`[iTiTW§h L$`�¨M_TfTZ§J/± I(z) X[f ¯ i�]�¨MW L_TU

∆ =
(
∆1, . . . ,∆n

) µ �½b3¬ SYX�¬RZ§J ¯ J�b�J�ZR]nbadMiaJ ¯ J}Z§J�_a`[Va`[_�] τ =
(
τ i
)n
i=1

∈ E r−1(X,R∆(X))J�VT_a`|«�`cb�`[i b�J�ZR]nbadMiTU2±�_a`[Va`[_
e =

(
ei
)n
i=1

∈ E r−1(X,TF )
Q
ei = ξi(z)

QkVT_Tf	©a`�L
ξ =

(
ξi
)n
i=1

°b�J�ZR]nbadMiTU2±�_a`[Va`[_#i�]
X
Q3«aWg]nbadMiTU2±�Z§J�_a`[Va`[_TW

τ µ �½b3¬#SY`[Z	¨YJ�_aJ�S�_a`[Va`[_�] e SMU%VaJ^bai	¬RhR¨YX�¬ _�] LSY`[iaX�¨MSg]
eiej = ∆ij =

{
∆i, i = j,

0, i 6= j,
i, j = 1, . . . , n.  � ®

Q W�«�`�L VT_a`|«aVaJ^bk] ¯ ]�¨MdaQ7©	¨YJ�S�ZR]�¶¤«�J/± ¨YJ/©TZ§`
x ∈ X

ZR]�XP]�¨Y`cbadMiaJM` VT_aJMX�¨M_�]^iaX�¨MSYJ
TxF

VaJ�« LL iaJ ¯ JMJ�§�_�]�¸�f	¬ F X�J�«�`[_#¶yf	¨
n
VaJ�V�]^_TiaJ J�_	¨YJ ¯ J�i�]nbadMiTU7·�ia`[f	¸PJ/¨M_aJ�VTiTU7·�i�]^VT_�]^S�b�`[iTf	± µ �KJ ¯ «k]S�J�ZT_a`�X�¨MiaJMX�¨Mf�ZR]�¶¤«�J/±\¨YJ/©TZTf
x ∈ X

SriaJ�_aL&]nbadMiaJML�_�]�X�Xcb�JM`[iTfTf³½ NYQ ¯ b µ ÂaQ �RÂg\RQkX µ Nnm/¾PekNnm�O�ÀJ�VT_a`|«�`cb�`[i}b�J�ZR]nbadMiTU2±
Cr−1 L _a`[Va`[_ ν =

(
νσ
)p
σ=1

Q
p = m− n

QRW�«�J�S�b�`�¨MSYJ�_#¬RhR´ f	±�WYXcb�J�SMf	¬TL

νσντ =

{
∆n+σ τ = σ,

0 τ 6= σ,
 Â�®

eiνσ = 0, i = 1, . . . , n, σ = 1, . . . , p.

�Ç«k]nbadMia`�±	� `�L�SYL$`�X�¨YJ
∆n+σ §�W�«�`�L VTfaXP]�¨Md ∆σ µ W JMX[Z§J^badMZTW�SYX�¬RZTf	±!SY`[Z	¨YJ�_ f	¸ Πm

L$J�¶ `�¨
§�U2¨Md VT_a`|«�X�¨�]^S�b�`[i¡S(SMf'«�`tbafTia`�±TiaJ/±rZ§JML,§�fTi�]�ªTfTf¡SY`[Z	¨YJ�_aJ�S

ei
Q
νσ
Q�¨YJ(X[f ¯ i�]�¨MW§_�](X[ZR]nb3¬R_TiaJ ¯ JVT_aJ�f	¸�SY`|«�`[iTf	¬�SÈX[fRbaW  � ®cQ  Â�®'S Πm faL$`�`�¨ÈSMf'«

∆′ =
(
e21, . . . , e

2
n, ν

2
1 , . . . , ν

2
p

) µ� ]�¸[b�J�¶ `[iTfa`V«af3²�²½`[_a`[i	ªTf�]nb�J�S
dei
Q
dνσ

VaJ §Y]�¸�faX[W
(ei, νσ)

½ Â/À½VT_TfTSYJ�«af	¨�Z ²½J�_aL Wnbk]�L
�R]�WYX�XP]Èf}�)`�±Ti ¯ ]^_	¨Y`[i�]

dei = Φki ek +
p∑

σ=1
∆σωσi νσ,

dνσ = −
n∑
i=1

∆iωσi ei +
p∑

τ=1
∆τ

κ
τ
σντ ,

i, k = 1, . . . , n, τ, σ = 1, . . . , p, p = m− n,

 ¾�®

¯ «�` ∆i = e2i
Q
∆σ = ν2σ

Q
Φik

° ²½J�_aL U�X[S�¬'¸�iaJMX�¨Mf¡b�J�ZR]nbadMiaJ ¯ J Z§J�_a`[Va`[_�] τ ∈ E r−1(X,R∆(X))
Q

ωσi
° N L ²½J�_aL U½Qki�]�¸�U%Sg]�`�L Ut` �

�
�
�
�
�
�
���

�"� � �(����! Q

κ
σ
τ = −κ

τ
σ

° N L ²½J�_aL U½Q�i�]�¸�U%Sg]�`�L Ut`�
�
�
�
�
�
� �(�"�-*��(����!�� �½b3¬h²½J�_aL VaJ ¯ _TW�¶ `[iTf	¬V½ Â�À{SMU%VaJ^bai	¬RhR¨YX�¬�X�JMJ/¨MiaJ � `[iTf	¬

ωσi ∧ τ i = 0, i = 1, . . . , n, σ = 1, . . . , p.

Q fRbafTia`�±TiTW§h�X[faL$L$`�¨M_Tf	©a`�X[ZTW§hÃ²½J�_aL W IIσ ∈ E r−2(X,S2T ∗(X))
QnJ�VT_a`|«�`cb�`[iTiTW§h�_�]^SY`[iaX�¨MSYJML

IIσ = ωσi ⊗ τ i = bσi jτ
i ⊗ τ j ,

i�]�¸�U%Sg]^hR¨ $��
�
�
�
+
�
���
�
$��
�
+ �

�
�
� �

+
�
�
�


����� ��� ����! F

fRbaf�VaJ ¯ _TW�¶ `[iTf	¬ z
J/¨MiaJMX[f	¨Y`cbadMiaJiaJ�_aL&]nbaf

νσ
µ ��faL$L$`�¨M_Tf	¬ bσij = bσji

Q
i, j = 1, . . . , n

Q
σ = 1, . . . , p

Q�Xcb�`|«aWY`�¨rf	¸ b�`�L$L U	½]^_	¨�]^i�]
½ �TQ ¯ b µ \RQ�� m�À µ�&Xcbaf�VaJ ¯ _TW�¶ `[iTfa` z ∈ C3(X,Πm)

QI¨YJ}SMia` � ia`�`¤«af3²�²½`[_a`[i	ªTfT_aJ�Sg]^iTfa`e²½J�_aL Wnb �R]�WYX�XP]}f
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�)`�±Ti ¯ ]^_	¨Y`[i�]g½ Â�QTX µ \�¾�À{VT_TfTSYJ�«af	¨ Z}W§_�]^SMia`[iTf	¬TL �R]�WYX�XP]RQ�W `�¨Y`[_aX�J�i�] ° 	 J�«k]�ª	ªTf�f}�$f	©	©Tf

p∑

σ=1

∆σωσi ∧ ωσj = ∆i(dΦij +Φik ∧Φkj ),

dωσi = Φki ∧ ωσk +

p∑

τ=1

∆τωτi ∧ κ
σ
τ ,

dκτσ =

n∑

i=1

∆iωτi ∧ ωσi +

p∑

ρ=1

∆ρ
κ
ρ
σ ∧ κ

τ
ρ ,

i, j, k = 1, . . . , n, τ, σ = 1, . . . , p.

 ¿�®

JBDFHID[W*WYX�¨Md
Vm

°
m L L$`[_TiaJM` VaJ^baiaJM`rJ�«aiaJMX[S�¬'¸�iaJM` _TfaL&]^iaJ�SYJ�fRbaf�VaX�`[S/«�J�_TfaL&]^iaJ�SYJ VT_aJ LX�¨M_�]^iaX�¨MSYJ�VaJMX�¨YJ�¬RiTiaJ/±�ZT_TfTSMf	¸�iTU

K 6= 0
X[f ¯ i�]�¨MW§_TU ∆′′ =

(
∆1, . . . ,∆m

) µ Q W�«�`�L _�]�X LX�L&]�¨M_TfTSg]�¨Md
Vm

½ NMQ
� µ \�Â#¿�ÀyZR]^Z ¯ fTVa`[_aX�²½`[_TW S�VRb�JMX[Z§JML VT_aJMX�¨M_�]^iaX�¨MSY`

Πm+1
X[f ¯ i�]�¨MW§_TU

∆′ =
(
∆1, . . . ,∆m,∆m+1

) Q'¸n]�«k]^iTiTW§hW§_�]^SMia`[iTfa`�L

z2 =
1

K
.  m�®

W*WYX�¨Md
z : X → Vm Cr L VaJ ¯ _TW�¶ `[iTfa`MQ r > 1

Q
n L L$`[_TiaJ ¯ J�L iaJ ¯ JMJ�§�_�]�¸�f	¬ X S

m L L$`[_TiaJM`VT_aJMX�¨M_�]^iaX�¨MSYJ VaJMX�¨YJ�¬RiTiaJ/±rZT_TfTSMf	¸�iTU
Vm
Q
2 6 n < m

Q
F = z(X)

° VaJ�«�L iaJ ¯ JMJ�§�_�]�¸�fa` L iaJ ¯ J LJ�§�_�]�¸�f	¬
Vm

µ � ]�X�X�L&]�¨M_TfTSg]�¬ÈVaJ�«�L iaJ ¯ JMJ�§�_�]�¸�fa` F S*VT_aJMX�¨M_�]^iaX�¨MSY` Πm+1
Q/§�W�«�`�L faX[VaJ^bad�¸PJ�Sg]�¨MdX[SY`|«�`[iTf	¬�VTW§iTZ	¨YJ�S#\ µ N f�\ µ \ µ �(f3²�²½`[_a`[i	ªTfT_TW�¬ _�]^SY`[iaX�¨MSYJ  m�®cQ�VaJ^baW�©TfaL zdz = 0 µ �&b�`|«�J�Sg] L¨Y`cbadMiaJTQkSrZR]�¶¤«�J/±�¨YJ/©TZ§` i�]

F
SY`[Z	¨YJ�_

z
L$J�¶yiaJ�S�¸�¬'¨MdrSrZR]�©a`�X�¨MSY`yJ�«aiaJ/±�f	¸ iaJ�_aL&]nb�`�±�iaJ�_ LL&]nbadMiaJ ¯ J VT_aJMX�¨M_�]^iaX�¨MSg] F S

Πm+1
µ M §MJ/¸�i�]�©TfaL ¹�¨MW�iaJ�_aL&]nbad νp+1

µ M X�¨�]^S � fa`�X�¬ p = m− niaJ�_aL&]nb�`�± (
νσ
)p
σ=1

J�VT_a`|«�`cb3¬RhR¨ iaJ�_aL&]nbadMiaJM`�VT_aJMX�¨M_�]^iaX�¨MSYJ Z
F
S
Vm
Q'Z§J/¨YJ�_aJM`�¬RS�b3¬T`�¨YX�¬VaJ�«aVT_aJMX�¨M_�]^iaX�¨MSYJML�ZR]�XP]�¨Y`cbadMiaJ ¯ J�VT_aJMX�¨M_�]^iaX�¨MSg] Vm S

Πm+1
µ �'J�SYJ�ZTW§VTiaJMX�¨Md (νσ, νp+1

)p
σ=1

Q
νp+1 =

z
|z|
Q |z| =√|z2| QMS�¸n]^faL iaJ(J�_	¨YJ ¯ J�i�]nbadMiTU7· iaJ�_aL&]nb�`�± S½ZR]�¶¤«�J/±e¨YJ/©TZ§` x ∈ X J�§�_�]�¸�WY`�¨

J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTU2±h§Y]�¸�faXtS½iaJ�_aL&]nbadMiaJML�VT_aJMX�¨M_�]^iaX�¨MSY`
T⊥
x F

VaJ�«�L iaJ ¯ JMJ�§�_�]�¸�f	¬ F S Πm+1
QVT_Tf	©a`�L�SMU%VaJ^bai	¬RhR¨YX�¬�_�]^SY`[iaX�¨MSg]  Â�® µ �½b3¬�VaJMXcb�`|«aia` ¯ Jg¹[b�`�L$`[i	¨�]}X[f ¯ i�]�¨MW§_TU ∆′ S}X[fRbaW  Â�®f  m�®'faL$`�`�L ∆m+1 = K

|K|
µ

W*_Tf
r > 2

²½J�_aL WnbaU �R]�WYX�XP]�f��)`�±Ti ¯ ]^_	¨Y`[i�]\«Tb3¬ VaJ ¯ _TW�¶ `[iTf	¬ z : X → Vm ⊂ Πm+1
QfaX[VaJ^bad�¸�W�¬  ¾�®cQTL$J�¶yiaJ>¸n]^VTfaXP]�¨Md SySMf'«�`

dei = Φki ek +
p∑

σ=1
∆σωσi νσ −Kτ i∆iz,

dνσ = −
n∑
i=1

∆iωσi ei +
p∑

τ=1
∆τ

κ
τ
σντ ,

p = m− n, ∆i = e2i , ∆τ = ν2τ , i, k = 1, . . . , n, τ, σ = 1, . . . , p.

 ��®

�&Xcbaf
r > 3

QB¨YJrSMia` � ia`�`¤«af3²�²½`[_a`[i	ªTfT_aJ�Sg]^iTfa`>²½J�_aL Wnb �R]�WYX�XP]¡f��)`�±Ti ¯ ]^_	¨Y`[i�]  ��®tVT_Tf L
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SYJ�«af	¨ Z¡W§_�]^SMia`[iTf	¬TL �R]�WYX�XP]RQ9W `�¨Y`[_aX�J�i�] ° 	 J�«k]�ª	ªTf�f��$f	©	©Tf��

p∑

σ=1

∆σωσi ∧ ωσj = ∆i(dΦij +Φik ∧Φkj )−K∆i∆jτ i ∧ τ j ,

dωσi = Φki ∧ ωσk +

p∑

τ=1

∆τωτi ∧ κ
σ
τ ,

dκτσ =
n∑

i=1

∆iωτi ∧ ωσi +

p∑

ρ=1

∆ρ
κ
ρ
σ ∧ κ

τ
ρ ,

i, j, k = 1, . . . , n, τ, σ = 1, . . . , p, p = m− n.

 O�®

HID� �9`�� � ¥#kak�� �Ãb9ka¥ ��kaj��Å¦[j�� �g¥#_a¥#k��aj���� jÃ¥#i�` ��b9` �����'b��
�Ã«k]^iTiaJML VTW§iTZ	¨Y`*VT_TfTSYJ�«af	¨YX�¬}VaJ�i	¬'¨Mfa` J�§MJ�§/´ `[iTiaJ ¯ JySMia` � ia` ¯ J!«af3²�²½`[_a`[i	ªTf�]nbk]º½ OTQ�NPl�À Qia`[Z§J/¨YJ�_TUt` ` ¯ J
X[SYJ/±aX�¨MSg]RQ¤«�J�ZR]�¸n]�¨Y`cbadYX�¨MSg]
Z§J/¨YJ�_TU7· VT_TfTSY`|«�`[iTU S
_�]/§MJ/¨Y` ½ NMN�À Q f SMU%SYJ L«3¬'¨YX�¬�W§_�]^SMia`[iTf	¬ �R]�WYX�XP]RQRW `�¨Y`[_aX�J�i�] ° 	 J�«k]�ª	ªTf�f �$f	©	©Tf «Tb3¬�XcbaW�©�]�¬

C2 egVaJ ¯ _TW�¶ `[iTf	±
z : X → Vm

µHID A9D�W*WYX�¨Md
U L J/¨MZT_TU2¨YJM`�L iaJ�¶ `�X�¨MSYJ�i�] X Q2¸n]�L U%ZR]^iTfa`�Z§J/¨YJ�_aJ ¯ J U Z§JML V�]^Z	¨MiaJ�f�X�J L«�`[_#¶yf	¨YX�¬�Syia`[Z§J/¨YJ�_aJ/±#Z§JMJ�_�«afTi�]�¨MiaJ/±�J�ZT_a`�X�¨MiaJMX�¨Mf µ � `[_a`�¸ ΛlT ∗(U)

J�§MJ/¸�i�]�©TfaL�_�]�X�Xcb�JM`[iTfa`SMia` � iTf'·e«af3²�²½`[_a`[i	ªTf�]nbadMiTU7·º²½J�_aL X�¨Y`[Va`[iTf
l > 0

i�]
U
Q
l = 0, 1, . . .

Q�©a`[_a`�¸
E s
0 (U,Λ

lT ∗(U))VT_aJMX�¨M_�]^iaX�¨MSYJ
Cs L X�`�©a`[iTf	±{Q s > 0

Q5¹�¨YJ ¯ J _�]�X�Xcb�JM`[iTf	¬�XrZ§JML V�]^Z	¨MiTUtL f�iaJMX[f	¨Y`cb3¬TL f{Q&X�J�«�`[_ L¶ ]�´ faL faX�¬!S
U µ � ]�X�X�L$J/¨M_TfaLia`[VT_a`[_TU%SMiTW§h i�]

U q L ²½J�_aL W ω, q = 0, 1, . . .
� `[VT_a`[_TU%SMiTW§h

(q + 1) L ²½J�_aL W Ω ∈ E 0(U,Λq+1T ∗(U))
§�W�«�`�L i�]�¸�U%Sg]�¨Md

��������� �(����# � $��%�������
�

	��%� ���'���(� ������) 
���

�
�
�
�
#
ω ∈ E 0(U,ΛqT ∗(U))

Q'`�Xcbaf «Tb3¬ SYX�¬RZ§J/± ²½J�_aL U
ψ ∈ E 1

0 (U,Λ
n−q−1T ∗(U))X[VT_�]^SY`|«TbafTSYJ _�]^SY`[iaX�¨MSYJ

∫

U

Ω ∧ ψ = (−1)q+1

∫

U

ω ∧ dψ.

�³¹�¨YJML�J�VT_a`|«�`cb�`[iTfTf�L$J�¶yiaJ(VaJ/¨M_a`�§MJ�Sg]�¨MdaQ#©	¨YJ�§�U
ψ ∈ E s

0 (U,Λ
n−q−1T ∗(U))

«Tb3¬ÈZR]�¶¤«�J ¯ J
s > 1

½ NPl�À µ�&Xcbaf
ω ∈ E 1(U,ΛqT ∗(U))

Q�¨YJ�J�§MJ�§/´ `[iTiTU2±
SMia` � iTf	±Ç«af3²�²½`[_a`[i	ªTf�]nb
dω

X�J�SMV�]�«k]�`�¨X%J�§�U2©TiTUtL�SMia` � iTfaL\«af3²�²½`[_a`[i	ªTf�]nb�JML µ 	*_aJML$`2¨YJ ¯ JTQ dω  `�XcbafÈJ�i X[W�´ `�X�¨MSMWY`�¨�® J�VT_a`|«�`cb3¬T`�¨ LX�¬!²½J�_aL$J/±
ω
J�«aiaJ/¸�i�]�©TiaJTQ�faL$`�`�¨jb�J�ZR]nbadMiTU2±¤·§]^_�]^Z	¨Y`[_{Q^ia`�¸n]^SMfaX[f	¨ J/¨¨b�J�ZR]nbadMiTU7· Z§JMJ�_�«afTi�]�¨i�]

U
QRf

ddω = 0
½ NMN|À µ�&b�`|«aW§hR´ fa`�«aSg](VT_a`|«Tb�J�¶ `[iTf	¬}ZR]�XP]^hR¨YX�¬¡X[SYJ/±aX�¨MSÈJ�§MJ�§/´ `[iTiaJ ¯ J SMia` � ia` ¯ JP«af3²�²½`[_a`[i	ªTf L]nbk]h½ NMN|À µ

� ¥��%� �ÃA9D �7���	� � - "B���
ω ∈ E 0(X,ΛqT ∗(X))

�3������� -���-���� ��$	$	02��
�$B��#!$	�	�h��� � ���s"���$
�

� ����� dω * � - �����h
'� �'� - � � - "B�50 ϕ ∈ E 1(X,ΛpT ∗(X))
*
p, q > 0,

��1#"���
'�s���	�	
 - "���
'��$B����
 -

d(ω ∧ ϕ) = dω ∧ ϕ+ (−1)qω ∧ dϕ.  NPl�®
� ¥��%� �gJBD��7���	� �5$ -��/-�-�� "�����B�

X
- ��$ - ��
��	�$ -�* � - �����!
'� �'� - � � - "B�50

ω ∈ E r(X,T ∗(X))
*

r > 0
* �����º� - � - " - �

dω = 0,
$����#������� � �2 	$	� � ��� f ∈ Cr+1(X,R)

* �����º� - � - " - �
ω = df

6
HIDKJBD M X[iaJ�SMiaJ/±�_a`�¸�Wnbad�¨�]�¨ i�]�X�¨YJ�¬'´ `�±�_�]/§MJ/¨MU X�JMX�¨�]^S�b3¬T`�¨
��¥#`9_a¥�� � JBDa< ���\
'� �'� -��/- 1 -�� "3 	�>��$	���

z : X → Vm
�	���������

C2 � - "B�50X��
��	�$ - ����� * 1 -
�� "3 	�>��$	����� �#"3 �����$	��� -�� ���������P�¤$B��1#"��s"�02
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C
W*WYX�¨Md

U
° VT_aJ�f	¸�SYJ^badMiaJM` J/¨MZT_TU2¨YJM`�L iaJ�¶ `�X�¨MSYJ i�]

X
X�Z§JML V�]^Z	¨MiTUtL ¸n]�L U%ZR] LiTfa`�L%Q¨X�J�«�`[_#¶ ]�´ faL$X�¬S�ia`[Z§J/¨YJ�_aJ/±�Z§JMJ�_�«afTi�]�¨MiaJ/±�J�ZT_a`�X�¨MiaJMX�¨Mf{Q
τ =

(
τ i
)n
i=1

° b�J�ZR]nbad LiTU2±
C1 L Z§J�_a`[Va`[_�X�J�§^bk]�X�¨MdMh J�VT_a`|«�`cb�`[iTf	¬

U
f	¸

SO(n,∆
® L J�_3§�f	¨MU½Q)VaJ�_aJ�¶¤«�`[iTiaJ/±�L$`�¨M_Tf LZ§J/±

I(z)
Q
Φ =

(
Φij
)n
i,j=1

° X[S�¬'¸�iaJMX�¨Md Z§J�_a`[Va`[_�]
τ
Q
ξ =

(
ξi
)n
i=1

° b�J�ZR]nbadMiTU2±�_a`[Va`[_{Q�«aW L]nbadMiTU2±
Z§J�_a`[Va`[_TW
τ µ 	½]^Zf�_�]^ia`�`MQ*VaJ^bk] ¯ ]�`�L ei = ξi(z)

Q*VT_TfÇ¹�¨YJML
ei ∈ C1(U,Πm+1)

Q
dei ∈ E 0(U, T ∗(U)⊗Πm+1)

Q
i = 1, . . . , n µ ��X[fRbaW½_�]^SY`[iaX�¨MSg]  NPl�®cQnW�©Tf	¨MU%Sg]�¬�Q�©	¨YJ ddei = 0

«Tb3¬SYX�¬RZ§J/±�²½J�_aL U
ϕ ∈ E 1

0 (U,Λ
n−2T ∗(U))

QTVaJ^baW�©�]�`�L
d
(
dei ∧ ϕ

)
= −dei ∧ dϕ µ �&b�`|«�J�Sg]�¨Y`cbadMiaJTQ

∫

U

dei ∧ dϕ = 0.

W J�«�X�¨�]^SMfaL
dei

f	¸P²½J�_aL Wnb/�R]�WYX�XP]  ��®��
∫

U

(
Φki ek +

p∑

σ=1

∆σωσi νσ −Kτ i∆iz

)
∧ dϕ = 0, i, k = 1, . . . , n.

�'ia`�X�`�L
ek
Q
νσ
Q
z
VaJ�« ¸�i�]^Z

d
QTVaJ b�`�L$L$`ÈN faL$`�`�L

∫

U

[
Φki ∧ d(ekϕ) +

p∑

σ=1

∆σωσi ∧ d(νσϕ)−K∆iτ i ∧ d(zϕ)

−Φki ∧ dek ∧ ϕ−
p∑

σ=1

∆σωσi ∧ dνσ ∧ ϕ+K∆iτ i ∧ dz ∧ ϕ
]
= 0.

W J^bad�¸�W�¬TX[dP²½J�_aL Wnbk]�L f �R]�WYX�XP]*fÈ�)`�±Ti ¯ ]^_	¨Y`[i�]  ��®cQ�VaJMXcb�`|«aia`�`%_�]^SY`[iaX�¨MSYJ�¸n]^VTf	� `�L S*SMf'«�`
∫

U

[
Φki ∧ d(ekϕ) +

p∑

σ=1

∆σωσi ∧ d(νσϕ)−K∆iτ i ∧ d(zϕ)

−
(
Φki ∧Φjk −

p∑

σ=1

∆σ∆jωσi ∧ ωσj −K∆iτ i ∧ τ j
)
∧ (ejϕ)

−
(
Φki ∧∆σωσk +

p∑

τ=1

∆τωτi ∧∆σ
κ
σ
τ

)
∧ (νσϕ) + Φki ∧K∆kτk ∧ (zϕ)

]
= 0.

 NMN�®

W*WYX�¨Md
ei = eαi aα

Q
ν = νασ aα

Q
z = zαaα

Q
α = 1, . . . ,m + 1

Q
i = 1, . . . , n

Q
σ = 1, . . . , p

Q ¯ «�`
(O; aα

)m+1

α=1

° J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTi�]�¬ X[faX�¨Y`�L&]¡Z§JMJ�_�«afTi�]�¨ S
Πm+1

QI¸n]�«k]^hR´y]�¬�X[f ¯ i�]�¨MW§_TW ∆′ µW J^b�J�¶yfaL�S�_�]^SY`[iaX�¨MSY`  NMN�® ϕ = eαi ψ
Q ¯ «�` ψ ∈ E 1

0 (U,Λ
n−2T ∗(U))

° VT_aJ�f	¸�SYJ^badMi�]�¬Æ²½J�_aL&]RQ
¸n]�¨Y`�L�WRL iaJ�¶yfaL�` ¯ J½X[ZR]nb3¬R_TiaJ(i�] aα µ W JMXcb�`tX[WRL$L fT_aJ�Sg]^iTf	¬ÈVaJ α Q α = 1, . . . ,m+1

Q�VaJ^baW�©TfaL
∫

U

∆jΦji ∧ dψ =

∫

U

(
∆jΦki ∧ Φjk −

p∑

σ=1

∆σωσi ∧ ωσj −K∆i∆jτ i ∧ τ j
)
∧ ψ.  NP\�®

W J^b�J�¶yfaL�S%_�]^SY`[iaX�¨MSY`  NMN�® ϕ = νασψ
Q ¯ «�` ψ ∈ E 1

0 (U,Λ
n−2T ∗(U))

° VT_aJ�f	¸�SYJ^badMi�]�¬!²½J�_aL&] µW JMXcb�` WRL iaJ�¶ `[iTf	¬}i�]
aα
f}X[WRL$L fT_aJ�Sg]^iTf	¬}VaJ

α
QTVaJ^baW�©TfaL

∫

U

ωτi ∧ dψ =

∫

U

(
Φki ∧ ωτk +

p∑

σ=1

∆σωσi ∧ κ
τ
σ

)
∧ ψ.  N � ®
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W JMX[Z§J^badMZTW<_�]^SY`[iaX�¨MSg]  NP\�® f  N � ®DX[VT_�]^SY`|«TbafTSMU «Tb3¬5SYX�¬RZ§J/± ²½J�_aL U

ψ ∈
E 1
0 (U,Λ

n−2T ∗(U))
Q[¨YJ�S�X[fRbaW J�VT_a`|«�`cb�`[iTf	¬�J�§MJ�§/´ `[iTiaJ ¯ JÆ«af3²�²½`[_a`[i	ªTf�]nbk] VaJ^baW�©�]�`�L%Q[©	¨YJ²½J�_aL U

Φij
f
ωσi
Q
i, j = 1, . . . , n

Q
σ = 1, . . . , p,

J�§^bk]�«k]^hR¨}J�§MJ�§/´ `[iTiTUtL f�SMia` � iTfaL f\«af3²�²½` L_a`[i	ªTf�]nbk]�L f{QkX�J�SMV�]�«k]^hR´ faL f�X VT_�]^SMUtL fg©�]�X�¨�¬TL f#X�JMJ/¨MSY`�¨YX�¨MSMW§hR´ f'·}W§_�]^SMia`[iTf	±  ��®'i�]
U µ� ]�X�X�L$J/¨M_TfaL ¨YJ�¶¤«�`�X�¨MSYJ

d(dνσ ∧ ϕ) = −dνσ ∧ dϕ
Q
σ = 1, . . . , p µ ��¸ ¹�¨YJ ¯ JV¨YJ�¶¤«�`�X�¨MSg]Xcb�`|«aWY`�¨^Q3©	¨YJ

∫

U

dνσ ∧ dϕ = 0.

W J�«�X�¨�]^S�b3¬'¬�SMU%_�]�¶ `[iTfa`
dνσ

f	¸�²½J�_aL Wnb��)`�±Ti ¯ ]^_	¨Y`[i�]  ��®cQ3§�W�«�`�L faL$`�¨Md
∫

U

(
−

n∑

i=1

∆iωσi ei +

p∑

τ=1

∆τ
κ
τ
σντ

)
∧ dϕ = 0,

i = 1, . . . , n, τ, σ = 1, . . . , p.

� X[VaJ^bad�¸�W�¬ ²½J�_aL WnbaW  NPl�®cQTi�]�·gJ�«afaL
∫

U

[
−

n∑

i=1

∆iωσi ei ∧ dϕ+

p∑

τ=1

∆τ
κ
τ
σντ ∧ dϕ

]
=

∫

U

[
−

n∑

i=1

∆iωσi ∧ d(eiϕ)

+

p∑

τ=1

∆τ
κ
τ
σ ∧ d(ντϕ) +

n∑

i=1

∆iωσi ∧ dei ∧ ϕ−
p∑

τ=1

∆τ
κ
τ
σ ∧ dντ ∧ ϕ

]
= 0.

��X[fRbaWh²½J�_aL Wnb  ��®�faL$`�`�L
∫

U

[
−

n∑

i=1

∆iωσi ∧ d(eiϕ) +
p∑

τ=1

∆τ
κ
τ
σ ∧ d(ντϕ)

+

( n∑

i=1

∆iωσi ∧ Φji +

p∑

τ=1

∆τ
κ
τ
σ ∧∆jωτj

)
∧ (ejϕ)

+

( n∑

i=1

∆iωσi ∧∆τωτi −
p∑

ρ=1

∆ρ
κ
ρ
σ ∧∆τ

κ
τ
ρ

)
∧ (ντϕ) +

n∑

i=1

ωσi ∧K∆iτ i ∧ (zϕ)

]
= 0.

W J^bk] ¯ ]�¬g¸�«�`�X[d ϕ = ν αρ ψ
QRWRL iaJ�¶ ]�¬}i�]

aα
f}X[WRL$L fT_TW�¬¡VaJ

α
QRVaJ^baW�©�]�`�L

∫

U

κ
ρ
σ ∧ dψ =

∫

U

( n∑

i=1

∆iωρi ∧ ωσi +

p∑

τ=1

∆τ
κ
τ
σ ∧ κ

ρ
τ

)
∧ ψ.

��¸ ¹�¨YJ ¯ J�_�]^SY`[iaX�¨MSg]�f�f	¸#J�VT_a`|«�`cb�`[iTf	¬�J�§MJ�§/´ `[iTiaJ ¯ J�SMia` � ia` ¯ JÆ«af3²�²½`[_a`[i	ªTf�]nbk]�Xcb�`|«aWY`�¨^Q©	¨YJ!²½J�_aL U
κ
ρ
σ
Q
σ, ρ = 1, . . . , p

QgJ�§^bk]�«k]^hR¨ J�§MJ�§/´ `[iTiTUtL�SMia` � iTfaLÆ«af3²�²½`[_a`[i	ªTf�]nb�JML
d µ � ¨YJ/¨«af3²�²½`[_a`[i	ªTf�]nb�X�J�SMV�]�«k]�`�¨¡X(VT_�]^SYJ/±�©�]�X�¨MdMh ¨M_a`�¨MdY` ¯ Jr_�]^SY`[iaX�¨MSg]r�$f	©	©Tf f	¸  O�® µ � `[VT_a`[_TU%S LiaJMX�¨Mdyb�`[SMU7·h©�]�X�¨Y`�±}S  O�®'Xcb�`|«aWY`�¨ f	¸ ia`[VT_a`[_TU%SMiaJMX�¨Mf#VT_�]^SMU7·h©�]�X�¨Y`�±}_�]^SY`[iaX�¨MS µ B

� j��'¥#_��	��^�_��
Ë|���K�o� : >��'7�& E V�� 
�� �	x/�9��r/m�������qNm|�3qN����x/z � N Î � � Í /�/ ) � Ë�l5O�m�� N�S�Ë�n � �É���6¤U'=%O : > E (	)zM6� �H�BÍ n/m|{���n�£|r���zº�am|���	o�n�x/��m���w��!m|�sr/m��|r/m"-g��qNm|��qN�	t ��qNm|��x�x n u �3qN��r�tI~¼�/m���qN��~�r/m|�N��q.-�

m u �3qN��r/m|�>�/��m|�N���/��r/�N�|��q��/m|�N��m�z�r�r/m"-Rw���x��|x/�sr�t GIG Saw�� � ��qNm|� � �N{ � N�Ë�l�Ì5l�� N Q É|É�� N�0��on5O�T�m�Ë|�



;I"���
�$B��$	��� �	�� 3����� * �!�����s"�� - $��
�
= - ��� ��� � * 
,���	�/� 
 $B� �/- � - $ - �5$	0	�e"���1B�s"���� ¾Ym

S�� ��(�&�(	)�9�P'=�� � � ����0 x/�N��qN�	tel[�5�|�5�5�,��w�m|���5��x�v�x/qsr/�|���	x�x/� Ln
x7x�~[��qNm|�3qN����x�p/qN�Nw�x/q��/��x�n/m��[qsr�x/z GIG0 x/{ � �9��� � ��o���r � N�Ë�l7m7m�� N�B���É�O �AQ É�� N�0���Ë�Ê�T/Ë�n��

O���*57�&oP�(	) 
�� ����� {|},x/q���r���n�x/�|x�p/qN�Nw�x/q9x2{|qN�Nw�m�r/qsp�r/m5�9��n�t�q�y�q��am|���9��v�x�x7�/m�����o��[qsr�x�- � f2GIG�/ �s� � �|o��Nm�� �0 qN� � Î�����qN�9���|x/w�� � N�Ë�l7l�Ì�� N Q l��IO�É�O��'N�0���É�Ë�T�S5O��
p�����$�Uo7D>%P : �Z� �o?�=�> E < : >�
�� L x��5�aqN��qsr�v�x���n�£|r���zS��qNm|�3qN����x/zSx��/���N�sn/m|qsr�x/z � N Î � � Î�x/�#� Ë�l�Ì7p�� N�S�p|É � �
n���
8(�9 E >�=%P�(	)�*��%*��/Í ��o�����tºx���n���qN{|��t ) x � o�p � �/m|�Nm|{�x/q � N Î � � Ï �No�w���� Ë�l7m�É�� N�O�m|Ê � �Ì���?�(	U
	I£¾;��`� l,��m|�N���/��r/�N�|���[�/m|�N��m�z�r�r/m"-Rw���x��|x/�sr�t � N Î � � Ï �No�w���� Ë�l7m�É�� N�O�m|Ê � �
m�� �!=�>�=%P�(	)8M6� 
�� ÎRqN��mNy��|r/q 1,r�x�~[�am|��� 2 �����|��r����Iy/x��5�aqN��qsr�v�x���n�£|r/m"-[��qNm|�3qN����x�x � N Î � T�)7� � Í m|� � x/� y u ��m��qs~�r�x/w�m u ��qNm|��qN�|x�p/qN�Nw�m"-2n�x/� u ��t,� Ë�l5O�m�� N�O�S�É � �
l��¤; : �N7	O�� � L x��5�aqN��qsr�v�x/��o�qN�	t�q,�	r/m���m|m|{|�/���sx/z � N Î � � Í /�/ ) � Ë�l�p5n�� N2É7p�Ê � �Ë�Ê�� ��(�&�(	)�9�P'=�� � � ��� Ð9�/m�n�r/qRx�r/��qs����x/��o�qN�	t�q��sx/�N��qN�	tÃl[�5�|�5�5� GIGÎ/ �s� � �|o��Nm�� ��0 qN� � Î�����qN�9���|x/w�� � NË�l�p5l�� N Q S�� N�0��:S�p)T�S7m��Ë|Ë|��*57�&oP�(	)�
�� ���3� �/m�����o��[qsr�x�x �3qN����x/w#��{�n�x/�Nw�x�~Pw!�/m�����o�����qN�	t�� GIG Saw�� � ��qNm|� � �N{ � N�Ë�l7l�É�� N Q S�p�� N0��MO�l�T�n�Ì��
WKX�Y"XHZ"[5\%]	^.XH_I\�`ba%Y�i�Y��"k�_�^.X�Y�f'hIiIj�k�l
� w��1q1r�woxKq1r�w
	�w�p't1¡%w�y�t1{,q%x�w�|'r%��w¢ Í �RS � 0 qs��qN��m u32 ����w����N�Nw���z���m|�so�y������N�|��qsr�r���z�Nm�r���n�£|r���zR�9��1,x�r/m�x/�s��t��|����qsn�£|r���z��N�|��r�v�x/z � �OR7 EI: OR7 E =%P� ��0�0 /8� � S5O�Ì|Ì�O�Ê ��� ��� qN��r/m����/��y'��o�n ��) qsr�x�r���� S�É
Y u'.0/5, =���§���.I�D§�©b��+��3�"�

µ °�� K Q »8¬8®�¬8´�K³�· e À�³�º °5¹�¹��cQR° ·�º ´ � À�À � ¬  ��° ® � ³�·5� · ·5³�·�¿5³ ¸ ³�·5³ ¯ � À ²¤´ °�¯ ¬H
 � � SJÅbÆ � U ÅbÆ � ¸ µ · µ

�6D>& , (37.8&�*4-, È , .8.8&�4-(, 37;8351 *-D>& n u@cA, .8&);>(, 37;M/5=M9>(&)uMcA3�u ^ , &).0/5;>;>, /5;8.0/5;>, 1�37= c�*-3�/5; m u@cA, .8&);>(, 37;M/5=M9>(&)uMcA3�u
^ , &).0/5;>;>, /5; (9M/ È & 351�*-D>& È 37;>(+*�/5;<* È uA4-b7/�*-uA4-& , (gu>;McA&�4 È 37;>(, cA&�4�/�*-, 37; � �6D>& .0/5;>, 1�37= c , ( /5((u>.8&�c *-3��:& /5u>(-cA354 Í /5;Mct354-, &);<*�/"�>= & �oh (, ;>E�*-D>&�;>37;�u'D>37= 37;>37.8, È 1 4�/5.8&)( *-D>&�/5uA*-D>354"cA&�4-, b�&�cg�"/5u>(( � R &�*-&�4-(37; TAK 3�c>/5_)_), �
^ , ÈNÈ ,�&DÏ<uM/�*-, 37;>( 1�354 C2 , .8.8&�4-(, 37; 3510*-D>, ( .0/5;>, 1�37= c , ;<*-3 m u@cA, .8&);>(, 37;M/5=�9>(&)uMcA3�u ^ , &).0/5;>;>, /5; (9M/ È &a351È 37;>(+*�/5;<* È uA4-b7/�*-uA4-& � �6D>&6.0/5, ; 4-&)(u>= *2, (Z3��A*�/5, ;>&�c B�, *-D�*-D>&]u>(&]351ME7&);>&�4�/5= , _)&�c�&�d�*-&�4-;M/5=�cA& ^ DM/5. cA&�4-, b7/�*-, 37; � f'*
, (]1�37u>;Mc�*-DM/�*6, ;8*-D>, ( È 37;<*-&�d�*C*-D>&�1�354-.8(]351 È 37;>;>& È *-, b�, *@? � , .8.8&�4-(, 37;0/5;Mc�*-354-(, 37;\DM/�b�& È 37;<*-, ;�u>37u>(]E7&);>&�4�/5= , _)&�c
&�d�*-&�4-, 354HcA&�4-, b7/�*-, 37;>( �
Ð�ÑbÒ�Ó�Ô%Õ"Ö�×|¡ (u��>.0/5;>, 1�37= c � , .8.8&�4-(, 37; � ;>37;>D>37= 37;>37.8, È 1 4�/5.8& � �"/5u>(("&DÏ<uM/�*-, 37; � R &�*-&�4-(37; TAK 3�c>/5_)_),C&DÏ<uM/�*-, 37; �
^ , ÈNÈ , &DÏ<uM/�*-, 37; �
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�	���N�N�3m|����qsr���m��/��m|�am[�/��q y��N�|���|n/qsr�x�x2��q 1[qsr�x/z2����y��Np�x 2 m�1,x�y/n/z7�/���sr/m|�N�|r/m���m[o��/���|r/qsr�x/z r u ��m,�/m|��z�y�w���R�/qN��qN�3qsr�r�t��	xew�m|���5��x�v�x/qsr/�|���	x¼xe����y���r�r�t��	xer��Np���n�£|r�t��	x¼o��sn/m��|x/z��	x¼�¤��m�p/w�q
x = 0

��o���qN�\�/��� un/m��[qsr�x/z¤qs��m���q 1[qsr�x/zP�P��z�y¼¢[o���£�q7�/m��/m�n�x�r/m|�9���I�'m|����m���m�r���n�£|r�t����/m 0 m|{|m�n/qs�|o¤r����NqN��w�q (0, 1, . . .) �Saw�������r�r/m|q3�/��q y��N�|���|n/qsr�x/q	{����sx/��o�qN��� zar��Iw�m�r/�N����o�x/��m�����r�x�xar/m��|tI~5�/m�n�x�r/m|�3m�����m|����m���m�r���n�£|r�tI~5�/m 0 m|{|m un/qs�|o�xS�/m|��m��[y�qsr�r�tI~7w�n����N�sx�p/qN�Nw�x/�	x7�/m�n�x�r/m|�9���	xRÎRq.-/w��sr/qN�/� � L n/z�r/m��|tI~7�/m�n�x�r/m|�3m��[�/m�n�o�p/qsr��az��|r���z�am|���	o�n������NmNy�qN������}���z��	r/m���m�p�n/qsr�t ÎRq.-/w��sr/qN�/� � � ��m|����qN�so�n�£��|���,�/m|�s��m�n/z�qN�[x/�N�sn/q y�m������|£����sx/�	�/��m|�|x�p/q u�Nw�x/q,�s��m"-/�N�|���7�Nw�m�r/�N����o�x/��m�����r�r�tI~Sr/m��|tI~R�/m�n�x�r/m|�3m����/m|����m���m�r���n�£|r�tI~��/m 0 m|{|m�n/qs�|o�r��7�NqN��w�q (0, 1, . . .)�S����y���r�r�t�����qN�Nm|� � 2 ��m|�3qS��m���m��	�N��m��/m|�s��m�n/z�qN����q 1,x/�|£��/��m|{�n/qN�	o��'�s��z�����r�r�o��Å�2�|tIp�x/�sn/qsr�x/qN�gr/m��|tI~�/m�n�x�r/m|�3m������s��mNy�z�qNq�w��/��x/�3qsr/qsr�x/��x/�s��qN�N�|r�tI~���qNw�o�����qsr/�|r�tI~��Nm|m|�|r/m�1[qsr�x�-�y/n/z�w�n����N�sx�p/qN�Nw�x�~R�/m�n�x ur/m|�3m��RÎRq.-/w��sr/qN�/� �
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� i�]�X�¨YJ�¬'´ `�±�X�¨�]�¨MdY` _�]�X�X�L$J/¨M_a`[i�SYJ�VT_aJMX JrVT_a`|«�X�¨�]^S�b�`[iTfTf�_a` � `[iTf	¬�¸n]�«k]�©Tf"� J � f _�]�¸ LiaJMX�¨MiaJ ¯ JÈW§_�]^SMia`[iTf	¬

r∑

l=0

al(j)∆
ly(j) = f(j), j ∈ Ω,  N�®

X i�]�©�]nbadMiTUtL f#WYXcb�J�SMf	¬TL f
∆ly(0) = yl

Q
l = 0, 1, . . . , r − 1,

VTW�¨Y`�L _�]�¸[b�J�¶ `[iTf	¬
y(j)

i�]yX�`�¨MZ§`
Ω = {0, 1, . . .} Sj_#¬�« 
(W§_TdY`'VaJ¨VaJ^bafTiaJML&]�L%QMJ�_	¨YJ ¯ J�i�]nbadMiTUtL�VaJ � J�§MJ^b�`[SMW(i�] Ω Q ¯ «�`2² W§iTZ	ªTfTf
al, l = 0, 1, . . . , r−1,

¸n]�«k]^iTU�i�]%L iaJ�¶ `�X�¨MSY`
Ω
Q
∆ly

° J�Va`[_�]�¨YJ�_(Z§J�ia`�©TiaJ/±(_�]�¸�iaJMX�¨Mf(VaJ�_#¬�«aZR]
l µ

	 ]^ZR]�¬º¸n]�«k]�©�](VT_a`|«�X�¨�]^S�b3¬T`�¨ÈfTi	¨Y`[_a`�Xjia`�¨YJ^badMZ§JyXP]�L&](VaJ X�`�§M`MQ§iaJ(frS X[S�¬'¸�f¡X�¨Y`�L%Q#©	¨YJ Zria`�±L$J�¶ `�¨�§�U2¨Md¨X[SY`|«�`[i�])VT_aJ�§^b�`�L&]tJ%VT_Tf3§^baf	¶ `[iTiaJML�_a` � `[iTfTfP¸n]�«k]�©Tf#� J � f�«Tb3¬½J�§�U%ZTiaJ�SY`[iTiaJ ¯ J«af3²�²½`[_a`[i	ªTf�]nbadMiaJ ¯ JÈW§_�]^SMia`[iTf	¬¡SMf'«k]
r∑

l=0

al(t)y
(l)(t) = f(t)

X�i�]�©�]nbadMiTUtL fÈWYXcb�J�SMf	¬TL f
y(l)(0) = yl

Q
l = 0, 1, . . . , r−1 µ ��]�L$`�¨MfaL%Q�©	¨YJjW§_�]^SMia`[iTfa`  N�®{L$J�¶yiaJVa`[_a`[VTfaXP]�¨Md S Xcb�`|«aW§hR´ `�L _a`[ZTW§_T_a`[i	¨MiaJML�SMf'«�` �

ar(j)y(j + r) =
r−1∑

l=0

bl(j)y(j + l) + f(j), j ∈ Ω,  \�®
È© É�Ê�Ë�Ì � ���/����o�y/x�r/m�� / � / � � Í ��y���x/qs��� �'� L � � Í ��y���x/�	x/������qs��� � Î �




,���$ - ����$	0��� #"���
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S�Z§J/¨YJ�_aJML

bl(j), l = 0, 1, . . . , r − 1,
° ¸n]�«k]^iTiTUt` ² W§iTZ	ªTfTf{Q$J�VT_a`|«�`cb�`[iTiTUt`�i�]�X�`�¨MZ§`

Ω =
{0, 1, . . .} µ �&XcbafV² W§iTZ	ªTf	¬ |ar(j)| > c > 0, j ∈ Ω

Q�¨YJº¨YJ/©TiaJM`y_a` � `[iTfa` W§_�]^SMia`[iTf	¬  N�®jL$J�¶ LiaJ}i�]�±	¨Mf!XÈVaJML$J/´ dMh _a`[ZTW§_T_a`[i	¨MiaJ/±³²½J�_aL WnbaU  \�® µ �&Xcbaf ¶ ` «Tb3¬�ia`[Z§J/¨YJ�_TU7· j ∈ Ω
§�W�«�`�¨

ar(j) = 0
Q�¨YJ�i�]�±	¨Mf�X�JMJ/¨MSY`�¨YX�¨MSMW§hR´ fa`\¸�i�]�©a`[iTf	¬

y(j + r)
X�VaJML$J/´ dMhv_�]^SY`[iaX�¨MSg]  \�®Èia`SYJ/¸PL$J�¶yiaJ µ �*_aJML$`º¨YJ ¯ JTQ J/¨YL$`�¨MfaL
`�´ `MQa©	¨YJ�`�XcbafÅ¸�i�]�©a`[iTf	¬ f(j) ² W§iTZ	ªTfTf f Qa² f ¯ W§_TfT_TW§h L´ `�±}SÈVT_�]^SYJ/± ©�]�X�¨Mf�W§_�]^SMia`[iTf	¬  N�®cQaX�J�«�`[_#¶ ]�¨�VaJ ¯ _a` � iaJMX�¨Mf#f	¸PL$`[_a`[iTf	±{Q3¨YJÈfaX[VaJ^bad�¸PJ�Sg]^iTfa`_a`[ZTW§_T_a`[i	¨MiaJ/±g²½J�_aL WnbaU  \�®,«Tb3¬ i�]�·gJ�¶¤«�`[iTf	¬�_a` � `[iTf	¬¼¸n]�«k]�©Tf y = y(j)

L$J�¶ `�¨¤«k]�¨Md ia`[W�«�J LS�b�`�¨MSYJ�_Tf	¨Y`cbadMiTUt`}_a`�¸�Wnbad�¨�]�¨MU «k]�¶ `¡S�¨YJML
XcbaW�©�]�`MQ Z§J ¯ «k] |ar(j)| > c > 0, j ∈ Ω µ 	 ]^ZTfaLJ�§�_�]�¸PJML%QaSYJ/¸�iTfTZR]�`�¨¼¸n]�«k]�©�]ÈJ VaJ�faX[Z§` ]nbad�¨Y`[_Ti�]�¨MfTSMiTU7·#L$`�¨YJ�«�J�S _a` � `[iTf	¬¡W§_�]^SMia`[iTf	¬  N�® µ��i�]�X�¨YJ�¬'´ `�± _�]/§MJ/¨Y`�VT_a`|«Tbk] ¯ ]�`�¨YX�¬ iaJ�SMU2± L$`�¨YJ�« _a` � `[iTf	¬P¸n]�«k]�©Tf � J � f  N�®cQnJMX[iaJ�Sg]^iTiTU2±i�]¡VT_TfaL$`[ia`[iTfTf VaJ^bafTiaJML$J�S
mα
r,n(x, q), n = 0, 1, . . . ,

J�_	¨YJ ¯ J�i�]nbadMiTU7·!VaJ � J�§MJ^b�`[SMW�J/¨MiaJMX[f L¨Y`cbadMiaJÈX[ZR]nb3¬R_TiaJ ¯ J VT_aJ�f	¸�SY`|«�`[iTf	¬}SMf'«k]

〈f, g〉 =
r−1∑

k=0

∆kf(0)∆kg(0) +

∞∑

j=0

∆rf(j)∆rg(j)ρ(j),  � ®
¨ µ ` µ
〈mα

r,n,m
α
r,m〉 =

r−1∑

k=0

∆kmα
r,n(0, q)∆

kmα
r,m(0, q) +

∞∑

j=0

∆rmα
r,n(j, q)∆

rmα
r,m(j, q)ρ(j) = δn,m,

¯ «�` α > −1
Q½]

ρ(x)
° SY`�X�J�Sg]�¬ ² W§iTZ	ªTf	¬�Q J�VT_a`|«�`cb�`[iTi�]�¬ _�]^SY`[iaX�¨MSYJML  N�Â�® µ W J^bafTiaJML U

mα
r,k+r(x, q)

VaJ�_aJ�¶¤«k]^hR¨YX�¬�ZRbk]�X�X[f	©a`�X[ZTfaL f!VaJ^bafTiaJML&]�L f � `�±TZ§X[ia`[_�] mα
n(x, q), n = 0, 1, . . .

QJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTUtL f}i�]½X�`�¨MZ§`
Ω
XtSY`�X�JML

ρ(x)
VaJMX[_a`|«�X�¨MSYJML!_�]^SY`[iaX�¨MSg]  \Ym�®[QYVT_Tf	©a`�L�S XcbaW L©�]�`MQTZ§J ¯ «k] 0 6 k 6 r − 1,

VaJ^bafTiaJML U
mα
r,k(x, q)

J�VT_a`|«�`cb3¬RhR¨YX�¬}_�]^SY`[iaX�¨MSYJML  \ ��® µ
� b�`|«aWY`�¨�J/¨YL$`�¨Mf	¨MdaQ,©	¨YJ�¨Y`�J�_Tf	¬ VaJ^bafTiaJML$J�SaQ&J�_	¨YJ ¯ J�i�]nbadMiTU7· J/¨MiaJMX[f	¨Y`cbadMiaJ�X[ZR]nb3¬R_TiTU7·VT_aJ�f	¸�SY`|«�`[iTf	± ¨MfTV�] � J�§MJ^b�`[Sg]RQKVaJ^baW�©TfRbk]¡S�VaJMXcb�`|«aiTfa`>¨M_TfÆ«�`�X�¬'¨MfRb�`�¨Mf	¬�fTi	¨Y`[iaX[fTSMiaJM`r_�]�¸ LSMf	¨Mfa`jf�i�] �(bk](_#¬�«¡Sg]�¶yiTU7·�VT_TfRb�J�¶ `[iTf	±  X�L µ ½ N»e'¿�À�f�VT_aJ/ªTf	¨MfT_aJ�Sg]^iTiTW§hÁ¨�]�L!baf	¨Y`[_�]�¨MW§_TW3® µU ]^_�]^Z	¨Y`[_TiaJ/±#JMX�J�§M`[iTiaJMX�¨MdMh
X[ZR]nb3¬R_TiTU7·}VT_aJ�f	¸�SY`|«�`[iTf	± ¨MfTV�] � J�§MJ^b�`[Sg] ¬RS�b3¬T`�¨YX�¬�QTS ©�]�X�¨MiaJ LX�¨Mf{Q'¨YJTQ�©	¨YJ J�iTf{QRZR]^Z¡VT_�]^SMfRb�JTQaX�J�«�`[_#¶ ]�¨rXcbk] ¯ ]�`�L Ut`MQTZ§J/¨YJ�_TUt` � Z§J�i	¨M_aJ^bafT_TW§hR¨��ÈVaJ�SY`|«�`[iTfa`X�JMJ/¨MSY`�¨YX�¨MSMW§hR´ f'· J�_	¨YJ ¯ J�i�]nbadMiTU7· VaJ^bafTiaJML$J�S�S�J�«aiaJ/±�fRbaf ia`�X[Z§J^badMZTf'·³¨YJ/©TZR]�·³©TfaXcb�J�SYJ/±JMX[f µ
� «a_TW ¯ J/±#X�¨YJ�_aJ�iTU½Q�S _�]/§MJ/¨�]�· ½ m�ekN ��À,§�U)baf�SMSY`|«�`[iTUÇ¨�]^Z�i�]�¸�U%Sg]�`�L Ut` X�L$` �y]^iTiTUt`(_#¬�«aUVaJ}ZRbk]�X�X[f	©a`�X[ZTfaL
J�_	¨YJ ¯ J�i�]nbadMiTUtLVaJ^bafTiaJML&]�L�ZR]^Z ]nbad�¨Y`[_Ti�]�¨MfTSMiTU2± _#¬�«k]�L 
(W§_TdY`ÈVaJ ¨Y`�L

¶ `(VaJ^bafTiaJML&]�L�]^VTV�]^_�]�¨�_a` � `[iTf	¬ ¸n]�«k]�©{Q�SrZ§J/¨YJ�_TU7· ¨M_a`�§�WY`�¨YX�¬�J�«aiaJ�SM_a`�L$`[iTiaJ�VT_Tf3§^baf	¶ ]�¨Md
«af3²�²½`[_a`[i	ªTfT_TWY`�L W§h ² W§iTZ	ªTfTh f�ia`�X[Z§J^badMZ§J�`�`ÈVT_aJ�f	¸�SYJ�«aiTU7· µ � ©�]�X�¨MiaJMX�¨Mf{Qa¨�]^ZR]�¬ ¸n]�«k]�©�]
©�]�X�¨YJySYJ/¸�iTfTZR]�`�¨rVT_Tf¡_a` � `[iTfTfg«af3²�²½`[_a`[i	ªTf�]nbadMiTU7·¡W§_�]^SMia`[iTf	± ©TfaXcb�`[iTiaJ L ]^i�]nbaf	¨Mf	©a`�X[ZTfaL f X[Va`[Z	¨M_�]nbadMiTUtL f�®tL$`�¨YJ�«k]�L f ½ NPORQ�\RN|À µ � L$` �y]^iTiTUt` _#¬�«aU�VaJÈJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTUtL�X[faX�¨Y`�L&]�L² W§iTZ	ªTf	±!J�ZR]�¸n]nbafaX[d�`�X�¨Y`�X�¨MSY`[iTiTUtL�f�SY`�X[dYL&]g¹�²�²½`[Z	¨MfTSMiTUtL X[_a`|«�X�¨MSYJML�_a` � `[iTf	¬�ZT_�]�`[SMU7·
¸n]�«k]�©Ã«Tb3¬Å«af3²�²½`[_a`[i	ªTf�]nbadMiTU7·�W§_�]^SMia`[iTf	±�X[Va`[Z	¨M_�]nbadMiTUtL f�L$`�¨YJ�«k]�L f µ W JÆ¹�¨YJML W VaJ�SYJ�«aWL U�L$J�¶ `�L!J/¨YJMXcbk]�¨MdaQYi�]^VT_TfaL$`[_{QYZÈ_�]/§MJ/¨Y`P½ \RN|À µ � _�]/§MJ/¨Y`�½ N ��À�VaJ�ZR]�¸n]^iaJTQ#©	¨YJ½X�L$` �y]^iTiTU2± _#¬�«
² W§iTZ	ªTfTf

f
VaJ J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±�X[faX�¨Y`�L$` {ϕk(x)}∞k=0

VT_a`|«�X�¨�]^S�b3¬RhR¨�X�J�§MJ/± _#¬�« 
(W§_TdY`
¹�¨YJ/±g² W§iTZ	ªTfTf¡VaJyiaJ�SYJ/±}X[faX�¨Y`�L$`P² W§iTZ	ªTf	± {ϕr,k(x)}∞k=0

QTJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±#VaJ � J�§MJ^b�`[SMWJ/¨MiaJMX[f	¨Y`cbadMiaJ X[ZR]nb3¬R_TiaJ ¯ J VT_aJ�f	¸�SY`|«�`[iTf	¬}SMf'«k]

〈f, g〉 =
r−1∑

ν=0

f (ν)(a)g(ν)(a) +

b∫

a

f (r)(t)g(r)(t)ρ(t) dt  Â�®

f¡VaJ�_aJ�¶¤«�`[iTiaJ/± XP]�L$J/±�X[faX�¨Y`�L$J/± {ϕk(x)}∞k=0
µ
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� faX[ZT_a`�¨MiTU2±r]^i�]nb�J ¯ X[ZR]nb3¬R_TiaJ ¯ J VT_aJ�f	¸�SY`|«�`[iTf	¬  Â�®{faL$`�`�¨ SMf'«  � ®[Q ¯ «�`2² W§iTZ	ªTfTf f f g ¸n] L«k]^iTU�i�] L iaJ�¶ `�X�¨MSY`
Ω = {0, 1, . . .} Q ρ = ρ(j)

° «afaX[ZT_a`�¨Mi�]�¬¡SY`�X�J�Sg]�¬g² W§iTZ	ªTf	¬�Q�¸n]�«k]^iTi�]�¬�i�]L iaJ�¶ `�X�¨MSY`
Ω µ � XcbaW�©�]�`MQYZ§J ¯ «k] r = 0

QYL U §�W�«�`�L�X�©Tf	¨�]�¨MdaQ#©	¨YJ ∑r−1
k=0∆

kf(0)∆kg(0) = 0 µ W*_Tf
r > 1

JMX�J�§MJ/± ¨YJ/©TZ§J/±�S X[ZR]nb3¬R_TiaJML�VT_aJ�f	¸�SY`|«�`[iTfTf  � ®�¬RS�b3¬T`�¨YX�¬ x = 0
QTSÈZ§J/¨YJ�_aJ/±�Z§J�i	¨M_aJ^baf L_TWY`�¨YX�¬�VaJ�SY`|«�`[iTfa`ÈX�JMJ/¨MSY`�¨YX�¨MSMW§hR´ f'·�J�_	¨YJ ¯ J�i�]nbadMiTU7·�VaJ � J�§MJ^b�`[SMW#VaJ^bafTiaJML$J�Sg«afaX[ZT_a`�¨MiaJ/±Va`[_a`�L$`[iTiaJ/±{Q�§^bk] ¯ J�«k]^_#¬�VT_TfaX[W�¨YX�¨MSMfTh
S  � ®'SMU%_�]�¶ `[iTf	¬ ∑r−1

k=0∆
kf(0)∆kg(0) µ ��i�]�X�¨YJ�¬'´ `�±_�]/§MJ/¨Y`yi�]^_#¬�«aW�X Z§J�iaX�¨M_TW§fT_aJ�Sg]^iTfa`�L VaJ^bafTiaJML$J�S

mα
r,n(x, q), n = 0, 1, . . .

Q�J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^i LiTU7·�VaJ � J�§MJ^b�`[SMW�J/¨MiaJMX[f	¨Y`cbadMiaJ X[ZR]nb3¬R_TiaJ ¯ J!VT_aJ�f	¸�SY`|«�`[iTf	¬�SMf'«k]  � ®cQ&f�f	¸�W�©a`[iTfa`�L ia`[Z§J L¨YJ�_TU7· Sg]�¶yiTU7·�X[SYJ/±aX�¨MSÆ¹�¨Mf'· VaJ^bafTiaJML$J�SaQ&_�]�X�X�L$J/¨M_a`[i�]�¨�]^Z	¶ `g¸n]�«k]�©�]�J�§�J�«aiaJ�SM_a`�L$`[iTiaJMLVT_Tf3§^baf	¶ `[iTfTf i�]ÈX�`�¨MZ§`
Ω = {0, 1, . . .} _a` � `[iTf	¬ y = y(j)

¸n]�«k]�©Tf � J � f  N�®)f�` ¯ JÈZ§J�ia`�©TiTU7·_�]�¸�iaJMX�¨Y`�±
∆νy(j)

©�]�X�¨Mf	©TiTUtL fÈX[WRL$L&]�L f 
(W§_TdY`7² W§iTZ	ªTfTf
y
VaJ*X[faX�¨Y`�L$` {mα

r,n(x, q)}∞n=0

f f'·X�JMJ/¨MSY`�¨YX�¨MSMW§hR´ faL f�Z§J�ia`�©TiTUtL fr_�]�¸�iaJMX�¨�¬TL f µ W*_a`�¶¤«�`�©a`�L�VT_TfaX�¨MW§VTf	¨Md Z Z§J�iaX�¨M_TW§fT_aJ�Sg]^iTfThX[faX�¨Y`�L U�VaJ^bafTiaJML$J�S
mα
r,n(x, q), n = 0, 1, . . .

QYJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTU7·�VaJ � J�§MJ^b�`[SMWÈJ/¨MiaJMX[f	¨Y`cbad LiaJjX[ZR]nb3¬R_TiaJ ¯ J*VT_aJ�f	¸�SY`|«�`[iTf	¬ SMf'«k]  � ®�f VaJ�_aJ�¶¤«�`[iTiTU7· ZRbk]�X�X[f	©a`�X[ZTfaL fyVaJ^bafTiaJML&]�L f � `�±TZ§X Lia`[_�]!«afaX[ZT_a`�¨MiaJ/±}Va`[_a`�L$`[iTiaJ/±{Q�L U�_�]�X�X�L$J/¨M_TfaL�J�§/´ W§h�f'«�`[h VaJMX�¨M_aJM`[iTf	¬�X[faX�¨Y`�L³² W§iTZ	ªTf	±{QJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTU7· VaJ À J�§MJ^b�`[SMW½f(VaJ�_aJ�¶¤«�`[iTiTU7·!¸n]�«k]^iTiaJ/± J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±ÈX[faX�¨Y`�L$J/±² W§iTZ	ªTf	±º«afaX[ZT_a`�¨MiaJ/±#Va`[_a`�L$`[iTiaJ/± µ
JBD � j����'¥�� � ¦[j�� �a_a¥ �'k���� �h^�k ���aj���c�`9_��'`9ka`9_��Rja_a`9b��	kak���� �a` � `��9`	�,¥#b3^3c

�a`9_a` �Æ¦[¥#kak�� ¥g`9_��'`9ka`9_��Rja_a`9b��	kak�� �Rj �h^�k ���aj	� �Rj
W `[_a`�±'«�`�L Z�Z§J�iaX�¨M_TW§fT_aJ�Sg]^iTfTh «afaX[ZT_a`�¨MiTU7· ² W§iTZ	ªTf	±{Q J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTU7· VaJ � J L§MJ^b�`[SMW�J/¨MiaJMX[f	¨Y`cbadMiaJ�X[ZR]nb3¬R_TiaJ ¯ J VT_aJ�f	¸�SY`|«�`[iTf	¬  � ®[Q VaJ�_aJ�¶¤«�`[iTiTU7·@¸n]�«k]^iTiaJ/± X[faX�¨Y`�L$J/±

{ψk(x)}∞k=0

QKJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±�i�]h«afaX[ZT_a`�¨MiaJML
L iaJ�¶ `�X�¨MSY`
Ω = {0, 1, . . .} X SY`�X�JML ρ(x) µ

� b3¬ ¹�¨YJ ¯ J�i�]�L�VaJ�i�]�«�J�§�¬'¨YX�¬�ia`[Z§J/¨YJ�_TUt` J�§MJ/¸�i�]�©a`[iTf	¬�f�VaJ�i	¬'¨Mf	¬ µ �&Xcbaf ªa`cb�JM` k > 0
Q[¨YJVaJ^b�J�¶yfaL

a[k] = a(a− 1) . . . (a− k + 1)
Q
a[0] = 1

f¡_�]�X�X�L$J/¨M_TfaL�Xcb�`|«aW§hR´ fa`�² W§iTZ	ªTfTf��

ψr,k(x) =
x[k]

k!
, k = 0, 1, . . . , r − 1,  ¾�®

ψr,k(x) =





1
(r−1)!

x−r∑
t=0

(x− 1− t)[r−1]ψk−r(t), r 6 x
Q

0, x = 0, 1, . . . , r − 1



 , r 6 k,  ¿�®

Z§J/¨YJ�_TUt`½J�VT_a`|«�`cb�`[iTU�i�] X�`�¨MZ§`
Ω = {0, 1, . . .} µ � ]�X�X�L$J/¨M_TfaL�ia`[Z§J/¨YJ�_TUt` Sg]�¶yiTUt` _�]�¸�iaJMX�¨MiTUt`X[SYJ/±aX�¨MSg]jX[faX�¨Y`�L UÅ² W§iTZ	ªTf	±

ψr,k(x)
QnJ�VT_a`|«�`cb�`[iTiTU7· _�]^SY`[iaX�¨MSg]�L f  ¾�®�f  ¿�® µ �'SY`|«�`�L#J�Va`[_�]�¨YJ�_Z§J�ia`�©TiaJ/±¡_�]�¸�iaJMX�¨Mf

∆f
�
∆f(x) = f(x+1)− f(x)

frVaJ^b�J�¶yfaL
∆ν+1f(x) = ∆∆νf(x) µ � L$`�`�¨L$`�X�¨YJÈXcb�`|«aW§hR´y]�¬

� ¥��%� � A9D � �����P�!������� - "���
'��$B����
��

∆νψr,k(x) =





ψr−ν, k−ν(x), 0 6 ν 6 r − 1, r 6 k,

ψk−r(x), ν = r 6 k,

ψr−ν, k−ν(x), ν 6 k < r,

0, k < ν 6 r.

 m�®

C � VT_�]^SY`|«TbafTSYJMX�¨Md W�¨MSY`[_#¶¤«�`[iTf	¬�b�`�L$L U N}VT_Tf
r = 1

VaJ/©	¨Mf�J/©a`[SMf'«ai�]RQ�VaJ/¹�¨YJML W�L U
§�W�«�`�L
X�©Tf	¨�]�¨MdaQ,©	¨YJ

r > 2 µ W*_a`�¶¤«�`�SYX�` ¯ J\¸n]�L$`�¨MfaL%Q5©	¨YJ�`�Xcbaf f(x) = (x − 1 − t)[r−1] Qa¨YJ




,���$ - ����$	0��� #"���
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� ¿RN
∆f(x) = (r − 1)(x− 1− t)[r−2] QRVaJ/¹�¨YJML We«Tb3¬ r 6 x, k

S X[fRbaW  ¿�®'faL$`�`�L

∆ψr,k(x) =
1

(r − 1)!

(
x−r+1∑

t=0

(x− t)[r−1]ψk−r(t)−
x−r∑

t=0

(x− 1− t)[r−1]ψk−r(t)

)

=
1

(r − 1)!

x−r+1∑

t=0

(
(x− t)[r−1] − (x− 1− t)[r−1]

)
ψk−r(t)

=
1

(r − 2)!

x−r+1∑

t=0

(x− 1− t)[r−2]ψk−1−(r−1)(t) = ψr−1,k−1(x).

M ¨YX[h7«k]tW'§M`�¶¤«k]�`�L$X�¬ SjX[VT_�]^SY`|«TbafTSYJMX�¨Mf Va`[_TSYJ ¯ Jjf	¸�_�]^SY`[iaX�¨MS  m�®�«Tb3¬ r 6 x µ � VT_�]^SY`|«TbafTSYJMX�¨Md_�]^SY`[iaX�¨MSg]
∆ψr,k(x) = ψr−1,k−1(x)

«Tb3¬
x = 0, 1, . . . , r − 2

J/©a`[SMf'«ai�] µ M X�¨�]�`�¨YX�¬!VT_aJ�SY`[_Tf	¨MdVa`[_TSYJM` f	¸½_�]^SY`[iaX�¨MS  m�®�«Tb3¬ x = r − 1 µ � JyS ¹�¨YJML�XcbaW�©�]�`½L U�faL$`�`�L

∆ψr,k(x) = ψr,k(x+ 1) =
1

(r − 1)!

x−r+1∑

t=0

(x− t)[r−1]ψk−r(t) =
(r − 1)[r−1]

(r − 1)!
ψk−r(0) = ψk−r(0),

ψr−1,k−1(x) =
1

(r − 2)!

x−r+1∑

t=0

(x− 1− t)[r−2]ψ(k−1)−(r−1)(t) =
(r − 2)[r−2]

(r − 2)!
ψk−r(0) = ψk−r(0),

VaJ/¹�¨YJML W}L U X[iaJ�Sg]yi�]�·gJ�«afaL
∆ψr,k(x) = ψr−1,k−1(x)

µ 	 ]^ZTfaL�J�§�_�]�¸PJML%QaVaJ^baiaJMX�¨MdMhÇ«�J�ZR]�¸n]^iaJVa`[_TSYJM` f	¸½_�]^SY`[iaX�¨MS  m�®�«Tb3¬ 0 6 ν 6 1 µ � ¯ JÈX[VT_�]^SY`|«TbafTSYJMX�¨Md¼«Tb3¬ 2 6 ν 6 r − 1
SMU%SYJ�«afaL�VaJfTi'«aW§Z	ªTfTf µ

� ]�X�X�L$J/¨M_TfaL�S�¨YJ�_aJM` f	¸ _�]^SY`[iaX�¨MS  m�® µ ��X[fRbaWrW�¶ `�«�J�ZR]�¸n]^iTiaJ ¯ J Va`[_TSYJ ¯ Jyf	¸ _�]^SY`[iaX�¨MS  m�®fh¨YJ ¯ JTQ	©	¨YJyS�¨YJ�_aJM` f	¸½iTf'·e«Tb3¬ r = 1
b�` ¯ Z§JÈVT_aJ�SY`[_#¬T`�¨YX�¬�Q�faL$`�`�L

∆rψr,k(x) = ∆∆r−1ψr,k(x) = ∆ψ1,k−r+1(x) = ψk−r(x).

	 `�L�XP]�L UtL�L U «�J�ZR]�¸n]nbaf�S�¨YJ�_aJM`¡f	¸¡_�]^SY`[iaX�¨MS  m�® µ 	 _a`�¨MdY`¡f³©a`�¨MSY`[_	¨YJM`}_�]^SY`[iaX�¨MSg] f	¸  m�®ia`[VaJMX[_a`|«�X�¨MSY`[iTiaJ SMU2¨Y`[ZR]^hR¨ f	¸  ¾�® µ BW*WYX�¨Md
0 6 r

° ªa`cb�JM` µ M §MJ/¸�i�]�©TfaL ©a`[_a`�¸ lρ VT_aJMX�¨M_�]^iaX�¨MSYJS«afaX[ZT_a`�¨MiTU7·!² W§iTZ	ªTf	± f = f(x)
Q

¸n]�«k]^iTiTU7·�i�]}X�`�¨MZ§`
Ω = {0, 1, . . .} Q{S#Z§J/¨YJ�_aJML�X[ZR]nb3¬R_TiaJM`rVT_aJ�f	¸�SY`|«�`[iTfa` 〈f, g〉 J�VT_a`|«�`cb�`[iaJXÈVaJML$J/´ dMh _�]^SY`[iaX�¨MSg]  � ® µ � ]�X�X�L$J/¨M_TfaLÇ¸n]�«k]�©TW�J�§#J�_	¨YJ ¯ J�i�]nbadMiaJMX�¨Mf{Q iaJ�_aL fT_aJ�Sg]^iTiaJMX�¨Mf fVaJ^baiaJ/¨Y`)S

lρ
X[faX�¨Y`�L U {ψr,k(x)}∞k=0

Q�X�JMX�¨YJ�¬'´ `�±yf	¸2² W§iTZ	ªTf	±{Q�J�VT_a`|«�`cb�`[iTiTU7· _�]^SY`[iaX�¨MSg]�L f  ¾�®f  ¿�® µ
��¥#`9_a¥�� �»A9D$�S"��s��1 - � - � �3� * ��� - �2 	$	� � �	� ψk(x), k = 0, 1, . . . ,

-�� "���� ��P�¼1 - �	$� ��X

lρ- "�� - $ - "B�5�#" - 
���$	$� �� ���B�������� ��
'��� - �

ρ(x)
6a+�-�� ���º���B��������� {ψr,k(x)}∞k=0

* 1 - " - �P����$	$����V���
�������� - � {ψk(x)}∞k=0

1 - �s"��s������
 - �Ã"���
'��$B����
  ¾�®S�  ¿�® * 1 - �	$��>
 lρ � - "�� - $ - "B�5�#" - 
���$�� - ��$ - ����B��������$ - ���	������"�$ -��/- 1#" - �3�
'�s����$	���  � ® 6
C
��¸y_�]^SY`[iaX�¨MSg]  ¿�®*Xcb�`|«aWY`�¨^Q�©	¨YJ¡`�Xcbaf r 6 k

f
0 6 ν 6 r − 1

QI¨YJ
(∆νψr,k(x))x=0 = 0

QVaJ/¹�¨YJML W�SÈX[fRbaW  � ®'f  m�®'faL$`�`�L

〈ψr,k, ψr,l〉 =
∞∑

x=0

∆rψr,k(x)∆
rψr,l(x)ρ(x) =

∞∑

x=0

ψk−r(x)ψl−r(x)ρ(x) = δkl, k, l > r,

〈ψr,k, ψr,l〉 =
r−1∑

ν=0

∆νψr,k(0)∆
νψr,l(0) = δkl, k, l < r.



¿M\ �X��"���1� ����	$ - 
 �>6 �>6 * �	����� �B��
�� � 6 < 6 * �	����� �3�5�#"B�����
 
 6 � 6

M ©a`[SMf'«aiaJ>¨�]^Z	¶ `MQ3©	¨YJ
〈ψr,k, ψr,l〉 = 0,

`�Xcbaf
k < r 6 l

fRbaf
l < r 6 k.

�
¨YJ(J/¸�i�]�©�]�`�¨^Q�©	¨YJ�² W§iTZ	ªTfTf

ψr,k(t), k = 0, 1, . . . ,
J�§�_�]�¸�W§hR¨(S

lρ
J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTW§h�X[faX�¨Y` LL W}J/¨MiaJMX[f	¨Y`cbadMiaJ�X[ZR]nb3¬R_TiaJ ¯ JrVT_aJ�f	¸�SY`|«�`[iTf	¬  � ® µ � ¨YJ�§�U�VT_aJ�SY`[_Tf	¨Md�VaJ^baiaJ/¨MWg¹�¨YJ/±#X[faX�¨Y`�L US

lρ
VT_a`|«aVaJ^b�J�¶yfaL%Q9©	¨YJ¤«Tb3¬g² W§iTZ	ªTfTf

f = f(x) ∈ lρ
faL$`[hR¨ L$`�X�¨YJy_�]^SY`[iaX�¨MSg]

〈ψr,k, f〉 = 0, k = 0, 1, . . .

	 J ¯ «k]RQ&SYJ L Va`[_TSMU7·�Q$S�X[fRbaW ¨YJ ¯ JTQ,©	¨YJ 0 = 〈ψr,k, f〉 = ∆kf(0)
VT_Tf

k = 0, . . . , r − 1
faL$`�`�L

f(j) = 0
«Tb3¬�SYX�`|·

j = 0, . . . , r − 1 µ �)J L S�¨YJ�_TU7·�Qkf	¸ _�]^SY`[iaX�¨MS 〈ψr,k, f〉 = 0, k = r, r + 1, . . . ,f�VaJ^baiaJ/¨MU S
lρ
faX�·gJ�«aiaJ/± X[faX�¨Y`�L U

ψk(t), k = 0, 1, . . .
Xcb�`|«aWY`�¨^Q�©	¨YJ

∆rf(x) ≡ 0, x ∈ Ω,
fVaJ/¹�¨YJML W

f
X�J�SMV�]�«k]�`�¨�X(]nb ¯ `�§�_�]^f	©a`�X[ZTfaL�VaJ^bafTiaJML$JML�X�¨Y`[Va`[iTf#ia` SMU � ` r − 1 µ ��¸P¹�¨Mf'·º«aSMW#·²(]^Z	¨YJ�SÈSMU2¨Y`[ZR]�`�¨^Q3©	¨YJ

f(x) ≡ 0, x ∈ Ω µ B
� faX�¨Y`�L W�² W§iTZ	ªTf	± ψr,k(t), k = 0, 1, . . . ,

L U §�W�«�`�L�i�]�¸�U%Sg]�¨Md ������� �
� �

+ � � �"� � � � � � ��� � �$������
�
+
���
�
�����  %��$�� J/¨MiaJMX[f	¨Y`cbadMiaJrX[ZR]nb3¬R_TiaJ ¯ JÈVT_aJ�f	¸�SY`|«�`[iTf	¬  � ® µ��¸�¨Y`�J�_a`�L U�N*Xcb�`|«aWY`�¨^Q	©	¨YJyX[faX�¨Y`�L&]P«afaX[ZT_a`�¨MiTU7·g² W§iTZ	ªTf	±

ψr,k(t), k = 0, 1, . . . ,
¬RS�b3¬T`�¨ LX�¬#J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTUtL §Y]�¸�faX�JML�SrVT_aJMX�¨M_�]^iaX�¨MSY`

lρ
QaVaJ/¹�¨YJML Wh«Tb3¬�VT_aJ�f	¸�SYJ^badMiaJ/±Æ² W§iTZ	ªTfTf

f(x) ∈ lρ
L U�L$J�¶ `�LÃ¸n]^VTfaXP]�¨Md _�]^SY`[iaX�¨MSYJ

f(x) =

∞∑

k=0

〈f, ψr,k〉ψr,k(x),  ��®

Z§J/¨YJ�_aJM`(VT_a`|«�X�¨�]^S�b3¬T`�¨�X�J�§MJ/±}_#¬�« 
(W§_TdY`�² W§iTZ	ªTfTf
f(x) ∈ lρ

VaJÈX[faX�¨Y`�L$` {ψr,k(t)}∞k=0

QaJ�_	¨YJ LiaJ�_aL fT_aJ�Sg]^iTiaJ/±#VaJ � J�§MJ^b�`[SMW µ W JMX[Z§J^badMZTW¡Z§J/¹�²�² f	ªTfa`[i	¨MU 
(W§_TdY` 〈f, ψr,k〉 faL$`[hR¨ÈSMf'«

fr,k = 〈f, ψr,k〉 =
r−1∑

ν=0

∆νf(0)∆νψr,k(0) = ∆kf(0), k = 0, . . . , r − 1,

fr,k = 〈f, ψr,k〉 =
∞∑

j=0

∆rf(j)∆rψr,k(j)ρ(j) =

∞∑

j=0

∆rf(j)ψk−r(j)ρ(j), k = r, . . . ,  O�®
¨YJy_�]^SY`[iaX�¨MSYJ  ��®'L$J�¶yiaJÈVa`[_a`[VTfaXP]�¨Md S Xcb�`|«aW§hR´ `�L X�L$` �y]^iTiaJML�SMf'«�`

f(x) =

r−1∑

k=0

∆kf(0)
x[k]

k!
+

∞∑

k=r

fr,kψr,k(x), x ∈ Ω.  NPl�®
W J/¹�¨YJML W _#¬�«V² W§_TdY` VaJ¡X[faX�¨Y`�L$` {ψr,k(t)}∞k=0

L U §�W�«�`�L%Q�Xcb�`|«aW�¬�_�]/§MJ/¨�]�L ½ m�ekN ��À Q�i�]�¸�U%Sg]�¨Md
�
�
����������#

�
� !�	

��� ���
�����

�
	��
�
+
�
�"�

�
�
�
�
�
���
�
$������

�
+ ������� �

�
� {ψk(t)}∞k=0

µ M ¨YL$`�¨MfaL ia`[Z§J L¨YJ�_TUt` Sg]�¶yiTUt`(X[SYJ/±aX�¨MSg]ÈX�L$` �y]^iTiTU7·¡_#¬�«�J�S  NPl�®'f¡f'·º©�]�X�¨Mf	©TiTU7·�X[WRL$L SMf'«k]

Yr,n(f, x) =

r−1∑

k=0

∆kf(0)
x[k]

k!
+

n∑

k=r

fr,kψr,k(x).  NMN�®
��¸  NPl�®'f  NMN�®)X W�©a`�¨YJML _�]^SY`[iaX�¨MS  m�®)L U�L$J�¶ `�LÃ¸n]^VTfaXP]�¨Md

∆νf(x) =

r−ν−1∑

k=0

∆k+νf(0)
x[k]

k!
+

∞∑

k=r−ν
fr,k+νψr−ν,k(x), 0 6 ν 6 r − 1, x ∈ Ω,  NP\�®
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∆ν
Yr,n(f, x) =

r−ν−1∑

k=0

∆k+νf(0)
x[k]

k!
+

n−ν∑

k=r−ν
fr,k+νψr−ν,k(x),

∆ν
Yr,n(f, x) = Yr−ν,n−ν(∆

νf, x).

∆ν
Yr,n(f, 0) = ∆νf(0), 0 6 ν 6 r − 1.  N � ®

HID[Zh¥ �I`��'`9_�� ¥ ��b9¥/¦[¥#kaj	�Ã` �a`	�,jaka`�� ���³YÁ¥�� ����ka¥#_��
W*_Tf¡Z§J�iaX�¨M_TW§fT_aJ�Sg]^iTfTf�VaJ^bafTiaJML$J�SaQTJ�_	¨YJ ¯ J�i�]nbadMiTU7·}VaJ � J�§MJ^b�`[SMWrf�VaJ�_aJ�¶¤«�`[iTiTU7·¡ZRbk]�X LX[f	©a`�X[ZTfaL f�L iaJ ¯ J/©Rb�`[i�]�L f � `�±TZ§X[ia`[_�]�i�]�L�VaJ�i�]�«�J�§�f	¨YX�¬�_#¬�«�X[SYJ/±aX�¨MS ¹�¨Mf'·�L iaJ ¯ J/©Rb�`[iaJ�SaQZ§J/¨YJ�_TUt`yL U�VT_TfTSY`|«�`�L�Sri�]�X�¨YJ�¬'´ `�L�V�]^_�] ¯ _�]/²½` µ � b3¬�VT_aJ�f	¸�SYJ^badMiaJ ¯ J α f 0 < q < 1

VaJ^b�J L¶yfaL
ρ(x) = ρ(x;α, q) = qx

Γ(x+ α+ 1)

Γ(x+ 1)
(1− q)α+1,  N�Â�®

Mα
n (x, q) =

q−n

n!ρ(x)
∆n
{
ρ(x)x[n]

}
,  N�¾�®

¯ «�` ∆nf(x)
° Z§J�ia`�©Ti�]�¬�_�]�¸�iaJMX�¨Md

n L ¯ J¡VaJ�_#¬�«aZR]g² W§iTZ	ªTfTf f(x) Sg¨YJ/©TZ§` x QI¨ µ ` µ ∆0f(x) =
f(x)

Q
∆1f(x) = ∆f(x) = f(x + 1) − f(x)

Q
∆nf(x) = ∆∆n−1f(x) (n > 1)

Q
a[0] = 1

Q
a[k] = a(a−1) . . . (a−k+1)

VT_Tf
k > 1 µ � b3¬yZR]�¶¤«�J ¯ J 0 6 n

_�]^SY`[iaX�¨MSYJ  N�¾�®$J�VT_a`|«�`cb3¬T`�¨º½ \M\�À Q]nb ¯ `�§�_�]^f	©a`�X[ZTf	±}VaJ^bafTiaJML X�¨Y`[Va`[iTf n Q�«Tb3¬rZ§J/¨YJ�_aJ ¯ J Mα
n (0, q) =

(n+α
n

)
.
W J^baiTUt`R«�J�ZR]�¸n]�¨Y`cbad LX�¨MSg]jVT_TfTSY`|«�`[iTiTU7· iTf	¶ `tX[SYJ/±aX�¨MS VaJ^bafTiaJML$J�S � `�±TZ§X[ia`[_�] Mα

n (x, q)
L$J�¶yiaJ*i�]�±	¨Mf{Q�i�]^VT_TfaL$`[_{QSV½ \M\RQ \ � À µ W*_a`�¶¤«�`ÈSYX�` ¯ J#J/¨YL$`�¨MfaL%Q�©	¨YJ}VaJ^bafTiaJML U Mα

n (x, q)
«�J�VTWYX[ZR]^hR¨ Xcb�`|«aW§hR´ `�`>¬RSMiaJM`VT_a`|«�X�¨�]^S�b�`[iTfa` �

Mα
n (x, q) =

Γ(n+ α+ 1)

n!

n∑

k=0

n[k]x[k]

Γ(k + α+ 1)k!

(
1− 1

q

)k
.  N�¿�®

�&Xcbaf
α > −1

Q�¨YJ#VaJ^bafTiaJML U
Mα
n (x) = Mα

n (x, q), n = 0, 1, . . . ,
J�§�_�]�¸�W§hR¨�J�_	¨YJ ¯ J�i�]nbadMiTW§hX*SY`�X�JML

ρ(x)  X�L µ  N�Â�®�®'X[faX�¨Y`�L W�i�]yL iaJ�¶ `�X�¨MSY` Ω = {0, 1, . . .} �

∑

x∈Ω
Mα
k (x)M

α
n (x)ρ(x) = δn,kh

α
n(q), 0 < q < 1, α > −1,  Nnm�®

¯ «�`
hαn(q) =

∞∑

x=0

ρ(x) {Mα
n (x)}2 =

(
n+ α

n

)
q−nΓ(α+ 1).  N ��®

�½]�L VaJ�i�]�«�J�§�¬'¨YX�¬ ¨�]^Z	¶ `(Xcb�`|«aW§hR´ fa` X[SYJ/±aX�¨MSg]��
∆Mα

n (x) =Mα
n (x+ 1) −Mα

n (x) =
q − 1

q
Mα+1
n−1 (x),  NPO�®

Mα−r
k+r (x, q) =

r∑

j=0

(−1)j
r[j]

j!
Mα
k+r−j(x, q),  \Ml�®

M−l
n (x, q) =

(n− l)!

n!

(
1

q
− 1

)l
(−x)lM l

n−l(x− l, q),  \RN�®
¯ «�` (a)0 = 1

Q
(a)l = a(a+ 1) . . . (a+ l − 1) � l

° ªa`cb�JM`MQ
1 6 l 6 n µ
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0 6 r
6�+�-�� ���

(x+ r)[r]

(k + r)[r]
M r
k (x, q) =

1

(1− q)r

r∑

i=0

(−q)i
(
r

i

)
M0
k+i(x, q).

C
W J^bk] ¯ ]�¬}S  \Ml�® α = r

QRfaL$`�`�L

M0
j (x, q) =

r∑

ν=0

(−1)ν
(
r

ν

)
M r
j−ν(x, q).

� «a_TW ¯ J/±}X�¨YJ�_aJ�iTU½Q�L U L$J�¶ `�L ¸n]^VTfaXP]�¨Md
(x+ r)[r]

(k + r)[r]
M r
k (x, q) =

k+r∑

j=0

γjM
0
j (x, q),  \M\�®

¯ «�`
γj =

1

h0j(q)

∞∑

t=0

ρ(t, 0, q)
(t+ r)[r]

(k + r)[r]
M r
k (t, q)M

0
j (t, q)

= qj(1− q)

∞∑

t=0

qt
(t+ r)[r]

(k + r)[r]
M r
k (t, q)M

0
j (t, q)

=
qj

(k + r)[r](1− q)r

∞∑

t=0

qt
Γ(t+ r + 1)

Γ(t+ 1)
(1− q)r+1M r

k (t, q)M
0
j (t, q),

 \ � ®

S>©�]�X�¨MiaJMX�¨Mf{Q
γj = 0

VT_Tf
j < k µ ��¸  \M\�®'f  \ � ®'faL$`�`�L

γj =
qj

(k + r)[r](1− q)r

∞∑

t=0

ρ(t, r, q)M r
k (t, q)

r∑

ν=0

(−1)ν
(
r

ν

)
M r
j−ν(x, q)

=
qj(−1)j−k

(k + r)[r](1− q)r

(
r

j − k

) ∞∑

t=0

ρ(t, r, q) [M r
k (t, q)]

2

=
qj(−1)j−k

(k + r)[r](1− q)r

(
r

j − k

)
hrk(q) =

(−q)j−k
(k + r)[r](1− q)r

(
r

j − k

)(
k + r

k

)
Γ(r + 1).

M ¨YX[h7«k]yf¡f	¸  \M\�®'i�]�·gJ�«afaL

(1− q)q
(x+ r)[r]

(k + r)[r]
M r
k (x, q) =

k+r∑

j=k

(−q)j−k
(

r

j − k

)
M0
j (x, q) =

r∑

i=0

(−q)i
(
r

i

)
M0
k+i(x, q). �

��¸  Nnm�®)Xcb�`|«aWY`�¨^Q3©	¨YJyVaJ^bafTiaJML U
mα
k (x) = mα

k (x, q) = (hαn(q))
− 1

2Mα
n (x, q)  \�Â�®

J�§�_�]�¸�W§hR¨ J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTW§h X[faX�¨Y`�L W�i�] L iaJ�¶ `�X�¨MSY`
Ω
X SY`�X�JML

ρ(x) = ρ(x, α, q)
Q3¨ µ ` µ

∑

x∈Ω
mα
k (x)m

α
n(x)ρ(x) = δn,k, 0 < q < 1, α > −1.  \�¾�®
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� ¿�¾
�*f	¶ ` i�]�L VaJ�i�]�«�J�§�f	¨YX�¬ Xcb�`|«aW§hR´y]�¬�_a`[ZTW§_T_a`[i	¨Mi�]�¬ ²½J�_aL Wnbk] «Tb3¬�VaJ^bafTiaJML$J�S � `�±TZ§X[ia` L_�]

mα
n(x)

�

[(n+ α+ 1)(n+ 1)q]
1
2 mα

n+1(x)

= [n(q + 1) + q(α+ 1) + (q + 1)x]mα
n(x)− [(n+ α)nq]

1
2 mα

n−1(x).
 \�¿�®

��D � _��'`9i�`9k������9k�� ¥ �a` � `��9`	�,¥#b3^ �a`	�,jaka`�� �ºc
�a`9_a` �Æ¦[¥#kak�� ¥�Rka`9i�` ���,¥#k�� �RjÃYÁ¥�� ����ka¥#_��

��¸j_�]^SY`[iaX�¨MSg]  \�¾�®�Xcb�`|«aWY`�¨^Q'©	¨YJ `�Xcbaf α > −1
Q#¨YJ(VaJ^bafTiaJML U

mα
n(x, q), n = 0, 1, . . .

Q§J�§�_�] L¸�W§hR¨(J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTW§h i�]
Ω = {0, 1, . . .} XtSY`�X�JML ρ(x) X[faX�¨Y`�L W µ � ¨�](X[faX�¨Y`�L&]½VaJ�_aJ�¶¤«k]�`�¨i�]

Ω
X[faX�¨Y`�L W�VaJ^bafTiaJML$J�S

mα
r,k+r(x, q), k = 0, 1, . . .

QaJ�VT_a`|«�`cb�`[iTiTU7·}_�]^SY`[iaX�¨MSYJML

mα
r,k+r(x, q) =

1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]mα
k (t, q).  \Ym�®

�*_aJML$`�¨YJ ¯ JTQaJ�VT_a`|«�`cbafaL�VaJ^bafTiaJML U

mα
r,k(x, q) =

x[k]

k!
, k = 0, 1, . . . , r − 1.  \ ��®

W J�ZR]�¶ `�L%Q�©	¨YJÈVaJ^bafTiaJML
mα
r,k+r(x, q)

J�§�_�]�´y]�`�¨YX�¬#SÈiTWnbadaQ�`�Xcbaf
x ∈ {0, 1, . . . , r − 1} µ � ¹�¨YJ/±ªa`cbadMh
L U�_�]�X�X�L$J/¨M_TfaL�Xcb�`|«aW§hR´ f	±h«afaX[ZT_a`�¨MiTU2± ]^i�]nb�J ¯ ²½J�_aL WnbaU 	 `�±Rb�J�_�]��

F (x) = Qr−1(F, x) +
1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]∆rF (t), x ∈ {r, r + 1, . . .},  \MO�®
¯ «�`

Qr−1(F, x) = F (0) +
∆F (0)

1!
x+

∆2F (0)

2!
x[2] + . . .+

∆r−1F (0)

(r − 1)!
x[r−1].  � l�®

	 ]^Z�ZR]^Z «Tb3¬Ã² W§iTZ	ªTfTf F (x) = x[l+r]
Q ¯ «�` ªa`cb�JM` l > 0

Q&faL$`�`�L
∆rF (x) = (l + r)[r]x[l]

f
Qr−1(F, x) ≡ 0

Q'¨YJyf	¸  \MO�®)Xcb�`|«aWY`�¨^Q3©	¨YJ
1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]t[l] =
1

(l + r)[r](r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]∆rF (t) =
x[l+r]

(l + r)[r]
.  � N�®

� «a_TW ¯ J/±ÈX�¨YJ�_aJ�iTU½Q�² W§iTZ	ªTf	¬ x[l+r] J�§�_�]�´y]�`�¨YX�¬yS iTWnbad*S*W�¸[bk]�· x ∈ {0, 1, . . . , r−1} Q�VaJ/¹�¨YJML Wi�] � `yW�¨MSY`[_#¶¤«�`[iTfa` SMU2¨Y`[ZR]�`�¨#f	¸>¨YJ ¯ JTQ�©	¨YJ¡VaJ^bafTiaJML mα
k+r(x, q)

S�X[fRbaW  N�¿�®jf  \�Â�® L$J�¶yiaJVT_a`|«�X�¨�]^SMf	¨Md�S#SMf'«�` bafTia`�±TiaJ/± Z§JML,§�fTi�]�ªTfTfÃ² W§iTZ	ªTf	±!SMf'«k]
x[l] µ W J/¹�¨YJML W�f	¸e¨Y`�J�_a`�L U N fX[SYJ/±aX�¨MSg]  \Ml�®�ia`[VaJMX[_a`|«�X�¨MSY`[iTiaJrSMU%SYJ�«afaL�Xcb�`|«aW§hR´ f	±¡_a`�¸�Wnbad�¨�]�¨ µ

��¥#`9_a¥�� �\JBD��7���	�
α > −1

* � - ���B����������1 - �	�	$ - � - 

mα
r,k(x, q), k = 0, 1, . . .

* 1 - " - �P����$	$����
�5$ -��/- �/�B��$����5� �Æ���	�3��$B�s"��

mα
n(x, q), n = 0, 1, . . . ,

1 - �s"��s������
 - �Æ"���
'��$B����
  \Ym�®[�  \ ��® * 1 - �	$��


lρ
� - "�� - $ - "B�5�#" - 
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?BD�� �����9ka¥�����ja¥ ��b9` �����'b����a`	�,jaka`��R`9b

mα
r,k(x, q)W `[_a`�±'«�`�L�Z faX�Xcb�`|«�J�Sg]^iTfTh³«k]nbadMia`�±	� f'·(X[SYJ/±aX�¨MS¨VaJ^bafTiaJML$J�S
mα
r,k(x, q), k = 0, 1, . . .

� `�©TdaQSrVa`[_TSMW§h J/©a`[_a`|«adaQkf'«�`�¨¡J¼¨YJML%Q�©	¨YJ�§�UVaJ^baW�©Tf	¨Md�VT_a`|«�X�¨�]^S�b�`[iTfa`yVaJ^bafTiaJML$J�S
mα
r,k(x, q)

QkZ§J L¨YJ�_aJM` ia` X�J�«�`[_#¶yf	¨g¸�i�]^Z§J�S}X[WRL$L fT_aJ�Sg]^iTf	¬�X Va`[_a`�L$`[iTiTUtL�SY`[_�·RiTfaL�VT_a`|«�`cb�JML ¨MfTV�]  \Ym�® µ �¹�¨YJ/±gªa`cbadMhVT_TfaL$`[iTfaLÃ²½J�_aL WnbaW  \MO�®'Z¡VaJ^bafTiaJML W F (x) =Mα−r
k+r (x, q)

fh¸n]^VTf	� `�L

F (x) = Qr−1(F, x) +
1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]∆rMα−r
k+r (t, q).

�)L$`�X�¨YJ
∆rMα−r

k+r (x, q)
VaJ�«�X�¨�]^SMfaL ` ¯ J ¸�i�]�©a`[iTfa`MQ Z§J/¨YJ�_aJM` X�J ¯ bk]�X[iaJ ²½J�_aL Wnb�`  NPO�®�_�]^SMiaJ

( q−1
q )rMα

k (x, q)
µ 	 J ¯ «k]yf	¸  \MO�®'VaJ^baW�©TfaL

F (x)−Qr−1(F, x) =

(
q − 1

q

)r 1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]Mα
k (t, q).  � \�®

� J�VaJMX�¨�]^S�b3¬'¬  \Ym�®�f  � \�®)X  \�Â�®[QRi�]�·gJ�«afaL
(
q − 1

q

)r
{hαk (q)}

1
2 mα

r,k+r(x, q) = F (x)−Qr−1(F, x).  � � ®
��¸  � � ®'faL$`�`�L

mα
r,k+r(x, q) =

(
q

q − 1

)r
{hαk (q)}−1/2 [F (x) −Qr−1(F, x)], F (x) =Mα−r

k+r (x, q).  � Â�®

� ]nb�`�`MQaSÈX[fRbaW  NPO�® ∆νMα−r
k+r (x, q) = ( q−1

q )νMα−r+ν
k+r−ν (x, q)

QTVaJ/¹�¨YJML W�f	¸  N�¿�®'i�]�·gJ�«afaL
∆νMα−r

k+r (0, q) =

(
q − 1

q

)ν Γ(k + α+ 1)

(k + r − ν)!Γ(ν − r + α+ 1)
= Ar,k,ν.  � ¾�®

� ]^SY`[iaX�¨MSg]  � l�®'f  � ¾�®[QRS�¸�¬'¨MUt` SYL$`�X�¨Y`MQ	«k]^hR¨
F (x)−Qr−1(F, x) =Mα−r

k+r (x, q)−
r−1∑

ν=0

Ar,k,νx
[ν]

ν!
.

W J�«�X�¨�]^SMfTSe¹�¨YJySMU%_�]�¶ `[iTfa`(S  � Â�®[QRi�]�·gJ�«afaL
mα
r,k+r(x, q) =

(
q

q − 1

)r{
hαk (q)

}− 1
2

[
Mα−r
k+r (x, q)−

r−1∑

ν=0

Ar,k,νx
[ν]

ν!

]
, k = 0, 1, . . .  � ¿�®

�,´ `rJ�«aiaJ#Sg]�¶yiaJM`rVT_a`|«�X�¨�]^S�b�`[iTfa`º«Tb3¬�VaJ^bafTiaJML$J�S
mα
r,k+r(x, q)

L$J�¶yiaJ#VaJ^baW�©Tf	¨MdaQ `�XcbafL U J�§�_�]�¨MfaL$X�¬}Z¡_�]^SY`[iaX�¨MSg]�L  N�¿�®�f  \�Â�® �

mα
k (t, q) =

Γ(k + α+ 1)

k!
{
hαk (q)

} 1
2

k∑

l=0

k[l]t[l]

Γ(l + α+ 1)l!

(
1− 1

q

)l
.

W J�«�X�¨�]^SMfaL ¹�¨YJ SMU%_�]�¶ `[iTfa`�S  \Ym�®Èf�SYJMX[VaJ^bad�¸�WY`�L$X�¬�_�]^SY`[iaX�¨MSYJML  � N�® µ � ¨YJ!VT_TfTSYJ�«af	¨Z�Xcb�`|«aW§hR´ `�L We¬RSMiaJML W�SMf'«aW¼«Tb3¬¡VaJ^bafTiaJML$J�S
mα
r,k+r(x, q) (k = 0, 1, . . .)

�

mα
r,k+r(x, q) =

Γ(k + α+ 1)

k!
{
hαk (q)

} 1
2

k∑

l=0

k[l]x[r+l]

Γ(l + α+ 1)l!(r + l)[r]

(
1− 1

q

)l
.
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� ¿Ym
�ID��h`	�,jaka`�� � {m0

r,k(x, q)}∞k=0

� ]�X�X�L$J/¨M_TfaL\©�]�X�¨MiTU2±yXcbaW�©�]�±{QnZ§J/¨YJ�_TU2±yX�JMJ/¨MSY`�¨YX�¨MSMWY`�¨ SMUS§MJ�_TW
α = 0 µ ��]�L$`�¨MfaL%Q�©	¨YJ¨`�Xcbaf

α = 0
Q'¨YJyf	¸  � ¾�®'faL$`�`�L Ar,k,ν = 0

VT_Tf¡SYX�`|·
ν = 0, 1, . . . , r − 1 µ W J/¹�¨YJML W�f	¸  � ¿�®'faL$`�`�L

m0
r,k+r(x, q) =

(
q

q − 1

)r {
h0k(q)

}− 1
2 M−r

k+r(x, q), k = 0, 1, . . .  � m�®
� ]nb�`�`MQa`�Xcbaf�L U J�§�_�]�¨MfaL$X�¬}Z¡_�]^SY`[iaX�¨MSMW  \RN�®[Q'¨YJÈL$J�¶ `�L ¸n]^VTfaXP]�¨Md

M−r
k+r(x, q) =

k!

(k + r)!

(
1− 1

q

)r
x[r]M r

k (x− r, q).  � ��®
��¸  � m�®'f  � ��®'i�]�·gJ�«afaL

m0
r,k+r(x, q) =

k!

(k + r)!

{
h0k(q)

}− 1
2 x[r]M r

k (x− r, q), k = 0, 1, . . .

� W�©a`�¨YJML  N ��®'f  \�Â�®�¹�¨YJML W�_�]^SY`[iaX�¨MSMW¡L$J�¶yiaJÈVT_Tf'«k]�¨Md¼¨�]^Z	¶ `(Xcb�`|«aW§hR´ f	±}SMf'« �
m0
r,k+r(x, q) =

(
(k + r)[r]

)− 1
2
x[r]mr

k(x− r, q), k = 0, 1, . . .  � O�®
� VaJML$J/´ dMh�b�`�L$L U�\ _�]^SY`[iaX�¨MSYJ  � O�®'L$J�¶yiaJ>¸n]^VTfaXP]�¨Md SySMf'«�`

m0
r,k+r(x, q) =

1

(1− q)r

r∑

i=0

(−q) i
2m0

k+i(x− r, q), k = 0, 1, . . .

�½]^Z§J�ia`�ª{Q�`�Xcbaf
0 6 k 6 r − 1

Q	¨YJ SÈX[fRbaW¡J�VT_a`|«�`cb�`[iTf	¬  \ ��®

m0
r,k(x, q) =

x[k]

k!
.

��¸�¨Y`�J�_a`�L U�N½Xcb�`|«aWY`�¨^Q3©	¨YJ X[faX�¨Y`�L&]yVaJ^bafTiaJML$J�S
m0
r,k(x, q), k = 0, 1, . . . ,

¬RS�b3¬T`�¨YX�¬�J�_	¨YJ LiaJ�_aL fT_aJ�Sg]^iTiTUtLÆ§Y]�¸�faX�JML#SjVT_aJMX�¨M_�]^iaX�¨MSY`
lρ
QnVaJ/¹�¨YJML W�«Tb3¬(VT_aJ�f	¸�SYJ^badMiaJ/±¼² W§iTZ	ªTfTf

f(x) ∈ lρL U L$J�¶ `�L ¸n]^VTfaXP]�¨Md _�]^SY`[iaX�¨MSYJ
f(x) =

∞∑

k=0

〈
f,m0

r,k

〉
m0
r,k(x, q),  Âgl�®

Z§J/¨YJ�_aJM`}VT_a`|«�X�¨�]^S�b3¬T`�¨ X�J�§MJ/±�_#¬�« 
(W§_TdY`g² W§iTZ	ªTfTf
f(x) ∈ lρ

VaJ�X[faX�¨Y`�L$` {m0
r,k(x, q)}∞k=0

QJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±�VaJ � J�§MJ^b�`[SMWrJ/¨MiaJMX[f	¨Y`cbadMiaJÈX[ZR]nb3¬R_TiaJ ¯ JyVT_aJ�f	¸�SY`|«�`[iTf	¬  � ® µ W JMX[Z§J^badMZTWZ§J/¹�²�² f	ªTfa`[i	¨MU 
(W§_TdY` 〈f,m0
r,k〉

faL$`[hR¨ÈSMf'«

fr,k = 〈f,m0
r,k〉 =

r−1∑

ν=0

∆νf(0)∆νm0
r,k(0, q) = ∆kf(0), k = 0, . . . , r − 1,

fr,k = 〈f,m0
r,k〉 =

∞∑

j=0

∆rf(j)m0
k−r(j, q)ρ(j), k = r, . . . ,

¨YJ _�]^SY`[iaX�¨MSYJ  Âgl�®)L$J�¶yiaJÈVa`[_a`[VTfaXP]�¨Md SÈXcb�`|«aW§hR´ `�L�X�L$` �y]^iTiaJML�SMf'«�` �

f(x) =

r−1∑

k=0

∆kf(0)
x[k]

k!
+

∞∑

k=r

fr,km
0
r,k(x, q), x ∈ Ω.
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C�D � �a_a¥/¦ �����	b	�,¥#kajaj _a¥ ��¥#kaj	� � �#¦ ���aj �h` ��j³¦ ��� _����#ka`����'ka`9i�`�^�_��	b9ka¥#kaj	�

_��B¦ � �Rj���^�_��9¥ �a` �h^�k ���aj	� �Pca`9_��'`9i�`9k������9k�� � �a` � `��9`	�,¥#b3^
�½]^ZyW�¶ `%J/¨YL$`�©�]nb�JMX[d½SMU � `MQ�J�«aiTfaL�f	¸7¹�²�²½`[Z	¨MfTSMiTU7· VaJ�«	·gJ�«�J�S(_a` � `[iTf	¬ W§_�]^SMia`[iTf	±y_�]�¸ Lbaf	©TiTU7·h¨MfTVaJ�S  «af3²�²½`[_a`[i	ªTf�]nbadMiTU7·�QTfTi	¨Y` ¯ _�]nbadMiTU7·�Qa_�]�¸�iaJMX�¨MiTU7·¡fh¨ µ « µ ®�¬RS�b3¬T`�¨YX�¬Æ½ NPORQa\Ml�À¨�]^Z#i�]�¸�U%Sg]�`�L U2±�X[Va`[Z	¨M_�]nbadMiTU2±�L$`�¨YJ�«KQkJMX[iaJ�Sg]^iTiTU2± i�]ÈVT_a`|«�X�¨�]^S�b�`[iTfTf�faX[Z§JML$J ¯ Jr_a` � `[iTf	¬_�]�X�X�L&]�¨M_TfTSg]�`�L$J ¯ J W§_�]^SMia`[iTf	¬�S�SMf'«�`}_#¬�«k]�VaJ�VaJ�«	·gJ�«3¬'´ `�±�J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±�X[faX�¨Y`�L$`² W§iTZ	ªTf	± f VaJMXcb�`|«aW§hR´ ` ¯ J�VT_a`�J�§�_�]�¸PJ�Sg]^iTf	¬�` ¯ J�Z�«aSYJ/±aX�¨MSY`[iTiaJML W SMf'«aWYQ�S�Z§J/¨YJ�_aJML�SYL$`�X�¨YJfaX[Z§JML$J ¯ J¡_a` � `[iTf	¬ W§_�]^SMia`[iTf	¬�² f ¯ W§_TfT_TW§hR¨�ia`[f	¸�SY`�X�¨MiTUt`yZ§J/¹�²�² f	ªTfa`[i	¨MU�` ¯ J�_�]�¸[b�J�¶ `[iTf	¬VaJ SMUS§�_�]^iTiaJ/± J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±¡X[faX�¨Y`�L$` µ � U SY`[_Tia`�L$X�¬ÈZ ¸n]�«k]�©a`�� J � f  N�® f{Q�VaJ^bad�¸�W�¬TX[d_�]�¸[b�J�¶ `[iTfa`�L  NPl�®cQTVT_a`|«�X�¨�]^SMfaL�`�` faX[Z§JML$JM`½_a` � `[iTfa` y SySMf'«�` _#¬�«k] 
(W§_TdY`

y(x) =

r−1∑

k=0

∆ky(0)
x[k]

k!
+

∞∑

k=0

yr,k+rψr,k+r(x), x ∈ Ω,  ÂaN�®
VaJ�X[faX�¨Y`�L$` {ψr,k(x)}∞k=0

Q�X�JMX�¨YJ�¬'´ `�±�f	¸ ² W§iTZ	ªTf	±{Q�J�VT_a`|«�`cb�`[iTiTU7·�_�]^SY`[iaX�¨MSg]�L f  ¾�® f  ¿�®[QJ�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiTU7·¡i�](X�`�¨MZ§`
Ω
VaJ � J�§MJ^b�`[SMWrJ/¨MiaJMX[f	¨Y`cbadMiaJyX[ZR]nb3¬R_TiaJ ¯ J VT_aJ�f	¸�SY`|«�`[iTf	¬  � ® µ�*_aJML$`�¨YJ ¯ JTQTS X[fRbaW  NP\�®[«Tb3¬ x ∈ Ω
f
0 6 l 6 r − 1

faL$`�`�L

∆ly(x) =
r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
+

∞∑

k=0

yr,r+kψr−l,r−l+k(x),  Âg\�®
] f	¸  N � ®)Xcb�`|«aWY`�¨^Q3©	¨YJ

∆ry(x) =

∞∑

k=0

yr,r+kψk(x), x ∈ Ω,  Â � ®

¯ «�`�«Tb3¬¡Z§J/¹�²�² f	ªTfa`[i	¨YJ�S yr,k+r X�J ¯ bk]�X[iaJ  O�®'faL$`�`�¨ L$`�X�¨YJy_�]^SY`[iaX�¨MSYJ

yr,k+r = 〈y, ψr,k+r〉 =
∞∑

j=0

∆ry(j)ψk(j)ρ(j), k = 0, 1, . . .

M ¨YL$`�¨MfaL%QB©	¨YJr`�Xcbaf�§�W�«aW�¨ri�]�±'«�`[iTUZ§J/¹�²�² f	ªTfa`[i	¨MU yr,k
f	¸  ÂaN�®2¨�]^Z{Q�©	¨YJ�§�U ² W§iTZ	ªTf	¬

y(x)J�ZR]�¸n]nbk]�X[d!_a` � `[iTfa`�L
_�]�¸�iaJMX�¨MiaJ ¯ J�W§_�]^SMia`[iTf	¬  N�®[Q5¨YJ�L U½Q&J/©a`[SMf'«aiaJTQ&VaJ^baW�©TfaL�faL$`[iTiaJ�¨YJ_a` � `[iTfa`³¹�¨YJ ¯ J�W§_�]^SMia`[iTf	¬�Q Z§J/¨YJ�_aJM` W�«�J�S�b�`�¨MSYJ�_#¬T`�¨ i�]�©�]nbadMiTUtL WYXcb�J�SMf	¬TL
∆ly(0) = yl,

l = 0, 1, . . . , r − 1
Qa«a_TW ¯ faL f�Xcb�J�Sg]�L f{Q�L U VaJ^baW�©TfaL
_a` � `[iTfa`¡VaJMX�¨�]^S�b�`[iTiaJ/± ¸n]�«k]�©Tf�� J � f µW*_Tfg¹�¨YJML Sg]�¶yiaJ ¸n]�L$`�¨Mf	¨MdaQ3©	¨YJ ©�]�X�¨Mf	©Ti�]�¬�X[WRL$L&] _#¬�«k] 
(W§_TdY`  ÂaN�®'SMf'«k]  X�L µ  NMN�®�®

Yr,n(y, x) =

r−1∑

k=0

∆ky(0)
x[k]

k!
+

n∑

k=0

yr,k+rψr,k+r(x)

� n > r
¨�]^Z	¶ `yW�«�J�S�b�`�¨MSYJ�_#¬T`�¨  X�L µ  N � ®�®ti�]�©�]nbadMiTUtL�WYXcb�J�SMf	¬TL ¸n]�«k]�©Tf � J � f  N�®tf�VaJ/¹�¨YJ LL W�L$J�¶ `�¨Æ§�U2¨Md _�]�X�X�L$J/¨M_a`[i�]#S#ZR]�©a`�X�¨MSY`�VT_Tf3§^baf	¶ `[iTiaJ ¯ J�_a` � `[iTf	¬ ¹�¨YJ/± ¸n]�«k]�©Tf µ � X[S�¬'¸�fXP¹�¨MfaL�SYJ/¸�iTfTZR]�`�¨¡SYJ�VT_aJMX J�§rJ/ªa`[iTZ§` J/¨MZRb�J�ia`[iTf	¬ VT_Tf3§^baf	¶ `[iTiaJ ¯ J�_a` � `[iTf	¬

Yr,n(y, x)
¸n]�«k] L©Tf� J � f  N�®½J/¨#`�`>¨YJ/©TiaJ ¯ J�_a` � `[iTf	¬ y Q{VT_a`|«�X�¨�]^S�b�`[iTiaJ ¯ J S�SMf'«�`  ÂaN�®[QB«a_TW ¯ faL f Xcb�J�Sg]�L f{QSYJ/¸�iTfTZR]�`�¨¤¸n]�«k]�©�](J�§½J/ªa`[iTZ§`jJMX�¨�]�¨MZR] |y(x)− Yr,n(y, x)|

Q
x ∈ Ω µ �½]*VaJ�«a_aJ�§�iaJML ]^i�]nbaf	¸P`�¹�¨YJ/±VT_aJ�§^b�`�L U�L U ¸�«�`�X[dÈia`�§�W�«�`�L�JMX�¨�]^i�]^S�bafTSg]�¨MdYX�¬ µ
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� ¨YJ�§�U ¸n]^SY`[_	� f	¨Md Va`[_a`|·gJ�«�J/¨!W§_�]^SMia`[iTf	¬  N�®yZ�` ¯ J�«aSYJ/±aX�¨MSY`[iTiaJML W  X[Va`[Z	¨M_�]nbadMiaJML W3®SMf'«aWYQ§VaJ�«�X�¨�]^SMfaL S(b�`[SYJ/±º©�]�X�¨Mfr_�]^SY`[iaX�¨MSg]  N�®$SYL$`�X�¨YJ Z§J�ia`�©TiTU7·�_�]�¸�iaJMX�¨Y`�± ∆ly(j)

f'·ÈVT_a`|« LX�¨�]^S�b�`[iTf	¬}f	¸  ÂaN�® e  Â � ®'f¡Sy_a`�¸�Wnbad�¨�]�¨Y`(VaJ^baW�©TfaL _�]^SY`[iaX�¨MSYJ

ar(x)

∞∑

i=0

yr,r+i ψi(x) +

r−1∑

l=0

al(x)

∞∑

i=0

yr,r+i ψr−l,r−l+i(x) = f(x)−
r−1∑

l=0

al(x)

r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
,

Z§J/¨YJ�_aJM`(L$J�¶yiaJÈVa`[_a`[VTfaXP]�¨Mdr`�´ `�¨�]^Z��
∞∑

i=0

yr,r+i

[
ar(x)ψi(x) +

r−1∑

l=0

al(x)ψr−l,r−l+i(x)

]

= f(x)−
r−1∑

l=0

al(x)
r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
.  Â�Â�®

W J^bk] ¯ ]�¬
g(x) = f(x)−

r−1∑

l=0

al(x)
r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
,

Fi(x) = ar(x)ψi(x) +
r−1∑

l=0

al(x)ψr−l,r−l+i(x),  Â#¾�®
¸n]^VTf	� `�L _�]^SY`[iaX�¨MSYJ  Â�Â�®'SÈXcb�`|«aW§hR´ `�L SMf'«�` �

∞∑

i=0

yr,r+iFi(x) = g(x), x ∈ Ω.  Â#¿�®

	 `�L XP]�L UtL�L U�VT_Tf	�(baf�Z�X[faX�¨Y`�L$`ybafTia`�±TiTU7·�W§_�]^SMia`[iTf	±  Â#¿�®*J/¨MiaJMX[f	¨Y`cbadMiaJ�ia`[f	¸�SY`�X�¨MiTU7·Z§J/¹�²�² f	ªTfa`[i	¨YJ�S
yr,r+i, i = 0, 1, . . .� ]�X�X�L$J/¨M_TfaL `�´ `!J�«afTi�VaJ�«	·gJ�«�Z VaJ^baW�©a`[iTfTh §M`�X[Z§J�ia`�©TiaJ/±�X[faX�¨Y`�L UvbafTia`�±TiTU7·�W§_�]^S Lia`[iTf	±�J/¨MiaJMX[f	¨Y`cbadMiaJ�ia`[f	¸�SY`�X�¨MiTU7· Z§J/¹�²�² f	ªTfa`[i	¨YJ�S

yr,r+i, i = 0, 1, . . .
� faL$`[iTiaJTQtVTWYX�¨Md

{ϕk(x)}∞k=0

° ia`[Z§J/¨YJ�_�]�¬ VaJ^bai�]�¬!S
lρ
J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTi�]�¬�X[faX�¨Y`�L&]RQ$X�JMX�¨YJ�¬'´y]�¬!f	¸h² W§iTZ LªTf	±

ϕk(x)
Q[¸n]�«k]^iTiTU7·�i�]

Ω µ 	 J ¯ «k]!L U L$J�¶ `�L ZR]�¶¤«aW§h f	¸�² W§iTZ	ªTf	±
Fi(x), i = 0, 1, . . . ,_�]�¸[b�J�¶yf	¨Md SÈ_#¬�« 
(W§_TdY` VaJyX[faX�¨Y`�L$` {ϕk(x)}∞k=0

f}VaJ^baW�©Tf	¨MdÈVT_a`|«�X�¨�]^S�b�`[iTfa`

Fi(x) =
∞∑

k=0

F̂i,kϕk(x), i, x ∈ Ω,  Â§m�®
¯ «�`

F̂i,k =
∞∑

j=0

Fi(j)ϕk(j)ρ(j), i ∈ Ω.

�¨i�]nb�J ¯ f	©TiaJ
g(x) =

∞∑

k=0

ĝkϕk(x), x ∈ Ω,  Â ��®
¯ «�`

ĝk =
∞∑

j=0

g(j)ϕk(j)ρ(j), k ∈ Ω.
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W J�«�X�¨�]^SMfaL�S  Â#¿�®�SYL$`�X�¨YJ Fi(x) f g(x) VT_�]^SMUt`[©�]�X�¨Mf½_�]^SY`[iaX�¨MS  Â§m�®kf  Â ��® µ 	 J ¯ «k]tL U�VaJ^baW�©TfaL

∞∑

k=0

( ∞∑

i=0

yr,r+iF̂i,k

)
ϕk(x) =

∞∑

k=0

ĝkϕk(x), x ∈ Ω.  ÂgO�®
��¸  ÂgO�®[QRSÈX[SYJ�h
J/©a`[_a`|«adaQaVaJ^baW�©�]�`�L�X[faX�¨Y`�L W�W§_�]^SMia`[iTf	±

∞∑

i=0

yr,r+iF̂i,k = ĝk, k ∈ Ω,

J/¨MiaJMX[f	¨Y`cbadMiaJ ia`[f	¸�SY`�X�¨MiTU7·}Z§J/¹�²�² f	ªTfa`[i	¨YJ�S
yr,r+i, i = 0, 1, . . .

GID � �a_a¥/¦ �����	b	�,¥#kajaj _a¥ ��¥#kaj	� � �#¦ ���aj �h` ��j³¦ ��� _����#ka`����'ka`9i�`�^�_��	b9ka¥#kaj	�
_��B¦ � �Rj���^�_��9¥ �a` �a`	�,jaka`�� � �

m0
r,k(x, q), k = 0, 1, . . .

� ]�X�X�L$J/¨M_TfaLÁ©�]�X�¨MiTU2± XcbaW�©�]�±{Q{Z§J ¯ «k]}SYL$`�X�¨YJ#J�_	¨YJ�iaJ�_aL fT_aJ�Sg]^iTiaJ/±�X[faX�¨Y`�L U {ψk(x)}∞k=0§M`[_a`�¨YX�¬�X[faX�¨Y`�L&]�VaJ^bafTiaJML$J�S � `�±TZ§X[ia`[_�] m0
k(x, q), k = 0, 1, . . . 	 J ¯ «k]�SYL$`�X�¨YJ�X[faX�¨Y`�L U

{ψr,k(x)}∞k=0

L U�VaJ^baW�©TfaL X[faX�¨Y`�L WrVaJ^bafTiaJML$J�S {m0
r,k(x, q)}∞k=0

Qg_�]�X�X�L$J/¨M_a`[iTiTW§hi�]�L f�SMU � `S½V µ ¿ µ 	 ]^ZTfaL�J�§�_�]�¸PJML%Qg`�XcbafÈS VT_a`|«�X�¨�]^S�b�`[iTfTf  ÂaN�®5² W§iTZ	ªTfTf ψr,k(x) ¸n]�L$`[iTf	¨Md½i�]*VaJ^bafTiaJML U
m0
r,k(x, q)

Q	¨YJy_�]^SY`[iaX�¨MSg]  ÂaN�® e  Â � ®'VT_TfTiTfaL&]^hR¨ Xcb�`|«aW§hR´ f	±}SMf'« �

y(x) =

r−1∑

k=0

∆ky(0)
x[k]

k!
+

∞∑

k=0

yr,k+rm
0
r,k+r(x, q), x ∈ Ω,

∆ly(x) =

r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
+

∞∑

k=0

yr,r+km
0
r−l,r−l+k(x, q),

∆ry(x) =

∞∑

k=0

yr,r+km
0
k(x),

¯ «�` 0 6 l 6 r − 1
Q

m0
r−l,k(x, q) = ψr−l,k(x) =

x[k]

k!
, 0 6 k 6 r − l − 1,  ¾Ml�®

m0
r−l,r−l+k(x, q) = ψr−l,r−l+k(x), r − l 6 k <∞.

�*_aJML$`�¨YJ ¯ JTQaJ/¨YL$`�¨MfaL%Q3©	¨YJySÈX[fRbaW  � O�®)L U L$J�¶ `�L ¸n]^VTfaXP]�¨Md
ψr−l,r−l+k(x) = m0

r−l,r−l+k(x, q)

=
(
(r − l + k)[r−l]

)− 1
2
x[r−l]mr−l

k−r+l(x− r + l, q), r − l 6 k <∞.  ¾RN�®
� X[VaJ^bad�¸�W�¬�_�]^SY`[iaX�¨MSg]  ¾Ml�®[Q  ¾RN�®jf  Â#¾�®jL$J�¶yiaJ}W§ZR]�¸n]�¨Md�X[VaJMX�J�§º«Tb3¬ i�]�·gJ�¶¤«�`[iTf	¬V¸�i�]�©a`[iTf	±¹[b�`�L$`[i	¨YJ�S}L&]�¨M_Tf	ªTU

[Fi(x)]06i, x<∞
Qk`�Xcbaf�¨YJ^badMZ§J¡L U�i�]�±'«�`�L�X[VaJMX�J�§¼«Tb3¬�SMU2©TfaXcb�`[iTf	¬\¸�i�] L©a`[iTf	±#VaJ^bafTiaJML$J�S � `�±TZ§X[ia`[_�] mr−l

k−r+l(x − r + l, q), r − l 6 k < ∞ Q9² f ¯ W§_TfT_TW§hR´ f'·¡S  ¾RN�® µ� J ¹�¨MWe¸n]�«k]�©TW¡L$J�¶yiaJÈ_a` � f	¨MdaQaJ�§�_�]�¨MfTS � faX[d Z}_a`[ZTW§_T_a`[i	¨MiaJ/±�²½J�_aL Wnb�`  \�¿�® µ
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Ë|�.&@���-�	��-�0��� �6�"!�"� �Z�N��� �6 "!��������H�o� �Z� ���>��# $��3�M�-�#:��	A�]��� � ; 9:37= ?A;>37.8, /5= (�354*-D>37E737;M/5=�B�, *-Da4-&)(9:& È *8*-3È &�4*�/5, ;g��3��:37= &)b\, ;>;>&�4�9A4-3�cAu È *-(HGIG k��:L 9>9A4-3�d � �6D>&)354? � N�Ë�l7l�Ë|� N�P 37= �on�p�� N�R'��Ë�p�Ë�T/Ë�Ì7p��É��8�g������-	 	 ��# +6� ��� 	 )I����! ��� ��/"� $�!�	 � ��� WC� � 4*-D>37E737;M/5=�9:37= ?A;>37.8, /5= (�37; ��3��:37= &)b (9M/ È &)(�� 37= c /5;Mc ;>&�B
cA, 4-& È *-, 37;>("GIG k��:K 37.89>uA* �>L 9>9>= �Mj /�*-D � N�Ë�l7l7S�� N�P 37= �:O�m �>Q Ë�N2É�� N�R'�#Ë|Ë�S�T7T/Ë�S�Ë|�

S��8� �-� V)�-� � ���"��� /5E7u>&�44-&`9:37= ?A;>, .8, /5= (8E7&);>&�4�/5= , _)&�ca*-3 / È &�4*�/5, ; cA, ( È 4-&�*-&g��3��:37= &)be, ;>;>&�489A4-3�cAu È *8(9M/ È &gGIG
k��:L 9>9A4-3�d � �6D>&)354? � N�Ë�l7l7S�� N�P 37= �#Ì5S�� N�R'�#Ë�T/Ë�n��

O���� �2!�#e��� � � �ZW �I���	�� V�!��>#eWC�sWC� �6D>&8354*-D>37E737;M/5= , *@?�351%*-D>& � /5E7u>&�44-&89:37= ?A;>37.8, /5= ( {L
(−k)
n (x)} 1�354�9:37(, *-, b�&

, ;<*-&)E7&�4-( k GIG L ;>; �'� u>.8&�4 �AL ;M/5= � N�Ë�l7l�p�� N Q É�� N�R'��É5m7l�T�S|Ê7S��
p���� �2!�#0��� � � ��W �I���	�� V�!��>#0WC��WC� ��3��:37= &)b�354*-D>37E737;M/5=:9:37= ?A;>37.8, /5= (]/5;Mc�(& È 37;Mc�u'354�cA&�46cA, Ío&�4-&);<*-, /5=>&DÏ<uM/�*-, 37;>(6GIG

L ;>; �'� u>.8&�4 �AL ;M/5= � N�Ë�l7l7m�� N�P 37= �#É5m�� N�R'�op�O�Ì)TAp5l5O��
n��8�g������-	 	 ��#,+6� ��� �<��#�� � � ;���3��:37= &)b�354*-D>37E737;M/5=M9:37= ?A;>37.8, /5= ( � N /�4��H, bo� n�É�O�l b Ë�� .0/�*-D � K�� L
	�É7p�j /�4 É�Ê�Ë)O�� N

R'�#Ë�T<O�Ê��Ì���� 7�&�7DCb$	�,=�>,(	)�������� l,��x/{�n�x/�[qsr�x/q�y/x/�Nw���qN�|r�tI~���o�r/w�v�x�-�xS�	r/m���m�p�n/qsr�t��,qN{�t 1[qs������m|����m���m�r���n�£|r�t�qr����/���|r/m|�3qN��r/m"-��NqN��w�q GIG Î���� � �����3qN��w�x � N2É�Ê|Ê|Ê�� N�B��Mn�Ì �>Q S�� N�0��MO�n|Ê�T<O�Ì�Ê��$� � f�� Ë�Ê�� O�É�Ë�S G�.8_). m�p5m��
m���� 7�&�7DCb$	�,=�>,(	)�������� l,��x/{�n�x/�[qsr�x/q���o�r/w�v�x�-7���/qN��qN�3qsr�r/m"-2� n���y�w�m|�N�|£��º�so��3�9���	x�¢[o���£�q N ) qN����r�y u�/� GIG Î���� � �N{ � N2É�Ê|Ê|Ê�� N�B���Ë�l�Ë �>Q p�� N�0���Ë)O�S�T/Ë�n|Ê��$� � f�� Ë�Ê�� O�É�Ë�S G�(. O�m|Ê��
l���� 7�&�7DCb$	�,=�>,(	) ��� ���	Ñ ���/��m|w��sx/�9���|x��|r�t�qS�s��m"-/�N�|����m��/qN�/����m|��m�� Yn+2r(f)

x x�~Py/x/�Nw���qN�|r�tI~¤��r���n/m u��m�� GIG Î���� � �����3qN��w�x � N2É�Ê|Ê�É�� N�B���Ì|É �>Q p�� N�0���Ì5n�p)T�Ì5l�p��$� � f�� Ë�Ê�� O�É�Ë�S G�.8_). O�n7n��Ë�Ê���� 7�&�7DCb$	�,=�>,(	) �������'0 �3q 1���r�r�t�q5��z�y/t¼�/m[o�n�£����/�����aqN��x�p/qN�Nw�x/���/m�n�x�r/m|�9���¤xSx�~2�����/��m|w��sx/�9���|x��|r�t�q�s��m"-/�N�|��� GIG Î���� � �N{ � N2É�Ê|Ê7S�� N�B���Ë�l5O �>Q S�� N�0���Ë|Ë�p)T/Ë)O�m�� � � f�� Ë�Ê�� O�É�Ë�S G�(. Ì|É5S��Ë|Ë|��� 7�&�7DCb$	�,=�>,(	) ��� ���	0 �3q 1���r�r�t�qB��z�y/tP�/m�m|����m���m�r���n�£|r�t����/m�n�x�r/m|�9��� � N Î���~��Np/w���n�� ��L ����qN�N�|��r � r��No�p �v/qsr/���R� Ñ�Ï � É�Ê|Ê5O�� N2É|Ì5n È �Ë�É���� 7�&�7DCb$	�,=�>,(	) ���
���%0 �3q 1���r�r�t�q���z�y/th�/m��/m�n�x�r/m|�9����,qN{�t 1[qs������m|����m���m�r���n�£|r�t��¼r����/���|r/m|�3qN��r/m"-�NqN��w�q GIG Î���� � �����3qN��w�x � N2É�Ê|Ê�p�� N�B���Ì5m �AQ S�� N8K��MO7O�É)T<O�n�p��$� � f�� Ë�Ê�� O�É�Ë�S G�.8_). É7p5l7l��Ë�S���� 7�&�7DCb$	�,=�>,(	) ��������Ñ ���/��m|w��sx/�9���|x��|r�t�q[�s��m"-/�N�|���S�N�3q 1���r�r�tI~���z�y�m��S�/mS�/m�n�x�r/m|�9��� ) qN����r�y��/�2r��w�n����N����~
W r GIG Î���� � �N{ � N2É�Ê|Ê7n�� N�B��'Ë�l�Ì �>Q S�� N8K���Ë�S�p)T/Ë�p�O��$� � f�� Ë�Ê�� O�É�Ë�S G�(. Ë�p5S7l��Ë)O���� 7�&�7DCb$	�,=�>,(	)��s������Ñ ���/��m|w��sx/�9���|x��|r�t�qa�s��m"-/�N�|�����N�3q 1���r�r�tI~R��z�y�m����/m��/m�n�x�r/m|�9�����,qN{�t 1[qs������m|� u��m���m�r���n�£|r�t���r����/���|r/m|�3qN��r/m"-��NqN��w�q GIG Ð�qN�N�|r � L ����qN�N�|��r � r��No�p � v/qsr/���/��� Ñ�Ï7� N2É�Ê|Ê�Ì�� N�B��|É5l�� N8K���Ë�É)T�É5S��Ë�p���� 7�&�7DCb$	�,=�>,(	)���� ���'Ñ ���/��m|w��sx/�9���|x��|r�t�q��s��m"-/�N�|�����N��q y/r�x�~��|x�����ÐB��n�n/q u l5o��N�Nqsr��Sp����N�|x�p�r�tI~P�so��3��N�3q 1���r�r�tI~���z�y�m��[�/m[�/m�n�x�r/m|�9��� ) qN����r�y��/� GIG Î���� � �����3qN��w�x � N2É�Ê|Ê7m�� N�B��Am5O ��Q S�� N8K��AO<p|É)T<O�Ì�Ë|��� � f��Ë�Ê�� O�É�Ë�S G�.8_). p7p�O�Ë|�Ë�n���� 7�&�7DCb$	�,=�>,(	)���� ��� ��*�$'&�7 E (	)�7�#o�N+��3Ï qNw�m|��m|��t�q��s��m"-/�N�|��� r u w��/���|r/m�x�r/��qs����x/��m�����r�r�tI~ ��z�y�m��P�/m�sx/�N��qN�3q * �|���/� GIG!/ �s� ��0 ���/��� � o�r u �|� ��Ï m�� � �NqN� ��0 qN� � Î�����qN�9���|x/w�� � ÎRqs~���r�x/w�� � / r��am|���9���|x/w�� � N2É�Ê|Ê7l�� NB��>l �AQ Ë|� N8K��:n7m�T�Ì5n��Ë�Ì���� 7�&�7DCb$	�,=�>,(	) ��� ��� � � 7�&�7DCb$	�,=�>,(	)��s� ���10 �3q 1���r�r�t�qS��z�y/t\�/m��/m�n�x�r/m|�9��� � w�m|{�x!x��,qN{�t 1[qs����xx�~2y/x/�Nw���qN�|x/����v�x/z GIG Î���� � �����3qN��w�x � N2É�Ê�Ë�Ê�� N�B��Mm7m �>Q Ë|� N8K���Ë|Ë�n�T/Ë)O�Ì�� � � f�� Ë�Ê�� O�É�Ë�S G�.8_). n7n|Ê�Ì��Ë�m���� 7�&�7DCb$	�,=�>,(	)���� ���I0 x/�N��qN�	tº��o�r/w�v�x�-���m|����m���m�r���n�£|r�tI~��/m 0 m|{|m�n/qs�|o��|�/m|��m��[y�qsr�r�t�q�m|����m���m�r���n�£|r�t u�	x���o�r/w�v�x/z��	x GIG 0 m�����qN�3qsr�r�t�q��/��m|{�n/qN�	te��qNm|��x�xS��o�r/w�v�x�-�x7x�~��/��x�n � Î�����qN��x���n�t Ë�m u -S�3qN�[y/o�r���� �0 ���/����m����Nw�m"-��sx/�	r/q.- 1[w � N2É�Ê�Ë�n�� N8K�� S�É5l�T�S7S�É��Ë�l�� �A��� )���� �o�-#gWC�> �� ��9:& È *4�/5= .8&�*-D>3�cA(%, ; j /�*-= /"� � N JiD>, = /7cA&)= 9>D>, /b����f L"j � É�Ê|Ê|Ê��É�Ê�� �A��� )���� �o�-#�WC�� �� Ji, ;>, *-& � , Ío&�4-&); È &]/5;Mc8��9:& È *4�/5= j &�*-D>3�cA( 1�354 � 4�cA, ;M/�4? /5;Mc R /�4*-, /5= � , Ío&�4-&);<*-, /5= Y Ï<uM/�*-, 37; � N

K 354-;>&)= = h ;>, b � � Ë�l7l7n��É�Ë|��*57	<	(	O : ��� 687�9 $%OR(	)¼*��J#o� l,��x/{�n�x/�[qsr�r/m|q���q 1[qsr�x/q�m|{�t�w�r/m���qsr�r�tI~¼y/x��5�aqN��qsr�v�x���n�£|r�tI~¼o��/���|r/qsr�x�-�Ix/�s�/m�n�£��Nm�����r�x/qN�¤�N�3q 1���r�r�tI~2��z�y�m��,�/m,�sx/�N��qN�3q * �|���/� GIG 0 m�����qN�3qsr�r�t�q��/��m|{�n/qN�	tº��qNm|��x�xS��o�r/w�v�x�-xRx�~S�/��x�n � Î�����qN��x���n�t Ë�m u -��3qN�[y/o�r���� �o0 ���/����m����Nw�m"-��sx/�	r/q.- 1[w � N2É�Ê�Ë�n�� N8K��	Ë�Ì5n�T/Ë�Ì5m��É|É���� 7�&�7DCb$	�,=�>,(	)�������� Î�r/m���m�p�n/qsr�t,��m|����m���m�r���n�£|r�t�q�r���y/x/�Nw���qN�|r�tI~[�NqN��w���~ � N Î���~��Np/w���n�� �I/ � y u ��m L ��� ���m|� � �/q y � o�r u �|��� Ë�l7l�Ì��É5S��������@qZ�-���"�5R 37(, *-, b�, *@?�/5;Mc�(9:& È , /5=<1�u>; È *-, 37;�GIG!�6D>&)354?�/5;Mc L 9>9>= � ��9:& È � J>u>; È *2G Y c � �<? ^[�5L[�5L (F�&�? � NH��� ��� �
L È /7c �MR 4-&)((�f@; È � � Ë�l�Ì7p�� N�R'�:S�Ì7p)T<O�S7S��

WKX�Y"XHZ"[5\%]	^.XH_I\�`ba%Y�iIi���YD[5f'hIiIj�k�l
� w�pIw���nb��t1�1q1r�����p't1¡�����p't1¡oq1r%t1}~ ��r�t�-��9����qN�9���|x�p/qN�Nw�x�-�x�r/�N�|x/�|o�� N ��x�n�x���n�Ð Ï�� � Ñ�Ï �<�Uo7	)">��J��>,7�$1��>��J�59�( E &'$	�,>�=%P�( E � : Uo7�£R$�>%P'G�=,(D>,7	U��">,(	<	(�7D>,7	U'=o�D7� ��0�0 /8� � S7n�É�Ê�É|Ì �#Ð9n���y/x/w�����w����|��o�n � Î�����w�o������ É|É �
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L ����qN�N�|��r/�Nw�x�-R��m|�so�y������N�|��qsr�r�t�-R�/q y�����m��Nx�p/qN�Nw�x�-�o�r�x���qN���sx/��qN����D7	) : �%$�����=��5P�7I£ : �o&�(D�5OR7 EI: OR7 E =1� : 9�P�(	<	(H7D>,7	U'=o�D7� ��0�0 /8� � S7n�Ì�Ê|Ê7S �#Î���~��Np/w���n�����o�n � � �/��w��Nw�m���m�� p|Ì
Y u'.0/5, =��,¦�«'©���© �I��-��D§�©b��+��3�"�mow,����t1|'r�w��Kn�x��	��t�
���Îw���wox���t1�1q1r%��w
L ����qN�N�|��r/�Nw�x�-R��m|�so�y������N�|��qsr�r�t�-R�/q y�����m��Nx�p/qN�Nw�x�-�o�r�x���qN���sx/��qN�����(DG : > E P�7I£ : �o& � OR7 EI: OR7 E =1� : 9�P�(	<	(�7D>,7	U'=o�D7� ��0�0 /8� � S7n�Ì�Ê|Ê7S �#Î���~��Np/w���n�����o�n � � �/��w��Nw�m���m�� p|Ì �
L ����qN�N�|��r/�Nw�x�-Rr��No�p�r�t�-�v/qsr/���R� Ñ�Ï �>,7�$1��>��J�g9�( E &'$	�,>�=%P�( E � : Uo78OR7 EI: OR7 E =%P'=�=�=�>�£�(�&oOR7 E =%P'= �� ��0�0 /8� � S7n�Ì�Ê7S�É �#Î���~��Np/w���n�����o�n � Î ��Í ��y���x/qs����� O<p
Y u'.0/5, =����"��+�©	���������I�	� -R�3�"�mow,����t1��t1p�'"w�|'r��1w���t1¡@s@w,v���nb��q1r%t1}
L ����qN�N�|��r/�Nw�x�-Rr��No�p�r�t�-�v/qsr/���R� Ñ�Ï �ONUo7���¢�=���>,7�$1��>��J�g9�( E &'$	�,>�=%P�( E � : Uo78OR7 EI: OR7 E =%P'=�=�=�>�£�(�&oOR7 E =%P'= �� ��0�0 /8� � S7n�Ì�Ê7S�É �#Î���~��Np/w���n�����o�n � Î ��Í ��y���x/qs����� O<p
Y u'.0/5, =�����©D§o�I¦ ����������¥	§�©b��+��",���§

º � ²¤²¤¬8´�¬8·5ÀH¬ ¬  ��° ® � ³�·5 ° ·�ºÂK³ �d³ ¸ ¬�Ê ³�´¤®�¿5³5µg³�· °�¸ »H³ ¸ � ·5³ ¯ �.°�¸  Q
µ�¬8·�¬8´ ° ®�¬8º �

� ¯ ¬ ��� ·�¬8´ »H³ ¸ � ·5³ ¯ �.°�¸ 
 � � Ä � SKÃ"W�È�ÉNÅbÆ � µ � µ Q µ � W�a � È 
IÆ � ¹ µ º µ Q µ � W�a � ÈRQ@È�Ä5a � 
IÆ ´ µ ¯ µ

�6D>&�4-&)9A4-&)(&);<*�/�*-, 37;�351%*-D>& K /5u È D<? 9A4-3��>= &).�� ( (37= uA*-, 37;�1�354�/tcA, Ío&�4-&); È &�&DÏ<uM/�*-, 37; B�, *-D b7/�4-, /"�>= & È 3<&�� È , &);<*-(
/5;Mc�E7, b�&);8, ;>, *-, /5= È 37;McA, *-, 37;>(6/�* x = 0 �<?�&�dA9M/5;McA, ;>EH*-D>, (C(37= uA*-, 37;0, ;0/ J>37uA4-, &�46(&�4-, &)(]37;���3��:37= &)b�9:37= ?A;>37.8, /5= (
354*-D>37E737;M/5=s37;\*-D>&"E54-, c (0, 1, . . .) � �6D>&"4-&)9A4-&)(&);<*�/�*-, 37;`, (��M/5(&�c\37; È 37;<*4�/ È *-, 37;t;>&�B 9:37= ?A;>37.8, /5= (%354*-D>37E737;M/5=
37;���3��:37= &)b�/5;Mc�E7&);>&�4�/�*-&�c��<? È = /5((, È /5= j &), dA;>&�4�� (�9:37= ?A;>37.8, /5= ( � J>354�;>&�B 9:37= ?A;>37.8, /5= (�/5; &�dA9>= , È , *�1�354-.�u>= /È 37;<*�/5, ;>, ;>E j &), dA;>&�4]9:37= ?A;>37.8, /5= (C, (]3��A*�/5, ;>&�c � �6D>, (C4-&)(u>= *6/5= = 3�B�(6u>(2*-3 , ;�b�&)(+*-, E�/�*-&%*-D>& /5(+?A.89A*-35*-, È 9A4-379:&�4*-, &)(
351s;>&�B 9:37= ?A;>37.8, /5= (]354*-D>37E737;M/5=:37;���3��:37= &)b�37;8*-D>&�E54-, c (0, 1, . . .) B�, *-D\/ E7, b�&);8B6&), E7D<* � f@;0/7c>cA, *-, 37; � , *%/5= = 3�B�(
*-3 (37= b�&%*-D>&%9A4-3��>= &). 351:*-D>& È /5= È u>= /�*-, 37;0351:*-D>&%9:37= ?A;>37.8, /5= (C354*-D>37E737;M/5=M37;d��3��:37= &)b � 4-&�cAu È , ;>E", *2*-3 u>(&%351oB6&)= =
F�;>3�B�;\4-& È uA44-&); È &"4-&)= /�*-, 37;>(�1�354 È = /5((, È /5= j &), dA;>&�4 9:37= ?A;>37.8, /5= ( �
Ð�ÑbÒ Ó�Ô%Õ"Ö�×|¡ cA, Ío&�4-&); È & &DÏ<uM/�*-, 37; � ��3��:37= &)b 354*-D>37E737;M/5= 9:37= ?A;>37.8, /5= ( � 354*-D>37E737;M/5= 37; E54-, c j &), dA;>&�4
9:37= ?A;>37.8, /5= ( � cA, ( È 4-&�*-&81�u>; È *-, 37;>(�/59>9A4-3�dA, .0/�*-, 37; � 354*-D>37E737;M/5=637;e&DÏ<u>, cA, (+*�/5;<*�E54-, c .8, dA&�c (&�4-, &)(�37; j &), dA;>&�4
9:37= ?A;>37.8, /5= ( �
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� D � D �h`9_a`��9¥��akaj �
Ð\�����3qN��w�q|���/m|�s��z�}[qsr�r/m"-¤�����3z��|x!�|tBy����a}[qs��m|� z¤��m|�N�sx�-/�Nw�m���mR�9����qN�9���|x/w�� Ñ[� ¢ � ) qNm�r/�|£�qs�������/���N�N�9��� u��x������a��� z2r/qNw�m|��m|��t�q5��m��/��m|�st ��qNm|��x�x��3qN��m|�3m|�/��r�tI~�xR�|tI��o�w�n�tI~R��o�r/w�v�x�- �
���	�S�'���/�7�R���	�/�/ #¡�y��NqN�|� u ��o�r/w�v�x/z��	x/�9��r�����r�o�n�x�y��NqN�|� u ��o�r/w�v�x�xS�	x/�9��r������|tI��o�w�n���z2��o�r/w�v�x/z��|mNy/r/m u�N��m|��m�r�r/z�z2�/��m�x/�s��mNy/r���z �

A9D �P¦[k��\i�j��a`��'¥�� ��jÃ¥#¥ � �,¥/¦ ���'b9j	�
W `[_a`|« ²½J�_aL WnbafT_aJ�SMZ§J/±�JMX[iaJ�SMiaJ ¯ J�_a`�¸�Wnbad�¨�]�¨�]V«k]^iTiaJ ¯ J�V�]^_�] ¯ _�]/²(]�SMSY`|«�`�L ia`[Z§J/¨YJ�_TUt`ia`�J�§�·gJ�«afaL Ut`�«Tb3¬º«k]nbadMia`�±	� ` ¯ J J�VT_a`|«�`cb�`[iTf	¬}f}J�§MJ/¸�i�]�©a`[iTf	¬ µ
�½]�¸PJ�SY`�Lg©TfaXcb�J

T
f	¸

R := (−∞,∞) ζ L �%�'����
��� �!��"� � + � �"	�������� � + Q[`�Xcbaf ζ(xT+iT ) = 0
·gJ/¨�¬

§�UÆ«Tb3¬½J�«aiaJ ¯ J�¸�i�]�©a`[iTf	¬ xT f	¸ R µ �9«�`�X[d¨f(SYX[h7«aWR«k]nb�`�`'X[faL SYJ^b ζ(z) J�§MJ/¸�i�]�©�]�`�¨^Q^ZR]^Z J�§�U2©TiaJTQ«3¸P`�¨�] L ² W§iTZ	ªTfTh �$faL&]^i�]RQ$Z§J/¨YJ�_�]�¬�Q$ZR]^ZÅ·gJ�_aJ � J#f	¸�SY`�X�¨MiaJ  X�L µ Q i�]^VT_TfaL$`[_{QS½ N|À ®cQ _a` ¯ Wnb3¬R_Ti�]S!J�§^bk]�X�¨Mf
0 < |z − 1| < +∞ Q']�SV¨YJ/©TZ§` z = 1

faL$`�`�¨!VT_aJMX�¨YJ/±�VaJ^bah*X µ � ]nb�`�`  X�L µ ¨�]�L¶ `�®cQ�S¡SY`[_	¨MfTZR]nbadMiaJ/±�VaJ^baW§VRb�JMX[Z§JMX�¨Mf
E1 := {z : Re z > 1} ² W§iTZ	ªTf	¬ ζ(z) VT_a`|«�X�¨�]^S�b3¬T`�¨YX�¬]/§MX�J^bahR¨MiaJÈX�·gJ�«3¬'´ faL$X�¬#J�§�U%ZTiaJ�SY`[iTiTUtL�_#¬�«�JML � fT_Tf'·§b�` �

ζ(z) = 1 +

∞∑

n=2

n−z = 1 +

∞∑

n=2

n−x
(
cos(y lnn)− i sin(y lnn)

)
(∀ z = x+ iy ∈ E).

M §MJ/¸�i�]�©TfaL X[faL SYJ^b�JML x0
`|«afTiaX�¨MSY`[iTiaJM`g©TfaXcb�J�f	¸}fTi	¨Y`[_TSg]nbk]

(1, 2)
¨�]^Z§JM`MQ[©	¨YJ

ζ(x0) = 2 µ
	 J ¯ «k]RQ�`�Xcbaf z ∈ Ex0 := {z ∈ C : Re z > x0}

Q	¨YJ

Re ζ(z) = 1 +

∞∑

n=2

n−x cos(y lnn) > 1−
∞∑

n=2

n−x > 1−
∞∑

n=2

n−x0 = 2− ζ(x0) = 0.

Q bk] ¯ J�«k]^_#¬(i�]nbaf	©TfTh i�]%J/¨M_Tf	ª�]�¨Y`cbadMiaJ/± VaJ^baWYJMX[f!¨�]^Z½i�]�¸�U%Sg]�`�L U7· � ¨M_TfTSMf�]nbadMiTU7·(iTWnb�`�± �
ζ(z)

SMf'«k]
z = −2m

Q
m = 1, 2, . . . ,

¸�i�]�©a`[iTfa`
T = 0

¬RS�b3¬T`�¨YX�¬
ζ L ia`[_a` ¯ Wnb3¬R_TiaJ/± J�_�«afTi�]�¨YJ/± f{QXcb�`|«�J�Sg]�¨Y`cbadMiaJTQ§L iaJ�¶ `�X�¨MSYJ

µ
SYX�`|·

ζ L ia`[_a` ¯ Wnb3¬R_TiTU7·ÈJ�_�«afTi�]�¨ ia`[VTWYX�¨YJ µ Q J^b�`�`2¨YJ ¯ JTQYZR]^Z¼§�U)b�JWYX�¨�]^iaJ�S�b�`[iaJºU ]^_�«af#b�`�¨ NPlMlÈi�]�¸n]�«  X�L µ Q�i�]^VT_TfaL$`[_{Q,½ N|À ®cQ�i�] � X[_a`|«afTiTiaJ/± ��VT_#¬TL$J/±
Re z = 1

2faL$`�`�¨YX�¬!§M`�X[Z§J�ia`�©TiaJM`)L iaJ�¶ `�X�¨MSYJjiTWnb�`�±
ζ(z)

QPf½VaJ/¹�¨YJML W½L iaJ�¶ `�X�¨MSYJ
µ
X�J�«�`[_#¶yf	¨�§M`�X[Z§J�ia`�©TiaJM`

©TfaXcb�J!¹[b�`�L$`[i	¨YJ�S µ W*_Tfº¹�¨YJML%Q§ZR]^Z¡f	¸�SY`�X�¨MiaJh½ N|À Q§SYX�`jiTWnbaf ζ(z) SMf'«k] x+ iT
VT_Tfrbah�§MJML

T 6= 0L$J ¯ W�¨}i�]�·gJ�«af	¨MdYX�¬�baf	� d¡S}fTi	¨Y`[_TSg]nb�` (iT, 1 + iT ) µ M ¨YX[h7«k]}X VaJML$J/´ dMh J�§�U2©TiaJ/±V¨Y`�J�_a`�L U`|«afTiaX�¨MSY`[iTiaJMX�¨Mf�«Tb3¬�]^i�]nbaf	¨Mf	©a`�X[ZTf'·�² W§iTZ	ªTf	±¡b�` ¯ Z§JÈVaJ�ZR]�¸n]�¨MdaQ9©	¨YJ L iaJ�¶ `�X�¨MSYJ µ ia` faL$`�`�¨
È© É�Ê�Ë�Ì 2 m|��m|{|q.-�r�x/w ~ � ¢ �



m�Â = - " -�� ���	$	�	��� 6 � 6
Z§J�ia`�©TiTU7·�VT_a`|«�`cbadMiTU7· ¨YJ/©a`[Z�f�VaJ/¹�¨YJML W�L$J�¶ `�¨ §�U2¨Md VT_a`|«�X�¨�]^S�b�`[iaJ SÅ¨�]^Z§JML�SMf'«�` �

µ =
{0} ∪ {µk}∞k=1 ∪ {−µk}∞k=1

Q ¯ «�` 0 < µ1 < µ2 < . . . < µn < . . . , limµn = +∞ µW*WYX�¨Md
T ∈ (µk0 , µk0+1)

Q
k0 > 1 µ ��]/² fTZ§X[fT_TWY`�L�ZR]^Z§JM` L baf3§MJ δ f	¸ (0, x0−1

4

) f�J�§MJ/¸�i�]�©TfaLX[faL SYJ^b�JML
N(T )

X[WRL$L W�ZT_�]�¨MiaJMX�¨Y`�±�SYX�`|·�iTWnb�`�±
ζ(z)

Q)b�`�¶ ]�´ f'·�SMiTW�¨M_Tf�VT_#¬TL$J�W ¯ J^badMiaJ ¯ JZ§J�i	¨MW§_�]
Γ
X½SY`[_	� fTi�]�L f#S¼¨YJ/©TZR]�·

A
Q
C
Q
D
Q
F
Q ¯ «�` Γ :=

⋃4
k=1 Γk

Q
Γ1 = [A,C]

Q
Γ2 = [C,D]

Q
Γ3 = [D,F ]

Q
Γ4 = [F,A] � A = (1 − x0 − δ − iT )

Q
C = (x0 + δ − iT )

Q
D = (x0 + δ + iT )

Q
F = (1− x0 − δ + iT ) µ][j��a`��'¥�� ���

1
D �&Xcbaf

T > 1
f
T /∈ µ

Q'¨YJyX[VT_�]^SY`|«TbafTSYJ _�]^SY`[iaX�¨MSYJ
N(T ) = g1(T ) + g2(T ),  N�®

S Z§J/¨YJ�_aJML
g1(T )

° ² W§iTZ	ªTf	¬�QMJ�VT_a`|«�`cb�`[iTi�]�¬yfyia`[VT_a`[_TU%SMi�]�¬Èi�]jfTi	¨Y`[_TSg]nb�`
(1,+∞)

Qg]�² W§iTZ LªTf	¬
g2(T )

J�VT_a`|«�`cb�`[i�]yi�]yL iaJ�¶ `�X�¨MSY`
L := (1,+∞) \ {µk}∞k=1f}W�«�J�S�b�`�¨MSYJ�_#¬T`�¨ WYXcb�J�SMfTh

supT∈L |g2(T )| = q < 2 µ
� ²½J�_aL WnbafT_TWY`�L�fº«�J�ZR]�¶ `�LÃ¨Y`[Va`[_Td JMX[iaJ�SMiaJ/±�_a`�¸�Wnbad�¨�]�¨>«k]^iTiaJ ¯ JÈV�]^_�] ¯ _�]/²(] µ
��¥#`9_a¥�� �BD �7���	� � �	1 - ��������

1
��1#"���
'�s���	�	
�� * � -

1)

'�s"�$�� � �	1 - ������ 
,�3����$�� -��g- ���N B������
��	�� 

ζ(z)
$� ��B���V
g1 - �� 	1	� - ��� - �����

E1/2 :=
{
z :

Re z > 1
2

} *
2)

'����$� ��	�

ζ(z)
$��!1#"��	� - �

Re z = 1
2 �

1#" - ����0�� 6
C
���/²	��
������������
���
�/±������3§�������� ���

k0 > 1
�"!��/¸�#�� ���$��%�§����P¸��&��©��������

T
�	¸'���	¨�����!(�)�*�

(µk0 , µk0+2) +
�/¨,���	©������-�/¨

µk0+1
µ(. �0/����21�/����&�,3'������%54����6�����879�&��!�������4�!��;:�<�=�> !�7?/�������@���4��A@

1���@0!����2B0C��&��D�������E
T + 1&����46��4��6D����	F�����C�
���B'
 µk0+1 +

���G�64,����D���7HBI�64
µk0+1 J

�K�2���IC��&��D��������
T� �6���64��6�����L!��6C��&�6��46�6��4��M/�����B(��1���4�D�������C04��6D�
��

T = µk0+1 +
4����&��!(��@ND&�6��4�#L�&��!�������4�!(�":�<�=�>

����/�7?4�7?!(�6��4�/����PO�4����Q�&��C���7?!R/�����!��6S,�$����1*� + /�����D����Q!��2����D����&�$��
���D�
��RT	���
�U����
N(T )!L4��6D�
�

T = µk0+1
�&��!��&�

2nk0+1 + 4mk0+1 +
SA1&�

nk0+1 V

��&��4�������4�#;!��6C,� �,3����6S,�����)��@

ζ(z)!���1*� 1
2+iµk0+1 +

�
mk0+1 V

����� �K�W
��&��4�������4���E�!����2B'!��6C,� �,3���7HBI���)�&��E
ζ(z) + �&�6��/����&�,3'������7HB!G����4�����!(�)�&� (1

2+iµk0+1, x0+iµk0+1

)
J .
���'O�4����M1���@0��%-F��6S,�

k0 > 1 nk0+1+mk0+1 > 1
:XF����&���

4��6D���� + ���2��� nk0+1 6= 0
> + 4�� 2nk0+1+4mk0+1 > 2 + �?
�6SA1*� mk0+1 6= 0 + 4�� 2nk0+1+4mk0+1 > 4

>
J

� 1����S,�6EM��4��6���6��7 + !Y/��&��!��6END&�6��4��N�&��!�������4�!(�M:�<�=�>HT	���
�U���@ g1(T ) /��I/����21�/����&�,3'������%�6/����21&�2�&���&�-������/�������7?!��&�-!G��%-F��6E�4��6D�
�H����4�����!(�)�*�
(1,+∞)

� + !-D&�6��4�������4�� + !-4��6D�
� µk0+1 J
� 4��Z3'�'
��6�,�6��4��A@�T	���
�U���� g2(T ) + 4��L�6�&�Z� �,3'��4���� ��4�#[:\�"��F,@�C)���&�Z��� ��4�#���C��]C)�Y/��6!��21&������@�&��!��6E;D&�6��4���:�<�=�>^�;T	���
�U����

g1(T )
>K!IO�4��6E;4��6D�
�

T = µk0+1
�&��C���7?!�/�����!��6S,�I����1*� + /�����D����!��2����D����&�Z��
���D�
��

g2(T )
!YO�4��6E"4��6D�
�_���_/�����!����`B(��1���4

2q < 4 J � �&�21&�6!(��4��2��#���� + ��F,@�C)��4��2��#����!�7?/�������@���4��A@M�&��!�������4�!��
mk0+1 = 0 J

� 4���F67QC)��!�����a'��4�#[1&�6
���C)��4��2��#���4�!���/�����!��6S,�b�4�!����(3I1&������@R4����6�����87 + 1&����46��4��6D�����C)�6� �2�4���4�# + D�4��_����� ��� k0 > 1
� �,3����0!�7cF6�&��4�#0
���
L�S,��1����0F�����#�a'���

J
�-����� �c4��6S,� + 1&����3����_!�7?/��������@�4�#��A@Z�&��!�������4�!��

nk0+1 = 1
:\�3'�W/����Z!����2B

k0 > 1
> + D�4��_�Y1&�6
���C�7?!(�6��4I!�4��6�����W�4�!����(3I1&�������4����6�����87

J Bd 4�� ��4����e����
�64��6��7c�b�2�&�21&��4�!���@R1&�6
���C)�������6Ef4����6�����87g:\�&��C���� ����4��A@ + /����21�/����*��S���@ + D�4��S���/��64���C)�Nh
1
!������&��>

J .
����3I1&�Y!�����S,� + !��������)��� ζ(z) V

/�������4�7c���b�&��3I��4M�&�L1�!��(B�!�C)�����8�����
/�����/�����1���
��)��@�����7HBi/��(@��87HB

V
!���jI����4�!��������6Ek�����

(−∞,+∞)
�ml������21��������6E�no/��(@�� �6E

Re z = 1
2 J
d F��6C��&��D����p��jI�c/����Z��%-F����

T > 1
D�������C

BT

�!(�)1��&��4 {z : | Im z| < T, |Re z− 1

2 | <
T} + D�������C KT V


����S {z : |z − 1
2 | < T} � + �&��
�6����U + D�������C N0(T )

D����2�&�"!����2B����)�&��E
ζ(z) +�&��3I��j'��B9!q/��(@�� �6�S,����#�����
� {z : 0 6 Re z 6 1, 0 < Im z < T} J

�H�6C�#�� ���r4���/�����#p��%W�
F6�%sT	���
�U���%

ψ(T ) + �6/����21&�2�&�������%t�M/����&�,3���4��2��#����%u!Z����4�����!(�)�&�
(1,+∞)

�M46��
��% + D�4��



���������
	
����������������
������	
�����������! �����"���# $ <

limT→+∞ ψ(T ) = +∞ J .
���"O�4����9T	���
�U���@

ψ(T )
� �,3'��4;!��6C��&�6��46��4�#�: 1&�

+∞ >?/����
T → ∞
���
N�S,��1����Y� �21��&�������

J 	 �6SA1*�Y��C-1&�6
���C)�������6E"4����6�����87P/��(@�� �Y!�7?4���
��6��4

%'&)(+*-,/.�0213(�4
lim

T→+∞
N0(T )−g1(T )

ψ(T ) = 0 5
	 ��
���I3'�0�&��!�������4�!��;F6�)1&��4L��� ��4�#�� ����4�� + ���2��� N0(T )

C)�6� ������4�#�D����2�&���
N̂0(T )

!����2BM���(�
�&��E

ζ(z) + /������&�)1��&��3I��j'��BN
�!(�)1��&��4�� BT +
�����;D����2�&���

Ñ0(T )
!����2BL���)�&��E

ζ(z)
��C	
����S��

KT +�;/��64�����F��6!(��4�# + D�4���F67 lim
T→+∞

T
ψ(T ) = 0 J

6 4)78(�92:�&);2<�:2(�=�>�?@(�A3>�B313(DCE:/*-B3:2FG.�(�:2H3(I?@(J1�=LK =NM

�$/�����!��6ELSA�*��!��G/�����!��6S,�'4����K�0��C�!�����4����6E�
�����S�� �
J�O ��E��K���&�0� . J �	�������21�� K =NM + 1&�6!�����#����F67c��4����Y��C�1*�������6S,�Z!Y��������
���R/�������!���1&� + !YD����2�&�	1����S���B;!Z/ JQP�J R /�����!���1���4��A@"�N4����6�����K� P�J S:X���

J
K = + � J =
TNMX>?�Z��!��6E���4�!(�)BM!�7?/��
���7HBMT	���
�U���E J d S��&������D���� �A@"C�1&����#Y����a'#L��1����6E"���3����6E�&�6� T	�&��C,�6EL��C-���c1&�6!�����#����'1����������6E;T_�6���8�)�������6!�
��QU l

J�J�J � ��!(��@L/����6��C�!���1��&��@�����/�������7?!��&���/��&��!(�b�$���;/�����!����`B(��1���4p/��&��!��6ER/����6��C�!���1����6E
J�J�J
n
JWV 46�[T	�&��C)�b����1&���(3���4p@�!����%i�6/�����
��

�[!N4����f!���1&� + !;
���
��� �6�&����� ����4��A@�!MT_�6���8�)�������6!�
�Y4����6�����87 + /�������4��N����!������&��:X�6a'��F��6D��������4�#��4�!����(3I1&������@M�I����/�������7?!�������4��"��/��&��!(�'�&��!��6E;/����6��C�!���1����6EM!�7?/��
��&�6EMT	���
�U������&��S��

�'/��6
���C)��4�#I�&�0!�����#��K�0/�������4�7HBZ/������ ���&�)B&>

J
�$!�7?aI��/�����!��21&�������6ENT	�&��C,�W��C-T_�6���8�)�������6!�
��

4����6�����87 P�J S ��C K =NM �2�&�6!��"l���/��&��!(�nL�2�&�21�����4ZC)�6� ������4�#Y�&���2�&�6!��"l��2�&��!(�n JX ����46���&��!6����!(��%-��#ZC�1&����# + !��6C,� �,3���� + D���������D���;/���1�����F6��� + �&�0O�4��6EN�6/�����
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